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1 Introduction

Nonlinear evolution equations play an important role and their solutions have been a hot
research spot, including soliton [1,2,3,4], breather [5,6,7], rogue wave [8,9,10,11] and others [12,
13,14,15]. The derivative nonlinear Schrödinger equation (DNLS) [16,17,18,19]

iqt − qxx + i(q2q∗)x = 0, (1)

where the complex function q = q(x, t) denotes the wave envelopes, ∗ denotes the complex conju-
gation. Eq.(1) arises in the study of circular polarized Alfvén waves in plasma [20], propagating
parallel to the magnetic field [21], which is one of the most important integrable systems in
mathematics and physics. Recently, the equation is also used to describe large-amplitude magne-
tohydrodynamic waves [22,23] of plasmas, nonlinear optics, the sub-picosecond and femtosecond
pulses in single-mode optical fiber [24,25,26]. The DNLS and nonlocal DNLS equations are re-
duced from the Kaup-Newell system [27,28] and are Lax integrable. There generate many new
physical phenomena and have important physical significance when nonlocal terms are added to
nonlinear equations.

There have been some researches on nonlocal DNLS equations in recent years. For exam-
ple, in the literature [29], the global bounded solutions of the nonlocal DNLS equation have
been obtained from zero seed solution by Darboux transformation (DT) [30,31,32,33,34,35].
All achievable nonlocal equation of the DNLS equations have been derived in [36]. In [37], the
periodic bounded solutions of the second-type nonlocal DNLS equation from zero seed solutions
have been studied. The reverse-space-time DNLS equation [38] is as follows

iqt − qxx + i(q2q(−x,−t))x = 0, (2)

which is one type of the nonlocal DNLS equation.
In general, it is extremely nontrivial to construct the rogue waves on a periodic background,

which is usually associated with complicated Jacobi elliptic functions [39,40,41], PT symmetry
[42], integrable equations with variable coefficients [43,44], or vector integrable equations [45]. In
[46,47], the rogue waves on the periodic background are constructed by generalized DT of odd
order. The rogue waves on the double-periodic background in the hydrodynamical experiments
are possible due to the rogue waves on the continuous wave background were observed in laser
optics and water tanks [48]. It is of great significance to research the rogue waves on the double-
periodic background.

In this work, we construct breathers on periodic and double-periodic background for the
reverse-space-time DNLS equation by N -fold DT. Based on the DT of determinant form, the
odd and even order generalized DT are constructed by Taylor expansion. Higher order rogue
waves on periodic background are generated by the odd-order generalized DT, and higher order
rogue waves on double-periodic background are constructed by even order generalized DT. By
taking the dynamics analysis of the rogue waves on double-periodic background, we show two
types of structure: the two peak and four peak. And the rogue waves on the double-periodic
background can be transformed into the classical rogue wave on the plane wave background. This
is an effective method to construct the breather and rogue waves on double-periodic background
without using Jacobi elliptic functions [49,50,51,52,53].

The organizational structure of this paper is as follows. In section 2, the Lax pair of Eq.(2)
is obtained by the Kaup-Newell system at the special reduction relation. And then we give the
detailed derivation of the one-fold DT formula. Furthermore, the determinant representation
of the N -fold DT formula is given. In section 3, the symmetric relation of the eigenfunctions
are deduced. And then the periodic wave solution, bright soliton solution, dark soliton solution,
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breather solution, rogue waves, double-periodic solution, breathers on the periodic and double-
periodic background are given from zero seed and non-zero seed solutions. In section 4, we
construct rogue waves on periodic background and double-periodic background by generalized
DT formula. At the same time, the dynamic behaviors of the solutions are given. The final section
is devoted to conclusion.

2 DT of the reverse-space-time DNLS equation

2.1 Lax pair of the reverse-space-time DNLS equation

Starting from the Kaup-Newell system [54,55], different Lax pairs can be obtained by dif-
ferent reductions. When r(x, t) = −q∗(x, t), the Lax pair of DNLS equation can be get. When
the reduction condition is r(x, t) = −q(−x,−t), the Lax pair of the reverse-space-time DNLS
equation can be obtained as follows.

Ψx =
(
iσλ2 +Qλ

)
Ψ = UΨ, (3)

Ψt =
(
2iσλ4 + V3λ

3 + V2λ
2 + V1λ

)
Ψ = V Ψ, (4)

with

Ψ =

(
φ

ϕ

)
, σ =

(
1 0
0 −1

)
, Q =

(
0 q

−q(−x,−t) 0

)
,

V3 = 2Q, V2 = iQ2, V1 = Q3 + iQxσ =

(
0 −iqx − q2q(−x,−t)

iqx(−x,−t) + q(−x,−t)2q 0

)
.

The spectral parameter λ is an arbitrary complex number, Ψ is the eigenfunction corresponds to
λ. Eq.(2) can be derived from the integrable condition Ut − Vx + [U, V ] = 0 of (3) and (4).

2.2 One-fold DT of the reverse-space-time DNLS equation

DT has unique advantages in constructing solutions due to pure algebraic construction. This
section, the DT for the Eq.(2) will be introduced. Under gauge transformation

Ψ [1] = TΨ, (5)

the spectral problem (3) and (4) can transform to

Ψ
[1]
x = (iσλ2 +Q[1]λ)Ψ [1] = U [1]Ψ [1],

Ψ
[1]
t = (2iσλ4 + V

[1]
3 λ3 + V

[1]
2 λ2 + V

[1]
1 λ)Ψ [1] = V [1]Ψ [1].

(6)

Where

Q[1] =

(
0 q[1]

−q[1](−x,−t) 0

)
,

V
[1]
3 = 2q[1], V

[1]
2 = iQ[1]2,

V
[1]
1 = Q[1]3 + iq[1]xσ =

(
0 −iq[1]x − q[1]2q[1](−x,−t)

iq[1]x(−x,−t) + q[1]2(−x,−t)q[1] 0

)
.

After derivation, get the following conclusion

Tx = U [1]T − TU, (7)
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Tt = V [1]T − TV. (8)

Further
U [1] = TxT

−1 + TUT−1, V [1] = TtT
−1 + TV T−1. (9)

Then, the following identity can be deduced

U
[1]
t − V [1]

x + [U [1], V [1]] = T (Ut − Vx + [U, V ])T−1. (10)

Due to the matrix T is nonsingular, the zero curvature equation Ut−Vx+[U, V ] = 0 is equivalent

to U
[1]
t − V

[1]
x + [U [1], V [1]] = 0. This implies that, in order to make spectral problem Eq.(3)

invariant under the gauge transformation Eq.(5), it is crucial to find a matrix T so that U [1],
V [1] have the same forms as U , V . At the same time, the old solution (q, q(−x,−t)) in spectral
matrixes U , V are mapped into new solution (q[1], q[1](−x,−t)) in transformed spectral matrixes
U [1], V [1].

In general, if the Darboux matrix T is a polynomial of the parameter λ, for simple, take T
as

T =

(
a1 b1
c1 d1

)
λ+

(
a0 b0
c0 d0

)
.

Substitute the Darboux matrix T into Eq.(7), by comparing the coefficient in terms of λi

λ3 :
b1 = c1 = 0,

λ2 :
−q[1]d1 + a1q − 2ib0 = 2ic0 − d1q(−x,−t) + q[1](−x,−t)a1 = 0, (11)

λ :

− q[1]c0 − b0q(−x,−t) + a1x = −q[1]d0 + a0q = 0,

− d0q(−x,−t) + q[1](−x,−t)a0 = c0q + q[1](−x,−t)b0 + d1x = 0,
(12)

λ0 :
a0x = b0x = c0x = d0x = 0.

