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Bulk gravitational field and cosmological perturbations on the brane
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We investigate the effect of the bulk gravitational field on the cosmological perturbations on a brane
embedded in 5D anti—de Sitter (AdS) spacetime. The effective 4D Einstein equations for the scalar cosmo-
logical perturbations on the brane are obtained by solving the perturbations in the bulk. Then the behavior of
the corrections caused by the bulk gravitational field to the conventional 4D Einstein equation is determined.
Two types of correction are found. First we investigate the corrections that become significant at scales below
the AdS curvature scales and in the high energy universe with an energy density larger than the tension of the
brane. The evolution equation for the perturbations on the brane is found and solved. Another type of correc-
tion is induced on the brane if we consider the bulk perturbations, which do not contribute to the metric
perturbations but do contribute to matter perturbations. At low energy, they have an imaginary mass m>=
—(2/3)k? in the bulk where k is the 3D comoving wave number of the perturbations. They diverge at the
horizon of the AdS spacetime. The induced density perturbations behave as sound waves with a sound velocity
of 1/ \/§ in the low energy universe. At large scales, they are homogeneous perturbations that depend only on
time and decay like radiation. They can be identified as the perturbations of dark radiation. They produce
isocurvature perturbations in the matter dominated era. Their effects can be observed as shifts of the location
and the height of the acoustic peak in the cosmic microwave background spectrum.

DOI: 10.1103/PhysRevD.65.023514

I. INTRODUCTION

Recent developments in particle physics revive the old
idea that we are living in a 4D brane in higher dimensional
spacetime [1,2]. Since Randall and Sundrum proposed the
fascinating model of the brane world, much work has been
done concerning the consistency of the model with observa-
tions [3]. In their model, our three-brane universe is located
in 5D anti-de Sitter (AdS) spacetime. The essence of the
model is that the spacetime is effectively compactified with
the curvature scale / of the AdS spacetime. Thus, although
gravity can propagate in the whole higher dimensional
spacetime, 4D Newtonian gravity is reproduced at scales
larger than / on the brane.

After their work, the cosmological consequences of the
model have been actively investigated [4—15]. The setup of
the model is as follows. The action describing the brane
world picture is given by

1 12
S=—J’ d°x\—g| R+ —
2k? 8 1

_Uf d4xv_gbrane

+ f d4x N " 8brane Lmatter > (1)

where R is the 5D Ricci scalar, / is the curvature radius of
the AdS spacetime, and K2:87TG5, where G5 is Newton’s
constant in the 5D spacetime. The brane has a tension o and
the induced metric on the brane is denoted as g;,4,.- The
tension o of the brane is taken as k>o-= 6/I to ensure that the
brane becomes Minkowski spacetime if there is no matter on
the brane. Matter is confined to the 4D brane world and is
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described by the Lagrangian L,,,;.,. We will assume Z,
symmetry across the brane. It has been shown that the spa-
tially homogeneous and isotropic universe can also be em-
bedded in this model. In order to study the consistency of the
model with observations, it is necessary to study the behav-
ior of the cosmological perturbations [16—18]. The cosmo-
logical perturbations in the brane world provide useful tests
for the brane world idea. This is because the perturbations in
the brane world interact with the bulk gravitational field; this
is the inherent nature of perturbations in the brane world.
Several formalisms and applications have been developed
[19-29]. In particular, we showed that the evolution of the
perturbations is the same as that obtained in conventional 4D
theory at low energies when the Hubble horizon of the brane
universe is larger than /. We also pointed out that the evolu-
tion of the perturbations changes significantly at high energy
[19].

The purpose of this paper is to clarify the difference be-
tween the behavior of the perturbations in the brane world
model and that in the conventional 4D model. For this pur-
pose, it is desirable to obtain the effective 4D Einstein equa-
tions on the brane. There is some work that investigates the
effective 4D FEinstein equations with a projective approach
[30,31]. The effective 4D Einstein equations are obtained as

K2

_ 4
GW+8M,,—TTW+K Im,,, (2)

where
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1 1 1
B o - o a2
== 7 Tual s+ 5 TaT w57 3TapT P = (T5)*)8 0
3)

and &,, is the projected SD Weyl tensor. In [29], the large
scale cosmological perturbations are analyzed using Eq. (2).
With a projective approach, the equations are used solely on
the brane and the perturbations are not solved in the bulk.
Although significant results can be obtained, this approach is
clearly limited because the behavior of £,, cannot be deter-
mined without solving the bulk perturbations. In a previous
paper [19], we developed a method to solve the perturbations
in the bulk. In this paper, using our method, we obtain the
effective Einstein equation for the scalar cosmological per-
turbations by solving the perturbations in the bulk [see Egs.
(40) and (41) below]. Then we can determine the behavior of
the corrections caused by the bulk gravitational field to the
conventional 4D Einstein equations. This is an essential part
of the work, predicting the cosmic microwave background
(CMB) anisotropies in the brane world.

We will obtain the effective Einstein equations in two
ways. First we derive the effective Einstein equations with a
projective approach using the equations solely on the brane
as in [29]. We observe the limitations of this approach. Then
we construct the effective Einstein equations again by solv-
ing the bulk perturbations. The evolution of the perturbations
on the brane is investigated using the effective Einstein equa-
tions. We concentrate our attention on the scalar perturba-
tions on a brane in AdS spacetime. A new type of correction
arises if we choose appropriate boundary conditions for the
perturbations in the bulk so that they do not contribute to the
metric perturbations but do contribute to the matter perturba-
tions. They induce density perturbations on the brane, which
behave as sound waves with sound velocity 1/ V3 in the low
energy universe. At large scales, they are homogeneous per-
turbations that depend only on time and decay like radiation.
We will discuss the effects of these perturbations on the
CMB spectrum.

The structure of the paper is as follows. In Sec. II, we
construct the effective Einstein equation for the background
spacetime in two ways as an example. In Sec. III, the effec-
tive Einstein equations for perturbations are constructed from
the equations on the brane. Two types of correction to the
conventional 4D Einstein equations are found. We see that a
complete set of effective 4D Einstein equations cannot be
derived from equations solely on the brane. In Sec. IV, the
effective Einstein equations are obtained again by solving the
perturbations in the bulk and imposing the junction condi-
tions. A complete set of equations is obtained. We find again
two types of correction, but now they are obtained according
to the boundary conditions of the perturbations in the bulk.
In Sec. V, we take the boundary condition that the perturba-
tions do not diverge at the horizon of the AdS spacetime, and
investigate the modifications of the evolution. In Sec. VI, we
allow the existence of perturbations that do not contribute to
the metric perturbations but do contribute to the matter per-
turbations. The modifications of the evolution caused by
these perturbations are studied. In Sec. VII, we summarize
the results. In Appendix A, the equations used in Sec. II are
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derived. In Appendix B, we review the formalism needed to
solve the perturbations in the bulk and impose the junction
conditions. Then the effective Einstein equations are ob-
tained. In Appendix C, the generation of the primordial fluc-
tuations is discussed. The Mukhanov equation for the infla-
ton confined to the brane is obtained.

II. BACKGROUND SPACETIME

It is instructive to consider the background spacetime as
an example for constructing the effective Einstein equations.
We take the background metric as

ds?=e*PO0(dy* —dt*) +e** ), dx'dx!. 4)
We will denote the power series expansion near the brane as

a(y,t)Zao(t)+a1(t)|y|+a2T(t)y2+..._ (5)

The tension o of the brane is taken as k?o'=6/[ and the 5D
energy-momentum tensor of the matter confined to the brane
is

Ty = diag(0.— p.p.p.p) 8(y). (6)

The calculations that are necessary to obtain the equations
used in the following discussion are performed in Appendix
A.

