BOUNDS ON THE TAMAGAWA NUMBERS OF A CRYSTALLINE
REPRESENTATION OVER TOWERS OF CYCLOTOMIC EXTENSIONS

ANTONIO LEI

ABSTRACT. In this paper, we study the Tamagawa numbers of a crystalline representation over a tower of
cyclotomic extensions under certain technical conditions on the representation. In particular, we show that
we may improve the asymptotic bounds given in the thesis of Arthur Laurent in certain cases.

1. INTRODUCTION

In [BK90], Bloch and Kato defined the local Tamagawa number of a general motive. Furthermore, they
formulated a conjecture relating the Tamagawa number to the size of the Shafarevich-Tate group, generalizing
works of Birch and Swinnerton-Dyer on elliptic curves.

Fix an odd prime p. Let T be a crystalline Z,-representation of G, where F' is a finite unramified
extension of Q,. We write V' =T ® Q,. The local Tamagawa number of T" at a prime outside p is relatively
well understood (see for example [FPR94]). In this article, we study the local Tamagawa number of T at p
over a tower of cyclotomic extensions of F. More specifically, we give asymptotic bounds on Tampg, ., (T)
for n > 1, where F;, = F(upn) and wy, is a basis of detz, (OFn ®R0p ]Dcris(T)/FilO ]D)Cris(T))7 with De,is(T)
being the Dieudonné module of T. We show in §5.2 that under some technical hypotheses on T', we have the
inequality
. - 7 < p(T(p"’1+p—2)+51(p—1)+82[Fn:F])d'

(L) e ™ R N (70 P
for all n > 1. Here, d’ is the dimension of Dcris(V)/Filo Deis(V), 7, 81 and sg are some constants that
depend only on the integrality of the Frobenius action ¢ on Deis(V) and (x)(,) denotes porde (),

The structure of the paper is as follows. We shall first of all introduce some notation and review some
standard results from p-adic Hodge Theory in §2. We then reprove a result of Perrin-Riou in §3, which is one
of the key ingredient of her construction of the big exponential map in [PR94]. This result will be needed
to analyse the denominators of the Bloch-Kato exponential map. In §4, we review some results of Wach
modules from [Ber04] and use them to prove a relation between crystalline classes over cyclotomic extensions
and power series. Furthermore, we shall analyse the denominators of these power series. In §5.2, we combine
these results to prove (1.1). We note that in Arthur Laurent’s thesis [Laul3], a different asymptotic bound is
given. We shall discuss how the two bounds compare in §6. In particular, if f = > a,q¢™ is a modular form
of even weight k and that ord,(a,) > k/2, it is possible to work out the constants r, s; and s, explicitly and
that (1.1) gives

Tamp, o (T (k/2)) < p(k/2p=D " +1)—p" " (p=2))e
where T is the two dimensional representation of Deligne associated to f and e is the degree of the smallest
extension of Q, that contains all a,.
Finally, there are two appendices to this paper. The first one contains some elementary results on p-adic
valuations of elements in F,, and their relations to cyclotomic polynomials. The second one is a discussion

on a consequence of our results in §3 on Q-systems, which are important objects in the study of p-adic
Gross-Zagier formulae in [Kob13, Kob14, Otal4].
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2. NOTATION

2.1. Iwasawa algebra and power series. Let p be an odd prime, with v, the normalized p-adic valuation
on Q, with v,(p) = 1. We fix F a finite unramified extension of Q,. It is equipped with the Frobenius
automorphism o. For 1 <n < oo, we denote the extension F(u,n) by F,. We write I' for the Galois group
Gal(F/F). We have the cyclotomic character x on the absolute Galois group G of F. Fix a topological
generator vy of Gal(Foo/F1) and write u = x(v) € 1 + pZ,,.

Let Ap = Op[[I']] = Or[A][[y — 1]] be the Iwasawa algebra of I' over Op. We define Hp to be the set of
elements in Q,[A][[y — 1]] that converge when we replace v — 1 by any elements in the open p-adic unit disk.

Let m € Z and I C Z a finite subset. For an integer n > 0, define wy, ,n(7) = (u"™y)P" — 1, w, 1(7) =
[Lncr @nm (), Pum(y) = @pn(u™™7) and @y 1(y) = [Lher Prm(7), where ®pn is the p™-th cyclotomic
polynomial. We also introduce the following notation of p-adic logarithms

o = losly) - log(u"™y)
log(u) log(u)

Given f € Hp and g € Qp[[y — 1]]. We say that g is divisible by f (written g|f) if each A-isotypic
component of f is divisible by g over Q,[[y — 1]].

We define Agyis, Beris and Bggr to be the usual Fontaine rings (definitions can be found in [Ber03, Ber04]
for example). Recall that the ring Et = lgl Oc, is equipped with the operator ¢ defined by x + 2P and

r—xP

that ¢ is invertible on E*. We fix an clement ¢ = (1,(p, Gp2,---) € IE*, where (p~ is a primitive p"-th root
of unity. For an integer n, we write €, = [¢~"(¢)] € W(ET). Here, W(E™) is the ring of Witt vectors with
coefficients in E* and [¢] denotes the Teichmuller lift. Note that, when n > 0, we have

(2.1) en=e"ecl+p"W(E)

since the first n coordinates of € are all 1.

Let m = [eo] — 1. Define A}, = Op|[r]], which we shall identify with the set of power series Op[[X]]. Given
f = apnm™, we write 7 to be 30" (am)m™ for n € Z. The action of ¢ : m — (1 + 7)P — 1 is extended
o-linearly to Af. In other words, if F = Y a,,7m™ € A}, then p(F) = Y o(am)((1 + )P — 1)™. Further,
there is a standard left inverse ¥ of ¢ on A}, which sends (1 + )" to (1 + 7)¥/? if p|i and 0 otherwise.

We define B}, ... to be the set of power series in F[[r]] that converge on the open unit disk. We have

Frig
t=log(l+m) e B;’rig. The operators ¢ and 1) on AJIE extend naturally to IB%JIE’rig. For an integer m > 0, we
have the operator on (B;rig)wzo defined by V,, = t4 —m = td — m, where d = (1 4+ m)-L. We note that

the operator 0 acts bijectively on (AL)¥=" as well as (]B%;C’rig)wzo.

We have an isomorphism of Ap-modules (the Mellin transform)

Mp: Hp — (B;,rig

1—=14m,

)V =0

where the image of Ap is (A})¥=C. If f € Hp, then

(2.2) ME (b ) = Vi 0 Mp(f).

Theorem 2.1. Let f € Hp and n > 1 an integer. We have ®,,_1(y)|f over Hg if and only if Mp(f) €

O (1 + 1) (Bf1,) =0

Proof. This is [LLZ10, Theorem 5.4]. O

Corollary 2.2. Let f € Hp andm,n > 1 integers. We have ®,,_1 1, (7)|f over Hp if and only if 0" Mp(f) €

O (1+m) (B )"~

Proof. This follows from [LLZ10, proof of Lemma 5.9]. |
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2.2. Crystalline representations and Wach modules. Let T be a crystalline rank-d Z,-representation
of Gp and V =T ®z, Q,. We assume that 7" has Hodge-Tate weights in [a;b] with b > 1. Furthermore, we
shall assume the following Fontaine-Laffaille condition from [FL82] holds throughout.

