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Abstract

We describe presentations of braid groups of type ADE and show how these presentations
are compatible with mutation of quivers. In types A and D these presentations can be under-
stood geometrically using triangulated surfaces. We then give a categorical interpretation of the
presentations, with the new generators acting as spherical twists at simple modules on derived
categories of Ginzburg dg-algebras of quivers with potential.
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1 Introduction

Braid groups are fundamental objects in mathematics. Although they are of a topological and geo-
metric nature, they have an algebraic interpretation: a simple presentation by generators and relations
which is just based on adjacency of integers [Ar]. This can be encoded in a line graph, and from
there one can generalize to define a group from any finite graph, known as the Artin braid group.

The most well-known groups defined from graphs are the Coxeter groups (we restrict to the simply
laced cases, for simplicity). These are closely related to Artin braid groups: each Coxeter group is a



quotient of a corresponding Artin braid group in a natural way. In particular, the symmetric group
on n letters is a quotient of the classical braid group on n strands. Coxeter groups naturally split into
two distinct classes: those of finite type, corresponding to the Dynkin diagrams of type ADE, and
those of infinite type. Although all Artin braid groups are infinite, the Artin braid groups of Dynkin
type have a different character to those not of Dynkin type, and are known as Artin groups of ‘finite
type'.

This dichotomy also arises in another area of mathematics which has generated a lot of interest in the
recent years: cluster algebras. In this theory, there is a notion of finite-type cluster algebras, which
again correspond to the Dynkin diagrams [FZ2]. Cluster algebras are specified by a directed graph,
known as a quiver, together with other information. A key ingredient in the definition is the notion of
mutation, which changes the arrows in a quiver in a non-obvious manner which generalizes reflection
at a source or sink. Barot and Marsh [BM] have given new presentations of Coxeter groups of finite
type based on quivers obtained from Dynkin diagrams under finite sequences of mutations. Our first
result generalizes this to braid groups:

Theorem A. (Theorem Let Q be a quiver, with vertices 1,2, ..., n, obtained from a Dynkin
quiver by a finite sequence of mutations. Let Bg be the group with generators sy, sy, ..., Sp, Subject
to the relations:

(a) sisj = sjs; if there is no arrow between i and j (in either direction);
(b) sisjsi = sjsis; if there is an arrow between i and j (in either direction);

(c) siySi, " Si,Siy " Si_y = SiySiz " Si,Siy S, = -+, whenever iy — i — -+ = iy = i is a
chordless cycle in Q.

Then Bg is isomorphic to the Artin braid group of the same Dynkin type as Q.

We prove our result via isomorphisms between abstractly defined groups, which can be thought of as
mutations of groups, even though the resulting groups are isomorphic. The Artin group presentations
we obtain induce presentations of the corresponding Coxeter groups which are distinct from those
in [BM]; we also give a compatibility result which shows the relationship between the two presentations.
Why have we chosen to use presentations which don't agree with the earlier work? This is explained
in the following two sections of the paper, as we now detail.

Certain cluster algebras can be understood using pictures. A (tagged) triangulation of a Riemann
surface with marked points on its boundary defines a quiver [FZ1] [FoSTh]; see also [CCS]. Then
mutation of the quiver has a natural interpretation in terms of swapping one diagonal of a given
quadrilateral for the other. So these cluster algebras have a topological interpretation. In particular,
such descriptions are available for the infinite families of Dynkin type. A natural question is: can we
understand the generators above, and the isomorphisms corresponding to mutations, in terms of the
geometry of the surface? The answer is yes:

Theorem B. (Theorem @) Let A be a Dynkin diagram of type A, or type D,. In the former case,
let (X, M) be a disk with n+ 3 marked points on its boundary. In the latter case, let (X, M) be a
disk with n marked points on its boundary and one marked point in its interior, taken to be a cone
point of order 2 (so X is an orbifold in this case).

Let T be a tagged triangulation of (X, M). Let Gy be the graph in (X, M) dual to T. For each
vertex i of the quiver Q7 associated to T as in [FZ1,[FoSTHh|, let o; be the braid of (X, M) associated
to the edge of Gr crossing the tagged arc in T corresponding to i (see Definition . Then there



is an isomorphism between the subgroup Hy of the braid group generated by the o; and the group
Bq defined above, taking o; to s;.

Furthermore, in type A,, Hr coincides with the braid group of (X, M), while in type D,, Hy is of
index two in the braid group of (X, M).

As well as the original combinatorial and commutative algebraic approach to cluster algebras, and
the geometric approach described above, there is a third approach which has proved very power-
ful: the representation theoretic approach [BMRRT, [CCS]. This approach uses finite dimensional
(noncommutative) algebras and ideas from categorification to better understand cluster algebras,
and has received intense study. Braid groups also appear in representation theory and categorifica-
tion [RZ, [ST]: in many important situations there are actions of braid groups on derived categories
via spherical twists. One example of this is given by certain derived categories of differential graded
algebras [Ginl, [KY] which are known to cover the categories appearing in the representation theoretic
approach to cluster algebras [Am]. One might hope that these categorical braid group actions are
related to our presentations of braid groups, and we show that this is indeed the case.

First, we make a connection between the categorical and the geometric situations. The relevant
differential graded algebras are defined by use of a quiver together with a formal sum of cycles in that
quiver known as a potential [Gin]. Mutation of quivers of potential has been defined [DWZ] and, in the
situations where our cluster algebra comes from a Riemann surface, the mutation of potentials also has
a geometric interpretation [LEQ9]. Relying heavily on results of Labardini-Fragoso [LFQ9, [LF12], we
observe that the potential defined on mutation-Dynkin quivers according to the geometric procedure
is equivalent to the ‘obvious’ potential that one might guess (Proposition . So, while the potential
is important, it is in fact entirely determined by the quiver in types A and D. Note that this result
could also be proved relatively easily via a direct calculation.

Next we show that we do indeed obtain an action of the groups Bg (defined using mutation-Dynkin
quivers) on derived categories of Ginzburg differential graded algebras in which the generators act via
spherical twists. After setting up all the technical machinery correctly, the main difficulty in proving
this is to check that the mutation procedure for the groups Bg, which relates the group associated
to a quiver to the group associated to a mutated quiver, actually lifts to the categorical setting as a
natural isomorphism of functors. We do this, using important results of Keller and Yang [KY]. From
here, we can use the earlier theory developed here to show that the generators s; of finite type Artin
braid groups from Theorem A can be viewed as derived autoequivalences:

Theorem C. (Theorem Let (@, W) be a mutation-Dynkin quiver with potential of type ADE,
and let T g w be the corresponding Ginzburg differential graded algebra. Let Dey(Iqw) denote the
full subcategory of the derived category D(T g,w) on objects with finite-dimensional total homology.
Then there is a group homomorphism

BQ — Aut Dfd(rQ'W)
S;j — F,'

sending the group generator associated to the vertex i of Q to the spherical twist F; at the simple
o w-module §;.

Since we started work on this project, we have become aware of independent work by other authors.
A. King and Y. Qiu have a related project, and were aware of the new relations between spherical
twists and a topological interpretation of the spherical twist group; see [Qiu], particularly Section 10.1.
In particular, an independent proof of a version of Theorem [2.10] in types A and D was announced
in [Qiu]. A key difference in our approach is the use of an orbifold with cone point of degree two in



type D. In [Nag| §2.2], K. Nagao refers to an action of the mapping class group of a marked surface
on the derived category of a Ginzburg dg-algebra associated to a triangulation.

Since we released the first draft of this article, the preprint [HHLP] has appeared, where the authors
give a presentation (different from the one given here) of the Artin braid group for each diagram of
finite type (in the cluster-theoretic sense). This includes the non-simply-laced cases (not considered
here) but does not include a topological or categorical interpretation.

2 Presentations of braid groups

2.1 Braid groups

Let A be a graph of ADE Dynkin type, i.e., A is a graph of type A, for n> 1, D,, for n > 4, Eg, E7,
or Eg.
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In particular, A has no double edges or cycles. Let | be the set of vertices of A. We can associate
a group Ba to A, which we call the braid group of A. It has a distinguished set of generators
Sa = {si}ici, and the relations depend on whether or not two vertices are connected by an edge.
They are as follows:

(i) sisj = sjs; if . °;

. e
(II) Si5jSj = SjSiSj if o

If A'is of type A, then we recover the “usual” braid group, sometimes denoted B,;1. Its generators
can be visualized as follows:

1 2 i i+1 n n+1

[ ] [ ] [ ] [ ] [ ] [ ]
S5 = //

[ ] [ ] [ ] [ ] [ ] [ ]

1 2 i i+1 n n+1

and the relations of type [@] record the fact that crossings of far-apart adjacent pairs of strings
commute, while relations of type record a Reidemeister 3 move.

If we also impose the relation that s? = 1 for all i € / then we recover the Coxeter group of type A.
More information on Coxeter groups and braid groups can be found in [Hum] and [KT].