We first employ a projective approach to obtain the effec-
tive Friedmann equation. We use the power series expansion
of the 5D Einstein equation to obtain the equations solely on
the brane. From the junction conditions, the first derivatives
of the metric with respect to y are written by means of the
matter on the brane. Then we can obtain equations that con-
tain only the variables on the brane from the 5D Einstein
equations, which do not contain the second derivatives of the
metric with respect to y. From these equations on the brane,
we can construct the effective Einstein equations on the
brane. The junction conditions are given by

IR I0)
011(1—_7_ 6
1 &p(1)  «p(1)
Bily=— 7+ 00+ 00 9

where we take ¢#0()=1_ The equations for a, and p can be
obtained from the power series expansion of the 5D Einstein
equation near the brane. The y’th order of the (y,0) and
(v,y) components is given by

<% (p <*p(p+3p)

Lo & | K'e(pt3p)

@t 2ay 21(3 ) 36
p+3a(p+p)=0. (8)

At low energies p/o~ k~2lp<<1, the former is identical with
the trace part of the conventional 4D Einstein equations with
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87wGy=K>/l, ©)

where G, is Newton’s constant in the 4D spacetime. The
latter is the usual energy-momentum conservation law for the
matter. The integration of the first equation gives the effec-
tive Friedmann equation:

2 4 2
. K K'p
KRETTARET

+e 40C,, (10)

where C, is the constant of integration. This is the (7,7)
component of the effective Einstein equations. In conven-
tional 4D Einstein theory, the (¢,7) component of the Ein-
stein equations gives

_2_87TG4
ao_ 3

p. (11)

Thus the constant of integration C( should be zero in order
to match the 4D Einstein theory at low energy. However, a
nonzero C is not forbidden in the brane world. Indeed, it is
known that C, is related to the mass of the 5D AdS-
Schwartzschild black hole. Thus the nonzero C, indicates the
effect of the bulk. The lesson is that even if we have a com-
plete set of equations (8) for «, and p which are identical
with those in conventional 4D theory at low energy, the cor-
rection to the Friedmann equation can exist. Because the
term proportional to C,, in Eq. (10) behaves like radiation, it
is often called dark radiation. The important point is that we
cannot determine C, from the equations on the brane (8). We
need a different method to determine C, which describes the
effect of the bulk.

Another way is to solve the 5D Einstein equation in the
bulk. We should impose the boundary conditions (7) on the
brane. The equations for 8 and « in the bulk are given by

. 1
_ﬂ+B,,_ 1—262‘8:0,

1

—a+ a”—l—zez'B:O, (12)

where we assumed that the bulk is purely AdS spacetime
without Schwartzschild mass (see Appendix A). We can ob-
tain the solution

e2ﬁ(y,1):4M, eza@,r):;,
[f(u)—g(v)] [f(w)—g(v)]?
(13)

where u=(t—y)/l, v=(t+y)/l, and f(u) and g(v) are ar-
bitrary functions. Thus the matter on the brane is written
using f and g from the junction conditions (7) as

_l(f(t/l)’-l-g(t/l)')_ 1 «%p
ST s | T T 6

Usually, we find the solutions of f and g from the junction
condition (14). However, it is difficult to find solutions for

(14)
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the perturbations in this way. Thus we propose a new way to
find the solutions, namely, transforming the junction condi-
tion (14) into the effective 4D Einstein equation. From Egq.
(13), we obtain
1/f(e/l) —g(tll)’
TN TFWn =gl )

2By f@l) g(e/1)’

g =

Then the term written using f and g in Eq. (14) can be written

using the metric ay. We find a%Z d%—k 1/1%. Thus the junc-
tion condition (14) gives the effective Friedmann equation on
the brane:

2 4 2

) K K*p
a02=§p+ 36 (16)

Comparing this with Eq. (10), we can determine C,=0 for
the AdS bulk. We will consider the perturbations on this
background.

III. EFFECTIVE EINSTEIN EQUATIONS FROM
EQUATIONS ON THE BRANE

In this section we will derive the effective 4D Einstein
equations for scalar cosmological perturbations with a pro-
jective approach. The perturbed 5D energy-momentum ten-
sor is taken as

0 0 0
STN=| 0 —dp —(p+ple®v ;| &(y),
0 (ptple v op 6;j
(17)

where we assume that the isotropic stress of the matter per-
turbations vanishes. The perturbed metric on the brane is
taken as

s prane=—(1+2Dg)di>+e>00(1—2W ) 5, dx'dx.
(18)

As we did in the background case, we obtain the equations
on the brane from a power series expansion of the 5D Ein-
stein equations. From the (y,y), (¥,0), and (y,i) compo-
nents of the 5D Einstein equations, we obtain [19]

‘I’Q+4a0\1’0+a0®0+2(a0+2a3)®0—56_2“0(2V2‘l’0

v (B e
V=d) 3|3 %P~ or| (19)
Sp=(p+p)(3¥o+te “0V?)
—3ay(bp+dp), (20)
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[(ptple®w] =—3ay(ptple®v+p+(p+p)Dg.

Equation (19) is the same as the trace of the conventional 4D
Einstein equations at low energy and Egs. (20) and (21) are
the usual energy-momentum conservation law for the matter
perturbations. From these equations, we construct the effec-
tive 4D Einstein equations. The Einstein equation gives a
relation between the matter perturbations and the metric per-
turbations. Thus we try to write the matter perturbations in
terms of the metric perturbations from Egs. (19), (20), and
(21). The equations can be regarded as differential equations
for &p, dp, and v with the source given by ®, and ¥,. Then
the solutions for dp, dp, and v are given by particular solu-
tions written using ®, and ¥ and the homogeneous solu-
tions 5px,5p o and v ¥ which are independent of ®, and
W,. The homogeneous solutions satisfy

a,
1+—
@

5pX,

1
6PX:§

8py=(p+ple” Vv, —3ay(dp,+dp,).

(p+p)e,) == 3ég(p+p)e v, +p,. (22)

where we used the background equations (A12). From these
equations, we can construct the second order differential
equation for Sp. Putting

|
8py=— a—lle_4“°x, (23)

and substituting the first equation into the second and third
equations, we get

x=(—a;le**)(p+p)e“Vv,, (24)
@ . . @ 1 —4a 1
((P+I7)e OU)() :_Sao(P+[7)€ OUX_ a_lle Og
o)
X 1+—2 X- (25)
a

Then taking the time derivative of Eq. (24) and using Eq.
(25), we obtain the equation for y as

ap| . 1 @
1-—|x—=z 1+
a?) 3( ai

x+ag e 2V2y=0. (26)

Particular solutions can be obtained perturbatively by assum-

ing that |e 2%0V2>W/W,|<1. The solutions up to order
V*#W¥, including the homogeneous solutions using y are
given by
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K2a1 . . -9 _
5p: - 3(&0\1,()"' a'OCI)O) +e 20(0V2\I,0

2
2 2
K a; K
_ @y
2 0P 0Py

b .

K o .. . 0o .

- ) 5p:\P0+ 3a0_ 5 \Ijo"_aoq)o

a)

3 a%
2 2
_ K ay K
2a0v72 4
Xe 20V, — Sp W+ E&px,
Kra, N . . 1 Caa
5 (ptp)e Ov=‘I’0+a0q>O+§ale 20
xf dt'e®a;!
a
X VZCDO— 1-— VZ\PO
@
K2, N a0 (4)+K2 N
5 (pFp)e®v™+or(ptp)
Xe%y,, (27)

where Sp™®, sp™, and v¥ satisfy

. . 2
Sp™ =3 ay(sp P+ opW)=— Fe_saof dt’e“oal_l
K

X

>

v4c1>0—( 1—a—;’)v4\y0
a;

a
_ 4)
1+ 5 op',

a

1
SpH= 3

[(p+p)e® v @] ==3ag(p+p)e®ov D+ p'?,

(28)
and dp,, op,, and v, are given by
6pX=ef4“0)((t,x"),
1 @y .
— 4 —dag i
opy 3(1 a% e x(t,x"),
(p+ple®Viu, =e 2%y (1,x7), (29)

where y satisfies Eq. (26).
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Equations (27), (28), and (29) are the effective 4D Ein-
stein equations in the brane world. The crucial difference
between the background and the perturbations is that we can-
not have a complete set of equations. In conventional 4D
Einstein theory, in addition to these equations, we have the
(i#j) component of the Einstein equation

Then we have a closed set of equations. In the brane world,
however, the corresponding equation derived from the pro-
jection of the 5D Einstein equation is

\Iio_q)():ezaoEz"'No, (31)

where E is the (i #j) component and N is the (y,y) compo-
nent of the metric perturbations [see Eq. (B11) in Appendix
B]. The equation contains E,, so it is not a closed system.
The effect of the bulk perturbation E, and N, will alter the
relation ®,="W. This is because the inhomogeneous fluc-
tuations on the brane inevitably produce perturbations in the
bulk, which give an effective anisotropic stress to the pertur-
bations on the brane. We will see this in detail in Sec. IV. The
important point is that we cannot know the behavior of the
effective anisotropic stress caused by the bulk gravitational
field, i.e., the right hand side of Eq. (31), with a projective
approach.