In the same way, substitute the Darboux matrix T into Eq.(8), by comparing the coefficient
in terms of λi

λ4 :

−2ib0 + a1q − q[1]d1 = 2ic0 − d1q(−x,−t) + q[1](−x,−t)a1 = 0,

λ3 :

iq[1](−x,−t)q[1]a1 − ia1qq(−x,−t)− 2b0q(−x,−t)− 2q[1]c0

= 2a0q − 2q[1]d0 = −2d0q(−x,−t) + 2q[1](−x,−t)a0
= id1qq(−x,−t)− iq[1](−x,−t)q1d1 + 2c0q + 2q[1](−x, t)b0 = 0,

λ2 :

iq[1](−x,−t)q[1]a0 − ia0qq(−x,−t) = ib0qq(−x,−t)− iqxa1 − a1q
2q(−x,−t)

+ iq[1](−x,−t)q[1]b0 + q[1](−x,−t)q[1]2d1 + id1q[1]x = id1qx(−x,−t)
− ic0qq(−x,−t) + d1q

2(−x,−t)q − iq[1]x(−x,−t)a1 − q[1]2(−x,−t)q[1]a1
− iq[1](−x,−t)q[1]c0 = id0qq(−x,−t)− iq[1](−x,−t)q[1]d0 = 0,
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λ :

ib0qx(−x,−t) + b0q
2(−x,−t)q + ic0q[1]x + q[1](−x,−t)q[1]2c0 + a1t

= −ia0qx − a0q
2q(−x,−t) + q[1](−x,−t)q[1]2d0 + iq[1]xd0

= id0qx(−x,−t) + d0q
2(−x,−t)q − ia0q[1]x(−x,−t)− a0q[1]

2(−x,−t)q[1]
= −iqxc0 − q2q(−x,−t)c0 − iq[1]x(−x,−t)b0 − q[1]2(−x,−t)q[1]b0 + d1t,

λ0 :

a0t = b0t = c0t = d0t = 0.

So a0, b0, c0, d0 are constants, a1, d1 are undetermined functions about x and t. And the new
solution q[1] can be shown in the following DT formula which is obtained by the Eq.(11)

{
q[1] = a1

d1

q − 2i b0
d1

,

q[1](−x,−t) = d1

a1

q(−x,−t)− 2i c0
a1

.
(13)

In order to obtain the specific expression of the elements in the DT matrix T , for simplicity,
let a0 = d0 = 0 then

T1 =

(
a1 0
0 d1

)
λ+

(
0 b0
c0 0

)
. (14)

Next, we will represent a1, d1 by the eigenfunction representation. First, introduce the eigen-
function Ψj corresponding to λj as below in the spectral problem Eq.(3) and Eq.(4)

Ψj =

(
φj
ϕj

)
, j = 1, 2, . . . .n, φj = φj (x, t, λj) , ϕj = ϕj (x, t, λj) .

In the following theorem, the one-fold DT formula is given by the eigenfunction of the spectral
problem Eq.(3) and Eq.(4).

Theorem 1 Let b0 = c0 = λ1, the one-fold DT formula is given by the eigenfunction Ψ1 associ-

ated with λ1 as follows

q[1] =
(

ϕ1

φ1

)2
q + 2iϕ1

φ1

λ1,

q[1](−x,−t) =
(

φ1

ϕ1

)2
q(−x,−t) + 2iφ1

ϕ1

λ1.
(15)

The elements of one-fold DT matrix are parameterized as below

T1 (λ;λ1) =

(
−λϕ1

φ1

λ1

λ1 −λφ1

ϕ1

)
. (16)

And then the new eigenfunction Ψ
[1]
j corresponding to λj is

Ψ
[1]
j =




1
φ1

∣∣∣∣
−λjφj ϕj

−λ1φ1 ϕ1

∣∣∣∣

1
ϕ1

∣∣∣∣
−λjϕj φj
−λ1ϕ1 φ1

∣∣∣∣



. (17)
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Proof The identity (a1d1)x = 0 can be derived by the Eq.(11) and Eq.(12). Without loss of
generality, taking a1 = 1

d1

in the following. Let b0 = c0 = λ1, due to the kernel problem of
Darboux matrix

T1(λ;λ1)|λ=λ1
Ψ1 =

(
a1λ1 λ1
λ1 d1λ1

)(
φ1
ϕ1

)
= 0,

then a1 = −ϕ1

φ1

, d1 = −φ1

ϕ1

. Substituting the result into Eq.(13) and Eq.(14), the Eq.(15) and

Eq.(16) can be derived. Further, Ψ
[1]
j is given as follows by the Eq.(16)

Ψ
[1]
j = T1 (λ;λ1)|λ=λj

Ψj =

(
−λϕ1

φ1

λ1

λ1 −λφ1

ϕ1

)∣∣∣∣∣
λ=λj

(
φj
ϕj

)
=




1
φ1

∣∣∣∣
−λjφj ϕj

−λ1φ1 ϕ1

∣∣∣∣

1
ϕ1

∣∣∣∣
−λjϕj φj
−λ1ϕ1 φ1

∣∣∣∣



.

2.3 N-fold DT of reverse-space-time DNLS equation

In the previous section, the concrete form of the one-fold Darboux matrix has been given. In
this section, we will establish the determinant representation of the N -fold DT for Eq.(2). The
spectral problem (6) can transform to

Ψ [2]
x = U [2]Ψ [2],

Ψ
[2]
t = V [2]Ψ [2],

(18)

under the gauge transformation

Ψ [2] = T [2]Ψ [1] = T [2]T1Ψ = T2Ψ. (19)

According to the form of T1 in Eq.(14), where

T [2] =

(
a[2] 0
0 d[2]

)
λ+

(
0 b[1]
c[1] 0

)
.

Then

T2 = T [2]T1 =

(
a[2]a1 0
0 d[2]d1

)
λ2 +

(
0 a[2]b0 + b[1]d1

c[1]a1 + d[2]c0 0

)
λ+

(
b[1]c0 0
0 c[1]b0

)
.

Repeat the iterative process above,

Ψ [3] = T [3]Ψ [3] = T [3]T [2]T1Ψ = T3Ψ, (20)

where

T [3] =

(
a[3] 0
0 d[3]

)
λ+

(
0 b[2]
c[2] 0

)
.

Then the three-fold Darboux matrix can be given as

T3 = T [3]T [2]T1 =

(
a[3]a[2]a1 0

0 d[3]d[2]d1

)
λ3

+

(
0 a[3]a[2]b0 + a[3]b[1]d1 + b[2]d[2]d1

c[2]a[2]a1 + d[3]c[1]a1 + d[3]d[2]c0 0

)
λ2

+

(
a[3]b[1]c0 + b[2]c[1]a1 + b[2]d[2]c0 0

0 c[2]a[2]b0 + c[2]b[1]d1 + d[3]c[1]b0

)
λ

+

(
0 b[2]c[1]b0

c[2]b[1]c0 0

)
.
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After n times iterations, the form of N -fold Darboux matrix is as follows

Tn = Tn (λ;λ1, λ2, · · · , λn) =
n∑

i=0

Piλ
i,

where Pi(1 ≤ i ≤ n) is the matrix function of x and t.

Pn =

{(
an 0
0 dn

)
|an, dn are complex functions of x and t

}
,

Pn−1 =

{(
0 bn−1

cn−1 0

)
|bn−1, cn−1 are complex functions of x and t

}
.

Here P0 is a constant matrix,

P0 =





(
a0 0
0 d0

)
, when n is even;

(
0 b0
c0 0

)
, when n is odd.

According to the parity of n, which leads to the separate discussion on the kernel problem of
DT matrix T.

Tn (λ;λ1, · · · , λn)|λ=λk
Ψk =

n∑

i=0

Piλ
i
kΨk = 0, k = 1, 2, · · · , n,

coefficients Pi can be solved by Cramer’s rule. Thus the determinant representation of the Tn is
given in the following theorem.
Theorem 2 When n is even, i.e. n = 2k, k = 1, 2, 3, · · · . The N -fold DT matrix Tn can be

expressed as

Tn = Tn(λ;λ1, λ2, · · · , λn) =




(T̂n)11
Mn

(T̂n)12
Mn

(T̂n)21

M̂n

(T̂n)22

M̂n


 , (21)

with

Mn =

∣∣∣∣∣∣∣∣∣

λn1φ1 λ
n−1
1 ϕ1 λ

n−2
1 φ1 λ

n−3
1 ϕ1 . . . λ

2
1φ1 λ1ϕ1

λn2φ2 λ
n−1
2 ϕ2 λ

n−2
2 φ2 λ

n−3
2 ϕ2 . . . λ

2
2φ2 λ2ϕ2

...
...

...
...

...
...

...