2.2 Mutation of quivers

A quiver is just a directed graph. Throughout this article we will only work with quivers with finitely
many vertices and finitely many arrows that have no loops or oriented 2-cycles. For a given quiver
@, we again denote its set of vertices by /.

There is a procedure to obtain one quiver from another, called quiver mutation, due to Fomin and
Zelevinsky [FZ1, §4]. Fix Q and let k € I. Then we obtain the mutated quiver 14(Q) as follows:

(i) for each pair of arrows i — k — j through k, add a formal composite i — j;
(i) reverse the orientation of all arrows incident with k;
(iii) remove a maximal set of 2-cycles (we may have created 2-cycles in the previous two steps).

It is a basic but important observation that quiver mutation does not change the set of vertices. One
can also check that mutation is an involution.

We call a cycle in an unoriented graph (or in the underlying unoriented graph of a quiver) chordless
if the full subgraph on the vertices of the cycle contains no edges which are not part of the cycle. We
call a quiver Dynkin if its underlying unoriented graph is a Dynkin graph of type ADE, and mutation-
Dynkin if it can be obtained by mutating a Dynkin quiver finitely many times. By a theorem of
Fomin and Zelevinsky [EZ2, Thm. 1.4], there are only finitely many quivers that can be obtained by
mutating a given Dynkin quiver.

The following fact will be useful to us.

Proposition 2.1 (Fomin-Zelevinsky). In any mutation-Dynkin quiver, there are no double arrows and
all chordless cycles are oriented.

Proof: By [EZ2, Theorem 1.8], the entries in the corresponding exchange matrix B satisfy | B,y By.| <
3 for all x, y (known as being 2-finite). Hence there cannot be any double arrows in the quiver.

Now let @ be a mutation-Dynkin quiver and C a chordless cycle in @. Then, since Q is 2-finite, so
is C. By [EZ2, Proposition 9.7], C must be an oriented cycle. O

2.3 Groups from quivers

Let @ be a mutation-Dynkin quiver.

Definition 2.2. From the quiver Q with vertex set /, we define the group Bg as follows: it has a
distinguished generating set Sg = {s;}ic; and the relations given by:

(i) sisj = sjs; if . °;

.. e i J i J
(II) SiSjSj = SjSiS; if e——=® or e<~— o ;



(iii) if we have an oriented chordless n-cycle

then

515 ...5,515 ... Sp—2 = 5253 ...5,51 ... Sp—1

= 535152 ...525152 ... 5,3

Remark 2.3. If Q is a Dynkin quiver, then Bg is (isomorphic to) the Artin braid group of the
corresponding Dynkin type.

This presentation is symmetric but not minimal:

Lemma 2.4. For each single chordless n-cycle, in the presence of the relations of type and
any one of the relations of type implies all the others.

Proof: It is enough to show that if the relation

S1S2 - SpS1S2 -+ Sp—2 = $S3 - SpS1S2 -+ Sp—1 (1)

holds then

S152 "+ 5pS152 " Sp—2 = 5354+ 5p5152 " Sp-
So, we assume that holds. Then we have:

-1
Sy "S5152°+5pS5152°*Sp—25n = S3 " 5pS5152° * " Sp—15n-

The left hand side can be rewritten, using relations of type (i) and (ii), as:
52_15152 ©+ 53515 5,25, = 515251_153 c++S5p515 - 5,-25,
= 5183+ 015 'SpS152 "+ Sp—25n
= 5152 Sn_15n515, S2° " " Sp—25n
= 5152 5pS152 " Sn—2,

and the result follows. O

Though the relations look different, by taking an appropriate quotient we can obtain the groups
defined by Barot and Marsh [BM] directly:

Lemma 2.5. If we also impose the relations s> = 1 for all i € I, then the group Bq becomes
isomorphic to the group T y(q) defined in [BM, Section 3], where U(Q) is the underlying graph of Q.

Proof:  As our definition gives the usual definition of the braid group for a Dynkin quiver, this will
follow from results in [BM] and the results below on how our groups change with quiver mutation.
But it is straightforward to give a direct proof, so we do so.
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Figure 1: Mutation of a quiver of mutation Dynkin type.
We need to show that, in the presence of relations and 5,-2 =1 for all i € I, our extra relation
holds if and only if the relation
(5152 ... Sn_1505n-1...52)> =1

and its rotations hold for each n-cycle 1 — 2 — --- — n — 1. By symmetry, it is enough to check
that the relation above is equivalent to s15 ... 5,515, ... Sp_2> = $253... 5,51 ... Sp_1.

Using that 5; = s; '

, We see that our our relation is equivalent to
5150 ... 535150 ... Sn—25n—_15n—2 ... S15n ... S35» = 1.
Multiplying out the Barot-Marsh relation, we see that it is equivalent to

5150 ...5,—15nSp—1 --.- 25152 ... Sp—1SnSn—1 ... So = 1.

Cancelling out n terms on the left and n — 1 terms on the right of these two expressions, it just
remains to show that

5152 ... 57—25n—15n—2 --- S251 = Sp—15p—2 --- S25152 ... Sp—25p—1-

As there is an arrow i — i 4 1 for each i and the cycle is chordless, the symmetric group on n letters

maps onto the subgroup generated by si, ..., s,_1 with the transposition which swaps / and / + 1
being sent to s;. It is easy to see that the corresponding relation holds in the symmetric group, with
both sides of the equation representing the transposition which swaps 1 and n. O

We will justify our choice of relations in Remark

2.4 Mutation of groups

Let Bg be the group associated to the mutation-Dynkin quiver Q, as above, and let k be a vertex
of Q. Denote px(Q) by Q. Our aim in this section is to show that Bg is isomorphic to Bg/. We
will do this by using a group homomorphism ¢, : Bqg — B defined using a formula which lifts the
formula used in [BM, §5].

The following lemma follows from results in [EZ2] (see [BMI §2]).

Lemma 2.6. Let Q be a quiver of mutation-Dynkin type, and fix a vertex k of Q. Suppose that
k has two neighbouring vertices. Then the possibilities for the induced subquiver of Q containing
vertex k and its neighbours are shown in Figure[ll The effect of mutation is shown in each case.

The following lemma follows from [BM|, Lemma 2.5].



Lemma 2.7. Let Q be a quiver of mutation-Dynkin type, and fix a vertex k of Q. Let C be an
oriented cycle in Q. Then C is one of the following. In each case we indicate what happens locally
under mutation at k.

(a) . P (b) K k
. . ° .
AN N R N
o—=>29° ° ° no<~——m—9%ir no Olr
I J ! J
el | I
i © Olr—1 i © Olr_1
\0770/ \0770
(C) I.( l:
Kk
ilo/C\oir o iloQoi,
izi lirl i2£ lirl
\o——o/ \o——o

(d) An oriented cycle containing exactly one neighbour of k. Mutation at k reverses the arrow
between k and its neighbour in C.

(e) An oriented cycle containing no neighbours of k. Mutation at k does not affect C.
Recall that Bg is defined using generators s; for i € I. We denote the corresponding generating set
for Bg: by t;, i € I. Let Fg be the free group on the generators s; for i € /.
Definition 2.8. Let ¢, : Fo — B be the group homomorphism defined by

titity ' ifi > kin @;
ok(si) = .
t; otherwise.

Proposition 2.9. The group homomorphism ¢\ induces a group homomorphism (which we also
denote by @) from Bg to By .

Proof:  Let us write s; = ¢k(s;). We must show that the elements 5; in B satisfy the defining
relations of Bg. Note that the t; satisfy the defining relations for Bg:.

Firstly, we check the relations (ii) for an arrow incident with k. Suppose that there is an arrow i — k.
We have the following, using the fact that t;jtyt; = tit;t:

SiSKSi = tititktit, !

2ttt L = ;.

