Online Appendix for “Building Routines: Learning,
Cooperation and the Dynamics of Incomplete Relational
Contracts”

Sylvain Chassang
Princeton University

Appendix B (continued)

Proof of Proposition 1: By Assumption 1 we know there exists an equilibrium (s9, s9) in

which player 1 stays in the first period. Denote (V?, V) the associated initial values. Since
player 1 has the option to exit and player 2 can choose not to reciprocate, we necessarily
have V> > 0 and V) > 7. Now consider an equilibrium (s;, ss) on the Pareto frontier of
[r7. Assume that there is a history h} attainable! on the equilibrium path, at which player
1 decides to exit. We now show that (s1, s2) cannot be efficient.

Let us first consider the case where in the subgame starting from h}, s; prescribes that

player 1 should never stay again in equilibrium. Consider the alternative strategies §; and
S9 defined by:

. . si(h?) if AW st b= Bl UK
Vi € {LQ}’ SZ(h ) = { SQ((Ai)) if hz — h% L] ]A]z ' '2

By construction (81, §5) is also an equilibrium and dominates (sq, s2).

Let us now consider the case in which following h; there is an attainable equilibrium
history at which player 1 stays under s;. This implies that at h} the continuation values
associated with s; and sy are positive and player 2 gets strictly positive value. Consider the
alternative strategies in which history h! is skipped:

| (s B st B = bl LK
vie {12}, si(h) = { s:(hL U (B,0,0,0) UR') if hi = hLU B '

By construction (81, 5;) is also an equilibrium and it strictly dominates (si, s9). This con-
cludes the proof.

'i.e. a history that can be reached with positive probability.
2For conciseness, the description of strategy S, omits the initial element {N'} from history h%.



Lemma B.1 establishes that there exist parameter values such that Assumptions 1 and 2
hold together.

Lemma B.1: Pick parameter values k > 0, m > 0 d > 1/2, apair (p,q) such that p > ¢ > ¢

and 151 < 1 — SR, and_U)suthhat-—— < ks < 1— P12 The following hold,

(i) vc>o,<mvg>5aﬂ-zgy

(i) Let Cpaz = max{c|5qvg > ¢} and Cpin = min{c|5(vg — VD) < ¢c}. We have that
Crmaz > max{%”, Crnin } -

(iii) For any ¢ € (max{%r, Cmin}s Cmaz),s féqw > VS and both Assumptions 1 and 2
hold together.

Proof of Lemma B.1: Let us begin with point (7). We have that
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Ve = I g
Vb = O (o o N 0k
oWy —Vs) = 1—5(1 1—5(1—19))7T 1—og0"

Note that 1 — ) is increasing in p and that for p = 1, it is equal to §, which is strictly

1-5
1-6(1—p
less than ¢. This implies that ¢ > 1 — and hence 5qV§ > 5(7(2) —VP)forall ¢ > 0.

1-5
1-6(1-p)
This shows point (7).

Regarding point (i7), the fact that ¢pae > Cpin simply follows from point (7). Let us now

show that ¢4, > d7/p. We have that ¢, = %qw (1 5 bo + 1) . Hence,

>om/p <~ ok +1 <L
Cmaz > 0T/ "\ 15 pg™ 5P

The fact that 0 <1- 1pé’q 1=3 implies this last inequality holds. This proves point (44).

We now turn to point (éi7). Let us first show that ql%éﬁ > Vg. We have,

=0 k pc k s
>V, <— ¢g>1— —— <— —— > —(1—gq).
™ 2 q quo quo pc( q)
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Since ¢ > T we have that ~ (1 q) < (1—q)/d. Since b° is picked such that 1% > (1—q)/0,

we have that indeed g7 > V This, along with points (i) and (47), implies that Assump-
tions 1 and 2 hold together.



Proof of Lemma 1: Since (5(72 — VD) < ¢, there exists u > 0 such that for all b €
09,89+ 1], 5(Vy — V2) < ¢ — pu. Let us now pick a value of K independent of b* € [69, 50 + 1.

For any K, define
1 — §K+1(1 — p)k+1

| e— )

-2 1—0(1-p)
As K goes to infinity, Kf K converges to K2D . Furthermore, since § (V; — Kf ) < ¢— u, there
exists K large enough, such that for all b* € [b°, 8% + p], 5(7; — VDY <e— /2.

Consider an equilibrium (s1,s2) and a revelation stage hf " for action a'. Denote by
7 the probability that player 1 exits in the next K periods. Let us consider subsequent
histories h?, with ¢t < s <t + K, such that a' is still unconfirmed and the confirmed action
a’ has not been available. On the equilibrium path such histories have probability at least
(1—¢q)* "1 (1 —p)*~* and hence following such histories, exit can only occur with probability
less than

~ A

Ul < N
(1—gp " (1=p)pt — (L=g)* (1 -p)~
Out of equilibrium, if player 2 deviates by taking only costless actions, the likelihood
that a' is still unconfirmed and the confirmed action a® has not been available is (1 — p)*~*.
Hence using such a strategy, player 2 obtains at least payoff

t+K ~
D,K, s— s— n
P P (1 C(1—g)kH(1 —p)K) "

_t_ 77 1— 5K+1(1 _p)KJrl
- <1 (1—Q)K+1(1—p)K) 1-6(1-p)

.