(HFL)b—a<p-1
We define Hi (F,T) to be the inverse limit @H Y(F,,T), where the connecting map is the corestriction
map. For m >n > 0, we write cor,,, for the corestriction map from H'(F,,,T) to H*(F,,T). Let
pry,, : Hiy, (F,T) — H'(F,,T)

denote the natural projection.
Let m € Z. We have the Tate twist T (m) = T ® Zpe,,, where Gg acts on Zye,, via the character x™.
We have a natural isomorphism

Hi, (F,T) =% Hi\ (F,T(m)).
We write De,is(T) for the Dieudonné module of 7. We assume the following hypothesis holds.

(H.eigen) None of the eigenvalues of ¢ on Deis(T) is an integral power of p.

Note in particular that (H.eigen) implies that T'(m)%F= = 0 for all m € Z. We have the identification

(2.3) Deris(T'(m)) = Deyis(T) -t ey
We write Tw,, for the bijection
Twy, : (B;Jigypzo ® Deris (T) — (B;rig)wzo ® Deis (T'(m))

fRuv—= 0" fRu-t™T"en.
Here, the tensor product is taken over Or. We shall abuse notation and write ¢ for the diagonal map ¢ ® ¢

on ]B%;rig ® Deyis (T).

Remark 2.3. [t can be checked that Tw,, commutes with the actions of ¢ = PRy on (]B%;C’rig)wzo ® Deyis (T')
and (B;’rig)ﬂ’:o ® Deyis(T'(m)) since O™ = p™d™ and p(t~™) = p~ ™t~ ™.
The tangent space of V' over F), is defined to be
tn(V) := Fp @ Deris(T)/ Fil° Degis (T).

When n = 0, we simply write (V) = F ® Deyis(T)/ Fil® Deyis (T'). Recall that the Bloch-Kato exponential
map
expy,  tn(V) ® Deris (T)—Hf (F, V)
is defined as the connecting map of the short exact sequence
(2.4) 0 — Qp = Beyis — Bevis © Bar/Blz — 0
and H}(F,,V) can be realized as
ker (H'(F,,,V) = H'(F,,V ®Bais)) -

We write expy,,, : H' (Fy, V)/H}(Fn, V) — F, @ Fil® Dy (V) for the dual map of expy.,. Note that under
(H.eigen), we in fact have
H!(K,T)=H;(K,T)=H,(K,T)
for all finite extension K of F' (see [BK90, §3.11]).
We write N(T') for the Wach module of T (see [Ber03, §A] or [Ber04, §II] for a definition). We recall that
there is an identification

(2.5) N(T(m)) =N(T) @7 e
and that there is an isomorphism ([Ber03, Theorem A.3])
(2.6) Ry D(T)Y=! = (7°N(T))¥=! = H} (F,T).

We may extend this map to
hip « Dug(V)Y=! = Hp @ HE(F,T),
3



where Dyig (V') is the (¢, I')-module over the Robba ring associated to V. For an integer n > 0, we shall write
hi., for the map hy composed with the natural projection pry.,,.
If 2 € F,((t)) ® Deyis (T), we define 07 (z) € Fy, @ Deyis(T) to be the constant term (coefficient of t9) of .

Recall that we have the map ¢~ ™ : B;’rig — F,[[t]] sending 7 to (pn exp(t/p™) — 1.

Theorem 2.4. Ify € Dy (V)¥=1 N (B

Frig [til] ® Dcris(T)), then

expy,, O, (y) = "0 (07" (y))
forallm > 1. If n =0, then
expyg ohyo(y) = (1 —p '™ H)or(y).
Proof. This is [Ber03, Theorem II.6] O

2.3. Perrin-Riou’s exponential map. Let T be as above with both (H.FL) and (H.eigen) hold. Since
Fil=® Deris(T) = Deyis(T), we have the Perrin-Riou exponential map from [PR94]

QT7b : (B;,rig)djzo ® DCTiS(T) — HF ® Hllw (F7 T)

Note that Q74 is a Ap-homomorphism. It is compatible under twisting, that is, we have the following
commutative diagram:

Qrp

(2.7) (B}

F,rig)wzo Y Dcris (T)

lTwm

(B;rig)wzo ® Deris(T'(m))

HF ® Hllw(F’ T)

J.em

Hr® Hllw(Fa T)

(=) Q7 (m),b+m

for any integer m > 1 — b (c.f. [PR94, Théoreme 3.2.3 (B.ii)]). If g € (B},

£ 110) P70 © Derig(T), then by [PRO4,
Proposition 2.2.1], there exists a unique G € (B;,rig ® Deris(T))¥=1 such that (1 — )G = g (see also §3

below for a discussion on the solution to this equation). By [Ber03, Theorem I1.13], we can describe the
Perrin-Riou exponential map via

(2.8) Qrp(g) = hip o Vip_1 00 Vo(G).
Definition 2.5. We define the maps
Ern : (AR @ Dy (T) = H}(F, V)
g expy, (P09) "G (Gn — 1)),
St (AR @ Deris(T) —Hp (F, V)
g —=p V" expy,, (G"%(Cpn - 1)) ,
O+ (AF)Y=0 @ Deyis (T') =t (V),
g =G " (Gn — 1) mod Fil® Deyis(T),
where G € (]Bi;rig @ Deyis (T))¥=" is such that (1 — ¢)g = G and G° " denotes (6" @ 1)G.
For j <b—1 and n > 1, we have the interpolation formula
(2.9) prr(_ ) n(Qrn(g) - e—j) = (=1) (b= j — 1)!Ep(—j).n 0 Tw_;(g)
by [PR94, Théoréme 3.2.3 (A)] (after changing the sign of j).

Proposition 2.6. There exists an integer s such that the image of X1, lies inside p*SH}(Fn,T) for all
n > 1. Furthermore, we have the relation

Corn+1/n ZT,n-‘rl(g) = prT,n(l & Sp(g))
fOT all g e (A;)wzo & Dcris(T) andn > 1.



Proof. This is [PR94, Proposition 2.4.2] after a slight modification of the definition of X1, (from page 108
of op. cit.). O

Assume that a = 0, then we have the p-adic regulator map

Lr: HE(F,T) = Hp @ Deis(T)

(2.10) 2 (M@ 1) o (1—¢)o (k) (2).
See [LLZ11, §3] for a detailed discussion on this map. By (2.2) and (2.8), we have the relation
(2.11) Ly =1ty 1---Lo-(Mp' @1) 0 Q3.

3. ANALYSIS OF THE EQUATION (1 — )G =g

In this section, we take T' to be a fixed crystalline representation as in §2.2 satisfying (H.FL) and (H.eigen).
The Hodge-Tate weights of T are in [a;b] with b > 1. By (H.FL), p®¢Deis(T) C Deyis(T). We fix an integer
1 <7 < b such that the slopes of the action of ¢ on De,s(T") are > —r. In particular, there exists an integer
s > 0 such that

(3.1) (P"0)* (Dexis(T)) € p~*Deris (T)
for all £k > 0. We fix an Op-basis vy, ..., v of Deyis(T).