To clarify the deviation from conventional 4D theory, we
consider the perturbations at low energy with p/c<<1 and
then take

ar>al, . (32)

If we take &=V, we have a complete set of equations
with Egs. (19), (20), and (21), which are identical with those
obtained in conventional 4D theory. The interesting point is
that, even if we take W,=®d, corrections to the matter per-
turbations can exist. Taking ¥,=®,, we find that 5p®,
Sp™®, and v and the higher order solutions satisfy the
homogeneous equations (22) which do not include ¥ and
®,. Thus they can be absorbed into dp,, ép,, and v,.
Then Eq. (27) becomes the same as the conventional 4D
Einstein equation except for dp,, dp,, and v, . Thus, even
though we have a complete set of equations for metric per-
turbations and matter perturbations that are identical to those
obtained in conventional 4D theory, corrections to the 4D
effective Einstein equation can exist. We have already noted
the similar situations in the background spacetime where the
nonzero constant of integration C gives a correction to the
Friedmann equation. For the perturbations, y plays the same
role as C,. At low energy, the equation for y [Eq. (26)]
becomes

" 1 2
X —gV xX=0, (33)

where a prime denotes the derivative with respect to the con-
formal time 7. At large scales and at low energy, dp, is
given by

PHYSICAL REVIEW D 65 023514

5pX=Ce_4ao, (34)

where xy=C=const. Thus Jp, can be regarded as the per-
turbations of the energy density of the dark radiation. At
small scales they behave as sound waves with sound velocity
14/3.

Hence we found two types of correction to the matter
perturbations. One type of correction is given by the gradient
of the metric perturbations that arise if the bulk gravitational
field makes ®,#W. The other type of corrections yx is in-
dependent of the metric perturbations. At large scales they
behave as dark radiation. Now we face the limitation of a
projective approach, that is, the method using equations
solely on the brane. We cannot obtain the relation between
@, and W ; thus the corrections given by the gradient of the
metric perturbations cannot be determined. The existence of
the correction given by y also cannot be determined, as the
constant of integration Cy in the background cannot be de-
termined in this approach. So far we have treated only equa-
tions that do not involve the second derivative with respect
to y. As we showed in the background case, the evolution
equation for the perturbations in the bulk should be solved in
order to know the behavior of the corrections to the matter
perturbations and the relation between @ and ¥,

IV. EFFECTIVE EINSTEIN EQUATIONS FROM
BULK GRAVITATIONAL FIELD

In this section, we solve the perturbations in the bulk and
obtain the behavior of the corrections to the matter perturba-
tions and the relation between W, and ®,. The formalism to
solve the perturbations in the bulk was developed in [19]. In
this section, we show only the results of the calculations. The
detailed calculations are given in Appendix B. In the bulk,
the perturbations satisfy the wave equation

h'+3a'h'—h—3ah+e 2@ PV2p=0, (35)

where £ is the scalar perturbation in the bulk and we used the
transverse-traceless gauge. It is difficult to solve this equa-
tion. The essence of our method is to a the coordinate trans-
formation from Poincaré coordinates to Gaussian normal co-
ordinates. The metric (4),(13) is obtained by coordinate
transformation from the Poincaré coordinates of the SD AdS
spacetime

2
ds*= (f) (dz*>—d 7+ 8, .dx'dx") (36)
Z ' Y '

In these coordinates, the perturbations can be easily solved.
Then the perturbations in the metric (4) can be obtained by
performing the coordinate transformation:

z=2(y.,0)=1(f(u)— g(v))=1le °0",

T=7(y,0)=1(f(u) +g(v)). 37)

The solution of the perturbations /# can be written as
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3
h:e*Za(yJ)J’ d’k
(2m)’

X f dmE(m,K)Zy(mle™ *0:D)e 107t oikex —(3g)

where Z, is defined as a combination of the Hankel functions
of the first kind and of the second kind:

Zz(mz)=H(21)(mz)+a(m)H(22)(mz), (39)

and w?’=m?+k?. So far E(m,k) and a(m) are arbitrary co-
efficients. We should impose the junction conditions for the
perturbations (38) at the brane. As we showed for the back-
ground case, the junction conditions are nothing but the ef-
fective 4D Einstein equations. In a previous paper [19], we
gave the matter perturbations in terms of E(m,K) using the
junction conditions. We also gave the metric perturbations in
terms of E(m,k). Thus we have the equations that corre-
spond to Egs. (14) and (15) in the case of the background
spacetime. The effective Einstein equations can be obtained
by combining these equations as is done in Eq. (16). The
details can be found in Appendix B2 and the results are

given by
2
K a, _ 2 —2ag2
- ) 5p(k)=—3(aO‘PQ+ aoq)o)_e ok ‘PO
+1 40 | dmE(m,K)K**Zy(mle %0
ge mE(m,k) olmle )
Xe_in(t),
2 R
K- . . Qo | | .o
- ) 5p(k):‘1'0+ 30(0_7 \I,0+a0q)0
1
o
. (ednyes .
@
1 —2ap1.2
—ge k CI)O
1 ag| .
+ = l__2 e “ok ‘I,()
3 a;

X f dmE(m,K)k*I?Zy(mle ™ @0)

Xe—in(t)
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2

K @ .
5 (p+p)e®v(k)=V¥;+ayd,

1
+ ge_MOJ’ dmE(m,k)

X[ a iwk*PZy(mle ™)
—agmk*1’Z (mle ™ 0)]e 17"
(40)

where we considered the Fourier components of the pertur-
bations with respect to x' and denoted 7(0,)=T(¢). We can
also obtain the metric perturbations in terms of E(m,K) as

‘Po(k)=fde(m,k) mle” “0Z (mle™ “0)

1 .
+ g(klefao)zZO(mlefao) ) e 1T

(I)O(k)ZJ de(m,k)(mle“OZI(mleao)
1 )
—g(kz-l—3m2)l23_2“020(mle_”‘0))e_”"T(’)

+(dol)2f dmE(m,K)[mle “0Z ,(mle™ “0)
—(K*+2m?)?e 2%0Zy(mle” 0)]e i7"
—2a1a012f dmE(m,k)

X(iwml*e 2%0)Z,(mle” %0)e 1T®, (41)

Equation (40) should be compared with Eqgs. (27), (28),
and (29). First let us identify the corrections (29), dp,, Jp, .,
and v,. There are two arbitrary coefficients E(m,k) and
a(m) in the bulk perturbations (38). They should be deter-
mined by the boundary conditions in the bulk. The correc-
tions (29) are independent of the metric perturbations. Thus,
the perturbations in the bulk should not contribute to the
metric perturbations but only to the matter perturbations.
Then we impose the boundary condition that the metric per-
turbations vanish on the brane, i.e., ®,=¥;=0. From these
two boundary conditions, the coefficients E(m,K) and a(m)
are determined. Let us consider the low energy universe with

aol<<1 and construct these perturbations explicitly. We first
impose the boundary condition Wy=®,. It can be imple-
mented by choosing E(m,k) to have a peak at

2Kk>+3m?=0. (42)
Then the metric perturbations can be written as

1 -
Vo= (po:EE(X)(k)(mkle7"0)222(mkle7"0)e'k”/“3,
(43)
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where we used 7=—n and Z,(2)=(2/2)Z,(z)—Zy(z). It
should be noted that 7 is the conformal time [see Eq. (B7) in
Appendix B]. We denoted m; = 2/3ki and

EY(K)=E(m, k). (44)

Next, we impose the boundary condition that the metric per-
turbations vanish on the brane by choosing an appropriate
coefficient a(m). At low energy, we can neglect the time
dependence in myle” “0 since

(dldt)(mile™ *0)

— <, 45
@aneen W=t 45)

where we used dn/dt=e~ “0. The condition ®,=W ;=0 can
be implemented by taking a(m)=a¥’(m) where

H(Zl)(mkle_ao)

(X)( y=———
a m .
H? (myle™ )

(46)

The important point is that these perturbations do contribute
to the matter perturbations. The density perturbations dp in-
duced by these perturbations are given by

K2

1 o
57 Sp= ge—4a0k412E(x)(k)Z(()X)(mkle—ao)ezkn/\@’

(47)

where ZBX)=H61)+a(X)(m)H§)2). Because these perturba-
tions do not contribute to the metric perturbations, they
should be identified with dp, . Indeed, from Egs. (23) and
(33), dp, is given by

— —4a

1
op,=e "0y, X'+ =k x=0. (48)

3

If we neglect the time dependence in m;le  “, the density
perturbation (47) satisfies Eq. (48). Thus we found that the
existence of dp, depends on the behavior of the bulk pertur-
bations. At low energies, they should have imaginary mass
m;= V2/3ki and diverge at the horizon of the AdS spacetime
(z=le” *O"D ) because Z$¥(myz) contains HS?(m;z)
which is proportional to exp(\/ﬁkz) for z—oo. Thus if we
restrict our attention to the bulk perturbations with real mass
or with regular behavior in the bulk, the corrections from y
do not exist on the brane.

