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Calculated thermodynamic properties and phase transitions of solid N2 

at temperatures O,T,300 K and pressures O,P,100 GPa 

J. Belak 
Department of Physics and Astronomy, Johns Hopkins University, Baltimore, Maryland 21218 

R. LeSar 
Los Alamos National Laboratory, Los Alamos, New Mexico 87545 

R. D. Etters 
Department of Physics, Colorado State University, Fort Collins, Colorado 80523 

(Received 24 November 1989; accepted 10 January 1990) 

Thermodynamic properties of solid nitrogen are calculated over a variety of isotherms and 

isobars using a constant pressure Monte Carlo method with deformable, periodic boundary 

conditions. Vibron frequencies are calculated using a simple perturbation theory. In addition, 

pressure-volume relations, thermal expansion coefficients, structures, and phase transition 

pressures and temperatures are determined. In particular, the nature of the orientational 

disorder in the plastic crystal phases is examined by calculating a variety of orientational order 

parameters. 

I. INTRODUCTION 

Condensed phases of nitrogen continue to be the object 

of intensive investigation, partially because N2 is abundant 

and a part of many important physical processes, and be­

cause the electronic charge distribution of the molecule is 

unusually stable by virtue of a strong, triple covalent bond. 

As evident from the phase diagram [Fig. I] many different 

structures exist with a wide variety of properties. 

The modification ofN2 at the lowest temperatures and 

pressures is the cubic Pa3 phase l
-

3 where the molecules ori­

ent along the four cube body diagonals. At normal vapor 

pressure there is a phase transition into a hexagonal close 

packed P63 /mmc structure2
.4 at T = 35.6 K, which persists 

until melting at T = 63.1 K. This plastic crystal phase, 

known as fJ-N2' is characterized by its structural order but 

orientational disorder. Measurements have not unambigu­

ously identified the nature of this disorder.6-9 An early inter­

pretation6 was that the molecules freely precess about the c 

axis at an angle of approximately 56°, although it was recog­

nized that the data could be understood equally well in terms 

of a model in which all orientations were equally probable. 

Interpretations of the latter model as a characterization of 

nearly free rotor behavior or a random static orientational 

disorder have also been considered. 

As the pressure is increased along the 300 K isotherm, 

fluid N2 freezes into fJ-N2 at P = 2.44 GPa, 10,11 which pre­

sists to P = 4.90 GPa, where a transition into the cubic 

Pm3n phase occurs. 12 This (j phase has eight molecules per 

unit cell, with a peculiar orientational disorder. Using Fig. 2 

as a guide, scattering measurements indicate that the mole­

cules at the comers and at the center of the cube have a 

spherically symmetric orientational distribution. 12-16 As for 

fJ-N2' it has not been experimentally established if these mol­

ecules act as free rotors or randomly orient along the four 

body diagonals. An intermediate possibility is that these 

a) Present address: Department of Physics, H-Division, Lawrence Liver­

more National Laboratory, P,O. Box 808, Livermore, California 94550, 

molecules cooperatively flip from along one body diagonal 

to another over a time scale long compared to a free rotation 

period. Then, the average over these four degenerate config­

urations could also give the observed scattering profile. 

Along each face of this structure there are two molecules 

whose centers lie on a line parallel to one of the crystal axes. 

Experimental evidence is that they exhibit a random orienta­

tion in a planar disk normal to the unit cell face, as shown in 

Fig. 2. As with the spherical site molecules, it is not known if 

the orientational distribution is a result of nearly free planar 

rotation, a random but static planar distribution, or period­

ic, cooperative rearrangements from one degenerate orienta­

tion to another. 12-16 Raman scattering measurements l3
•
IS of 

the vibron frequencies show two branches l4
•
17 characteristic 

of the Pm3n structure untilP= 17.5 GPa, at which point the 

lowest branch splits into three or four modes. This signals a 

change of symmetry associated with a phase transition into a 
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FIG. I. The phase diagram of N2 , 
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FIG. 2. The cubic Pm3n structure of molecular nitrogen. The open circles 

on the comer and body centered sites depict a spherically symmetric orien­

tation distribution. The two crossed circles projecting from each face depict 

a uniform orientational distribution in the plane of the circle (disk). 

structure that has not been identified, nor has the nature of 

the orientational order. 

As the temperature is lowered from 300 K along the 7 

GPa isobar, x-ray diffraction measurements l8 indicate that 

the cubic Pm3n phase persists down to approximately 140 K 

where a transition occurs into a structure without cubic sym­

metry. A reasonable interpretation of the data is consistent 

with a rhombohedral R3c structure, again with eight mole­

cules per unit cell. In fact, that structure is very similar to 

Pm3n but with the orientational disorder frozen out, which 

would be expected to lower the symmetry. However, other 

possibly more complicated structures have not been ruled 

out. Theoretical calculations,19,20 using an eight molecule 

unit cell, have predicted the stability of the R3c structure. 

This contradicts the original simulation results of Nose and 

Klein 21 who predicted a phase change into a tetrahedral 
, 18 

structure at a temperature close to the observed value. The 

results of this work are, at least qualitatively, in agrec:..ment 

with those predictions.21 We now believe that the R3c re­

sults 19,20 were the consequence of an incomplete optimiz­

ation of the crystal. Thus, theory now seems to be at odds 

with experiment. 
Upon increasing the pressure above 7 GPa along the 15 

K isotherm, Raman data 15 shows a splitting of the lower 

frequency vibron branch at P = 20 G Pa, which is very similar 

to that observed at room temperature l7 and higher pressure. 