Note that 1 — pJ¢ is invertible on F @ De,i5(T) for all integers j thanks to our assumption (H.eigen). We
choose s such that in addition to (3.1), we have

(3-2) (1 =1 9) ™ (Dexis(T)) € p~*Deis(T)
forall0 <j <r.
Let g € (B, rlg) ¥=0 ® Depis(T'), our goal in this section is to study the equation
(Ey) (1-p)G=y.
for G € (B}, rig ® Deris(T))¥=1. The following is a slight modification of [PR94, Proposition 2.2.1].

Proposition 3.1. Let T, r and s be as above (so that (3.1) and (3.2) are satisfied). Then,

(i) The map (1 — ) : B i, © Deris(T) = B 5, © Deris(T) is bijective;

1) For all g € AT @ Deis(T) andn > 1, 7 € G, we have
( ) F n
p(Til)n ' (T - ]-)G(En - ]-) € plirisAcris @ Dcris(T)v
where G is the unique solution to (E4) (which exists by part (1)).

Proof. (i) follows from [PR94, Proposition 2.2.1, parts (i) and (ii)] and (H.eigen). We rewrite the construction
of G in op. cit. on replacing h, which is the largest Hodge-Tate weight of T' in Perrin-Riou’s proof, by our
chosen integer r.

Firstly, assume that g € 7" B},

Frig For an
integer k > 0,

& Dcris(T)' Write g = 7t Z?:l fi ® v; where fz € B;?L' \rig*

0" (g) = p " eM( T“Zw (fi) @ (0"¢)* (vi).

Note that (p"¢)*(v;) € p~*Deyis(T) for any k > 0 by (3.1) and that p~"™* k(7)™ — 0 as k — oo. Further-
more, ©*(f;) = fi(0) as k — co. Hence, we deduce that ¢©*(g) — 0. This implies that >, ¢*(g) converges
to a solution to (Ey).

Now, for a general g € (B},

Fmg)d):O @ Deyis(T) and j > 0 an integer, we define A;(g) = (87 ® 1)(g)|x=0 €
F @ Deyis(T). Then,

_ 7 .
gi=g- Z 7 ® Aj(g) € 7B 4, © Dewis(T).

By the first part of our proof, > 7 ¢ ( ) converges and the limit is the solution to (Ej;). Since ¢(t) = pit/,
we see that

(1—9) (@ (1-p o) Aj(g) =t/ @ Aj(g).
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Therefore, the solution to (E,) is given by
oo ~ T t] ) 3

(3.3) G=Z<ﬁ’“(9)+zﬁ®(1—p3w) 'A;(g).
k=0 §=0

r*l)”('r — 1) sends each

We now prove (ii). We shall show that on replacing 7 by €, — 1, the action of pl
individual term of (3.3) to p* ™" %Ay ® Deyis(T) for all 7 € G, .

Fix some 7 € Gp,. By definition, x(7) € 1 + p"Z,. Let a = (x(7) — 1)p~" € Z,. We may describe the
actions of 7 explicitly: 7-t = x(7)t and 7 - ¢ = eX(T) = ¢y - €p_,, for all integers k.

Let us first analyze the terms in the second sum in (3.3). Slnce log(e,) = p~™t, we have for 0 < j < r the

equation

pr=Dn(r — 1) (bgjjfe’l) ® (1 —p’ip)‘lAg‘(g)>

T (x () = D (p )
_ -
P (Y 1)
_ :

® (1-p79) ' A;(9)

® (1—plo) ' A(g).

n
Note that 2" (X(T)J DAy Agis since x(7)7 — 1 € p"Z, and j < r < b < p — 1. Therefore, thanks to

(3.2), we deduce that the above expression lies inside p~*Acris @ Deris(T) C PP "5 Acris @ Deris (T).
We now consider the terms that appear in the first sum in (3.3):

T Jk i
o= -3 (L 0@y

where k > 0.
(Case 1) n > k:

Let g = Egzl fi ® v;, where f; € Af.. Then

P (r — D*(g) (e, — 1) =p I

M&

(F @R -1 = 1 e = 1)) @ * ()

i=1

:p(rfl)n

-

(#7" (e €4 = 1) = 7 (e = 1)) @ 6 (00):

i=1

From (2.1), e_x = 1 mod p*A.s, so the expression above lies inside p" D" FA o ® @F (Deris(T)). But
n >k, so via (3.1), we deduce that this set is contained in A @ p"*0F (Deyis (T)) C p~*Acris @ Deris(T).
If0<j<r, then

4!

prDn(r — 1) (pﬂklcng(en) ® @k(A]‘(g))>

r—1)n+j (X(T)j B 1)pijntj
=plr= ik i ® ¢"(A(9))-
But (x(7)?—1) € p"Z,, so the above expression is contained in p"+7*=I" A ; @p* (A, (g)), which is contained
in Acis @ (0"¢)F(Aj(9)) C p~Acris @ Deyis(T) thanks to the fact that n > k and (3.1).
(Case 2) n < k:

Let g = Z?Zl fi®wv;. Fix 0 <i < d and write f; = Zﬁ:rﬂ amm™, where a,, € Op. By the definition
of g, we have v,(am) > —rsy, for all m > r + 1, where s,,, > 0 is the integer such that p° is the largest
p-power < m.

Consider

(1= D" (fi)(en — 1) = £7 (X7 = 1) = 7" (eni — 1).
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Let 2 =€p_p — 1 € pP " Agyis and y = 6;(3‘12 —€n—k = (¥, — 1) € pPAgis (c.f. (2.1)). We have

(1= D" (fi)(en = 1) = Y " (am)((@ +y)" —a™).

m=0
Foreachm>r+1, (x+y)™ —a™ € prlk=mtnp oo Recall that a,, € p~"*"Op, so
ak (am)(((E + y)m - xm) S p_rs”L+m(k_n)+nAcris~
Therefore, we deduce that
pUrTIR (r — 1) (g) € prrEm TR A L @ (p70)F (Deris(T)) -
But m > r, k > n and m > p®, so

'rnrstrm(kn)rk(mr)(kn)rstmrrstmr<

log(m)
log(p) 1> |

The function f(m) =m —r (112 gg((gl)) + 1) is increasing by studying its derivative and the fact that m > r.

Therefore, f(m) > f(r+1)=1- %&31). Recall that » < b <p—1 by (H.FL), so f(m) > 1 —r. Hence

P~ DH(3) € 5 erie ® (37 9)F Beris(T)) € 1" Aty © D)
by (3.1). O
Corollary 3.2. If g € (AL)Y=° ® Deyis(T), then
P S (g) € P HH(F, T).
Proof. Recall from Definition 2.5 that

P S a(g) = expy, (G (G = 1))

But expy,, is defined to be the connecting map that arises from the fundamental short exact sequence

0—Q,— BYT! — Bar/Blz — 0

after tensoring by V/, which implies that expy,, (G"fn (Cpm — 1)) is represented by the cocycle that sends
7€ GF, to (1 —1)-G? "(e, — 1). Therefore, the lemma follows from Proposition 3.1(ii). O

4. ON AN INVERSE OF X7,

4.1. Preliminary Results on Wach modules. In this section, we fix a representation as in §2.2 under
the conditions (H.eigen) and (H.FL). Let ¥ be the Tate twist T(—a) of T. So, all the Hodge-Tate weights
of ¥ are > 0. Let ;1 =0,...,7g = b — a be the Hodge-Tate weights of ¥. Let vq,...,v4 be a Op-basis of
Deris (%) that respects its filtration. Then, by (H.FL), the matrix of ¢ with respect to this basis is of the
form

A = . 1407
p
where Ay € GL4(OF).

