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Abstract The mechanical behaviour of granular materials

depends on their grading. Crushing of particles under com-

pression or shear modifies the grain size distribution, with

a tendency for the percentage of fine material to increase. It

follows that the frictional properties of the material and the

critical states are modified as a consequence of the changes in

grain size distribution and the available range of packing den-

sities. This paper illustrates an extended experimental inves-

tigation of the evolution of the grading of an artificial granular

material, consisting of crushed expanded clay pellets under

different loading conditions. The changes of grading of the

material after isotropic, one-dimensional and constant mean

effective stress triaxial compression were described using a

single parameter based on the ratio of the areas under the

current and an ultimate cumulative particle size distribution,

which were both assumed to be consistent with self similar

grading with varying fractal dimension. Relative breakage

was related to the total work input for unit of volume. For

poorly graded samples, the observed maximum rate of break-

age is practically independent of initial uniformity. Further
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experiments at higher confining stress are required to inves-

tigate the mechanics of breakage of better graded samples.
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1 Introduction

Loading of geotechnical structures may result in particle

breakage of the constituent granular materials when the stress

imposed on the particles exceeds their strength. From the

perspective of applications in geotechnical engineering, this

phenomenon is relevant in various engineering processes

where crushing-related damage and internal instability are

consequential, such as e.g.: detrimental clogging and for-

mation damage near petroleum wells [12], permeability

losses around perforations [10,31], impaired fluid conduc-

tion owing to particle crushing in locations adjacent to test-

ing penetrometers and friction fatigue around piles [42], and

crushing-induced instability transitions in highly stressed soil

masses adjacent to or located within geotechnical structures,

for instance filters for large dams [19]. [44] and [35] have dis-

cussed the effect of soil crushing on pile end bearing capac-

ity while, more recently [22] examined the effect of particle

crushing on the capacity of driven piles; Zheghal [45] studied

the role of grain crushing in road construction; [29] reported

that grain crushing within the failure zone is responsible for

the rapid long run-out motion of landslides and sturzstroms,

as observed in physical experiments in a geotechnical drum

centrifuge by [16].

Particle breakage depends on a number of ‘macro-scale’

parameters, such as grading, voids ratio, state of effective

stress, and effective stress path, as well as on the characteris-

tics of the constituent particles, such as size, shape, strength,
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and mineral composition. The available experimental evi-

dence, summarised, e.g.: by Lade et al. [18], seems to indi-

cate that well-graded soils do not break down as easily as

uniform soils. As the relative density increases, the amount

of particle breakage decreases. Both of these observations are

consistent with the fact that the average contact stress tends to

decrease with more particles surrounding each particle. Sev-

eral researchers have found that the amount of grain crushing

under isotropic loading conditions is lower than under shear-

ing [17,23,28]. As far as the characteristics of the constituent

particles are concerned, it is well established that: (i) as the

individual particle size increases, particle crushing increases,

due to the fact that larger particles have a higher probability of

containing defects or flaws; (ii) increasing the particle angu-

larity increases particle breakage; (iii) increasing the mineral

hardness decreases the amount of particle crushing.

Different measures have been suggested to quantify the

amount of breakage undergone by a sample of granular mate-

rial [13] introduced the relative breakage, Br, based on the

shift of the current cumulative grain size distribution from the

initial cumulative grain size distribution above a cut-off value

of silt particle size (0.074 mm), with the implication that,

in the fragmentation process, all particles would eventually

become finer than this (arbitrary) cut-off value. This conflicts

with the growing understanding that the grain size distribu-

tion of aggregates of any initial grading, under extremely

large confining pressure and extensive shear strain, tends to

a self-similar, fractal distribution [25,37].

