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Abstract. We study the theory of c =1 torus and Z,-orbifold models on general
Riemann surfaces. The operator content and occurrence of multi-critical
points in this class of theories is discussed. The partition functions and
correlation functions of vertex operators and twist fields are calculated using
the theory of double covered Riemann surfaces. It is shown that orbifold
partition functions are sensitive to the Torelli group. We give an algebraic
construction of the operator formulation of these nonchiral theories on higher
genus surfaces. Modular transformations are naturally incorporated as
canonical transformations in the Hilbert space.

1. Introduction

Both in the study of two-dimensional critical phenomena and in string theory one
of the major goals is to find a complete description of all conformal field theories
[17. 1In the first context these describe all universality classes of critical models [2],
while in string theory they are known to correspond to all possible compactifica-
tions [3]. The conformal field theories with central charge ¢ less than 1 have been
successfully classified. The combined constraint of unitarity and one loop modular
invariance sclects a discrete set of models [4]. The extension of the analysis to ¢
values larger than 1 appears to be a much harder problem and will surely reveal a
quite different structure. For ¢=1 there is the possibility of a continuum of
inequivalent models, since marginal operators can be present in the spectrum that
generate continuous deformations of the conformal field theory.

In [5] an elegant formulation of two-dimensional conformal field theory has
been given in terms of the behaviour of the partition function on the space of all
inequivalent compact Riemann surfaces. The basic characteristics of the theory are
translated into consistency conditions on the partition function, defined as the
hermitian norm on a flat holomorphic vector bundle over this moduli space. The
correlation functions are obtained through factorization of the partition function
at the boundary of moduli space. Crossing symmetry of the amplitudes is then a
consequence of modular invariance.
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Related to this approach is the proposal to set up an operator formalism for
conformal field theories on general Riemann surfaces [6] using techniques
developed in the theory of soliton equations, notably the K P-hicrarchy [7]. In this
program one associates to any punctured Riemann surface a state in the Hilbert
space, which encodes all information of the correlation functions on the surface. It
provides a natural and powerful method for the analysis of the behaviour of
partition functions on degenerate surfaces. On the other hand modular invariance
seems much more difficult to formulate in this approach.

In this paper we will study with the above techniques the structure of the class
of gaussian c¢=1 conformal field theories which consists of the torus and
Z,-orbifold models. The torus model describes a free massless scalar field ¢(z, 2)
compactified on the circle R/27RZ with action

S[¢]:;?§dzza¢5¢. (1.1)

The line of models parametrized by the compactification radius R describe O(2)
invariant statistical systems at criticality [8]. The Z,-orbifold models [9-11] are
obtained from the corresponding torus model by identifying ¢ with — ¢b. This line
is known to describe the critical line of the Ashkin-Teller model [12-14], i.e. two
[sing models coupled by a four spin interaction. Both lines are invariant under an
electric-magnetic duality transformation relating the models at R and 2/R. The
torus model at R :%ﬂ and the orbifold model at R :1/2 can be seen to
correspond to one and the same theory. This equivalence is a well-known
phenomenon in the context of string compactifications [ 9], and will turn out to be
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Fig. 1. The moduli space of gaussian ¢=1 conformal field theories. The crosses indicate multi-
critical points
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a useful tool in the analysis of the orbifold model. In terms of critical models this
point corresponds to the Kosterlitz-Thouless transition point of the X Y-model
[12]. Thus the space of conformal field theories we consider has the structure as
displayed in Fig. 1. We will show it to be complete in the sense that there exists no
marginal deformation of any of these theories that brings it out of this class of
models.

At many special values of the parameters, in fact one can argue at any rational
value of R?, the model will have an enhanced symmetry. This will show both in the
higher multiplicities in the spectrum and the finite dimensionality of the
corresponding vector bundle over moduli space. We mention here the Rzl/i
torus model, which has a SU(2) x SU(2) symmetry, and the R =1 orbifold model,
which is equivalent to two decoupled Ising models and consequently carries a
representation of two ¢=% Virasoro algebras [14, 15].

The main objective of this paper is to gain insight in the structure of these
gaussian theories on higher genus surfaces, and especially we will investigate how
this structure is influenced by the local properties of the theory, i.e. its operator
content, symmetries, etc. To analyse the Z,-orbifold models we will use the theory
of double coverings of Riemann surfaces and of theta-functions defined on Prym

varieties [16,17]. The equivalence of the R = ]ﬁ orbifold and R :%VE torus model
provides the necessary equations to solve for the quantum contributions to the
partition and correlation functions, and gives a physical interpretation of various
nontrivial mathematical identities known as Schottky relations [16]. We will show
that the absence of momentum conservation in the orbifold theory has important
consequences for the behaviour of the partition function under the modular group
and near the boundary of moduli space. In particular in contrast with toroidal
models the Torelli group acts nontrivially on the chiral constituents of the
partition function.

The gaussian ¢ = 1 theories naturally admit an operator formulation on general
Riemann surfaces. The Hilbert states representing these nonchiral theories on the
surface can be constructed both within the path-integral formalism and in an
abstract algebraic way, an approach which up to now was only well understood for
chiral fermionic theories. The discussion of modular invariance in this context will
give rise to an identification of modular transformations with a special set of
canonical transformations in the Hilbert space.

The paper is organized as follows. In Sect. 2, after a short review of the basic
properties of marginal operators and multi-critical points, we give the analysis
leading to Fig. 1 and discuss the operator content of the various models and their
mutual relations. In Sect. 3 we will analyse the partition functions on arbitrary
Riemann surfaces and their behaviour under the modular group. The correlation
functions of vertex operators and the factorization properties of the torus and
orbifold model on higher genus surfaces are described in Sect. 4. In Sect. 5, we
present the twist field correlation functions. The operator formalism on Riemann
surfaces for both the torus and orbifold models is constructed in Sect. 6. We further
give an extension of this formalism to include twist operators and discuss the
relation with the tau-functions of the KP and the BK P-hierarchy. Finally, Sect. 7
contains some concluding remarks.
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2. Operator Content and Multi-Critical Points in ¢ =1 Gaussian Models

In this section we discuss the structure of the operator content of the lines of torus
and Z,-orbifold models. We will analyse the multi-critical points on these lines and
their mutual relations. To this end we first briefly review some basic properties of
marginal operators and multi-critical points.

2a. Marginal Operators and Multi-Critical Points
A two-dimensional conformal field theory (CFT) [1] is fully specified by the value

of the central charge c, the weights (h,, h,) and multiplicities of the primary fields p,
and their operator product relations. The two-point functions can be normalized

as
Pz, 20 (W, W) = 0,z — )~ 21(Z — W)~ 2P, (2.1)
The operator product coefficients ¢, defined by

wa(za E)lpﬁ(V% W) ~ Z Ca[)‘",*(z o W)hv hem hﬂ(z_ o W);ly e hﬁu)y(wa W) (22)
v

are then symmetric in all indices.

In general one can consider deformations of a conformal field theory,
preserving the infinite conformal symmetry and the value of the central charge. In
first order these perturbations are generated by the marginal operators yp,, i.e. the
primary fields with conformal weight (1, 1) [12]. In a path-integral formulation of
the theory these perturbations can be represented by an additional term in the
action

59 :z%‘% [d22p2.5). 2.3)

Equivalently, the correlation function of any product of operators ¢ is modified
according to

O (oy= L jpizn o). 24
0g; 2

In string theory this corresponds to a condensate of on-shell string modes
described by the background field dg,, We will call those weight (1,1) operators
w{z,2) for which Eq.(2.4) can be integrated to finite perturbation integrable
marginal operators. Locally, their coupling constants g; can serve as a coordinate
system for the space of conformal field theories in the neighbourhood of the
unperturbed theory. In the string context this “theory-space” can be interpreted as
the moduli space of classical solutions to the string equations of motion. One can
visualize the motion in CFT-space generated by these marginal operators as a flow
of the weights and operator product coefficients of the primary fields. The change
in the conformal weights can be derived from the variation of the two-point
functions. Combining (2.4) and (2.2) one finds [12]

S ~
5g. (ol 2, 2w, W)) =203,z — W) H(EZ —w) < Toglz —wi?. (2.5)
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where we absorbed an infinite term in a wavefunction renormalization of the v,
Comparing with (2.1) we see that the weights (h,, h,) are shifted by

Oh,=0h,= —Y ¢;,08,. (2.6)

Note that in case there are several operators with the same weight one has to
diagonalize the matrix ¢;,; to find the variation of the weights. In a similar way one
can derive variational formulas for the operator product coefficients ¢,j,.

Following [ 12] we can now formulate the conditions a marginal operator 1, has
to satisfy in order to be integrable to first order in g;. First of all, it is evident that its
weight must not be changed by the perturbation generated by v, itself. So from
(2.6) we see that at least ¢;; must vanish. An additional constraint arises if there are
more weight (1,1) primary operators ;. An casy application of degencrate
perturbation theory shows that if ¢;;; = 0 for some of these y; then in the perturbed
CFT p, becomes a linear combination of primary fields with different weights and
its marginality is destroyed by the perturbation. So, in summary, we have the
following necessary conditions for an integrable marginal operator y;:

i) hy= El =1,

it) ¢;;;=0, for any primary field p; of weight (1,1). Note that, because of
condition ii), linear combinations of integrable marginal operators need in general
not be integrable.

In alocal neighbourhood of a generic conformal field theory the space of CFT’s
connected to this theory has the structure of a smooth manifold, which can be
parametrized by the couplings g; of the marginal operators. It can happen,
however, that at some value of the g; the number of integrable marginal operators
in the theory, through accidental degeneracy, jumps to a larger value. The points
where this happens are called multi-critical. In general, the extra integrable
marginal operators signal the presence of new independent directions in which the
theory can be deformed. In this case the multi-critical point lies at the intersection
locus of two or more submanifolds of CFT space. However, it often happens thatin
such a point the conformal field theory has an enhanced symmetry. This symmetry
group can reduce by its action on the marginal operators the number of
inequivalent deformations of the theory. The coupling constants g; then give a
redundant coordinatization of the CFT space, which can have an orbifold type of
singularity at the multi-critical point.

2b. Structure of Torus and Z,-Orbifold Models

We will now apply the concepts of integrable marginal deformations and multi-
critical points to the free scalar field compactified on a circle with radius R. We first
give a short description of the spectrum of primary operators in this model [12, 14,
18].
The casiest way to determine this operator content is to compute the one loop
partition function,
7 =1r [qL(, - 1/2461207 1/24-] , (2.7)

and to decompose it into characters of irreducible representations of the ¢=1
Virasoro algebra. The partition function of a compactified scalar field is well-
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known to be

Z(R):}n(q)l‘z( x qurrgiers pq)=g'** [it=¢, 23
p.p)eir nz
where the momentum summation runs over the lattice
~ no nog .
Ie=3.p)=| 5 +9mR, p—amR | n.meZ,. (2.9)

I, is an even self-dual lattice if we adopt a lorentzian metric. This property of I,
ensures that (2.8) is modular invariant [19]. We can decompose Z into characters

Inii> Using [20] .y
17(q)~1q1/2p2: /(l/’2p2> /)é /V:: (210)
k;oxl/zwﬂikv peZ/VZ'

The resulting spectrum can be described in terms of the quantum field ¢(z, z) = ¢(z)
+ @(2) as follows. We have normalized vertex operators

Vol 2)=1/2 cos[po(z) + pp(Z)] ,

Vin(2,2) =)/ 2 5in[po(z) + 5G(2)].
where (p, p) is related to (n,m) by (2.9). The combinations V" +iV,. create states

with momentum +4(p+ p) and winding number +(p— p). The allowed values of
the momenta p, p follow from the requirements that V,,, has to be invariant under a
shift 2zR of ¢(z, z) and that ¢(z, z) must be single-valued (modulo 2zR) in the
presence of a vertex operator. The operators V,, and V,,, are usually called electric
and magnetic respectively.