Proposition 4.1. Under the identification N(T)/7N(T) = Deyis(T), we may lift v1, . ..,vq to a Af.-basis of
N(%), with respect to which the matriz of ¢ is of the form

u’!‘d—’(’l q—Tl
P = T . A(),
q "
where = p/(qg —7~") € (Af)*.



Proof. Consider the representation T(—ry). Its Hodge-Tate weights are r1 — rg,...,0 and v; ® t"e_,., form
a basis of Deyis(T(—r4)). The matrix of ¢ with respect to this basis is

Td—T1
p

p”‘dA: .-. 'A()7

since p(t) = pt.
By the proof of [Ber04, Proposition V.2.3], we can lift it to a Af-basis of N(T(—74)) (say n},...,n}) such
that the matrix of ¢ with respect to this basis is given by

(ng)me=m
- Ap.
1
But nj @ 7 "e,,,...,n; @ 1 "de,, is a basis of N(T) and
on,@r "e,,) =q "on) @7 e, i=1,...,d.

Hence the result. ]

Note in particular that the inverse P~! is a matrix with coefficients in A‘F". Let nq,...,nq be the basis
given by Proposition 4.1 (so n; mod m =v; fori =1,...,d). We have a change of basis matrix M = (m,;) €
MdXd(B;,rig) that satisfies n; = Z?Zl my;v; for i = 1,...,d. By the semi-linearity of the action of ¢ on
N(T'), we have the equation

(4.1) PM = (M)A,

which is equivalent to M = P~1p(M)A. Substituting M on the right-hand side repeatedly, we obtain for
any n > 0 the relation

(4.2) M =P o(P™h) - g"(PTH)" H(M)@"(A) - p(A)A.
It follows from [Ber04, Proposition II1.2.1] that there is an inclusion of B}’rig—modules
(43) IBSF,I‘ig ® DCTiS (g(_rd)) C IBg;mig ® N(T(_rd))
with elementary divisors [(t/7)";...; (t/7)"¢]. Therefore, via (2.3) and (2.5), we deduce that
IBF,rig ® N(T) - IBF,rig ® IDleiS (f)

whose elementary divisors are [(¢/7)™;...; (t/7)"].

Proposition 4.2. The matriz M lies inside 15 + Wrdexd(B"'

Forig)s where Iy is the d x d identity matriz.

Proof. Let n},...,n), be the basis in the proof of Proposition 4.1. Let G be the matrix of v with respect
to this basis. Then, the proof of [Ber04, Proposition V.2.3] tells us that

G’Y el;+ Wp_lMdXd<A;).

Let M’ = (m};) = (t/m)"@M~!, which is the change of basis matrix for the inclusion (4.3). In particular,

ij
this is a matrix with entries in B, We have

Frig*
d
I / 3
v, @thle_,, = E mging, 1=1,...,d.
Jj=1

The left-hand side of this equation above is invariant under the action of ~y, this implies the relation
Y(M"G., =M.
By definition, M’ = I; mod 7. Let M’ = I; + 7N, where N is a matrix defined over IEB;rig.
fact that G, = I; mod 7P~! implies that

¥(7)y(N)=7N mod 7P~ 1,
8
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On comparing the coefficients of 7, we see that N = 0 mod 7. In other words, M’ = I; mod 72. On
repeating this procedure, we can show that M’ = I; mod 7P~ 1.

But M = (t/7)"¢(M’)~! and t/7 =1 mod 7. Since we have assumed that rq < p — 1 (i.e. (H.FL)), we
have M = I; mod 7" as required. |
Definition 4.3. For an integer n > 0, we define

Miogn = M5 ((1+m)¢" (M)).
Corollary 4.4. For alln > 1,
wn—l,{o,...,rd—l} (7)‘ (Mlog,n - Id)
over Hp.
Proof. By Proposition 4.2, we have
(L +m)e™(M) € (1 +m)(La + " (1) Maxa(Br i)

Therefore, our result follows from Corollary 2.2. |

4.2. Integrality conditions on crystalline classes. We shall now make use of the structure of N(%) to
study crystalline classes (that is, elements in H}) For any z € H, (F,%), we define u;(2),u;,(z) € Hp,
i=1,...,d by the relations

d
(4.4) Zuz D= uin(2) @ ¢"(v),

where vy, . ..,v,4 is a basis of D,i5(%) as in the previous section and L« is the regulator map defined in (2.11).
Our main goal in this section is to study the coefficients u; ,,(2) when z comes from classes in H}(FH,T).
Let us first prove two lemmas.

Lemma 4.5. Let x € N(T)¥=L, then there exist unique elements s;(x) € (A5)¥=C fori=1,...,d such that

U1

(4.5) (1—p)e=> si(@)p(n) = (s1(z) - salx))PM | : |,
i=1 vy

where M and P are the matrices as defined in the previous section.

Proof. Recall from [LLZ11, §3] that we have the inclusion

N(T)*= 5 ((9) " N(T) Y= C (Bf1i) "™ © Diris ().

Here (¢)*N(T) denotes A} - o(N(T)). Therefore, we may write

(1-¢ :Zsz
=1

for some s;(z) € (A})¥=C. Recall that n; = ijl m;;v;. Hence, on applying ¢, we obtain

¢(n1) ¢(v1) v1
Co ] =eM) | [ =enA]
¢(na) ¢(va) Vd
so we are done by (4.1). O
Lemma 4.6. Let m > 0 and n > 1 be integers, x € (IB%; rig @ Deris(T))¥=1 and write x = Zle ;v;, where
T; € IB%an Then,

Og(—myo @ " (v e_p 0’”3}1 o — 1) Q@ (v - t™e_y,).

HM&

1
m!



Proof. Let us write
d
Tl =Y () @ (v t"e ) € (B[t @ Deris(T(—m)))¥=".
i=1
If we apply ¢ =™ on both sides, we deduce that
d
o (@ emm) =Y (@G exp(t/p") = 1)) @ (7" (vi) e m)
i=1
as @ "M(tT™) = pT"T™ and @ (t™ - e_y) = Pt™ - ey, Therefore, when we apply the map Og(_pm),
what we get on the right-hand side are the coefficients of ¢ in
i (Cpr exp(t/p™) — 1) = ™" (zs),
1 =1,...,d, tensored by ¢ ™(v;) - t™e_,,. The said coefficients in ¢ ~"(x;) can be obtained from applying

#%h:o = $8m|t:0. However, we in fact have the relation p™"0™ ™" = ¢~ "0™, which implies that
1 _ 1
mamw n(xl) — pmnm!(p nam(xi).

In other words,

1 d

Ox(—myop " (x-e—m) = ol Z @ "™ (i) l1=0 @ (7" (vi) - t"e_m)
Ti=1

d
1 —n am —-n m
:mzw 0™ (xi)|t=0 @~ "(v; - t"e_m).

Ti=1

Given an element R € B

Frig» We have 7" (R)[t=o = R((p» — 1). Hence the result. O

Using the second part of Theorem 2.4, we deduce similarly the following lemma.