Several studies (e.g.: [34,38,40]) have also indicated that

the predominant effect of particle crushing is to increase the

proportion of fine material without significantly changing

the size of the largest particles. To date, the mechanisms

that cause the granular material to develop a fractal size dis-

tribution are not fully explained. According to [34], larger

particles are more likely to be surrounded by smaller par-

ticles, which gives them higher coordination numbers and

makes them more resistant to crushing, whereas smaller par-

ticles have smaller coordination numbers. In other words,

the larger coordination number for larger particles outweighs

the effect of the strength of individual particles reducing with

increasing particle size. However, DEM simulations of direct

shear tests on mixtures having a limited number of oversized

particles carried out by [39] have shown that the smaller par-

ticles exert large compressive forces on a small section of the

perimeter of the large particles [40] explain the fractal size

distribution of the broken grains by the fact that compression

of granular materials, simulated by DEM analyses, results

in a network of force chains that are fractal in their intensity

and distribution. It may be noted, however, that the numerical

experiments were conducted on uniform granular materials

with permanent grains.

Whatever the physical explanation for developing a fractal

distribution of particle sizes under loading, this is potentially

internally stable as it can be arranged in a fractal geome-

try, dispersing energy among the largest possible number

of particle contacts and thus eliminating the occurrence of

stress concentrations (e.g. [15,16]). Soils that exhibit frac-

tal distributions are often considered internally stable and it

has been suggested that a fractal distribution with a fractal

dimension of around 2.5–2.6 [26,30,34] may be used in most

practical cases. Fractal characteristics may not manifest over

an infinite range of sizes, because particles smaller than a

“comminution” limit do not fracture [24].

A number of recent detailed studies have considered the

relationship between particle crushing and soil mechanical

behaviour ([1,3–5,4,7,9,23,25,28,36]). From the point of

view of constitutive modelling, the question to be addressed

is how microscopic degradation phenomena, such as grain

crushing, affect the macroscopic properties of a granular

aggregate, ideally deducing macroscopic constitutive equa-

tions from micromechanical consideration of some under-

lying microscopic process [25]. Quite recently, the idea of a

fractal evolution of particle size has been adopted introducing

a breakage parameter into energy dissipation assumptions of

a crushable soil treated as a continuum [8], and through links

between particle crushing and critical states in soils [33,43].

Whatever the point of view adopted in constitutive mod-

elling, the evolution of the grading of the material under

different loading conditions must be examined experimen-

tally to test the constitutive assumptions. This paper illus-

trates the results of an extensive experimental investigation

of the evolution of the grading of an artificial granular mate-

rial consisting of crushed expanded clay pellets under dif-

ferent loading conditions. The changes of grading of the

material after isotropic, one-dimensional and triaxial com-

pression were described using a single parameter based on

the ratio of the areas under both the current and an ultimate

cumulative particle size distribution, which were assumed to

be consistent with self-similar grading with varying fractal

dimension.

2 Experimental work

2.1 Material tested

The mechanical behaviour of many natural geotechnical

materials, such as pyroclastic weak rocks, carbonate sands,

calcarenites and residual soils, is affected by grain crush-

ing. However, systematic experimental investigation of grain

crushing for natural materials is often difficult due to the rel-

atively high stress required to crush the grains and the vari-

ability and heterogeneity of natural deposits, which makes

it difficult to obtain repeatable results. For these reasons,

the experimental work was conducted on an artificial gran-

ular material consisting of crushed expanded clay pellets,
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Fig. 1 Broken LECA pellets showing hard external shell and porous

interior

commercially available under the acronym LECA (Light

Expanded Clay Aggregate), whose grains break at relatively

low stress. Lightweight expanded clay aggregates are used

in road construction, tunnelling, structural backfill against

foundations, retaining walls and bridge abutments, because

of their low unit weight and good drainage properties. In

many practical cases, the stress levels to which the material

is subjected are comparable to those explored in this experi-

mental investigation.

The material is obtained through an industrial process, in

which the clay is homogenised, moistened, and broken up

with grinding equipment and rolling mills. The main phase

of the production cycle takes place in a long rotary kiln;

the clay enters the kiln from one end and moves along it,

gradually increasing its temperature. At the other end of

the kiln, the temperature reaches approximately 1,200 ◦C,

at which point the clay is in a molten state and the expan-

sion process commences providing a cellular vitreous inte-

rior to each pellet. Rolling of the pellets within the kiln

gives them a round shape and creates a hard outer shell

(see Fig. 1). The expanded clay pellets are then screened

into their various fractions and made commercially available

both as intact (so-called “granular”) or crushed, in different

grain sizes.

