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Chemistry Department, Brookhaven Nat ional  Laboratory, Upton, New York 11973 

The accumulation i n  var ious  l a b o r a t o r i e s  of l a r g e  numbers of m u l t i -  

component ana lyses  of archaeo log ica l  a r t i f a c t s  has requ i red  t h e  development 

of inc reas ing ly  mre soph is t i ca ted  methods fo r  intercomparing these  da ta  and 

analyz ing them stat ist ical ly.  

app l ied  methods of data handl ing.  

There are two b a s i c  aspec ts  t o  t h e  newly zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I 

One relates t o  t h e  p r a c t i c a l  problems of 

dea l ing  wi th l a r g e  q u a n t i t i e s  of data. 

thousands of a n a l y t i c a l  r e s u l t s  it is no longer p r a c t i c a l  t o  compare specimen 

t o  specimen manually i n  o rder  t o  determine whether these  specimens can b e  

When one is handl ing l i t e r a l l y  

separa ted  i n t o  s t a t i s t i c a l l y  s i g n i f i c a n t  ind iv idua l  groups. Rather one car, 

r e s o r t  t o  computer based procedures such as c l u s t e r i n g  techniques which can 

r a p i d l y  genera te  matrices of s i m i l a r i t y  c h a r a c t e r i s t i c s  between a l l  p a i r s  of  

specimens being considered and then group t h e  specimens together  upon the  

b a s i s  of g r e a t e s t  mutual similarity. The second b a s i c  aspec t  r e l a t e s  t o  t h e  

need f o r  the app l i ca t i on  of t r u e  mu l t i va r ia te  s ta t i s t i ca l  ana lys i s  t o  these  

multicomponent data.  Such methods take i n t o  account c o r r e l a t i o n s  between 

elements i n  ca l cu la t i ng  p r o b a b i l i t y  contours f o r  specimen groups i n  mult i-  

component spaces. Both c l u s t e r i n g  techniques and a v a r i e t y  of mul t i va r ia te  

s ta t is t ica l  methods have been app l i ed  ex tens ive ly  i n  o ther  f i e l d s  invo l ing  

-ir 

mult iparameter da ta ,  such as numerical taxometry -in the b i o l o g i c a l  sc ience 

and incercomparison of specinens i n  classical archaeology i t s e l f .  However, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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t h e  app l i ca t i on  of 

methods of these types in t h e  f i e l d  of archaeometry h a s  been a r e l a t i v e l y  

recent development. 

specimens i n t o  groups and mu l t i va r ia te  eva lua t ion  of group membership are 

being app l i ed  i n  several d i f f e r e n t  archaeometr ic l abo ra to r ies .  

however, w i l l  d e a l  exc lus ive ly  w i th  methods w e  have found t o  b e  p r a c t i c a l  

and u s e f u l  i n  t h e  eva lua t ion  of our  multicomponent neutron a c t i v a t i o n  ana lyses  

and r e l a t e d  s t u d i e s  of a rchaeo log ica l  a r t i f a c t s  a t  Brookhaven Nat iona l  

Laboratory. These methods have been developed and t e s t e d  by a group of co- 

workers working under t h e  genera l  superv is ion of D r .  G a r m a n  Harbo t t l e  and 

myself.  

da ta  on p o t t e r y  and r e l a t e d  c lays.  

'+ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A number of d i f f e r e n t  methods of both c l u s t e r i n g  of 

This paper, 

The methods have been app l ied  most ex tens ive ly  and success fu l l y  t o  

The zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAUse of Log Normal Dis t r i bu t i ons  

We have f a i r l y  c o n s i s t e n t l y  throughout our  treatments assumed t h a t  our  

da ta  are l og  normally d i s t r i b u t e d  and hence,as a ru le ,have worked w i th  t h e  

logar i thms of concentrat ions of elements in our specimens r a t h e r  than t h e  

concent ra t ions  themselves. There are two reasons f o r  th is  choice.  F i r s t ,  

w h e n  w e  have p l o t t e d  f o r  compositionally cons is ten t  groups of specimens 

histograms of frequency of occurrence versus  logar i thms of concent ra t ions  o r  

ve rsus  concentrat ions themselves, w e  have indeed observed t h a t  the da ta  more 

o f ten  are more normally d i s t r i b u t e d  in t h e  l o g  concentrat ion p l o t s .  This has  

been observed, p a r t i c u l a r l y  f o r  trace elements, in a number of geo log ica l  and 

f o r e n s i c  s tud ies .  The second reason is that working w i th  logar i thms of 

concentrat ion i n  a sense s tandard izes  one's da ta  wi thout  having t o  make any 

a r b i t r a r y  a p r i o r i  assumptions as t o  how one's da ta  is  grouped. 

of concentrat ion space one observes f o r  a composi t ional ly matching group of 

specimens t h a t  t h e  spread of da ta  is  approximately t h e  same f o r  each of t h e  

-r 
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i nd i v idua l  components independent of the magnitude of the concentrat ions 

of these components. 

concentrat ions f o r  i r on  and potassium oxides which usua l ly  are present  in 

concentrat ions of s e v e r a l  percent  are roughly t h e  s a m e  as f o r  europium and 

lu te t i um oxide which are usua l ly  present  a t  only the p a r t s  per  m i l l i on  leve l .  

This means t h a t  when t h e  pos i t i ons  of specimens are p l o t t e d  i n  l o g  concentrat ion 

space t h e  composi t ional ly similar groups of specimens w i l l  group together  i n  

c l u s t e r s  w i t h  roughly s p h e r i c a l  symmetry, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAunless, of course, a h igh  degree of 

c o r r e l a t i o n  exists between certain of t h e  elements present .  Such s p h e r i c a l l y  

symmetric groups zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAwill n o t  occur in ord inary concentrat ion space un less  a l l  

For exainple, i n  po t te ry  t h e  s tandard dev ia t ions  in l og  

e l e m e n t s  concerned are present  a t  the same l e v e l  of Concentrat ion o r  t h e  d a t a  

are standard ized.  However, t h e  quas is tandard iza t ion  that  occurs in l og  

concentrat ion space i s  achieved automat ica l ly  wi thout making any assumptions 

concerning the degree o r  n a t u r e  of grouping w i t h i n  the assembly of  specimens 

be ing  s tud ied.  

and t h e  approximately s p h e r i c a l  groups i t  can produce much f a c i l i t a t e s  t h e  

app l i ca t i on  of c l u s t e r i n g  and o ther  multivariate methods. Thus it can b e  seen 

t h a t  i t  is very convenient t o  work in l o g  concentrat ion space. 

It is f a i r l y  obvious t h a t  t h i s  automat ic nea r  s tandard iza t ion  

C lus ter ing  Methods 

Our f i rst s t e p  in determining whether a l a r g e  assemblage of da ta ,  

invo lv ing the analyses of many specimens f o r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa s i z a b l e  number of components, 

con ta ins  w i t h i n  it stat is t ica l ly  meaningful composi t ional  groups is t o  r e s o r t  

t o  computer programs that  produce c l u s t e r  analysis of t h e  data.  Such c lus te r ing ,  

h i c h  is 

all of t h e  elements determined, prov ides a pre l iminary i nd i ca t i on  of grouping 

w i th in  t h e s e  data.  For a variety of reasons w e  do no t  f e e l  t h a t  c l u s t e r i n g  

provides a f u l l y  r e l i a b l e  d e f i n i t i o n  of t h e  groups present .  

usua l l y  c a r r i e d  out  i n  the l o g  concentrat ion space of most i f  n o t  

> 
! 

The f i n a l  assignment 



of i nd i v idua l  specimens i n t o  groups i s  b e s t  based upon m u l t i v a r i a t e  p r o b a b i l i t y  

ca l cu la t i ons .  Cluster ing,  however, is  a rap id  and usua l l y  q u i t e  r e l i a b l e  

method of determining how a l a r g e  set of specimens are l i k e l y  t o  b e  subdivided. 