λnnφn λ
n−1
n ϕn λ

n−2
n φn λ

n−3
n ϕn . . . λ

2
nφn λnϕn

∣∣∣∣∣∣∣∣∣
,

M̂n =

∣∣∣∣∣∣∣∣∣

λn1ϕ1 λ
n−1
1 φ1 λ

n−2
1 ϕ1 λ

n−3
1 φ1 . . . λ

2
1ϕ1 λ1φ1

λn2ϕ2 λ
n−1
2 φ2 λ

n−2
2 ϕ2 λ

n−3
2 φ2 . . . λ

2
2ϕ2 λ2φ2

...
...

...
...

...
...

...

λnnϕn λ
n−1
n φn λ

n−2
n ϕn λ

n−3
n φn . . . λ

2
nϕn λnφn

∣∣∣∣∣∣∣∣∣
,

(T̂n)11 =

∣∣∣∣∣∣∣∣∣∣∣

λn 0 λn−2 0 . . . λ2 0 λ1λ2 . . . λn
λn1φ1 λ

n−2
1 ϕ1 λ

n−2
1 φ1 λ

n−3
1 ϕ1 . . . λ

2
1φ1 λ1ϕ1 λ1λ2 . . . λnφ1

λn2φ2 λ
n−1
2 ϕ2 λ

n−2
2 φ2 λ

n−3
2 ϕ2 . . . λ

2
2φ2 λ2ϕ2 λ1λ2 . . . λnφ2

...
...

...
...

...
...

...
...

λnnφn λ
n−1
n ϕn λ

n−2
n φn λ

n−3
n ϕn . . . λ

2
nφn λnϕn λ1λ2 . . . λnφ1

∣∣∣∣∣∣∣∣∣∣∣

,
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(T̂n)12 =

∣∣∣∣∣∣∣∣∣∣∣

0 λn−1 0 λn−3 . . . 0 λ 0
λn1φ1 λ

n−1
1 ϕ1 λ

n−2
1 φ1 λ

n−3
1 ϕ1 . . . λ

2
1φ1 λ1ϕ1 λ1λ2 . . . λnφ1

λn2φ2 λ
n−1
2 ϕ2 λ

n−2
2 φ2 λ

n−3
2 ϕ2 . . . λ

2
2φ2 λ2ϕ2 λ1λ2 . . . λnφ2

...
...

...
...

...
...

...
...

λnnφn λ
n−1
n ϕn λ

n−2
n φn λ

n−3
n ϕn . . . λ

2
nφn λnϕn λ1λ2 . . . λnφ1

∣∣∣∣∣∣∣∣∣∣∣

,

(T̂n)21 =

∣∣∣∣∣∣∣∣∣∣∣

0 λn−1 0 λn−3 . . . 0 λ 0
λn1ϕ1 λ

n−1
1 φ1 λ

n−2
1 ϕ1 λ

n−3
1 φ1 . . . λ

2
1ϕ1 λ1φ1 λ1λ2 . . . λnϕ1

λn2ϕ2 λ
n−1
2 φ2 λ

n−2
2 ϕ2 λ

n−3
2 φ2 . . . λ

2
2ϕ2 λ2φ2 λ1λ2 . . . λnϕ2

...
...

...
...

...
...

...
...

λnnϕn λ
n−1
n φn λ

n−2
n ϕn λ

n−3
n φn . . . λ

2
nϕn λnφn λ1λ2 . . . λnϕ1

∣∣∣∣∣∣∣∣∣∣∣

,

(T̂n)22 =

∣∣∣∣∣∣∣∣∣∣∣

λn 0 λn−2 0 . . . λ2 0 λ1λ2 . . . λn
λn1ϕ1 λ

n−2
1 φ1 λ

n−2
1 ϕ1 λ

n−3
1 φ1 . . . λ

2
1ϕ1 λ1φ1 λ1λ2 . . . λnϕ1

λn2ϕ2 λ
n−1
2 φ2 λ

n−2
2 ϕ2 λ

n−3
2 φ2 . . . λ

2
2ϕ2 λ2φ2 λ1λ2 . . . λnϕ2

...
...

...
...

...
...

...
...

λnnϕn λ
n−1
n φn λ

n−2
n ϕn λ

n−3
n φn . . . λ

2
nϕn λnφn λ1λ2 . . . λnϕ1

∣∣∣∣∣∣∣∣∣∣∣

.

When n is odd, i.e. n = 2k + 1, k = 1, 2, 3, · · · . The N -fold DT matrix Tn can be expressed

as

Tn = Tn(λ;λ1, λ2, · · · , λn) =




(T̃n)11
Yn

(T̃n)12
Yn

(T̃n)21

Ỹn

(T̃n)22

Ỹn


 , (22)

with

Yn =

∣∣∣∣∣∣∣∣∣

λn1φ1 λ
n−1
1 ϕ1 λ

n−2
1 φ1 λ

n−3
1 ϕ1 . . . λ

2
1ϕ1 λ1φ1

λn2φ2 λ
n−1
2 ϕ2 λ

n−2
2 φ2 λ

n−3
2 ϕ2 . . . λ

2
2ϕ2 λ2φ2

...
...

...
...

...
...

...

λnnφn λ
n−1
n ϕn λ

n−2
n φn λ

n−3
n ϕn . . . λ

2
nϕn λnφn

∣∣∣∣∣∣∣∣∣
,

Ỹn =

∣∣∣∣∣∣∣∣∣

λn1ϕ1 λ
n−1
1 φ1 λ

n−2
1 ϕ1 λ

n−3
1 φ1 . . . λ

2
1φ1 λ1ϕ1

λn2ϕ2 λ
n−1
2 φ2 λ

n−2
2 ϕ2 λ

n−3
2 φ2 . . . λ

2
2φ2 λ2ϕ2

...
...

...
...

...
...

...

λnnϕn λ
n−1
n φn λ

n−2
n ϕn λ

n−3
n φn . . . λ

2
nφn λnϕn

∣∣∣∣∣∣∣∣∣
,

(T̃n)11 =

∣∣∣∣∣∣∣∣∣∣∣

λn 0 λn−2 0 . . . λ2 0 λ1λ2 . . . λn
λn1φ1 λ

n−2
1 ϕ1 λ

n−2
1 φ1 λ

n−3
1 ϕ1 . . . λ

2
1φ1 λ1ϕ1 λ1λ2 . . . λnφ1

λn2φ2 λ
n−1
2 ϕ2 λ

n−2
2 φ2 λ

n−3
2 ϕ2 . . . λ

2
2φ2 λ2ϕ2 λ1λ2 . . . λnφ2

...
...

...
...

...
...

...
...

λnnφn λ
n−1
n ϕn λ

n−2
n φn λ

n−3
n ϕn . . . λ

2
nφn λnϕn λ1λ2 . . . λnφ1

∣∣∣∣∣∣∣∣∣∣∣

,

(T̃n)12 =

∣∣∣∣∣∣∣∣∣∣∣

0 λn−1 0 λn−3 . . . 0 λ 0
λn1φ1 λ

n−1
1 ϕ1 λ

n−2
1 φ1 λ

n−3
1 ϕ1 . . . λ

2
1φ1 λ1ϕ1 λ1λ2 . . . λnφ1

λn2φ2 λ
n−1
2 ϕ2 λ

n−2
2 φ2 λ

n−3
2 ϕ2 . . . λ

2
2φ2 λ2ϕ2 λ1λ2 . . . λnφ2

...
...

...
...

...
...

...
...

λnnφn λ
n−1
n ϕn λ

n−2
n φn λ

n−3
n ϕn . . . λ

2
nφn λnϕn λ1λ2 . . . λnφ1

∣∣∣∣∣∣∣∣∣∣∣

,
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(T̃n)21 =

∣∣∣∣∣∣∣∣∣∣∣

0 λn−1 0 λn−3 . . . λ2 0 −λ1λ2 . . . λn
λn1ϕ1 λ

n−1
1 φ1 λ

n−2
1 ϕ1 λ

n−3
1 φ1 . . . λ

2
1φ1 λ1ϕ1 −λ1λ2 . . . λnφ1

λn2ϕ2 λ
n−1
2 φ2 λ

n−2
2 ϕ2 λ

n−3
2 φ2 . . . λ

2
2ϕ2 λ2φ2 −λ1λ2 . . . λnϕ2

...
...

...
...

...
...

...
...