Lemma 4.7. Let m > 0 be an integer, x = Z?:I zv; € (B rig ® Deris(T))¥=1be as in Lemma 4.6. Then,

d
1 N L i
Mz(a 2)(0) @ (1 —p™ Lo ") (v - t™e_m).

i=1
Theorem 4.8. Let 0 < m < ry—1 and n > 1 be integers. Fix an element z € Hllw(F7 %) such that
Prs(—m),n(2-€-m) € H}(anf(*m))- Ifu; n(2) € Hp are the elements defined in (4.4), then fori=1,...,d,

Og(—myo (1 —p e ) (xem) =

Ui (2) = Win—1,m (7)Uin(2)
for some u}(z) € Hp. Furthermore,
Uin(2) =t mod wy_1 0, ru—13(V)HF
for some t; € Ap.
Proof. Let x = (ht)~1(z) € N(T)¥=L. Then (2.10) says that
Ls(z)=M'@1)o(1-¢)r.

. d d
Write = Y7, xv; and (1 — )z = > . uine™(v;) where z; € B;,rig and u;, € (B;,rig

)¥=0. On
comparing with (4.4), we have

(4.6) Me (U n(2)) = Uin.
Furthermore, we may deduce from (4.2) and (4.5) that
(uLn e udm) = (sl(a:) e sd(x)) PM(p" 1 (A) - p(A)A)!
(47) —1 n—1 —1 n
=(s1(x) -+ sa(@) (P @"THP T (M).

By Theorem 2.4 and Lemma 4.6, the fact that pre(_,,) (2 -€—m) € H}c (Fy,%(—m)) implies that
(0™2i)(Gpn —1) = 0.
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Therefore, "~ 1(q)|0™x; (over B;’rig) for all 1.

Further, note that if pre_,, ,(2-e-m) € Hi(F,, T(—=m)), then pre_,, (2 - e—m) € Hp(Fi, T(—m)) for
all 0 < k < n. On applying Lemma 4.6 again, we have ©*~1(¢)|0™x; for 1 < k < n. By Lemma 4.7 and
(H.eigen), we also have w|0™x;. Therefore, we deduce that ©™(7)|0™x; for all i. On applying 1 — ¢, we see
that ™ (m)|0™u; y for all i. The first part of the theorem now follows from (4.6) and Corollary 2.2.

Consider (4.7). Let 71,...,74 € (Af)¥=° be the elements defined by

(- ma)=(s1(®) - sa(@) p(P7h) "N (PTY.
We then have
(o 1) " (M) = (urn - uan).
Recall from [LLZ10, proof of Theorem 3.5] that if f € IB%;rig, then

(A% - o(f)P=°
is a free Ap-module of rank 1, with basis (1 4+ m)p(f). Therefore, there exist t; € Ap such that
(tl td) (14 m)p"(M) = (71 Td) " (M) = (ul’n ud’n) .
We deduce from (4.6) that
(4.8) (i -+ ta) Miogn = (u1n(2) -+ ugn(2)).

But Miegn = Ig mod wy_1 q0,....ry—13 by Corollary 4.4. Hence, the fact that w1, (7)[uin(2) (over Hp)
implies that wp—1,m (7)|t; over Hp for all i. Since t;, € Ap and wy,_1 »(7y) is a monic polynomial in vy — 1,
this division is in fact over Ap. If we write §; = ti/wn—1,m(7) € Ap, then (4.8) tells us that

(%1 o %d) Mlog,n = (ﬁl,n(z) t ﬁd,n(z)) .

Hence,

t=lin(z) modw, 140, r—1}(V)Hr

as required. O

Let Sy, m be the set of elements in Hp that are coprime to wyp—1,m (7). If M is a Hp-module, we write
Sg}nM for the localization of M with respect to S, .

Corollary 4.9. Let m and z be as above. Then,

L
57_(? € Syt Hp © Deris ().
Furthermore, there exist ¢;. € Ap, i =1,...,d such that
d
L
577(? =p" Z Cim @ @"(0;)  mod wn—1,m (V) S b HE © Deris ().
Hj:O £ i=1

Proof. We use the same notation as in the proof of Theorem 4.8. We have

Ls(z) 1
IS 6 b

d
7 D uin(2) @ 0" (1)
0%=1

d
Wr—1,m(7) ~ n
= — U n(2) ® Vi),
P Y () 8 )

which gives the first part of the corollary as £; with j # m and £y, /w,—1,m(7y) are all coprime to wyp—1,m (7).
Now, consider the factor

Wn-1m(7) _ p" "V log(u) 1

oo = (I)i,”m .
a1l s, pm g b
11




On the one hand, we deduce from Lemma A.3 and (H.FL) that ¢; is congruent to (m — j) modulo wy_1 m,(7),

(b'i,”m (7)

which is a p-adic unit for all j # m. On the other hand, Lemma A.2 says that Hiz” is congruent to

a constant in 1 + p"Z,. Hence we are done by the following fact

vp(log(u)) = vp(u —1) = 1.

Corollary 4.10. Let m and z be as above. There exist elements ¢; p, € (A}”)wzo, i=1,...,d such that

d
pn Z amci,m 02y @n (U’i) =9Jmo QE}M (Z) mod @n (W)S;,%) (B;,rig)djzo & ]Dcris((:)-

i=1

Proof. Let Mg, s, ,, be the induced map from Sg}n’HF to S;}H(Eﬁrig)wzo. Then, by Corollary 2.2, we have
0" Mes,, . (Wn1.m(V)SnmMr) = ¢"(1)S, 5 (B ;) ="

Our result now follows from combining this with Corollary 4.9 and (2.11). g

Proposition 4.11. Let ¢; , € (A;)wzo be any elements given by Corollary 4.10. Then

d
prf(fm),n(z) = (71)m(7ﬂd -—m — l)lp(erlird)nET(—m),n o TW—m (Z Ci,m 2y Ui) .
i=1
Proof. Let us write

d
c=Tw_,, <Z Ciym ® vi> € (A;g)il’:o ® Deyis (T (—m))

i=1
and let
d
en =" Y0 i ® " (0) = (P 9)"(c) -t e,
i=1
By the commutative diagram (2.7), we have
Uty (2 0mm) = (17 Tw_py 0] (2) = (~1)7 (07 @ 170 _,) 0 Q% (2).

Corollary 4.10 says that the last term is congruent to
tn t7e = (p@@)"(c) mod " (r).
Therefore, on applying (2.9), we have
Pra(—myn (2 €—m) = (=1)"(ra = m — D!Ez ()0 (P ® )" (c)) -
By definitions,

(ra—m—1)n—
p

=T (—m),n — 2T(fm),n © (p ® @)—n
as the largest Hodge-Tate weight of T(—m) is 74 — m. Hence, we deduce that
Pra( ) (2 €—m) = (=1)™(rg —m — 1)lp~ =M= Dm8e oy (c)

as required. O

5. UPPER BOUNDS OF TAMAGAWA NUMBERS

5.1. Relation between (A})wzo and Op,. For n > 2, we let (’);:fo denote the kernel of Trp, /p, , on
Opr,. By [Leil0, Lemma 3.1], we have the decomposition

(5.1) Or, =P OE=" & O,
=2
as Zp-modules and that
(5.2) rankz, Op=" = 6(p") — ¢(p" ) =p" *(p — 1)*.
12



Lemma 5.1. We have
"N (ALY ifn>2,

(‘Pn_l((Z)AJlg) N (A;)lp:o = {w(ﬂ)(A;)w— ifn=1.

