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✉s✐♥❣ t❤❡ ❞❡s✐❣♥❡rs✬ r❡❢❡r❡♥❝❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳

■♥ ❙❡❝t✐♦♥ ✷ ✇❡ ❣✐✈❡ ❛♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ❋❈❙❘ ❛✉t♦♠❛t♦♥ ❛♥❞ t❤❡ ❋✲❋❈❙❘
❝♦♥str✉❝t✐♦♥✳ ■♥ ❙❡❝t✐♦♥ ✸ ✇❡ t❤❡♥ ❞✐s❝✉ss t❤❡ ✉♥❞❡r❧②✐♥❣ ✇❡❛❦♥❡ss❡s ❣✐✈✐♥❣ t❤❡
❛tt❛❝❦✳ ■♥ ❙❡❝t✐♦♥ ✹ ✇❡ ❣✐✈❡ ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❛tt❛❝❦ ❛♥❞ ✐♥ ❙❡❝t✐♦♥ ✺ ✇❡ ❣✐✈❡
❛ ♠♦r❡ ❞❡t❛✐❧❡❞ ❛♥❛❧②s✐s ♦❢ ♣❛rts ♦❢ t❤❡ ❛tt❛❝❦ ❛♥❞ ✇❡ ❛❧s♦ ❣✐✈❡ t❤❡ ❡st✐♠❛t❡❞
❛♥❞ s✐♠✉❧❛t❡❞ ❝♦♠♣❧❡①✐t✐❡s✳ ■♥ ❙❡❝t✐♦♥ ✻ ✇❡ ❣✐✈❡ ❛ r♦✉❣❤ ♦✉t❧✐♥❡ ♦❢ ❤♦✇ t❤❡ ❦❡②
❝♦✉❧❞ ❜❡ r❡❝♦♥str✉❝t❡❞ ❢r♦♠ ❛ ❦♥♦✇♥ st❛t❡✳

✷ ❘❡❝❛❧❧✐♥❣ t❤❡ ❋❈❙❘ ❛✉t♦♠❛t♦♥ ❛♥❞ t❤❡ ❋✲❋❈❙❘

❝♦♥str✉❝t✐♦♥

❘❡❝❛❧❧ t❤❛t ❛ ❋❡❡❞❜❛❝❦ ✇✐t❤ ❈❛rr② ❙❤✐❢t ❘❡❣✐st❡r ✭❋❈❙❘✮ ✐s ❛ ❞❡✈✐❝❡ t❤❛t ❝♦♠✲
♣✉t❡s t❤❡ ❜✐♥❛r② ❡①♣❛♥s✐♦♥ ♦❢ ❛ ✷✲❛❞✐❝ ♥✉♠❜❡r p/q✱ ✇❤❡r❡ p ❛♥❞ q ❛r❡ s♦♠❡
✐♥t❡❣❡rs✱ ✇✐t❤ q ♦❞❞✳ ❋♦r s✐♠♣❧✐❝✐t② ♦♥❡ ❝❛♥ ❛ss✉♠❡ t❤❛t q < 0 < p < |q|✳ ❋♦❧❧♦✇✲
✐♥❣ t❤❡ ♥♦t❛t✐♦♥ ❢r♦♠ ❬✷❪✱ t❤❡ s✐③❡ n ♦❢ t❤❡ ❋❈❙❘ ✐s t❤❡ ✈❛❧✉❡ s✉❝❤ t❤❛t n + 1 ✐s
t❤❡ ❜✐t❧❡♥❣t❤ ♦❢ |q|✳ ■♥ t❤❡ str❡❛♠ ❝✐♣❤❡r ❝♦♥str✉❝t✐♦♥✱ p ❞❡♣❡♥❞s ♦♥ t❤❡ s❡❝r❡t
❦❡② ✭❛♥❞ t❤❡ ■❱✮✱ ❛♥❞ q ✐s ❛ ♣✉❜❧✐❝ ♣❛r❛♠❡t❡r✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ q ✐♥❞✉❝❡s s♦♠❡ ♣r♦♣✲
❡rt✐❡s ♦❢ t❤❡ ❋❈❙❘✳ ❚❤❡ ♠♦st ✐♠♣♦rt❛♥t ♦♥❡ ✐s t❤❛t ✐t ❝♦♠♣❧❡t❡❧② ❞❡t❡r♠✐♥❡s t❤❡
❧❡♥❣t❤ ♦❢ t❤❡ ♣❡r✐♦❞ T ♦❢ t❤❡ ❦❡②str❡❛♠✳ ❚❤❡ ❝♦♥❞✐t✐♦♥s ❢♦r ❛♥ ♦♣t✐♠❛❧ ❝❤♦✐❝❡
❛s ✉s❡❞ ✐♥ t❤❡ ❋✲❋❈❙❘ ❢❛♠✐❧② ♦❢ str❡❛♠ ❝✐♣❤❡rs ❛r❡✿ q ✐s ❛ ✭♥❡❣❛t✐✈❡✮ ♣r✐♠❡ ♦❢
❜✐ts✐③❡ n+1❀ t❤❡ ♦r❞❡r ♦❢ ✷ ♠♦❞✉❧♦ q ✐s |q|−1❀ ❛♥❞ T = (|q|−1)/2 ✐s ❛❧s♦ ♣r✐♠❡✳
❋✉rt❤❡r♠♦r❡✱ s❡t d = (1+ |q|)/2✳ ❚❤❡♥ t❤❡ ❍❛♠♠✐♥❣ ✇❡✐❣❤t W (d) ♦❢ t❤❡ ❜✐♥❛r②
❡①♣❛♥s✐♦♥ ♦❢ d ✐s ❝❤❡❝❦❡❞ t♦ ❜❡ ♥♦t t♦♦ s♠❛❧❧✱ s❛② W (d) > n/2✳

❚❤❡ ❋❈❙❘ ❛✉t♦♠❛t♦♥ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❬✷❪ ✐s ♦♥❡ ✇❛② t♦ ❡✣❝✐❡♥t❧② ✐♠♣❧❡♠❡♥t
t❤❡ ❣❡♥❡r❛t✐♦♥ ♦❢ t❤❡ ✷✲❛❞✐❝ ❡①♣❛♥s✐♦♥ s❡q✉❡♥❝❡✳ ■t ❝♦♥t❛✐♥s t✇♦ r❡❣✐st❡rs✿ t❤❡
♠❛✐♥ r❡❣✐st❡r M ❛♥❞ t❤❡ ❝❛rr✐❡s r❡❣✐st❡r C✳ ❚❤❡ ♠❛✐♥ r❡❣✐st❡r M ❝♦♥t❛✐♥s n



❝❡❧❧s✳ ▲❡t M = (mn−1, mn−2, . . . ,m1, m0) ❛♥❞ ❛ss♦❝✐❛t❡ M t♦ t❤❡ ✐♥t❡❣❡r M =
∑n−1

i=0
mi · 2

i✳

❘❡❝❛❧❧ t❤❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r d = (1 + |q|)/2 ❛♥❞ ✐ts ❜✐♥❛r② r❡♣r❡s❡♥t❛t✐♦♥

d =
∑n−1

i=0
di · 2

i✳ ❚❤❡ ❝❛rr✐❡s r❡❣✐st❡r ❝♦♥t❛✐♥s l ❛❝t✐✈❡ ❝❡❧❧s ✇❤❡r❡ l + 1 ✐s t❤❡
♥✉♠❜❡r ♦❢ ♥♦♥③❡r♦ di ❜✐♥❛r② ❞✐❣✐ts ✐♥ d✳ ❚❤❡ ❛❝t✐✈❡ ❝❡❧❧s ❛r❡ t❤❡ ♦♥❡s ✐♥ t❤❡
✐♥t❡r✈❛❧ 0 ≤ i ≤ n − 2 ❛♥❞ dn−1 = 1 ❛❧✇❛②s ❤♦❧❞✳ ❋♦r t❤✐s ♣✉r♣♦s❡ ✇❡ ✇r✐t❡ t❤❡
❝❛rr✐❡s r❡❣✐st❡r C ❛s C = (cn−2, cn−3, . . . , c1, c0) ❛♥❞ ❛ss♦❝✐❛t❡ C t♦ t❤❡ ✐♥t❡❣❡r

C =
∑n−2

i=0
ci · 2

i✳ ◆♦t❡ t❤❛t ♦♥❧② l ♦❢ t❤❡ ❜✐ts ✐♥ C ❛r❡ ❛❝t✐✈❡ ❛♥❞ t❤❡ r❡♠❛✐♥✐♥❣

♦♥❡s ❛r❡ s❡t t♦ ③❡r♦✳ ▲❡t t❤❡ ✐♥t❡❣❡r p ❜❡ ✇r✐tt❡♥ ❛s p =
∑n−1

i=0
pi · 2i✱ ✇❤❡r❡

pi ∈ {0, 1}✳ ❚❤❡♥ t❤❡ ✷✲❛❞✐❝ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r p/q ✐s ❝♦♠♣✉t❡❞ ❜② t❤❡
❛✉t♦♠❛t♦♥ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✶✳

pn−1 ✲ pn−2 ✲ ✲ p1 ✲ p0 ✲✲

⊙

✻

✲

✲dn−1

⊙

✻

✻

✲dn−2

⊙

✻

✻

✲dn−3

⊙

✻

✻

✲d1

⊙

✻

✻

✲d0

❋✐❣✳ ✶✳ ❆✉t♦♠❛t♦♥ t♦ ❝♦♠♣✉t❡ t❤❡ ✷✲❛❞✐❝ ❡①♣❛♥s✐♦♥ ♦❢ p/q✳

❚❤❡ ❛✉t♦♠❛t♦♥ ✐s r❡❢❡rr❡❞ t♦ ❛s t❤❡ ●❛❧♦✐s r❡♣r❡s❡♥t❛t✐♦♥ ❛♥❞ ✐t ✐s ✈❡r②
s✐♠✐❧❛r t♦ t❤❡ ●❛❧♦✐s r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ ✉s✉❛❧ ▲❋❙❘✳ ❖t❤❡r r❡♣r❡s❡♥t❛t✐♦♥s ✐♥
❝♦♥♥❡❝t✐♦♥ ✇✐t❤ ❋✲❋❈❙❘ ✇❡r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❬✼❪✳ ❋♦r ❛❧❧ ❞❡✜♥❡❞ ✈❛r✐❛❜❧❡s ✇❡
❛❧s♦ ✐♥tr♦❞✉❝❡ ❛ t✐♠❡ ✐♥❞❡① t✱ ❛♥❞ ❧❡t M(t) ❞❡♥♦t❡ t❤❡ ❝♦♥t❡♥t ♦❢ M ❛t t✐♠❡ t✳
❙✐♠✐❧❛r❧②✱ C(t) ❞❡♥♦t❡s t❤❡ ❝♦♥t❡♥t ♦❢ C ❛t t✐♠❡ t✳

❚❤❡ ❛❞❞✐t✐♦♥ ✇✐t❤ ❝❛rr②✱ ❞❡♥♦t❡❞ ⊞ ✐♥ ❋✐❣✉r❡ ✶✱ ❤❛s ❛ ♦♥❡ ❜✐t ♠❡♠♦r② ✭t❤❡
❝❛rr②✮✳ ■t t❛❦❡s t❤r❡❡ ✐♥♣✉ts ✐♥ t♦t❛❧✱ t✇♦ ❡①t❡r♥❛❧ ✐♥♣✉ts ❛♥❞ t❤❡ ❝❛rr② ❜✐t✳ ■t
♦✉t♣✉ts t❤❡ ❳❖❘ ♦❢ t❤❡ ✐♥♣✉ts ❛♥❞ ✐t s❡ts t❤❡ ♥❡✇ ❝❛rr② ✈❛❧✉❡ t♦ ♦♥❡ ✐❢ t❤❡
✐♥t❡❣❡r s✉♠ ♦❢ t❤❡ t❤r❡❡ ✐♥♣✉ts ✐s t✇♦ ♦r t❤r❡❡✳