Therefore the existence of the corrections from y depends
on the boundary condition for the perturbations (38). The
general solutions for perturbations in the bulk can be written
as

h(k)= e_za(y’t)f dm[EV(m,K)ZV (mle *0D)

+E®(m,k)ZP (mle” *-D)Je 7100 (49)

where Z" and Z® are two independent combinations of the
Hankel functions of the first and second kinds. E")(m,k)
and E® (m,k) are arbitrary coefficients which should be de-
termined by the boundary conditions. One of the choices is

PHYSICAL REVIEW D 65 023514

the boundary condition that allows the existence of the cor-
rections 5pX. We choose E®(m,k) and Z® so that the
perturbations contribute to the matter perturbations and do
not contribute to the metric perturbations. For example, at
low energies, we can take

ZW(mle= )y =HD(mle™ %),
ZP(mle™*)=ZW(mle™ ),
E®(m,k)=EY(K). (50)
Then the metric perturbations and the density perturbation
induced by these perturbations are given by
2

Ko R P
Zl 5p— 3(&0‘1’0'{' a’O(I)O) e ok \I’O

1 .
+ 5674“0f de(l)(m,k)k‘*lef)l)(mlef%)e“‘”7

L
21 Px

qfo(k)zf de(l)(m,k)<mle“‘)H(ll)(mle“0)

1 —ap\2ry(1) —ay ion
+§(kle 0)*Hy ' (mle™ @) |e'“7, (51)

where

dpy=e *x,

X

21 -
X= m[1(41215<X>(k)]zg”(mkze—“o)el'“ﬂ\ﬁ.
(52)

Another choice is the boundary condition that the perturba-
tions are outgoing at the horizon of the AdS spacetime
[19,28,34]. Then we should take

ZW(mle ) =HD(mle™ %),
E®(m,k)=0. (53)

Note that for imaginary mass m=im;,m;>0, this condition
implies that the perturbations do not diverge at the horizon of
the AdS spacetime because H'V(im;z)>exp(—myz) at z
—oc. Hence if we take the boundary condition that the per-
turbations are outgoing, the corrections given by y are not
allowed:

op,=6p,=v,=0. (54)

The matter perturbations and the metric perturbations are
given by Eqs. (40) and (41) with E(m,k)=E"(m,k) and
Z(mle~ *)y=HD(mle ™ %),

It seems difficult to determine what kind of perturbations
are allowed in the bulk. We will discuss the effects of the
corrections from y separately according to the choice of the
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boundary condition in Sec. V. For a while we take the bound-
ary condition (53) and then Jp,=dp,=v,=0. The terms
containing E"(m k) in the matter perturbations (40) corre-
spond to the corrections written using the gradient of the
metric perturbations in Egs. (27) and (28). In fact, if we take
k—0, the terms containing E‘")(m k) in the matter pertur-
bations vanish. Now, from Egs. (40) and (41), we observe
that the bulk perturbations alter the relation Wy =®, and
induce corrections to the matter perturbations. In Eq. (49),
EW(m k) is still an arbitrary coefficient. The coefficient
EW(m k) can be determined once we impose the equation
of state of the matter perturbations, such as op = cfc‘)‘p where
cf is the sound velocity. However, it is difficult to solve the
equations for E‘V(m,K). In the following section, we try to
obtain the evolution of the perturbations without solving
EW(m k). The price to pay is that we must make an as-
sumption about the contribution from the massive modes as
in [19]. Recently Gorbunov et al. have shown that the cre-
ation of heavy gravitons is negligible in the inflationary
brane world [31]. Thus we will assume that the modes with
mle” “0>1 do not contribute to the perturbations in the bulk.
More precisely, we take

mle” “0—0. (55)

From the effective Einstein equations (40) and (41), we
find that there are two situations in which the deviation from
conventional 4D theory becomes large. One is given by

kle ®0>1, (56)

which means that the physical scale of the perturbations is
smaller than the curvature scale [. This is reasonable since
the gravity behaves like that in 5D spacetime at scales
smaller than /. The other is given by

aol>1, (57)

which means that the energy density of the matter exceeds
the tension of the brane. In the Friedmann equation (16), the
term proportional to p?> becomes dominant and the evolution
of the universe changes significantly.

V. MODIFICATIONS OF THE EVOLUTION

In this section, we take the boundary condition that the
perturbations are outgoing at the horizon of the AdS space-
time (53). Then we have

op,=6p,=v,=0. (58)

In the following sections, we assume that the matter pertur-
bations are adiabatic.

A. Evolution at superhorizon scales

Let us consider the long-wavelength perturbations. We
take

kle “0—0; (59)

PHYSICAL REVIEW D 65 023514

then the corrections to the matter perturbations in Eq. (40)
written using ED(m,k) vanish. From Eq. (40), the evolution
equation for the metric perturbations can be obtained by im-
posing 5p—c§5p=0. The equation can be simplified using
the Bardeen parameter

ag( 1 .
ap \ @

At superhorizon scales kd61e7“0< 1, ép— c§6p=0 can be
written as

{=0, (61)
where we used
w==3ay(1+w)(c>™"). (62)

Then the Bardeen parameter is conserved even in the high
energy regime, namely,

{={, =const. (63)

We should note that the constancy of the Bardeen parameter
does not mean that the behavior of the perturbations in the
brane world is the same as that obtained in conventional 4D
theory. The Bardeen parameter is written in terms of ® and
W,. In conventional 4D theory we have the equation @
=WV,. In the brane world, however, it is modified by the
perturbations in the bulk. An equation that gives the relation
between WV, and @ is needed. From Eq. (41), the metric
perturbations are given by

V= f de“)(m)mle_“OH(ll)(mle_ao)e_i’”T,

c1>0=[1+(d01)2]\1r0—[1+2(d01)2]f dmE™ (m)
><(mle7“0)2H(()1)(mle7“0)ef"’”
—2ia1d012f dmE" (m)
X(mle™%0)2H{"(mle ™ %0)e~ ", (64)
As mentioned in the previous section, we should make some
assumption about the contribution from massive modes. We

will assume that the modes with mle ™ “0>1 do not contrib-
ute to the perturbations in the bulk and thus take

mle” *0—0. (65)

Then using the asymptotic forms of the Hankel functions
H(ll)(z)QC 1/z and Hél)(z)“const, we obtain

Do=[1+(aol)*]¥,. (66)
At high energy, we have

(Doz(dol)z‘l’o; (67)
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thus ®,>W . From the conservation of the Bardeen param-
eter Egs. (60) and (63), we get
Po=3(1+w)l,, Vo=(agl) >y,

5
P, 68)
p

for w=rconst. Note that the curvature perturbation increases
as Wy p~ 2 at high energy.
At low energy, ayl<<1, we have

\I’OZ(I)(). (69)

Then the metric perturbations are obtained as

3(1+w)
Po=Vo= 55, b
)
7”=—2<1>0, (70)

for w=const.

The CMB anisotropies at large scales can be obtained
using the above solutions. At the decoupling of the photon
and baryon, the energy of the universe is lower than the

tension of the brane a,/<<1. The temperature anisotropies
caused by the ordinary Sachs-Wolfe effect are given by

AT 1 dp,
T 4 p,

+Oy== —+o, (71)

where p, is the density of the radiation and Jp, is its pertur-
bation. From Egs. (40) and (60), we can show the Bardeen
parameter is given by

=Wy 3 —. (72)
Then the temperature anisotropies can be evaluated as
AT

If we neglect the effect of the massive graviton with
mle” “0>1, we can evaluate the temperature anisotropies as

AT 1 ,
7—55*, (74)

where we used the solution (70) with w=0.

The massive graviton will modify the relation between
®, and ¥, and thus the temperature anisotropies. At low
energy, the metric perturbations are given by

PHYSICAL REVIEW D 65 023514

v,= J de(l)(m)mle_“OH(II)(mle_ao)eim”,

(D():\IIO_I de(l)(m)
X(mle_“o)zHgl)(mle_ao)eim”. (75)
Then at the lowest order corrections in mle ™ “0 we have
(I)O=\I’0—f dmW¥o(m)(mle” %)>Gyx(mle” %)™,
(76)

Here W,(m) denotes the Fourier transformation of Wy(7)
with respect to 7 and

Gyggx(mle”*0)= " lim

mle” “0—0

( H(()l)(mlefao)

mleidOH(ll)(mlefaﬂ)

v

= X)) — v+
In(2e%0)—y >

i—In(ml). (77)

Here v is the Euler number. The important point is that G g
contains a nonanalytic term proportional to Inm. Thus Eq.
(76) becomes nonlocal when we make a Fourier transforma-
tion to real spacetime. The reason can be understood as fol-
lows. The massive modes with m#0 can propagate into the
bulk. These modes affect the metric perturbations nonlocally
if they are observed on the brane. Thus the nonlocality of the
evolution equation is an essential feature of the brane world
[20].