Proof. If n > 2, " 1(q)f € (AL)¥=° for some f € A}, then

(" Ha)f) = ¢" A @)p(f) = 0.
This forces f € (AL)¥=0.
For n = 1, suppose that 1(qf) = 0, where f € A}. We may write f = f(0) + mg for some g € A}.

Then ¥ (qf(0) + grg) = f(0) + m(g) = 0, so f(0) = 1(g) = 0. This implies that qf € o(7)(AL)¥=0 as
claimed. ]

Lemma 5.2. There is an isomorphism of Z,-modules
bt (AR)Y=0 /" Hg) (AR) =0 = O
forn >2. When n =1, we have instead
u s (AR fp(m) (AR =" = Op, .
Proof. Since ®,, is the minimal polynomial of (,» — 1 and ¢"'(q) = ®, (7 + 1) for n > 1, we have an
isomorphism of rings
(5-3) Ap/e" Ha)AL = Op,

given by the evaluation map ¢, : 7 = (p» — 1. By Lemma 5.1, the map ¢, restricted to (AJI,C)’/’ZO has kernel
©" " 1(q)(A})¥=C when n > 2, whereas for n = 1, the kernel is ¢()(A})¥=C. Therefore, we have injections

bt (AR)P=0 /0" @) (AF)Y =0 =0, ,
it (AP0 /o(m) (AR)P " O,
Given an element f € (A})¥=°, we have
> f+m) —1)=0.
nP=1
Therefore, for n > 2,
Trp,/Fy f(Gr —1) = 0.
Whereas,
TrFl/FO f(CP - 1) = _f(O)
This implies that ¢, (f) € (’)IT{L:O ifn>2 Ifxe (’)}52:0, then
T = Z aiC;n
1<i<pn—1,(i,p)=1
for some a; € Op. So, x has a pre-image
Z ai(1+m)" € (Af)¥=°
1<i<pn—1,(i.p)=1

under the map ¢,. This gives our result for n > 2.
Now consider n = 1. Given = € Op,, we have

p—1

7

r = E a; G,
=1

for some a; € Op. So, if

then ¢1(f) = «. Hence we are done. O
13



5.2. Bounding Tamagawa numbers. Now, we assume that 7' is a crystalline representation satisfying
(H.eigen) and (H.FL) with Hodge-Tate weights in [a, b], where a < 0 and b > 1 as before. Let 1 <7 < b be
an integer such that the slopes of ¢ on Des(T) are all > —r. We fix two integers s, s2 > 0 such that

(5.4) (p" )" Deris (T) € p~ 1 Diyis(T)) Yk > 0,
(55) (1 - @)71Dcris(T) C pisZDcris(T)-

Let us first recall the definition of the Tamagawa number of T over F,, with respect to a basis w of
detg, t, (V). Let w* be the dual basis to w. Then, the Tamagawa number is the unique power of p defined
by

W(det ;' H} (K, T)) = Z, Tamg ,(T)w",

where ¢ is the isomorphism det @3H}c (Fpn,V) — det@: t,,(K), which arises from the exact sequence
0 = Deris(V) = Deris(V) @ (V) = Hj(F,, V) = 0
which is a consequence of (2.4) and (H.eigen). Hence, if we fix a lattice L in ¢, (V') such that w generates
detzp L, then
(HHF.T) < expy, (L))
a detz,, (1 — ¢|Dexis (V) () -
From now on, we take L,, to be the lattice Op, ® Deys(T)/ Fil° Deris(T) and fix a basis w, of detz, L.

We write d’ for the Z,-rank of Dcris(T)/Filo Deyis(T) and d, := d’ x [F, : F], which is the Z,-rank of
Or, ® Deis(T)/ Fil° Deyis (T).

(5.6) Tampg, ,(T)

Lemma 5.3. Form € Z, let Ly, ;m = p™ Ly and wp m a basis of detz, Ly ;m. We have the equality
Taan,wn,m (T) = pMd; Tamp, o, (T)
Proof. 1t follows from (5.6) and the fact that the Z,-rank of H} (Fn,T) is d),. O

From now on, we shall assume that the representation 7" satisfies the following additional hypothesis.

(H.tor) (TV)%F= = 0, where TV denotes the Pontryagin dual of T'.

Under (H.tor), the inflation-restriction exact sequence implies that the corestriction map H'(F,,,T) —
HY(F,,T) is surjective for all m > n (see for example [Leil0, Corollary 4.5]). In particular, the projection
H} (F,T) — H'(F,,T) is surjective.

Lemma 5.4. Let x € H} (F,T), then there exists g € (AL)¥=° ® Deyis(T) such that
expy,, 001, (g) = .

Proof. We take m = —a > 0 in Proposition 4.11. In particular, ¥(—m) = T by the definition of ¥. Let
z € H} (F,T) be any element such that

Prg(_m)n(2) = .
Proposition 4.11 says that there exists ¢ € (A})¥=0 ® Deyis(T) such that
T = p(lfb)"ETm o Tw_,(c).
But we have Tw_,,(c) € (AL)¥=0 & Deyis(T) and

1)

Yrn = p(b* " expy,, 00T 5.

Hence, we obtain our result on taking g = Tw_,,(c). |
Corollary 5.5. Let A,, be the image of (A;)d’:o ® Deyis(T') under Op4, in t, (V). We have the inequality
(H}(Fn,T) : eXme(Ln)) < (A, :L,)

14



Proof. By Lemma 5.4, we have the inclusion
H}(F,,T) C expy,, (4,).
Therefore,
(H}(FH,T) : eXme(Ln)) < (exme(An) : eXPv,n(Ln)) .
The result now follows from the fact that expy,,, is injective on ¢, (V). O

Via (5.1), there are decompositions

n

ta(V) = @ (OFL @ t(V)) & (Op, @ H(V)),

Ln = @ (O;sz &® Dcris(T)/ Fllo Dcris(T)) (&) (OFl ® Dcris (T)/ Fllo ]D)cris (T)) .

i=2

For i > 2 (respectively i = 1), we write pr; for the projection of t,(V) to OF=" @ t(V) (respectively
O, @ t(V)).
Lemma 5.6. Let g € (AL)Y=° @ Deyis(T), then

(67" @ ¢"")g) ({i —1) mod Fil’ Deyis(T) if i > 2,

pr; 0071, (9) = -1 n-1y —1,.n 10 e

(et @¢" Ng) (G — 1) + (L —9)"'¢"(9(0)) mod Fil’ Deris(T) if i = 1.