For c l u s t e r i n g  we f i r s t  r e s o r t  t o  one of two computer programs w r i t t e n  

at  Brookhaven by  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA. M. Bieber,  Jr., NADIST and DISCMT. 

d i s s i m i l a r i t y  matrix elements f o r  a l l  p a i r s  of specimens upon t h e  b a s i s  of 

one of several d i f f e r e n t  d i s s i m i l a r i t y  o r  d is tance parameters. 

six d is tance  parameters which i n  d i f f e r e n t  ways desc r ibe  t h e  proximity 

specimens p l o t t e d  as po in ts  e i t h e r  i n  elemental  concent ra t ion  o r  l o g  concent ra t ion  

space. They are: 

These programs c a l c u l a t e  

These i nc lude 

of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1) The normal Eucl id ian Distance between specimen p o i n t s  i n  this space 

where n is t h e  number of variates and A. and B zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. the coord inates f o r  t h e  two 

specimens being compared; 

1 1 

2) The square  of th is  d is tance,  t h e  Squared Eucl id ian Distance; 

3) The Mean Squared Eucl id ian Distance, t h a t  is, the Squared Eucl id ian 

Distance div ided by the number of variates. In i ns tances  where d a t a  are 

missing f o r  i nd i v idua l  specimens t h e  M e a n  Squared Eucl id ian Distances involv ing 

t h e s e  specimens,which are ca lcu la ted  f o r  a lower than normal number of 

coord inates,  w i l l  b e  c l o s e  t o  what they would have been had no da ta  been 

missing by v i r t u e  of the d is tance  being averaged over t h e  number of coord ina tes  

a c t u a l l y  employed; zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
4 )  The Mean Eucl id ian Distance; zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
5 )  The "City Block" Distance, which is j u s t  t h e  l inear sum of t h e  

d i f f e rences  of the coord inate pos i t i ons  f o r  a p a i r  of specimens 
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n 

i= 1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBACBD zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 1 (Ai - Bi) . 

6) The Mean Character Dif ference,  i .e., the Nean Ci ty  Block Dis tance 

.m = - n 1 (Ai - Bi) 

i= 1 n 

There are a l s o  two c o r r e l a t i o n  parameters a v a i l a b l e ,  1) t h e  Pearson Cor re la t ion  

Coe f f i c i en t  K,  and 2) Cosine Theta, where theta i s  t h e  ang le  p o s i t i o n s  between 

lines drawn from an a r b i t r a r y  o r i g i n  t o  t h e  pos i t i on  p o i n t s  of a p a i r  of 

specimens. 

C lus te r ing  i s  c a r r i e d  out by t h e  computer program AGCLUS which was 

w r i t t e n  by D. C. Olivier a t  the Department of Psychology and S o c i a l  Re la t ions ,  

Hanrard Univers i ty .  With t h i s  program, c l u s t e r i n g  can b e  c a r r i e d  o u t  i n  a 

number of ways, Each method starts w i t h  those specimens which are most 

similar, i.e., which have t h e  least d i s s i m i l a r i t y  parameter relat ive t o  each 

o t h e r ,  c l u s t e r e d  together  - Addi t ional  specimens (o r  eventua l l y  

c l u s t e r s )  are then  added t o  e x i s t i n g  c lus te rs .upon  t h e  b a s i s  of one of several 

cr i ter ia,  e.g., the c l u s t e r i n g  toge the r  of units with least r e r a i n i n g  mutual 

o r  c l u s t e r e d  together  

A 

d i s s i m i l a r i t y  parameters, o r  units which when c l u s t e r e d  toge the r  w i l l  form 

t h e  most compact new c l u s t e r s .  Eventual ly all specimens w i l l  b e  c l u s t e r e d  

toge the r  and the level of t h e  d i s s i m i l a r i t y  parameter a t  which each j o i n i n g  

toge the r  of subun i ts  has occurred recorded. 

Eventual ly  a computer p l o t t e d  dendrogram of the c l u s t e r i n g  is produced, 

which is  a d isp lay  of the order  in which specimens w e r e  c l u s t e r e d  together  

and t h e  l e v e l s  a t  wh ich  c l u s t e r i n g  occurred. This is done by a p l o t t e d  

series of h o r i z o n t a l  and v e r t i c a l  l i n e s  w h i c h  l i n k  together  success ive  c l u s t e r s .  

Such a dendrogram showing the cluster ana lyses  of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA63 Aegean p o t t e r y  sherds  
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upon t h e  b a s i s  of Xean Squared Eucl id ian Distance is shown zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAin Figure 1. 

d i s t a n c e  toward the r i g h t  of which the h o r i z o n t a l  l i n e s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAare terminated and 

jo ined is an i nd i ca t i on  of t h e  l e v e l  of t h e  d i s tance  paraneter  a t  which 

grouping i n t o  clusters occurred. 

The 

Preliminary Univar ia te,  Element by Element, Evaluat ion 

of t h e  Groups Ind ica ted  by C lus te r ing  

Although u n i v a r i a t e  s t a t i s t i c a l  techniques do no t  provide a s  d e f i n i t i v e  

a b a s i s  f o r  f i n a l  assignment of specimens i n t o  groups as do m l t i v a r i a t e  

techniques, they can b e  app l ied  much more e a s i l y  and r a p i d l y  t o  t h e  da ta  and 

they can conf i rm some s i g n i f i c a n t  d i v i s ions  between groups of specinens. I f  

two groups of  specimens are found t o  b e  s i g n i f i c a n t l y  separa ted  on t h e  b a s i s  of 

s i n g l e  v a r i a t e  they w i l l  remain s i g n i f i c a n t l y  separa ted  a s  more v a r i a t e s  

are taken zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAinto account. Hence s i g n i f i c a n t  separa t i ons  i n t o  subdiv is ions 

es tab l i shed  upon the bases  of element by element cons idera t ion  should p e r s i s t  

when t r u e  m u l t i v a r i a t e  procedures are app l ied  t o  t h e  sample of specimens. 

However, as s h a l l  b e  demonstrated later,  subsequent m u l t i v a r i a t e  a n a l y s i s  

can determine that what, upon t h e  b a s i s  of u n i v a r i a t e  ana lys i s ,  appear t o  b e  

s i n g l e  groups of specimens can sometimes be meaningfully divided i n t o  d i s t i n c t l y  

separa te  subgroups. 

degree of c o r r e l a t i o n  occurs between some of t h e  v a r i a t e s .  Hence, u n i v a r i a t e  

techniques zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAcan i n d i c a t e  and confirm v a l i d  subdiv is ion w i th in  the stat is t ica l  

sample b u t  t h e s e  subdiv is ions may n o t  be  s i n g l e  normally d i s t r i b u t e d  groups. 

p r  ob ab i l i t y  

/2 

Such a d d i t i o n a l  subdiv is ion can occur only when a s i g n i f i c a n t  

W e  have found it t o  b e  q u i t e  convenient and u s e f u l  t o  r e s o r t  a t  t h i s  

s t a g e  t o  a computer program ADSTAT, w r i t t e n  by m e  a t  Brookhaven, which 

conver ts  concentrat ion data t o  logar i thms and c a l c u l a t e s  averages and 

s tandard dev ia t i ons  for each v a r i a t e .  Tables are p r i n t e d  in which t h e  data 

i t s e l f  is t abu la ted  together  wi th t h e  mean va lues ,  t h e  standard dev ia t ions  
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expressed, i n  e f f e c t ,  as a percentage of the mean, s tandard  dev ia t ion  ranges 

and the ranges  de f i n ing  95 percent  p r o b a b i l i t y  l i m i t s  (or  o t h e r  limits i f  so 

requested) f o r  group membership based upon Student 's  t s ta t i s t i c .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAll 

i nd i v idua l  concent ra t ions  l y i n g  ou ts ide  of t h e s e  limits are f lagged i n  the 

t ab le .  It is  obvious that i f  several concent ra t ions  f o r  an i nd i v idua l  

specimen are so f lagged the specimen very  probably does n o t  f i t  t h e  group in 

which i t  has been included. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A computer ou tpu t  p r i n t e r  p l o t  of t h e  s ta t is t ica l  a n a l y s i s  i s  produced 

i n  which on a l ogar i thmic  scale t h e  mean va lues  f o r  each component are p l o t t e d  

b racke t ted  w i t h  a s tandard  dev ia t i on  range ind i ca ted  by p lus  s i g n s  and t h e  

S,tudent's t p r o b a b i l i t y  range by an extending set of minus signs. 

shows such a p l o t .  Because the concentrat ion ranges of d i f f e r e n t  components 

F igure 2 

can d i f f e r  by as much as four  o r  even f i v e  o rde rs  of magnitudes, it h a s  been 

expedient in these p l o t s  t o  shift  t h e  p o i n t s  f o r  some low concent ra t ion  

components over toward higher va lues  by f i xed  numbers of  decades s o  t h a t  h igh  

concent ra t ion  and low concentrat ion components appear in n e a r l y  over lapping 

pos i t i ons .  

three decades of concent ra t ion  a long the absc issa .  S ince  for an i nd i v idua l  

component the same s h i f t  is  made i n  a l l  p l o t s  which are t o  b e  compared, t h i s  

s h i f t  is in no way confusing. 