Also,
~~~ 2 —1, _ 2
SkSiSk = titetit, "tk = tict;.
So
SiSkSi = SkSiSk,
as required.



If there is an arrow i < k, then we have

SiSkSi = titkt;i = titite = SKS;iSk.

Next, we consider relations (i) and (ii) for all other arrows in Q. Relations of this kind involving
pairs of vertices which are not neighbours of k follow immediately from the corresponding relations
in Bg. If only one of the vertices in the relation is a neighbour of k, the relation again follows
immediately since t, commutes with any generator corresponding to a vertex not incident with k in
Q' (equivalently, in Q). So we only need to consider the case where both of the vertices in the pair
is incident with k and we can use Lemma

Going in either direction in part (a) of Lemma the relation 5;5; = 5;5; follows from the relation
titj = tjt; in Bgr, so we consider part (b), firstly from left to right. The cycle in Q' gives the relation
teti = tjtkt,-g-tk_ltj_l. Also applying the relation tk_ltj_ltljl = t-_ltk_lt_l, we obtain

J J
~~ -1
Sisj = tktit, °t;
_ —1,-1,-1
= titytit;t, tj t, "t
= titytit, L =55
Going from right to left in part (b), we have, using tjtit; = titjty, tit; = tjt; and titit; = titity,

555 = tetjt, Mttt !

Next, we have to check that the §; satisfy the relations of type (iii) for Q, so we need to consider
each the types of cycle described in Lemma By Lemma [2.4] it is enough to check that, for any
given cycle in @, one of the relations in (iii) holds.

For part (a), we have

FSvk’SV,'FSngk = ttitet; tk_l ty
tititet;,

while

SIS = Litktt ety
titkt;t;
tititit;,

which is equal to 5,5;5;5, as required.



For part (b) we have, applying a relation for the cycle in @’ in the fourth step:
- o B B B

SiySip S SiSiy tt Si_, = Lkt by Tt - ittt Tty oot

=t bty by G kbt Tt G,

—1 -1
=t "tk by, -ttty i, - bt

n

=ty ty o bt G

n

-1
= tfz R tfrtkti1tk tiz ceetg

r—2

t

ir—1

= si2 e sirsi15i2 e Sir72sir—1'

For part (c), we have, applying a relation for the cycle in Q' in the fourth step:

—1
tti t, "ttt

SiySiy " Sip_1Si,SkSiy 1t Sip_y = Lty et 1

— til tiz cee ti,_ltkti, til ce tir—l
- tfl tktiz e tir—l tir til T ti”’l
=ty titity ot bty oot

= bty ety - - -t _ it -t

ir—1 ir—2

ir—1 ir—2

—1
= tety by, - - -t teeti tk tety -t _,

= SkSiySiy * " " Sir_15i,S5kSiy " * " Sip_a»
and we are done. O

Theorem 2.10. ¢, : Bo — Bg' is a group isomorphism.
Proof: As mutation is an involution, we can consider the composition
Pk - BQ ik) BQI ﬂ BQ.

Fix some i € /. Note that mutation at k does not change whether i and k are connected in the
quiver: it just swaps the direction of any arrow that may exist between i and k. So if we have i — k
then s; — tkt,-t,:l — sks,-s;l. If we have i < k then s; — t; — sks,-sl:l. And if there is no arrow
between i and k then s; — t; — s;. But in this case s; and s, commute, so s; = sks,-sk*:[. Hence
in every case @k(s;) = sks,'sk_l, SO (py is just a conjugation map and therefore i : Bg — Bg' is an
isomorphism. O

Remark 2.11. The inverse of @ is the group isomorphism cp;l : Bgr = Bg defined by

—1 - .
1 S, sisk if i — kin @;
o, (t) = ’ .
S; otherwise.

Noting Remark we have the following:
Theorem 2.12. If Q is a mutation-Dynkin quiver of type A then Bg = Ba.

3 Topological interpretation of the generators

3.1 Braid groups

In this section we consider quivers @ which are mutation-equivalent to an orientation of the Dynkin
diagram of type A, where A = A, or D,. By Theorem [2.12] By is isomorphic to the Artin braid

10



group Ba of the same Dynkin type. In other words, Bg gives a presentation of Ba. In this section
we give a geometric interpretation of this presentation.

We associate an oriented Riemann surface S (with boundary) together with marked points M to A, as
follows. If A = A,, we take S to be a disk with n—3 marked points on its boundary, as in [FZ1} [FZ2].
If A = D,, we take S to be a disk with one marked point in its interior and n marked points on
its boundary, as in [FoSThl [Sch]. In each case, it was shown that every quiver of the corresponding
mutation type arises from a triangulation of (S, M) (tagged, in the type D, case) in the following
way. We follow [FoSTh], in a generality great enough to cover both cases (noting that there is at
most one interior marked point).

A (simple) arc in (S, M) is a curve in S (considered up to isotopy) whose endpoints are marked
points in M and which does not have any self-crossing points, except possibly at its endpoints. Apart
from these endpoints, it must be disjoint from M and the boundary of S, and it must not cut out an
unpunctured one- or two-sided polygon.

Two arcs are said to be compatible if they are non-crossing in the interior of S. A maximal set of
compatible arcs is a triangulation.

A tagged arc in (S, M) is an arc which does not cut out a once-punctured monogon; each of its ends
is tagged, either plain or notched. Plain tags are omitted, while notched tags are displayed using
the bow-tie symbol >a. An end incident with a boundary marked point is always tagged plain. Two
tagged arcs «, 8 are compatible if

(i) the untagged arcs underlying o and § are compatible, and

(i) if the untagged versions of « and f3 are different but share an endpoint, then the corresponding
ends of a and 3 are tagged in the same way.

A tagged triangulation T of (S, M) is a maximal collection of tagged arcs in (S, M). Note that if
none of the marked points in M lies in the interior of S, every end of an arc in a tagged triangulation
must be tagged plain, and tagged triangulations of S can be identified with triangulations of S.

The set M of marked points divides the boundary components of (S, M) into connected components,
which we call boundary arcs. Note that the boundary arcs do not lie in a triangulation or tagged
triangulation of (S, M), by definition.

The tagged triangulation T can be built up by gluing together puzzle pieces of the two types shown
in Figure 2] (see [FoSTH, Rk. 4.2]) by gluing together along boundary arcs. Note that the puzzle piece
of type Il can only occur in the type D, case, and then it occurs exactly once.

If o is an arc in a tagged triangulation 7, then the flip of T at « is the unique tagged triangulation
containing T \ {a} but not containing a. By [FoSTh], the set of tagged triangulations of (S, M) is
connected under flips.

The quiver Q1 of a tagged triangulation 7 has vertices corresponding to the arcs in 7. The quiver
is built up by associating a quiver to each puzzle piece; see Figure[2] If a boundary arc in the puzzle
piece is also a boundary arc of (S, M), then the corresponding vertex in the quiver is omitted, together
with all incident arrows. The quivers are then glued together by identifying vertices whenever the
corresponding edges are glued together in the puzzle pieces.

In order to discuss braid groups, we need to consider more general curves in (S, M). We define a
path in (S, M) to be a (possibly non-simple) curve whose endpoints lie in S (not necessarily in M).

11
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Figure 2: Puzzle pieces for tagged triangulations in types A, and D, and the corresponding quivers

Definition 3.1. Let 7 be a tagged triangulation of (S, M). We associate a graph to T, which we
call the braid graph G of T, as follows. The vertices V- of Gy are in bijection with the connected
components of the complement of T in (S, M) and, whenever two such connected components have
a common tagged arc on their boundaries, there is an edge in G between the corresponding vertices.
Thus the edges in Gy are in bijection with the arcs in T .

We choose an embedding ¢ of Gy into (S, M), mapping each vertex to an interior point of the
corresponding connected component of the complement of 7 in (S, M) and each edge to a path
between the images of its endpoints transverse to the corresponding edge in 7. We identify Gy with
its image under ¢.

Note that in the type A case the braid graph is the tree from Section 3.1 of [CCS].

We associate an orbifold X to S as follows. In the type A, case, we just take X = S, and in the
type D, case we take X to be S with the interior marked point of S interpreted as a cone point of
order two. In each case, the set M of marked points induces a corresponding set of marked points
in X, which we also denote by M. Each arc or tagged arc « in (S, M) induces a corresponding arc
or tagged arc in (X, M) which we also denote by a. Thus each (tagged) triangulation T of (S, M)
induces a corresponding set 7 of (tagged) arcs in (X, M).

Note also that orbifolds have been used to model cluster algebras in [FeSTu|. In this approach, the
model for B, is an orbifold with a cone point of order 2, regarded as a folding of D,,, where D, is
modelled by a disk with a single interior marked point (see also Lecture 15 of [Thu|, which was given
by A. Felikson).

We denote by X° the orbifold X with the cone point (if there is one) removed (so X° = X in type