The contributions from the massive modes are determined
by EV(m), which is determined by the primordial fluctua-
tions and later evolution. It is difficult to know E"(m), but
it should be noted that in Eq. (76) m appears in the form
mle~ %0, Thus, as the energy of the universe becomes lower
e “0—0, the mass of the massive modes that can modify the
relation ®,="V becomes larger. Then for late times we can
safely use the standard result (74). The constant {,, should be
determined by the primordial fluctuations. We discuss the
generation of the primordial fluctuations in Appendix C.

Here is a point we should emphasize. At high energy, the
Hubble scale itself is smaller than the curvature scale of the
AdS spacetime. Thus we should be careful in using the result
kie” “0—0 even at superhorizon scales in the high energy
universe.

B. Evolution at subhorizon scales

In this section we investigate the corrections that arise for

kle *0%0. (78)

We will assume the universe is in the low energy era al
<1 and take

mle” “0—0. (79)
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At subhorizon scales ke, e~ @31 the density perturbation
(40) is given by

2

K 1
__ L2 — 12 + — —2ag
27¢ Sp k¥, 3¢

X f de(l)(m,k)k4l2HE)1)(mle7“0)ei“”7

=— f dmE®D (m K)K>mle” “H\D(mley, *)e'®.
(80)

On the other hand the metric perturbations (41) are given by
Kd,= f de(')(m,k)kz( mle” D‘OH(ll)(mle_“O)

1 )
— §(k2+ 3m2)1262“0Hf)1)(mle“0)> e,
(81)

For mle” “0<1 we can rewrite Eq. (81) into the effective
Poisson equation:

K> K>l
Kd,=— Eezaoﬁp‘l' ?e_zaof dm(k*+3m?)

X Ggg(mle™ “0)[e**08p](m.K), (82)

where Gy is given by Eq. (77) and [e**08p](m,k) denotes
the Fourier transformation of e¢2%08p with respect to 7% and
x'. For kle “0—0, Eq. (82) is the usual Poisson equation.
The evolution equation for dp can be derived from the con-
servation laws of the matter perturbations (20) and (21). For
example, in the matter dominated era w=0, we get

2

3 o LKL, 2 2
A”+a0’A'—5aO A+ 5 ¢ “ [ dm(k”+3m”~)

X Ggg(mle” “0)[e**08p](m,k)e "7=0,  (83)

where the prime denotes the derivative with respect to 7 and
A=6p/p. The last term represents the correction from the
bulk perturbations. Note that for kle ™ “°#0 a nonlocal term
arises even if we take mle” “0—0. This is because the gravi-
ton can easily propagate into the bulk at scales smaller than
[ (kle”“0>1). Thus the bulk gravitational field affects the
evolution of the density perturbation nonlocally.

It is well known that in the Minkowski brane Newton’s
law is modified due to the 5D graviton [3,32-34] This modi-
fication can be derived from the effective Poisson equation.
Let us consider the situation where ¢“0=1. We assume that
the source is static w>=m?+k*=0, and derive the lowest
order corrections in (kl)><1. Taking the nonanalytic term,
the metric perturbations are written as

PHYSICAL REVIEW D 65 023514

K2 1

W (k)=— E(k”— g12 ln(ml)) Sp(k),
K> 2

®y(k)=— a(1<—2—§12111(n11)) Sp(K).

(84)

To compare the result with the one obtained in [31-33], we
consider a spherically symmetric source and derive the met-
ric perturbations far away from the source. We obtain the
metric perturbations by Fourier transformation as

_— GM ([ 12 )

r)=— |,

0 352

Oy ()= — 2M +212 85
olr)=— p 320 (85)

where 87G,=k?/l, M= [dx’6p(x), and the source is lo-
cated at r=0. This result completely agrees with the one
obtained in [31-33].

VI. CORRECTIONS FROM PERTURBATIONS
OF DARK RADIATION

In this section we choose the boundary condition so that
the corrections ép,, dp,, and v, are induced on the brane.
Then we investigate the effects of the corrections on the
evolution of the perturbations.

A. Evolution at superhorizon scales
Let us consider the long-wavelength perturbations with
kle™ “0—0. The corrections to the matter perturbations given
by E‘V(m,k) vanish. At superhorizon scales kdale*“0< 1,
the density perturbation and the pressure perturbation are ob-
tained from Egs. (29) and (40) as

2 2

K a . . K it
- 5p:—3(a0\1f0+a0q)0)+—Ce 0,
2 21
Kzal . . (’10(’):’0 . . .
- 5p=‘P0+ SQO__2 \I,0+a0¢)0
@
S e
. eye ) .
@y
+K—2Ce—4%l 1+@ (86)
21 3\ TS

where we put y= C=const, which can be deduced from Eq.
(26). Then, using the Bardeen parameter (60), 5p—cf§p

=0 can be written as
1 a
g( 1+ —2) —C? .
a

We see that the term proportional to C breaks the constancy
of the Bardeen parameter. The results can be understood as
follows. The density perturbations dp, induce isocurvature

. K2 do
{==Ce **—

- . (87)
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perturbations on the brane. In 4D theory, it is well known
that the isocurvature perturbations break the constancy of the
Bardeen parameter. In fact, if we consider the perturbations
in the radiation dominated era at low energy

1 .
0325, a > a, (88)
then {=0. This is reasonable since &p , behaves as radiation
[6p,=(1/3)6p,] at low energies, so there are no isocurva-
ture perturbations. The equation can be integrated using the
background equations (A12) and (62). We get

[=¢ K% Ce 420
20 3a,
B 1 1 [p,
=T 3w Tay | p) O (89)
where we defined
674(10
c.=C p =const. (90)

Using the expression for the Bardeen parameter in terms of
the metric perturbations (60), we can obtain the solutions for
the metric perturbations.

At high energy, using

1
V)y=—d,<d,, (91)
0 (aol)2 0 0
we get
L (p,
Oy=3(1+w){,+—|—|C, (92)
Cl’ol P

for w=const. Note that the contribution from C, is sup-

pressed by the factor (aol) '
At low energy, using

\PO:(I)(), (93)

we get

3(1+w) N 1 P, c 04
07 543y °*F 3(1+3w) | p) * 04)
for w=const.

The CMB anisotropies (73) caused by the ordinary Sachs-
Wolfe effect in the matter dominated era are given by

AT
7=—§+2<I)0

1 1(;»)
—gg*-l-g ; C,. (95)

PHYSICAL REVIEW D 65 023514

From the observations, the magnitude of the anisotropies is
known as AT/T~ 10> and the fraction of the radiation com-
ponent in the total density is p,/p~0.1 at decoupling. Then
the constraint on C,, is obtained as [29]

C,<107%. (96)

B. Evolution at subhorizon scales

Now consider the evolution of the perturbations at sub-
horizon scales ka, e~ @3> 1. For simplicity, we consider the
low energy regime. We also assume that the length scale of
the perturbations is larger than / (kle™ “0<<1). Then the cor-
rections due to EV(m,k) can be neglected. In order to de-
scribe the evolution of the density perturbation, it is conve-
nient to introduce the gauge invariant variable defined by

pA=6p+3ayp+p)e*u. 97)

From Egs. (40) and (29) the Poisson equation is given by

2
Kby= — > af?Ate 0 (= 3agk ). (98)
0 2a0 e 2Z(X @ X )

Equations (20) and (21) become
2

3k
A'=3wajA=—(1+w)k>v+ 7(1 +w)e 2%k 2y’,

2

s

1+w

v taju=>Dy+ A, 99)

where we used the formula (62). Then the evolution equation
for A can be obtained as

2 ’ 3 2 ! 2 12
A"—=[3(2w—c;)—1]apA'+3 W —4w—5+3cs ) A

2

K
+c§k2A=—7(1+w)e*2“oX. (100)

The initial condition for A can be set in the radiation domi-
nated era. In the radiation dominated era, w=c?= 1/3 and
e¢“0= 7, the evolution equation (100) becomes

A"— —A+ lsz:_ﬁLX (101)
7 3 30 p?
Then we can easily find the solution as
12
A=AUG(m+BUN(m+ 5 X (102)

where

Ug=—cos(kyn)+

1
Kk 77) Sln(ks 77)’

s
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FIG. 1. A(k) at p,/p,=0.1 with C,=0,
2y, 4Ly, —2L,, —4L, where we take {,
= 1. The horizontal coordinate is the value K,z

: )cos(ks 7), (103)

k,n

)

Up=—sin(k, n)—(

A and B are constants of integration, and k,=k/ V3. Note
that for kp—0, Ug and Up behave as Us=k>7%*/9 and
Upxn~'. Then U; matches the growing mode solution at
superhorizon scales. From Eq. (98), the metric perturbation
is given by

By=— ——| 2 (AUG+B +K2 Py
T ey 7 (AUGg+BUp)+ 77| X o X
(104)

From Eq. (48), the solution for y is given by

x=C cos(k,7)+ D sin(k,7), (105)
where D is an arbitrary constant. Then @, becomes
b= ! 3A < C + > B KZD
e [ TS A PR TR Rl
(106)

We take only the growing mode solution; then B=D=0. In
the radiation dominated era, we obtain

12
a)le 0= 3P (107)
and e“0= 7. Then Eq. (90) becomes
C,= < C 108
At superhorizon scales, using Us=k>7%%/9, we get
A 1
(ON _E+EC* (109)

Comparing the solution Eq. (109) with (94), we find A=
—4¢, . Thus, we can set the initial condition for A in the
radiation dominated era as

=a,'e %Kk at p,/p,,= 1. The perturbation with
k, ;=1 crosses the horizon at p, /p,,= 1. The ini-
tial conditions are set at p,./p,,= 100.