The structure is not known, but it has been speculated that it 

is a lower symmetry R3c variant of the R3c structure. 

The objective of this work is to examine the properties of 

solid N along the isobars and isotherms discussed above. A 
2 •• 

major objective is to provide new understandmg of the onen-

tational disorder in the plastic crystal phases and determine 

the nature of the transitions associated with them. In addi-

tion, equations of state, thermal expansion, vibron frequen­

cies, and structural predictions are made over a wide range 

of temperatures and pressures. 

II. METHOD AND POTENTIALS 

The total potential energy of the crystal is described by 

the sum of three expressions, 

4 

UT = L L Uv[Rij(S» + UEMP + U;ntra' (1) 
i<j s= 1 

where l:s U v[ Rij (s)] is an atom-atom expression for the 

van der Waals interaction between a pair of molecules UJ), 
and Rij (s) is the distance between atoms on two different 

molecules. Thus, there are four different values for R 

between two diatomic molecules. This expression was 

formed from our fit22 to ab initio results23 at intermediate 

and long range and to electron gas calculations24 at short 

range. The electric multipole interactions UEMP are formed 

by placing four point charges along each molecular axis, and 

summing the Coulomb interaction between charges on dif­

ferent molecules. 23 The intramolecular interactions are rep­

resented by an extended Rydberg expression.25 
U;ntra also 

contains a simple classical expression for the energy of a free 

rotor, which depends on the molecular bond length and the 

temperature. Details of the total potential have been present­
ed elsewhere. 22,26.27 

Averages of thermodynamic quantities were deter­

mined using a constant pressure Monte Carlo method with 

deformable, periodic boundary conditions. The number of 

molecules in the Monte Carlo cell ranged from 64 to 512, 

depending on thermodynamic conditions. These, and a few 

runs with 32 molecules in the fluid state, were sufficient to 

show the absence of any significant size effects. Lattice sums 

were typically taken out to 9 A, with continuum corrections 

beyond that, and at least 5000 steps were run at each 

(N,P, n point to obtain averages after initial transients were 

eliminated. Each step consists of a separate random move of 

the position and orientation of each molecule and the coordi­

nates of the Monte Carlo cell. The probability P(X), of any 

physical quantity, is determined from the instantaneous val­

ues of X along the Monte Carlo trajectory, binned in small 

subintervals ax. The distribution of expectation values 

D( <X » is determined by first evaluating all possible inde­

pendent estimates of <X), then binning the resulting values. 

Errors are estimated from subaverages <X) Bin' evaluated 

within bins of 100 Monte Carlo steps. For further details, the 

reader is referred to Ref. 26. 

The pressure-temperature dependence of the intramo­

lecular vibron mode frequencies were calculated using a sim­

ple perturbation theory.27 All Monte Carlo runs were per­

formed using the gas phase equilibrium bond length re 

= 1.097 68 A, and the average force along each molecular 

axis, <JUTIJr j ); i = 1, ... ,N, was calculated at every P,T 

point. Here rj is the instantaneous bond length of the ith 

molecule. The equilibrium bond length was then changed 

until the force on each atom is zero, giving an equilibrium 

value r m (P,T), and the derivatives 

(J sUTIJr) 'm = ks' s= 2,3,4 
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were evaluated for each molecule to give the quadratic, cu­

bic, and quartic force constants. Then standard perturbation 

theory was applied to determine the vibron frequencies for 

each molecule, 

v(P,T) = (k21,u) 1/2 + ~[k4 - 5(k
3
)2/2k2] , 

,uk2 

where,u is the reduced mass of the molecule. 

III. RESULTS 

(2) 

The description of the phases along certain isotherms 

and isobars, given in Sec. I, was designed to compliment the 

calculations that were made along these same paths. Follow­

ing is a synopsis of the results which include various thermo­

dynamic quantities, pressure and temperature dependence 

of the vibron frequencies, details of the orientational disor­

der, and an analysis of the transitions. 

A. f3-N2 at zero external pressure 

Over the range 35.6..; T";63.1 K, the experimentally ob­

served2
-

5 hexagonal close packed structure was also found to 

be stable by calculation, and the c/ a ratio at all temperatures 

is within the statistical uncertainty ( ± 0.7%) of its ideal 

value, which is in agreement with experiment. The solid line 

in Fig. 3 shows the calculated molar volume versus tempera­

ture of ,8-N 2' and the circle 28 and squares 29 represen t experi­

mental data. The statistical uncertainty in the calculated 

curve is ± 0.004 cm3/mol at each temperature. The solid 

line in Fig. 4 shows the experimentally measured29 volume 

thermal expansion coefficient,8 versus temperature, and the 

solid squares are calculated values. Although the numerical 

agreement with experiment is not everywhere excellent, the 

qualitative features do agree. That is, ,8, not to be confused 

with the phase, initially decreases with increasing tempera­

ture and then rises sharply near the melting point. Three 

other points have been calculated in the,8phase at a pressure 

P= 0.4 GPa. They are (P,V,T) equals (0.4 GPa, 25.82 

cm3/mol, 100 K), (0.4 GPa, 25.30 cm3/mol, 75 K), and 

(0.4 GPa, 24.93 cm3/mol, 55 K). Our calculated volume at 

this latter point is to be compared with a measured value7 of 

24.34 ± 0.012 cm3/mol. 