The cumulative grain size distributions by weight of sam-

ples of the material obtained from the producer in the finer

grain sizes (0–2 and 2–4 mm for crushed material, and 0–

4 and 4–6 mm, for granular material) were determined by

sieving and compared with the nominal ones [11]. Figure 2

shows that, while the grading curves obtained for the gran-

ular material were within the nominal range, those obtained

for the crushed material manifested a significant increase of

the percentage of material in the range of grain sizes between

0.1 and 0.2 mm, and a reduction in the range between 0.2 and

0.5 mm. This is likely to be due to further crushing occurred

during carriage and handling, favoured by the angularity of

the grains. Because of its high susceptibility to crushing, the

experimental programme described in this work was carried

out on crushed material in the 0–4 mm range of grain sizes.

In order to detect the structural and chemical compo-

nents of the soil, a mineralogical investigation was car-

ried out using X-ray diffractometry on the fraction with

d < 2 µm. The main components were recognized as amor-

phous material (59.2 %), Quartz (20.6 %), Feldspar (10.2 %)

and Spinel (10 %). No clay minerals were present, as these

were destroyed at the high temperature reached in the kiln.

The material is characterised by a double order of porosity:

“inter-granular”, i.e., voids existing between particles, and

“intra-granular”, i.e., closed voids existing within individual

particles (see Fig. 3). The significant intra-granular porosity

is responsible for the low values of the apparent unit weight

of the particles, γas [2]. Figure 4 shows the values of γas deter-

mined on different fractions of crushed material as a function

of the fraction size; for d < 0.063 mm, γas is equal to the unit

weight of the constituent clay (γs = 26.5 kN/m3), while for

d larger than about 3.5 mm, it tends to a constant value of

about 9kN/m3. For a particle size range of 0.063 mm ≤ d <

3.5 mm, which of interest in the present study, the experi-

mental values of γas were fitted with the following equation:

γas = a · (d0/d)b (1)

with a = 12.64 kN/m3, b = 0.268, and d0 = 1 mm.
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Fig. 2 Comparison of cumulative grain size distributions by weight of samples of a intact and b crushed material, as obtained from the producer,

with the nominal distributions
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Fig. 3 Inter and intra-granular

porosity (adapted from [14])
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2.2 Initial grading

The material was reconstituted at different initial grain size

distributions by weight, characterised by four values of the

coefficient of uniformity U (= d60/d10) = 3.5, 7, 14, and 28

and two values of mean grain size d50 = 0.5 mm and 1 mm

(Fig. 5a).

For a material such as LECA, in which the apparent unit

weight of particles depends on grain size, it is necessary to

distinguish between grain size distribution by weight and

grain size distribution by volume. The grain size distribu-

tion by weight is determined experimentally using a discrete

series of sieves with dimension �i (i = 1, 2, . . ., n) to mea-

sure the weights of the particles that are finer than the sieve

size �i and larger than the sieve size �i−1, Wi = W (�i−1 <

d < �i ). On the one hand, the cumulative grain size distri-

bution by weight is then computed as:

P(d j ) =
W (d < �1) +

∑ j≤n
2 Wi

WT
(2)

in which W (d < �1) is the material passing through all the

sieves in the series and WT = W (d < �1) +
∑n

2 Wi is the

total weight of the sample. On the other hand, the volume of

particles that are finer than the sieve size �i and larger than

the sieve size �i−1, can be computed as Vi = Wi/ γasi , in

which γasi is the average apparent unit weight of the particles

in the size range �i−1 < d < �i . Using Eq. (1), this is:

γasi =
1

�i − �i−1

�i
∫

�i−1

γas(d)dd

=
a(�1−b

i − �1−b
i−1 )

(�i − �i−1)(1 − b)
(3)

and the cumulative grain size distribution by volume can be

computed as:

V (d j ) =
W (d < �1)/γas1 +

∑ j≤n
2 Vi

VT
(4)

in which γas1 is the average unit weight of the mater-

ial with dimensions smaller than �1 and VT = W (d <
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Fig. 4 Apparent unit weight of crushed LECA particles as a function

of grain size

�1)/ γas1 +
∑n

2 Vi is the total (apparent) volume of the solids

in the sample. Figure 5b shows the initial cumulative grain

size distributions by volume of the tested material.