■♥ ❋✐❣✉r❡ ✷ ✇❡ ❣✐✈❡ ❛♥ ✐❧❧✉str❛t✐♥❣ ❡①❛♠♣❧❡ ✭❢♦❧❧♦✇✐♥❣ ❬✷❪✮✳ ❍❡r❡ q = −347
❣✐✈✐♥❣ d = 174 ❛♥❞ ✐ts ❜✐♥❛r② ❡①♣❛♥s✐♦♥ (10101110)✳ ❚❤❡ ❋✲❋❈❙❘ ❢❛♠✐❧② ♦❢
str❡❛♠ ❝✐♣❤❡rs ✉s❡s t❤✐s ♣❛rt✐❝✉❧❛r ❛✉t♦♠❛t♦♥ ❛s t❤❡ ❝❡♥tr❛❧ ♣❛rt ♦❢ t❤❡✐r ❝♦♥✲
str✉❝t✐♦♥✳ ❙♦ ❢♦r ❢✉t✉r❡ ❝♦♥s✐❞❡r❛t✐♦♥s ✐♥ t❤✐s ♣❛♣❡r ✇❡ ♦♥❧② ♥❡❡❞ t♦ r❡❝❛❧❧ t❤❡
❋❈❙❘ ❛✉t♦♠❛t♦♥ ❛s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✶ ❛♥❞ ❋✐❣✉r❡ ✷✳ ■♠♣♦rt❛♥t ❢❛❝ts ❛r❡
t❤❛t t❤❡ ❋❈❙❘ ❛✉t♦♠❛t♦♥ ❤❛s n ❜✐ts ♦❢ ♠❡♠♦r② ✐♥ t❤❡ ♠❛✐♥ r❡❣✐st❡r ❛♥❞ l ❜✐ts
✐♥ t❤❡ ❝❛rr② r❡❣✐st❡r✱ ✐♥ t♦t❛❧ n + l ❜✐ts✳ ■❢ (M,C) ✐s ♦✉r st❛t❡✱ t❤❡♥ ♠❛♥② st❛t❡s
❛r❡ ❡q✉✐✈❛❧❡♥t ✐♥ t❤❡ s❡♥s❡ t❤❛t st❛rt✐♥❣ ✐♥ ❡q✉✐✈❛❧❡♥t st❛t❡s ✇✐❧❧ ♣r♦❞✉❝❡ t❤❡
s❛♠❡ ♦✉t♣✉t✳ ❆s t❤❡ ♣❡r✐♦❞ ✐s |q| − 1 ≈ 2n t❤❡ ♥✉♠❜❡r ♦❢ st❛t❡s ❡q✉✐✈❛❧❡♥t t♦ ❛
❣✐✈❡♥ st❛t❡ ✐s ✐♥ t❤❡ ♦r❞❡r ♦❢ 2l✳



✲ m7
✲ m6

✲
✻

❄
✻

m5
✲ m4

✲
✻

❄
✻

m3
✲
✻

❄
✻

m2
✲
✻

❄
✻

m1
✲ m0

✲

c5 c3 c2 c1

d 1

0

0

0

1 0

0

1 1 1 0

0

▼✭t✮

❈✭t✮

❋✐❣✳ ✷✳ ❊①❛♠♣❧❡ ♦❢ ❛♥ ❋❈❙❘✳

✷✳✶ ❉❡s❝r✐❜✐♥❣ t❤❡ ❋✲❋❈❙❘✲❍ ❈♦♥str✉❝t✐♦♥

❚❤❡ ❋✲❋❈❙❘ ❢❛♠✐❧② ♦❢ str❡❛♠ ❝✐♣❤❡rs ❝♦♠❜✐♥❡s t❤❡ ❋❈❙❘ ❛✉t♦♠❛t♦♥ ✇✐t❤ ❛
✜❧t❡r✐♥❣ ❢✉♥❝t✐♦♥✳ ❚❤❡ ✜❧t❡r✐♥❣ ❢✉♥❝t✐♦♥ ❡①tr❛❝ts ❦❡②str❡❛♠ ❜✐ts ❢r♦♠ t❤❡ st❛t❡ ♦❢
t❤❡ ♠❛✐♥ r❡❣✐st❡r ✐♥ t❤❡ ❋❈❙❘ ❛✉t♦♠❛t♦♥✳ ❚❤❡ ✜❧t❡r ✐s ❛ s✐♠♣❧❡ ❧✐♥❡❛r ❢✉♥❝t✐♦♥
♦❢ ❜✐ts ❢r♦♠ t❤❡ st❛t❡✳ ■♥ ♦r❞❡r t♦ ✐♥❝r❡❛s❡ t❤❡ t❤r♦✉❣❤♣✉t✱ t❤❡ ❝♦♥str✉❝t✐♦♥s
❡①tr❛❝t ♥♦t ♦♥❧② ♦♥❡ ❜✉t ♠❛♥② ❜✐ts ❡❛❝❤ ❝❧♦❝❦ ❝②❝❧❡✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ❡①tr❛❝t❡❞
❜✐ts ✐s ❡✐❣❤t ❢♦r ❋✲❋❈❙❘✲❍✳ ❚❤✉s t❤❡r❡ ❛r❡ ✽ ❞✐✛❡r❡♥t ✜❧t❡rs✱ ♥♦✇ ❝❛❧❧❡❞ s✉❜✜❧t❡rs✱
✉s❡❞ t♦ ❡①tr❛❝t ❛♥ ✽ ❜✐ts ❦❡②str❡❛♠ ❜②t❡ ❛❢t❡r ❡❛❝❤ tr❛♥s✐t✐♦♥ ♦❢ t❤❡ ❛✉t♦♠❛t♦♥✳

❆ ♦♥❡ ❜✐t ✜❧t❡r F ✐s ❛ ❜✐tstr✐♥❣ (f0, . . . , fn−1) ♦❢ ❧❡♥❣t❤ n✳ ❚❤❡ ♦✉t♣✉t ❜✐t ♦❢
t❤❡ ✜❧t❡r ✐s ❞❡✜♥❡❞ t♦ ❜❡✱

F (M) =

n−1⊕

i=0

fimi,

✐✳❡✳✱ t❤❡ s❝❛❧❛r ♣r♦❞✉❝t✳ ❆s F ✐s ❛ ❦♥♦✇♥ str✐♥❣ t❤❡ ♦✉t♣✉t ✐s ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥
✭✐♥ F2✮✳

❋♦r t❤❡ ✽ ❜✐t ✜❧t❡r✱ ✐t ❝♦♥s✐sts ♦❢ ✽ s✉❝❤ ❜✐♥❛r② ❢✉♥❝t✐♦♥s F0, F1, . . . , F7✳ ❍♦✇✲
❡✈❡r✱ ✜❧t❡r Fj ✉s❡s ♦♥❧② ❝❡❧❧s mi ✐♥ t❤❡ ♠❛✐♥ r❡❣✐st❡r t❤❛t s❛t✐s✜❡s i = j (mod 8)✳

❚❤❡ ♣❛r❛♠❡t❡rs ❢♦r ❋✲❋❈❙❘✲❍ ❛r❡ ♥♦✇ ❣✐✈❡♥✳ ❚❤❡ ♣r♦♣♦s❛❧ ✉s❡s ❦❡② ❧❡♥❣t❤
✽✵ ❛♥❞ ■❱ ♦❢ ❜✐ts✐③❡ v ✇✐t❤ 32 ≤ v ≤ 80✳ ❚❤❡ ❝♦r❡ ♦❢ t❤❡ ❋✲❋❈❙❘✲❍ ❛❧❣♦r✐t❤♠
❤❛s r❡♠❛✐♥❡❞ ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ♦♥❡ ♦r✐❣✐♥❛❧❧② ♣r♦♣♦s❡❞ ✐♥ ❬✶❪✳ ❖♥❧② t❤❡ ❦❡② ❛♥❞
■❱ ✐♥✐t✐❛❧✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✇❛s ✉♣❞❛t❡❞ ✐♥ ❬✷❪✳

❚❤❡ ❋❈❙❘ ❧❡♥❣t❤ ✭s✐③❡ ♦❢ t❤❡ ♠❛✐♥ r❡❣✐st❡r✮ ✐s n = 160✳ ❚❤❡ ❝❛rr✐❡s r❡❣✐st❡r
❝♦♥t❛✐♥s l = 82 ❝❡❧❧s✳ ❚❤❡ ❢❡❡❞❜❛❝❦ ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ♣r✐♠❡

q = 1993524591318275015328041611344215036460140087963.

❚❤✐s ❣✐✈❡s

d = (1 + |q|)/2 = (❆❊✾✽✺❉❋❋ ✷✻✻✶✾❋❈✺ ✽✻✷✸❉❈✽❆ ❆❋✹✻❉✺✾✵ ✸❉❉✹✷✺✹❊)

✭❤❡①❛❞❡❝✐♠❛❧ ♥♦t❛t✐♦♥✮✳ ❙♦ ❛❞❞✐t✐♦♥ ❜♦①❡s ❛♥❞ ❝❛rr✐❡s ❝❡❧❧s ❛r❡ ♣r❡s❡♥t ❛t t❤❡
♣♦s✐t✐♦♥s ♠❛t❝❤✐♥❣ t❤❡ ❜✐♥❛r② ♦♥❡s ✐♥ t❤❡ ❜✐♥❛r② ❡①♣❛♥s✐♦♥ ♦❢ d✳ ❚♦ ❡①tr❛❝t ♦♥❡
❦❡②str❡❛♠ ❜②t❡✱ ❋❈❙❘✲❍ ✉s❡s t❤❡ st❛t✐❝ ✜❧t❡r

F = d = (AE985DFF26619FC58623DC8AAF46D5903DD4254E).



❯s✐♥❣ t❤❡ ❞❡s✐❣♥❡rs ♥♦t❛t✐♦♥✱ t❤✐s ♠❡❛♥s t❤❛t t❤❡ ✽ s✉❜✜❧t❡rs ✭s✉❜✜❧t❡r j ✐s
♦❜t❛✐♥❡❞ ❜② s❡❧❡❝t✐♥❣ t❤❡ ❜✐t j ✐♥ ❡❛❝❤ ❜②t❡ ♦❢ F ✮ ❛r❡ ❣✐✈❡♥ ❜②

F0 = (00110111010010101010)✱ F4 = (01110010001000111100)✱
F1 = (10011010110111000001)✱ F5 = (10011100010010001010)✱
F2 = (10111011101011101111)✱ F6 = (00110101001001100101)✱
F3 = (11110010001110001001)✱ F7 = (11010011101110110100)✳

❙♦ t❤❡ ❋✲❋❈❙❘✲❍ ❣❡♥❡r❛t♦r ♦✉t♣✉ts ♦♥❡ ❜②t❡ ❡✈❡r② t✐♠❡ ✐♥st❛♥❝❡ ❛♥❞ ✐t ✐s s✐♠♣❧②
❣✐✈❡♥ ❛s

z = (m8 + m24 + m40 + m56 + . . . + m136, m1 + m49 + . . . , . . . ,m23 + . . .).