An). Given any set V of vertices in X°, we may consider the corresponding braid group, T(X, V)
as defined in [All]. Each element of (X, V) (or braid) can be regarded as a permutation g of V
together with a tuple v = (y,)vev of paths v, : [0, 1] — X° such that +,(0) = v and 7,(1) = g(v)
for each v € V. In addition, for each t € [0, 1], the points 7,(t) for v € V must all be distinct for
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Figure 3: Thickening of the path 7 (7 is the middle path)

™
o

Figure 4: The braid o,

all v € V. Braids are considered up to isotopy, and two braids can be multiplied by composing the
paths in a natural way; we compose braids from right to left, as for functions.

Remark 3.2. Suppose V and V' are two sets of points in X° and there is a bijection p: V — V',
Suppose also that there is a set of paths 4, : [0, 1] — X°, for v € V, with §,(0) = v and §,(1) = p(v)
for all v € V. Suppose furthermore that that the points 7, (t) for v € V and t € [0, 1] are all distinct.
Then the maps d, induce a natural isomorphism between I'(X, V) and (X, V').

Definition 3.3. Each path 7 in X° with endpoints vy, v, in V determines a braid o in (X, V) as
follows (see [EN| §7]). We thicken the path 7 along its length (avoiding the other vertices), closing
it off at the end points to form a (topological) disk. We give the boundary of the disk the clockwise
orientation. The vertices v; and v» divide the boundary of the disk into two paths, one from v; to v,
and the other from v, to v;. We define v,, to be the former and +,, to be the latter. See Figure .
For v € V such that v # vy, vz, we define 7,(t) to be v for all t € [0,1]. Then o is the braid
(7v)vev. Note that o, only depends on the isotopy class of the image of 7 in (X, V). In particular,
it is unchanged if 7 is reversed.

An example of a braid o is displayed as a picture (in the same way as in [All]) in Figure {4l In this
figure only, we display 7 as a dashed line to distinguish it from the braid o .

3.2 Interpretation of the generators

Let 7 be a triangulation of (S, M). Let Q7 be the quiver of 7. Then Q7 has vertices I corresponding
to the arcs in 7. We denote the arc in 7 associated to / € | by «;. The corresponding edge in G is
denoted ;. Let 0; = o, € [(X, V) be the corresponding braid. We define Hy to be the subgroup
of [(X, Vi) generated by the braids o; for i € /.

Let 7o be an initial triangulation of (S, M) defined as follows. In the type A, case, we choose a
marked point P in M and take noncrossing arcs between P and each of the other marked points in
M not incident with a boundary arc incident with P. In the type D, case, we choose two marked
points P, @ on the boundary of S. We take two arcs between the interior marked point and @, one
tagged plain at the interior marked point and the other one tagged notched, and an arc between P

13
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Figure 5: Initial triangulations and the corresponding braid graphs and quivers

and Q (not homotopic to a boundary arc). We then take (noncrossing) arcs between P and every
other marked point in M on the boundary of S not incident with a boundary arc incident with P.
See Figure[5] Then the quiver Q7; associated to @7, is a Dynkin quiver of type A. By Remark 2.3}
Bq, is isomorphic to the Artin braid group of type A.

Proposition 3.4. Let Ty be the triangulation of (X, M) defined as above. Then there is an isomor-
phism from Hpy to Bq,, taking the braid o; to the generator s; of Bq,,. Furthermore, in type A,,
Hr, coincides with T(X, Vi), while in type D,, Hy, is a subgroup of T (X, Vi1;) of index two.

Proof: For type A, see [EN] and the explanation in [All, §4]. For type D,, note that the elements
o; for i € | coincide with the generators h; defined in [All, §1] (via an isomorphism of the kind in
Remark [3.2). The result then follows from [All, Thm. 1]. O

The following lemma appears in [Serl Théoreme, part (iv)].

Lemma 3.5. Let A, B, C be three distinct points in X° and suppose there is a topological disk in
X°, with A, B and C lying in order clockwise around its boundary. Let AB denote the arc on this
boundary between A and B. We define BC and CA similarly. Then cagogc = 0cOca.

Theorem 3.6. Let T be an arbitrary tagged triangulation of (X, M). Then there is an isomorphism
from Hy to Bg, taking the braid o; to the generator s; of Bg,. Furthermore, in type A,, Hr
coincides with T'(X, V), while in type D,, Hy is a subgroup of I (X, V) of index two.

Proof: The result holds for T = 7 by Proposition Note that any triangulation can be obtained
from 7o by applying a finite number of flips of tagged triangulations. We show that the theorem is
true for an arbitrary tagged triangulation 7 by induction on the number of flips required to obtain T
from Ty. To do this, it is enough to show that if the theorem holds for a tagged triangulation 7 and
«; is a tagged arc in T then the theorem also holds for the flip of 7 at «;.
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Figure 6: Flip involving an arc () where two puzzle pieces of type | are glued

So we assume the result holds for a tagged triangulation 7. Thus there is an isomorphism 7 :
Hr — Bg, sending o; to s;. We denote the corresponding elements of Hy+ by 7; and t;. The tagged
arcs in T are denoted by «;, for i € I, and we denote the corresponding tagged arcs in 7' by 3;, for
i € I. The edges of G are denote 7;, and we denote the edges of Gy by p;.

We define:

_ ak_la,-ak, if i = kin Q;
T = )
' i, otherwise.

Then it is easy to see that Hy is generated by the 7; for j € /.

We consider the possible types of flip that can occur, which are determined by the fact that 7 can
be constructed out of puzzle pieces. Suppose first that 7' is the flip of 7 at an arc « where two
puzzle pieces of type (I) are glued together. We label the corresponding vertices in / by 1,2,3,4,5,
for simplicity, and suppose we are flipping at the edge in 7 dual to a;. The braid graph local to the
flip is shown in the left hand diagram in Figure[6] Applying Lemma 3.5 we see that the middle figure
shows paths 7; with the property that 7; = oz for i =1,2,3,4,5.

Rotating vertices A and B clockwise, to get the right hand diagram in Figure [6] we obtain, via
Remark an isomorphism from Hy to Hp taking 7; to 7; for all i € I. The inverse is an
isomorphism from Hy to Hy taking 7; to Jk_la;ak if there is an arrow i — k in @ and to o; otherwise.
Composing with the isomorphism ¢y 011, where @y is the isomorphism in Proposition [2.9] we obtain
an isomorphism from Hy to Bq_, taking 7; to t; as required. This proves the required result in type
A, so we are left with the type D case, where puzzle pieces of type |l may occur.

We next consider a flip inside a puzzle piece of type Il. We can apply essentially the same argument: see
Figures[7]and 8] Here we draw the puzzle piece together with the two adjacent triangles, necessarily
of type | (since there is only one cone point). We use the fact that in the right hand diagram of
Figure [8] the resulting path 7 is isotopic to the path p; in Gy, using the fact that the cone point
has order two.
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Figure 7: Flip (at ay) inside a puzzle piece of type I, first case

1 1
VRN AN
3—4 3 4
\2/ \2/

Figure 8: Flip (at ay) inside a puzzle piece of type Il, second case
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Figure 9: Flip involving an arc (a3) where puzzle pieces of type | and Il are glued, first case

Note that the adjoining type | puzzle pieces (in Figuresand may not occur, but the argument is
easily modified to cover these cases. We also need to consider the flips from the right hand diagram
in each case to the corresponding left hand one. We omit the details: a similar argument can be
applied in these cases.

Finally, we need to consider a flip involving an arc where a puzzle piece of type | and a puzzle piece
of type Il have been glued together. These cases are shown in Figures [ and [I0} Figure [9]illustrates
the case where the puzzle piece of type | is on the left of the puzzle piece of type Il (when it is drawn
as shown), while Figure illustrates the case where it is on the right. Again, a similar argument
applies in the case of flips from the right hand diagram to the left hand one in these cases. O

4 Actions on categories

4.1 Quivers with potential

Fix an algebraically closed field F. To any quiver @ we can associate the path algebra FQ, which,
as an [F-vector space, has basis given by all paths in Q of length > 0, and the multiplication of two
paths p; and p, is their concatenation p;ps if p1 ends and p, starts at the same vertex, and is zero
otherwise.

Let FQ>, be the ideal of FQ generated by the paths in @ of length at least n. We can take the
completion FQ of FQ with respect to FQ>1, which is defined as follows:

—~ F
FQ = I(%n ]FQZn = {(an + Fan)ﬁL | an € ]FQv (Pn(an + IFQZn) =ap-1+ FQZn—l}