This permi ts  the p l o t s  t o  b e  accommodated convenient ly  in on ly  

In p r a c t i c e  i t  has been found t o  b e  very h e l p f u l  t o  compare two o r  more 

of these p l o t s  by superimposing t h e m  over a l i g h t  box. One can then see a t  a 

glance which elements d i f f e r  i n  the groups of d a t a  be ing  compared and whether 

the dev ia t ions  are s i g n i f i c a n t .  One can a l s o  use  ADSTAT t o  produce analogous 

p l o t s  f o r  i n d i v i d u a l  specimens. These p l o t s  can then b e  compared t o  each 

o the r  by superpos i t i on  o r  t o  group p l o t s  t o  ascertain, again a t  a glance, how 

c lose ly  t h e  specimen resembles t h e  group i n  a l l  components. 
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Since these p l o t s  are zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAon a logar i thmic scale, a uniform s h i f t  of one 

p l o t  relative t o  another i n  a hor i zon ta l  d i rec t i on  is  equiva lent  t o  a l t e r i n g  

a l l  components of t he  specimen being compared by a constant  m u l t i p l i c a t i o n  

f a c t o r .  

f a c t o r ,  which might b e  approximately t h e  case i f  two p ieces  of p o t t e r y  made 

from t h e  s a m e  c lay  contained s u b s t a n t i a l l y  d i f f e r e n t  amounts of a r e l a t i v e l y  

Hence  i f  two specimens d i f f e r  from each o the r  by j u s t  a d i l u t i o n  

pure  temper, their p l o t s  could b e  brought i n t o  near superpos i t ion  by such a 

h o r i z o n t a l  s h i f t .  

The program ADSTAT al lows f o r  the same s o r t  of sh i f t  t o  b e  made 

mathematical ly. 

a l lows one set of da ta  t o  b e  ad jus ted  t o  another  set through a l t e r a t i o n  of 

This da ta  t reatment,  which I have c a l l e d  "best r e l a t i v e  f i t " ,  

a l l  items i n  it by a constant  mu l t i p l i ca t i on  f a c t o r  so chosen as t o  achieve 

a b e s t  least -squares matching between the l og  concentrat ion va lues  f o r  t h e  

t w o  sets. This is done by ca l cu la t i ng  the f a c t o r  

where n is the n h e r  of variates being matched, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAi are t h e  actual concentrat ions zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
, for the specimen being adjusted and B 

set chosen f o r  comparison. 

the least squares f i t  i n  l o g  concentrat ions w i l l  have been achieved. 

the corresponding concent ra t ions  i n  the 
i 

If now a l l  va lues  A .  are div ided by  t h i s  f a c t o r  
1 

The 

process has  some i n t e r e s t i n g  p r o p e r t i e s  such as t h e  fact t h a t  i f  one a d j u s t s  

a l l  specimens w i t h i n  a group t o  the m e a n  va lues  of that group, then the mean 

va lues  f o r  the ad jus ted  group w i l l  b e  t h e  same as t hose  of the o r i g i n a l  group. 

The computer program al lows one t o  select a r b i t r a r y  sets of variates f o r  such 

f i t t i n g  and t o  leave the remaining data either unchanged o r  a l t e r e d  a long 

with t h e  f i t t e d  va r ia tes .  A somewhat t r icky b u t  q u i t e  u s e f u l  app l i ca t i on  

of th is opt ion is t o  make a b e s t  relat ive f i t  adjustment f o r  a group of 
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specimens upon the b a s i s  of  one element alone. The concent ra t ions  f o r  a l l  

other  a d j u s t e d  elements w i l l  then b e  transformed i n t o  concent ra t ions  r e l a L i v e  

t o  concent ra t ions  of this e l e m e n t .  

Mul t i va r ia te  P r o b a b i l i t y  Ca lcu la t ions  

When one is working w i t h  a s i n g l e  v a r i a b l e  parameter and i s  at tempt ing 

t o  determine 1) whether a given set of specimens r e p r e s e n t s  a sampling of one 

o r  more than one populat ion,  o r  2) whether a given specimen can b e  ass igned 

w i t h  conf idence t o  a given populat ion one usua l l y  r e s o r t s  t o  t h e  concept of 

a normal d i s t r i b u t i o n  as charac te r i z ing  the f requency of occurrence of 

specimens w i t h i n  a s i n g l e  populat ion.  

whether the sample of specimens presumed t o  rep resen t  the populat ion is  

reasonably  normal ly d i s t r i b u t e d ,  o r  f o r  small samplings assumes it t o  b e  s o  

upon the b a s i s  of having exper ienced th is  when examining l a r g e r  groups of 

specimens. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAOne then c a l c u l a t e s  upon the b a s i s  of normal d i s t r i b u t i o n  the 

p r o b a b i l i t i e s  that  the separa t i on  between proposed d i f f e r e n t  groups are 

indeed s i g n i f i c a n t  o r  the p r o b a b i l i t i e s  that i nd i v idua l  specimens would 

belong t o  s p e c i f i e d  groups. 

One f i r s t  e i t h e r  tests t o  determine zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
- 

It is  of course q u i t e  poss ib le  t o  ca r ry  ou t  t h e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAsame c a l c u l a t i o n s  on 

a m u l t i v a r i a t e  b a s i s .  

m u l t i v a r i a t e  normal d i s t r i b u t i o n  funct ions.  There even exists a m u l t i v a r i a t e  

S t a t i s t i c i a n s  have f o r  many yea rs  worked w i t h  

L 
parameter, H o t e l l i n g ' s  T , w h i c h  is analogous t o  the u n i v a r i a t e  S tudent 's  t 

parameter i n  that: it b r i n g s  i n t o  account in a p r o b a b i l i t y  c a l c u l a t i o n  the 

a d d i t i o n a l  uncertainties a r i s i n g  from having a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAsmall n.umber of specimens in  

a sample. 

func t ion  can b e  w r i t t e n  i n  the same b a s i c  form 

I 

In b o t h  the univariate and m u l t i v a r i a t e  case t h e  normal d i s t r i b u t i o n  
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2 

-u /2  
f zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= K e  

In the univariate case K i s  the constant sr/2 and u is t h e  s tandard ized d is tance 

(x - G)/o, where Y is ' the coord inate of an i nd iv idua l  da ta  po in t ,  i s  t h e  

coord inate of the cen t ro id  of a normally d i s t r i b u t e d  group t o  which t h e  da ta  

po in t  i s  be ing  compared and o the standard dev iat ion of t h a t  group. I n  the  

multivariate case K is a constant  t h a t  depends upon the nu&er of v a r i a t e s  

and u is  a mult id imensional  s tandard ized d i s tance  which is equal  t o  t h e  