❚❤❡ ❦❡② ❛♥❞ ■❱ ✐♥✐t✐❛❧✐③❛t✐♦♥ ❝♦♥s✐sts ♦❢ ❧♦❛❞✐♥❣ ❦❡② ❛♥❞ ■❱ ✐♥t♦ t❤❡ ♠❛✐♥
r❡❣✐st❡r✱ ❝❧♦❝❦✐♥❣ ✷✵ t✐♠❡s ❛♥❞ ❡①tr❛❝t✐♥❣ ✷✵ ❜②t❡s ♦❢ ♦✉t♣✉t✳ ❚❤❡s❡ ✶✻✵ ❜✐ts ❛r❡
✉s❡❞ ❛s ✐♥✐t✐❛❧ st❛t❡ ✐♥ t❤❡ ♠❛✐♥ r❡❣✐st❡r ♦❢ t❤❡ ❋❈❙❘ ❛✉t♦♠❛t♦♥ ❛♥❞ ✐t ✐s ❝❧♦❝❦❡❞
✶✻✷ t✐♠❡s ✇✐t❤♦✉t ♣r♦❞✉❝✐♥❣ ♦✉t♣✉t✳ ▼♦r❡ ❞❡t❛✐❧s ❛r❡ ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✻✳

❚❤❡ s❡❝♦♥❞ r❡❧❡✈❛♥t ❝♦♥str✉❝t✐♦♥ ✐♥ t❤❡ ❋✲❋❈❙❘ ❢❛♠✐❧②✱ ❝❛❧❧❡❞ ❋✲❋❈❙❘✲✶✻✱
✐s ❝♦♥str✉❝t❡❞ ✐♥ ❛ s✐♠✐❧❛r ♠❛♥♥❡r✳ ❍♦✇❡✈❡r ✐t ❤❛s ❛ ❧❛r❣❡r st❛t❡ ❛♥❞ ❡①tr❛❝ts ✶✻
❜✐ts ❡✈❡r② ❝❧♦❝❦ ❝②❝❧❡✳

✸ ❲❡❛❦♥❡ss❡s ♦❢ t❤❡ ❋❈❙❘ ❆✉t♦♠❛t♦♥ ❛♥❞ t❤❡ ❋✲❋❈❙❘

❋❛♠✐❧② ♦❢ ❙tr❡❛♠ ❈✐♣❤❡rs

❆s t❤❡ ✜❧t❡r✐♥❣ ❢✉♥❝t✐♦♥ ✐s F2 ❧✐♥❡❛r✱ ❡ss❡♥t✐❛❧❧② ❛❧❧ t❤❡ s❡❝✉r✐t② ♦❢ t❤❡ ❋❈❙❘ ❝♦♥✲
str✉❝t✐♦♥s r❡❧② ♦♥ t❤❡ ❋❈❙❘ ❛✉t♦♠❛t♦♥ ❛❜✐❧✐t② t♦ ❝r❡❛t❡ ♥♦♥❧✐♥❡❛r✐t②✳ ■t ♠✐❣❤t
❛t ✜rst ❣❧❛♥❝❡ ❧♦♦❦ ❧✐❦❡ t❤✐s ✐s ❛❝❤✐❡✈❡❞✳ ❚❤❡ ♥♦♥❧✐♥❡❛r✐t② ❧✐❡s ✐♥ t❤❡ ❝❛rr② ❜✐t
❝❛❧❝✉❧❛t✐♦♥✱ ❛♥❞ ❝❛rr② ❜✐ts ❛r❡ q✉✐❝❦❧② s♣r❡❛❞ ♦✈❡r t❤❡ ❡♥t✐r❡ ♠❛✐♥ r❡❣✐st❡r✳ ❚❤❡②
❡♥t❡r ♥❡✇ ❝❛rr② ❜✐t ❝❛❧❝✉❧❛t✐♦♥s✱ t❤✉s ✐♥❝r❡❛s✐♥❣ t❤❡ ❞❡❣r❡❡ ♦❢ ♥♦♥❧✐♥❡❛r ❡①♣r❡s✲
s✐♦♥s r❛♣✐❞❧②✳ ❚❤✐s ✐s ♣r♦❜❛❜❧② t❤❡ ✜rst ✇❛② ♦♥❡ tr✐❡s t♦ ❛♥❛❧②③❡ t❤❡ ❝♦♥str✉❝t✐♦♥✱
❧♦♦❦✐♥❣ ❛t t❤❡ ❛❧❣❡❜r❛✐❝ ❡①♣r❡ss✐♦♥s ❝r❡❛t❡❞ ✇❤❡♥ t❤❡ ❛✉t♦♠❛t♦♥ ✐s ❝❧♦❝❦❡❞ ❛ ❢❡✇
t✐♠❡s✳ ■t ❧♦♦❦s ❞✐✣❝✉❧t t♦ ✜♥❞ s♦♠❡ ✉s❡❢✉❧ ❛❧❣❡❜r❛✐❝ ❡①♣r❡ss✐♦♥ ♦r s♦♠❡ ❝♦rr❡❧❛✲
t✐♦♥ ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ✈❛r✐❛❜❧❡s t❤❛t ❝❛♥ ❜❡ tr❛❝❦❡❞ ❛❧❧ t❤❡ ✇❛② t♦ t❤❡ ❦❡②str❡❛♠
s②♠❜♦❧s✳

■♥st❡❛❞✱ ✇❡ ❧♦♦❦ ❛t t❤❡ ♥♦♥❧✐♥❡❛r✐t② ❢r♦♠ ❛ ❞✐✛❡r❡♥t ♣❡rs♣❡❝t✐✈❡✳ ❚❤❡ ♠❛✐♥
♦❜s❡r✈❛t✐♦♥ ✇❡ ✉s❡ ✐s t❤❡ ❢❛❝t t❤❛t t❤❡ ❝❛rr② ❜✐ts ✐♥ t❤❡ ❝❛rr✐❡s r❡❣✐st❡r ❜❡❤❛✈❡
✈❡r② ❢❛r ❢r♦♠ r❛♥❞♦♠✳ ❚❤❡ ❦❡② ♣♦✐♥t ✐s t❤❛t t❤❡② ❛❧❧ ❤❛✈❡ ♦♥❡ ❝♦♠♠♦♥ ✐♥♣✉t
✈❛r✐❛❜❧❡✱ t❤❡ ❢❡❡❞❜❛❝❦ ❜✐t✳ ▲❡t ✉s ❧♦♦❦ ❛t ✇❤❛t ❤❛♣♣❡♥s ❢♦r ❛ ❝❛rr② ❜✐t ✇❤❡♥ t❤❡
❢❡❡❞❜❛❝❦ ❜✐t ✐s s❡t t♦ ③❡r♦✳ ❲❡ ❝❛♥ s❡❡ t❤❛t ✇❤❡♥ t❤❡ ❢❡❡❞❜❛❝❦ ❜✐t ✐s ③❡r♦ t❤❡♥ ❛
❝❛rr② ❜✐t t❤❛t ✐s ③❡r♦ ♠✉st r❡♠❛✐♥ ③❡r♦ ✇❤❡r❡❛s ✐❢ t❤❡ ❝❛rr② ❜✐t ✐s ♦♥❡ t❤❡♥ ❜②
♣r♦❜❛❜✐❧✐t② 1/2 ✐t ✇✐❧❧ t✉r♥ t♦ ③❡r♦ ✭❛ss✉♠✐♥❣ r❛♥❞♦♠ ✐♥♣✉t ♦♥ t❤❡ ❛❝t✐✈❡ ✐♥♣✉t✮✳
■❢ ✇❡ ♥♦✇ ❛ss✉♠❡ t❤❛t t❤❡ ❢❡❡❞❜❛❝❦ ❜✐t ✐s ③❡r♦ ❛ ❢❡✇ ❝♦♥s❡❝✉t✐✈❡ t✐♠❡ ✐♥st❛♥❝❡s✱
t❤❡♥ ✐t ✐s ✈❡r② ❧✐❦❡❧② t❤❛t t❤❡ ❝❛rr② ❜✐t ✐s ♣✉s❤❡❞ t♦ ③❡r♦✳

❆❝t✉❛❧❧②✱ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❝❛♥ ❜❡ r❡♣❡❛t❡❞ ✇❤❡♥ t❤❡ ❢❡❡❞❜❛❝❦ ❜✐t ✐s ♦♥❡✳
❚❤❡♥ t❤❡ ❝❛rr② ✐s ♠♦r❡ ❧✐❦❡❧② t♦ ❜❡ ♦♥❡ ❛♥❞ ❜② r❡♣❡❛t❡❞❧② ❤❛✈✐♥❣ ♦♥❡s ♦♥ t❤❡



❢❡❡❞❜❛❝❦ ❜✐t ✇❡ ♣✉s❤ t❤❡ ❝❛rr② ✈❛❧✉❡ t♦ ♦♥❡✳ ❍♦✇❡✈❡r✱ ❢♦r t❤❡ ♠♦♠❡♥t ✇❡ ✐❣♥♦r❡
t❤✐s ❝❛s❡✳

❙✐♥❝❡ t❤❡ ❢❡❡❞❜❛❝❦ ❜✐t ✐s ❛ ❝♦♠♠♦♥ ✐♥♣✉t t♦ ❛❧❧ ❝❛rr✐❡s✱ t❤✐s ❤❛s ❛ ❞r❛♠❛t✐❝
❡✛❡❝t ♦♥ t❤❡ ❝❛rr✐❡s ✈❡❝t♦r C✳ ❲❡ ❦♥♦✇ t❤❛t C ❤❛s l = 82 ❛❝t✐✈❡ ❝❡❧❧s ✭❝❛rr②
❜✐ts✮ ❛♥❞ ✇❡ ❝❛♥ ❡①♣❡❝t t❤❛t ♦♥ ❛✈❡r❛❣❡ C ✇✐❧❧ ❤❛✈❡ ❛ ✇❡✐❣❤t ♦❢ 41✳ ❍♦✇❡✈❡r✱ t❤❡
✇❡✐❣❤t ✐s str♦♥❣❧② ❝♦rr❡❧❛t❡❞ t♦ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ❢❡❡❞❜❛❝❦ ❜✐t✳ ❊✈❡r② t✐♠❡ t❤❡
❢❡❡❞❜❛❝❦ ❜✐t ✐s ③❡r♦ ❛❧❧ ❝❡❧❧s ✐♥ C t❤❛t ❛r❡ ③❡r♦ ♠✉st r❡♠❛✐♥ ③❡r♦✱ ✇❤❡r❡❛s t❤♦s❡
✇✐t❤ ✈❛❧✉❡ ♦♥❡ ❤❛s ❛ ✺✵✪ ❝❤❛♥❝❡ ♦❢ ❜❡❝♦♠✐♥❣ ③❡r♦✳ ❙♦ ❛ ③❡r♦ ❢❡❡❞❜❛❝❦ ❜✐t ❛t t✐♠❡
t ❣✐✈❡s ❛ ❝❛rr✐❡s ✈❡❝t♦r ❛t t✐♠❡ t+1 ♦❢ r♦✉❣❤❧② ❤❛❧❢ t❤❡ ✇❡✐❣❤t ❝♦♠♣❛r❡❞ t♦ t✐♠❡
t✳ ❚❤✐s ❜❡❤❛✈✐♦r ✐s ❡❛s✐❧② ❝❤❡❝❦❡❞ ❜② ❥✉st r✉♥♥✐♥❣ t❤❡ ❣❡♥❡r❛t♦r ❛♥❞ ♦❜s❡r✈✐♥❣
t❤❡ ❝♦♥t❡♥ts ♦❢ C✳

❍❛✈✐♥❣ ❢♦✉♥❞ t❤✐s ❝r✉❝✐❛❧ ♦❜s❡r✈❛t✐♦♥✱ t❤❡ ❛tt❛❝❦ ❧♦♦❦s ❛❧♠♦st tr✐✈✐❛❧✳ ❲❡
❛ss✉♠❡ t❤❛t ✇❡ ❤❛✈❡ ❛ ♥✉♠❜❡r ♦❢ ❝♦♥s❡❝✉t✐✈❡ ❢❡❡❞❜❛❝❦ ❜✐ts ❛❧❧ ③❡r♦✳ ❚❤✐s ✇♦✉❧❞
♣✉s❤ t❤❡ ❝❛rr✐❡s r❡❣✐st❡r t♦ t❤❡ ❛❧❧ ③❡r♦ ❝♦♥t❡♥t✳ ❚❤❡♥ ✶✾ ♠♦r❡ ③❡r♦ ❢❡❡❞❜❛❝❦ ❜✐ts
t♦ ❦❡❡♣ C ③❡r♦ ❛❧❧ t❤❡ t✐♠❡✳ ❉✉r✐♥❣ t❤✐s t✐♠❡ t❤❡ ❣❡♥❡r❛t♦r ♦✉t♣✉ts ✷✵ ❜②t❡s✱ ♦r
✶✻✵ ❜✐ts✳ ❲❡ ❝❛♥ t❤✉s r❡❝♦♥str✉❝t t❤❡ ♠❛✐♥ r❡❣✐st❡r ❢r♦♠ ❦♥♦✇✐♥❣ t❤❡s❡ ✈❛❧✉❡s
❛♥❞ t❤❡ ❢❛❝t t❤❛t C ✐s ③❡r♦✳ ❚❤❡ ♦♥❧② ♣r♦❜❧❡♠ ✐s t❤❛t t❤✐s ❞♦❡s ♥♦t ✇♦r❦✳