30.4 
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• 
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(; 

E 
"' ..... 29.2 • 
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FI G. 3. The solid squares and circle represent experimentally measured vol­

umes (Refs. 28 and 29) in the {J phase versus temperature, at zero external 

pressure. The solid line represents the calculated values, 
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FIG. 4. The solid line represents the measured thermal expansion coeffi­

cient in the {J phase versus temperature and the solid squares represent cal­

culated values. The statistical error is of the order of the symbol size. 

Although we have examined the orientational charac­

teristics of ,8-N 2 over a range of temperatures, we focus here 

on the point T = 55 K, P = 0.4 GPa, because it has been the 

subject of extensive neutron scattering studies.7 The solid 

line on Fig. 5 shows the distribution function D( (n j • nj », 
calculated over all pairs of molecules (ij) in the Monte 

Carlo cell, where nj is the unit vector identifying the direc­

tion of the molecular axis of molecule i. Thus, nj ' nj equals 

cos Oij' the angle between molecular axes of (ij). Similarly, 

the dashed line give the distribution of «n; 'nj )2). Note that 

the mean value ofthese quantities are zero and 0.33, respec­

tively, consistent with totally uncorrelated free rotors. How­

ever, when the distribution of these quantities are calculated 

for nearest neighbor pairs only, we find the most probable 

value of «n;' n)2) is 0.308 ± 0.006, which indicates the 

presence of local, short-ranged orientational correlations. 

This feature is a reflection of the fact that the probability 

distribution for n; . n j' for nearest neighbors (ij), is not con­

stant but is well defined by the equation 

m=2 
/I 

" II 

II 

I I 

I I 

I I 

---- I I 
/'-. 

e 
I I 

I I 

----<E 
I I 

I I 

<i:- I I 

I I 

'-" I I 

-----'-" I I 

Cl 

-0.5 0.0 0.5 

( (ti;"fij)ffi) 

FIG. 5. The solid line shows the calculated distribution of (lt i · Itj ) over aU 

pairs of molecules and the dashed line gives the distribution of «lt i • Itj )2) at 

T = 55 K and P = 0.4 GPa. The averages were taken over 10 000 me steps. 
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P(,,; '''j) = 0.5 - 0.095P2 (cos Oij) 

+ 0.008P4 (cos Oij)' (3) 

where P2 and P4 are Legendre polynomials, the coefficients 

of which are accurate to within 10%. 

The histogram in Fig. 6 shows the probability distribu­

tion P(q;), where q; is the azimuthal angle of the molecular 

axis with respect to the Cartesian coordinate system shown 

in Fig. 2. The solid line is an independent representation of 

P( q;), given by Eq. (4), where the expansion coefficients are 

evaluated as expectation values from our Monte Carlo data, 

as described by Press and Hiiler.39 The z coordinate is along 

the crystallographic c axis. The undulations in this distribu­

tion clearly show an orientational preference for the six azi­

muthal angles consistant with molecules oriented toward the 

center of the six square faces of the hexagonal cell surround­

ing each molecule. It is also evident from the figure that this 

preference is weak and that all azimuthal angles are almost 

equally likely. This distribution can be well described by the 

function 

1 
P(q;) = - - 0.0083 cos(6q;), 

2rr 
(4) 

where the coefficient of the second term is accurate to within 

10%. Additional terms do not improve the quality of the fit. 

The histogram in Fig. 7 shows the calculated probability 

distribution for cos(O), where 0 is the polar angle of the 

molecular axes. Two features are evident. There is a prefer­

ence for the molecules to orient either along the c axis or 

nearly normal to it, although the distribution about 0 = rr/2 

is very broad. The other evident feature is that the distribu­

tion is not greatly different from a straight, horizontal line, 

which is characteristic of spherical symmetry. The probabil­

ity distribution is accurately described by 

P(cos 0) = 0.5 - 0.01P2 (cos 0) + 0.12P4 (cos 0) 

+ 0.08P6 (cos 8), (5) 

0.2 

.---.. 
-s. 
'-" 

P-. 

0.1 

0.0 

o 90 180 270 360 

¢ (degrees) 

FIG. 6. The histogram is the calculated probability distribution in the azi· 

muthal angle fP of the molecular axes versus fP, referred to the coordinate 

system shown in Fig. 2, in the{3phaseat P= 0.4 GPa, T= 55 K. The solid 
line is the expansion given by Eq. (4). 
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FIG. 7. The calculated probability distribution in the polar angles of the 

molecular axes versus cos 8 for the {3 phase at p= 0.4 GPa, T= 55 K. The 

histogram denotes the actual Monte Carlo bin averages and the solid line is 

the expansion given by Eq. (5). 

where the coefficients of the Legendre polynomials are accu­

rate to within 10%. The solid line represents the expansion 

given by Eq. (5). 

The results in Fig. 7 are presented in Fig. 8 in the units 

used by Dunmore,30 which is our P( 0) divided by 2rr sin O. 

The dashed line represents the mean field results of Dun­

more, which are qualitatively the same as van der A voird et 

aPI If the broad central peak around rr/2 is decomposed 

into two peaks, the angles 0=0 and 70· are most probable. 

Clearly, neither P(O) nor P(cos 0) show any inclination for 

the value 0 = 56° that has been associated with the precession 

model. An examination of the instantaneous direction co­

sines of the molecular orientations along the Monte Carlo 

trajectories shows that these orientations are quite dynamic 

0.15 

0.10 

.---.. 
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FIG. 8. The same probability and format as shown in Fig. 7 versus 8, in the 

units used by Dunmore (Ref. 30). The dashed line gives Dunmore's mean 

field results. 
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but not nearly what would be expected for a free rotor. In­

stead, these quantities tend to remain near some value for a 

few hundred steps along the phase space trajectories, and 

then abruptly change to quite different values, where they 

remain again for some period. This general pattern contin­

ues over the entire sequence. 