where the limit is taken along the chain of epimorphisms

FQ>1 72 FQ>» 3 FQ>3

“— ...
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Figure 10: Flip involving an arc («4) where puzzle pieces of type | and Il are glued, second case

Let @cyc denote the subspace of (possibly infinite) linear combinations of cycles in Q. Recall that a
potential for a quiver Q is an element W of IE/‘bcyc, regarded up to cyclic equivalence (and for which
no two cyclically equivalent paths in Q occur in the decomposition of W). The pair (Q, W) is called
a quiver with potential [DWZ], which we occasionally abbreviate to QP. The following definition is
[DWZ|, Definition 4.2].

Definition 4.1 (Derksen-Weyman-Zelevinsky). Let Q; and @, be two quivers with the same vertex
set | and (@1, W) and (Q2, W5) be two QPs. A right equivalence between (Qp, Wi) and (Qa, W5)
is an algebra isomorphism ¢ : 18751 — 19{52 such that (W) is cyclically equivalent to W5 and ¢ is
the identity when restricted to the semisimple subalgebra F/ of m

A quiver with potential (Q, W) with W containing paths of length two or more is trivial if Q is a
disjoint union of 2-cycles and there is an algebra automorphism of /?(\Q preserving the span of the
arrows of @ (a change of arrows) which takes W to the sum of the 2-cycles in Q. A quiver with
potential (@, W) is said to be reduced if W is a linear combination of cycles in Q of length 3 or
more.

The splitting theorem [DWZ, Thm. 4.6] states that every quiver with potential can be written as a
direct sum of a reduced quiver with potential and a trivial quiver with potential which are unique up
to right equivalence.

Let (@, W) be a quiver with potential, and let k be a vertex of Q not involved in any 2-cycles. By
replacing W with a cyclically equivalent potential on @ if necessary, we can assume that none of
the cycles in the decomposition of W start or end at k. We denote by ux(Q, W) the non-reduced
mutation of (Q, W) at k in Q, as defined in [DWZ, §5]. Then the right equivalence class of 1 (Q, W)
is determined by the right equivalence class of (Q, W) by [DWZ, Thm. 5.2]. The mutation px(Q, W)
of (Q, W) at k is then defined to be the reduced component of 1, (Q, W), and is uniquely determined
up to right equivalence, given the right equivalence class of (Q, W).

As before, we will say that a quiver with potential (Q, W) is Dynkin if the underlying unoriented
graph of Q is an orientation of a Dynkin quiver (and hence W = 0). We shall say that a quiver with
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potential (Q', W') is mutation-Dynkin if it can be obtained by repeatedly mutating a Dynkin quiver
with potential in the above sense. For the rest of Section [4.1] we will restrict to Dynkin types A and
D.

Let (S, M) be the Riemann surface with marked points associated to A as in Section So, if
A = A,, we take S to be a disk with n — 3 points on its boundary, and if A = D,,, we take S to be
a disk with one marked point in its interior and n marked points on its boundary.

Let @ be a mutation-Dynkin quiver. By [FoSTh], @ = Q7 for some tagged triangulation T of (S, M).
Let W, W’ be the sum of the terms coming from local configurations in 7 as shown in Figure
(where in (c) and (d) there are at least three arcs incident with the interior marked point).

Then Wi is the potential given by taking the sum of the induced cycles in Q7 (i.e. induced subgraphs
of Q7 which are cycles), and W is the potential associated to 7 in [LF12, §3], taking the parameter
associated to the internal marked point (if there is one) to be equal to —1. Then we have the
following:

Lemma 4.2. The potentials Wy and W are right equivalent.

Proof: We assume we are in case D,, since the two potentials coincide in case A,. If the interior
marked point is as in case (c) of Figure [L1] (with at least 3 arcs incident with it), then there is a
unique triangle in 7 with sides 1 and 2. We label the arrows in the corresponding 3-cycle in Wy or
W7 by a, x,y, in order around the cycle. Then the automorphism ¢ of kQ7 negating a and x and
taking each other arrow to itself gives a right equivalence between Wi and Wi, since a and x are
not involved in any other terms in any of these potentials.

If the interior marked point is as in case (d), then W and Wi coincide. O

We recall the following special case of [LE12, Thm. 8.1].

Theorem 4.3. [LF12] Let T, T’ be triangulations of (S, M). If T is obtained from T by flipping at
an arc oy then e (Qr, W5) is right equivalent to (Qr+, Wi).

By [DWZ|, Thm. 7.1], it follows from this that the quiver of 1 (Q7, W) coincides with the quiver
obtained from Q7 by Fomin-Zelevinsky quiver mutation at k.

Hence we can effectively ignore potentials:

Proposition 4.4. Any mutation-Dynkin quiver with potential (é W) of type A or D is right equiv-
alent to (Q, Wé)' where Wé is the sum of all chordless cycles in Q.

Proof: Note that a Dynkin quiver with zero potential is of the form (Q7, Wy) for some triangulation
T (see [FoSTh]). Suppose that (Q, W) is obtained from a Dynkin quiver with zero potential by

iterated mutation in the sense of [DWZ]. Then, by Theorem and Lemma (E)W) is right
equivalent to (Q7, Wy ) for some triangulation T of (S, M). O

Note that an alternative proof of Proposition [4.4 would be to compute the mutation of a quiver with
potential (Qr, W) directly, and show that it is right equivalent to (Q7+, W7,). This is not too
difficult to do, but requires consideration of several cases and still requires arguments dealing with
changes of sign as in Lemma so we instead refer to [LE12] above.
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Figure 11: Terms in the potential Wy
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4.2 Differential graded algebras and modules

Let F be an algebraically closed field. We think of F as a graded [F-algebra concentrated in degree
0. If V=@V, is a graded F-module then let V[j] be the graded F-module with (V[j]); = Viy;.
If f:V — W is a map of graded vector spaces with homogeneous components f; : V; — W,
then let f[j] : V[j] — WI[j] be the map of graded vector spaces with homogeneous components
fljli = VIl — Wi defined by f[jli(v) = (=1Yfiy(v) for v € V[j]; = Viy;. Thus [1] is an
endofunctor of the category of graded F-modules, called the shift functor.

We say that a map f : V — W of graded vector spaces has degree i to mean that f is a map
V — WI[i]. We use the Koszul sign rule for graded F-algebras, soif f : V — V' and g: W — W'
are maps of graded F-modules of degree m and n then

(fog)vew)=(-1)"f(v)g(w)
forve Viand we W.

A unital differential graded algebra (or dg-algebra, or dga) over IF is a graded F-algebra A = P, , A;
with multiplication m : A®r A — A of degree 0 together with a unit ¢ : F — A and an F-linear
differential d : A — A of degree +1. These should satisfy the following relations:

e the associativity relation mo (1® m) = mo (m® 1);
o the boundary relation d? = 0;
e the Leibniz relation dom=mo (1®d+ d ® 1),

e the unital relation mo (ida®t¢) = mo(t®ida), which should agree with the F-algebra structure
of A.

We often denote our dga by (A, d), or simply by A. Each dga (A, d) has an underlying unital graded
algebra, obtained by simply forgetting the differential, which we denote u(A).

A left module M for A is a graded left F-module M with a left action my : A®@ M — M of u(A)
together with a map dy : M — M of degree +1, called a differential, such that

dMomM:mMo(1®dM—|—d®1).

We always have the regular module M = A with dy = d and my; = m. Similarly, a right module
M for A'is a graded right F-module M with a right action my : M ® A — M of u(A) together
with a differential dy such that dyomy = myo(1® d+ dy ®1). If (M, dy) is an A-module,
then (M[1], dum[1]) is also an A-module, which we sometimes just write as M[1]. Modules for A are
modules for u(A), simply by forgetting the differential.

A map f: M — N of left A-modules is a degree 0 map of u(A)-modules such that f commutes with
the differentials: dyof = f ody. We thus obtain a category A-Mod of left A-modules, and we write
the morphism spaces in this category as Homa_mod(M, N). A-Mod is an F-category: each morphism
space is an F-module.

Given two differential algebras (A, da) and (B, dg), an A-B-bimodule (M, dy) is a graded F-module
which is a left (A, da)-module with left action m* and a right (B, dg)-module with right action m"
where the two actions commute: m" o (m* ® idg) = m’ o (idg ® m"). We will always assume that I
acts centrally. Under this assumption we can, and will, identify left A-modules with A-k-bimodules
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and A-B-bimodules with left A ®p B°P-modules, where B°P denotes the algebra B with the order of
multiplication reversed. A map of bimodules should commute with the differential on both the left
and the right, and we obtain an F-category A-Mod- B of A-B-bimodules.