✹ ❉❡s❝r✐❜✐♥❣ t❤❡ ❆tt❛❝❦

❚❤❡ ✉♥❞❡r❧②✐♥❣ ✐❞❡❛s ♦❢ t❤❡ ❛tt❛❝❦ ✇❡r❡ ❣✐✈❡♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ❍♦✇❡✈❡r✱
t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❝♦♥s❡❝✉t✐✈❡ ③❡r♦ ❢❡❡❞❜❛❝❦ ❜✐ts ✇♦✉❧❞ ♣✉s❤
t❤❡ ✇❡✐❣❤t ♦❢ C t♦ ③❡r♦ ✐s ✇r♦♥❣✳ ❇② s✐♠♣❧② r✉♥♥✐♥❣ t❤❡ ❣❡♥❡r❛t♦r ✇❡ ❝♦✉❧❞
s❡❡ t❤❛t t❤✐s ♥❡✈❡r ❤❛♣♣❡♥❡❞✳ ❖♥❝❡ ②♦✉ ❧♦♦❦ ❛t t❤❡ ❞❡t❛✐❧s✱ t❤❡r❡ ✐s ❛ s✐♠♣❧❡
❡①♣❧❛♥❛t✐♦♥ ❢♦r t❤✐s✳ ▲♦♦❦ ❛t t❤❡ ❋❈❙❘ ❛✉t♦♠❛t♦♥ ❛s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✷✱
❡s♣❡❝✐❛❧❧② t❤❡ ❧❛st ✭❧❡❛st s✐❣♥✐✜❝❛♥t✮ ❛❝t✐✈❡ ❝❡❧❧ c1 ❛♠♦♥❣ t❤❡ ❝❛rr✐❡s✳ ❆ss✉♠❡
t❤❛t t❤❡ ❢❡❡❞❜❛❝❦ ❜✐ts ❛r❡ ③❡r♦ ❢r♦♠ t✐♠❡ t t♦ t+ t0 ❛♥❞ t❤❡ ❢❡❡❞❜❛❝❦ ❜✐t ❛t t✐♠❡
t−1 ✇❛s ♦♥❡✳ ◆♦✇ s✐♥❝❡ t❤❡ ❢❡❡❞❜❛❝❦ ❜✐t ❛t t✐♠❡ t−1 ✇❛s ♦♥❡ ❛♥❞ t❤❡ ❢❡❡❞❜❛❝❦
❜✐ts ❛r❡ ③❡r♦ ❢r♦♠ t✐♠❡ t t♦ t + t0 t❤❡ ❧❛st ❝❛rr② ❛❞❞✐t✐♦♥ ♠✉st r❡t✉r♥ ③❡r♦ t♦
t❤❡ ♥❡①t ♠❛✐♥ r❡❣✐st❡r ❝❡❧❧✳ ❚❤✉s ✐t ♠✉st s❡t t❤❡ ❝❛rr② t♦ ♦♥❡✳ ◆♦✇✱ ✇❤❡♥ t❤❡
❝❛rr② ✐s ♦♥❡ t❤❡ ♦♥❧② ✇❛② ✇❡ ❝❛♥ ❤❛✈❡ ③❡r♦ ♦✉t♣✉t ❛♥❞ t❤✉s ③❡r♦ ❢❡❡❞❜❛❝❦ ✐s
✐❢ t❤❡ ♠❛✐♥ r❡❣✐st❡r ✐♥♣✉t t♦ t❤❡ ❧❛st ❝❛rr② ❛❞❞✐t✐♦♥ ✐s ♦♥❡✳ ❚❤✉s t❤❡ ❧❛st ❝❛rr②
❝❡❧❧ ✇✐❧❧ ♥❡✈❡r ❜❡ ♣✉s❤❡❞ t♦ ③❡r♦✱ ❛s ✇❡ ✐♥✐t✐❛❧❧② ❤♦♣❡❞✳ ❚❤❡ ❢❛❝t t❤❛t t❤❡ ❝❛rr②
✈❡❝t♦r ❛♥❞ t❤❡ ❢❡❡❞❜❛❝❦ ✇✐❧❧ ♥♦t ❜❡ ③❡r♦ ❢♦r s❡✈❡r❛❧ ❝♦♥s❡❝✉t✐✈❡ ❝❧♦❝❦ ❝②❝❧❡s ✇❛s
❛❝t✉❛❧❧② ♦❜s❡r✈❡❞ ✐♥ ❬✸❪✳ ■t ✇❛s s❤♦✇♥ t❤❛t t❤✐s s✐t✉❛t✐♦♥ ❝❛♥ ♥♦t ♦❝❝✉r ✐❢ t❤❡
❋❈❙❘ ❛✉t♦♠❛t❛ ❤❛s r❡❛❝❤❡❞ ❛ st❛t❡ ♦❢ t❤❡ ♠❛✐♥ ❝②❝❧❡✱ ✇❤✐❝❤ ✐s t❤❡ ❝❛s❡ ❢♦r ❛❧❧
♣r♦♣♦s❡❞ ❋✲❋❈❙❘ str❡❛♠ ❝✐♣❤❡rs✳

❍♦✇❡✈❡r✱ t❤✐s ✐s ♥♦t ❛ ♣r♦❜❧❡♠✳ ❲❡ s❧✐❣❤t❧② ♠♦❞✐❢② ♦✉r ❛♣♣r♦❛❝❤ ❛♥❞ t❤❡♥ ✐t
✇✐❧❧ ✇♦r❦✳ ❆s ✇❡ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✱ t❤❡ ❛❧❧ ③❡r♦ ❢❡❡❞❜❛❝❦ s❡q✉❡♥❝❡ ❝❛♥ ❛♣♣❡❛r ✐❢
t❤❡ ♠❛✐♥ r❡❣✐st❡r ✐♥♣✉t t♦ t❤❡ ❧❛st ❝❛rr② ❛❞❞✐t✐♦♥ ✐s t❤❡ ❛❧❧ ♦♥❡ s❡q✉❡♥❝❡ ❛♥❞ ✇❡
st❛rt ✇✐t❤ s❡tt✐♥❣ t❤❡ ❝❛rr② ❜✐t t♦ ♦♥❡✳ ❚❤❡♥ t❤❡ ❛❧❧ ③❡r♦ ❢❡❡❞❜❛❝❦ ✇✐❧❧ ♣✉s❤ t❤❡
✇❡✐❣❤t ♦❢ C t♦ ♦♥❡ ✭t❤❡ ❧❛st ❛❝t✐✈❡ ❝❛rr② ❝❡❧❧ ✐s ❛❧✇❛②s ♦♥❡✮✳ ❙♦ ✐t ✐s ♥❛t✉r❛❧ t♦
❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡✈❡♥t✳

❊✈❡♥t E③❡r♦ : C(t) = C(t + 1) = . . . = C(t + 19) = (0, 0, . . . , 0, 1, 0).



❲❤❡♥ t❤✐s ❤❛♣♣❡♥s ✇❡ ❦♥♦✇ t❤❛t ✇❡ ❤❛✈❡ ❤❛❞ ✷✵ ❝♦♥s❡❝✉t✐✈❡ ③❡r♦s ✐♥ t❤❡ ❢❡❡❞✲
❜❛❝❦ ❛♥❞ t❤❛t t❤❡ ❝❛rr② ❤❛s r❡♠❛✐♥❡❞ ❝♦♥st❛♥t ❢♦r ✷✵ t✐♠❡ ✐♥st❛♥❝❡s✳ ❯s✐♥❣ ♦✉r
♣r❡✈✐♦✉s ❛r❣✉♠❡♥ts ✇❡ ✇♦✉❧❞ t❤✐♥❦ t❤❛t ✇❡ ♥❡❡❞ ❛❜♦✉t log2 82 ≈ 7 ③❡r♦s ✐♥ t❤❡
❢❡❡❞❜❛❝❦ t♦ ♣✉s❤ t❤❡ ✇❡✐❣❤t ♦❢ C t♦ ✶ ❛♥❞ t❤❡♥ ❛♥ ❛❞❞✐t✐♦♥❛❧ ✶✾ ③❡r♦s ✐♥ t❤❡
❢❡❡❞❜❛❝❦ t♦ ❦❡❡♣ C ❝♦♥st❛♥t ❢♦r ✷✵ t✐♠❡ ✐♥st❛♥❝❡s✳ ❆ss✉♠✐♥❣ ❛ ✉♥✐❢♦r♠ ❞✐str✐✲
❜✉t✐♦♥ ♦♥ t❤❡ ❢❡❡❞❜❛❝❦ ❜✐ts t❤✐s ✇♦✉❧❞ ❧❡❛❞ t♦ ❛ ♣r♦❜❛❜✐❧✐t② ♦❢ ✈❡r② r♦✉❣❤❧② 2−26

❢♦r t❤❡ ❡✈❡♥t E③❡r♦ t♦ ❤❛♣♣❡♥✳ ❆s ✇❡ ✇✐❧❧ s❡❡ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥ ✐s ✐t ♣♦ss✐❜❧❡
t♦ ✉s❡ ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ st❛t❡ ✐♥ ♦r❞❡r t♦ ✐♥❝r❡❛s❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡
❛tt❛❝❦✳ ❋♦r ♥♦✇✱ ❧❡t ✉s ❥✉st ❛ss✉♠❡ t❤❛t ✇❡ ❦♥♦✇ ❤♦✇ t❤❡ ♠❛✐♥ r❡❣✐st❡r ▼ ❛t
t✐♠❡ t + 1, t + 2, . . . , t + 19 ❞❡♣❡♥❞s ♦♥ M(t) ❛♥❞ t❤❛t t❤✐s ❞❡♣❡♥❞❡♥❝② ✐s ❧✐♥❡❛r✳

❆ss✉♠✐♥❣ t❤❛t ❡✈❡♥t E③❡r♦ ♦❝❝✉rs✱ t❤❡ r❡♠❛✐♥✐♥❣ ♣❛rt ✐s t♦ r❡❝♦✈❡r t❤❡ ♠❛✐♥
r❡❣✐st❡r ❢r♦♠ t❤❡ ❣✐✈❡♥ ❦❡②str❡❛♠ ❜②t❡s z(t), z(t + 1), . . . , z(t + 19)✳ ❚❤✐s ✇✐❧❧
❧❡❛❞ t♦ ❛ ❧✐♥❡❛r s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ✇✐t❤ ✶✻✵ ❡q✉❛t✐♦♥s ✐♥ ✶✻✵ ✉♥❦♥♦✇♥s✳ ❚❤✐s
❝♦✉❧❞ ❜❛s✐❝❛❧❧② ❜❡ s♦❧✈❡❞ t❤r♦✉❣❤ ●❛✉ss✐❛♥ ❡❧✐♠✐♥❛t✐♦♥✱ ❝♦st✐♥❣ s♦♠❡t❤✐♥❣ ❧✐❦❡
1603 ♦♣❡r❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ❡q✉❛t✐♦♥s ❤❛✈❡ t❤❡ s♣❡❝✐❛❧ ❜②t❡
str✉❝t✉r❡ ❡①♣❧❛✐♥❡❞ ❜❡❢♦r❡✳ ❚❤❡r❡ ❛r❡ ✷✵ ❡q✉❛t✐♦♥s t❤❛t ♦♥❧② ✐♥❝❧✉❞❡ t❤❡ ♠❛✐♥
r❡❣✐st❡r ✈❛r✐❛❜❧❡s m0, m8, m16, . . . ,m152✱ t❤❡r❡ ❛r❡ ✷✵ ❡q✉❛t✐♦♥s t❤❛t ♦♥❧② ✐♥❝❧✉❞❡
m1, m9, m17, . . . ,m153✱ ❡t❝✳ ◆♦t❡ t❤❛t ✇❡ ❛r❡ ♦♥❧② s❤✐❢t✐♥❣ ✐♥ ③❡r♦s ✐♥ M ❞✉❡ t♦
t❤❡ ❛ss✉♠♣t✐♦♥✳