Eucl id ian Distance from the  center of a group t o  the da ta  po in t  i n  quest ion 

d iv ided by the s tandard  dev iat ion f o r  the group in t h a t  d i rec t i on .  I n  

genera l  in m u l t i v a r i a t e  space the standard dev iat ion f o r  a populat ion w i l l  

b e  a cont inuously vary ing func t ion  of d i rec t i on  r e l a t i v e  t o  the  cent ro id  of 

the populat ion sample. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAThe square of this standard ized d i s tance  has been 

cal led by stat ist icians the Hahalanobis D.istance, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA)ID, and can b e  ca lcu la ted  

as fo l lows:  

where xi and x are the coord inates f o r  the variates i and j f o r  a da ta  po in t ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
x. and 2. are the corresponding coord inates f o r  the cent ro id  of the populat ion 

sample, 

group, i .e. , populat ion sample, and n is the number of v a r i a t e s .  

j - 

inverse of the 1 J 

i s  the i th-jth element of the variance covar iance matrix f o r  the 
Iij zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA 

I have 

written a computer program ADCORR which among o the r  operat ions ca l cu la tes  the 

variance-covariance matrix and the cen t ro id  f o r  any group of specimens and 

then determines from these the Mahalanobis D i s t a n c e s  from the cent ro id  of t h e  

group f o r  a l l  meIcbers of the group and f o r  any a d d i t i o n a l  specimens one might 

wish t o  compare t o  the group. From these t h e  p r o b a b i l i t i e s  t h a t  the 

i nd i v idua l  specimens could belong t o  the group and y e t  dev ia te  from the cen t ro id  

by  as g r e a t  a Mahalanobis D.istance as they  do are calcu lated.  An opt ion of 
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t h e  program is that  group member specimens showing a low p robab i l i t y  of belonging 

t o  the group can b e  de le ted  from it, w i t h  this e l im ina t ion  process being 

r e i t e r a t e d  a f t e r  t h e  stat is t ics  f o r  the reduced group are ca lcu la ted  u n t i l  a 

f u l l y  i n t e r n a l l y  cons i s ten t  group is  reached. 

There are two p r a c t i c a l  problems t h a t  can complicate the ca lcu la t i on  

of these p r o l ~ a b i l i t i e s .  One is that one must have more specinens included 

within the group than the number of variates used in t h e  ca lcu la t ion .  The 

var iance-covar iance matrix ca lcu la ted  f o r  a group whose number of  members 

is less than o r  equal t o  t h e  rider of v a r i a t e s  w i l l  necessa r i l y  b e  s ingu la r  

and hence cannot b e  inver ted.  

inverse of this matrix. 

dimensional variate space one needs a t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAleast n zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+ 1 independent da ta  po in ts  

t o  de f i ne  var iance in a l l  discuss ions.  

the group the ca lcu la t i on  w i l l  of necessity show a l l  specimens t o  b e  equal ly  

probable members of the group regard less  of their r e l a t i v e  coordinates.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAs 

i s  t rue  i n  a l l  ca lcu la t i ons  of s ta t is t ica l  p r o b a b i l i t i e s ,  the results become 

more meaningful as the number of specimens increases and i d e a l l y  one should 

have at  least several t imes the number of specimens def in ing a group as the 

number of v a r i a t e s .  

f o r t u n a t e l y  a s t a t i s t i c , H o t e l l i n g ' s  'I?, which is a mult id is2ns ional  genera l i za t i on  

of S tudent 's  t, has been developed which al lows one proper ly  t o  a d j u s t  

p r o b a b i l i t y  ca l cu la t i ons  f o r  the a d d i t i o n a l  uncer ta in ty  introduced by r e l a t i v e l y  

small samples. 

d i s t r i b u t i o n  of Hote l l ing 's  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3. However, th is  does n o t  so lve  a l l  of one's 

problems f o r  i f  one is working w i t h  a smaller than i d e a l  nunber of  specimens 

the i nc lus ion  of a n  a d d i t i o n a l  specimen w i l l  tend t o  alter the var iance- 

covar iance matrix i n  such a way as t o  accommodate t h e  specimen w i th in  t h e  group. 

The Mahalanobis Distance ca lcu la t i on  requ i res  the 

What th i s  means mathematical ly is that i n  an n 

I f  one has only n f 1 specimens i n  

However, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAin p r a c t i c e  t h i s  is of ten  n o t  poss ib le  and 

The p r o b a b i l i t i e s  by program ADCORR are a l l  based upon the 

c zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

1 



Therefore,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAunless t h e  number of group m e m b e r s  i s  adequate ly  h igh t h e  ca l cu la ted  

p robab i l i t y  of an ind iv idua l  specimen belonging t o  a group w i l l  b e  

s i g n i f i c a n t l y  h ighe r  when t h a t  specimen is included w i th in  t h e  group than 

when it is excluded zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAfrom t h e  group. 

one encounters some specimens which show low p r o b a b i l i t y  of belonging t o  a 

group when they are included w i th in  i t , and the re fo re  can b e  excluded from 

t h e  group w i th  confidence, and some specimens which show a h igh  p r o b a b i l i t y  of 

belonging t o  t h e  group even when excluded from it and hence can be  included 

within the group w i t h  confidence. 

specimens f o r  which one ca l cu la tes  a reasonably h igh  p r o b a b i l i t y  of belonging 

t o  a group when the ca lcu la t i on  is made inc lud ing them wi th in  t h e  group and 

a s i g n i f i c a n t l y  low p r o b a b i l i t y  of belonging t o  t h e  group when they are 

excluded from it. 

tends  t o  exclude them from t h e  group one is def in ing .  

t h e r e f o r e  t o  test a l l  marginal  group m e m b e r s  t o  see i f  they f a l l  i n  t h e  

ambiguous category.  

When re f i n ing -  a group with t h i s  method 

However, one a l s o  can encounter in te rmed ia te  

One, of course, f e e l s  uncer ta in  about such specimens and 

It is a w i s e  procedure 

In a m u l t i v a r i a t e  space a l l  po in ts  of equal p r o b a b i l i t y  w i l l ,  of course,  

have equal Mahalanobis Dis tances relat ive t o  a populat ion cen t ro id  and w i l l  

de f ine  a h y p e r e l l i p s o i d a l  su r face  in that space. F igure 3 i s  a c o r r e l a t i o n  

diagram fo r  t h e  elements scandium and i r o n  upon which i s  p l o t t e d  the d i s t r i b u t i o n s  

of specimens from t h r e e  reg ions of t h e  Middle East. 

specimens inc lude  c lay  samples from t h e  three reg ions  and p o t t e r y  sherds which 

because they w e r e  found i n  t h e  same reg ions  as and were c lose ly  similar in 

composit ion t o  t h e  c lays  could be  presumed t o  have been fab r i ca ted  from these  

l o c a l  c lays.  

depos i t s  of the P a l e s t i n i a n  c o a s t a l  p l a i n ,  the Limestone H.11 Clays which 

are found i n  t h e  central upland of Israe l ,and t h e  geo log ica l l y  recen t l y  

In each instance t h e  

The c lays  in quest ion are t h e  Red F ie ld  Clays which t y p i f y  t h e  

I 
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deposi ted Alluvium from a number of sites along t h e  N i l e ,  ranging from A s w a n  

t o  Cairo. 

de f ine ,  upon t h e  b a s i s  of Ho te l l i ng ' s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA9 d i s t r i b u t i o n ,  the ninety-f  ive percent  

conf idence limits of containment of each of the j types.  

diagrams wi th  p r o b a b i l i t y  e l l i p s i s  can b e  computer p l o t t e d  through use e i t h e r  

of t h e  program ADCORR o r  a program RAPLOT, which is yet  t o  b e  discussed. 

Around each of t h e  d a t a  sets is p l o t t e d  t h e  p r o b a b i l i t y  e l l i p s i s  which 

composit ional 
Such c o r r e l a t i o n  

i .  