If p? equals tk* for some integer k extra primary fields of the form
(0@, 8%, ...)V,, are present where the polynomials f are given by Schur
polynomials [20]. Similar considerations can be made with respect to p. In
particular we always have the (1, 0) and (0, 1) conformal fields d¢ and d¢ which can
be integrated to give the conserved left and right momenta. These chiral currents
generate a U(1) x U(1) symmetry; the full symmetry group of the torus model is
extended to O(2) x 0(2) by the discrete Z, symmetries (@, ¢)—(— ¢, — @) and (@, @)
—(®, @). The vertex operators V,, are singled out as the primary fields of the U(1)
current algebra.

For all R we have the primary (1, 1) tensor dgde, which can easily be seen to
satisfy the conditions of an integrable marginal operator. In fact an additional
term in the action of the form

(2.11)

4S = b—gjdzz dp T (2.12)
27

can be absorbed by a redefinition of ¢ changing its compactification radius as s R?
= 0gR?. Indeed according to (2.6) the resulting shift in the weights 1, of the vertex

operators V,,, is [12]
) > m*R*\ |
—h, =5 -] =3R 2.13

5ghnm (Rz 4 > 2R5R hnm: ( )
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where we used the operator product relation
2 mZRZ

(20301 [Vaul ~ (; - 4) [Vl (214)

The motion induced on the momentum lattice [, corresponds to a SO(1, 1) boost
(191

The different radii R do not all correspond to different theories. As can be seen
e.g. from the partition function, there exists an electric-magnetic duality [18]
relating

R < 2/R,
V. <V

nm mwin >

(2.15)
b@pip = —dpip.

All correlation functions and operator product relations are invariant under this

duality transformation. From now on we will choose RgVi.

Let us now look for the multi-critical points on the line of torus models. For R
or 1/R equal to a multiple of Vi extra marginal operators appear in the form of
vertex operators. However, because of the operator product relation (2.14) we find
that the condition ii) of integrability can only be met if there are both electric and
magnetic weight (1, 1) vertex operators present. This condition leaves as only
possible multi-critical points R =1]/2 and R:\/i.

The model at R= ﬂ, which in some sense can be regarded as the limit ¢—1 of
the discrete unitary series, is the fixed point of the duality transformation. 1t has an

enhanced symmetry group SU(2)x SU(2). The associated conserved chiral
currents

Ji :cosl/i(p ,
Jy=sin}/2¢ (2.16)
js=14)/209 ,
generate the k=1 A{Y Kac-Moody algebra
. L 1 o 1
J{z)iw)~30;; oy~ i&:pfiw) P (2.17)

As is well-known, this R=|/2 torus model can be identified with the k=1 SU(2)
Wess-Zumino-Witten model. For cach weight there is an enlarged set of primary
fields which can be arranged into one SU(2) x SU(2) multiplet of dimension
(254 1)(25+ 1), where (h, h)=(s%,5%). Modular invariance of the one loop partition
function implies that (s,5)eZ? or (Z+4%)* [21]. In total there are 9 marginal
operators j(z)j,(2). Imposing the conditions of integrability and using the OPE
(2.17) one finds that all linear combinations of the form

(2, i) £, k) (.18)

k=1 J
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generate a continuous deformation of the SU(2) model. But, since all these
operators are related by the symmetry group to jij,=+0¢Cp, every marginal
perturbation is equivalent to a modification of the compactification radius R. Note
that the electric-magnetic duality can also be understood as a conscquence of the
SU(2) x SU(2) symmetry, since +d@c¢ are equivalent marginal operators at
R=)/2.

Our second candidate multi-critical pointis at R :%Lﬁ, 1.¢. the continuum limit
of the X Y-model at the Kosterlitz-Thouless point {12]. Let us analyse this model
using its relationship with the SU(2) model. Quite generally one implements the
transformation R-»3R on the spectrum by projecting onto even momentum states
and adding extra sectors with half-integer winding numbers. These sectors have
ground states created out of the vacuum by the magnetic operators V;,5. In the case
R :[/2 we can be more explicit about this. Let us introduce the projection
operators

m,=31+6,0,), (2.19a)
O =exp[3$dzj(z)]. (2.19b)

The operators 6,, which satisty
00,70 4230y, (2.20)

generate the following involutive transformations of ¢(z) (modVin}:

0,00, =@, 0O,p0,=—0 +%1/§7r, 03@(‘)3:(/7~|—1§Vi7f. (2.21)

The appropriate projection operator in our context is I75, since it evidently reduces
the compactification scale to R :%1/2 The half-integer winding number sectors are
created by the weight (. ) vertex operators [/5 Cosﬂ/ 29 —@) and
[/isinﬂ/@(<p~q3). The projection 15 leaves a total of 5 independent marginal
operators, out of which the following integrable - at Icast to first order --
combinations can be formed

() 2,76 0.2

All the elements of the second set are related by the U(1)x U(1) symmetry
generated by the two chiral currents j; and j,. These marginal deformations, which
in a moment we will show to be integrable to all orders, are inequivalent to the one
induced by j/5. This implies that at this particular point R = l]/2 anew continuous
deformation of the theory exists that changes the nature of the compactification.
The meaning of this new direction becomes clear when we use the obvious
invariance under permutation of the three projections I1;. In particular we can
repeat the above construction with IT, as the projection operator. As seen from the
action of 0, on ¢, this construction results in an identification of ¢ with —¢. So in
fact we have constructed a Z,-orbifold compactification with R = 1/@. This radius
is varicd by the action of the marginal operator j,j,. Thus the new marginal
direction is seen to correspond to the line of Z,-orbifold models. The equivalence
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of torus and orbifold models has been noted previously [9], see also [22]. It will
proof to be very useful in the subsequent analysis.

We now briefly review some basic facts of the conformal field theory of Z,-
orbifold models [9-117. The spectrum of operators of a scalar field on a
Z,-orbifold consists of a twisted and untwisted part. The untwisted states are
found by projecting the spectrum of the corresponding torus theory onto even
states under ¢ — — ¢ using the projection operator IT =31 + ®). Here @ generates
the Z, symmetry

OP(z.5)0 = — Pz, 7). (2.23)

Of the vertex operators only the V! are left. In addition we have a twisted sector,
corresponding to antiperiodic field configurations. The two-fold degenerate
twisted ground state is created out of the vacuum by the twist fields ¢, and ¢, with

conformal weights (7%, 7%). These o, and their partners t; defined by

— 1
0p dp(z, Z)o (w, W) ~ o wl 7,(w, W) (2.24)

are the only relevant operators in the twisted sectors. The weights of the t; are
(. t%). In fact, the weights of all twisted operators are independent over the radius
R. One way to see this is to note that the OPE of the marginal operator d@d¢p with
any twisted field i only contains operators with weights which differ from that of
by a half-integer, since both d¢ and J¢ acquire a branch cut starting at 1. This
forces the three point function (3¢ do(z, )(z,)y(z,)) Lo be zero, and consequently
0pdg does not change the weight of 1. The scale independence of the twisted
sector implies that the one loop partition function of the orbifold models is of the

form

Z vitota R)=3Z(R) + Z (2.25)

Here Z(R) is the torus partition function (2.8). The twisted part Z,,,, can be
determined at the multi-critical point R=1/2, using the equivalence with the
R:%]/Z torus modet:

twist *

Zia=2G)/2)—32(/2), (226)
in accordance with the results of [14].
There also exists an electric-magnetic duality for the line of Z,-orbifold models.
As for the untwisted part of the spectrum this transformation acts similarly as in
the torus model. The action of duality on the twisted part can most easily be
understood at the selfdual point R= I/E. Here the twist fields ¢, and o, are
equivalent to the half-integer magnetic operators ¥4, and V;, of the SU(2) model.
In this correspondence duality translates into shifting ¢— @ +%l/2n, @— @, since
that changes the sign of the marginal operatorj,j, = cos]/2(p cosﬂ(ﬁ. The effect of
this shift is easily calculated and the resulting duality transformation is seen to act
on the twist ficlds as

1 1
01 = —=(0,+0,), 0y —=(0,—0,). (2.27)

2 /2
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The two twist fields ¢, and ¢, and their respective sectors correspond to the
two conjugacy classes (or equivalently fixed points) of the Z,-twist:
¢— — ¢ (mod4nR) respectively ¢ — — ¢ +2nR (mod4nR). From this we conclude
that the product of two operators in the same twisted sector produces operators
which create an even winding number, whereas the product of two operators in
different twist sectors creates odd winding numbers. In combination with electric-
magnetic duality this implies the following form of the operator product relations:

Lo ][]~ Czn’zm[Vzﬁ,zm] + 3 C2n+1’2m[1/2t+ 1,2m:| >
[o,]-[a,]~ b3 Czn’zm[Vzi,zm] - cr 1’2m[V2:+ l,lm] s (2.28)
[o]-[o,]~ Y crm2mt 1[Vzt,szr -

The numerical values of the coefficients C*" are given by [23,11]:
(=1,

) 2.29
(C™2 =2 16 o+ B - (n,m)=(0,0). ( )

The symmetry group of the Z,-orbifold model is the discrete group D, (the
symmetry group of the square) generated by

(6 ,0 =Vnm)—‘)(*(7 g 7(—")mVnm)a
102 1,02 (2.30)
(015 T, I/;lm)—>(0-2: 0.17(_)11]/;"").