λnnϕn λ
n−1
n φn λ

n−2
n ϕn λ

n−3
n φn . . . λ

2
nφn λnϕn −λ1λ2 . . . λnφn

∣∣∣∣∣∣∣∣∣∣∣

,

(T̃n)22 =

∣∣∣∣∣∣∣∣∣∣∣

λn 0 λn−2 0 . . . 0 λ 0
λn1ϕ1 λ

n−1
1 φ1 λ

n−2
1 ϕ1 λ

n−3
1 φ1 . . . λ

2
1φ1 λ1ϕ1 −λ1λ2 . . . λnφ1

λn2ϕ2 λ
n−1
2 φ2 λ

n−2
2 ϕ2 λ

n−3
2 φ2 . . . λ

2
2φ2 λ2ϕ2 −λ1λ2 . . . λnϕ2

...
...

...
...

...
...

...
...

λnnϕn λ
n−1
n φn λ

n−2
n ϕn λ

n−3
n φn . . . λ

2
nφn λnφn −λ1λ2 . . . λnϕn

∣∣∣∣∣∣∣∣∣∣∣

.

Next, we research the determinant representation of the new solutions (q[n], q[n](−x,−t)).
Under covariant requirement of spectral problem Eq.(3) and Eq.(4),

Ψ [n]
x = (iσλ2 + q[n]λ)Ψ [n] = U [n]Ψ [n]

Ψ
[n]
t = (2iσλ4 + V

[n]
3 λ3 + V

[n]
2 λ2 + V

[n]
1 λ)Ψ [n] = V [n]Ψ [n],

where

q[n] =

(
0 q[n]

−q[n](−x,−t) 0

)
,

V
[n]
3 = 2q[n], V

[n]
2 = iQ[n]2,

V
[n]
1 = Q[n]3 + iq[n]xσ =

(
0 −iq[n]x − q[n]2q[n](−x,−t)

iq[n]x(−x,−t) + q[n]2(−x,−t)q[n] 0

)
.

Using the same derivation method as the one-fold DT formula, yields

q[n] =
an

dn
q − 2i

bn−1

dn
, q[n](−x,−t) = dn

an
q(−x,−t)− 2i

cn−1

an
. (23)

Furthermore, the determinants of an, dn, bn−1 and cn−1 can be given by using the kernel problem
of Eq.(21) and Eq.(22) respectively. And then substitute an, dn, bn−1 and cn−1 into Eq.(23), the
concrete expression of the new solutions (q[n], q[n](−x,−t)) can be seen in the theorem as below.

Theorem 3 Let Ψj =

(
φj
ϕj

)
, j = 1, 2, . . . n be distinct solutions related to λj of the spectral

problem (3) and (4), then the new solutions (q[n], q[n](−x,−t)) given by the following DT formula

of the Eq.(2).

q[n] =
W 2

11

W 2
21

q + 2i
W11W12

W 2
21

, q[n](−x,−t) = W 2
21

W 2
11

q(−x,−t) + 2i
W21W22

W 2
11

, (24)

where W11, W12, and W21 have different forms depending on the parity of N. When n=2k,

W11 =

∣∣∣∣∣∣∣∣∣

λn−1
1 ϕ1 λ

n−2
1 φ1 λ

n−3
1 ϕ1 . . . λ1ϕ1 φ1

λn−1
2 ϕ2 λ

n−2
2 φ2 λ

n−3
2 ϕ2 . . . λ2ϕ2 φ2

...
...

...
...

...
...

λn−1
n ϕn λ

n−2
n φn λ

n−3
n ϕn . . . λnϕn φn

∣∣∣∣∣∣∣∣∣
,



10 Huijuan Zhou, Yong Chen

W12 =

∣∣∣∣∣∣∣∣∣

λn1φ1 λ
n−2
1 φ1 λ

n−3
1 ϕ1 . . . λ1ϕ1 φ1

λn2φ2 λ
n−2
2 φ2 λ

n−3
2 ϕ2 . . . λ2ϕ2 φ2

...
...

...
...

...
...

λnnφn λ
n−2
n φn λ

n−3
n ϕn . . . λnϕn φn

∣∣∣∣∣∣∣∣∣
,

W21 =

∣∣∣∣∣∣∣∣∣

λn−1
1 φ1 λ

n−2
1 ϕ1 λ

n−3
1 φ1 . . . λ1φ1 ϕ1

λn−1
2 φ2 λ

n−2
2 ϕ2 λ

n−3
2 φ2 . . . λ2φ2 ϕ2

...
...

...
...

...
...

λn−1
n φn λ

n−2
n ϕn λ

n−3
n φn . . . λnφn ϕn

∣∣∣∣∣∣∣∣∣
,

W22 =

∣∣∣∣∣∣∣∣∣

λn1ϕ1 λ
n−2
1 ϕ1 λ

n−3
1 φ1 . . . λ1φ1 ϕ1

λn1ϕ1 λ
n−2
2 ϕ2 λ

n−3
2 φ2 . . . λ2φ2 ϕ2

...
...

...
...

...
...

λnnϕn λ
n−2
n ϕn λ

n−3
n φn . . . λnφn ϕn

∣∣∣∣∣∣∣∣∣
.

When n = 2k + 1,

W11 =

∣∣∣∣∣∣∣∣∣

λn−1
1 ϕ1 λ

n−2
1 φ1 λ

n−3
1 ϕ1 . . . λ1φ1 ϕ1

λn−1
2 ϕ2 λ

n−2
2 φ2 λ

n−3
2 ϕ2 . . . λ2φ2 ϕ2

...
...

...
...

...
...

λn−1
n ϕn λ

n−2
n φn λ

n−3
n ϕn . . . λnφn ϕn

∣∣∣∣∣∣∣∣∣
,

W12 =

∣∣∣∣∣∣∣∣∣

λn1φ1 λ
n−2
1 φ1 λ

n−3
1 ϕ1 . . . λ1φ1 ϕ1

λn2φ2 λ
n−2
2 φ2 λ

n−3
2 ϕ2 . . . λ2φ2 ϕ2

...
...

...
...

...
...

λnnφn λ
n−2
n φn λ

n−3
n ϕn . . . λnφn ϕn

∣∣∣∣∣∣∣∣∣
,

W21 =

∣∣∣∣∣∣∣∣∣

λn−1
1 φ1 λ

n−2
1 ϕ1 λ

n−3
1 φ1 . . . λ1ϕ1 φ1

λn−1
2 φ2 λ

n−2
2 ϕ2 λ

n−3
2 φ2 . . . λ2ϕ2 φ2

...
...

...
...

...
...

λn−1
n φn λ

n−2
n ϕn λ

n−3
n φn . . . λnϕn φn

∣∣∣∣∣∣∣∣∣
,

W22 =

∣∣∣∣∣∣∣∣∣

λn1ϕ1 λ
n−2
1 ϕ1 λ

n−3
1 φ1 . . . λ1ϕ1 φ1

λn1ϕ1 λ
n−2
2 ϕ2 λ

n−3
2 φ2 . . . λ2ϕ2 φ2

...
...

...
...

...
...

λnnϕn λ
n−2
n ϕn λ

n−3
n φn . . . λnϕn φn

∣∣∣∣∣∣∣∣∣
.

3 Exact solutions of reverse-space-time DNLS equation

3.1 Symmetric relation of the eigenfunctions

In order to obtain rich nontrivial solutions, in this section, the symmetric relation of the
eigenfunction corresponding to the spectrum problem Eq.(3) and Eq.(4) will be given in the
form of lemma.

Lemma 1 The eigenfunctions admit the following symmetry condition:
(
φ(x, t;λj)
ϕ(x, t;λj)

)
=

(
ϕ(−x,−t;λj)
φ(−x,−t;λj)

)
,
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where

(
φ(x, t;λj)
ϕ(x, t;λj)

)
is an eigenfunction associated with λ = λj .

Proof Form the x part of the Lax pair Eq.(3) and Eq.(4), one has

(
φ(x, t;λj)
ϕ(x, t;λj)

)

x

=

(
iλ2j q(x, t)λj

−q(−x,−t)λj −iλ2j

)(
φ(x, t;λj)
ϕ(x, t;λj)

)
.

Let x = −x, t = −t then
(
φ(−x,−t;λj)
ϕ(−x,−t;λj)

)

x

=

(
−iλ2j −q(−x,−t)λj

q(x, t)λj iλ2j

)(
φ(−x,−t;λj)
ϕ(−x,−t;λj)

)
,

or (
ϕ(−x,−t;λj)
φ(−x,−t;λj)

)

x

=

(
iλ2j q(x, t)λj

−q(−x,−t)λj −iλ2j

)(
ϕ(−x,−t;λj)
φ(−x,−t;λj)

)
.