Proof. Recall from (3.3) that if (1 — ¢)G = g, then

oo R r t] ) 3
G=Y @+, 7O0-r9) A (9),
k=0 j=0

where § = g — Z; o ], @A, ;(9). When evaluated at (,» — 1, all the terms involving #/ with j > 1 vanish

by the definition of . Furthermore, by the definition of §, it is divisible by 7 over B, This implies that

F,rig*
©*(§) vanishes at (,n — 1 for all k > n. Therefore, we have

G G —1) = 3 @) (G — 1)+ (1 9)g(0)
k=0
= 3 (0% ® M)g(Grr — 1) — $F(9(0))) + (1 — )9 0)
k=0
= Z (07" @¢™ )g) (G — 1) + (1 — ) L™ (9(0)).
Our result now follows from Lemn;a 5.2. O

Proposition 5.7. We have the inequality
(A : L) < pr@" o= ts2(p—1))d +s1d,
Proof. Let g € (A;)wzo ® Deyis(T). For i > 2, Lemma 5.6 tells us that pr; oOr ,,(g) lies inside
O @ " {(Deris(T))  mod Fil° Diyis (T).
Note that ¢ *(Deis(T)) C p~* T~ Ds(T) by (5.4), so
pri(Ay) C p~ " pri(Ly,).
Together with (5.2) we deduce that

[pr;(An) : pr;(Ln)] < (pswr(n—z'))

For i =1, (5.4) and (5.5) tell us that

pri(A,) C Op @ p~*t %2 pr (Ly,).
15
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Thus,
[pry(An) £ pry (L)) < (prroztrm) @D
Since L,, = @, pr;(Ly) and A,, C @, pr;(4,), we deduce that

< [T pr;(Ln))

1=

( n_(s1tr(n— z))p““<p71>2+<sl+52+m><p71>>d

=

’

IN

= plr®"” Y +p=2)+s2(p—1))d +s1d;,
as required. 0

Corollary 5.8. The Tamagawa number Tamp, . (T) is bounded above by
pr(®"  +p=2)+s2(p-1))d +s1d;,
detz, (1 — @|Deris(V)) ()
Proof. This follows from combining (5.6) with Corollary 5.5 and Proposition 5.7. |

Remark 5.9. Note that p"~' +p — 2 < [F, : F] for all n > 1. In particular, under the notation of
Lemma 5.3, we deduce from Corollary 5.8 the inequality

pSQ(Pfl)d'
det(1 — @|Deris (V) () ’

Ta’mF”ruwn,frfsl (T) S
which is independent of n.

6. COMPARISON WITH LAURENT’S RESULTS

We recall from [Laul3] that Tampg, ., (T') is bounded above by

(6.1) plf@lne s g (w, @ v h),

where a = — Zj ri +(b—1)d+d', with 71,...,rs being the Hodge-Tate weights of T" and j, (w, ® v, 1) is a

power of p that measures the difference between w,, and detz, A, (see p.97 of op. cit.). In general, it is not
clear how to calculate j, (w, ®v;, ') explicitly. However, it seems to us that the bounds given in Corollary 5.8
would generally grow slower than (6.1) because the former are O(p™), instead of O(np™). In the following
section, we illustrate this with representations arising from modular forms.

Remark 6.1. There are in fact some extra factors in the upper bound of Laurent. However, under (H.eigen)

and (H.FL), they all turn out to be 1.

6.1. Representations attached to modular forms. Let f = ) ., a,¢" be a modular form of even
weight k and nebentypus e whose level is coprime to p. Let E be the smallest extension of Q, that contains
an for all n. Let Vy be the Deligne representation restricted to Gg,, which is of dimension 2[E : Q).
Furthermore, we fix a Galois-stable lattice Ty inside V. It has Hodge-Tate weights 1 — k and 0 (with
multiplicity [E : Qp]). In particular, if p > k, then (H.FL) holds as well. The action of ¢ on Des(Vy)
satisfies p? — a,p + e(p)pF~!. We see that the evenness of k ensures that (H.eigen) holds as well. Finally, if
(H.FL) holds, then p 41tk — 1. This implies that (H.tor) holds by [Leil0, Lemma 4.4].

Take T' = T (k/2) and assume that v,(a,) > k/2 with e(p) = 1. Under this assumption, the slope of ¢
on Dyi5(7T) is constant and equal to —1/2.

For this particular representation, Laurent has worked out the exact value of j,(w, ® v,;!) in [Laul3,
§3.4.3] and showed that

(6.2) Tamp, ., (Ty(k/2)) < prH1/2elFnQl(h=2),

where e = [E : Q,]. Furthermore, when k = 2, equality holds. That is, Tampg, ,,, (Tr(k/2)) =1 for all n > 1.
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For the same representation, Corollary 5.8 says that
(P +p—2)+s2(p—1)+s1[Fn:Qy])e

detz, (1 = @©|Deris (V) ()

as d’ = e and we may take r = 1. In the case k > 2, we see that this bound is smaller than (6.2) when n is
sufficiently large, no matter what s; and s, are.

For the rest of this section, we shall analyse the action of ¢ in order to find out what value s we can take.
Recall that the action of ¢ on De,s(T") satisfies the equation

Tampg, u, (Ty(k/2)) < ol

(6.3) — Lot -=o.
P

Therefore,

1
det(l — <P|Dcris(v))(p) = (1 — a% + > = —.
(p)

Lemma 6.2. For alln >0,
(p()D)n]D)cris(T) C p_k/2+1Dcris(T)-
Proof. By (H.FL), the fact that the highest Hodge-Tate weight of De.is(T) is % implies that we may pick

v € Fil*/? Deyis(T) \Filk/%'1 Deyis(T') such that v,pk/Qap(v) form a basis of Deys(7). The matrix of ¢ with
respect to this basis is given by

k/2
0 _pk/2-1 _ k2B —pF2a)\ (a0 275 s
P2 ay, fph? 1 1 0 g fp_’“g %BB ’
where o and 3 are the roots to X2 — 22 4 %7 both of which have p-adic valuation —1/2. Therefore, the
p2

matrix of (py)™ is given by

1 o
(—p’“/zﬁ —p’“/%z) ((pa)” 0 ) Pas ap
! ! 0 0O \Frtamgy s

2
But (a — B)% = (pi’/’z,) - %, which means that v,(a — 8) = —1/2. This tells us that all the entries of the

product of the three matrices above have p-adic valuations at least n/2 — k/2+1/2 > —k/2+ 1 for n > 1.
When n = 0, the product is the identity. Hence the result. O

Lemma 6.3. We have X
(1 - @)71DcriS(T) - p7§+1Dcris(T)-

Proof. Following [LLZ11, Lemma 5.6], we deduce from (6.3) the equation

p+1- “—g
1-¢) ' = ——"7,
1—- pfg +5
where the denominator has p-adic valuation —1. The largest Hodge-Tate weight of T is g, so (H.FL) implies
that ¢Deis(T) C p~ 2 Deis (T). As 1+ 22 has non-negative p-adic valuation, our result follows. O
p2

In particular, we may take s; = s, = & — 1 in Corollary 5.8 for this particular representation. Hence, we
conclude that
T, o (T3 (/2)) < pb/20-D6" 405" G-2)e
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APPENDIX A. RESULTS ON p-ADIC VALUATIONS

Lemma A.1. If o = 1+ pp, where 8 € Zp, n > 0 is an integer, then vp(ozpn —1) =n+1+v,(06).
Furthermore,

A ”Z‘:l (—pB)

Py = i1 mod p"Zy.