❙♦ ✐t ✐s ♠✉❝❤ ♠♦r❡ ❡✣❝✐❡♥t t♦ tr❡❛t ❡❛❝❤ ✷✵ ❜② ✷✵ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ✐♥✲
❞❡♣❡♥❞❡♥t❧②✳ ▲❡t ✉s ❞❡s❝r✐❜❡ t❤❡ r❡❝❡✐✈❡❞ s②st❡♠s ♦❢ ❧✐♥❡❛r ❡q✉❛t✐♦♥s ✐♥ ♠♦r❡
❞❡t❛✐❧✳ ❲❡ ❞❡♥♦t❡ t❤❡ ❧❡❛st s✐❣♥✐✜❝❛♥t ❜✐t ♦❢ z(t) ❜② z(t)0✱ t❤❡ ♥❡①t ❜✐t ❜② z(t)1
❡t❝✱ ✐✳❡✳✱ t❤❡ ♦✉t♣✉t ❜②t❡ z(t) ❛t t✐♠❡ t ✐s ❣✐✈❡♥ ❜②

z(t) = (z(t)7
︸ ︷︷ ︸

MSB

, z(t)6, z(t)5, z(t)4, z(t)3, z(t)2, z(t)1, z(t)0)
︸ ︷︷ ︸

LSB

. ✭✶✮

❚❤❡♥ t❤❡ ❧✐♥❡❛r ❡q✉❛t✐♦♥s ✐♥✈♦❧✈✐♥❣ t❤❡ ♠❛✐♥ r❡❣✐st❡r ❜✐ts mi ✇❤❡♥ i ≡ 0 mod 8
❛t t✐♠❡ t ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

z(t)0 = m8 ⊕ m24 ⊕ . . . ⊕ m136,

z(t + 1)7 = m24 ⊕ m40 ⊕ . . . ⊕ m152,

✳✳✳

z(t + 19)5 = m32 ⊕ m48 ⊕ . . . ⊕ m152.

❙✐♠✐❧❛r ❡q✉❛t✐♦♥s ❝♦♥t❛✐♥✐♥❣ ♦♥❧② t❤❡ ♠❛✐♥ r❡❣✐st❡r ❜✐ts mi s✉❝❤ t❤❛t i ≡ 1
mod 8 ❝❛♥ ❛❧s♦ ❜❡ ❧✐st❡❞✳ ❚❤❡ s❛♠❡ t❤❡♥ ❣♦❡s ❢♦r ❡q✉❛t✐♦♥s ✉s✐♥❣ ♦♥❧② mi ❜✐ts
✇❤❡♥ i ≡ 2 mod 8✱ ❡t❝✳ ❆❧t♦❣❡t❤❡r✱ ✇❡ ❝❛♥ ❢♦r s✐♠♣❧✐❝✐t② ✇r✐t❡

W0 = (z(t)0, z(t + 1)7, . . . , z(t + 19)5),

W1 = (z(t)1, z(t + 1)0, . . . , z(t + 19)6),

✳✳✳

W7 = (z(t)7, z(t + 1)6, . . . , z(t + 19)4).



❚❤❡ ✈❡❝t♦r ♦❢ ♠❛✐♥ r❡❣✐st❡r ✈❛❧✉❡s m0, m8, m16, . . . ,m152 ✐s ❞❡♥♦t❡❞ M̂0✳ ❚❤❡♥
✇❡ ❣❡t

W0 = M̂0P0, ✭✷✮

✇❤❡r❡ P0 ✐s ❛ ❦♥♦✇♥ ✷✵ ❜② ✷✵ ♠❛tr✐① ✭❞❡t❡r♠✐♥❡❞ ❢r♦♠ t❤❡ ✜❧t❡r F ✮✳ ❙✐♠✐❧❛r❧②✱
M̂i✱ 1 ≤ i ≤ 7 ✇✐❧❧ ❞❡♥♦t❡ t❤❡ ♠❛✐♥ r❡❣✐st❡r ✈❛r✐❛❜❧❡s (mi, mi+8, mi+16, . . . ,mi+152)✳
❲✐t❤ t❤✐s ♥♦t❛t✐♦♥ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ ❡✐❣❤t ✷✵ ❜② ✷✵ ❧✐♥❡❛r s②st❡♠s ♦❢ ❡q✉❛t✐♦♥s
❛s

W0 = M̂0P0,W1 = M̂1P1, . . . ,W7 = M̂7P7. ✭✸✮

❖❢ ❝♦✉rs❡✱ s♦♠❡ ❡q✉❛t✐♦♥s ♥❡❡❞ t♦ ❤❛✈❡ 1 ❛❞❞❡❞ t♦ t❤❡♠ s✐♥❝❡ ✇❡ ❤❛✈❡ t♦ ❝♦♠✲
♣❡♥s❛t❡ ❢♦r t❤❡ ❢❛❝t t❤❛t t❤❡ ❝❛rr② ✈❡❝t♦r ✐s ❣✐✈❡♥ ❛s C = (0, 0, . . . , 0, 1, 0)✳

❚❤❡ ✐❞❡❛ ✐s ♥♦✇ t♦ ♣r❡❝♦♠♣✉t❡✱ ❢♦r ❡❛❝❤ ❧✐♥❡❛r s②st❡♠✱ t❤❡ s♦❧✉t✐♦♥ M̂i ❢♦r
❡❛❝❤ ♣♦ss✐❜❧❡ ✈❛❧✉❡ ♦❢ t❤❡ ✈❡❝t♦r ♦❢ ❦❡②str❡❛♠ ❜✐ts Wi✳ ❚❤✐s ✇♦✉❧❞ r❡q✉✐r❡ ✽
t❛❜❧❡s ♦❢ s✐③❡ 220 ❡♥tr✐❡s✱ ❡❛❝❤ ❡♥tr② ❜❡✐♥❣ ❛ ✷✵ ❜✐t ✈❡❝t♦r✳ ❚❤♦✉❣❤✱ t❤❡ r❡❛❧ t✐♠❡
♣❤❛s❡ ✇✐❧❧ ❜❡ ♠♦r❡ ❡✣❝✐❡♥t ✐❢ ✷✵ ❜②t❡s ❛r❡ st♦r❡❞ ✐♥ ❡❛❝❤ ❡♥tr②✱ ❤❛✈✐♥❣ ✈❛❧✉❡s
♦♥❧② ✐♥ t❤❡ ❜✐t ♣♦s✐t✐♦♥s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❜✐ts ✐♥ M̂i✳ ❚❤❡♥ ❛ ❢✉❧❧ ❝❛♥❞✐❞❛t❡
st❛t❡ ❝❛♥ ❜❡ ❢♦✉♥❞ ❜② ❥✉st ❖❘✐♥❣ t♦❣❡t❤❡r t❤❡ ✽ s❛✈❡❞ ❝♦♥tr✐❜✉t✐♦♥s✳

❋✐♥❞✐♥❣ t❤❡ ♠❛✐♥ r❡❣✐st❡r ❝♦♥t❡♥t ✇♦✉❧❞ t❤❡♥ r❡q✉✐r❡ ♦♥❧② t♦ ❝♦♠♣✉t❡ t❤❡
✈❡❝t♦rs Wi✱ 0 ≤ i ≤ 7 ❢r♦♠ t❤❡ ❦❡②str❡❛♠ ❛♥❞ t❤❡♥ ✽ t❛❜❧❡ ❧♦♦❦✉♣s t♦ ❣❡t t❤❡
❝❛♥❞✐❞❛t❡ ♠❛✐♥ r❡❣✐st❡r st❛t❡✳ ❚❤❡ ♣❛rt ♦❢ ❛ ❝❛♥❞✐❞❛t❡ ♠❛✐♥ r❡❣✐st❡r st❛t❡ ❣✐✈❡♥
❜② Wi ✐s ❞❡♥♦t❡❞ ❚❆❇▲❊i[Wi]✳

❲❡ ❝❛♥ ♥♦t❡ t❤❛t t❤❡ Pi ♠❛tr✐❝❡s ❛r❡ ♥♦t ❛❧❧ ♦❢ ❢✉❧❧ r❛♥❦✳ ❚❤✐s ♠❡❛♥s t❤❛t ❢♦r
♦✉r t❛❜❧❡ ♦❢ s♦❧✉t✐♦♥s✱ s♦♠❡ Wi ✈❛❧✉❡s ✇✐❧❧ ❤❛✈❡ ♥♦ s♦❧✉t✐♦♥s ✇❤❡r❡❛s ♦t❤❡r ✈❛❧✉❡s
✇✐❧❧ ❤❛✈❡ ♠✉❧t✐♣❧❡ ✭❛ ♣♦✇❡r ♦❢ t✇♦✮ s♦❧✉t✐♦♥s✳ ❚❤✐s ❢❛❝t ✇✐❧❧ t❤❡♥ ❜❡ ❝♦♠❜✐♥❡❞ ♦✈❡r

❛❧❧ ✽ s②st❡♠s ♦❢ ❡q✉❛t✐♦♥s✱ ❧❡❛❞✐♥❣ t♦ ❛ t♦t❛❧ ♥✉♠❜❡r ♦❢ S =
∏7

i=0
si s♦❧✉t✐♦♥s✱

✇❤❡r❡ si ✐s t❤❡ ♥✉♠❜❡r ♦❢ s♦❧✉t✐♦♥s t♦ t❤❡ it❤ s②st❡♠✳ ❚❤✉s ❚❆❇▲❊i[Wi] r❡t✉r♥s
❛ s❡t ♦❢ ③❡r♦ ♦r ♠♦r❡ s♦❧✉t✐♦♥s✳

■♥ ♦✉r ❝❛s❡ t❤✐s ♣r♦♣❡rt② ✇✐❧❧ ✐♥❝r❡❛s❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❛tt❛❝❦ ❜❡❝❛✉s❡ ✐❢ ✇❡
❣❡t ❛ ✈❛❧✉❡ W0 ❢♦r ✇❤✐❝❤ ❚❆❇▲❊0[W0] r❡t✉r♥s ♥♦ s♦❧✉t✐♦♥s ✇❡ ❝❛♥ ✐♠♠❡❞✐❛t❡❧②
st♦♣ ❛♥❞ ❝♦♥❝❧✉❞❡ t❤❛t ♦✉r ❛ss✉♠♣t✐♦♥ ♦❢ ❡✈❡♥t E③❡r♦ ✇❛s ✇r♦♥❣✳

❲❡ ♥♦✇ s✉♠♠❛r✐③❡ ♦✉r ❛tt❛❝❦ ❛s ❢♦❧❧♦✇s✳

✵✳ ❢♦r t = 1 t♦ Tmax ❞♦
✶✳ ❙❡❧❡❝t t❤❡ ✷✵ ❝♦♥s❡❝✉t✐✈❡ ♦✉t♣✉t ❜②t❡s z(t), z(t + 1), . . . , z(t + 19)✳

❢♦r i = 0 t♦ 7
❈♦♠♣✉t❡ Wi

✐❢ ❚❆❇▲❊i[Wi] ❤❛s ♥♦ s♦❧✉t✐♦♥s
❣♦ t♦ ✵✳

❡❧s❡

st♦r❡ ❛❧❧ ♣♦ss✐❜❧❡ ✈❛❧✉❡s ❢♦r M̂i✳
❡♥❞ ❢♦r

✸✳ ✧❈❤❡❝❦ ❝❛♥❞✐❞❛t❡ st❛t❡s✧✿ ❚❡st ❛❧❧ ♣♦ss✐❜❧❡ ✈❛❧✉❡s ♦❢ (M̂0, M̂1, . . . , M̂7)✱
❜② ❝❤❡❝❦✐♥❣ ✐❢ ❛ ❝❛♥❞✐❞❛t❡ ✈❛❧✉❡ ❣❡♥❡r❛t❡s z(t + 20), z(t + 21), . . . .