The invariance under these transformations follows from (2.28). Of course, the
duality transformations (2.15), (2.27) should be read modulo D,.
The twisted sector does not contain any weight (1, 1) conformal fields, so we can

copy the arguments applied to the torus model to show that besides R =ﬂ the

only other multi-critical orbifold model is R :%[/6 This model is known to
correspond to the continuum limit of the 4-state Potts model [8§, 18]. It contains
the following relevant and marginal operators: 3 x (1%, 1%), 1 x (2, 4), 3 x (5, 7%), and
3 x (1, 1). The frequent occurrence of the multiplicity 3 can be understood from the
fact that this model can be obtained from the SU(2)-model by twisting with all
three 6, of Eq. (2.19). The integrable marginal operators which are not projected
out are j,j;(i=1,2,3). It is clear from this construction that the SU(2) invariance is
broken to a discrete symmetry which permutes the three operators. In this picture
we have, besides the projected SU(2) spectrum, three extra sectors generated by the

operators g4, 0,, and 03:]/§cosi]ﬂ(¢—q3) with OPE
0,(z,2)05(w, W)~ 2" V4 z—w| Y8 (w,w) (and cyclic). (2.31)

These three twist operators correspond to the spins S, S,, and S, S, of the Ashkin-
Teller model. The full symmetry is S, (the permutation group of 4 elements) which
acts on the g, according to

(01,0,,03)=(( _)pai1> *)q("iza (A)pwo'i;) . (2.32)



C =1 Conformal Field Theories on Riemann Surfaces 659

Indeed, S, is the symmetry group of the 4-state Potts model. Before the
projections, each twisted sector is an irreducible representation of the (twisted) A"
algebra. The fact that all three representations are isomorphic is known in the
mathematical literature as triality of A% [24].

The orbifold theory with R=1 corresponds to the decoupling point of the
Ashkin-Teller model, where the model reduces to two independent Ising systems
[14,15]. The continuum limit of the Ising model is described in terms of a free
massless Majorana fermion (p(z), p(z)) and its spinfield o(z, Z). The analytic part of
the stress-energy tensor

T(2)= —3p(2)0(2) (2.33)

satisfies the Virasoro algebra with ¢ =3. A mutually local set of operators is given
by [1],

{{1).[o]. [e]}, (2.34)
where ¢ is the energy operator &z, Z}=P(Z)y(z). The OPE’s are
o] -[o]~[1]+3le], [el-[e]~[1]. (2.35)

In the orbifold model we can indeed identify in the spectrum two sets of the above
operators. The identifications are

T = —Hop) +3cos2¢p, TP=—-Ydp)*—3cos2p,
T = -39y +3c0s2p, TP =—4(0¢p)*—}cos2p,
e V=g, cP=g,,

D= _2singpsing, P =2cospcosp,

o). @) ﬂcos%(tp — ),
M. @ =00 dp,

(2.36)

IR N
V. P =1,.

One easily checks with (2.28) that the two sets of operators have the correct
operator product relations. All other primary fields of the orbifold model are
descendants of these operators with respect to the two Virasoro algebras generated

Table 1. Some properties of the multi-critical models in the ¢=1 spectrum. The notation is
explained in (2.18) and (2.19)

Model Projection Currents Integrable Marginal Symmetry
Operators
Torus  R=}/2. Jvizis  (SaiE a0 (k=1,2,3) SU(2) x SU(2)
R:%I/Z 1, Js Jas (L) (34D k=1,2)  0@2)x 0(2)
Orbifold R=l/27 I, i JUs (Ladd) (Vg (k=2,3)  0(2)x 0Q2)

/ L o PR
R:%I/Z 11,115, 14 - Ju15J2/25]33 S,
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by T z) and T'?(z). The identifications (2.36) can be used to calculate Ising
correlation functions within the ¢=1 orbifold model (see also [39]).

As a summary, we have collected in Table 1 the relevant quantities of the three
multi-critical points that occur in the class of c=1 gaussian models.

3. Partition Functions for Arbitrary Genus

In this section we will analyse the partition functions for the ¢=1 models on
arbitrary Riemann surfaces. In principle, the partition function encodes through
its dependence on the moduli parameters all the information of the conformal field
theory. Whereas at one loop it gives us the weights and multiplicities of the
primary fields, all operator product coefficients and correlation functions can be
obtained through factorization of higher genus partition functions at the
boundary of moduli space [5].

We consider a genus g surface X with canonical homology cycles A4, B,
(i=1,...,2) normalized with respect to the intersection product

:H:(AiaAj):#'(BiaBj):O: #(AiaBj):"#(BjsAi)zéij' (3-1)

The computation of the partition function of a compactified scalar field on such a
Riemann surface has become quite standard [25,26]. It is given by the product of a
factor Z%* representing the quantum fluctuations of ¢, times a classical part Z%
given by the partition sum over the classical solutions in the different winding
sectors. These solutions are given essentially by the integrals of the holomorphic
and anti-holomorphic one forms w, = w(z)dz, &;=o2)dz (i=1,...,2) on X. Their
classical action can be expressed in terms of the period matrix 7 defined by

é;wj:éij, §(U;:Ti,~ (3.2)

A, B;

Referring for the details of the calculation to [25], we immediately give the result
for Z¢,

ZR)= Y explin(p-t-p—j-i-p). (3.3)

(p,p)el'r

The p, p; (i=1, ..., g) have a natural interpretation as momenta running through
the g loops. For the quantum part Z4*=|detd,| ! an expression has been given in
[26]. It is the modulus of a holomorphic function on moduli space, which
transforms as a modular form of weight —1. The total partition function
Z=27%7ZR) is modular invariant.

For rational values of R? the momentum lattice can be built up from a finite
number of square sublattices. As a consequence the classical part of the partition
function can be expressed as a finite sum of 3-functions defined as

9 [;ﬂ (zlr)= 220 explin(n+a)-1-(n+o)+2nwiln+a)-(z+f)]. (3.4
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If 4R? = p/q the result reads

1. T ipo.
Z(R)= ¥ 9 [2” e }(Oi2pqr) 9[2“ P } O2pqr)  (33a)

=200y s P ogpans) o, Gw

.. 1 g 1 g .
where the summation is over o€ (pr> ,pe (q Zq> ,v€(Z,). Note the manifest

duality pe>q. The latter of these two equations can be seen as a generalized spin
model construction [27]. One starts with a chiral spin-ipg “fermion” (z)
= V)2, 1/24{2), €xtends it to an intermediate nonlocal system by adding p x g new
sectors and finally projects on even fermion parity. (We should mention that for
rational values of R, not R?, it is also possible to give a construction solely in terms
of spin § fermions [29].) Cases of particular relevance to us are

Z(1)=2"9 % 9[“} o | (3.62)
apl LB
Zcz(Vi)zztg[ﬂ(om)z, (3.6b)
Z8/2)=27" ¥ n{“;ﬂ(mzr)z (3.60)
a.f.y

Here the summations are over half-integer characteristics only.

Now let us consider the partition function of a Z,-orbifold model. It is
represented by a functional integral over fields ¢ which can be double-valued on 2.
These field configurations fall into 2%¢ distinct topological sectors corresponding
to the elements of H,(2,Z,). The partition function is written as the sum over all

sectors —
ZorbifoldS(R) = 2 g ;s ZL,J(R) ’ (37)

where [;J = [;1 ;‘J] (e, 6,=0,3) labels the contribution of the field configura-
LB,

tions having a branch cut along the cycle X,2(5;4;+ ¢;B,). The untwisted part is
simply Zy o=Z,,,, and is by itself modular invariant. The other Z, ; with
: 0

[; =+ NES all permuted by the modular group, which means that only the sum
over all twisted sectors is modular invariant.

We will calculate the contribution of the twisted sectors using the theory of
unramified coverings of Riemann surfaces [16] following the general strategy as
advocated in [10,11]. (For a related calculation, sec [28].) Let us concentrate on

. ; 0
one of the terms Z_ ;. Since LF} * [ 0} we can always choose a new homology

o
3 0...0 )
basis such that the branch cut is along 4,, i.e. [F} = [0 ]]. This branch cut
“es 7

é
defines an unramified double cover 7: £ — X (as depicted in Fig. 2 for the g = 2 case).
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Fig. 2. The double cover 2 of a genus 2 Riemann surface X with canonical homology bases. The
branched cycle is 4,

The surface £ is obtained by taking two copies of the surface X, cutting each open
along the cycle 4, and then pasting the two copies together as in Fig. 2. This
defines a natural complex structure on 2. By the Riemann-Hurwitz theorem itis a
compact Riemann surface of genus 2g—1 and admits an involutive conformal
automorphism 1: £ — 5 satisfying 7o 1 =7, which is simply sheet interchange.
Once we have chosen a basis for H, (X, Z) and specified the twist characteristic

[Z:l the double cover £ is uniquely determined. A convenient choice for the

homology basis on X is one that projects onto the homology basis on I, ie.
Hl(}f,Z) is generated by 4,, B, ...,/ig_l, Bq_ " theirAimaggs under 1 and A ,2§g,
with {4 )= A4, etc. as depicted in Fig. 2. Note that i(4,)=A, and (2B))=2B,. We
should mention here that such an homology basis is not uniquely fixed by these
conditions. Different choices are related by modular transformations on 2 which
projected onto X leave the homology basis fixed.

The Prym differentials v,=v{2)d2 (i=1,..., g—1) are the holomorphic 1-forms
on X, which are odd under the defining involution v{(1(#))= —v,(2). They are
normalized with respect to the A-cycles

A 1AL

(3.8)
$ri=— $v=m, (j=1.g ),
B, (B

I1;;1s the period matrix of the Prym differentials and is a symmetric (g—1) X (g— 1)
matrix with positive definite imaginary part [16]. The Prym differentials have no
periods around A7g and 23@' In terms of the underlying surface 2 the Prym
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differentials are double-valued holomorphic 1-forms which are anti-periodic
around B,. The complex torus € '/(Z" '+ II1Z°" ") is called the Prym varicty
and is 1somorphlc to the set of degree zero divisor classes on 2 odd under 1. The
isomorphism is given by the Abel map

0
0-1Q) ~ [ v (39)
HQ)
Divisors on the surface ¥ have (up to a minus sign) a unique image in the Prym
variety.

The contribution of the twisted sector to the orbifold partition function is
now given by the functional integral over fields ¢ defined on £ which are odd under
1:0((2) = ~q§(z) (mod2zR). Furthermore, because of the double area of X, the
action of ¢ has to be rescaled with a factor of £ compared to (1.1).

The computation of the soliton contribution to the partition function is
analogous to the untwisted case. We split the scalar field ¢ into a classical part and
a quantum part ¢ = ¢ + ¢ The classical part is now given by the integral of the
Prym differentials,

z

¢! = —LinR(m— ) -(ImI1) ' | v+ce.. (3.10)
%)

Its action can be expressed in terms of the period matrix IT
S[¢ ] =4nR*(n—1Tm)-(ImII)~ " - (n—IIm). (3.11)

After a Poisson resummation of the soliton sum the expression for the contribution
Z, , to the partition function reads
Z, (Ry=2%; Y explin(p-1I-p—p-1I-p)]. (3.12)
(p,pyely !
For rational R? this expression can of course also be rewritten in in terms of
J-functions defined on the Prym variety using (3.5) with 7 replaced by II.