2.3 Scanning electron microscopy (SEM)

Figure 6a–f show examples of Scanning Electron Microscopy

(SEM) micrographs of crushed LECA particles of different

dimensions. SEM micrographs of portions of grains belong-

ing to different fractions were manipulated using the image

editing program GIMP [32]; the exposed intra-granular pores

were coloured progressively in black and the contrast in the

image was raised until all the pixels were either black (pores)

or white (matrix), see Fig. 7. The processed images were

then imported into Matlab and the number of white (NW)

and black (NB) pixels counted with a simple algorithm; in

this manner, it was possible to work out the exposed intra-

granular porosity of grains belonging to different fractions,

nei = NB/(NB + Nw). Figure 8 shows nei as a function of

particle size, together with the bulk intra-granular porosity,

obtained from the measurement of the apparent unit weight of

particles of different sizes, nbi(= 1 − γas / γs). The exposed
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Fig. 5 Initial cumulative grain

size distribution of the tested

material: a by weight and b by

volume
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Fig. 6 SEM micrographs of crushed LECA particles of different size: a 0.063–0.125 mm, b 0.125–0.25 mm, c 0.25–0.5 mm, d 0.5–1 mm,

e 1–2 mm, and f 2–4 mm

Fig. 7 An example demonstrating the steps followed in processing the SEM micrographs into a binary black–white distribution using the GIMP

processing
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Fig. 8 Exposed and bulk intra-granular porosity of crushed LECA par-

ticles as a function of grain size

intra-granular porosity is always larger than the bulk intra-

granular porosity as the first is related to the ratio of the aver-

age void size to the particle size squared, while the second

is related to the same ratio raised to a power 3. Both nei and

nbi increase with increasing grain size, tending to constant

values at particle sizes larger than about 3.5 mm, where the

apparent unit weight of the particles, γas, becomes constant,

with a final ratio nei/nbi
∼= 1.3.

3 Experimental programme

The experimental programme consisted of 64 tests including

isotropic, one-dimensional and triaxial compression, carried

out at increasing confining pressures, on reconstituted sam-

ples of each of the four initial grain size distributions [21,

37,41]. The experimental programme is detailed in Table 1;

for one-dimensional compression, the values of maximum

mean effective stress reported in Table 1 were computed as

p′
max = σ ′

v,max(1 + 2K0)/3 where K0 = 1 − sin ϕ′ ∼= 0.55.

3.1 Dependence of physical properties on initial grading

Prior to testing, the maximum and minimum intergranular

voids ratio of each fraction, and of the eight grain size distri-

butions adopted in the experimental work, were determined

on dry material. The loosest packing was obtained by pouring

the material into a mould using a funnel with drop height of

zero; the densest packing was obtained by vibrating the mate-

rial in the mould at very low energy to avoid breakage of the

grains. The extent of the intergranular voids ratio, emax−emin,

for crushed LECA at different values of U and d50 by vol-

ume, were compared with those reported by [27] for a wide

range of granular materials, including natural sands, light-

Table 1 Experimental programme

Type Initial gradinga p′
max (kPa)