✹✳ ❣♦ t♦ ✵✳



✺ ■♠♣r♦✈✐♥❣ t❤❡ ❆tt❛❝❦ ❈♦♠♣❧❡①✐t②

■♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ✇❡ ❛ss✉♠❡❞ t❤❛t t❤❡ ❝❛rr② ✈❡❝t♦r ✇❛s ✜①❡❞ t♦ C(t) =
C(t + 1) = . . . = C(t + 19) = (0, 0, . . . , 0, 1, 0) ❢♦r ❛❧❧ ❝♦♥s✐❞❡r❡❞ t✐♠❡ ✐♥st❛♥❝❡s✳
❍♦✇❡✈❡r ✇❡ ♥♦t❡ t❤❛t t❤✐s ✐s ♥♦t ♥❡❝❡ss❛r②✳ ❆s ❧♦♥❣ ❛s ✇❡ ❝❛♥ ❡①♣r❡ss t❤❡ ♦✉t♣✉t
❜✐ts ✐♥ z(t), z(t+1), . . . , z(t+19) ❛s ❧✐♥❡❛r ❡q✉❛t✐♦♥s ✐♥ t❤❡ ♠❛✐♥ r❡❣✐st❡r ✈❛r✐❛❜❧❡s
❛t t✐♠❡ t✱ t❤❡ ❛tt❛❝❦ ✇✐❧❧ ✇♦r❦✳

❉❡♥♦t❡ t❤❡ st❛t❡ ❛t t✐♠❡ t ❛s (M,C)(t) ❛♥❞ ❧❡t x r❡♣r❡s❡♥t ❜✐ts ✐♥ t❤❡ st❛t❡
t❤❛t t❤❡ ♦✉t♣✉t ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢✳ ▲❡t ❄ r❡♣r❡s❡♥t ❜✐ts
t❤❛t ✇❡ ❞♦ ♥♦t ♥❡❡❞ t♦ ❦♥♦✇ t❤❡ ✈❛❧✉❡ ♦❢✳ ❆ss✉♠❡ t❤❛t t❤❡ st❛t❡ (M,C)(t) ✐s
❣✐✈❡♥ ❜②

(M,C)(t) = (xx . . . xx0 11 . . . 11
︸ ︷︷ ︸

16

00, 000 . . . 0010).

❚❤❡♥✱ t❤❡ st❛t❡ ✇✐❧❧ ❜❡ ✉♣❞❛t❡❞ ❛s

(M,C)(t + 1) = (xx . . . xx0 11 . . . 11
︸ ︷︷ ︸

15

00, 000 . . . 0010),

(M,C)(t + 2) = (xx . . . xx0 11 . . . 11
︸ ︷︷ ︸

14

00, 000 . . . 0010),

✳✳✳

(M,C)(t + 15) = (xxxxxxxx . . . xx0100, 000 . . . 0010),

(M,C)(t + 16) = (xxxxxxxx . . . xxx000, 000 . . . 0010),

(M,C)(t + 17) = (xxxxxxxx . . . xxxx10, 000 . . . 0000),

(M,C)(t + 18) = (xxxxxxxx . . . xxxxx1, 000 . . . 0000),

(M,C)(t + 19) = (xxxxxxxx . . . xxxxxx, ???????????).

❚❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ❢r♦♠ t❤❡ ❝❛s❡ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ✐s t❤❛t ✇❡
s❤♦✉❧❞ ♥♦t ❝♦♠♣❡♥s❛t❡ ❢♦r t❤❡ ❝❛rr② ❜✐t ✇❤❡♥ ❝♦♠♣✉t✐♥❣ t❤❡ st❛t❡ (M,C)(t + 18)
❛♥❞ ✇❡ ♥❡❡❞ t♦ ❝♦♠♣❡♥s❛t❡ ❢♦r t❤❡ 1 ✐♥ t❤❡ ❢❡❡❞❜❛❝❦ ✇❤❡♥ ❝♦♠♣✉t✐♥❣ t❤❡ st❛t❡
(M,C)(t + 19)✳ ◆♦t❡ t❤❛t t❤❡ ❢❡❡❞❜❛❝❦ ✉s❡❞ ✇❤❡♥ ❝❛❧❝✉❧❛t✐♥❣ (M,C)(t + 19)
✇✐❧❧ ❝❛✉s❡ t❤❡ ❝❛rr② ✈❡❝t♦r t♦ ❜❡ ✉♥♣r❡❞✐❝t❛❜❧❡✳ ❍♦✇❡✈❡r✱ ♦♥❧② M(t+19) ✐s ✉s❡❞
t♦ ❡①tr❛❝t z(t + 19) ❛♥❞ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ❝❛rr② ✈❡❝t♦r ❤❡r❡ ✐s ♥♦t ♥❡❝❡ss❛r②✳
❯s✐♥❣ t❤❡s❡ ♦❜s❡r✈❛t✐♦♥s✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t ✇❡ ♦♥❧② r❡q✉✐r❡ t❤❡ ❝❛rr② ✈❡❝t♦r
t♦ t❛❦❡ t❤❡ ✈❛❧✉❡ (0, 0, . . . , 0, 1, 0) ❛t ❧❡❛st ✶✼ ❝♦♥s❡❝✉t✐✈❡ t✐♠❡ ✐♥st❛♥❝❡s✳ ❚❤✉s✱
✇❡ ✉♣❞❛t❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ E③❡r♦ t♦

❊✈❡♥t E③❡r♦ : C(t) = C(t + 1) = . . . = C(t + 16) = (0, 0, . . . , 0, 1, 0).

❚❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ E③❡r♦ ❤❛s ❜❡❡♥ s✐♠✉❧❛t❡❞ ✉s✐♥❣ ✐♥ t♦t❛❧ ✷ ❚❇ ❞❛t❛ ❛♥❞ ✷✵✵✵
❞✐✛❡r❡♥t ❦❡②s ❛♥❞ ✐s ❡st✐♠❛t❡❞ t♦ ❜❡

P (E③❡r♦) = 2−25.3. ✭✹✮

❚❤✉s✱ ✇❡ ✇♦✉❧❞ ❡①♣❡❝t t❤❛t ✇❡ ♥❡❡❞ ♦♥ ❛✈❡r❛❣❡ 225.3 ❜②t❡s ♦❢ ❦❡②str❡❛♠ t♦
r❡❝♦✈❡r t❤❡ st❛t❡✳



❚❤❡ ❛tt❛❝❦ ✉s✐♥❣ t❤❡ ♦❜s❡r✈❛t✐♦♥s ❢r♦♠ t❤✐s s❡❝t✐♦♥ ❤❛s ❜❡❡♥ ❢✉❧❧② ✐♠♣❧❡✲
♠❡♥t❡❞✳ ❚❤❡ ❧♦✇ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❛tt❛❝❦ ❛❧❧♦✇s ✐t t♦ ❜❡ s✐♠✉❧❛t❡❞ t❛r❣❡t✐♥❣
t❤❡ ❢✉❧❧ ✈❡rs✐♦♥ ♦❢ ❋✲❋❈❙❘✲❍ ✈✷✳ ❯s✐♥❣ ✺✵✵✵ r❛♥❞♦♠ ❦❡②s✱ t❤❡ st❛t❡ ✇❛s r❡❝♦✈✲
❡r❡❞ ✉s✐♥❣ ♦♥ ❛✈❡r❛❣❡ 224.7 ❜②t❡s ♦❢ ❦❡②str❡❛♠✳ ❚❤❡ s✉❝❝❡ss r❛t❡ ✇❛s ✶✵✵✪✳ ❚❤❡
s❧✐❣❤t❧② ❧♦✇❡r ❛♠♦✉♥t ♦❢ ❦❡②str❡❛♠ ✇❤✐❝❤ ✇❛s ♦❜s❡r✈❡❞ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❡①♣❡❝t❡❞
❛♠♦✉♥t ❝❛♥ ❡❛s✐❧② ❜❡ ❛❝❝♦✉♥t❡❞ ❢♦r✳ ❋♦r ❡❛❝❤ st❛t❡ t❤❡r❡ ❛r❡ ♠❛♥② ❡q✉✐✈❛❧❡♥t
st❛t❡s ❛♥❞ s♦♠❡t✐♠❡s ♦♥❡ ♦❢ t❤❡s❡ ❡q✉✐✈❛❧❡♥t st❛t❡s ✐s r❡❝♦✈❡r❡❞✳ ❆s ❛♥ ❡①❛♠♣❧❡✱ ✐❢
C(t) = C(t + 1) = C(t + 15) = (0, 0, . . . , 0, 1, 0) ❜✉t C(t− 1) 6= (0, 0, . . . , 0, 1, 0)✱
t❤❡♥ (M,C)t−1 ❝❛♥ ❜❡ r❡❝♦✈❡r❡❞ ✐❢ ✐t ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛♥♦t❤❡r st❛t❡ (M′,C′)
✇✐t❤ C

′ = (0, 0, . . . , 0, 1, 0)✳ ❙✐♥❝❡ t❤❡ t✇♦ st❛t❡s ✇✐❧❧ ♠❡r❣❡ ❛❢t❡r ❛ ❢❡✇ ❝❧♦❝❦s✱
t❤❡ ❛tt❛❝❦ ✇✐❧❧ ❛❧s♦ r❡❝♦✈❡r t❤❡ r❡❛❧ st❛t❡✳

❆ s❧✐❣❤t ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ❛tt❛❝❦ ✐s ❛❝❤✐❡✈❡❞ ❜② ♥♦t✐♥❣ t❤❛t ✇❡ ❝❛♥ ❛❧s♦ ❧♦♦❦
❛t t❤❡ s✐t✉❛t✐♦♥ ✇❤❡♥ t❤❡ ❝❛rr② ✈❡❝t♦r ✐s ♦♥❡ ✐♥ ❛❧❧ ❛❝t✐✈❡ ♣♦s✐t✐♦♥s ❡①❝❡♣t t❤❡ ❧❛st✳
❚❤❡ r❡q✉✐r❡❞ ❦❡②str❡❛♠ ❧❡♥❣t❤ ✇✐❧❧ ❜❡ ❤❛❧✈❡❞✱ ❜✉t t❤❡ ❛tt❛❝❦ t✐♠❡ ✇✐❧❧ r❡♠❛✐♥
✉♥❝❤❛♥❣❡❞✳ ❚❤❡ s❛♠❡ s✐♠✉❧❛t✐♦♥ ✇❛s ♣❡r❢♦r♠❡❞ ✇✐t❤ t❤✐s ✐♠♣r♦✈❡♠❡♥t ❛♥❞ ❛s
❡①♣❡❝t❡❞ t❤❡ st❛t❡ ✇❛s r❡❝♦✈❡r❡❞ ✉s✐♥❣ ♦♥ ❛✈❡r❛❣❡ 223.7 ❜②t❡s ♦❢ ❦❡②str❡❛♠✳