=0

Proof. We have the expansion

We can rewrite the summand as

(p”> (pB) = ("1 8) x " =D x (" =2 x- " = (i=1) @)

7

As in [Leill, proof of Lemma 5.4], we have
(1 —1) x vp(pB) > vp(i),

which implies that p"*!3 divides a?" — 1 over Z, and that

o —1 T x (-2 % (- (- 1) (pB)
g ; I1x2x---(i—1) T

(_1)1'—1 % (p6>i_1

i

I
[~

mod p".
1

o
Il

Hence we are done. O

Lemma A.2. Leti,j€Z, k>n+1, then

O (u?
Dpe(u) =6 mod w,;(7).
p

for some p-adic unit § € 1+ p"Z,.
Proof. Since wy,,j = (u™7~)P" — 1, we have

D (u —iy)p" — 1 i—iyt 1
) (u ) - __(w .)k_l mod wn
p p((u=iy)P" " = 1) p((w=9)P"" = 1)
ask—1>n. If u =1+ pr, where 7 € Z,, then w/=" =1+ p(j —i)7 + O(p?) = 1 + pf for some B € Z,.
Therefore, if we write a = u/ %, Lemma A.1 implies that the last expression satisfies

L+pn)—" -1 o -1 (o —1)pHIB €1+p"Z
p((L+pr)U=0r = —1) = plar™™" —1) — (a?"™" = 1)/p"p r

as required. (|

Lemma A.3. Leti,j € Z andn > 1. Then, {; is congruent to the constant j — i modulo wy ;.
Proof. By definition,
bi—tj=37—1
and wy, j|¢;. Hence the result. O
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APPENDIX B. Q—SYSTEMS FOR CRYSTALLINE REPRESENTATIONS

In [Kob13, Kobl14], Kobayashi proved the p-adic Gross-Zagier formula for elliptic curves and weight 2
modular forms with non-ordinary reduction at p. One of the key ingredients is the interpolation of Heegner
points. More specifically, let E/ be an elliptic curve with good supersingular reduction at p with a, the trace

of the Frobenius at p on the p-adic Tate module. Write 91, for the maximal ideal of Q,(upn ). If ¢, € E(9M,,),
n > 1 is a family of elements such that

(B-l) Trn+2/n(cn+2> — ap Trn+1/n(cn+1) +pc, =0

for all n > 1, Kobayashi showed that there exists a power series f € Z,[[X]] such that f((» —1) = ¢, for all
n > 1 if and only if cﬁH = ¢, mod pOQp(upn+1)' A family of points satisfying (B.1) is called a @Q-system,
where @ is the polynomial X2 — a,X + p. They have been extensively studied by Knospe in [Kno95]. The
result of Kobayashi mentioned above has been generalized to general formal groups by Ota in [Otal4]. In
this appendix, we explain how the results of Perrin-Riou on the solutions to (E,) discussed in §3 allows us
to construct QQ-systems for a general crystalline representation.

Let T be a representation as defined in §2.2 with Hodge-Tate weights in [a;b] with b > 1. As before, we
assume that both (H.eigen) and (H.FL) hold.

Definition B.1. Let k > 1 be an integer. We say that Q(X) € Op[X] is a k-polynomial for T if it satisfies
Q(kaD)DcriS(T) =0.

Definition B.2. Let Q = vazo a; X" € Or[X] be a k-polynomial for T for some integer k. We define the
Q-systems of T to be the set of elements

d
{(Cn)n21 tep € H}(FR,T),Zai COTpyi/n (Cnyi) =0 Vn > 1} .
=0

Lemma B.3. A non-trivial b-polynomial for T exists.

Proof. Since Fil™° Deris(T) = Deyis(T'), we have Fil® Deyis (T'(=b)) = Deis(T(—b)). In particular, by Fontaine-
Laffaille theory, ¢(Deyis(T'(—b))) C Depis(T'(—b)). We have the polynomial

Qr(X) = det(X"” — ¢"[Deris (T(=0))) € Op[X],

where p” is the size of the residue field of F. Since Deyis(T) = Deris (T(—b)) @ t~ey, and p(t~0) = p~0t~°, we
have

Qr(P* @) Deris(T) = Q1 () Deris (T'(—b)) = 0.
So, we see that Qr is a b-polynomial for T'. O

We fix a b-polynomial Q(X) of T. Note that Q(X) is then automatically a b — m polynomial for T'(—m)
for all m € {0,1,...,b — 1} (this follows from the fact that ¢(t™) = p™¢™). In addition, we take s to be
the integer satisfying (3.1) and (3.2) (for any fixed r). We explain how to construct families of Q-system of
T (—m) using the results of Perrin-Riou that we have reviewed in §2.3.

Proposition B.4. Let Q be a b-polynomial for T, g € (A})¥=° ® Deyis(T) and m an integer such that
0<m<b—1, then (p’”"’s_lET(,m))n o Tw_m(g))n>1 form a Q-system of T(—m) for allm € {0,1,...,b—1}.
Proof. Let ¢, = p" 180y © TW_p(g) for n > 1 and write Q(X) = Z?;O a; X' Note that
Tw_m(g) € (AF)"™" @ Deris(T(~m))
and that T'(—m) has Hodge-Tate weights in [—m;b — m]. So, by Corollary 3.2, we have
cn € Hj(F, T(—m))
and

N N
(B.2) Z ;i COTpyi/n(Cryi) = pT+S_1ZT(_m)," o (Z a; (pb_m ® g0)1> o Tw_,,(g).

=0 =0
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Since @ is a (b — m)-polynomial for T'(—m), we have

on Deyis (T (—m)). Hence the right-hand side of (B.2) is 0. O

‘We now show that it is possible to refine the construction above by taking into account the slope of ¢. In
particular, we fix an integer 1 < r < b such that the slopes of ¢ on D¢,is(T") are > —r.

Lemma B.5. A non-trivial r-polynomial for T exists.
Proof. Since the eigenvalues of ¢ on De.is(T(—7r)) are all p-integral, the polynomial
Qrr(X) = det(X” — ¢ [Deris(T(—1))),

where p¥ is the size of the residue field of F', is a polynomial defined over O and hence it is a r-polynomial
for T. O

Note that if Qr(X) = Z;’io a; X" is the polynomial defined in the proof of Lemma B.3, then it is related
to the polynomial Q7 via the relation

vd

a; i

Qr.(X) = E :p(bfr)(dfi)X ’
i=0

We remark that as before, if Q) is a r-polynomial for T', then @ is a (r — m)-polynomial for T'(—m) for all
me{0,1,...,r—1}.

Proposition B.6. Let Q be a r-polynomial for T. If g € (A;)w:o ® Deyis(T'), then the elements
pT.+s—1+(T—b)nET(_m)7n o Tw_m(g)
form a Q-system for T(—m) for all0 <m <r —1.
Proof. Corollary 3.2 tells us that
Pty o Twon(g) € Hj(F,T)

for all n > 1. Let Q(X) = ZiV:O a; X" and let

N
R(X) = pt=INQ(pr=bX) = po—IN Zaipi(r—b)Xi € Op[X].

i=0

Since @ is a r-polynomial for 7', R is a b-polynomial for T'. Let ¢, = p”S*lET(_m)’n o Tw_,,(g) as in the

proof of Proposition B.4. Then, they form a R-system for T'(—m). This gives us the relation

N
pb=N Z aip" " oty i m Cpts = 0.
=1
Therefore,
N
Z ;i COTpyi/m (p(nﬂ)(?'_b)c””) =0
i=1

as required. 0
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