U(-) d50 (mm) 1 2 3 4

175 350 700 1,400

ISO 2a 3.5 0.50 • • •

ISO 2c 14 0.50 • •

ISO 2d 28 0.50 • •

ISO 3a 3.5 1.00 • •

ISO 3c 14 1.00 • • •

ISO 3d 28 1.00 • • •

OED 2a 3.5 0.50 • • • •

OED 2b 7 0.50 • • • •

OED 2c 14 0.50 • • • •

OED 2d 28 0.50 • • • •

OED 3a 3.5 1.00 • • • •

OED 3b 7 1.00 • • • •

OED 3c 14 1.00 • • • •

OED 3d 28 1.00 • • • •

TXC 2a 3.5 0.50 • •

TXC 2c 14 0.50 • • •

TXC 2d 28 0.50 • • •

TXC 3a 3.5 1.00 • • •

TXC 3c 14 1.00 • • •

TXC 3d 28 1.00 • • •

a Grain size distribution by weight

weight aggregates (LWA) and glass beads. The experimental

data indicate that emax − emin decreases slightly with both

d50 and U (see Fig. 9a, b); however, the values obtained for

crushed LECA are much larger than those obtained for other

granular materials. These very high values of the range of

voids ratio at which it is possible to reconstitute the material

are due to the very light weight, angularity and rough surface

of the particles of crushed material, which favours a very

“open” structure [20].

The constant volume friction angle of crushed LECA was

determined by forming a cone of sand through pluviation in

air and measuring the inclination of the slope formed; the

resulting values for the eight grain size distributions adopted

in the experimental work are of the order of 30◦–33◦. The

angle of repose (ϕ′
cv) is almost constant with d50 and U (see

Fig. 9c, d), and the experimental values are in good agree-

ment with those measured on other granular materials with

permanent grains [27].

3.2 Evolution of grading with loading

Figure 10 shows some general characterisation of the evolu-

tion of grading with loading, using data obtained from sam-
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Fig. 9 Comparison of basic properties between permanent grain and crushable materials
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Fig. 10 Grain size distribution evolution for d50i = 0.50 mm and U = 3.5, for a variety of laboratory compression tests on LECA: a p′ = 175 kPa;

b p′ = 750 kPa; c 1-D compression

ples with an initial grading with d50i = 0.5 mm and Ui = 3.5.

Figure 10a, b shows the grain size distribution by weight

obtained after isotropic, one-dimensional and triaxial com-

pression after reaching either measured or calculated final

values of the mean effective stress equal to 175 and 700 kPa,

respectively. In both cases, the cumulative grain size distri-

bution at the end of the test is modified by loading, but the

changes in the grain size distribution are hardly detectable at

p′ = 175 kPa, and much more pronounced at p′ = 700 kPa.

The data in Fig. 10b shows that the amount of grain crushing

increases with the maximum obliquity η(= q/p′) reached

in the test; isotropic compression, even at relatively large

mean effective stress, causes only very limited changes to

the cumulative grain size distribution. Figure 10c shows the

grain size distribution obtained after one-dimensional com-

pression at increasing values of the maximum mean effective

stress reached in the test, from 175 to 1,400 kPa; in all cases

the final grain size distribution is rotated upwards and trans-

lated leftwards, with an increase in the fine fraction at an

almost constant value of the maximum particle size, dM. The

maximum particle size dM is likely to be different from �n

(maximum dimension of the sieve series) and unknown, even

if, of course, dM ≤ �n. Small changes of dM with load and

stress path are difficult to detect in the laboratory because the

spacing of two sieves of successive size around dM is finite,

and not fine enough.
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Fig. 11 Evolution with mean

effective stress of: a d50;

b uniformity U
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As a first approximation, the amount of grain crushing may

be quantified using the variation of the mean grain size d50 or

the coefficient of uniformity U after loading. Figure 11a, b

shows the evolution of d50 and U for the two extreme values

of the initial uniformity tested (Ui = 3.5 and 28) as a function

of maximum mean effective stress p′ after one-dimensional

compression. The reduction of d50 and the increase of U

with increasing mean effective stress are slightly more pro-

nounced for smaller initial uniformity coefficient and larger

mean diameter.