So (
ϕ(−x,−t;λj)
φ(−x,−t;λj)

)
and

(
φ(−x,−t;λj)
ϕ(−x,−t;λj)

)

satisfy the same spectral problem. Taking a similar procedure, the symmetry property also holds

for the t part of the Lax pair. That means, if

(
φ(x, t;λj)
ϕ(x, t;λj)

)
is the eigenfunction of Eq.(3) and

Eq.(4) corresponding to λj , then so is

(
ϕ(−x,−t;λj)
φ(−x,−t;λj)

)
.

3.2 Exact solutions generated from zero seed solution

Let q = q(−x,−t) = 0 in Eq.(3) and Eq.(4), then the eigenfunction can be solved as

Ψk =

(
φk
ϕk

)
=

(
ei(λ

2

kx+2λ4

kt)

e−i(λ2

kx+2λ4

kt)

)
. (25)

Exact solutions of reverse-space-time DNLS equation can be obtained by substituting the eigen-
function Eq.(25) into the DT formula Eq.(24).
For N=1: the solution with λ1 = α1 + iβ1 can be expressed as follows

q[1] = (2iα1 − 2β1)e
iA+B ,

A = −2(2α4
1t− 12α2

1β
2
1t− 2β4

1t+ α2
1x− β2

1x),

B = 2(8α3
1β1t− 8α1β

3
1t+ 2α1β1x).

(26)

When α1β1 = 0, |q[1]|2 = 4(α2
1 + β2

1), which is a plane wave with heigh of 2
√
α2
1 + β2

1 .

When α1β1 6= 0, |q[1]|2 = 4(α2
1+β

2
1)e

8α1β1(4α
2

1
t−4β2

1
t+x), which is an exponentially growing curved

surface wave.
For N=2: Let λ1 = α1 + iβ1, λ2 = α2 + iβ2, an explicit expression for q[2] as follows

q[2] =
2iζ1e

iA1B[ζ1B sinA4 sinA3 + ζ2 sin(A3 −A4) + ζ1 cosA4 cosA3]

(ζ2 sin (A3 −A4)− ζ1 cos (A3 +A4))2
, (27)
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where

B = coshA2 − sinhA2,

A1 = (2α4
1 − 12α2

1β
2
1 + 2α4

2 − 12α2
2β

2
2 + 2β4

1 + 2β4
2)t− (−α2

1 − α2
2 + β2

1 + β2
2)x,

A2 = (8α3
1β1 − 8α1β

3
1 + 8α3

2β2 − 8α2β
3
2)t+ 2x(α1β1 + α2β2),

A3 = 2α4
2t+ 8iα3

2β2t+ (−12β2
2t+ x)α2

2 − 8i(β2
2t−

1

4
x)β2α2 + 2β4

2t− β2
2x,

A4 = 2α4
1t+ 8iα3

1β1t+ (−12β2
1t+ x)α2

1 − 8i(β2
1t−

1

4
x)β1α1 + 2β4

1t− β2
1x,

ζ1 = α1 + iβ1 − α2 − iβ2, ζ2 = iα1 + iα2 − β1 − β2.

(28)

The rational solution and periodic solutions can be constructed as follows by lemma 1 and formula
(24).

1. λ2 = ±λ∗1, then A2 = 0, A3 + A4 = 0 in the Eq.(27). we find that the solution q[2] repre-
sentation as the bell-shaped soliton solution. Without loss of generality, let λ2 = −λ∗1, then

q[2] = −2ζ1e
iH ζ1 cosh (F − iH) + iζ2 sinh (F − iH)

(iζ2 sinh (F − iH)−m)2
,

where

H = 2(α2
1 − β2

1)x+ 4(β4
1 − 6α2

1β
2
1 + α4

1)t),

F = 16α3
1β1t− 16α1β

3
1t+ 4α1β1x.

(29)

Furthermore, q[2] can become a rational solution by the limit technique α1 → 0,

q[2]r =
e2iβ

2

1
(2β2

1
t−x)(64itβ5

1 − 16ixβ3
1 − 4β1)

1− 256β8
1t

2 + 128β6
1tx+ (32it− 16x2)β4

1 − 8iβ2
1x
, (30)

β1 is an arbitrary real constant.

|q[2]r|2 =
16β2

1

(16β4
1t− 4β2

1x)
2 + 1

. (31)

Obviously, q[2]r is an analytical solution at whole (x, t) plane, and its trajectory is defined
explicitly by x = 4β2

1t (see Fig.1(a)).
2. When λ1, λ2 are pure imaginary number or real number, then A2 = 0 in the Eq.(27). q[2]

represented by the form of periodic solutions (see Fig.1(b)). For example, λ1 = iβ1, λ2 = iβ2,

q[2] = 2iζ1e
i(K1+K2)

ζ1 cos (K1 −K2) + ζ2 sin (K1 −K2)

[−ζ1 cos (K1 +K2) + ζ2 sin (K1 −K2)]2
,

K1 = 2β2
2(2β

2
2t− x), K2 = 2β2

1(2β
2
1t− x).
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(a) Rational solution (b) Periodic solution

Fig. 1: Rational solution and periodic solution generated from zero seed solution: (a) β1 = 1
2 ; (b)

β1 = 1, β2 = −1.

3.3 Exact solutions generated from non-zero seed solution

Starting from the seed solutions q(x, t) = cei(ax+bt), q(−x,−t) = ce−i(ax+bt), b = −ac2 + a2.
And c denoting the height of the background. Taking the following transformation

Ψ(x, t;λ) = e
i
2
(ax+bt)σΦ(x, t;λ), (32)

then

Φx(x, t;λ) = M̂Φ(x, t;λ) =

(
− i

2 (a− 2λ2) cλ

−cλ i
2 (a− 2λ2)

)
Φ(x, t;λ) , (33)

Φt(x, t;λ) = N̂Φ(x, t;λ) =

(
− i

2 (a− c2 + 2λ2)(a− 2λ2) cλ(a− c2 + 2λ2)
−cλ(a− c2 + 2λ2) i

2 (a− c2 + 2λ2)(a− 2λ2)

)
Φ(x, t;λ) .

(34)
Thus, solving the Lax pair Eq.(3) and Eq.(4) is equivalent to solving equations Eq.(33) and
Eq.(34). Solving the equations Eq.(33) and Eq.(34), it leads to

Φ1k =

(
φ11k
φ12k

)
=

(
e

1

2
tR(a−c2+2λ2

k)+
1

2
xR

ia−2iλ2

k+R

2cλk
e

1

2
tR(a−c2+2λ2

k)+
1

2
xR

)
,

Φ2k =

(
φ21k
φ22k

)
=

(
e−

1

2
tR(−c2+2λ2

k+a)− 1

2
xRλk

ia−2iλ2

k−R

2cλk
e−

1

2
tR(−c2+2λ2

k+a)− 1

2
xR

)
,

R =
√

−4c2λ2k − 4λ4k + 4aλ2k − a2.

Due to Eq.(5), we can get

Ψ1k =

(
ψ11k

ψ12k

)
=

(
e

1

2
tR(−c2+2λ2

k+a)+ 1

2
xR+ 1

2
(i(ax+bt))

ia−2iλ2

k+R

2cλk
e

1

2
tR(−c2+2λ2

k+a)+ 1

2
xR− 1

2
(i(ax+bt))

)
,

Ψ2k =

(
ψ21k

ψ22k

)
=

(
e−

1

2
tR(−c2+2λ2

k+a)− 1

2
xRλk+

1

2
(i(ax+bt))

ia−2iλ2

k−R

2cλk
e−

1

2
tR(−c2+2λ2

k+a)− 1

2
xR− 1

2
(i(ax+bt))

)
.
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Substitute different solutions Ψ1k, Ψ2k of the spectral problem Eq.(3) and Eq.(4) into Eq.(24),
can only get trivial solutions of Eq.(2). In order to get richer solutions, the new eigenfunctions
associated with λk can be expressed by the principle of the superposition of the linear differential
equation.

φk = ψ11k + ψ21k + ψ12k(−x,−t) + ψ22k(−x,−t),
ψk = ψ12k + ψ22k + ψ11k(−x,−t) + ψ21k(−x,−t).