The Need f o r  Mu l t i var ia te  Data Handling 

In Figure  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 one can see that the elements i ron  and scandium are h igh ly  

c o r r e l a t e d  in each po t te ry  group. 

elemw-ts i r o n  and scandium tend t o  b e  h igh ly  co r re la ted  in na tu re ,  as many 

geo log ica l  s t u d i e s  of rock and minera l  compositions have shown. 

because t h e  two Pa les t i n ian  c lay  and p o t t e r y  groups are pr imar i l y  on ly  o f f s e t  

from each o the r  along near l y  p a r a l l e l  co r re la t i on  regress ion  l ines, t h e  

i nd i v idua l  i r o n  concentrat ions and scandium concentrat ions i n  t h e  two groups 

of specimens l a r g e l y  over lap.  Hence i f  one were t o  analyze th is  assembly of 

d a t a  only element by element upon t h e  b a s i s  of i r on  and scandium, one would 

f a i l  t o  observe t h a t  t h e  Red F ie ld  Clays and t h e  Limestone Hill Clays are 

s i g n i f i c a n t l y  d i f f e r e n t  i n  composition f r o m  one another.  One m u s t  use a 

method of a n a l y s i s  t h a t  f u l l y  t akes  i n t o  account t h e  c o r r e l a t i o n  occurr ing 

between variates as well as t h e  abso lu te  va lues of t h e  coord inates of t h e  

variates t o  achieve a f u l l  r eso lu t i on  of one's data.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA Mahalanobis Dis tance 

c a l c u l a t i o n  automat ica l ly  takes  i n t o  account a l l  of t h e  c o r r e l a t i o n s  e x i s t i n g  

between variates f o r  a group be ing  analyzed. I n  t h e  case shown in Figure 3 

a Mahalanobis Distance ca l cu la t i on  showed t h a t  t h e  Limestone H i l l  Clay 

specimens a l l  had less than 0.001 percent p r o b a b i l i t y  of belonging t o  t h e  

Red F i e l d  Clay group. Thus it can b e  seen t h a t  when c o r r e l a t i o n  between 

variates is involved, s i g n i f i c a n t  separations between groups of specimens can 

This  is t o  b e  expected because the 

However, 
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occur which would be  missed in univariate, element by element, ana lys i s  but  

observed and shoxn t o  b e  s ign f i can t  i n  a t r u e  m u l t i v a r i a t e  ana lys i s .  

U s e  of Characteristic Vectors of t h e  

Var i anc  e-Covar ianc e Mat r ix 

It can b e  shown that t h e  axes of t h e  p robab i l i t y  hypere l l i pso ids  

generated i n  a Mahalanobis Distance ca lcu la t i on  f o r  a normally d i s t r i b u t e d  

group are t h e  c h a r a c t e r i s t i c  vec tors ,  L e . ,  eigenvectors ,  of t h e  variance- 

covar iance matrix of t h a t  group. The ca l cu la t i on  of c h a r a c t e r i s t i c  vec to rs  

and their  corresponding c h a r a c t e r i s t i c  va lues  are w e l l  descr ibed in  almost a l l  

standard re fe rences  deal ing with matrix a lgebra ,  and I s h a l l  t h e r e f o r e  n o t  

comment upon the nethods of t h e i r  ca l cu la t i on  here.  I s h a l l  simply descr ibe  

t h e  characterist ic vec tors  as a set of n mutually orthogonal  coord inate 

vec to rs  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAin an n dimensional m u l t i v a r i a t e  space with o r i g i n s  a t  the 

cen t ro id  of a da ta  group which are or ien ted  i n  t h e  mu l t i va r ia te  space along 

reg ress ion  lines of co r re la t i on  t o  the exten t  t h a t  t hese  e x i s t  f o r  the d a t a  

p o i n t s  of the group. Hence they provide a descr ip t ion  of t h e  d i s t r i b u t i o n  of 

the group from which a l l  co r re la t i on  has been removed. That i s  t o  say,  the 

b a s i s  f o r  a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A 

characteristic vec to rs  c o n s t i t u t e  a new set of variates zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAbetween which no 

c o r r e l a t i o n  exists f o r  the da ta  group being analyzed. The set of characteristic 

b a s i s  vec to rs  are similar t o  t h e  o r i g i n a l  orthonormal set of elemental  b a s i s  

vec to rs  w i t h  the except ions only t h a t  t h e i r  o r i g i n  have been t rans fer red  t o  

the cen t ro id  of a group and their d i r e c t i o n s  i n  mul t i va r ia te  have been 

r o t a t e d  t o  conforn t o  t h e  d i r e c t i o n s  of maximum and minimum var iances  w i th in  

the group. 

the relat ive pos i t i ons  of  da ta  po in ts  i n  a mul t i va r ia te  space b u t  only prov ides 

a new desc r ip t i on  of th is  d i s t r i b u t i o n .  

Hence a t ransformat ion t o  characteristic vec tors  i n  no way alters 
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In Figure  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 the characteristic vec to rs  f o r  the group of t h e  Pa les t i n ian  

Red F i e l d  clay specimens are drawn through t h e  group and marked A and B. It zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
11 

can b e  seen t h a t  t h e  vec to r  A i l i e s  along t h e  regress ion  l i n e  f o r  co r re la t i on  
, 

2) 

/\ 
between i r o n  and scandium f o r  t h e  group, a l s o  is i n  t h e  d i r e c t i o n  of maximum 

var iance w i th in  t h e  group and a l s o  i s  the major axis of t h e  p r o b a b i l i t y  e l l i p s e  

f o r  t h e  group. The vec to r  B i s  perpendicular t o  A, i s  i n  t h e  d i r e c t i o n  of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 
A 

least variance f o r  t h e  group and is t h e  minor axis of t h e  p r o b a b i l i t y  e l l i p s e  

of t h e  group. It is i n t e r e s t i n g  t o  n o t e  t h a t  t h e  e longat ions of t h e  o t h e r  two 

groups in Figure  3 are n e a r l y  p a r a l l e l  t o  each o the r  so  t h a t  t h e  Characteristic 

v e c t o r s  of a l l  three sets and indeed t h a t  of the composite of a l l  of these 

d a t a  p o i n t s  would b e  n e a r l y  p a r a l l e l .  This is a state of a f f a i r s  which we 

have come t o  expect t o  be  q u i t e  common in c lay  and po t te ry  analyses.  

elemental c o r r e l a t i o n s  occurr ing i n  d i f f e r e n t  c lays  tend t o  b e  similar even 

i n  i ns tances  i n  which the mean relat ive abundances of t h e  c o r r e l a t i n g  elemen 

are s i g n i f i c a n t l y  d i f f e r e n t .  The p a r a l l e l  placement of groups w i t h  i n t e r n a l  

The zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
S 

c o r r e l a t i o n  i s  i n  p a r t  t h e  r e s u l t  of working in log-concentrat ion space because 

t o  the exten t  t h a t  

elements i n  da ta  sets are constant  within each set the c o r r e l a t i o n  regression 

l i n e s  f o r  each set when  p l o t t e d  i n  l o g  concentrat ion space w i l l  have a 

t h e  r a t i o s  of concentrat ions of a p a i r  of c o r r e l a t i n g  

s lope  of one. This tendency f o r  groups with pronounced c o r r e l a t i o n  t o  be 

p a r a l l e l  t o  one another i n  l og  concentrat ion space and hence have c h a r a c t e r i s t i c  

vec to rs  t h a t  are para l le l .  t o  one another i s  another  advantage of us ing t h e  

l o g a r i t h m  of concent ra t ions  r a t h e r  than t h e  concent ra t ions  themselves. 

Those f a m i l i a r  w i t h  f a c t o r  ana lys i s  will recognize t h a t  working wi th  t h e  

c h a r a c t e r i s t i c  vec to rs  of t h e  variance-covariance matrix i s  similar t o  t h e  

method of p r i n c i p a l  component ana lys i s .  However, t he re  is  a s i g n i f i c a n t  

d i f f e rence  between t h e  app l i ca t i ons  normally made of t he  c h a r a c t e r i s t i c  vec to rs  
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i n  p r i n c i p a l  component a n a l y s i s  and the app l i ca t i ons  t h a t  are u s e f u l  i n  t h i s  

instance which stems from t h e  f a c t  t h a t  one i s  usua l l y  us ing p r i n c i p a l  component 

a n a l y s i s  t o  c l a r i f y  t h e  r e l a t i o n s h i p s  between variates whi le  i n  our  i nves t i ga t i ons  

w e  are more concerned wi th  the r e l a t i o n s h i p s  between specimens-. 

component a n a l y s i s  one ob ta ins  the c h a r a c t e r i s t i c  vec to rs  of the var iance- 

covar iance m a t r i x  o r  t h e  c o r r e l a t i o n  matr ix  and then concent ra tes  one 's  

a t t e n t i o n  upon those  vec to rs  that expla in  m o s t  of t h e  var iance o r  c o r r e l a t i o n .  