4 Analysis of results

For a fractal grain size distribution, the number of particles

that have dimension � larger than d is N (� > d) = Cd−α

in which C is a constant and α is the fractal dimension [37],

while the number of particles in a fraction is [26]:

d N (�) = αC�−α−1d� (5)

The (continuous) cumulative grain size distribution by vol-

ume is equal to:

V (d) =
V (d < �)

VT
=

∫ d

0 s�3d N (�)
∫ dM

0 s�3d N (�)
(6)

in which s is a shape factor and dM is the largest particle size

in the sample. Substituting Eq. (5) into Eq. (6), the follow-

ing expression for the cumulative grain size distribution by

volume of a fractal grain size distribution is obtained:

V (d) =

(

d

dM

)3−α

=

(

d

dM

)β

(7)

If the apparent unit weight of particles depends on grain size

as per Eq. (1), it is easy to show that the corresponding cumu-

lative grain size distribution byweight is:

P(d) =
W (� < d)

WT
=

∫ d

0 sγas(�)�3d N (�)
∫ dM

0 sγas(�)�3d N (�)

=

(

d

dM

)3−α−b

=

(

d

dM

)βw

(8)

in which βw = β −b. For a material in which the apparent unit

weight does not depend on grain size (b = 0), the cumulative

grain size distribution by weight and by volume are the same

(βw = β).

In the interpretation of data, it is assumed that the ultimate

grain size cumulative distribution by volume is fractal:

Vu(d) =

(

d

dMu

)βu

(9)

In the derivations above, it is also implicitly assumed that the

minimum grain size dimension is dm = 0, i.e. that there is

no comminution limit to the grain size.

It is further assumed that the initial and current (evolving)

cumulative grain size distributions by volume may be written

in a similar form to that of the ultimate grain size distribution:

Vi(d) =

(

d

dMi

)βi

V (d) =

(

d

dM

)β

(10)

where dMi and βi represent the values of β and dM respec-

tively for the i-th range of sieve sizes. Although the initial

cumulative grain size distribution may not be self-similar, in

most practical cases the initial cumulative grain size distribu-

tions would be reasonably fitted by an equation similar to (14)

and the loading required to reduce the initial distribution to

a self-similar distribution would be small. For instance, even

the very small variations of grading obtained under isotropic

compression, significantly improve the best fit of the grain

size distribution using a self-similar equation; this is also

confirmed by the experimental observations of the evolution

of grading with loading of granular materials with very low

values of the initial coefficient of uniformity [9].
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Both parameters defining Eq. (10), namely β and dM, were

obtained by regression of the experimental data; it turned out

that, in the range of mean effective stress examined, dM is

almost constant, with a maximum observed variation of only

about 9 %, whileβ reduces significantly due to grain crushing,

with a maximum of about 33 %.

Figure 12 shows the evolution of parameters β and dM

with the maximum obliquity ηmax attained in the tests at the

minimum and maximum value of mean effective stress used

for d50i = 0.5 mm, p′ = 175 and 700 kPa, respectively. Par-

ticle breakage manifests mainly as a reduction of β and, to

a lesser extent, of dM with increasing obliquity. The reduc-

tion of β with ηmax is very evident at p′ = 700 kPa and

very small at p′ = 175 kPa. Poorly graded samples crush

more than more uniform samples, with a more pronounced

decrease of β as Ui increases. At the same time, the decrease

of dM with increasing ηmax is more pronounced for larger

values of Ui; this likely to be due to the fact that, at the same

value of d50i, well graded samples contain particles of larger

size with a higher probability of containing defect or flaws

(e.g. [6]).

Figure 13 shows the observed variation of β and dM as a

function of the maximum mean effective stress p′
max attained

during one-dimensional compression for the eight tested

cumulative initial grain size distribution (see Fig. 5; Table 1).

The data show clearly that β decreases with increasing p′
max,

for all values of initial uniformity and both values of initial

mean grain size; the reduction of β with p′
max is more pro-

nounced for initially poorly graded samples. The reduction

of dM with p′
max can be detected only for more well graded

samples (Ui = 28) both for d50i = 0.5 and 1 mm.