(35)

For N=1: Substitute eigenfunction Eq.(35) into (24) we can get more complex but very
meaningful new solutions. For simple, let λ1 = iβ1, then

|q[1]|2 =
[(iR1 − ω1)e

ω2+ω5 − (iR1 + ω1)e
ω5 ][(ω3 + ω4)e

ω2 + ω3 − ω4]

[(iR1 + ω1)eω2 − iR1 + ω1]2
, (36)

where

ω1 = 2β2
1 + 2β1c+ a,

ω2 = R1[(−2β2
1 − c2 + a)t+ x],

ω3 = 4β3
1 + 2β2

1c+ (2a− 2c2)β1 − ac,

ω4 = iR1(2β1 + c),

ω5 = iac2t− ia2t− iax,

R1 =

√
4c2β2

1 − (2β2
1 + a)

2
.

(37)

The trajectory of the solution (36) is

x = (2β2
1 + c2 − a)t, (38)

and |q[1]|2 → c2 − 2a at x → ∞, t → ∞. There are four roots − c
2 +

√
c2−2a
2 , − c

2 −
√
c2−2a
2 ,

c
2 +

√
c2−2a
2 and c

2 −
√
c2−2a
2 via solve 4c2β2

1 − (2β2
1 + a)2 = 0.

1. When c2 > 2a, Eq.(36) can generate soliton solutions. More profound, we find that Eq.(36)

can generate a dark soliton when c2 > 2a > 0, c
2 +

√
c2−2a
2 > β1 >

c
2 −

√
c2−2a
2 or c2 > 0 > 2a,

c
2 +

√
c2−2a
2 > β1 > − c

2 +
√
c2−2a
2 (see Fig.2(a)). Eq.(36) can generate a bright soliton if

c2 > 2a > 0,− c
2+

√
c2−2a
2 > β1 > − c

2−
√
c2−2a
2 or c2 > 0 > 2a, c

2−
√
c2−2a
2 > β1 > − c

2−
√
c2−2a
2

(see Fig.2(b)). Eq.(36) can generate periodic solutions when β1 belongs to other intervals.
2. c2 ≤ 2a, ∀β1 ∈ R, Eq.(36) also generate periodic solution (see Fig.2(c)).

For N=2: The two-fold DT formula (24) of the reverse-space-time DNLS equation implies a
solution

q[2] =
−2[i(λ21 − λ22)φ1φ2 − 1

2λ2φ1ψ2 +
1
2λ1qφ2ψ1](−λ1φ2ψ1 + λ2φ1ψ2)

(λ1φ1ψ2 − λ2φ2ψ1)2
, (39)

where (
φ2
ψ2

)
=

(
ψ1(−x,−t;λ2)
φ1(−x,−t;λ2)

)
. (40)

Taking λ1 = α1 + iβ1, λ2 = α2 + iβ2 in Eq.(39). Different nonsingular solutions of Eq.(2) can
be found according to different reduced methods of spectrum parameter λk.
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(a) Dark soliton (b) Bright soliton (c) Periodic solution

Fig. 2: Dark soliton, bright soliton and periodic solution generated from non-zero seed solution:

(a) a = 1, c =
√
3, β1 = −

√
3
2 ; (b) a = 1, c =

√
3, β1 =

√
3
2 ; (c) a = 1, c =

√
3, β1 = 3

2 .

(a) General breathers (b) Ma breathers

(c) Akmediev breathers (d) Rogue wave

Fig. 3: Breathers and rogue waves generated from non-zero seed solution: (a) a = 4, c = 1,
λ1 = 1+ i, λ2 = −1 + i; (b) a = 1, c = 1, λ1 = 1+ i, λ2 = −1 + i; (c) a = 5, c =

√
5, λ1 = 1+ i,

λ2 = −1 + i; (d) α1 = 1
2 , β1 = 1;
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1. λ2 = ±λ∗1, now q[2] is breather solution. For example, take λ1 = α1 + iβ1, λ2 = −α1 + iβ1,
in general, the solution evolves periodically along the straight line with a certain angle of x axis
and t axis (see Fig.3(a)). Specifically, when a = 2α2

1−2β2
1+c

2, i.e. Im
(
−a2 − 4λ41 − 4λ21

(
c2 − a

))
=

0, then the classical Ma breathers (time periodic breather) can be seen in Fig.3(b). And the
Akhmediev breathers (space periodic breather) can be seen in Fig.3(c). By letting x→ ∞, t→
∞, so |q[2]|2 → c2, the trajectory of this solution is x = −4α2

1t+ 4β2
1t.

Only one localized peak remains from the periodic train when the period of the breather
tends to the infinity, then the rogue wave comes into being. Next, the rogue wave qr of Eq.(2)
can be derived by c→ −2β1.

|qr|2 =
m1t

4 +m2t
3 +m3t

2 +m4t+m5

m6t4 +m7t3 +m8t2 +m9t+m10
, (41)

m1 = 262144(α12
1 β

6
1 + 2α6

1β
12
1 + β18

1 ),

m2 = 262144(α10
1 β

6
1 − α6

1β
10
1 + α4

1β
12
1 − β16

1 )x,

m3 = (32768(3α8
1β

6
1 + α6

1β
8
1 − 4α4

1β
10
1 + α2

1β
12
1 + 3β14

1 )x2 − 6144(α6
1β

4
1 − 6α4

1β
6
1 + β10

1 )),

m4 = (16384(α6
1β

6
1 + α4

1β
8
1 − α2

1β
10
1 − β12

1 )x3 + 3072(2α2
1β

6
1 + β8

1 − α4
1β

4
1)x),

m5 = 1024(α4
1β

6
1 + 2α2

1β
8
1 + β10

1 )x4 − 128(3α2
1β

4
1 + β6

1)x
2 + 36β2

1 ,

m6 = 65536(α12
1 β

4
1 + 2α6

1β
10
1 + β16

1 ),

m7 = 65536(α10
1 β

4
1 − α6

1β
8
1 + α4

1β
10
1 − β14

1 )x,

m8 = 8192(3α8
1β

4
1 + α6

1β
6
1 − 4α4

1β
8
1 + α2

1β
10
1 + 3β12

1 )x2 + 512(α6
1β

2
1 + 2α4

1β
4
1 − 8α2

1β
6
1 + 9β8

1),

m9 = 4096(α6
1β

4
1 + α4

1β
6
1 − α2

1β
8
1 − β10

1 )x3 + 256(α4
1β

2
1 + 2α2

1β
4
1 − 5β6

1)x,

m10 = 256(α4
1β

4
1 + 2α2

1β
6
1 + β8

1)x
4 + 32(α2

1β
2
1 + 3β4

1)x
2 + 1.

|qr|2 → (2β1)
2 in the above expressions (41) with x→ ∞, t→ ∞. After calculation and analy-

sis, we know the maximum amplitude of |qr|2 equals to (6β1)
2 occurs at x = 0 and t = 0. This

means that the maximum amplitude of the rogue wave qr is 3 times that of the asymptotic

plane wave at infinity. The min amplitude of |qr|2 occurs at (x =
√

27α4

1

16β2

1
(4α2

1
+β2

1
)(α2

1
+β2

1
)2
, t =

√
3

256β2

1
(4α2

1
+β2

1
)(α2

1
+β2

1
)2
) and (x = −

√
27α4

1

16β2

1
(4α2

1
+β2

1
)(α2

1
+β2

1
)2
, t = −

√
3

256β2

1
(4α2

1
+β2

1
)(α2

1
+β2

1
)2
),

which equals to
108(3α4

1
−2α2

1
β2

1
+4β4

1
)α4

1
β2

1

169α8

1
−56α6

1
β2

1
+6α4

1
β4

1
−8α2

1
β6

1
+4β8

1

. Fig.(3(d)) is plotted for the rogue wave |qr|
with specific parameter α1 = 1

2 , β1 = 1. From the graph of the rogue wave |qr| , we can see
that the rogue wave qr has a single peak with two caves on both sides of the peak. The optical
pulse qr only exists locally with all variables and disappears as time and space go far.

2. Re(λ1) = Re(λ2) = 0, q[2] is represented as a double-periodic wave solution (see Fig.4). As can
be seen from the figure, there are two periodic waves with different directions in the double-
periodic wave solution, and when the two waves with different directions are superimposed
on each other, a higher wave peak can be generated. From a visual perspective, it seems that
several parallel breaths are generated under the period background.