It is understood that the Monte Carlo method does not 

characterize the temporal behavior of a system. Thus, the 

reference here and hereafter to dynamical orientational be­

havior is meant in the following sense. When orientations are 

strongly localized, the direction cosines along Monte Carlo 

transactions show only small fluctuations about constant, 

well-defined values. Conversely, simulations involving near­

ly free rotors have no such tendency. Instead, the direction 

cosines exhibit a random walk behavior over the range 

- 1 <,u, v, w, <,1. This is what we mean by dynamic behav-

ior. The abovementioned case for nitrogen is intermediate 

between these extremes, where the number of steps spent in a 

localized orientation is much greater than the number of 

steps required to change orientations. 

B. Properties along the 300 K isotherm 

The solid line in Fig. 9 shows the calculated P-V curve 

along the 300 K isotherm and the solid symbols represent 

experimental data. The curve for P<,2.S GPa shows our re­

sults in the fluid phase, and the inverted triangles represent 

the experimental data. 10 This good agreement extends to the 

lowest fluid pressures. Upon increasing the pressure, using a 

fluid-like initial configuration, stable fluid states were ob­

tained up to p"", 3.0 GPa, above which amorphous solid be­

havior developed. Using a hexagonal,B-N2 initial configura­

tion, and reducing the pressure, did not produce a stable 

16.---.----.----.----r---,----,---~ 

100 

14 

14 

14 16 18 20 22 24 26 28 

FIG. 9. The solid line in the figure and the insert gives the calculated P-V 

relation along the 300 K isotherm. The inverted triangles (Ref. 10) are mea­

surements in the fluid phase, the squares (Refs. 11 and 34) in the f3 phase, 

and the triangles (Ref. 16) and circles (Ref. 18) in the Pm3n phase. 

fluid phase until ps. 2 GPa, although slip dislocations of the 

hexagonal basal planes with respect to one another occurred 

with increasing frequency below 3 GPa. This difference in 

transition pressure is not surprising since similar hysteresis 

has been observed in other constant pressure simulations of 

melting. 32 Although this hysteresis limits our ability to pre­

cisely predict the melting pressure, the results are in reasona­

ble quantitative agreement with the experimental value of 

melting at Pm = 2.44 GPa. The hysteresis does allow us to 

calculate both fluid and solid properties in the range 2 < P 

< 3 GPa and the entropy change on melting at 2.S GPa is 

as = aH ITm = 0.62 ± 0.02, where His the enthalpy, com­

pared with an experimental value 10 of asexp = 0.66, in units 

of Boltzmann's constant. The calculated volume change on 

melting was a V = 0.30 ± 0.04 cm3/mol, compared with an 

experimental value lO of a V = 0.36 ± 0.04 cm3/mol. This 

result was determined using a 384 molecule cell. However, a 

cell containing 108 molecules contains more slip disloca­

tions, where the calculated volume change upon melting is 

a V = 0.26 ± O.OS cm3/mol. This difference suggests that 

the dislocations may contribute to the melting process, and 

exposes a possible size dependence to these Monte Carlo re­

sults. The calculated vibron frequencies show a 1.2 ± O.S 

cm - 1 decrease upon melting, in agreement with the experi­

mental observations of Schiferl. 33 

At pressures 2.S<,P<,4.9 GPa, the calculations show 

that the ,B-Nz structure is stable along the 300 K isotherm, 

given a Monte Carlo cell commensurate with this structure. 

The squares in Fig. 9 represent the experimental P-V 
points 11.34 in this region and can be compared with the calcu­

lations. The cia ratio agrees with the ideal hexagonal close 

packed value of 1.633, to within the statistical uncertainty, 

which is approximately 0.6%. This is again consistent with 

experiment. 

The solid line in Fig. 10 at pressures 2.S<,P<,4.9 GPa 

2610,,-.-,-r,-,-rrr------r------r-----~ 

>­
u 

2570 

r5 2450 
::l 
o 
~ 2410 

20 40 60 80 100 
P (GPo) 

FIG. 10. The solid line for O';;'P';;' 2.5 GPa gives the calculated vibron fre­

quencies in the fluid along the 300 K isotherm and the f3 phase from 

2.5,;;,P,;;,4.9 GPa. The triangle (Ref. 14) and circle (Ref. 13) represent ex­

perimental data in this latter phase. From 4.9';;'P,;;,20 GPa, the solid and 

dashed line represent the calculated vibron frequencies in the Pm3n phase 

for the spherical and disk site molecules, respectively. The circles (Ref. 13) 

give the experimental results. For P> 20 GPa, the solid line gives the calcu­

lated vibron frequencies in the tetragonal phase associated with sites identi­

fied as spherical in the Pm3n phase, and the dashed lines give the results for 

the disk site molecules. The solid squares represent the experimental results 

(Ref. 17). The frequency scale for the insert is to the right. 
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shows the calculated vibron frequencies in the {3 phase, and 

the solid circle13 and triangle 14 represents the two experi­

mentally measured values. The nature of the orientational 

disorder at (T,P) = (300 K, 3.5 GPa) is noticeably different 

than that calculated for the same phase at (T,P) = (55 K, 

0.4 GPa). The probabillty distributions P(q;) and P(cos fJ) 

are nearly constant and show no clear evidence of the struc­

ture evident at the lower temperature and pressure. More­

over, (n;·nj ) = 0 and «n;'n)2) = 0.33, for all molecular 

pairs (iJ). The probability distributions for these latter 

quantities are highly peaked about their average values. This 

is the signature of a spherically symmetric orientational dis­

tribution with no orientational correlation between neigh­

bors. The disorder is clearly dynamic rather than static, as 

can be seen by following the molecular orientations along the 

Monte Carlo trajectories, which appear much like the signa­

ture of free rotors. 