The quantum contribution to the partition function seems much more difficult
to determine. However, since it is independent of the compactification radius, we
can choose the multi-critical value R:1/2, where we can equate the partition
function of the orbifold to that of the R:i]/z torus model:

ZowniroraR=1/2)= Zporu R=13)/2). (3.13)
Combining Eqgs. (3.6b) and (3.6c) we find for the twisted part
2 2
rw:m{@mmgﬂwszF”%m (314)
£,d8,7 £,0,7

Here on both sides the summation runs over (¢, 6) %(0, 0). To interpret the separate
terms in this equation, let us conceive an operator formalism in which the partition
function is obtained by summing in each loop over all states in the Hilbert space.
The characteristics ¢, 6, and y then indicate which sector of the spectrum
contributes at the different loops. Both theories correspond to a twisted SU(2)
model; so, in order to identify these sectors, let us first compare (3.14) with the
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9 [o] (0[27)

Here 7,=0,1 can be seen to distinguish the integer respectively hall-integer spin
representations of SU(2) in the i loop. Indeed for g =1 the two terms are given by
the k=1 A" characters |y,|* and |y,|* [22]. It is evident that y has the same
function for the untwisted loops in Eq. (3.14). The interpretation of ¢ and 6 is now
also clear. On the right-hand side the sum over d corresponds to a projection on
even momentum states, while ¢ labels the integer respectively half-integer winding
number sectors. On the left-hand side ¢ and 6 have a comparable function. The
untwisted and twisted sectors are indexed by £ =0, ; whereas the summation over &
projects onto Z,-even states. This can be neatly demonstrated in the genus 1 case.
Here we can explicitly evaluate the twisted contributions to the orbifold partition
function using an oscillator representation:

untwisted SU(2) partition function

2

(3.15)

ZSU(Z):ZZI(I)M

Zy, 12 =1 [@ql‘” ldghem A = [q1/24 Hx [1+q"°

O 2 n=
9[&(0;2@
2

Zt,‘z,oztrm [qL()‘ll'24qZ0‘ 1/24] =2iq~ 1/48 I [t _qn+ 1J2:]|2

n=

=In(q)l~*

s

2

, (3.16)

1
=) 7 ¥ ;ﬂ (0127)
Zyp o =try p[Oghe ™ 124l N2 0] S ][44 gn 272
n=1

i J (0127)

2

=2ln(g) * |

[

Herc @ is the twist operator (2.23) and the suffix 0,  attached to the trace denotes
the restriction to the untwisted respectively twisted Hilbert space. So we see that
for g=1 the separate terms in (3.14) can indeed be equated. Generalizing this
observation to higher genus surfaces we can now solve the twisted partition

function Z{, as
&
¢
o

where ¢ [0] is defined as the ratio of the classical contributions. For our canonical

S Tel To...0
WISt 5 | = 0.1

-2

Z4 = 7 (3.17)

9[”’1(01217)
Jo-0]. Lol a1
B 9[(”) J(OI%)



C =1 Conformal Field Theories on Riemann Surlaces 665

As we have just argued, ¢ is independent of the characteristic

A 2T PR
0 0..0 |

a fact that is indeed known in the mathematical literature as one of the Schottky
relations [16]. The other ¢ [;J are related to (3.18) by a modular transformation.
Finally, combining Egs. (3.7), (3.12), and (3.17) we arrive at the following

general result for the orbifold partition function on a genus g Riemann surface:

Zorbi(nld(R) = 2 N gZ&orus(R) + Z\wis\(R) 5

3]

X 2 GXp[iﬁ(p~HS‘5'p—]5~176_515)]. (3.19)

ela -1
(p,p)ely

-2

Lol R)=28277 2,

From this result one can now extract all correlation functions of twist fields,
vertex operators, etc. by factorization at the compactification divisor and
projecting onto the relevant sector, indexed by the twist structure (g, 0) and loop
momenta (p, p). This will be worked out in detail in the subsequent sections.

Let us make some comments on the case R=1. As mentioned in Sect. 2 the
model can be described as two decoupled Ising systems, ie. two Majorana
fermions. This should be compared with the corresponding R=1 torus model
which is well-known to be equivalent to the spin model of a complex Dirac fermion
p=¢". On a higher genus Riemann surface the construction of a spin model
implies a summation over all spin structures. In the orbifold model one introduces
extra twisted sectors. In terms of the Dirac fermion the twist ¢p— — ¢ introduces a
difference between the spin structures of its real and imaginary component. So the
R=1 orbifold model is given by the spin model of two uncorrelated Majorana
fermions [15]. Indeed using 3-function doubling formulas we can rewrite the

Schottky relation (3.18) as
92 [1 (Ol17)
B

0...0
CZL } SR A N — (3.20)
0.2 9[“ O] (Olrw[“ ?] (O)

B0 p

Hence the twisted contribution to the R =1 orbifold partition function can be re-

expressed as
I 3 o\l
6[0} b [5} "

2
__ 7quny—2g « G H
=zg2 ,,Zu 9[ /J (O}T)J[‘}(O}T)

(o B) =+ (1. V)

-2 2

lem(R = 1) = Z‘g,"z” 24 Z
£, 8

. (3.21)
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Adding the untwisted part we obtain

Zorbifold(R = 1) = (leing)z ’ (3-22)

[/3] Ol

confirming the identification with the Ashkin-Teller model at the decoupling
point. The relation (3.20) was used in [28] to arrive at the result (3.19).

We close this section with a discussion of the action of the mapping class (or
modular) group I, [30], i.e. the group of all disconnected diffeomorphisms of .
The mapping class group is generated by Dehn twists around cycles. The action of
such a twist D can be represented by cutting the Riemann surface along the cycle
C and glueing it together after rotating one of the boundaries over 2. The effect of
this transformation on the elements y of the homology group is

Deiy—=y+ 40, OC. (3.24)

Note that this transformation does not depend on the orientation of either C or 7.
Dehn twists of the form (3.24) are called positive, the inverse twists D¢ ! are called
negative. The mapping class group leaves the intersection product invariant, hence
it acts on the homology basis 4, B; by Sp(2g, Z) transformations. Moreover, all
elements of the symplectic group Sp(2g, Z) correspond to modular transforma-
tions. The subgroup of I, that leaves the homology fixed is known as the Torelli
group and is generated by the Dehn twists around the homologically trivial cycles
on 2. So, in summary, we have the following exact sequence:

1= Torelli—1,—-Sp(2g, Z)—1. (3.25)

with

Zlimg (qul) (323)

We have seen that for rational R? both the torus and the orbifold partition
function can be written as a finite sum of products of a holomorphic times an anti-
holomorphic function on moduli space. This total sum is invariant under the
mapping class group, but the individual analytic parts are not. For the torus
models these are - apart from an overall factor (detd,) '/* - all functions of the
period matrix 7, on which I acts by the Sp(2g, Z) transformations

—(At+BY{Ct+ D). (3.26)

Hence all torus models are insensitive to the Torelli group.

The chiral orbifold partition functions, on the other hand, are functions of the
period matrix IT of the Prym differentials and in general they do feel the Torelli
group. To explain this let us consider a zero homology cycle C on 2 and a twist
structure with two branched cycles, one on each side of C (see Fig. 3). For this case
the lifts C and (C) to the double cover X are homologically nontrivial. The positive
Dehn twist D on X ifts to the composite transformation D¢ © D, ¢ on £, which has
a nontrivial action on the homology of the double cover. More specifically, it
transforms the elements of H,(£, Z) odd under the involution 1, whereas the even
elements are inert. Consequently the period matrix IT will not be invariant under
the Dehn twist D.. The Torelli group projects onto a subgroup of the symplectic
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A; A

Fig. 3. A genus 2 surface X with branch cut along 4, + 4, and its double cover . The lifts €
and 1(C) of the zero-homology cycle C are homologically nontrivial

group Sp(2g —2,7Z) that acts on I as in (3.26). For example, in the case considered
in Fig. 3 the transformation reads [1--1I +4.

To give a physical interpretation [31] for this nontrivial behaviour of the
twisted chiral partition functions under the Torelli group, we consider the R=1
orbifold model. Here the chiral components are given (in a convenient homology
basis) by

o
9{ (O17)

ﬁ:l o 0 o 0 172
- — = 3 0 . 3.27
Too7 =1L o] @p 4f00 (327)

0.1

Let us analyse both these expressions near the boundary component of moduli
space describing the degencration of our dividing cycle C, and concentrate on the

dependence on the pinching parameter ¢ (i.e. the length of C). The Dehn twist D,
acts on ¢ as

2

De:t—e?™t, (3.28)

o4

p

splits into two odd spin structures for t -0, then the same is true for one of the spin
structures on the right-hand side. It is quite easy to see that for this situation the
chiral partition function behaves to first order as t"'? and hence is not invariant
under (3.28). The fermionic explanation is that the partition function of one of the
chiral Majorana fermions factorizes on the 1-point functions of two y fields
absorbing the zero mode on each side. The power of ¢t equals the conformal
dimension of p. In the orbifold picture (3.27) is seen to factorize on the 1-point
function of the corresponding chiral vertex operator cosg. The key observation
here is that, as we will show explicitly in the next section, vertex operators indeed
can have vacuum expectation values in orbifold models. This is a consequence of
the fact that ¢-charge is no longer conserved around twisted cycles. This
argumentation makes it clear that also for other radii R the chiral orbifold
partition functions are not invariant under the Torelli group, as long as the

If we choose the (even) spin structure [ } on the left-hand side of (3.27) such that it
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corresponding chiral theories contain vertex operators with noninteger conformal
weights. Of course, the total partition function (3.19) is invariant, since the full

theory only contains operators with integer spin h—h.

4. Vertex Operators and Factorization

In this section we compute the correlation functions of vertex operators in both the
torus and the orbifold model on the genus g Riemann surface 2. In these
calculations we will employ the factorization cxpansion of the partition function to
determinc the analytic structure of the correlators. The results of this section will
be used for the construction of the operator formalism on Riemann surfaces, as
described in Sect. 6.

The n-point functions of vertex operators

Az, 2959 = <fl11 expliq,o(z;)+ iq_z(ﬁ(fi)]> 4.1)

can be obtained by considering the partition function near the compactification
divisor, where an appropriate number of handles is pinched, and projecting on
loop momenta ¢, ¢; in the degenerate channels. It is clear that the resulting
expressions will reveal the same analytic structure as the partition function. So in
the case of a torus compactification we expect that the amplitudes (4.1) can be
written as a sum over the g-th power of the momentum lattice I; and each
contribution is the product of a meromorphic times an anti-meromorphic function
of the positions z, Wc have the following factorization formulas for the
degeneration of a nonzero homology cycle [16]

b
in[p-t-pl,., —3pglogt+in(p-t- p)42nip-pyfw

—pilogE(a,b)+ (1), (4.2a)
s
wolz) -0, log [Egzzﬂ O, (4.2b)

while all other quantities factorize trivially, to first order. By repeatedly applying
these formulas one deduces the following expression for the unnormalized n-point
function in terms of the prime form E(z, w) and the holomorphic 1-forms w,z)
(i=1,...,2) of the Riemann surface X:

Aoz 21 qp4) =28 ) ‘ Ab(z:9) A8z 44)

(p.p)el'R

Az q) =11 E(z;, z))"*

><exp[in(p'r-p)+2ni<p‘2q,«zjiw>]

In this expression complex conjugation also takes p—p and ¢g—4. The momenta
q: q; are forced by crossing symmetry of the amplitude to be elements of the lattice
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I'z. Factorization automatically gives momentum conservation:

>(44)=10,0). (4.4)
The expressions for all other correlation functions follow from (4.3} by taking
suitable operator products, i.e. limits of the positions z;.