Given a map f : M — N of left A-modules, we can construct a new left A-module called the cone
of f, denoted cone(f). As a left module for u(A), we have cone(f) = N & M[1]. The differential is

given by:
(1 )
Il dmpy/)

If L is isomorphic to cone(f) for some map f : M — N, we say that L is an extension of M by L[—1].

We will use the following lemma, whose proof follows immediately from the definitions, repeatedly.

Lemma 4.5. Let f : M — N be a map in A-Mod.

(i) Let F: A-Mod — B-Mod be an additive functor which commutes with the shift functor. Then
we have an isomorphism cone(Ff) = F cone(f) in B-Mod.

(i) For any commutative diagram

A444£4>—N

Nl@M ~l@w
/wlgj;>/w

in A-Mod where both @ and @y are isomorphisms, we have an isomorphism oy @ pum[1] :
cone(f) — cone(f’) of A-modules.

Let (A, da), (B,dg), and (C,dc) be dgas. If (M, duy) is an A-B-bimodule and (N, dy) is an A-C-
bimodule then let Hom,(M, N) be the space of all graded left u(A)-module maps f : M — N of
degree /. Note that we do not require that these maps commute with the differential. We define
Homa(M, N) = @, Homy(M, N), and this is a graded u(B)-u(C)-bimodule. We also have a
version for right modules, which we write as Hom e (M, N).

Note the distinction between Hom4(M, N) and the hom spaces in the category A-Mod. With the
differential d(f) = dyof —(—1)fodp for f € Hom)s(M, N), Homa(M, N) becomes a B-C-bimodule.
Similarly, if (M, dy) is an B-A-bimodule and (N, dy) is a C-A-bimodule, Hom g (M, N) is a C-B-
bimodule. Homa(—, —) is the internal hom in the bimodule category, and we can recover the hom
spaces in A-Mod as the 0-cycles of Homa(M, N).

If (M, duy) is an A-B-bimodule and (N, dy) is a B-C-bimodule then let M ®g N denote the space
M @,y N. It is a graded u(A)-u(C)-bimodule: if m € M; and n € N; then m ® n has degree i + j.
With the differential dy ® idy + idy ® dy, it becomes an A-C-bimodule.

For an A-B-bimodule (M, du), we thus have functors M®g— : B-Mod — A-Mod and Homa(M, —) :
A-Mod — B-Mod. The functor M®g — is left adjoint to Homa(M, —). For (N, dy) a left A-module,
the counit evy : M ®g Homa(M, N) — N of the adjunction is the evaluation map, which acts as
x @ f s (=1)7f(m) for x € M; and f € Hom',(M, N).

4.3 Derived categories

Our references are [Kel94, [Kel06].
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If Ais a graded vector space and d is a differential, i.e., a degree +1 endomorphism of A which
satisfies d?> = 0, then the ith homology of A, denoted H;(A), is the subquotient kerd;/imd; 1,
where d; :© A; — A1 denotes the restriction of d to A;. If (A d) is a dga then the homology
H(A) = € H;(A) is a graded algebra, and if M is a left A-module then H(M) = @ H;(M) is a left
H(A)-module. In fact, taking homology is a functor from the category of A-modules to the category
of graded H(A)-modules. We say that a left A-module M is acyclic if H(M) = 0, and that a map
f: M — N of A-modules is a quasi-isomorphism if H(f) is an isomorphism.

The category up to homotopy of A-Mod, denoted K(A), is the F-category whose objects are all left
A-modules and whose morphism spaces, for M, N € A-Mod, are HomK(A)(/\/I, N) = Ho Homa(M, N).
The derived category of A, denoted D(A), is the F-category obtained by localizing K(A) at the full
subcategory of acyclic A-modules. As a map of modules is a quasi-isomorphism if and only if its
cone is acyclic, this is equivalent to localizing K(A) at the class of all quasi-isomorphisms. So we
have a canonical functor K(A) — D(A), which we call the projection functor. The finite-dimensional
derived category, denoted D¢q(A), is the full subcategory of D(A) on objects with finite-dimensional
total homology, i.e., on A-modules M such that H(M) is a finite-dimensional F-vector space.

Let (A, da) be a dga. We say that:

e P € A-Mod is indecomposable projective if it is an indecomposable direct summand of the
regular module,

e P € A-Mod is relatively projective if it is a direct sum of shifts of indecomposable projective
modules, and

e P € A-Mod is cofibrant if, for each surjective quasi-isomorphism f : M — N, the map
Homa mod (P, f) : Homa _mod(P, M) — Homa_mod(P, N) is surjective.

The following result (see [Kel94) Section 3] and [KY| Proposition 2.13]) characterizes cofibrant mod-
ules.

Proposition 4.6 (Keller). An A-module P is cofibrant if and only if it is an iterated extension of a
relatively projective module by other relatively projective modules, possibly infinitely many times.

Let A-cofib denote the full subcategory of K(A) on the cofibrant objects. The projection functor
K(A) — D(A) induces an equivalence A-cofib = D(A). Each A-module M has a cofibrant replace-
ment, defined up to quasi-isomorphism and denoted p M, which can be realized as the image of M
under the left adjoint D(A) — K(A) to the canonical projection functor [Kel06, Proposition 3.1].

Let (B, dg) be another dga and let F : A-Mod — B-Mod be an additive functor. Then F preserves
chain homotopies, so induces a functor K(F) : K(A) — K(B). If K(F) preserves quasi-isomorphisms
then, by the universal property of localization, it induces a functor D(F) : D(A) — D(B). If P €
A-Mod- B is cofibrant as a left A-module then, by [Kel94, Theorem 3.1(a)] and [KY] Proposition
2.13], Homa(P, —) preserves acyclic modules, and so preserves quasi-isomorphisms. By imitating the
proof of [Kel94, Theorem 3.1(a)] we see that if P € A-Mod- B is cofibrant as a right B-module
then P ®p — also preserves acyclic modules. We often write P ®g — and Homa(P, —), instead of
D(P ®g —) and D(Homa(P, —)), for the induced functors D(B) — D(A) and D(A) — D(B).

For an arbitrary M € A-Mod- B, we can obtain a functor M ®5 — : D(B) — D(A), known as the
left derived functor of M ®g —, by composing the cofibrant replacement functor D(B) — K(B), the
tensor functor K(M ®p —) : K(B) — K(A), and the projection functor K(A) — D(B). By [Kel94,
Lemma 6.3(a)], we have an isomorphism M @5 N = pM ®g N for all N € D(B). The following
basic, but useful, lemma says that this isomorphism is natural.
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Lemma 4.7. Let M € Mod- B.

(i) We have a natural isomorphism of functors pM ®g — = M @} —.

(ii) If M is cofibrant then we have a natural isomorphism of functors M ®@p — = M ®% —.

Proof:

(i) We need to show that for each N € B-Mod there is a quasi-isomorphism ¢y : pM ®@g N —
M ®g p N such that, for all maps f : N — N’, the diagram

pMegN—"> MagpN

\LPM@f lM@Pf

pM®BNIﬂ>M®BPNI

commutes. Consider the following diagram:

pMesgpN
/’ AN
/// \\\
pMRmn /// N Tmep N
Y \\ pMcgpN
/ \
on pM@my N mmu®p N’
pPM@gN—- -~ -~~~ >M@ppN
p MRF M®p f
/ PN ’
pMag N — — — £ = =M@spN

As pM and p N are cofibrant and 7y, and 7y are quasi-isomorphisms, both p M ® 7y and
7m @ p N are quasi-isomorphisms, so we can define py = (T @ pN) o (pM @ 7y)~ ! and it
is a quasi-isomorphism. Then to check naturality we need to show that

(M@pfo(rme@pN)o(pM@my) " = (mu@pN)o(pMemn) o (pMaf).
By the bifunctoriality of the tensor product, the left hand side is equal to
(rm @pN)o(pM@pf)o(pMemy)"

so we just need to show that
pfoT(,Vl :Wﬁ,lof

but this follows from the functoriality f o my = mwns o p f of the cofibrant replacement functor
p.

(i) We just need to show that, for M cofibrant, there is a natural isomorphism M®g— = p M®g—,
and then the result will follow by partm of the lemma. This follows because mpy : pM — M
is a quasi-isomorphism and by the bifunctoriality of the tensor product.
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If the functor M @} — is an equivalence D(B) = D(A), we say that M is a tilting module.

We say that a module M is of finite projective dimension if its cofibrant replacement is an iterated
extension of finitely many shifted indecomposable projective modules.

The following basic lemma will also be useful. It can be found as [Kel94, Lemma 6.2(a)]. We include
a proof for the convenience of the reader.

Lemma 4.8. Let M be a left A-module of finite projective dimension and let P be its cofibrant
replacement. Then we have a natural isomorphism of functors

Homa(P, A) ®4 — = Homa(P, —) : A-Mod — F-Mod .

Proof: First note that, for any P € A-Mod, we always have a natural transformation
Homa(P, A) @4 — — Homa(P, —)
obtained by staring with the map
ev®l : (P ®r Homa(P,A)) @a M — A®a M,
using the associativity isomorphism to obtain a map
P ®p (Homa(P,A) @a M) = A®a M,
using the adjunction
Homp(Homa(P, A) ®a M, Homa(P, A®a M)) = Homa(P ®p (Homa(P, A) @4 M), A®4 M),
and finally using the natural isomorphism A®@, M = M.

To show that our natural transformation is an isomorphism, we use induction on the number of times
we need to extend a summand of the regular module to obtain P. We handle the base case as follows:
the natural transformation is certainly an isomorphism when P is the regular module and so, as hom
functors commute with finite direct sums, it is an isomorphism for all summands of the regular module.