✻ ❘❡❝♦✈❡r✐♥❣ t❤❡ ❦❡②

❲❡ ❤❛✈❡ ❞❡s❝r✐❜❡❞ ❛ st❛t❡ r❡❝♦✈❡r② ❛tt❛❝❦ t❤❛t ❝♦♠♣❧❡t❡❧② ❜r❡❛❦s ❋✲❋❈❙❘✲❍✳
❲❡ ♥♦✇ ♦✉t❧✐♥❡ ❤♦✇ ✇❡ ❝❛♥ ❛❧s♦ ❞❡r✐✈❡ t❤❡ ❦❡② ❢r♦♠ ❛ ❦♥♦✇♥ st❛t❡ ❛t ❛♥② t✐♠❡
t✳ ■♥ ♦r❞❡r t♦ s❤♦rt❧② ❞❡s❝r✐❜❡ t❤✐s✱ ✇❡ r❡❝❛❧❧ t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ ❢r♦♠ t❤❡ ❞❡s✐❣♥
❞♦❝✉♠❡♥t ✭r❡❢❡r❡♥❝❡ ❝♦❞❡✮✳ ■♥♣✉ts t♦ t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ ❛r❡ ❛ ❦❡② K ♦❢ ❧❡♥❣t❤ ✽✵
❜✐ts ❛♥❞ ❛♥ ■❱ ♦❢ ❧❡♥❣t❤ v ≤ 80 ❜✐ts✳ ❋♦r s✐♠♣❧✐❝✐t② ✇❡ ✜① t❤❡ ■❱ ❧❡♥❣t❤ t♦ ✽✵
❜✐ts✳
❑❡②✰■❱ s❡t✉♣✿

✶✳ ❚❤❡ ♠❛✐♥ r❡❣✐st❡r M ✐s ✐♥✐t✐❛❧✐③❡❞ ✇✐t❤ ❦❡② ❛♥❞ ■❱ ❜②

M = K + 280IV = (IV ||K),

❛♥❞ t❤❡ ❝❛rr✐❡s r❡❣✐st❡r C = 0✳
✷✳ ❆ ❧♦♦♣ ✐s ✐t❡r❛t❡❞ ✷✵ t✐♠❡s✳ ❊❛❝❤ ✐t❡r❛t✐♦♥ ♦❢ t❤✐s ❧♦♦♣ ❝♦♥s✐sts ✐♥ ❝❧♦❝❦✐♥❣

t❤❡ ❋❈❙❘ ❛♥❞ t❤❡♥ ❡①tr❛❝t✐♥❣ ❛ ♣s❡✉❞♦r❛♥❞♦♠ ❜②t❡ Si(0 ≤ i ≤ 19) ✉s✐♥❣
t❤❡ ✜❧t❡r✳

✸✳ ❚❤❡ ♠❛✐♥ r❡❣✐st❡r M ✐s r❡✐♥✐t✐❛❧✐③❡❞ ✇✐t❤ t❤❡s❡ ❜②t❡s✿

M = (S19, S18, . . . , S0),

❛♥❞ C = 0✳
✹✳ ❚❤❡ ❋❈❙❘ ✐s ❝❧♦❝❦❡❞ ✶✻✷ t✐♠❡s ✭♦✉t♣✉t ✐s ❞✐s❝❛r❞❡❞✮✳

❑❡②str❡❛♠ ❣❡♥❡r❛t✐♦♥✿

❑❡②str❡❛♠ ✐s ♣r♦❞✉❝❡❞ ❜② ✜rst ❝❧♦❝❦✐♥❣ t❤❡ ❋❈❙❘✱ t❤❡♥ ❡①tr❛❝t✐♥❣ ♦♥❡ ♣s❡✉❞♦✲
r❛♥❞♦♠ ❜②t❡ ✉s✐♥❣ ✜❧t❡r ❋ ❛s ❞❡s❝r✐❜❡❞ ❜❡❢♦r❡✳



▲❡t ✉s ❛ss✉♠❡ t❤❛t t✐♠❡ t = 0 ❛♣♣❡❛rs ❞✐r❡❝t❧② ❛❢t❡r ✸✳ ✐♥ t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥
❛❜♦✈❡✱ ✐✳❡✳✱

M(0) = (S19, S18, . . . , S0).

❘❡❝❛❧❧ ❢r♦♠ ❙❡❝t✐♦♥ ✷ t❤❛t ❡✈❡r② st❛t❡ (M,C) ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛♥ ✐♥t❡❣❡r p✱
1 ≤ p ≤ |q|✱ ❛s t❤❡ st❛t❡ ❣❡♥❡r❛t❡ t❤❡ 2✲❛❞✐❝ ❡①♣❛♥s✐♦♥ ♦❢ p/q✱ ✇❤❡r❡ p = M +2C✳
▲❡t ✉s ✇r✐t❡ t❤❡ ✈❛❧✉❡ ♦❢ p ❛t t✐♠❡ t ❛s p(t)✳

◆♦✇ ❛ss✉♠❡ t❤❛t ✇❡ ❤❛✈❡ r❡❝♦✈❡r❡❞ t❤❡ st❛t❡ M ❛♥❞ t❤❡ ❝❛rr✐❡s r❡❣✐st❡r
C ❛t s♦♠❡ t✐♠❡ t✳ ❙♦ p(t) ✐s ❦♥♦✇♥✳ ❚❤✉s p(0) ❝❛♥ ❜❡ ❞❡r✐✈❡❞ s✐♥❝❡ p(0) =
p(t) · 2t mod q✳ ❚❤✐s ❣✐✈❡s ✉s ❦♥♦✇❧❡❞❣❡ ♦❢ M(0) = (S19, S18, . . . , S0)✱ s✐♥❝❡ t❤❡
❝❛rr✐❡s r❡❣✐st❡r ❛t t✐♠❡ ✵ ✇❛s 0✳

❘❡❝❛❧❧ t❤❛t (S19, S18, . . . , S0) ✇❛s t❤❡ ♦✉t♣✉t ❢r♦♠ ❋✲❋❈❙❘✲❍ ✇❤❡♥ t❤❡ ♠❛✐♥
r❡❣✐st❡r ✇❛s ✐♥✐t✐❛❧✐③❡❞ ✇✐t❤ ■❱ ❛♥❞ ❦❡② ❜✐ts ✇✐t❤ C = 0✳ ■❢ ✇❡ ❢♦r s✐♠♣❧✐❝✐t②
❛ss✉♠❡ t❤❛t IV = 0✱ t❤❡♥ t❤❡ r❡♠❛✐♥✐♥❣ ♣r♦❜❧❡♠ ✐s t♦ r❡❝♦♥str✉❝t t❤❡ ❦❡② ❜✐ts✳
❲❡ ❣✐✈❡ ❛ r♦✉❣❤ ♦✉t❧✐♥❡ ♦♥ ❤♦✇ s✉❝❤ ❛ r❡❝♦♥str✉❝t✐♦♥ ❝♦✉❧❞ ❜❡ ❞♦♥❡✳ ❆ ♠♦r❡
❝❛r❡❢✉❧ ❛♥❛❧②s✐s ♠✐❣❤t r❡✈❡❛❧ ♠♦r❡ ❡✣❝✐❡♥t ✇❛②s t♦ s♦❧✈❡ t❤❡ ♣r♦❜❧❡♠✳

❚❤❡ ♠❛✐♥ r❡❣✐st❡r st❛rts ❛s M = (080||k79k78 . . . k1k0) ❛♥❞ C = 0✳ ❚❤❡ ❋❈❙❘
✐s ❝❧♦❝❦❡❞ ♦♥❝❡ ❜❡❢♦r❡ ❛♥② ♦✉t♣✉t✳

❲❡ st❛rt ❜② ❣✉❡ss✐♥❣ t❤❡ ✜rst ✽ ❦❡② ❜✐ts k7, k6, . . . , k0 t❤❛t ❝♦♥tr♦❧ t❤❡ ❢❡❡❞✲
❜❛❝❦ t❤❡ ✜rst ✽ ♦✉t♣✉t ❜②t❡s✳ ❲✐t❤ ❦♥♦✇♥ ❢❡❡❞❜❛❝❦ ✇❡ ❝❛♥ ❞❡s❝r✐❜❡ ❤♦✇ ❡✈❡r②
st❛t❡ ❜✐t ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ ❛❧❣❡❜r❛✐❝ ❢♦r♠✳ ◆♦t❡ t❤❛t ❛s ❧♦♥❣ ❛s ✇❡ ❤❛✈❡ ③❡r♦
❢❡❡❞❜❛❝❦ t❤❡ ❝❛rr✐❡s r❡❣✐st❡r r❡♠❛✐♥ ③❡r♦ ❛♥❞ ✇❡ ❥✉st ❣❡t ❧✐♥❡❛r ❡q✉❛t✐♦♥s ❢r♦♠
t❤❡ ♦✉t♣✉t ❜②t❡s✳ ❚❤❡ ♥♦♥❧✐♥❡❛r✐t② st❛rts t♦ ❣r♦✇ ✇❤❡♥ ❢❡❡❞❜❛❝❦ ✐s ♦♥❡✳ ❙♦ ❛s✲
s✉♠✐♥❣ t❤❛t t❤❡ ✜rst ❢❡❡❞❜❛❝❦ ❜✐t ✐s ♦♥❡✱ ✇❡ ❝❛♥ ❡①❛♠✐♥❡ t❤❡ ❡q✉❛t✐♦♥s ❢r♦♠ t❤❡
♦✉t♣✉t ❜②t❡s✳

❙✐♠✐❧❛r❧② ❛s ❜❡❢♦r❡✱ ❧❡t K̂0 = (k0, k8, . . . , k72)✱ K̂1 = (k1, k9, . . . , k73)✱ ❡t❝✳ ▲❡t
Li(K̂i) ❞❡♥♦t❡ s♦♠❡ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ ♦❢ ✈❛r✐❛❜❧❡s ✐♥ K̂i ❛♥❞ ❧❡t Ci(K̂i1

, K̂i2
, . . . , K̂in

)
❞❡♥♦t❡ s♦♠❡ ♥♦♥❧✐♥❡❛r ❢✉♥❝t✐♦♥ ♦❢ ✈❛r✐❛❜❧❡s ✐♥ K̂i1

, K̂i2
, . . . , K̂in

✳ ❚❤❡♥ t❤❡ r❡✲
❝❡✐✈❡❞ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ✜rst ♦✉t♣✉t ❜②t❡ ❤❛✈❡ t❤❡ ❢♦r♠

(S0)7 = L0(K̂0),

(S0)1 = L1(K̂1),

✳✳✳
✳✳✳

(S0)6 = L7(K̂7).

❚❤❡ ♥❡①t ♦✉t♣✉t ❜②t❡ ✐s ✇r✐tt❡♥

(S1)6 = L8(K̂0) + C8(K̂7),

(S1)7 = L9(K̂1) + C9(K̂0),

✳✳✳
✳✳✳

(S1)5 = L15(K̂7) + C15(K̂6),



❛♥❞ t❤❡♥

(S2)5 = L16(K̂0) + C16(K̂6, K̂7),

(S2)6 = L17(K̂1) + C17(K̂7, K̂0),

✳✳✳
✳✳✳

(S2)4 = L23(K̂7) + C23(K̂5, K̂6),

❛♥❞ s♦ ♦♥✳ ❚❤❡ ❧❛st ♦♥❡ ✇❡ ✉s❡ ✐s

(S7)0 = L56(K̂0) + C56(K̂1, . . . , K̂6, K̂7),

(S7)6 = L57(K̂1) + C57(K̂2, . . . , K̂7, K̂0),

✳✳✳
✳✳✳

(S7)4 = L63(K̂7) + C63(K̂0, . . . , K̂5, K̂6).