At pressures 5<;P<;20 GPa, the cubic Pm3n phase is 

stable along the 300 K isotherm. The calculated P-V curve 

in this region is also shown in Fig. 9, and the circles 18 repre­

sent experimental results. To investigate the {3-Pm3n transi­

tion, we used deformable boundary conditions with a special 

hexagonal representation of the cubic Pm3n structure, iden­

tical to that used by Mills et al. 18 in analyzing their x-ray 

data. A simulation with a 192 molecule cell at room tem­

perature and 7 GPa gave results identical to our cubic repre­

sentation. Upon lowering the pressure in increments of 0.5 

GPa, no transition away from Pm3n symmetry was found 

prior to melting at approximately 2.0 GPa. It is clear that 

this transition involves more than a simple rearrangement of 

molecules and a deformation of the cell. However, in the 

vicinity of and on both sides of the observed transition at 

P = 4.9 GPa, either phase could be stabilized by choosing 

the appropriate starting configuration and boundary condi­

tions. Thus, we obtained a volume change on transition of 

A V = 0.08 ± 0.02 cm3/mol, at the measured transition 

pressure of 4.9 GPa. This is somewhat less than the mea­

sured change12 of A V = 0.20 cm3/mol. 

The structure of the Pm3n phase is shown in Fig. 2, 

where the comer and body-centered sites are represented by 

spheres and the two molecules on each face are represented 

by disks that project from the face. The spherical polar co­

ordinates specifying the orientations of the molecules (fJ,q;) 

are referred to the coordinate system shown in Fig. 2. At 

(P,T) = (7 GPa,300 K), the calculated probability distri­

butions P( q;) and P( cos fJ) versus q; and cos fJ, respectively, 

are constant for the "spherical site" molecules to within sta­

tistical uncertainty. This is consistent with a spherically 

symmetric orientational distribution. Moreover, the molec­

ular orientations along the Monte Carlo trajectories fluctu­

ate over all orientations in an apparently random fashion, 

reminiscent of free rotation. The probability distribution 

P( q;) versus q; for disk molecules with mass centers in the bc 

plane is nearly constant, but there are weak peaks for orien­

tations in the bc plane and perpendicular to it. For these 

same molecules PC cos fJ) forms a broad symmetric, sinusoi­

dal peak around cos fJ = O. These distributions are shown in 

Fig. 11 and are consistent with a model in which the mole­

cules uniformly sample all orientations in the disk plane and 

0 100 

<I> 

~ 

~ 

. ..! (!) 
'--" ..! Vl 
0 I 
() 

. ..! 
'--" 

0.. 

-1.0 -0.5 

-, 
I 

I_''''':-IJ-

200 

(degrees) 

I-:Ji 

,..! " 

..! 

0.0 

cos(e) 

I 
'j 

''j 

''j 

(a) 

1-" 

300 

(b) 

0.5 1.0 

FIG. II. The probability distribution of the molecular orientations in the 

Pm3n phase at T,P = 300 K, 7 GPa, referred to the coordinate system in 

Fig. 2. The solid and dashed lines on (a) give the distribution in the azi· 

muthal angle tp for the spherical sites and the disk sites in the bc plane, 

respectively. The distribution in the polar angle Bis shown on (b) with the 
same format. 

up to approximately 20° out of plane. This angle is deduced 

from the half-width of the peak in P( cos 8). 

The distribution D( «n;' nj )2» for the Pm3n phase at 7 

GPa and 300 K is shown in Fig. 12, where the n;' nj is the 

cosine of the angle between molecular axes of molecules 

(iJ). The distribution is taken over all pairs. It is clear that 

the distribution in «n; 'nj )2) is peaked about 0.29, 0.33, and 

0.44. The distribution in (n;· nj ) is strongly peaked around 

zero. To understand these results it must be recognized that 

there are four distinct types of pairs making up the distribu­

tions. They are sphere-sphere, sphere-disk, coplanar disk­

disk, and noncoplanar disk-<lisk pairs of sites. Using the 

model mentioned above, where it is argued that the spherical 

site molecules sample a uniform orientational distribution 

and the disk site molecules have a uniform distribution for 

all orientations in the disk plane and at angles up to 8 out of 

plane, it is straightforward to analytically calculate (n;· nj ) 

and « n; . n j ) 2). The model will be described in detail in a 

future publication. For all uncorrelated spherical-spherical 

site pairs these quantities give zero and 0.33, respectively. 

For pairs involving disk sites, these averages depend on 8. 
For 8 = 25° we find (n;' nj ) = 0 for all such pairs and 

(Cn; 'nj )2) = 0.29, 0.33, and 0.44, in excellent agreement 
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0.1 0.2 0.3 0.4 0.5 0.6 

FIG. 12. The distribution of «It,' Itj )2) over all pairs of molecules for the 

Pm3n phase at T,P = 300 K, 7 GPa. The averages were taken over 10 000 

me steps. 

with our Monte Carlo results. This value of {j agrees quanti­

tatively with that estimated form the half-width of P( cos (J) 

for the disk molecule, shown in Fig. 11. These results and the 

profile of the molecular orientations along the Monte Carlo 

trajectories are consistent with nearly free rotation within 

the envelopes described above for the spherical and disk site 

molecules. However, the only certain conclusion is that the 

orientational disorder is highly dynamic in the Monte Carlo 

sense. 