For N=3: Set λ1 = α1 + iβ1, λ2 = −α1 + iβ1, λ3 = iβ3 and a = −2α2
1 + 2β2

1 . Parameter
values have a great influence on the propagation direction of the breathers. For example,
when a = 5, c =

√
5, α1 = 1, β1 = 1 and β3 =

√
2i, solution q[3] is a breather on the periodic

background generated by formula (24) as shown in Fig.5. We can call it Ma breathers on the
periodic background due to the breather is timely periodic in Fig.5(a). However, when a = 1,
c = 1, α1 = 1, β1 = 1 and β3 =

√
2i the breather is spatially periodic in Fig.5(b), which can
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Fig. 4: double-periodic solution: a = 1, c = 1, β1 =
√
2, β2 =

√
2
2 .

be named Akhmediev breathers on the periodic background. Similarly, when a = 1, c = 1,
α1 = 1, β1 = 1

3 and β3 =
√
2i, solution q[3] is a general breather solution on periodic back-

ground (see Fig.5(c)). There are some interesting new phenomenons: Under the perturbation
of the periodic background, the crest of the Ma breathers is cut and the phase shift occurs
at the center of the breathers.

(a) Ma breathers on the periodic
background

(b) Akhmediev breathers on the pe-
riodic background

(c) General breathers on the peri-
odic background

Fig. 5: Breathers on the periodic background: (a) a = 5, c =
√
5, α1 = 1, β1 = 1, β3 =

√
2i; (b)

a = 1, c = 1, α1 = 1, β1 = 1, β3 =
√
2i; (c) a = 1, c = 1, α1 = 1, β1 = 1

3 , β3 =
√
2i.

For N=4: Set λ1 = α1 + iβ1, λ2 = −α1 + iβ1, λ3 = iβ3 and λ4 = iβ4. As can be seen in
Fig.6, the breathers on a double-periodic background generate by formula (24). The solution

is a new find generated by plane wave seed solution cei(ax+(a2−ac2)t). It is worth noting that
the amplitude of breathers is greatly influenced by the periodic background. Breathers on the
double-periodic background more easily observed in the t direction (see Fig.6).
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Fig. 6: Breathers on the double-periodic background generated from the non-zero seed solution:

a = 1, c = 1, β1 =
√
2, β2 =

√
2
2 .

4 Rogue waves on the periodic and double-periodic background

4.1 Generalized DT for the reverse-space-time DNLS equation

Note that the eigenfunction is degenerated when λ = 1
2

√
2a− c2− 1

2 ic. In this case, the high-order
rogue waves on the periodic and double-periodic background can be obtained.

Theorem 4 Let λ1 = 1
2

√
2a− c2 − 1

2 ic, λ2 = − 1
2

√
2a− c2 − 1

2 ic. When N = 2k, set λN−1 =
iβN−1 and λN = iβN . When N = 2k + 1, set λN = iβN , the rogue waves on the periodic and

double-periodic can be obtained as

qn =
W

′2
11

W
′2
21

q + 2i
W

′

11W
′

12

W
′2
21

. (42)

When n = 2k,

W
′

11 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ϕ[1,n−1,1] φ[1,n−2,1] ϕ[1,n−3,1] . . . ϕ[1,1,1] φ[1,0,1]
ϕ[2,n−1,1] φ[2,n−2,1] ϕ[2,n−3,1] . . . ϕ[2,1,1] φ[2,0,1]

...
...

...
...

...
...

ϕ[1,n−1,k−1] φ[1,n−2,k−1] ϕ[1,n−3,k−1] . . . ϕ[1,1,k−1] φ[1,0,k−1]

ϕ[2,n−1,k−1] φ[2,n−2,k−1] ϕ[2,n−3,k−1] . . . ϕ[2,1,k−1] φ[2,0,k−1]

λn−1
n−1ϕn−1 λn−2

n−1φn−1 λn−3
n−1ϕn−1 . . . λn−1ϕn−1 φn−1

λn−1
n ϕn λn−2

n φn λn−3
n ϕn . . . λnϕn φn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,

W
′

12 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

φ[1,n,1] φ[1,n−2,1] ϕ[1,n−3,1] . . . ϕ[1,1,1] φ[1,0,1]
φ[2,n,1] φ[2,n−2,1] ϕ[2,n−3,1] . . . ϕ[2,1,1]] φ[2,0,1]

...
...

...
...

...
...

φ[1,n,k−1] φ[1,n−2,k−1] ϕ[1,n−3,k−1] . . . ϕ[1,1,k−1] φ[1,0,k−1]

φ[2,n,k−1] φ[2,n−2,k−1] ϕ[2,n−3,k−1] . . . ϕ[2,1,k−1]] φ[2,0,k−1]

λnn−1φn−1 λn−2
n−1φn−1 λn−3

n−1ϕn−1 . . . λn−1ϕn−1 φn−1

λnnφn λn−2
n φn λn−3

n ϕn . . . λnϕn φn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,
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W
′

21 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

φ[1,n−1,1] ϕ[1,n−2,1] φ[1,n−3,1] . . . φ[1,1,1] ϕ[1,0,1]

φ[2,n−1,1] ϕ[2,n−2,1] φ[2,n−3,1] . . . φ[2,1,1] ϕ[2,0,1]

...
...

...
...

...
...

φ[1,n−1,k−1] ϕ[1,n−2,k−1] φ[1,n−3,k−1] . . . φ[1,1,k−1] ϕ[1,0,k−1]

φ[2,n−1,k−1] ϕ[2,n−2,k−1] φ[2,n−3,k−1] . . . φ[2,1,k−1] ϕ[2,0,k−1]

λn−1
n−1φn λn−2

n−1ϕn λn−3
n−1φn . . . λn−1φn ϕn−1

λn−1
n φn λn−2

n ϕn λn−3
n φn . . . λnφn ϕn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,

When n = 2k + 1,

W
′

11 =

∣∣∣∣∣∣∣∣∣∣∣∣∣

ϕ[1,n−1,1] φ[1,n−2,1] ϕ[1,n−3,1] . . . φ[1,1,1] ϕ[1,0,1]

ϕ[2,n−1,1] φ[2,n−2,1] ϕ[2,n−3,1] . . . φ[2,1,1] ϕ[2,0,1]

...
...

...
...

...
...

ϕ[1,n−1,k] φ[1,n−2,k] ϕ[1,n−3,k] . . . φ[1,1,k] ϕ[1,0,k]

ϕ[2,n−1,k] φ[2,n−2,k] ϕ[2,n−3,k] . . . φ[2,1,k] ϕ[2,0,k]

λn−1
n ϕn λn−2

n φn λn−3
n ϕn . . . λnφn ϕn

∣∣∣∣∣∣∣∣∣∣∣∣∣

,

W
′

12 =

∣∣∣∣∣∣∣∣∣∣∣∣∣

φ[1,n,1] φ[1,n−2,1] ϕ[1,n−3,1] . . . φ[1,1,1] ϕ[1,0,1]

φ[2,n,1] φ[2,n−2,1] ϕ[2,n−3,1] . . . φ[2,1,1]] ϕ[2,0,1]

...
...

...
...

...
...

φ[1,n,k] φ[1,n−2,k] ϕ[1,n−3,k] . . . φ[1,1,k] ϕ[1,0,k]

φ[2,n,k] φ[2,n−2,k] ϕ[2,n−3,k] . . . φ[2,1,k]] ϕ[2,0,k]

λnnφn λn−2
n φn λn−3

n ϕn . . . λnφn ϕn

∣∣∣∣∣∣∣∣∣∣∣∣∣

,

W
′

21 =

∣∣∣∣∣∣∣∣∣∣∣∣∣

φ[1,n−1,1] ϕ[1,n−2,1] φ[1,n−3,1] . . . ϕ[1,1,1] φ[1,0,1]
φ[2,n−1,1] ϕ[2,n−2,1] φ[2,n−3,1] . . . ϕ[2,1,1] φ[2,0,1]

...
...

...
...

...
...

φ[1,n−1,k] ϕ[1,n−2,k] φ[1,n−3,k] . . . ϕ[1,1,k] φ[1,0,k]
φ[2,n−1,k] ϕ[2,n−2,k] φ[2,n−3,k] . . . ϕ[2,1,k] φ[2,0,k]
λn−1
n φn λn−2

n ϕn λn−3
n φn . . . λnϕn φn

∣∣∣∣∣∣∣∣∣∣∣∣∣

.