A=—47,Us+2C, cos(kyn). (110)

In the radiation dominated era, the perturbations are constant
A~2C,, at superhorizon scales and then oscillate as a cosine
function once they enter the horizon. Thus, at subhorizon
scales, the density perturbation behaves like the usual adia-
batic perturbations in 4D theory. However, as the matter be-
comes dominant, isocurvature perturbations are generated.
This is because, while the frequency of U changes from Kk,
x always oscillates with frequency k. Thus there is a pos-
sibility that the amplitude and phase of the oscillations of A
change from the adiabatic cosine mode. These deviations can
be directly observed as the shifts of the location and height
of the peak of the acoustic oscillation in the CMB spectrum.
We solved Eq. (100) numerically with the initial condition
given by Eq. (110). In Fig. 1, the density perturbation A (k)
at the time p,/p,,= 0.1 is shown with various wave numbers
k. Here p,, is the density of matter. For C,=0, A(k) is
given by a cosine function. If we include the effect of C,,,
the location and height of the peak of the oscillations change
as expected. Thus, if we include the effect of the corrections
6pX, op ys and v o the effects from the bulk can be ob-
served even in the low energy universe.

VII. CONCLUSION

In this paper we obtained the effective 4D Einstein equa-
tions (40) and (41) that describe the scalar cosmological per-
turbations on the brane. Then we investigated the effect of
the bulk gravitational field on the evolution of the cosmo-
logical perturbations on the brane.

We first used the equations on the brane obtained from a
power series expansion of the 5D FEinstein equations. From
the equations on the brane, we obtained the effective Einstein
equations (27), (28), and (29). It should be mentioned that
we cannot derive the equation that contains only the vari-
ables on the brane and gives the relation between the metric
perturbations ® and W . Two types of correction are found.
One is given by the gradient of the metric perturbations. The
other is independent of the metric perturbations (29) and
induces density perturbations, which behave like sound
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waves with the sound velocity 1/ \/§ at low energy. At large
scales, they are homogeneous perturbations that depend only
on time and decay like radiation. We identified them with the
perturbations of the dark radiation.

Then we derived the effective Einstein equations again in
another way by solving the perturbations in the bulk and
imposing the junction conditions (40) and (41). We obtained
an equation that gives the relation between ®, and ¥ ,. We
identified the perturbations in the bulk that induce perturba-
tions of the dark radiation. These perturbations do not con-
tribute to the metric perturbations but do contribute to the
matter perturbations on the brane. At low energy, they have
imaginary mass 2k>+3m?=0 in the bulk and diverge at the
horizon of the AdS spacetime. Their existence in the bulk
depends on the boundary conditions of the perturbations. We
should impose two boundary conditions to completely deter-
mine the perturbations in the bulk. One is given by the equa-
tion of state of the matter on the brane. The other choice of
boundary condition at the horizon determines the existence
of the perturbations of the dark radiation.

If we take the boundary condition that the perturbations
do not diverge at the horizon of the AdS spacetime, the per-
turbations of the dark radiation do not appear. The other
corrections are suppressed by kle ™ “0. Thus they correspond
to correction terms given by the gradient of the metric per-
turbations. Corrections also arise in the relation between @
and W. The corrections become large at scales smaller than
the curvature scales of the AdS spacetime (kle™ “0>1) and
in the high energy universe with energy density larger than

the tension of the brane (a,/>1). In particular, at high en-

ergy ayl>1, the potential perturbation @, becomes domi-
nant over the curvature perturbation W . We discuss the evo-
lution of the adiabatic perturbations including these
corrections. The interesting point is that at sufficiently large
scales (kie ™ “0—0) the Bardeen parameter is constant even
at high energies. Then the potential perturbations ®, are al-
ways constant if the barotropic parameter of the matter w is
constant. On the contrary, at scales below [, the correction
becomes large. In order to illustrate how these corrections
modify the evolution of the density perturbations, we ob-
tained the effective Poisson equation in the low energy uni-
verse at subhorizon scales. Using the effective Poisson equa-
tion, the evolution equation for the matter perturbations was
given. The important point is that the evolution equation be-
comes nonlocal once we incorporate the effect of the pertur-
bations in the bulk. This is the essential feature of the per-
turbations at scales below /. We emphasized that one should
be careful to use the result kle” “0—0 in the high energy
universe even at superhorizon scales. This is because at high
energy the horizon scale of the universe itself is smaller than
the curvature scale /.

We should comment on our limitation in obtaining the
evolution of the perturbations using the effective Einstein
equations. It is in general difficult to obtain the spectrum
EW(m k) of the perturbations in the bulk by imposing the
equation of state of the matter perturbations. As a result, we
should make an assumption about the contribution of the
massive perturbations. We used the assumption that the
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modes with mle” “0>1 do not contribute to the perturba-
tions in the bulk; thus we take mle™ “0—0. At low energy
e “0—0, the assumption seems to be valid. The coefficient
EW(m k) is determined by the primordial fluctuations and
later evolution [31,36,37]. Further studies are needed to
know the exact form of EV(m k).

If we choose appropriate boundary conditions in the bulk
(50), perturbations of the dark radiation arise. They induce
isocurvature perturbations in the dust dominated universe.
Their key feature is that they can play a role even in the low
energy universe at scales larger than [ where the previous
corrections are suppressed. We gave an evolution equation
for the density perturbation including the corrections from
them. The large scale CMB anisotropies were estimated and
the constraint on the amplitude was derived. At subhorizon
scales, they act as an extra force on the acoustic oscillations
of the density perturbation. In the matter dominated era, the
location and the height of the acoustic peak are shifted due to
the extra force (see Fig. 1). These shifts can be directly ob-
served by CMB anisotropies. Recently, much work has been
done to test the correlation between adiabatic and isocurva-
ture perturbations using the CMB spectrum [35]. Detailed
analysis of the CMB spectrum will reveal the existence of
the dark sound waves.
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APPENDIX A: BACKGROUND EQUATIONS

In this Appendix, we derive the equations used in Sec. II.
The 5D Einstein equations are given by

6 ~ Sbrane
G = o e Sorane

J-g

6 A
=l—25%+e_BK2T1\A}I (M,N=y,t,x"). (A1)

We take the energy-momentum tensor in the 5D spacetime as

6
TN = — —, diag(O.LLL1) +diag(0.— p.p.p.p) | 8(3)-
K
(A2)
The Einstein tensor is given by
Gi=—-3e P(a*+aB—a"—2a'*+a'B"),
AL —2B( o a 2
Gy=3e¢ F(—a—2a°+apf+a’*+a'p’),
0_ _ =2B( !/ [ R B
G, e F(B ata B—a —aa'),

G;:5;6_2B(—2&—3d2—B+2a”+3a’2+,8”).
(A3)

In the (0,0) and (i,j) components of the Einstein equations,
the jump of the first derivative of a(y,?) and B(y,t) gives
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the &(y) function. This should be equated with the &(y)
function of the matter. Thus we obtain the junction condi-
tions (7)

1 2
al(t):_T_ - I;(t),
2 2
Biln)=— g+ 2 1), (Ad)

where we take e#0=1. The y°th order of the (y,y) and (y,0)
components of the Einstein equations gives

by 12 2 —
—a0—2a0+ Gf1+a1ﬁ1— 1_2,

Biag—a;— aga;=0. (AS)
Using the junction condition (A4), we get Eq. (8).