By calculating the force constants for each molecule in 

the Monte Carlo cell, we are able to separately identify the 

vibron frequencies associated with the disk and spherical 

sites. We find two distinct frequencies for 4.9.;;;P.;;;20 GPa. 

The solid and dashed curves in Fig. 10 show these results for 

the spherical and disk sites, respectively. The circles 13 repre­

sent experimental data. 

At pressures P'i::. 20 GPa, calculations show that a phase 

transition occurs from the cubic Pm3n phase into a tetra­

gonal phase with 32 molecules per primitive unit cell, al­

though a 64 molecule cell compatible with the primitive cell 

was used in most of the calculations. The lattice parameters 

for this cell are shown in Fig. 13 versus pressure, from which 

it is evident that the tetragonal transition begins at P = 20 

GPa. Calculations show that the "disk" site vibron mode 

frequency splits into two branches at about the same pres­

sure, and further splits into four branches at P'i::. 30 GPa, as 

shown in Fig. 10. This plus the fact that both the cubic and 

tetragonal phases appear during simulation runs in this in­

terval lead to the conclusion that the cubic to tetragonal 

transition occurs gradually over the interval 20 S P S 30 

GPa. Our results are not sufficient to comment on the order 

of this transition. The new structure is a minor variant of the 

cubic Pm3n phase, where the orientational disorder evident 

at lower pressures freezes out. This feature was confirmed by 

examining the orientations and their correlations in the same 

manner as was done for the f3 and Pm3n phases described 

earlier. The orientational structure is quite complicated, but 
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FIG. 13. The calculated a,b,c lattice parameters for a 64 molecule unit cell 

versus pressure, along the 300 K isotherm. The lower curve gives the c pa­

rameter and the upper a,b. Lengths are in Angstroms and the statistical 

error is smaller than the symbol size. 

several features emerge. The molecules that were on the 

spherical sites of the Pm3n structure now orient along the 

body diagonals, but no clear pattern is evident as to which 

diagonal is favored. The orientations of the disk molecules in 

chains along the c axis of the tetragonal cell [see Fig. 2] 

alternate in orientation either parallel or perpendicular to 

the a-c face. Adjacent molecules in neighboring chains along 

the c axis are perpendicular to one another. Chains along the 

a and b axes do not show such regularity, although there 

tends to be a propensity for neighbors to pair off two by two. 

Thus there are relatively large peaks in D ( (n i • n) at 

(cos (Jij) = 0, 1T/2. In an attempt to confirm the 32 molecule 

tetragonal unit cell, a 512 molecule Monte Carlo cell was 

examined. The resulting cell, while being tetragonal, did not 

exactly replicate the orientational structure of the 64 mole­

cule cell. This implies that either the smaller cell is not a unit 

cell, or orientational metastability has been achieved. The 

calculated vibron frequencies in the tetragonal phase are 

qualitatively much like those measured, except that the low­

est calculated mode does not decrease in frequency at high 

pressure, as is observed. The squares give a typical selection 

of experimental results l7 for the various modes in order of 

descending frequency. 

c. Properties along the 7 GPa isobar 

The solid circles in Fig. 14 show the calculated molar 

volumes versus temperature along the 7 GPa isobar, and the 

solid lines are fits through these points. At temperature 

200 < TS 600 K, the system relaxes into the cubic Pm3n 

structure, described in Sec. III B. The solid square gives the 

only experimental point l8 along this isobar, which is a linear 

interpolation between two pressure points very close to 7 

GPa. The very nearly spherically symmetric orientational 

behavior of the corner and body-centered molecules, and the 

equal probability for all orientations in disk planes of the face 
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FIG. 14. The solid circles give the calculated molar volumes versus tem­

perature along the 7 GPa isobar. The solid line is an aid through those 

points, and the square gives experimental data (Ref. 18). 

centered molecules, that was discussed in Sec. III B at 300 

K, persists at all higher temperatures up to melting. As the 

temperature is lowered to approximately 200 K, a degree of 

orientational localization occurs. By this we mean that the 

molecular orientations are localized for a few hundred to 103 

Monte Carlo steps and then spontaneously jump to another 

orientation, and so on. The degree oflocalization for the disk 

sites is greater than for the spherical sites and, on average, 

the Pm3n symmetry is still preserved. This feature is reflect­

ed in Fig. 14, where the thermal expansion a v I aT clearly 

changes from a constant value of 0.21 X 10-2 cm3/mol Kat 

higher temperatures to 0.30X 10-2 cm3/mol K below 200 

K. As the temperature is decreased below this value, the 

calculated orientationallocalization increases. Localization 

of all molecules appears complete at T =. 120 K, at which 

point a structural transition occurs from cubic to a tetra­

gonal phase that persists to zero Kelvin. This transition is 

not only evidenced by a change in aV laT to about 

0.25 X 10- 2 cm3/mol K below 120 K, as shown in Fig. 14, 

but also by the splitting ofthe a,b lattice parameters from c. 