For revelation to be incentive compatible, we must have 5(V; — VPR < ¢ which implies

that

1-g)(1-p)*
oV
Hence there exist > 0, K € N and 7 > 0 such that for all b* € [b° 0° + |, at any

revelation stage for action a', there is probability greater than n that player 1 exits in the
next K periods.

n=

[c —6(Vy — K?’K)] =n>0.

Proof of Proposition 4: We begin with point (i). It is intuitively clear that when b' be-
comes large, revealing action a; creates value. However, providing incentives for revelation
sometimes requires inefficient punishment, and value must be destroyed on some equilibrium
paths. Hence, the delicate part of the proof is to show that after any history, including his-
tories where inefficient punishment is required on the equilibrium path, a!' will be confirmed
with positive probability after any history where player 1 stays.

Consider a Pareto efficient equilibrium (s, s3) and a history h! at which player 1 stays.
We first consider the case in which action a® has been confirmed before h}. By Assumption



2, =qm > Vg. Hence, there exists A high enough such that for all b* > b + A, we have

. 1 1 —0

1 1
Vo= qm(—k+\/b_1)>m(—k+b°).

The proof of point (i) uses the two following facts. First, by construction, there exist
71 € N, and v; > 0 such that at any history h? where player 1’s continuation value is greater
than V}*, or player 2’s continuation value is greater than V5", there must be probability at least
vy that action a' is confirmed in the next 7; periods. Second, by point (ii) of Assumption 2,
player 1 cannot be induced to stay if player 2 never takes action a', and only takes action
a’ when action a' is unavailable. This implies that there exist 7 € N and v, > 0 such that
if player 1 stays at some history h}, then player 2 must take action a', or take action a° at
a history where a! is available, with probability at least v» in the next 7 periods.

Consider h? with s > ¢, an equilibrium history at which player 2 takes action a°, and
action a' is available. Denote V;(h?) and V,(h?) the players’ continuation values at such
a history. If Vi(h?) > V¥ or Va(h?) > V', we know that action a' must be taken with
probability at least 14 in the next 7 periods.

Assume temporarily that at h2, players’ have continuation values such that V;(h?) < V*
and Va(h?) < V5. Let us show that if this is the case, then (s, ss) cannot be efficient.
Indeed, consider the modified strategies (1, $2) that coincide with (sq, s2) except following
equilibrium history h2. At history h?, strategies (31, 32) prescribe that player 2 take action
a'. If a' is immediately confirmed, then in the continuation game, on the equilibrium path,

player 1 stays every period and player 2 takes action a' with probability pq\l/bT whenever it

0

is available (using public randomizations). If action a' fails when player 2 takes it at history
h%, then (8, 8,) prescribe that player 1 always exits and player 2 only takes unproductive
actions. Under strategies (81, 5;), players obtain values V;* and V;* at history h2. This
increases both players’ continuation values and implies that starting from h2, (8, 89) is
indeed an equilibrium. In particular, since taking a costly action was incentive compatible
for player 2 under (si, s2), it is also incentive compatible under ($;, $2). Note that players
obtain these higher continuation values only if actions a” and a' are both confirmed. We also
know that if player 2 deviates before h2, then histories at which a” and a! are both confirmed
are not reachable. Hence, improving players’ utility at equilibrium histories where actions
a’ and a' are confirmed increases continuation values on the equilibrium path but does not
change player 2’s payoffs upon deviation. This implies that (51, $2) is an equilibrium of the
overall game. Since it dominates (s, s2), which is by assumption Pareto efficient, we obtain
a contradiction. This yields that V;(h?) > Vi* or Vo(h?) > V', Altogether, this implies that
whenever player 1 stays, there is probability at least qu 1, that action a! will be confirmed
in the next 7 + 7 periods.

We now turn to the case where a” is not confirmed at history h}. Since player 1 stays at
history h}, there must be probability v, > 0 that player 2 takes action a® or a! in the next
75 periods. Consider a history h? at which player 2 takes action a°. Since by Assumption 2,

0
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dm/p < c and ¢ > ¢, it follows that (1 — q)l;iéﬁ < c. In words, this means that obtaining
profit 7 forever if action a fails does not cover player 2’s cost of taking a productive action.
Hence, there exist 73 € N and v3 > 0 such that whenever player 2 takes action a’ and a° is
confirmed, there is probability greater than v3 that player 1 stays at least once in the next
73 periods. This puts us in the configuration discussed above. Altogether we can conclude
that at h] there is probability at least ¢*v115v3 that action a® will be confirmed in the next
71 + To + 73 periods. This proves point (7).