Next let us derive the wave equations for 8 and « in the
bulk. The (0,0) and (i,j) components of the 5D Einstein
equations in the bulk can be rewritten using u=(¢t—y)/l and
v=(t+y)/l as

a,uv+3a’ua,v+ezﬁ=0,

1

B,uv_3a,ua,v_ EEZB:O- (A6)

We assume that the bulk is AdS spacetime, so we take
Cuyny=0 where Cyyyg, is the Weyl tensor. This condition
is given by

a,uv_ﬂ,uvzo' (A7)

Then the wave equations for @ and B become

1
ﬂ,uv + ZeZﬁ: 0,

(A8)

Thus we derived Eq. (12) in Sec. II. Instead of solving the
wave equations directly, it is convenient to rewrite the equa-
tion for a using Eq. (A6) as

&y~ a,ua,vzo' (A9)
The solution can be found easily as
“« ! (A10)
ef=——"—,
J(u)—g(v)

where f(u) and g(v) are arbitrary functions. Then B can be
obtained from Eq. (A6) as
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eP=— a,,—3a,a,
e w)
[f(w)—g(v)]?
Finally, we show some background equations that are
used in the calculations of the perturbations. From the junc-

tion conditions (A4) and equations on the brane (8), we can
deduce the following equations:

(A11)

Ka,
2 (p+p)=a(Bi—ay),

C.é():

1 .
a; —2+a(2,,
[
Bi_
@ a%’
L @y .
ap= a =ay(B—ay). (A12)

To calculate the perturbations, we need a, and 3,. From the
y’th order of the (0,0) and (i,j) components of the Einstein
equations, we can write «, and 3, in terms of ¢, «;, and

Bi:

_ 2 2 2
az—a0—2a1+a1,31+l—2,

. . 2
,82=a3+2a0+a%—2a131+l—2. (A13)

APPENDIX B: DERIVATION OF THE EFFECTIVE
EINSTEIN EQUATIONS (40) AND (41)

In this Appendix we review the formalism used to solve
the perturbations in the bulk and impose the junction condi-
tions developed in [11]. Using the formalism, we obtain the
effective Einstein equations (40) and (41).

1. Review of the formalism

First let us review the formalism for obtaining the pertur-
bations in the bulk. We start with the perturbed AdS space-
time in Poincaré coordinates:

ds’=

1\? .
Z) {dz*—(1+2¢)dm*+2b ;dx'dT

+[(1=-2W)8;;+2E ;;]dx'dx}. (B1)

Here ¢, b, \f' and E are given by

Z 2 d3k —iwT ik X
h:(7> J(zwffd’"h('"’k)zz(m)e o

(h=¢,b, ¥ E), (B2)
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where Z, is a combination of the Hankel functions of the
first and second kinds of the second rank, Z,(mz)
=H(21)(mz)+a(m)H(22)(mz). Here we used the transverse-
traceless gauge conditions

¢—3WV+V2E=0,

d
2—¢+V2b=0,
dr
db . .
—+2¥—2V2E=0. (B3)

dr

Thus the coefficients i (m,K) satisfy

2k*
d(m.K)=——1°E(m.k),
3m

\/k2+m K21?

b(m,k)=—4i——— E(m k),

. K21?
W(m,k)=— TE(m,k),

N 243m? (B4)
E(m.,k)= —PE(m k),

where E(m,K) is an arbitrary coefficient.
The perturbation in the metric (4) is obtained by the co-
ordinate transformation

z=z(y,0)=le 0D r=1(y,1). (B5)

The Jacobian of the transformation is given by

or } N &z_ } N
&y_ ae” “, &y_ a'e” ¢,
o la'e™ @ oz lae™ @ B6
o late . —o=—lae (B6)

Note that at late times

dT o W
EZlale 0=—¢ 90, (B7)

Thus we obtain 7= 7(0,t)= — », where 7 is the conformal
time. After the coordinate transformation, the resulting met-
ric is given by
ds?=eXPOD[(1+2N)dy?— (1+2D)dr?+24dt dy]
+e200N[(1-2W) 6,4 2F ;;]dx'dx/ + 2B jdx'dr
+2G ;dx'dy}, (B8)

where
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N=—(la)’e ¢,
A=—2(IPaa’)e 2B,
G=(la)e “D. (B9)

There are three degrees of freedom in the gauge transforma-
tions:

aM o xM 4 eM M= gy g e, (B10)

After this gauge transformation, the perturbed metric is given
by
ds*=e?POD[(14+2N)dy>—(1+2®)dr*+2Adt dy]
+e2*O[(1-2W) 8, +2E ;;]dx'dx/+ 2B dx'dt
+2G dx'dy}, (B11)

where
O=b+E+p e+ pE,
P—at—a'e,
E=E+¢,
B=B+é—e* B¢
A=A+E-¢",
G=G+e?Pvpqg

N=N+& +B&+p &. (B12)
Using these degrees of freedom, we perform the gauge trans-
formation to the Gaussian normal (GN) coordinates in which
the junction conditions will be imposed. In the GN coordi-
nates, the transverse components of the metric vanish (G
=A=0) and the brane is located at y=0. The former con-
ditions are achieved by & and &'. We can also take the gauge
Ey=B,=0 using the residual gauge transformations in & and
&' Then & and &' are determined in terms of & as

ft:j(;dy(A"‘éEy)"‘To, Ty=e**(B, Eo)

g:_J’ydy(é+e2(5“’)§)’)—ﬁo. (B13)
0

The condition that the brane is located at y =0 is achieved by
& which will be determined by the matter perturbations on
the brane.

The metric perturbations on the brane are obtained as
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q)0:<ﬁ0+,31§(y)+ Ty,
‘I'OZ‘IA’O_CV@{)_C.YOTO,
No=Ny+ &+ B, &, (B14)

and the first derivatives of the metric perturbations are given
by

q)1:Sg+61§}{+ﬁ2§%+(§1+20+31f0’

V=&~ agfy— &+ V¥ —apdg— o Ty,

Ni=&+B &+ B &+ N+ By Ty,

Bi=e 2%(=28+2a0&—2(B1—a)Ty—4,
+62“0§1—e2“0(§0),

E\=E,—e ?%&—-G,. (B15)

Combining Eq. (B15) with the junction conditions [19]

1
\I,lz _a1N0+ €K2§p,

op &
LR

@1:B1N0+K2 3 )

i

By==2(B—aj)e “v,
(B16)

we can write the matter perturbations in terms of &) and
E(m,Kk):

K Op=—6[ &+ (ay—a,;B) &~V +apdo+a T,
_alﬁo],

K op=2[E+2a &+ 2Qayt By— Bi—2a1 B E+ D,
22U + A+ 2apAot (B, +2a) T
—(B1+2a,)Ny],

K> (p+p)e®u
=28~ 2d0 &y~ 0B +2(B — a) Ty + 206,
+4,,
0=—2e 2% +2E,—-2G,,

(B17)

where T0=62“0(1§0—E0). From the last equation in (B17),
&} is written using E(m,k). Thus the matter perturbations are
written in terms of the perturbations in the bulk (B2) and
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(B4). These equations correspond to Eq. (14) in the back-
ground spacetime. The solutions for the perturbations are
obtained by determining E(m, k) and a(m) by imposing the
equations of state of the matter perturbations such as Jp
= cfép and the appropriate boundary conditions in the bulk.
In[11], E(m,Kk) is obtained for perturbations at superhorizon
scales in the low energy universe with a constant barotropic
parameter. The boundary condition was taken so that the
perturbations are outgoing at the horizon of the AdS space-
time. In general, however, it is rather difficult to obtain the
solution for E(m,Kk). Thus we use the method described in
Sec. II. We rewrite Eq. (B17) as the effective Einstein equa-
tions. To do so, we should rewrite the right-hand side of Eq.
(B17) in terms of the metric perturbations ®, and WV,.

2. Derivation of the equations (40) and (41)
We rewrite the right-hand side of Eqs. (B17) by using
metric perturbations @, and W, to derive Egs. (40) and (41).

We will write <f), E, N, A, and G in terms of ¢ and b using
Eq. (B9). First let us consider the density perturbation dp.
From Eq. (B17), 8p is given by

K*op=— 6( aody— ag &y — agal® o+ agage b,

aga A
_0 Oez"OEO—‘Pl), (B18)
@
where we used Eq. (A13) to write a,—a;8,=—a,> and

@, = ayay/a;. The strategy is to write &) using ¥, and @,
From Eq. (B14), the metric perturbations W, and ®, are
given by

_ _ y . 2 _ @
\PO_\IIO a1§0+a0€ OEO g e Obo,

ay , "
(I)():a%lz(ﬁo'i‘( 1+ _2) algt‘)_ezaOEO
@
_2d0€2a0E0+(a1d0+ dl)leaobo

+aleaolbo, (Bl9)

where we used Eq. (A12) to write 8;=(1+ ay/a?)a,. From
Eq. (B19), we can show that

. ) _ Cay %) ) b
CYO\I,0+CY0®O—_C¥1 aofﬁ—aofg—aoall (bo

@y

+C’l’0&oeaolb0_ ezaoEO +C’l’0\1,0.