This is shown in Fig. 15, where the solid squares are the 
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FIG. 15. Calculated lattice parameters for a 64 molecule unit cell versus 
temperature along the 7 GPa isobar. The lower curve gives the c parameter 

and the upper a,b. The solid line is an aid through the calculated points. 

calculated points and the solid lines are fits through those 

points. Above T =. 120 K the single line shows that all three 

lattice parameters are of the same length and, below that 

temperature, the a,b lattice parameters follow the upper 

curve and c the lower. At all temperatures the angle between 

these lattice vectors is 1r12. This loss of symmetry at low 

temperatures is definitely due to orientational ordering over 

the range 120 S TS 200 K. It is clear that this structure is 

very similar to the orientationally ordered, tetragonal phase 

found at higher pressures along the 300 K isotherm. Numer­

ous other metastable structures were found at low tempera­

ture and, although quite similar to the quadrupole favored 

tetragonal phase, they were found to have higher Gibbs free 

energy in the limit of zero temperature. 

The calculated vibron frequencies versus temperature at 

7 GPa are shown in Fig. 16, where the circles are calculated 

using a hexagonal 192 molecule Monte Carlo cell, the 

squares for a 64 molecule cell, and the triangles for a 32 

molecule cell. There are several observations. The high fre­

quency branch is associated with the spherical site molecules 

identified in the Pm3n phase. It is initially independent of 

temperature but then decreases until melting, where it seems 

to merge with the low frequency solid and fluid branches. 

The low frequency branch is associated with the disk sites on 

the faces and is relatively more constant with temperature. It 

seems to merge into the fluid branch vibron at melting, 

which occurs at T m =. 650 K in this calculation. The results 

are qualitatively very similar to the experimenes also shown 
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FIG. 16. (a) The calculated vibron frequencies (cm - , ) versus temperature 
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in Fig. 16, with two small but possibly important exceptions. 

The linear increase of about 4 cm - I in the lower mode fre­

quency with temperature in the range 0<;;; TS 200 K is con­

trary to experiment, which shows this mode to be tempera­

ture independent. Second, there is some indication that the 

lower branch splits in the tetragonal phase, much like it does 

in the high pressure tetragonal phase at room temperature. 

However, the indication of splitting is only on the order of 

the uncertainty in our frequency calculations, ~v::::: ± 1.0 

cm - I, and may not be experimentally resolvable. 

IV. DISCUSSION AND CONCLUSIONS 

The calculated thermodynamic properties, structures, 

and vibron frequencies in solid N2 generally show remark­

ably good agreement with experiment over a wide range of 

pressures and temperatures, in several different phases. At 

P = 0, the calculated structure stabilized into the observed 

hexagonal /3 phase over the experimentally observed 

range2-S 35.6<;;;T<;;;63.1 K, although melting did not occur 

until T""" 76 K. The calculated temperature dependence of 

the molar volume and the thermal expansion coefficient2s,29 

agree quite well with experiment, as shown in Figs. 3 and 4. 

An additional point calculated at (P,T) = (0.4 GPa, 55 K), 

gave a molar volume within 2.5% of its measured value.7 

Calculations along the 300 K isotherm also produced a sta­

ble /3-N2 phase over the region it is experimentally ob­

served,IO-12 2.5 S PS 4.9 GPa. Although there are only two 

measured values"·34 of (P, V) in this region, Fig. 9 shows 

that they and the calculations agree quite well. Over the en­

tire (T,P) field of the /3 phase, the calculated c/ a ratio is 

equal to its ideal value, within a statistical uncertainty of 

0.6%. The calculated vibron frequencies, shown in Fig. 10, 

are about 6 cm - I higher than the only two measured val­

ues l3,14 at 2.8 and 4.1 GPa. 

Although we were unable to determine the /3-Pm3n 

transition pressure along the 300 K isotherm, due to the 

aforementioned incompatibility of the Monte Carlo cell with 

the unit cells for both phases, the cubic Pm3n phase did form 

astable structure in the region 4.9<;;;PS 20 GPa. As shown in 

Fig. 9, the calculated P- V relation in this region is in excel­

lent agreement with experiment. 16.18 The calculated vibron 

frequencies in Fig. 10 show two branches which is a charac­

teristic signature of the Pm3n phase. The upper branch is 

identified with the spherical site molecules and the lower 

with the disk sites. The quantitative agreement with experi­

ment I3.17 is good, though the calculated frequencies are con­

sistently a bit too high. It is not clear whether this is due to 

our potential model or the nature of our calculation. An 

interesting feature of the calculations is that the /3-phase vi­

bron frequencies seem to merge continuously across the 

transition with the spherical site frequencies of the Pm3n 

phase. To understand this we examined a spherical harmon­

ic expansion of the pair distribution function for both phases 

close to the transition boundary. The leading term, which is 

spherically symmetric and depends only on the mass center 

separations, and the two leading orientationally dependent 

terms in both phases agree very closely for intermolecular 

separations out to and somewhat beyond nearest neighbor 

separations. This means that the crystal field experienced by 

each molecule in both phases, which is responsible for the 

shift of the vibron frequencies from their gas phase values, is 

nearly the same and thus accounts for the observed result. 

Above 20 GPa, the calculations show that a phase trans­

formation occurs into a tetragonal phase with 32 molecules 

per unit cell which is a minor variant of the Pm3n structure. 