For our inductive step, suppose the lemma holds for P; and P,, and let P = cone(f) for some map
f: Py — P,. Then, for M € A-Mod, one can check that the map Homa(P, A)®@a M — Homa(P, M)
comes from the commutative diagram

Hom(f,A) @M

Homa(P1, A) ®a M Homa(P2, A) ®4 M

l Hom(f,M) l

HomA(Pl,/\/l) HomA(Pz,M)

as in the construction from the second half of Lemma where the vertical maps come from
the natural transformation described above. Therefore, as both vertical maps are isomorphisms by
induction, Homa(P, A) ® 4 M — Homa(P, M) is an isomorphism. O

4.4 Spherical twists

Our references are [ST|, [RZ, [Gral].

Let (A, d) be a dga and M be a left A-module with finite dimensional total homology. Let d € Z.
Following [ST], we say that M is d-spherical if:
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e M is a d-Calabi-Yau object, i.e., we have an isomorphism
HomDFd(A)(/\/I, N) =~ Homed(A)(N, M[d])*
which is functorial in N, and
o @, ., Homp,a)(M, M[i]) is isomorphic as a graded algebra to F[x]/(x?), with x in degree d.
Associated to any spherical object M, we have a spherical twist functor Fp : Dgg(A) — Dgg(A) which

is defined as follows. First, let P = p M be a cofibrant replacement of M. Then let X, be the cone
of the following map of A-A-bimodules:

P @p Homa(P, A) & A

where the nonzero map is the obvious evaluation map. As both Homa(P, A) and A are cofibrant, Xy
is cofibrant as a right A-module. Then we define the spherical twist at M by

Frv= Xp ®a —: Dfd(A) — Dfd(A).
The spherical twist is an autoequivalence of Dg(A) (so Xu is a tilting module).
Note that, by Lemmas [4.5] and if M has finite projective dimension then

Fu(N) 2 P @p Homa(P, N) < N.

We will need a simple result on the commutation relation of spherical twists with derived equivalences.
It is a generalization of [ST| Lemma 2.11].

Proposition 4.9. Let A B be dgas. Let T € B-Mod-A be a tilting module and ® = T @Y — :
Dtg(A) — Dt(B) be the associated derived equivalence. Let M € A-Mod have finite dimensional
total homology and suppose it is d-spherical, for some d € Z. Suppose that ®(M) € B-Mod has
finite dimensional total homology. Then ®(M) is also d-spherical and we have an isomorphism of
functors

Do Fy = FcD(M) o®: Dfd(A) = Dfd(B).

In particular, we have an isomorphism
Fomy = ® o Fyyo ® ' : Dgg(B) = Dra(B)
where ®~1 js the quasi-inverse functor of ®.

Proof: As ® : Dgg(A) — Drg(B) is a derived equivalence it has quasi-inverse @1 : D¢g(B) — Dsg(A),
and so we have isomorphisms

Homed(B)((D(M)' d)(M)[/]) = Homed(A)(M’ M[’])
and

Homed(B)(q)(M)' N) >~ Homed(A)(/\/l, (Dfl(N))
=} Homed(A)(q)_l(N)v M[d])*
>~ Homed(B)(N, d(M)[d])*,

the second natural in N € Dgy(B), using the facts that M is a d-Calabi-Yau object and the shift
functor [d] commutes with all triangulated functors. Thus ®(M) is d-spherical.
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By Lemma [4.7| we may assume that T is cofibrant as a right B-module and that ® = T ®4 —. We
want to show that T @4 Xy ®a — = Xom) ®8 T ®a —, so it is enough to check that we have an
isomorphism T ®4 Xy = Xevy @8 T in Dig(B ®r A°P). To construct this isomorphism, we use the
following extension of Lemma (4.5} which follows from the triangulated 5-lemma: for any commutative
diagram

M—L s N

N\L¢M Niw\/
M’ L> N/

in B-Mod- A with ¢p and oy both quasi-isomorphisms, we have a quasi-isomorphism oy © @y
cone(f) — cone(f’).

As above, write P = p M. Then, by the first part of Lemma [4.5] we just need to find two vertical
maps which are quasi-isomorphisms and make the following diagram commute:

T 4 P @p Homg(T @4 P, B) @5 T — 17

~| ~ |

B®g T
|

11 Qev

N Y
T ®a P ®p HomA(P,A) T®RpA

Our plan is to do this in stages: we will show that the vertical maps in the following diagram exist,
and are quasi-isomorphisms, and that the diagram commutes:

ev ®1T

T ®@a P®p Homg(T ®a P,B)®p T B T

T ®@a P ®p Homg(T ®4 P, B®5g T)LB@B T

T @4 P @p Homg(T @4 P, T @4 A) — > T @4 A

~ =

17QRev T ®A A

T ®a P Qp HomA(P,A)

Let us show that the first square commutes. We'll introduce some temporary notation for the rest
of this proof. Let F and G denote the functors F = T ®4 P ®r — and G = Homg(T ®4 P, —), so
F is left adjoint to G, and let H denote the functor — ®g T. Then we have unit and counit natural
transformations ¢ : FG — 1 and 17 : 1 — GF, and a natural isomorphism ¢ : HF = FH coming from
the associativity isomorphism for tensor products. We first need to define a map

HFGB =T ®4 P ®F HomB(T®A P, B) Re T — TR PQF HomB(T®A P, B®g T) = FGHB

We define this as the composite

FG¢™'GB
_>

HFGB 8 FHGB ™ FGFHGB FGHFGB "°1® FGHB.

One checks that this is an isomorphism using the same argument as in Lemma To see that the

27



diagram commutes, we break it up into smaller diagrams as follows:

HFGB Hee HB

CGB |~

FHGB ——~ FHGB Hes

Fnree %681 \ EHB

FGFHGB HFGB

1 EHFGB
FG(™"GB |~

FGHFGB Fertes FGHB

Now we see that both squares commute by the naturality of ¢, the triangle commutes by the triangle
identity e o Fnp = 1f, and the pentagon commutes because the isomorphisms are defined by ¢ and
its inverse.

To define the second square we use the obvious composite isomorphism Bg T = T 5 T @4 A.
This commutes because the evaluation map is a counit, and therefore a natural transformation.

To show that the third square commutes, we introduce some more notation. Let F’ and G’ denote
the functors F/ = P®p — and G’ = Homa(P, —), so F' is left adjoint to G’, and let H" and I’ denote
the functors H' = T ®4 — and I’ = Homg(T, —), so H’ is left adjoint (in fact, quasi-inverse) to /’.
We denote the counit and unit maps of the first adjunction by ¢’ : F'G’ - 1and ' : 1 — G'F’, and
of the second adjunction by ¢ : H'I' — 1 and " : 1 — I’H’. Note that, because H' induces an
equivalence of derived categories, ¢” and 7" give quasi-isomorphisms when applied to any object.

Using the associativity isomorphism for tensor products we have a natural isomorphism of functors
F = H'F’, and by the uniqueness of right adjoints (or by using the tensor-hom adjunctions directly)
this gives us another natural isomorphism G = G'/’.

We now redraw our final square, breaking it up into smaller diagrams:

FGH'A

H' A
’ 7

HE'G' I HIA —2 =y

=1 r o1
H'F'G UAT N
H'e)

H'F'G'A

Here, the top square commutes by definition of the isomorphisms F = H'F’ and G = G'I’, the
triangle commutes by the triangle identity ¢”H’ o H'n’” = 1, and the bottom square commutes by
the naturality of &’. O

We now describe the braid relations for spherical twists, as in Propositions 2.12 and 2.13 of [ST] (see
also [RZ, [Gra2]).

Proposition 4.10. Suppose that M and N are spherical objects of Dt(A) and let
(M, N) = dimz @5 Homp,,(a)(M, N[n]).

n€Z

Let Fp, Fy : Dig(A) = Dsg(A) be the associated spherical twists.
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° If(M, N) = 0 then FMO FN =~ FN o F[\/[,'
(] If(M,N):l then FMoFNOFM%FNOFMOFN.

4.5 Ginzburg dg-algebras

There is a by now well-known method to associate a differential graded algebra to a quiver with
potential ([Ginl Section 5], [KY], Section 2.6]).

Let (@, W) be a quiver with potential. Construct a new quiver @ by adding arrows to Q: for each
arrow a: i — j in @ we add a new arrow a* : j — 7, and for each vertex i in @ we add a new arrow
t; i — i. We view @ as a graded quiver with the arrows of Q in degree 0, the arrows a* in degree
—1, and the arrows t; in degree —2. This induces a grading on the path algebra FQ of @ such that
the degree 0 part (FQ)o is just the path algebra of FQ of Q. Let J denote the ideal of FQ generated

by the arrows of Q, and let FQ denote the completion of the graded algebra FQ with respect to J,
as in Section [£11

o~

We define a differential d on FQ by imposing that d is zero on each idempotent e; associated to a

—~

vertex i of @, specifying how d acts on arrows of Q, and then extending to the rest of FQ using
the Leibniz rule and continuity. For degree reasons, we must have d(a) = 0 for each arrow a of Q.
For arrows a*, we set d(a*) = 9,W, where 9, denotes the cyclic derivative. For arrows t;, we set

d(t;) = e (> aa* — a*a) e;, where we sum over all arrows a of Q. Then F'ow = (FQ, d) is called
the Ginzburg dga of (Q, W).

Note that [KY, Lemma 2.9] if (@1, W) and (Q>, W>) are right equivalent, then we have an isomor-
phism of dgas g, w;, = T g,.w,. Hence, if we are working with quivers with potential of mutation type
A or D, by Proposition we only need to consider the Ginzburg dgas g w,, and so can denote
them Igq.

Keller and Yang showed [KY| Theorem 3.2] that QP-mutation lifts to equivalences of derived cat-
egories of Ginzburg dgas. Suppose that (Q, W) is a QP and that (Q', W) = u(Q, W) for some
kel

Theorem 4.11 (Keller-Yang). There is a tilting complex T which gives an equivalence of triangulated
categories

pk = Homry, ,, (T, =) : D(For,w) = D(Fo,w)

and it restricts to an equivalence of triangulated categories