(B20)

Thus the terms written using & in Eq. (B18) can be rewritten
using @, and ¥. We obtain
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K . . A LA
12 5p=—3(a0‘1’0+a(2)q)0+a1‘1’1—a’0‘1’0).

(B21)

The remaining task is to rewrite the terms written in terms of
¥ in terms of W,,. First, using the solution of the perturba-
tions (B2) and (B4), we rewrite W in terms of E(m,K).
From Eq. (B17), & is given by

E=e>E| — ape®lb,. (B22)
Then we can rewrite W, as
Vo= — ae2E | + dgeE,. (B23)
Using the Jacobian of the transformation (B6) and
d
2oL 2a(ma) 1 =m2*Z, (m2), (B24)

we can get the following equations:
alezaoﬁl(k)z—f de(m,k)[a%mleiQOZI(mle7“0)

+ agajiole” “Zy(mle” ) Je T,

doez"‘oéo(k) =-— j dmE(m,K)[ ag’mle” *0Z,(mle ™ “0)

+agajiole “Z,(mle”*0)]e T, (B25)

Thus we find

2k2+3m?
— e ™

_a1€2a0E1+d082a0E0:fde(m’k) Im

XZ(mle”“0)e 1T (B26)

where we used Eq. (B4) and o= 1/I>+ &2 [Eq. (A12)]. ¥,
is given by

‘f’o(k) =e_2“0f dm‘f’o(m,k)Zz(mle_G‘O)e_i“’T

2Kk?
=—jde(m,k) gle_“OZl(mle_ao)

1 —ap)2 ] —iwT
—g(kle 0)"Zo(mle™ %) |e , (B27)

where we used Eq. (B4) and Z,(mz)=(2/mz)Z,(mz)
—Zy(mz). Then we can write W, in terms of E(m,k) as

Vo(k)= f de(m,k)(mle“OZI(mle“O)

1 ‘
+§(kle“0)2Z0(mle“0))e“"m). (B28)
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On the other hand, the same calculation as for Eq. (B26)
yields

. . i 1
a Vi (k)—agVy(k)= gJ dmE(m ,K)k*mle 3%

X Z(mle™ %)~ 1o (B29)

Thus Eq. (B21) becomes

2

K C i 4 o2 —2ap2
) 5p(k): _3((10\1,0'1" ao(bo)_e ok \IIO

1 —4q 412 -«
+§e o dmE(m,K)K*[“Zy(mle ™ *0)

Xe T, (B30)

The other quantities dp and v can be calculated in the
same way. The calculations are straightforward but lengthy.
It is easier to derive dp and v using the equations on the
brane (19), (20), and (21). The pressure perturbations dp can
be obtained from Eq. (19) as

K20[ . . . R . .
- Lop(K) =W+ dagW o+ agDo+ 2 (g +2a2) D,
1 K>
+3e 202K~ K2D) - fl Sp(K).

(B31)

Substituting Eq. (B30) into Eq. (B31), we get p as

Kzal .. . do&o . L.
) 5p(k):’q,0+ 3(1()__2 \Po"_aoq)o

@,

+3a}

o e
. o 1

+ ( 2a0— 0_20 (I)O_ _672a0k2¢0
a; 3

X f dmE(m,K)k*I?Zy(mle ™ 20)
X e 10T®) (B32)

The velocity perturbation v is also obtained from the equa-
tion on the brane (21):

(p+p)e®v=Kk 2> —5p+3(p+p)¥,
—3ay(Sp+8p)]. (B33)

Substituting Egs. (B30) and (B32) into Eq. (B33), we can
show that v is given by
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2

K« . .
5 Lp+p)e®n(K) =W+ ay®y+Av, (B34)

where Av is given by

— k2 72&01 l 472 )
Av k™ “e 713 dmE(m,k)K*[“Zy(mle™ )

X ein(t)}

1
= ge_3aof dmE(m.K)[ a,iok**Zy(mle ™ )

—agmk®PZ,(mle ™ @0)]e 1oT("), (B35)

Finally, let us rewrite the metric perturbations @, in terms
of E(m,K) to derive Eq. (41). From Egs. (B19) and (B22),
d, is given by

®0:a%12¢0+ alea0150+

C’io 2 A . 2 A
1+— a e aOEl—ZaOe aOEO
o

— 20, (B36)

From Eq. (B25),

C1’0 A . A .
( 1+—= ae?E | —2a e E,— e?™F,
a
1

2 2

=f de(m,k)((all)ZZk%

le”*Z (mle™ o)
—(0?*ai+m?ad)l*e 2*0Zy(mle™ %)
—2(a apl?)ioml’e 2%Z (mle” @)

2k*+3m?
X e*le

- : (B37)
m

where we used d[zZ,(mz)]/dz=mzZy(mz). In addition, we
can show that

272 2 4k4 — _
ajl*¢o=(a;l)” | dmE(m.K) 3—31e 07, (mle ™)
m

2k* A
— Flze_zaozo(mle_%))e_”"T, (B38)
m
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2k2
—aq

aleaﬂlb():J’de(m,k) —(ay1)? le

3m?

21,2
12672a0

4w
XZ,(mle” %)+ (a,1)?

3m?
4iwk?

l2672a0
3m

X Zo(mle™ %0)+ (ayayl?)

XZl(mle_ao))e_in, (B39)

where we used Z,(mz)=(2/mz)Z,(mz) —Zy(mz). Then @,
can be written using E(m,K) as

(DO(k)ZJ de(m,k)(mleaOZl(mleao)
1 )
—g(kz—l—3m2)12672”‘020(mlef"0) e 1oT®

+(dol)2f dmE(m,K)[mle”*Z,(mle™*0)
— (K24 2m?)2e " 2%0Zy(mle™ %0)]e 1@T®
—2a1d0l2jde(m,k)

X(iwml*e 2%0)Z,(mle” %0)e 1@TM, (B40)

where we used (a;0)2=1+ (ay,l)>.

APPENDIX C: PRIMORDIAL FLUCTUATIONS

The CMB anisotropies at large scales are determined by
{,. which should be determined by the primordial fluctua-
tions. We consider the inflaton ¢ confined to the brane with
potential V(¢) [38]. The background equations are given by

. . dV(¢)
2
=, cn

The perturbed energy-momentum tensor of the inflaton is
given by

3p=— Do+ pSh+V'(¢) 8¢,
op== '+ $3p—V' ()54,

(ptpe“ov=ddp, (C2)

where 8¢ are the fluctuations of the inflaton. It is useful to
use the Mukhanov variable to describe the evolution of the
perturbations:
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Q=d¢+ iq’o- (C3)

Qg

Combining Egs. (C2) and (40) and the equation of motion
for ¢,

Sb+3a08d+e 2K 5H+V"(b) S
=3¢V +dpdy—2V' () Dy, (C4)

we can obtain the evolution equation for Q as

O+3a,Q0+e 2%K2Q+

+V'($) | 0=, (Cs)
where

bol [ 20y o 1 1 o
A [ T R N P ()

o a o 3 3 (,1’2

0 0 0 1

1(2 1 a

X —2aq).2 4+ - === — —day

e k¥, 31373 a%>e

X f dmE(m,K)k*I?Zy(mle” %0)e 1 @T0 ] (C6)

and Av is given by Eq. (B35). We take the boundary condi-
tion so that op,=dp,=v,=0. At large scales the source
term J goes to zero. Then we can find the solution for Q as
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0-?

o)

t doz
Ap+B —
0 QJ dt €3a0(i)2 ’ (C7)

where A, and B, are constants of integration. The amplitude
A of the growing mode solution is determined once Q is
quantized. Denoting the power spectrum of A, as P Ay WE

get

) (C8)

large scales

do
PAQ_ _PQ

where the right-hand side is the power spectrum of the quan-
tized Q evaluated at large scales. The important point is that
Q is related to the Bardeen parameter by Egs. (C2), (40), and
(60) as

Q:i(z—ﬁm}). (C9)

X @
Thus at large scales A=, and

P§* = PQ| large scales * (CIO)

The problem is how to quantize the system of (C5). As in the
evolution equation for the density perturbations, the equation
becomes nonlocal at scales below [ (kie ™ “0>0). In particu-
lar, at high energies, the Hubble horizon is smaller than the
curvature scale /. Thus even at the horizon scale the correc-
tions are significant. One way is to construct the effective
action that gives Eq. (C5) and do path-integral quantization
as is done in [28]. Further investigations are needed to obtain
the spectrum of £, .
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