The result (4.3) can also be obtained by a generalization of the path-integral
method of [26]. Of course the expression (4.1) cannot be directly inserted into the
path-integral, since it is not a function of the integration variable ¢(z, z). Instead for
each vertex operator in (4.1) we insert exp[iX(q; + 4,)¢(z,» Z;)] and integrate over
field configurations with winding number g;—§; around the point z, This is
achieved by adding to the classical solitons the extra piece

Y —Lilg;— q,) [logE(z, z;)—3n E w-(Imt)” ! } w] +cc..

i Zy Zy

A straightforward application of Wick’s theorem and the Poisson resummation
formula then yields (4.3).

Let us now turn to the correlators of vertex operators in the Z,-orbifold theory.
On the sphere or complex plane these are the same as in the torus model; for higher
genus, however, some new features appear due to the fact that we can have twisted
states in the loops. In particular, momentum conservation is lost, since the chiral
currents d¢ and J¢ are no longer allowed operators in the orbifold model.
However, we still have a selection rule as a result of the ID, symmetry (2.30). It
reads

Y (4, q)e2ly. (4.5)

i

The analytic structure of the amplitudes again follows from factorization. So, just
like the partition function, they will be a sum of two terms which are by itself single-
valued and modular invariant. The first equals 277 times the corresponding
untwisted expression, while the latter, which we will denote as A4,, contains the
contribution of the twisted intermediate states. If we choose a particular twisted
cycle and project onto definite loop momenta in the untwisted loops, the
amplitudes will factorize into an analytic times an anti-analytic part. Because there
is no explicit factorization formula available for the period matrix of the Prym
differentials, we will compute 4, via the path-integral method described above. To
carry out this calculation, it will again be convenient to consider the double cover
3 of the multi-loop surface X. This enables us to express the amplitudes in terms of
the prime form £(2,%) on 2 and the Prym differentials v, Note that we have to
insert vertex operators on both sheets of the double cover with opposite momenta
as depicted in Fig. 4. This automatically guarantees momentum conservation on
2,

The propagator of an uncompactified double-valued scalar field twisted
around the cycle B, is given by

<¢(Z7 Z)QS(W» W)>twisted = IOg FZ(Z> W) > (46)
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2

Fig. 4. The insertion of a vertex operator on the surface X corresponds on the double cover 2 to the
insertion of a conjugate pair of operators

where
Flz,w)=|E(z, w)|* exp [ZEIm {v-(ImI)™' - Im | v], (4.7
163) 1)
EEw)
Z, W)= = - e 4.8
E(z,w) e z(w))e (4.8)

F,is single-valued around all cycles except for the twisted cycle B,, around which it
transforms into 1/F, The above result can be proved by a similar method as
described in [26] Sect. 5. The expression for the amplitude (4.1) for R=0 (or )
now follows directly from Wick’s theorem. The modification at finite R due to the
soliton contributions is computed completely analogous to the torus case. Again
skipping the details of the calculation we proceed with the final expression for the
twisted contribution to the n-point function (4.1),

Az 2595 G) =282 2 Af,é(zi;qi)Asp,é(zi;qi)s (4.9)

&0 (p,pelg!

where the meromorphic contributions are given by

-1
€ a 1242
A lziq)=c [5:| [] Efziz)" @ ] elz) "2

i<j i

><exp[in(p-ﬂ-p)+2ni<p~z%q,- Zji v>:| (4.10)

WZi)
Here the presence of the factors
e(z)=E(2,1(8)) e V/2imtax 4.11)

is due to the self-energy of the vertex-operators. Of course, all quantities on the
right-hand side of (4.10) are understood to be those related to the twist ¢, 0. The
above expression for the amplitude A4 is not yet a single-valued function of the
positions of all vertex operators; only the combinations V,!(z,z) [see Eq. (2.11)]
have single-valued correlators.

We have shown that vertex operators of the form V,;, ,,, indeed have vacuum
expectation values in the orbifold theory. As we have argued this implies directly
that the twisted chiral partition functions of the Z,-orbifold theories are sensitive
to the Torelli group. We are now in a position to make this relation more explicit.
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So again let us consider a Dehn twist around a homologically trivial cycle C, and
the behaviour of the partition function near the boundary of moduli space
corresponding to the degeneration of C. Here we can compare the expression (3.19)
for the partition function with the factorization expansion

Zg1+g2—>ZmZgz[1+ Y Zth""17‘""‘<l/,,;>gl<l/,,j,>gz+(descendants)} (4.12)

n,me 27

where g, and g, are the genera of the two parts of X separated by C,and <V,,.>,.
denotes the 1-point function of the vertex operator V,!, on each part. The chiral
partition functions on X with twist characteristics which are divided by C into two
nontrivial parts will receive non-vanishing contributions of these 1-point func-
tions. Equating the separate momentum contributions on both sides of (4.12) and

isolating the part quadratic in the loop momenta we read off that, if C degenerates,
the II matrix of such a twist characteristic factorizes as

in[p-I1-pl, +,,~2pslogt+in[p-IT-pl, +inlp-II-p],,

Q1 Q2
+2mipy-po [ vi+2mips-pe [ vo+2p5logle(Q1)6x(Q2)]+ 0. (4.13)
Q1) HQ2)

The first term on the right-hand side signals the momentum 2p, running through
the tube enclosed by C and is clearly not invariant under t—e>™t. This
factorization behaviour of the IT matrix should be contrasted with that of the
period matrix :

in[p-t-ply, +g—inlp-t-ply, +inlp-t-pl,, +00). (4.14)

where ((r) is a single-valued function of ¢,

For the specific models in the ¢=1 spectrum many relevant correlation
functions can now be calculated using (4.9)—(4.11). As examples let us determine in
the R=1 orbifold model the two-point function of the magnetic vertex operator

ﬂcos%(q) — @). This operator according to (2.36) equals the composite operator
o'Vo'?(z, 7) in the doubled Ising system, so the result should be equal to the square
of the spin-spin correlator of the Ising model [15,35]. Let us see how this comes
about. By lack of momentum conservation we have two different twisted
contributions to this correlation function, with holomorphic components:

—1
(el 2inlg = 11200 ¢ [(O) e (1):| E(zw)" A g(z) 18 ow) 18
...z
><l|:a:| Pyt { |H> (4.152)
7 bv—2 [T, 15a
BI\4 4
~1
(eVHOE 2o — [8 - (1)} E(z, w)"*e(2) 5(w) 18
alfl 2 1 #
X 1 —Jo+- | v)H). (4.15b)
[5} 4.5 ()
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After some manipulations using a generalized version of the Schottky relation [16]
the right-hand sides can be rewritten as:

<€1/2i</7(2)€" 1/2[(/;(w)> - E(Z, W)7 1’4{ ¢ [Of 0} 1
a 0 1z 11/’2

x4 Slaolc)e 4.16a

[ﬂ %Kzi | >J (4162

><.9|:; g@i“"f)}m' (4.16b)

In terms of the two Majorana fermions we see that the first term gives the
contribution of the {even] x [even] or [odd] x [odd] spin structures (depending

on whether ; in(4.15)1s even or odd), whereas the second corresponds to [even]

x [odd]. This identification is in agreement with the leading behaviour of (4.15) for
z—w. Performing the summation over all sectors and taking the square root, we
obtain for the unnormalized spin 2-point function
1 z
) [7;' <2 ;fv (u|r>

Of course, this expression can also be obtained by direct factorization of the Ising
partition function (3.23). The result (4.17) agrees with that of [32,35] for g=1.

Finally, we notice that the equivalence of the R= 1/2 and R =1 orbifold theory
with the R:%]/2 Gaussian model respectively squared Ising model may be
exploited to derive various nontrivial identities relating geometrical objects on the
multi-loop surface X to objects defined on its double cover. To give a simple
cxample: the equality of the two vacuum expectation values

{o(z, 2)o(w, W) iging =27 HLZET 2| E(zw) 1 Zﬂ

. (@17

<%1/jia(p(z)>lorus. R=1/2,2=<COS 1/27[]7(2)>0rbif01d. R=y7T (4.18)

implies, when projected on the relevant subsectors, the identity [16,p. 83]:

aole 3 too)t ]l

Pursuing this line much further would lead us deep into the mathematics of
unramified coverings of Riemann surfaces, which is of course not the intent of this
paper. We would like to emphasize, however, that many existing mathematical
identities can be of great help in the analysis of the correspondences between the
various physical models.
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5. Correlation Functions of Twist Operators

As a further application of the methods developed in the previous sections we will
now proceed to calculate correlation functions including orbifold twist operators

(oi(z1) 01200220 1) - Az ) Vi(Wy) - Vw)) (5.1)

To evaluate this function we will again make use of the theory of double covers of
Riemann surfaces. We will describe the calculation for arbitrary genus, and then
turn to the sphere for more explicit results. A somewhat different approach is given
by Miki [28] and for g=0 in [11, 33, 34].

Twist field correlation functions are produced by factorization of the partition
function when a non-zero homology cycle is pinched. The different constituents
Z, ; of the genus g+ 1 partition function factorize in lowest order of the pinching
parameter ¢ either on the genus g partition function or on the unnormalized
twist field two-point function depending on whether or not the pinched loop is
twisted. Schematically

2
Zyos=Zyt S o)yt (5.2)

In general we see that pinching n twisted loops of a genus g +n surface leaves a
genus g Riemann surface 2 with 2n twist field insertions. In this factorization
process the genus of the double cover changes from 2g+2n—1to 2g+n—1. The
resulting cover £ of X is ramified over 2n branch points, i.e. fixed points of the
defining involution 1, at the positions of the twist fields. Of course, besides the
twists around the operators a(z,, z,) we should also account for possible twists
along the nontrivial cycles of 2 indexed by the characteristics ¢,9; (i=1,..., ).
Modular invariance at genus g + n translates into modular invariance at genus g
and crossing symmetry of the ¢’s [5,23]. Indeed, by transporting a twist operator
around an untwisted loop one converts it into a twisted loop, and vice versa. So

. ... e 0 . .
any twist characteristic 5 can be mapped to by the crossing transformation
[¢

0

Zx

(0o [ w+2e-7424. (5.3)

As a homology basis of the cover £ we choose the cycles A, B, i1(4,), (B,
(i=1,...,g) and the 2(n—1) extra cycles 4, B, (A=1,..,n—1). The latter
correspond on the underlying surface X to loops encircling an even number of twist
fields.

The number of Prym differentials does not change by the factorization; it stays
g+n—1. We will normalize them with respect to the 4, and 4,-cycles of £. All the
Prym differentials v;, v; have square root singularities at the branch points z,. It will
be convenient to define their period matrix IT around the cycles B; and 1B,. This
normalization is consistent with factorization.