pk = Homr,, ., (T, =) : Dua(Tq',w') — Dra(Fo,w).
Recall that, for a dga A, the finite-dimensional derived category D¢y(A) is d-Calabi-Yau if there exists
a bifunctorial isomorphism
Homed(A)(/\/l, N) =~ Homed(A)(N, M[d])*

where (—)* denotes the k-linear dual. We will need the following important result [KVdB| Theorem
6.3 and Theorem A.12]:

Theorem 4.12 (Keller, Van den Bergh). The category De(Iq,w) is 3-Calabi-Yau.
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Let (Q, W) be a QP and I' =g w. Associated to each vertex i of Q, we have the one-dimensional
simple left T-module, which we denote S;. In [KY| Section 2.14], Keller and Yang explain how to
construct the cofibrant replacement of S;: as long as we remember the differential, we can proceed
as if the Ginzburg dga were an ordinary hereditary algebra, and the underlying u(I')-module of p S; is
the direct sum of one copy of the projective P; and one copy of the shifted projective P;[1] for each
arrow j — i in Q. Using this, they show [KY] Lemma 2.15]:

Lemma 4.13. Leti,jel andne Z andT =Tqw. Then Homp,r) (5, Sj[n]))=0ifn#0,1,2,3,
and

djj ifn=0;

#{arrows i — j in Q} ifn=1;

#{arrows j — i in Q} ifn=2

5,'J' ifn = 3.,

dimg Homp,,(ry (Si, Sjln]) =
where §j; is the Kronecker delta.

4.6 Relations between functors

By Theorem every object of D¢g(Ig,w) is a 3-Calabi-Yau object. By Lemma

P Homp,(r o) (Si. Silil) 2 Flx]/ (x?)

JEL

with x in degree 3. Hence S; is 3-spherical, and we have a spherical twist Fg, associated to S;. We
will sometimes write F; instead of Fs,.

Let k be a vertex of Q, and write (Q', W') = px(Q, W). Then write T =T g w and " = T'g/ -+ for
the associated Ginzburg dgas. Write T; for the left ['-module associated to the vertex i of Q" and
G; for the associated autoequivalence Fr, of Dgg(I). In this section we will study how the spherical
twists F; : Dgg(F) = Dgq(T) interact with the mutation functors s : Deg(I’') = Dgg(F). Our key
tools will be Proposition [4.9]and the results on the images of the simple modules under the mutation
functors [KY|, Lemma 3.12(a)], which we will describe below.

If Ais a dga and M, N € Dg(A), we have a natural map
M ®@p HOmed(A)(M, N) — N

in D¢y(A) given by evaluation. For any graded vector space V/, we have biadjoint functors — ®¢ V
and — ®f V*, and these respect the left A-module structure, so we also obtain a natural map

M — N ®r Homp,,a)(M, N)*
in Dgg(A). Now let L, N € A-Mod. The universal extension of N by L is the cone of the natural map
N[-1] — L ® Homp,a)(N[-1], L)*
and the wuniversal coextension of L by N is the cone of the natural map

N[—].] Qr HOI’T‘IDM(A)(N[—].], L) — L.

The following result is contained in the proof of [KY], Lemma 3.12(a)]:
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Lemma 4.14 (Keller-Yang). We have px(Tx) = Sk[1] and, fori # k, ju«(T;) is the universal extension
of 5,‘ by Sk.

The following result should be compared to Definition [2.8

Proposition 4.15. If Q has no double arrows then we have a natural isomorphism of functors

F _ =~ .
(S G; otherwise.

N { GGG ' ifi— kin Q;

Proof: We first use Lemma to calculate the images of the simple ['-modules under the inverse
mutation functor u~!, where u = px. We know that u(Tx) = Sk[1], so p1(Sk) & Ti[-1]. By
assumption, there is at most one arrow between any two vertices in Q. If i # k and there is no arrow
i — kin Q then, by Lemma Homp,,(r)(Si[—1], Sx) = 0 and so u(T;) = cone(S;[-1] — 0) = §;,
thus p=1(S5;) = T,.

If i # k and there is an arrow i — k in @ then Homp,(Si[—1], Sk) is 1-dimensional and so
w(T;) = cone(Si[—1] — Sk), with the nonzero map determined up to a scalar. We can then use
Lemma to calculate p(cone(Tx[—1] — T;): this is cone(u(Tx)[—1] — wu(T;)) where, as p
is an equivalence, the map must again be nonzero and determined up to scalar. We know that
w(Ti)[—1] = Sk and p(T;) is S; @ Sk with appropriate differential. One can check that the injection
Sk = 5;® Sk respects the differentials, and so this must be our nonzero map. This is quasi-isomorphic
to the map 0 — §;, and so pi(cone(Tx[—1] — T;)) = S; and hence 1~ 1(S;) = cone(Ti[-1] — T;).
Note that this is the universal coextension of T; by Tj.

Now we check that the formula holds. If i = k then Flfl(sl.) = FT;[I]' and as the shift functor on
Dra(T") is naturally isomorphic to I''[1] @ — we see that, by Proposition Friy = [1]oGio[-1] =
Gi. If i # k and there is no arrow i — k in Q then = (5;) = T; so F,—i(1,) = G;.

Finally, suppose i # k and there is an arrow i — k in Q. As mutation at k reverses all arrows incident
with k, and can never change the number of arrows incident with k, there must be exactly one arrow
k — iin Q. We first calculate Gi(T;): this is

cone(p Ty @ Homp: (p Tk, T;) — T;).

As Homr/(p T, T;) is a differential graded F-module, it is quasi-isomorphic to its homology, which
is the direct sum € Hom(r)( Tk, Ti[n]) with Homyr(T«, Ti[n]) = Homp,,r)( Tk, Ti[n]) in degree
n. So by Lemma [4.14] the homology is only nonzero in degree 1, where it is 1-dimensional, and thus

Gi(T;) = cone( Ty @ F[-1] — T;).

So we see that =1(S;) = G(T;) and thus, using Proposition again, Fusy = GGG . O

We are now able to show that our braid groups Bg act via spherical twists on the category Dy4(I).

Theorem 4.16. Let (Q, W) be a mutation-Dynkin quiver with potential of type ADE. Then we
have a group homomorphism

BQ — Aut Dfd(rQ'W)
Sj — F,

sending the group generator associated to the vertex i € | to the spherical twist at the simple
o w-module §;.
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Proof: As (@, W) is mutation-Dynkin, it is obtained by mutating a quiver with potential (Q",0)
finitely many times, where Q" is a Dynkin quiver. Then we have a group homomorphism Bg» —

Aut Dgy(T g 0) by Remark Proposition and Lemma This gives the base case of an
inductive argument, so we need to show that if the spherical twists F; on [ = gy satisfy the
relations of Bg for a mutation-Dynkin quiver with potential (Q, W) then the spherical twists G; on
" =g/ w satisfy the relations of Bg.

Assume the functors F; : Dgg(I') — Dgg() satisfy the relations of Bg and let p = pg : Dg(I) —
D¢(T) be the Keller-Yang derived equivalence. Then the functors u=! o F; oy : Dgg(I") — Dsg(T)
also satisfy the relations of Bg. By Proposition we have u~to Fiop = F,-1(s,), i-e., the following
diagram commutes:

Dra(I") — Dga(T)
lFul(S;) lFS,-
Dra (") —2 Dga(T)

So we have a group homomorphism p : Bg 2 Aut Deg(I) sending s; to F.-1(s,)- As, by Proposition
[2.1] Q has no double arrows, we can use Proposition to write p as

Bo & Aut Dgy(I)

S . .
5 eenen |fl—>{(|n Q;
G; otherwise.

Precomposing this with the group isomorphism cp[l : Bb 5 Bg of Remark [2.11} we obtain the group
homomorphism

BQI BQ Aut Dfd(r/)
" s tsisk if i — kin Q; G GGG G if i kin Q| o o
! s; otherwise; G; otherwise; !
as required. O

Remark 4.17. Known results on the faithfulness of braid group actions can be transferred to our
setting. Suppose Q" is an orientation of an ADE graph and the usual action Bg» — Aut Dgg(F g7 0)
is faithful. From the proof of Theorem we see that our actions of By where @ is of mutation
type ADE are just built by precomposing group isomorphisms with the action of Bg~, and so these
are also faithful under this assumption.

It was shown by Seidel and Thomas [ST| Theorem 2.18], building on work of Khovanov and Seidel
[KS], that given a collection of d-spherical objects, with d > 2, in a type A,-configuration the action
of the braid group by spherical twists is faithful. Thus the actions of Theorem [4.16| are faithful in
mutation type A. The faithfulness result of Seidel and Thomas was extended to all collections of 2-
spherical objects in type ADE configurations by Brav and Thomas [BT], using the Garside structure of
the braid monoid, but it is not immediately clear how to generalize their argument to the 3-Calabi-Yau
situation.

Remark 4.18. Although we have shown that our braid groups of mutation-Dynkin quivers can be
realized categorically, this is not a categorification of our earlier results because we cannot decategorify
(see, for example, [BD]): we cannot recover Theorem from Theorem because we use
Theorem to prove Theorem The problem is that, for an arbitrary mutation-Dynkin quiver
with potential (Q, W), we do not in advance know the relations satisfied by the spherical twist functors
Fi. This question will be addressed in a forthcoming paper [Gra3].
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Remark 4.19. The arguments of [Gra2|] generalize to show that, if vertices i and j of Q are joined
by an arrow, then F;F;F; = F;F;F; can be realized as a single periodic twist. Similarly, one can show
that if i — j — k — i is a 3-cycle in @ then FiFF3F = FoFsFF, & F3FFyF3 can be realized
as a single periodic twist. This exhausts the possibilities in type A; type D will be studied further in
[Gra3].
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