Based on the data discussed above, it is assumed in the

following sections that the maximum grain dimension is con-

stant (dMi = dM = dMu), while the exponent β evolves with

loading. The minimum observed value of β is taken to be

the exponent of the ultimate cumulative grain size distribu-

tion (βu = 0.64). The description of breakage through only

one scalar parameter β, conceptually similar to Einav’s [8]

assumption of fractional independency, is equivalent to the

use of a single internal variable in elastic-plastic models for

granular media with crushable grains.

5 Dependence of breakage on work input

Einav [8] suggested the original definition of the relative

breakage by [13] should be adjusted to weigh the relative

proximity of the current grain size cumulative distribution

from the initial cumulative distribution and an ultimate cumu-

lative distribution from zero to one. Following this approach,

relative breakage can be obtained by computing the areas

below the current, initial, and ultimate cumulative grain size

distributions by integration over the logarithm of d (after [8]):

A =

dM
∫

0

V (d)d(log d) =
1

ln 10

dM
∫

0

V (d)d−1dd =
0.434

β

Ai =
0.434

βi

Au =
0.434

βu

(11)

The breakage potential, Bp, and total breakage, Bt , can then

be obtained by subtracting the area below the initial grain

size distribution from the area below the ultimate grain size

distribution or below the current grain size distribution (see

Fig. 14):

Bp = Au − Ai = 0.434 ·

(

1

βu

−
1

βi

)

(12)

and:

Bt = A − Ai = 0.434 ·

(

1

β
−

1

βi

)

(13)

and, finally, the relative breakage is obtained as:

Br =
Bt

Bp

=
A − Ai

Au − Ai
=

(

1

β
−

1

βi

)

/

(

1

βu

−
1

βi

)

(14)

Given the ultimate grain size cumulative distribution, the rel-

ative breakage is limited by 0 ≤ Br ≤ 1, where Br = 0

denotes unbroken material and Br = 1 represents complete

breakage.

Following the approach by [43], a single reference initial

cumulative distribution was adopted in this work as a vertical

line through dM. This corresponds to assuming that the ref-

erence initial cumulative grain size distribution is the Heav-

iside function around dM(β0 → ∞; A0 → 0). In this way,

Br still spans from zero to unity as β spans from β0(→ ∞)

to βu , although the initial grading of the sample corresponds

to a non-zero initial value of Br. In most practical cases,

even a very uniformly graded sample would have a high

but finite value of βi (
∼= 50 − 60), and therefore a finite,

non-zero value of relative breakage, Bri, using the universal

initial grading definition. The relative breakage is therefore

Br = A/Au = βu / β.

Figure 15 shows the relative breakage obtained at the end

of the different tests as a function of the work input for a unit

of volume, L = p′� εv +q� εq, in which � εv and � εq are

the increments of volumetric and deviatoric strain, respec-

tively. The experimental data in Fig. 15 are fitted with curves

of equation:

(1 − Br)/(1 − Bri) =

[

1 + m(L/L∗)
1/(1−m)

]−m

(15)

where L∗ and m are model parameters. It was found that

parameter L∗ is a material constant, in this case with a value

L∗ = 100 kNm/m3 for LECA, while m increases with the

initial uniformity.
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Fig. 12 Evolution of the

parameters a β; b dM with ηmax

for p′
max = 175 kPa (open

symbols) and 700 kPa (shaded

symbols)
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Fig. 13 Evolution of the

parameters: a β; b dM with p′
max

in 1-D compression for

d50 = 0.5 mm (open symbols)

and d50 = 1.0 mm (shaded

symbols)
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The rate of breakage, dBr/dL:

dBr

dL
= (1 − Bri)

·
m2(L/L∗)1/(1−m)

[

(m(L/L∗)1/(1−m) + 1)
]−m−1

L(1 − m)
(16)

is represented in Fig. 16. L∗ represents the work input at

which the rate of breakage, dBr/dL, is maximum and, when

substituted into Eq. 16, is equal to:

(

dBr

dL

)

max

=
1 − Bri

L∗
·

m2 (m + 1)−m−1

1 − m
(17)