Usual ly t h e  vec to rs  w i t h  l i t t l e .  var iance are ignored. F igure zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3, however, makes 

it clear t h a t  i n  our  s t u d i e s ,  where we are at tempt ing t o  d i sc r im ina te  between 

s i g n i f i c a n t l y  d i f f e r e n t  groups of da ta ,  t h e r e  is no a p r i o r i  reason t o  expect 

any of t h e  c h a r a c t e r i s t i c  vec to rs  t o  be more d isc r im ina t ing  than o thers .  

apparent  i n  Figure 3 t h a t  t h e  c h a r a c t e r i s t i c  vec to r  of g r e a t e s t  var iance,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA ,  

In pr inc ipa l  

It is 

f o r  t h e  Red F i e l d  Clay group would d isc r im ina te  between t h i s  group and t h e  

N i l e  AUuvium b u t  f a i l  t o  d isc r im ina te  between i t  and the Limestone H i l l  Clays. 

In c o n t r a s t  t o  t h i s  t h e  c h a r a c t e r i s t i c  vector of least var iance,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAB y  d isc r im ina tes  

w e l l  between t h e  two P a l e s t i n i a n  g r o u p  bu t  would f a i l  t o  d i sc r im ina te  between 

t h e  Red F i e l d  Clays and N i l e  Alluvium. 

look a t  a l l  charac ter is t i c  vectors equally careful ly t o  ascertain which i f  any 

of them will d iscr im ina te  between groups. A s  a i d s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAin determining whether 

i n d i v i d u a l  c h a r a c t e r i s t i c  vec to rs  are d isc r im ina t i ng  t h e  program ADCORR w i l l  

p r i n t  o u t  t h e  coord inates f o r  each specimen along t h e  C h a r a c t e r i s t i c  vec to rs  

and a l s o  histograms of t h e  d i s t r i b u t i o n s  of t h e s e  coord ina tes  f o r  t h e  t o t a l  

assembly of specimens a long t h e  c h a r a c t e r i s t i c  vec tors .  

d i s t r i b u t i o n s  of specimens of t h e  groups shown i n  Figure 3 along t h e  two 

c h a r a c t e r i s t i c  vec to rs  calculated from t h e  i r o n  and scandium d a t a  f o r  t h e  group 

formed by combining a l l  of t h e  specimens together  are shown i n  F igures  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 and 5. 

The subd iv is ion  of t h e  specimens i n t o  three separa te  groups is apparent i n  these  

histograms. 

Accordingly in our  i n v e s t i g a t i o n  w e  

Histograms showing t h e  



Once one h a s  determined which of t h e  c h a r a c t e r i s t i c  vec to rs  are 

d iscr im ina t ing  it i s  easy t o  determine i n  tu rn  which of t h e  o r i g i n a l  coaponent 

elements are most involved i n  this d iscr im ina t ion  beczuse one of the t a b l e s  

p r i n t e d  by ADCORl3,l- the components of t h e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAoriginal basis/(elemenb pro jec ted  

onto t h e  characteristic vec tors .  From t h i s  t a b l e  one can i n f e r  which elements 

l ists composit ional zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I \  

are most involved i n  t h e  c o n s t i t u t i o n  of an i nd i v idua l  c h a r a c t e r i s t i c  vec tor .  

Standardized Mul t i var ian t  Coordinates 

When one c a l c u l a t e s  t h e  c h a r a c t e r i s t i c  vec tors  f o r  a variance-covariance 

matrix one t ransforms t h e  matrix i n t o  a simple d iagonal  one, 

t h a t  is ,  one f o r  which a l l  of f  d iagonal  covar iant  terms are zero. The 

transformed m a t r i x  i s  t h e  var iance-covar iance m a t r i x  f o r  the c h a r a c t e r i s t i c  

vec tors .  

va lues  of t h e  o r i g i n a l  variance-covariance matrix, are t h e  var iances  f o r  the 

characteristic vec tors .  The f a c t  t h a t  t h e  covar iance terms of t h e  m a t r i x  

are a l l  zero results from t h e  f a c t  that t h e r e  i s  no c o r r e l a t i o n  between t h e  

c h a r a c t e r i s t i c  vec tors .  

The d i a g o n a l n a t r i x  elements, which are r e f e r r e d  t o  as t h e  c h a r a c t e r i s t i c  

It is, of course, poss ib le  t o  de f i ne  t h e  pos i t i on  of a l l  d a t a  po in ts  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
in the multivariate hyperspace. by coord inates along t h e  c h a r a c t e r i s t i c  vec tors .  

Such coord ina tes  are the pro jec t i ons  of da ta  po in t  pos i t i ons  upon t h e  c h a r a c t e r i s t i c  
b a s i s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

' vec tors .  These coord inates w i l l  de f ine  vec to rs  between t h e  cen t ro id  of the group zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA'1, 

and t h e  d a t a  po in ts  i n  quest ion,  and the sum of t h e  squares of sets of these 

coord ina tes  f o r  each specimen w i l l  b e  equal  t o  t h e  squared Eucl id ian d i s tances  

between t h e  cent ro id  and t h e  da ta  po in t  f o r  t h a t  specimen. 

each of the c h a r a c t e r i s t i c  vec to r  coord inates f o r  a da ta  po in t  by the square 

r o o t  of t h e  corresponding characteristic value,  i .e . , , \ the  square r o o t  of t h e  

characteristic var iance,  one ob ta ins  a set of standardized coord inates which 

w i l l  d e f i n e  a standard ized vec to r  from the centro id  of t he  group t o  t h e  da ta  

I f  one now d iv ides  

bY zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I \  



po in t  whose leng th  is t h e  Eucl id ian Distance between t h e s e  p o i n t s  div ided 

by t h e  s tandard dev iat ion of t h e  group i n  that  d i r e c t i o n .  The sum of t h e  

squares  of t h e s e  s tandard ized characteristic vec to r  coord inates f o r  a data  

po in t  w i l l  t h e r e f o r e  b e  t h e  Mahalanobis Distance f o r  t h a t  po in t .  The 

characteristic v e c t o r s  f o r  a group are a unique set o f  b a s i s  v e c t o r s  f o r  

achiev ing the t ransformat ion t o  standardized dimension throughout a mult i-  

variate space in the manner j u s t  descr ibed. 

\'hen one does t ransform t o  m u l t i v a r i a t e  coord inates which are standard ized 

wi th  r e s p e c t  t o  a p a r t i c u l a r  group, t h e  hypere l l i pso ids  of equal  p r o b a b i l i t y  

f o r  that group are transformed t o  hyperspheres. 

p l o t t e d  i n  this transformed space w i l l  have"spberica1' s p e t r y .  A l l  o the r  

groups which are s i m i l a r l y  shaped and o r ien ted  p a r a l l e l  t o  t h e  group which 

forms t h e  b a s i s  of t h e  t ransformat ion zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAwill b e  s i m i l a r l y  transformed i n t o  

s p h e r i c a l l y  synxutetric c l u s t e r s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAe 

One can say  t h a t  the group 

Such a t ransformat ion of elongated, h igh l y  co r re la ted  groups i n t o  

roughly s p h e r i c a l  i n t e r n a l l y  uncorrelated groups is  shovn i n  F igu re  6. The 

three d a t a  groups p l o t t e d  i n  F igure zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 are the same ones, F a l e s t i n i a n  Red F i e l d  

Clays, Limestone H i l l  Clays and N i l e  A l l u v i u m ,  plotted f o r  the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAelements i r o n  

and scandium i n  F igure 3 .  In t h i s  i ns tance  w e  f irst ca lcu la ted  the var iance- 

covar iance natrix f o r  t h e  P a l e s t i n i a n  Red F i e l d  Clay group, determined t h e  

c h a r a c t e r i s t i c  vec to rs  of th is  matrix, and then c a l c u l a t e d  s tandard ized 

c h a r a c t e r i s t i c  v e c t o r  coord inates f o r  all specimens. 

specimem have then been p l o t t e d  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAin terms of their  standardized characteristic 

vec to r  coordinates.  