We now turn to point (i7). To begin, we consider the case where a° is confirmed at some
history h%o and no other action has been revealed.® Let us define the sets of values U, Upa

and L{(fl’" as follows:

(i) Up is the set of Pareto efficient equilibrium values in the complete information
game where only a” is productive, at a history h? € H? where a is available.

(ii) Up, is the set of Pareto efficient equilibrium values in the complete information
game where a° and a! are productive, at a history h? € H? where a! is available.

(iii) Z/{(fl’” is the set of values sustainable in the complete information game where
a’ and a' are productive, in equilibria such that player 1 exits with probability
greater than 7 in the next K periods, at a history h? € H? where a' is available.

Consider a pair of values (Vi,V3) € Up. Since player 1 never exits in equilibrium there

exists a positive number 7 such that V5 = - (7 — pre). Since player 2 always has the option

1

to take unproductive actions, we have that V5, > w. This implies that r < fy—z, which, by
point (i) of Assumption 2, implies that < 1. Hence (V}, V2) can be achieved under complete
information by having player 1 never exit in equilibrium, and player 2 take action a' with
probability  when it is available. By considering the strategy in which player 1 never exits in
equilibrium and player 2 takes action a® with probability r whenever it is available, it follows
that as b' goes to 0°, the set of values Uy, converges to Uy. More formally, for all € > 0,
there exists b' close enough to b° such that for all (V;,V3) € Uy 1, there exists (‘71, Vg) € Uy
suchthat\A/lZVI—eandf/QZVg—e.

Furthermore, for any K € N and n > 0, there exists o > 0 such that for all (V/,V}) €
L{(fl’n, there exists (V1,V2) € Uy, such that Vi > V/ + a and Vo > VJ + «. This implies that
we can pick A > 0 small enough so that for all o' € (0°,8° + A), first, Lemma ?? holds, and
second, whenever (V/,VJ) € Z/{(fl’", there exists (Vi, V) € Uy such that Vi > V{ 4+ a/2 and
Vs > Vi + /2.

Let us consider a revelation stage h? " for action a', such that no other revelation stages
have occurred between h%o and hf I By Lemma 1, there exist K and n > 0 such that values

(Vifer, ViFer) at b are dominated by values in Uy". This implies that for all b* < 8%+ A
there exists (VI, Vg) € U, such that V; > Vv and Vo > Vjtev,

3Note that unproductive actions may have been taken at histories that are not revelation stages.



Let us denote by (V,/° V%) continuation values at the history h{, where action a°

was confirmed. We must have Vlconf “ >0 and 5\/2C°"f Y > ¢. Define the pair of real numbers

VvlConf,O = VC’onf, —l—p?“Ob(h )(‘/1 VRE’U)

‘A/vQConf,O — VConf, —|—p7“0b(h ) (‘72 . V'QRev>,

obtained by replacing revelation values at h; 2 With continuation values not involving revela-
tion of action a'. We have that V.7 > Vc‘mf O and V0 > yEorH0 Repeat the same
replacement operation at all first revelation stages occurrlng after action a’ is confirmed.
We obtain values VC0 > y,@onh0 ang yeonl0 5 y ol By construction these values are
such that player 1 only ever gets benefit bo, and they dominate the original values involving
further revelation. The first question is whether such values correspond to a continuation
equilibrium. Let us show that this is indeed the case.

Between h{ and a consecutive revelation stage h " for action a', all revealed actions are
confirmed. Proposition 3 implies that (s, sy) prescribes no exit on the equilibrium path

between h{ and h'. Hence, there exists r > 0 such that V" and V2 can be written
1 1

~ 1
Conf,0 __ 0 17 Conf0 _ .
Vi =-1" 5k + - 5prqb and V, T §7T T (Sprc.

We have that Vconf %> 0 and 5VC°"f > ¢. By point (i) of Assumption ??, we have that
¢/8 > w. The fact that V'" > 7 implies that r < 7 < 1. Hence values V""" and
Vconf O are supported by the continuation equilibrium in which player 1 always stays on the
equilibrium path and player 2 cooperates at rate r whenever action a is available.

To finish the proof, we must show that incentive constraints at histories preceding htlo
still hold after changing continuation strategies at h,}o. By assumption, history h%o is such
that no action is revealed and unconfirmed. This implies that htlo is not attainable by
earlier deviations from player 2. Therefore, increasing continuation values at h,}o does not
increase player 2’s payoffs upon deviation and increases equilibrium continuation values. As
a result, increasing continuation values at h%o can only improve earlier incentive compatibility
constraints.

This concludes the proof of point (iz): for all b* € (b°,8° + A), efficient equilibria should
involve no further revelation upon confirmation of a®. An identical proof holds in the case
where a' is confirmed and no other action has been revealed.