Proof Define the function Ψ [i, j, k] as follows

λ
j
iΦ = Ψ [i, j, 0] + Ψ [i, j, 1]ε+ Ψ [i, j, 2]ε2 + · · ·+ Ψ [i, j, k]εk + · · · (43)

where ε is a small parameter, and Ψ [i, j, k] is the coefficient of εk when expanding λjΨ at λ =

λi(i, j = 1, 2, . . . , N) via the Taylor expansion. Ψ [i, j, k] =

(
φ[i, j, k]
ψ[i, j, k]

)
= 1

k!
∂k

∂εk

[
(λi + ε)

j
Ψ (λi + ε)

]
.

Combining the Taylor expansion and formula (24), we can derive the k−1 order rogue waves
on the double-periodic background when N = 2k.

Starting from formula (24), set λ1 = 1
2

√
2a− c2 − 1

2 ic+ ε1, λ2 = − 1
2

√
2a− c2 − 1

2 ic+ ε1 and
do the first order Taylor expansion in all the elements of the first and second row with respect
to ε1. Extract ε1 in the first and second row, then take ε1 → 0;

Take λ2k−3 = 1
2

√
2a− c2 − 1

2 ic + ε2k−3, λ2k−2 = − 1
2

√
2a− c2 − 1

2 ic + ε2k−3, k ≥ 3 and do
the (k−1) order Taylor expansion in all the elements of the (2k−3)-th and (2k−2)-th row with
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respect to ε2k−3. Subtract the first, third,..., (2k − 5)-th row from the (2k − 3)-th row, subtract
the second, fourth,..., (2k− 4)-th row from the (2k− 2)-th row. Extract εk−1

2k−3 in the (2k− 3)-th
row and (2k − 2)-th row, then take ε2k−3 → 0;

Remain all the elements of the (2k−1)-th and 2k-th row unchanged, where εmk (m = 1, 2, . . . , N)
is the m-th power of the real constant εk.

Let N = 2k, λ1 = 1
2

√
2a− c2 − 1

2 ic, λ2 = − 1
2

√
2a− c2 − 1

2 ic, λ2k−1 = iβ2k−1 and λ2k = iβ2k.
Based on the above procedures, the k − 1 order rogue waves on the double-periodic background
for (2) are obtained.

Same with the procedure of N = 2k + 1, and remain all the elements of the (2k + 1)-th row
unchanged, we can derive the k order rogue waves on the periodic background in terms of the
determinant expression for Eq.(2) when N = 2k + 1.

4.2 Rogue waves on the periodic background

The higher order rogue waves on periodic background can be generated by odd order gen-
eralized DT. For N = 3, λ1 = 1

2

√
2a− c2 − 1

2 ic, λ2 = − 1
2

√
2a− c2 − 1

2 ic and λ3 = iβ3. Here,
set a = 1, c = 1 for convenience, the first-order rogue waves q3 on the periodic background for
Eq.(2) can be obtained. The patterns of q3 are displayed in Fig.7(a) and Fig.7(b). For β3 > 0,
the rogue wave pattern locates on the area where the periodic pattern reaches its amplitude.
However, for β3 < 0, the rogue wave pattern locates in the middle of two amplitude trajectories
of the periodic pattern, which looks like that the rogue wave is generated by the interaction of
two waves of the periodic pattern.

For N = 5, λ1 = 1
2

√
2a− c2 − 1

2 ic, λ2 = − 1
2

√
2a− c2 − 1

2 ic and λ5 = iβ5, the second-order
rogue waves on the periodic background for Eq.(2) was shown in Fig.8. The second-order rogue
waves have a high amplitude peak on the center distributed with some lower peaks and four
caves. Same with the case N = 3, for β5 > 0, the rogue wave pattern locates on the area where
the periodic pattern reaches its amplitude (see Fig.8(a)). For β5 < 0, the rogue wave pattern
locates in the middle of two amplitude trajectories of the periodic pattern (see Fig.8(b)). And
the periodic background can influence the peak value of the rogue wave.

4.3 Rogue waves on the double-periodic background

The rogue waves on the dual-periodic background are complicated, only the first-order solu-
tion is given in this section. When N = 4, let λ1 = 1

2

√
2a− c2 − 1

2 ic, λ2 = − 1
2

√
2a− c2 − 1

2 ic,
λ3 = iβ3 and λ4 = iβ4. We can obtain the first-order rogue waves q4 on the double-periodic
background for Eq.(2). It shows rogue waves with a double-periodic background, which is similar
to the Jacobi elliptic function-type seed solution. The selection of parameters has an effect on
the amplitude of the double-periodic background and the amplitude of the rogue waves. And
the interesting thing is that there are two peaks on the double-periodic background when take

a = 1, c = 1, β3 = 0.1, β4 =
√
2
2 (see Fig.9(a)). And there are four peaks on the double-periodic

background when we take a = 1, c = 1
2 , β3 = 0.1, β4 =

√
2
2 (see Fig.9(b)). Significantly, when

β3=-β4, the rogue waves on the double-periodic background will convert to the rogue waves on
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(a) (b)

Fig. 7: One-order rogue waves on the periodic background: (a) a = 1, c = 1, β3 = 1
10 ; (b) a = 1,

c = 1, β3 = − 1
10 .

the plane wave (see Fig.9(c)).

5 Conclusion

In summary, the breathers and rogue waves on the double-periodic background for Eq.(2)
have been constructed, which are first generated by plane wave seed solution. For the N -fold
DT formula, when N = 4, λ2 = ±λ∗1, λ3 and λ4 are pure imaginary numbers, the breathers
on the double-periodic background have been obtained. We have found the breathers on the
double-periodic background more easily observed in the t direction by dynamics analysis.

Based on the N -fold DT formula, taking special eigenvalue which makes the corresponding
eigenfunction degenerate. Let λN−1 = iβN−1, λN = iβN , the even order generalized DT has
been constructed by Taylor expansion. Then the higher order rogue waves on double-periodic
background are constructed by even order generalized DT. For the case of N = 4, λ3 = iβ3
and λ4 = iβ4. The two peak and four peak rogue waves on the double-periodic background
for (2) have been obtained, which are new solutions. The selection of parameters has an effect
on the amplitude of the rogue peaks and double-periodic background, and also influences the
numbers of rogue peaks. Another interesting effect has been when β3=-β4, the rogue waves on
the double-periodic background will convert to the classical rogue waves on the plane wave.
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(a) (b)

Fig. 8: Second-order rogue waves on the periodic background: (a) a = 1, c = 1, β5 = 1
10 ; (b)

a = 1, c = 1, β5 = − 1
10 .

(a) (b) (c)

Fig. 9: Rogue waves on the double-periodic background: (a) a = 1, c = 1, β3 = 0.1, β4 =
√
2
2 ; (b)

a = 1, c = 1
2 , β3 = 0.1, β4 =

√
2
2 ; (c) a = 1, c = 1, β3 =

√
2
2 , β4 = −

√
2
2 .

Similar, for DT formula (24), when N = 3, λ2 = ±λ∗1, and λ3 is a pure imaginary number,
the breathers on the periodic background have been obtained. The amplitude of the periodic
background and period of the breathers are directly influenced by the parameters. There are
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some new phenomenons: the crest of the Ma breathers is cut and the phase shift occurs at the
center of the general breathers with the perturbation of periodic background.

For the odd order generalized DT formula (42), when N = 3, N = 5. The first and second
order rogue waves on the periodic background for Eq.(2) have been obtained. When βN > 0, the
rogue wave patterns are located in the area where the periodic pattern reaches its amplitude.
However, when βN < 0, the rogue wave patterns locate in the middle of two amplitude trajectories
of the periodic pattern, which looks like that the rogue wave was generated by the interaction
of two waves of the periodic pattern. The higher-order rogue waves have a high amplitude peak
on the center distributed with some lower peaks and even numbers of caves. And the periodic
background can influence the peak value of the rogue wave.

The soliton solution, rational solution, periodic solution, double-periodic solution, breathers
and rogue wave for Eq.(2) also have been constructed in this work. Therefore, the addition of
nonlocal terms in nonlinear equation greatly enrich the structure of the solutions.
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