In Figure 6 t h e  

The c l u s t e r i n g  procedures based upon d i s t a n c e  o r  s i z e  parameters as 

measures of similari ty r a r e l y  take i ~ t o  account co r re la t i on .  Accordingly these 

procedures do n o t  serve t o  separate well ad jacen t l y  s i t u a t e d  h igh l y  c o r r e l a t e d  
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groups such as t h e  Red F i e l d  Clay and Limestone zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAHill Clay groups as p l o t t e d  

in Figure zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 .  However, after the data  f o r  such groups have been transformed as 

they  have f o r  F igure 6, they c l e a r l y  can b e  separated i n t o  c l u s t e r s  much more 

d e f i n i t e l y  and unambiguously. We have found i t  t o - b e  very use fu l  t o  t ransform 

an assemblage of specimen ana lyses  i n t o  s tandard ized c h a r a c t e r i s t i c  vec tor  

coord ina tes  by means of program ADCORR as a preparatory  s t e p  f o r  c l u s t e r  

ana lys i s .  Inmany ins tances  when we have c a r r i e d  ou t  such t ransformat ions on 

p o t t e r y  da ta  t h e  subsequent c l u s t e r i n g  has  been s i g n i f i c a n t l y  improved. 

The Handling of Missing Data 

When one i s  analyz ing many specimens f o r  a s i z a b l e  number of components, 

i t  i s  almost i n e v i t a b l e  t h a t  f o r  a v a r i e t y  of p r a c t i c a l  reasons some of the 

concent ra t ions  w i l l  b e  missing f o r  some specimens. I f  one, however, has  t h e  

determined va lues  f o r ,  l e t  us say, twenty-two o r  twenty-three o u t  of twenty- 

f o u r  components of a specimen, one would q u i t e  sens ib l y  t ry  t o  make as much 

use as one could of t h e  e x i s t i n g  data.  

specimen from considerat ion in forming o r  ca lcu la t i ng  t h e  p r o p e r t i e s  of 

One would b e  l o a t h  t o  e l im ina te  such a 

r e l a t e d  groups simply because i ts  da ta  set is  n o t  f u l l y  complete. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
There are several w a y s  one can proceed in surmounting th is  d i f f i c u l t y .  

It has  been mentioned t h a t  i n  c a l c u l a t i n g  a s i m i l a r i t y  matrix f o r  c l u s t e r i n g  one 

can use  t h e  Mean Eucl id ian Distance o r  Mean Character Di f ference where t h e  

d i s tances  are divided by t h e  number of v a r i a t e s  a c t u a l l y  used in c a l c u l a t i n g  

a d is tance  between two specimens and hence t h e  e f f e c t  of a miss ing set of 

coord ina tes  is reasonably averaged out .  One can use  a. somewhat analogous 

approach i n  c a l c u l a t i n g  a variance-covariance mat r ix  by c a l c u l a t i n g  each 

matrix element f o r  t h e  t o t a l  number of specimens w i t h i n  a group f o r  which da ta  

exists f o r  b o t h  of t h e  two variates of t h a t  matrix element. In t h i s  approach 

t h e  number (n-1), t h a t  occurs zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5n the denominator of each var iance o r  covar iance 
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m a t r i x  element and i s  one less than t h e  number of specimens, might b e  d i f f e r e n t  

f o r  d i f f e r e n t  matrix elements. Those matrix elements f o r  p a i r s  of v a r i a t e s  

f o r  which a f u l l  set of da ta  exists zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAw i l l  b e  ca l cu la ted  upon t h e  bases zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA02 t h e  

f u l l  set of specimens. Those matrix elements f o r  p a i r s  o f  v a r i a b l e s  f o r  

which some da ta  i s  missing w i l l  b e  ca l cu la ted  j u s t  as they would be  f o r  t h a t  

subset  of the group of specimens which has  complete da ta  f o r  t h i s  p a i r  of 

variates. 

i n  ADCORR is  t o  compensate f o r  missing da ta  i n  t h i s  way when ca l cu la t i ng  a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAThis would seem t o  b e  a reasonable approach and one of t h e  op t ions  

variance-covariance m a t r i x .  However, w e  have found t h i s  approach t o  l e a d  t o  

some rather p e c u l i a r  r e s u l t s  in prac t ice ,  inc lud ing even t h e  ca l cu la t i ons  of 

negat ive  Hahalanobis Dis tances f o r  some specimens. IJe have tended t o  avoid 

the  use  of this opt ion.  

Another approach would b e  t o  s u b s t i t u t e  f o r  a missing datum a va lue  

t h a t  would have a minimil e f f e c t  upon the ca lcu la t i on  concerned. 

th ink  t h a t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAthe average va lue  f o r  t h e  group would b e  a s a t i s f a c t o r y  subs t i t u t i on .  

However i f  s i g n i f i c a n t  co r re la t i on  exists between variates wi th in  the group 

the s u b s t i t u t i o n  of group average va lue  f o r  one o r  more of the c o r r e l a t i n g  

variates might b e  a very d i s t o r t i n g  choice.  

One might 
f o r  the missing variate 

( 

Consider again F igure 3 with the 

very  elongated d i s t r i b u t i o n  of the Red F i e l d  Clay group i n  iron-scandium 

spaces. 

d i f f e r e d  s i g n i f i c a n t l y  from t h e  mean of t h e  i r o n  va lues ,  then t h e  s u b s t i t u t i o n  

of a mean scandium va lue  might w e l l  p lace  the specimen completely ou ts ide  of t h e  

group. I n  fact one can see i n  the case c i t e d  that  t h e  a r b i t r a r y  replacement 

of scandium va lues  f o r  t hose  Red F ie ld  Clay specimens ly ing  w i th in  t h e  n inety-  

I f  only  an  i r o n  va lue  were a v a i l a b l e  f o r  a specimen and t h i s  va lue  

f ive p r o b a b i l i t y  e l l i p s e  would t r a n s f e r  a good h a l f  of those specimens t o  

pos i t i ons  o u t s i d e  of that e l l i p s e .  
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A zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAconsiderably  more s e n s i b l e  va lue t o  s u b s t i t u t e  f o r  a missing datum 

would b e  one chosen so  t h a t  t h e  specimen would conform t o  t h e  

group wi th  g r e a t e s t  p robab i l i t y .  This means choosing the missing datum o r  

da ta  t o  minimize t h e  Mahalanobis Distance f o r  t h e  specimen. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAThis can b e  done 

in a very s t ra igh t fo rward  way b y  s e t t i n g  the p a r t i a l  der i va t i ves  of t h e  

expanded Mahalanobis Distance func t ion  with respec t  t o  t h e  missing variates 

equa l  t o  zero. I f  t h e r e  are n variates f o r  which da ta  is missing f o r  a 

specimen t h e  n p a r t i a l  de r i va t i ves  w i t h  respect t o  these variates w i l l  form 

a set of n l i n e a r  equat ions,  the simultaneous s o l u t i o n  of w h i c h  would b e  t h e  

s u b s t i t u t i o n  coord inates which would most c lose ly  f i t  the specimen t o  the 

group. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA' .  

To make this process more clear I s h a l l  develop the equat ions f o r  t h e  

cases of a s i n g l e  missing datum and two m i s s i n g  data.  