The essential idea now is to equate any multi-point correlation function with
twist field insertions to the corresponding quantity without the twist fields
calculated on the ramified double cover £ with the field ¢ odd under 1. The
dependence on the positions of the twist operators o(z,) is incorporated in the
definition of 2. Note however, that because of the conformal anomaly all these
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quantities depend on the coordinatization we choose. The prescription is to use the
coordinate z of the Riemann surface . The conformal dimension (i, %) of the
twist operators is due to the fact that z is a singular coordinate at the positions of
the twist fields.

The field ¢ cannot have arbitrary winding numbers along the cycles 4,, B, of .
Around any cycle € that projected on X encircles an even number of ¢’s, the
operator product relations (2.28) imply the monodromy condition [11]

dz |
§ﬁaq)(z)+c.c. =0 (mod2), (54)

%

where Q is a Z,-charge defined as

QO=#0,=4%#0,(mod2). (5.5)

We define Z,-charges a,, b, for the cycles A,, B, as in (5.4).

Each quantity can now be written as a sum over ¢ and J, numbering the
possible twists around the cycles 4, B, and loop momenta (p, p,; P, ;). The
appropriate momentum lattice is fixed by the configuration of twist fields ¢, and
g,. To investigate this relation let us analyse the pure twist correlation function

Az 5)= <kn 7102 11 o3fe fk>>, (56)

i.e. the partition function Z on £ (Note that the discrete symmetry group ID, forces
correlation functions of an odd number of ¢,’s or ¢,’s to vanish.) This partition
function is again given by a summation over all twisted sectors. Each term is the
product of a quantum contribution Z% times a sum over winding sectors. The
soliton sum Z¢ , is restricted by the monodromy conditions labelled by a,,b,. The
calculation is quite analogous to the one described in Sect. 3. The classical
solutions ¢ are labelled by m;, n,e Z, m, e Z +3b,, n,e2Z+a, and have action

S["]=3nR*(n—TTm)-(ImI1)~* - (n—ITm). -7

The soliton summation yields [28]

24 (R)=Y (=) "explin(p- II-p—p-11-p)]. (5.8)

b.p
where

pi’ﬁier ([:1’,g),
: (5.9)

p;v,ﬁ,ie{li% +(m-+3a;)R, % ~(m+%a,‘)R:|;n,meZ} (A=1,...,n—1).

As for the quantum part we again make use of the multi-critical point Rz]/i.
Namely, as we have seen, in this point the twist fields ¢, and o, are equivalent to

the magnetic vertex operators ﬂ cosﬁ/i((p —@) and |/2 sin%ﬂ((p — ) of the
R =1%|/2 torus model, whose correlation functions are simply a sum of generalized
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Koba-Nielsen amplitudes (4.3),

Az gy =2"7"""12 3 Y ()W

y.d.8 (x]y)

v+ /1 o=
9|: 5 ](21;1 yjl(u|2r>

1/2 . . .
Here we sum over all ,2_< n> partitions {x|y) of the branch points z, into two subsets
n

n. E(x;, Xj)E(yi: ,Vj) e

i<j

H E(x,, yj)
i

2

« (5.10)

{x,} and {y,} of n elements. The charge Q(x) is the total Z,-charge in the subset
{o(x,)}. Note that we regard (x}y) and (y|x) as equivalent. On the other hand we can
express the partition function on 2 in terms of 3-functions as explained in Sect. 3,

) ~ . 2
Zof)/D=270" Y Zan 5 (—y2rbihalg [(’) ﬂ 211, ) . (5.41)
€0 UV, Y /
Here the summation is over the half-integer characteristics
7 8’56(%22)95 Hs ve(%ZZ)"ﬁl . (512)

Remarkably, it turns out that again one can identify the separate holomorphic
terms in (5.10)and (5.11). For y, 0, ¢ we can repeat the argument of Sect. 3. As for the
characteristics u, v we should note that not all even spin structures contribute in

172 ) . . .
(5.11). In fact there are only - . non-singular even spin structures, i.e. with non-
2\ n

vanishing 3-function, which exactly correspond to the partitions (x|y) of the
branch points. This is explained in all detail in [16]. This allows us to solve for

. -2
¢ E Z% as the ratio of the two corresponding contributions in (5.10)
()V
and (5.11). The result is the modulus squared of an holomorphic function of the
positions of the branch points. So for example for the two-point function we find

H
el .
0

- 4 [y +%8J (1/ ? (u|2r>
C{S;I =E(z,w)” /8= 0 S

5 -, (5.14)

Fqu __
Zs.é -

-2
{al(z, D)a(w, W)y =27 9Z8 Y ZYR, M, ), (5.13)

2,0

where

v
4 [O] o), ;)

which is independent of the characteristic 7. For R =1 this expression is consistent
with the result (4.17), since we can rewrite (5.14) as

9 “”}( ?’(uh)s[“](om]m
4e ~1~ ~18[ [IB+0 z B
[ s ol Lisallal )

5 (5.15)

for arbitrary . f8.
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For higher n-point functions the resulting expressions have the same
structure as (5.13). An unpleasant feature is that they are not manifestly

independent of the choice of the spin structure l}f:| or partition (x|y). It would be

very interesting to find such a manifest independent formulation.

The computation of correlation functions including vertex operators is
completely analogous to the one described in the previous section, provided one
uses the branched double cover £ and the momentum lattice (5.9).

Now let us specialize to the case of twist operator correlation functions on the
sphere. Here we can explicitly write down the double cover. It is the hyperelliptic

Riemann surface
Zn

I= {(w, 2w =] (z—zi)2}. (5.16)

i=1

The involution 1 is simply (w, z)—(—w, z). The period matrix 7 of £ equals 2I1. For
the case g=0 Eqgs. (5.10) and (5.11) simplify considerably

- —n—1 Qfx) tDj(Xi—xj)(yi;yj) 1/4
I N B i e T e I
Zoal)/ D=2 12y (=) sm o) (518)

The correspondence between the non-singular even spin structures Hj| and the
v

partitions (x|y) is expressed by the Thomae identity valid for hyperelliptic
9-functions [16]

u 8 I].(Xi——xj)(yi—yj)
3 Olt)=(detM) *[[ (z;—z)"— . 5.19
[J (Olr)=( ) in( i—Z)) 0= (5.19)
Ly
The matrix M is related to the canonical 1-forms @; on 2 by

n—1 Zj” 1

wfz)= 3 Mijvyvdz. (5.20)
=1

Thus we find as a final answer for the twist correlator
Alzi, Z)=|det M| [] [z;~z| * Y (=Y "exp[Gin(p-t-p—p-T-p)], (5.21)
i<j p.p

where the momentum summation is as in (5.9) with g=0. This reproduces the
results obtained in [11, 33, 34].

Some comments on (5.21) are due here. First we see that R—1/R leaves the
correlation function invariant. (Note however that this symmetry is only valid for
genus g =0.) So in particular the twist field n-point function at R :%]/2 (the 4 state
Potts model) is also given by the Koba-Nielsen amplitude (5.17). This is in
accordance with the permutational symmetry S5 between the two twist operators
o, and ¢, and the magnetic vertex operator a5 =1/2005iﬂ((p — @) at this special
point.
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At first sight this invariance under R—1/R seems hard to reconcile with the
duality R—2/R. We must realize however that the latter transformation also acts
on the twist fields. This can serve as a check on our transformation rule (2.27). Let
us consider the simple case n, =0,

Qﬁ”ﬁ%mh=<ﬁﬂﬂ%@§w—zmmm>zl"z Z,2/R)

:2hn<ﬁ Loz 2k)+02(zkaz_k)]> - (5.22)
k=1 2/R

Here we used that the sum over all monodromy conditions is equivalent to the
transformation 2/R~»1/R. Thus the transformation rule (2.27) is confirmed.

6. Operator Formalism on Riemann Surfaces

In this section we describe the operator formulation of the compactified scalar field
on the Riemann surface 2. More specifically, this involves the construction of a
state |2 in the Hilbert space of the scalar field ¢ describing the theory on X [6].
After a short discussion of the action of the Virasoro algebra we construct the state
|2> for the torus models using the previous results for the correlators of vertex
operators. Next we give an independent derivation based on a more algebraic
approach which uses only some basic facts concerning the geometry of the surface.
We end the section with a discussion of the operator formulation of orbifold
models.

6a. Operator Formalism and the Virasoro Algebra

Given a base point Q on 2 and a choice of an analytic coordinate z near Q such that
Q ={z= 0}, one can associate a state |2 to any conformal field theory defined on
Y. This state |2 is defined to satisfy the condition that for any local set of operators
Az, Z,) we have

O Az 20120 = <H Az, Z"n)> ; (6.1)

where { > denotes the unnormalized expectation value on the surface Z. In
particular the partition function is given by Z = {0[2). In this formalism the only
reference to the global geometry of the Riemann surface is contained in the
boundary conditions imposed by the state {£). Condition (6.1) determines |2
uniquely. Note however that it depends on the choice of the point Q and the
coordinatization z.

In general, for any chiral primary field y(z) whose correlation functions are
sections of a holomorphic line bundle & we have

§aZ- o)1) =0, (6.2)

whenever £e HO(X —Q, K® % 1), ie. ¢ is a section of the bundle K®Q . ! that
extends holomorphically to X - @. Here K is the canonical line bundle on X and
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the contour integral is taken around Q. Equation (6.2) follows from the fact that
the integral can be deformed and pulled off the surface without leaving any
residues.

This fact is very useful in discussing the action of the stress-energy tensor T(2)
on the state [2). We adjoin to vector fields £(z) holomorphic in the local coordinate
patch except for possible poles in Q the Virasoro generators

LL&=)]= §—~s (2), (6.3)
dz
27

The different components of T(z) can now be classified in terms of the dual objects
&(z). If &(z) extends holomorphically to 2 —Q then in view of the above one
concludes that L[] annihilates the state |2,

L{E)1Z>=0 forall éeHYZ—-Q,K™ 1. (6.5)

satisfying [ 1]

[LLEY. LLnT] =LLEon o] + 5§52 600%(). (6.4)

However, there are some subtleties here, since T(z) is not a conformal tensor. In
fact T(z) is a projective connection, i.c. it transforms with a schwarzian derivative
[1,36]. The problems associated with this are avoided by using a coordinate
covering {U,,z,} on X with transition functions z,0z, ' € SI(2, ©), since for these
the schwarzian derivative vanishes. The equivalence class of such coverings is
called a projective structure and always exists by the uniformization theorem. So
if we choose the local coordinate z compatible with the projective structure on X
then (6.5) is correct. The Virasoro operators L, (n £ 1) which correspond to vector
fields nonsingular at Q generate analytic coordinate transformations in the local
patch and will in general modify the property (6.5). When £(z) extends neither to
Q nor to X—-Q the corresponding components of T(z) change the moduli
parameters {m;;k=1,...,3g—3} of the surface X. More precisely, we can choose
3g—3 clements &, dual to the quadratic differentials such that for the partition
function Z on X we have

(k=1,....3g—3). (6.5)

The operator formulation of conformal field theory is the natural language to
describe the factorization expansion of the partition function and other quantities
at the boundary of moduli space. For example, in the case of the degeneration of a
dividing cycle C the behaviour of the partition function as a function of the
pinching parameter ¢t is exactly described by [5]