❲❤❡♥ K̂i ❛♣♣❡❛rs ✐♥ t❤❡ ❧✐♥❡❛r ❡①♣r❡ss✐♦♥ ❜✉t ♥♦t ✐♥ t❤❡ ♥♦♥❧✐♥❡❛r ❡①♣r❡ss✐♦♥
✐♥ ❛♥ ❡q✉❛t✐♦♥✱ ✇❡ ❝❛♥ ✉s❡ t❤❡ ❡q✉❛t✐♦♥ t♦ ❡❧✐♠✐♥❛t❡ ♦♥❡ ✈❛r✐❛❜❧❡✳ ❙t❛rt✐♥❣
✇✐t❤ K̂7 ✇❡ ❤❛✈❡ 8 s✉❝❤ ❡q✉❛t✐♦♥s✳ ❙✐♥❝❡ ✇❡ ❣✉❡ss❡❞ t❤❡ ✜rst ❦❡② ❜②t❡ K̂7

❝♦♥t❛✐♥s ✾ ✉♥❦♥♦✇♥ ✈❛r✐❛❜❧❡s✳ ❇② ❧❡❛✈✐♥❣ ♦r ❣✉❡ss✐♥❣ ♦♥❡ ❜✐t ✐♥ K̂7 ✇❡ ❝❛♥
❞❡r✐✈❡ t❤❡ r❡♠❛✐♥✐♥❣ ♦♥❡s ❛s ❢✉♥❝t✐♦♥s C(K̂0, . . . , K̂5, K̂6)✳ ❚❤❡s❡ ❢✉♥❝t✐♦♥s ❛r❡
✐♥s❡rt❡❞ ✐♥st❡❛❞ ♦❢ K̂7 ✈❛r✐❛❜❧❡s ✐♥ t❤❡ r❡♠❛✐♥✐♥❣ ❡q✉❛t✐♦♥s✳ ❚❤❡♥ ❡①❛♠✐♥✐♥❣ t❤❡
❡q✉❛t✐♦♥s ❛♥❞ ❧♦♦❦✐♥❣ ❢♦r t❤♦s❡ ✇✐t❤ K̂6 ♦♥❧② ✐♥ t❤❡ ❧✐♥❡❛r ♣❛rt ❣✐✈❡s 7 ♠♦r❡
❡q✉❛t✐♦♥s t❤❛t ❝❛♥ ❜❡ ✉s❡❞ t♦ ❡❧✐♠✐♥❛t❡ K̂6 ✈❛r✐❛❜❧❡s✳ ❚❤❡♥ t❤❡ s❛♠❡ ❢♦r K̂5

❣✐✈❡s 6 ♠♦r❡ ❡q✉❛t✐♦♥s ❡t❝✳ ❆❧t♦❣❡t❤❡r ✇❡ ❝❛♥ r❡♠♦✈❡ ✸✻ ✈❛r✐❛❜❧❡s ✐♥ t❤✐s ✇❛②
❛♥❞ ✇❡ ❤❛✈❡ t♦ ❞♦ ❛ ✇♦r❦ ❡✛♦rt ♦❢ tr②✐♥❣ 244 ❝❤♦✐❝❡s ♦❢ ❝❡rt❛✐♥ ❦❡② ❜✐ts✳ ❚❤❡
❛❧❣❡❜r❛✐❝ ❡①♣r❡ss✐♦♥s ✇❡ ♥❡❡❞ t♦ t❡st ❝❛♥ ❜❡ ♣r❡❝♦♠♣✉t❡❞✳ ❖❜s❡r✈❡ t❤❛t ✐❢ t❤❡
✜rst ❢❡❡❞❜❛❝❦ ❜✐t ✐s ③❡r♦ ✭♣r♦❜❛❜✐❧✐t② ✶✴✷✮ t❤❡ ❝♦♠♣❧❡①✐t② ❞r♦♣s t♦ 236✱ t✇♦ ③❡r♦
❢❡❡❞❜❛❝❦ ❜✐ts ❣✐✈❡ ❝♦♠♣❧❡①✐t② 228✱ ❡t❝✳

❚❤❡ ❦❡② r❡❝♦✈❡r② ♣❛rt ❤❛s ♥♦t ❜❡❡♥ ❢✉❧❧② ✐♠♣❧❡♠❡♥t❡❞ ❜✉t t❤❡ ❣✐✈❡♥ ❛r❣✉✲
♠❡♥ts s❤♦✇ t❤❛t ❛❧s♦ ❦❡② r❡❝♦✈❡r② ❝❛♥ ❜❡ ❞♦♥❡ ✇✐t❤ ❧♦✇ ❝♦♠♣❧❡①✐t②✳

✼ ❈♦♥❝❧✉s✐♦♥s

❲❡ ❤❛✈❡ ❣✐✈❡♥ ❛ ✈❡r② str♦♥❣ ❛tt❛❝❦ ♦♥ t❤❡ ❋✲❋❈❙❘✲❍ str❡❛♠ ❝✐♣❤❡r✱ ❛ ❝✐♣❤❡r
t❤❛t ❤❛s ❜❡❡♥ s❡❧❡❝t❡❞ ❢♦r t❤❡ ❡❙❚❘❊❆▼ ♣♦rt❢♦❧✐♦✳ ❚❤❡ st❛t❡ r❡❝♦✈❡r② ❛tt❛❝❦
❤❛s ❜❡❡♥ ❢✉❧❧② ✐♠♣❧❡♠❡♥t❡❞ t♦ ❛tt❛❝❦ ❋✲❋❈❙❘✲❍ ✉s✐♥❣ t❤❡ ❞❡s✐❣♥❡rs r❡❢❡r❡♥❝❡
❝♦❞❡✳ ■t s✉❝❝❡❡❞s ✐♥ ❛ ❢❡✇ s❡❝♦♥❞s ✉s✐♥❣ ♦♥ ❛✈❡r❛❣❡ 223.7 ❜②t❡s ✭≈ 13 ▼❜②t❡✮ ♦❢
❦❡②str❡❛♠✳

❚❤❡ ✇❡❛❦♥❡ss t❤❛t ✇❛s ❡①♣❧♦✐t❡❞ ✐s t❤❛t t❤❡ ❋❈❙❘ ❛✉t♦♠❛t❛ s♦♠❡t✐♠❡s
t❡♠♣♦r❛r✐❧② ✭❛❧♠♦st✮ ❜❡❤❛✈❡s ❛s ❛ r❡❣✉❧❛r ▲❋❙❘✳ ❚♦❣❡t❤❡r ✇✐t❤ t❤❡ ❢❛❝t t❤❛t
t❤❡ ♦✉t♣✉t ✜❧t❡r ✐s ❧✐♥❡❛r✱ t❤❡ ❝♦♠♣❧❡t❡ ❝✐♣❤❡r ❜❡❝❛♠❡ t❡♠♣♦r❛r✐❧② ❧✐♥❡❛r✱ ✇❤✐❝❤
❛❧❧♦✇❡❞ ✉s t♦ r❡❝♦✈❡r t❤❡ ✐♥t❡r♥❛❧ st❛t❡✳



❘❡❢❡r❡♥❝❡s

✶✳ ❋✳ ❆r♥❛✉❧t ❛♥❞ ❚✳ ❇❡r❣❡r✳ ❋✲❋❈❙❘✿ ❉❡s✐❣♥ ♦❢ ❛ ♥❡✇ ❝❧❛ss ♦❢ str❡❛♠ ❝✐♣❤❡rs✳ ■♥
❍✳ ●✐❧❜❡rt ❛♥❞ ❍✳ ❍❛♥❞s❝❤✉❤✱ ❡❞✐t♦rs✱ ❋❛st ❙♦❢t✇❛r❡ ❊♥❝r②♣t✐♦♥ ✷✵✵✺✱ ✈♦❧✉♠❡ ✸✺✺✼
♦❢ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ♣❛❣❡s ✽✸✕✾✼✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✷✵✵✺✳

✷✳ ❋✳ ❆r♥❛✉❧t✱ ❚✳ ❇❡r❣❡r✱ ❛♥❞ ❈✳ ▲❛✉r❛❞♦✉①✳ ❯♣❞❛t❡ ♦♥ ❋✲❋❈❙❘ str❡❛♠ ❝✐✲
♣❤❡r✳ ❡❙❚❘❊❆▼✱ ❊❈❘❨P❚ ❙tr❡❛♠ ❈✐♣❤❡r Pr♦❥❡❝t✱ ❘❡♣♦rt ✷✵✵✻✴✵✷✺✱ ✷✵✵✻✳
❤tt♣✿✴✴✇✇✇✳❡❝r②♣t✳❡✉✳♦r❣✴str❡❛♠✳

✸✳ ❋✳ ❆r♥❛✉❧t✱ ❚✳ ❇❡r❣❡r✱ ❛♥❞ ▼✳ ▼✐♥✐❡r✳ ❙♦♠❡ r❡s✉❧ts ♦♥ ❋❈❙❘ ❛✉t♦♠❛t❛ ✇✐t❤ ❛♣♣❧✐❝❛✲
t✐♦♥s t♦ t❤❡ s❡❝✉r✐t② ♦❢ ❋❈❙❘✲❜❛s❡❞ ♣s❡✉❞♦r❛♥❞♦♠ ❣❡♥❡r❛t♦rs✳ ■❊❊❊✲■❚✱ ♣✳✽✸✻✲✽✹✵✱
✈✳✺✹✱ ◆✳✷✱ ❋❡❜r✉❛r② ✷✵✵✽✳

✹✳ ❊✳ ❏❛✉❧♠❡s ❛♥❞ ❋✳ ▼✉❧❧❡r✳ ❈r②♣t❛♥❛❧②s✐s ♦❢ ❊❈❘❨P❚ ❝❛♥❞✐❞❛t❡s ❋✲❋❈❙❘✲✽ ❛♥❞
❋✲❋❈❙❘✲❍✳ ❡❙❚❘❊❆▼✱ ❊❈❘❨P❚ ❙tr❡❛♠ ❈✐♣❤❡r Pr♦❥❡❝t✱ ❘❡♣♦rt ✷✵✵✺✴✵✹✻✱ ✷✵✵✺✳
❤tt♣✿✴✴✇✇✇✳❡❝r②♣t✳❡✉✳♦r❣✴str❡❛♠✳

✺✳ ❊✳ ❏❛✉❧♠❡s ❛♥❞ ❋✳ ▼✉❧❧❡r✳ ❈r②♣t❛♥❛❧②s✐s ♦❢ t❤❡ ❋✲❋❈❙❘ str❡❛♠ ❝✐♣❤❡r ❢❛♠✐❧②✳
■♥ ❇✳ Pr❡♥❡❡❧ ❛♥❞ ❙✳ ❚❛✈❛r❡s✱ ❡❞✐t♦rs✱ ❙❡❧❡❝t❡❞ ❆r❡❛s ✐♥ ❈r②♣t♦❣r❛♣❤②✖❙❆❈ ✷✵✵✺✱
✈♦❧✉♠❡ ✸✽✾✼ ♦❢ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ♣❛❣❡s ✸✻✕✺✵✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱
✷✵✵✺✳

✻✳ ❆✳ ❑❧❛♣♣❡r ❛♥❞ ▼✳ ●♦r❡s❦②✳ ✷✲❛❞✐❝ s❤✐❢t r❡❣✐st❡rs✳ ■♥ ❘✳❏✳ ❆♥❞❡rs♦♥✱ ❡❞✐t♦r✱ ❋❛st
❙♦❢t✇❛r❡ ❊♥❝r②♣t✐♦♥✬✾✸✱ ✈♦❧✉♠❡ ✽✵✾ ♦❢ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ♣❛❣❡s
✶✼✹✕✶✼✽✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✶✾✾✹✳

✼✳ ❙✳ ❋✐s❝❤❡r✱ ❲✳ ▼❡✐❡r✱ ❉✳ ❙t❡❣❡♠❛♥♥✳ ❊q✉✐✈❛❧❡♥t r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❋✲❋❈❙❘
❑❡②str❡❛♠ ●❡♥❡r❛t♦r✳ ■♥ ❙❆❙❈ ✷✵✵✽✱ ❲♦r❦s❤♦♣ ❘❡❝♦r❞✱ ♣❛❣❡s ✽✼✕✾✻✳