L e t  u s  write the func t ion  f o r  t h e  Mahalanobis Distance i n  the form 

where X = (x.i - :.) and X = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6r 

f o r  variates i and j from t h e  cent ro id  of a group, 

e l e m e n t  of the hverse of the variance-covariance loatrix for the group and 

bo th  summations are made over a l l  variates. If a missing datum is  designated 

X the c r i t e r i o n  that i ts  s e l e c t i o n  lead t o  a minimum value of the Mahalanobis 

Dis tance l e a d  t o  t h e  equat ions 

x.1 are t h e  dev iat ions of specimen coord inates 
i 1 j j ~  

is  t h e  i t h ,  j t h  matrix 
Iij 

a 

a 
=I - (1 1 x.r..x.> = 0 a 

1 1J J 
- (MD) 
axa axa i j 

21 x 4- C I . X . +  1 1  x = 0 
ia i 

i#a 
ai 1 

i# a aa a 

Since I = t h e  last  equat ion reduces t o  
a i  I ia '  
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21 x 4- 2 1  IaiXi = 0 

i+ a 
aa a 

X 
a 

c 
i# a 

aa zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI 

i n  which the X. f o r  i#a are a l l  e x i s t i n g  da ta  f o r  the specimen in quest ion .  

and %, one has a 

1 

In t h e  case of two missing da ta  f o r  a specimen, X 
a 

p a i r  of p a r t i a l  d e r i v a t i v e s  set equa l  t o  zero 

(m) = 2 1  x + 21ab% 
a - 

aa a 
axa 

a 
"abx, + 21bbx6 - (MD) = 

a% 

+ 2 1  IaiXi = 0 
i#a o r  b 

+ 2 1  XbiXi = 0 
i#a o r  b 

r e s u l t i n g  in the p a i r  of linear equat ions 

- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-21 IaiXi 
i#a o r  b 

'aaXa + 'ab% - 

the simultaneous s o l u t i o n  of w h i c h  w i l l  prov ide the s u b s t i t u t i o n  va lues  for 

the two miss ing data.  The sets of l i n e a r  equat ions  one ob ta ins  f o r  g r e a t e r  

nurubers of missing da ta  are, of course, c lose ly  analogous t o  these.  

Program ADCORR provides as one of i ts opt ions  the c a l c u l a t i o n  of 

s u b s t i t u t i o n s  f o r  missing da ta  upon this b a s i s  of minimizing the Mahalanobis 

Distance f o r  specimens, 

var iance-covar iance matrix f o r  which group average va lues are s u b s t i t u t e d  f o r  

In doing th is the program f i r s t  c a l c u l a t e s  a 

data  missing f o r  specimens of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAthe group. 

missing da ta  va lues  from the inverse of t h i s  matrix a new var iance-covar iance 

Having ca l cu la ted  a new set of 
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matrix is ca lcu la ted  us ing  the new miss ing da ta  va lues ,  which i n  t u r n  al lows 

one t o  c a l c u l a t e  an improved set of missing da ta  va lues.  This process is 

i t e r a t e d  u n t i l  the missing da ta  s u b s t i t u t i o n  va lues  and the corresponding 

var iance-covar iance matrix have e f f e c t i v e l y  become-constant. 

exper ience in using it we are of the opinion that  th is  method i s  the most 

l o g i c a l  and e f f e c t i v e  one f o r  compensating f o r  missing data.  

Based upon our 

Auxi l iary  Programs 

A l a n  Bieber,  Jr. has  w r i t t e n  a series of computer programs w h i c h  have 

supplemented our  more b a s i c  programs w e l l  and have proven t o  b e  q u i t e  usefu l .  

The f i r s t  of these is RAPLOT which p l o t s  c o r r e l a t i o n  diagrams between p a i r s  of 

variates zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAusing a normal p r i n t e r  f o r  producing t h e s e  p l o t s ,  t h u s  avoiding t h e  

need t o  use auxiliary equipment such as a Calcomp p l o t t e r .  P robab i l i t y  

el l ipses may b e  p l o t t e d  around groups of data po in ts .  The program a l s o  

calculates and t a b u l a t e s  1) t h e  r a t i o s  between p a i r s  of variates f o r  each 

specimen, 2) t h e  m e a n s  and s tandard  dev ia t ions  of these r a t i o s  f o r  separa te  

groups a s  w e l l  as 3) t h e  means and s tandard dev ia t ions  f o r  t h e  separa te  

variates themselves, and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 )  t h e  Pearson product-moment c o e f f i c i e n t  R f o r  p a i r s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
of variates. 

A second program H I S T n  produces a p r i n t e r  output  h is togram of the 

d i s t r i b u t i o n s  of specimens upon the b a s i s  of t h e i r  concent ra t ions  o r  log- 

concent ra t ions  of s e l e c t e d  compound. A t h i r d  program SKWURT analyzes i n  one 

dimension t h e  skewness o r  k u r t o s i s  of group of da ta  which one is t e s t i n g  t o  

determine whether it can b e  regarded as a sample of a normally d i s t r i b u t e d  

populat ion.  

Summary 

C lea r l y  t h i s  set of procedures do no t  beg in  t o  exhaust t h e  methods which 

can b e  e f f e c t i v e l y  app l i ed  t o  the c l a s s i f i c a t i o n  of specimens i n t o  composi t ional ly 
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cons is ten t  and s i g n i f i c a n t l y  d i f f e r e n t  groups. They have, however, provided 

an e f f e c t i v e  approach t o  th is  problem, and one t h a t  takes  i n t o  account the 

interdependence between concentrat ion levels of some components as w e l l  as 

t h e  i nd i v idua l  magnitudes of these concentrat ions.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- Because s t rong  co r re la t i ons  

do f requen t l y  exist between elements p resent  i n  po t te ry ,  we b e l i e v e  that 

m u l t i v a r i a t e  techniques which take such co r re la t i ons  i n t o  account u l t imate ly  

must b e  employed i n  order  t o  f u l l y  reso lve  a set of data.  However, much can 

b e  accoapl ished by more simple element by element methods, and we cont inue t o  

use  monovariate techniques a long with t h e  mu l t i va r ia te  ones. In genera l ,  i t  

has  been found t o  b e  both more convenient and accura te  t o  work w i t h  logar i thms 

of concent ra t ions  r a t h e r  than concentrat ions themselves. 

found c l u s t e r i n g  techniques t o  b e  our nos t  use fu l  pre l iminary t o o l  f o r  grouping 

l a r g e  amounts of data, and mu l t i va r ia te  p robab i l i t y  ca l cu la t i ons  t o  provide 

the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAmost r e l i a b l e  f i na l  cr i ter ia  f o r  the assignment of specimens t o  groups. 

W e  have usua l ly  
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Figure Captions 

F igure 1 

Dendrogram of t h e  c l u s t e r  analysis of  63 Aegean sherds  generated by 

Program AGCLUS, us ing  type  5 dust ing with zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAMean Squared Eucl id ian Distance. 

F igure 2 

P l o t  generated by  Program ADSTAT of mean concent ra t ions ,  s tandard 

dev iat ion ranges, and 95 percent  confidence ranges f o r  var ious components zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAin 

69 P a l e s t i n i a n  Red F i e l d  Clay specimens. 

F igure 3 

Iron-scandium c o r r e l a t i o n  p l o t  generated by  Program RAPLOT f o r  three 

groups of Middle Eastern Pot te ry .  95 percent  p r o b a b i l i t y  e l l i p s e s  are p l o t t e d  

around zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAeach d a t a  group. 

F igure zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 

D i s t r i b u t i o n s  of Middle Eastern c l a y  and p o t t e r y  specimens a long the 

characteristic vec to r  of Greater Variance based upon i r o n  and scandium 

concentrat ions i n  a l l  specimens. 

F igure 5 

Distributions zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof Middle Eastern c lay  and p o t t e r y  specimens along 

characteristic v e c t o r  of Lesser Variance based upon i r o n  and scandium 

concentrat ions in a l l  specimens. 

F igure 6 

D i s t r i b u t i o n s  of the three Middle Eastern p o t t e r y  groups of Figure 3 

p l o t t e d  in t h e  two dimensional s tandard ized characteristic vec to r  space based 

upon iron and scandium concentrat ions of t h e  P a l e s t i n i a n  Red F i e l d  Clay 

specimens. 
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I O  

CHARACTERISTIC VECTOR B zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 R E D  F I E L D  CLAYS 

EZI NILE A L L U V I U M  
L IMESTONE H I L L  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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-2  -I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 I 2 3 4 

STAN DAR D I ZED COORD I N AT ES 
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.F ig .  5 
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