Z_q;+g2(tat—):<21)tllot_iolzz>' (66)

where {Z,> and |Z,) describe the conformal field theory on the left respectively
right half of the surface X. In a similar way the pinching and creation of handles can
be dealt with. One chooses two points on 2 and and attributes a density matrix ¢
to this twice punctured Riemann surface. The partition function of the surface with
the extra handle connecting the two points is now calculated as

Zy it {):tr(taLot_io)- (6.7)
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6b. The Torus Case

Let us now turn to the explicit construction of the state |X) for the compactified
conformal scalar field theories [6]. In the operator language ¢(z,Z) can be
expanded as:

Dz, 2)=(2)+ p(2),

p(z2)=3q+aglogz+ Z [ 1/ l/’;]’

with commutation relations [a,, ¢]=[a,, a}]=1. The Hilbert space consists of all
states of the form
@)= ¥ O™ [9.(z); ¢ (2)]e"% N0}, (6.9)

(po, Poyel'r

(6.8)

where ¢ (z) is the creation part of ¢(z). The functionals @7 ¢ are obtained from
the state |@) by taking the inner product with coherent states

. . ) .. dz
@ro-Fo[ )(z); Mz)} = <0 eXp< —ipoq +ipoq+i$ o Az)0o(z)

—i§ 2(17” W2)oo(2) );q» : (6.10)

Here and in the subsequent equations the contour will be understood to encircle
the point Q={z=o00} unless otherwise stated. The action of the creation and
annihilation operators a) and a, on the functionals @ is given by the identification

o (1/i)/n)éfot,, a} < (i)/n)i, (6.11)

where 7, is the n-th Laurent coefficients of A(z).

Combining Egs. (6.1} and (6.10), it is clear that, with a straightforward
application of the path-integral method described in Sect. 4, we can immediately
obtain the answer for our state |2 for the torus model. It has zero momentum p,,
because of ¢ charge conservation. Projected onto a given set of loop momenta it
factorizes into a left-moving times a right-moving state.

D=2 ¥ AT AT G0, (6.120)
where
APU(z)J=exp[ S 0.0, log w)}
xexplin(p- 7 p)+(p- fdzA(2)]. (6:12b)

This formula may be considered as a generating functional of all correlation
functions on the surface Y. In particular, by acting with vertex operators
V(4,, 0/04,) onto (6.12) one may obtain expression (4.3).

For rational values of R? the momentum summation in (6.12) can be replaced
by a finite sum of 3-functions, using (3.5). For example, for the R=1 model the
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chiral componeunts of |2 are given by the famous z-function of the KP-hierarchy

7],

[ Az)] =exp [; % % Mz)AMw)d,0,,log E(z, W):|
X [;‘J ( ;;A(z)w(z)|r> . (6.13)

This 7-function describes a vacuum state of a chiral Dirac fermion. The space of
such fermionic vacuum states, which can be obtained from the standard vacuum
by a Bogoliubov transformation, is called the universal grassmannian manifold
[7]. Also for general rational R? we can try to interpret the state |2 ) in terms of this
grassmannian. Namely, we can associate to each 3-function in the sum (3.4b) a
(projective) line bundle & on X with meromorphic sections given by the
correlation functions of the chiral spin-ipg “fermion” y(z)=V, 5, 1 24(2). The
corresponding chiral component of |2, in view of (6.2), distinguishes the positive
and negative frequencies of the field v and can thus be identified with an element of
the universal grassmannian manifold.

6¢. Algebraic Construction

In this subsection we give an alternative derivation of the result (6.12) in terms of
(generalized) Bogoliubov transformations, without using the path-integral. This
more algebraic approach will clarify a great deal of the structure of the state |X)
and furthermore lead to an intriguing relation between modular and canonical
transformations.

We introduce the chiral creation/annihilation operators

AL 1= ferot), (6.14)

with commutation relations

Lol £, al&T1=$s /206(2). (615)

The key observation that enables us to reconstruct the state |2 s that do(z) is a
chiral primary field, and hence the state representing ¥ is annihilated by the
operators af f] precisely for those f(z) that can be extended to a holomorphic
function on X —Q, ie. fe H'(X—Q). It is clear from (6.15) that these modified
annihilation operators a[ /] mutually commute. A basis { f,} for H%(Z — Q) can be
chosen of the form f(2)=z"+(regular at Q). However, by the Weierstrass gap
theorem [17], not all n= 0 occur: there are g values of n between 1 and 2g missing.
For generic positions of the point Q these values are n=1, ..., g. The Weierstrass
gap forms an obstruction to view the state |2 as a genuine Bogoliubov transform
of the standard vacuum |0). As we will sce many nontrivial features are due to the
presence of this gap.

The state {2 is not uniquely determined by the condition that it is annihilated
by all the elements of the set {a[ f]; fe HY(Z —Q)}. In fact there is an infinite
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dimensional space 5#; of such vacuum states. To further analyse this space 5 we
need additional operators that commute with all the annihilation operators a[ f].
An obvious way to find such operators is to extend the set {a[ f]; fe HY(Z —Q)} to
a complete set of annihilation and creation operators. Because of the Weierstrass
gap theorem such a complete set will contain 2g additional modes a[g] satisfying

[a[ 1, alg]]= §A~ f(2)0g(z)=0, forall feHAE—0). (6.16)

The idea is now to use a commuting subset of these operators to decompose the
space .# into eigenspaces. In order to have an interpretation of the corresponding
eigenvalues we need to know a bit more about the space of functions g(z) satisfying
{6.16). First we observe that this space is of course only defined modulo elements of
H°(¥ - Q). So we are dealing with a cohomology problem. Furthermore, we see
from (6.16) that dg(z) must be an element of H°(X — 0, K), which implies that g(z) is
extendable to a multi-valued holomorphic function with constant shifts around
the nontrivial cycles of the surface. The space of such functions modulo H(Z —Q)
is naturally dual to H,(2, ), the space of cycles on X, and hence is indeed
2g-dimensional. The duality is expressed by the map

(C.g) —>§dz da(z), (6.17)
C

where C is a cycle on the surface. We can now use the intersection product to
adjoin to any cycle C a function g(z) by

$dzogda)=#(D,C) forall DeH,(£,0). (6.18)

This relation defines a one-to-one map between the functions g{(z) (mod H%(X — Q))
such that af g] commutes with all annihilation operators and the nontrivial cycles
on the surface. A reformulation of the condition (6.18) is given by the requirement
that for any 1-form €(z) holomorphic on 2 —Q

§dz gC(z)Q(z):(j;dz Az). (6.19)
C

Commutation relations among the af g ] are translated into intersection products
of the corresponding cycles

d 1
[alec]. alenT1=§5 - ec@gnz)= 5 #(D.C). (620)

We can refine the correspondence between cycles Ce H,(Z, €) and modes g to
Ce H(2,Z) by demanding exp(2zmig.) to be extendable to a nowhere vanishing,
single-valued holomorphic function on X — Q. A natural basis for H,(Z, Z)is given
by a canonical set of homology cycles 4,, B, satisfying (3.1). The representatives
alg, ] and a[gg ] of these cycles then satisfy canonical commutation relations

lalg,].algq,11="[algs ], algs 11=0,

‘ (6.21)
[alg.,J.algs]1= 50,
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We can now define the chiral state |2; p> which is annihilated by the operators
a[ /7] and is a common eigenstate of the a[g, ]:

2:p>=0, HZ—-0),
alf11Z5p> SeHY (2 -Q) 622)

d
aleaJ1X:p) =500 |Z:p> =piZ:p).
A;

The eigenvalues p; can be interpreted as the loop momenta flowing through the
cycles A;. The dependence on the momenta is fixed by the action of the conjugated
operators

dz 1 ¢
algy]12:py = 5 00l 12 = 5 o2 (623)
B 1

:

In the following the operators al g ,,] and 2mia[ g ] are identified with p; and ¢/0p;.

The definition (6.22)—(6.23) is invariant under shifting the functions g ,, and g,
with elements of H%(Z — Q). However the state |X; p> depends on the choice of basis
in H,(Z, Z). Different homology bases are related by modular transformations. We
now want to construct a modular invariant vacuum state |X) of the nonchiral
theory. In general |2 will be a linear combination of tensor products of left-
moving and right-moving states of definite loop momenta

|25 = [ d°pd’p N(p,p)|2;p>®|2;p). (6.24)

The multiplicities N(p,p) will be determined by the constraint of modular
invariance. The action of the symplectic modular group Sp(2g, Z) on the homology
basis translates into canonical transformations on the operators p; and d/0p;,

0
2nip;,—2miA;;p;+ B;;—,
Jeg ]apj
0 0 A B
L LoniCop. 4D —— .
p - 2mi bt ”8pj’ [C D]eSp(2g,Z)

i

(6.25)

It is well known that a canonical transformation induces a unitary transformation
on the states in the Hilbert space

12:p>-UlZ;p>,  U=exp[2miG(p;, d/0p))], (6.26)

where G(p, 0/0p) is the generating function of the infinitesimal canonical transfor-
mation which by exponentiation gives the transformation p,—Up,U", /0p;
—Ud/op;U*. The generating function G for an element of Sp(2g, Z) is in general
very complicated. Fortunately for studying modular invariance we only need to
know G for the Dehn twists D, (3.24) that generate the mapping class group.
Combining (3.24) and (6.20) gives:

Dc:alg,)—alg,]—2milalg,l, algc]lalgc]. (6.27)
so that

G(D)=%(algcD)?, (6.28)
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and in particular for the minimal set of generators D,, Dy, and D .., ., the
generating functions are

-1 0%

4n® opt’

G(DA; 14, . 1):%(pi_pi+ 1)2 .