The observed maximum rate of breakage is practically

independent of initial uniformity, up to Ui
∼= 14, while

it is significantly smaller for more well graded samples

(Ui = 28). This is consistent with the observation that there

is a more pronounced decrease of β with loading for poorly

graded samples (see Figs. 12, 13). As observed above, par-

ticle breakage manifests also with a small reduction of dM

with loading, which is neglected in the model; the reduc-

tion of dM, however, can be detected only for more well

graded samples, whose initial uniformity is closer to the uni-

0

20

40

60

80

100

V
( %

)

breakage potential
total breakage

d (mm)
d

M

V
i

Vu

V

Fig. 14 Definition of breakage potential and total breakage

formity of the ultimate grading. These samples have an initial

grain size distribution with a fractal dimension by weight of

2.56, within the suggested range of values by [34], or, in

other words, a value of exponent β, which is closer to the
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Fig. 16 Rate of breakage as a function of work input per unit volume

ultimate value. For a sample that has such an initial grain

size distribution, the only way in which the grading may

evolve is by a concurrent reduction of the maximum particle

size in the sample, but this may require higher stress levels.

Further experiments at higher confining stress are required

to investigate the mechanics of breakage of better graded

samples.

6 Conclusions

This paper illustrates the results of an extended experimental

investigation of the evolution of grain size distribution due

to loading along different stress paths. The final goal of the

research is to gain a deeper understanding of the mechanical

behaviour of soils with crushable grains, but also of weak

rocks, or cemented aggregates whose bonds suffer progres-

sive degradation due to applied loads, in order to develop

suitable constitutive equations that incorporate the (evolv-

ing) grain size distribution.

The experimental work was carried out on an artificial

material composed of crushed expanded clay pellets, that

break at relatively low stress, reconstituted to obtain repeat-

able grain size distributions with different values of U (=

d60/d10) = 3.5, 7, 14, and 28 and two values of mean grain

size d50 = 0.5 and 1 mm. The grain size distributions were

measured after isotropic, one-dimensional and triaxial com-

pression at increasing stress levels and compared with the

initial grading of the samples. A total of 64 tests were carried

out at maximum mean effective stress ranging between 175

and 1,400 kPa.

Simple measures of grain crushing, such as the reduction

of d50 or the increase of the uniformity coefficient U , demon-

strate that crushing depends both on the stress ratio η and on

the value of mean effective stress p’ reached in the test.

In the analysis of the results, the ultimate, current, and

initial cumulative grain size distribution by volume were all

taken to be self-similar, with a constant value of the maxi-

mum grain dimension, dM, and an evolving exponent, β. The

description of breakage through only one scalar parameter β,

is conceptually similar to Einav’s [8] assumption of fractional

independency.

The relative breakage, Br , describing the evolution of grain

size distribution with loading, has been defined following the

approach by [43], i.e., a single reference initial cumulative

distribution as a vertical line through dM was adopted, with

the implication that the initial grading of the samples corre-

sponds to a non-zero initial value of Br.

Granular materials undergo several dissipative mecha-

nisms in the loading process, which include energy dissi-

pation from the breakage of the particles (here described

via Br and hence by exponent β), but also from granular

rearrangement with relative frictional sliding and rotation.

As a first approximation, the values of relative breakage

have been related to the total work input for unit of volume

using an equation defined by two parameters, namely L∗ and

m.L∗ represents the work input at which the rate of breakage,

dBr/dL , is maximum and equal to a value that depends on m

and on the initial uniformity. L∗ is a material constant while

m increases with the initial uniformity.

For poorly graded samples (up to Ui = 14), the observed

maximum rate of breakage is practically independent of ini-

tial uniformity. For more well graded samples (Ui = 28), the

maximum rate of breakage is smaller; in this case, however,

particle breakage is manifest with a concurrent reduction of

β and dM with loading, which is neglected in the model. Fur-

ther experiments at higher confining stress are required to

investigate the mechanics of breakage of more well graded

samples.
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