We are now in a position to impose the condition of modular invariance and
determine which states of the form (6.22) are allowed. Clearly, for all generating
functions of the Sp(2¢, Z) transformations (6.25) we should demand

exp[2ni(G—G)}|2)=2), (6.30)

where G and G act on the left-moving respectively right-moving states. This
condition implies that |X) is a sum of eigenstates of G—G with only integer
eigenvalues. It is sufficient to impose this only for the generating Dehn twists (6.29).
This gives the following set of restrictions on the multiplicities N(p, p):

G(DA,) =%pi2 > G(DBI) =
(6.29)

N@p,p)+0 only if {(piz ) 6~2_Z for all i,
N (Pipis1—PiPiv1)EL 6.31)
N(g,§)#0 onlyif (q?—G?)e2Z foralli,
where
N(g.§)= | &pd®p N(p, p)e*™r -4~ (6.32)

is the Fourier transform of N(p, p). It is well-known that these conditions restrict
the integral (6.24) to a summation where each pair of loop momenta p;, p; runs over
the same lattice, which is required to be lorentzian even and self-dual [19]. It is
easily verified that there is a one parameter family of such modular invariant
vacuum states [X):

(2>= Y 12ip®Zip), (6.33)

(p.P)el'f

with I'; as defined in (2.9). Note that the flat space vacuum (R = o0) is even invariant
under Sp(2g,R) canonical transformations. The parameter R is varied by the
SO(1, 1)-boost generator

1R~|E>~—%Z[p”- +hig }i > (6.34)

This is in fact the only operator bilinear in p, p, 6/0p, and ¢/0p that commutes with
all generating functions G — G. It indeed corresponds to the marginal operator as
can be seen from (6.22)—(6.23) and

1 A ~ i - ~ ~ )
S {d*20000|2) = —¥[§ 00 § dp— § 0¢ § 0o |1Z). (6.35)
2ny dn Tl i B B, A
We like to stress that up to this point we did not use the explicit form of |2; p) in
terms of the oscillators af. We will now show that the properties (6.22) and (6.23)
are sufficient to determine this state up to normalization. To this end we first
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observe that the one-to-one correspondence between the modes g4 (z), g5,(2z) and
the homology basis 4,, B; can be formulated equivalently by the following local
conditions:

$dzg, (20,0, logE(z. w)=0, (6.36a)
$dzg, (Bofz) =0y, (6.36b)
§3dz 25.(2)0,0,, 10g E(z, w) = 2rico(w), (6.36¢)
$dz g (Do fe) =1, (6.36d)

where the contour encircles both Q and w. Further all quantities are defined with
respect to the homology cycles A, B;. These equations follow directly from the fact
that the space of 1-forms holomorphic on X —Q is spanned by w,(z) and ©"(z)
=0,0plogE(Q,z) (n=1). By the same observation it is straightforward to verify
that the state |2; p) satisfies

0p(z) | X5 p) = H;’: ¢.()0,0. log E(w, 2) + 2mi Y] piw,-(z)} Z:p>. (638)

The right-hand side, which is manifestly holomorphic on all of 2 —Q, may serve as
a definition of the operator d¢(z) outside the coordinate patch. This equation can
be read as a compact way of writing the (generalized) Bogoliubov transformation
relating the state |2 p)> to the standard vacuum |0). Now using (6.37) we find

0 .
5 1Fi0> =12 Pt §dz 0. Gleo2)] |23 ) (6.39)
Equations (6.38)—(6.39) can be integrated to the following result for the chiral
vacuum state |2;p>
12:p>=CA%[¢.+(2)]10), (6.40)

where AP[ A(z)] is given in (6.12). The normalization constant C is determined by
using the fact that the modular dependence of {0|2; p) is given by the action of the
stress-energy tensor (6.6). Using the variational formulas of [26], this yields

C=(detd,) 2. (6.41)

This concludes our algebraic derivation of the result (6.12).

6d. Operator Formulation of Orbifold Models

For the twisted scalar field the state |2 has a slightly more complicated structure.
Itis given by a sum of 2%9 states |2, ; representing the different twist structures. All
states |2, ;liein the untwisted sector of the Hilbert space. The contribution [X)
equals 277 times the torus result (6.12). For the other characteristics there is no
momentum conservation, so the corresponding states will have components with
non-zero momentum pg. Again using (6.1), (6.10) and the expressions (4.9)--(4.11)
for the correlator of the vertex operators, we obtain after a straightforward
calculation

120.5=279Z8 ¥ ¥ A" (2)]AI% Lo (2)]ePote ™0y, (6.42a)

po.Po p. P
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where (po, Do) €21, [see Eq. (4.5)]. (p,p)el{ ' and

-1
pPo, [ 3 — & 1 E diw YN
AP PLA(z)] =c [ (J exp [ 595 Vo Mz)Aw)0,0,, logE(z, w)

0
XCXp[in(p-H -p)+2mi (p-%po { v> +3p5 loge(Q)
(%]

d
+ %‘% Mz) [2mip - W(z)+ pod. log Ef(z, Q)]] : (6.42b)

where I1;;, v{(z), &(z), and E(z, w) are defined with respect to the twist characteristic

g . Note that |2, ; is even under ¢ — — ¢, as it should be.

One of the striking features of Eq. (6.42} is the symmetric role of the state
momentum p, and the loop momenta p, i=1,...,g 1. An intuitive explanation for
this is that on the double cover X we have in fact constructed a density matrix, i.e.
an element in the tensor product of two Hilbert spaces, one at 0 and one at (),
whose quantum numbers are related by ¢ — — ¢. By taking the trace of this density
matrix as in (6.8) one creates in a way an extra handle of X of which p, is the loop
momentum. Comparing with (4.2) one can indeed recognize in (6.42) the
factorization expansion of the partition function on the resulting surface of a scalar
field which 1s odd under the involution .

What about an algebraic derivation of (6.42)? First we note that the chiral
contributions to |2, ; with (¢, 6) %+ (0, 0) can be derived in an analogous fashion as
in the torus case. Namely we can consider the modes a[ /], where f{z) is a

meromorphic function with half-integer characteristics 5 e with multipliers

(—)?* and (—)** when continued analytically around the cycles 4; and B;. The
chiral states arc annihilated by the holomorphically extendable modes of f] and
can be chosen to be eigenstates of a, =4$ ¢ and the loop momentum operators for
¢ — 1 untwisted cycles. Next, the invariance of |£), ; under the Dehn twists around
these untwisted cycles should restrict the loop momentum summation to the
lattice I}{ " *. In a similar way the constraint on the state momenta (p,, p,) € 2T will
arise. The factor 2 follows from considering the Dehn twist around the branched
cycle 2(6 - A+ ¢ - B), because the momentum flow through this cycle is up to a sign
equal to (3pg, 3Po). Finally, invariance under the full modular group, since it is also
generated by Dehn twists around cycles intersecting the branched cycle, requires
the sum over all twist characteristics. We do not yet understand how these Dehn
twists can be naturally incorporated in an algebraic operator formulation.

We end this section with an extension of the operator formulation on Riemann
surfaces to twist operators. Since twist fields are intertwining operators between
the two sectors of the Hilbert space, their action on the state |2) is, although
perfectly well defined, not very easily expressed in the formalism as developed up to
now. As we have seen, the presence of twist fields is responsible for a summation
over the loop momenta p,, p,. So they can be regarded as topological objects
comparable to extra handles on the Riemann surface. Accordingly we will
attribute a state |2;0") in the Hilbert space of the orbifold theory to the
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punctured Riemann surface X —Q with N twist field insertions. By definition we
have

N
20" =[] ol 2012 (642)

i.c. the state |X; ") satisfies for any set of operators A,(w, W),

O AGw, ) 230" = <1]A<w,, ) 11 otz >> . (6.43)

This state is an element of the twisted or untwisted sector depending on whether N
is odd or even. The untwisted case is completely analogous to (6.41) with the
appropriate double cover £ and momentum lattice (5.9). As for the twisted case, we
now expand ¢(z) in half-integer modes and write an arbitrary element in the
twisted Hilbert space as

2
2= 12 P .(2); ¢ +(2)]0 0>, (6.44)

where ¢ . (z) is the creating part of ¢(z). (Note that the twisted states do not carry
any definite momentum.) The functionals @ are related to the state [@) by

PLA=): KB = Ol exp[gﬁd ()@(z)qgﬂ%z(z)aqo(z)}|¢>>. (6.45)

This expression is well defined, since both A(z) and ¢(z) are expanded in half-integer
powers of z. Using the twisted chiral propagator,

£, w)

E{z,w)= E(f )’ (6.46)
we find for |2;6">, N odd
PHAVEVADY Z 2 A5 @ (20 AL 1 (2)]0,{0), (6.47a)
. 11 d
A;’,g[ﬂp(z)]zc[;:l exp[ 2; Ztv%i(z)/{(w)azﬁwlogEt(z, W)}
X exp[m(p I p)+ < §)(z)v(z >} (6.74b)

where all quantities on the right-hand side are those on the branched cover defined
by the positions of the N+ 1 twist fields a(z,, Z,) and ¢{(Q) and the twist structure
¢,0. The momenta are summed over (5.9).

An interesting special case is R=1, N=1, where |X;0) is a finite sum with
chiral components proportional to

dz

Texpl Az) ] =exp [ 59595 )»(z)/h(w)a 0, 10gE(z, w):l

o Z
x 9 [ /J < <_§ 5 AenE) |H> . (6.48)
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As discussed extensively in [7,37], this function solves a hierarchy of differential
equations known as the BKP-hicrarchy and is called the BKP z-function. It is
furthermore shown in [7,37] that it is related to the KP z-function [see Eq. (6.13)]
by

Taxp[ A(z)]* = const - TKP[Z(ZA)] > (6.49)

where the KP t-function is defined on 2. Here £ is the lift of 1 to X and satisfies
Hi(2))= —A(2). (Note that locally z~%2) At first sight this relation seems very
mysterious. However, it has a fairly simple physical explanation as follows. The
chiral state corresponding to the BKP t-function (6.48) describes a chiral Dirac
fermion yy(z) on X with twisted boundary conditions: when y,(z) is moved around
one of the twist fields or twisted cycles it is transformed (modulo a sign) into P y(z).
When we lift this situation to £ we describe the theory of a “Majorana fermion”
y,(2) living on £, satisfying the reality condition

Pal2) = wu(12)). (6.50)
The BKP 1-function is obtained from this fermion theory through

A

d
el A2)] = <exp [ﬂ;‘; z(f)wM(z@))wM(z*)D . (651)

Thus (6.48) has an interpretation as a vacuum state in a real fermion Hilbert space
{although with modified commutation relations due to the unusual reality
conditions {6.50)] and is as such an element of the orthogonal grassmannian
manifold [7,37]. Note that the construction makes essential use of the fact that %
has an involutive automorphism 1. The KP rt-function, on the other hand,
describes a chiral Dirac fermion y,(2) on X and can be expressed as the expectation
value

A

ds

TKP[Z(E)] = <exp [§ b

/"T(Z‘)%(Z‘)wu(f)} > : (6.52)

i
Out of this Dirac fermion ,(Z) we can construct two Majorana fermions of

the type (6.50) by taking the combinations

Y () = % [on(d)+ Do),

(6.53)
VD)= 1—&2 [onl2)— i)

The relation (6.49) between (6.51) and (6.52) is now readily verified.

7. Conclusion

In this paper we have given a detailed analysis of c=1 gaussian conformal field
theories on arbitrary compact surfaces both within the path-integral and the
operator formalism. We have calculated their partition and correlation functions
in terms of quantities developed in the study of Riemann surfaces and their double
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covers. The resulting expressions proved to be very useful for the study of the
analytic structure and factorization properties of the theories.

We have applied the concepts of marginal deformations and multi-critical
points to the lines of c=1 torus and Z,-orbifold theories and demonstrated the
completeness of this connected set of models. This does not exclude the existence of
other ¢ =1 theories outside this set. Indeed three of such models have recently been
constructed by twisting the SU(2) model by a discrete polyhedral subgroup [38].
They do not admit marginal deformations and consequently correspond to
isolated points in the spectrum of ¢=1 conformal field theories.

As we have seen the class of ¢ =1 torus and orbifold models both display many
nontrivial features and yet admit an explicit analysis. As such it can serve as a
playing ground for developing ideas and techniques in conformal field theory in
general.
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