This is confirmed by the lattice parameters shown in Fig. 13, 

where the lattice vector c departs from a and b just above 20 

GPa. The transition is complete by 30 GPa and orientational 

analysis confirms that the dynamic orientational disorder of 

the Pm3n phase freezes out and lowers the symmetry. The 

calculated vibrons in this phase show that the upper branch, 

associated with the spherical site molecules, is undisturbed 

by the transition but the mode associated with the disk sites 

splits into four distinct branches. This is remarkably like the 

experimental observations,17 except that the quantitative 

comparison gets increasingly worse at higher pressures. This 

discrepancy is interesting because of the ongoing controver­

sy about the observed softening of the vibron frequencies at 

high pressures. Our calculational method should be accurate 

at these high pressures, although it does not account for fac­

tor group splitting, which can be interpreted as responsible 

for the lack of mode softening observed in recent infrared 

studies and other measurements on isotopic mixtures of hy­

drogen,36 whereas Raman studies37 on pure H2 or D2 clearly 

show this effect. The same interpretation could be applied to 

N2, although our calculations give splittings qualitatively 

similar to experiment as a consequence of different site sym­

metries of the disk molecules, and not from factor group 

splitting. Another interpretation of our quantitative failure 

may be an inaccurate representation of the potential at high 

pressures, due to charge rearrangement. The situation is not 

resolved. 

Along the isobar at 7 GPa our calculations show the 

Pm3n phase is stable from 200 S TS 600 K. The solid melts 

at this upper limit, which is substantially above the observed 

temperature of melting, Tm = 484 K. As shown in Fig. 14, 

the thermal expansion is constant over the entire tempera­

ture range of this phase, and the volume at 300 K agrees well 

with experiment. 18 As the temperature is decreased, the 

orientational disorder becomes increasingly hindered until, 

at T""" 200 K, the molecules begin to orientationally localize 

along well-defined lattice directions. However, the structure 

remains cubic until TS 120 K, whereupon it transforms into 

a tetragonal phase, which persists to zero Kelvin. This tran­

sition is clearly identified by a change in the lattice param­

eters, shown in Fig. 15. Accompanying this transition is an 

orientational ordering of the molecules. There are a number 

of interesting features. First, the tetragonal phase is very 

similar to that found at room temperature above 30 GPa. 

Second, it is also very similar to a structure predicted at low 

temperature in a previous molecular dynamics simula­

tion. 2l ,38 Unfortunately, this structure is slightly different 

from the R3c lattice inferred from x-ray diffraction measure­

ments, 18 though the differences are not great. Nevertheless, 

the calculated structural transition temperature is very close 

to the experimentally deduced valuel8 of approximately 140 

K. The relative stability of these two structures appears to be 
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very sensitive to the orientational character of the intermole­

cular potential, including the electrostatic terms. For exam­

ple, the neglect of these latter terms results in the stability of 

R3c. 

A number of calculations were made at high pressures 

and low temperatures, comparing the tetragonal structure to 

the R3c and R3c phases. Using the R3c initial configuration 

at 7 GPa and 15 K, the system relaxed to a metastable R3c 

structure, which transformed to the tetragonal phase upon 

increasing the temperature to 75 K. By comparing enthal­

pies of R3c and the tetragonal phases along the 15 K iso­

therm, it was found that the tetragonal structure becomes 

unstable above 60 GPa. 

The orientational disorder in /3-N2 was not unambigu­

ously resolved in early x-ray diffraction studies,6 and two 

models that equally well satisfied the data emerged. The fa­

vored model was one in which the molecules execute nearly 

free precession about the c axis at an angle e=56°. In the 

other model the molecules maintain approximately the same 

polar angle but are static and randomly oriented along the 

sixfold degenerate orientations defined by the P63 /mmc 
crystal symmetry, that can be delineated by six values of the 

azimuthal angle tp. Supporting these models is that at this 

angle e, each molecule either points toward a square, open 

face of the cage formed from the nearest neighbors or, in the 

precession model, pass very near the centers of all the square 

faces. These situations are favorable from steric consider­

ations. Another model that is equally satisfactory is one in 

which the molecules undergo nearly free rotation or ran­

domly hop from one of the six degenerate orientations to 

another over a time span short compared to the experimental 

period of measurement. 

It has been observed that x-ray diffraction, neutron scat­

tering, and the NQR measurements6-9 all conclude that 

(Y20 (cos e» =0. Several theoretical calculations3o
,3J have 

also arrived at this same conclusion, but interpret it differ­

ently. Unfortunately, the accumulated information is not 

sufficient to clearly distinguish between the above men­

tioned models, which are all expected to give very small aver­

ages for Y20 • As pointed out by Press and Hiiller,39 distin­

guishing between the free rotor and precession models is 

particularly troublesome since the value of e for which the 

function Y20 = 0, is very near the predicted precession an­

gle. 

Our calculated results at P,T= (0.4 GPa, 55 K), which 

coincides with neutron diffraction studies,7 shows the fol­

lowing features. The distributions in the averages (n;' n) 
and « n; . n j ) 2), taken over all pairs, shows sharp peaks at 

0.0 and 0.33, respectively. These are shown in Fig. 5, and are 

consistent with a totally random distribution of relative ori­

entations. However, when these distributions are produced 

for nearest neighbor pairs only, there is a small but statisti­

cally significant shift in « n; . nj ) 2). This indicates the exis­

tence of weak, short-ranged correlations which are reflected 

in the fact that P(n;'nj ) is not constant in cos(eij)' The 

probability distribution P( tp), displayed in Fig. 6, shows six 

peaks that are located at azimuthal angles identical to the 

directions of the six square faces on the nearest neighbor 

cage. It is also notable that these peaks are small modula-

tions on an otherwise uniform distribution. The probability 

distribution P( cos (), shown in Fig. 7 versus cos e, shows a 

sharp peak around () = 0 and a broad, flat peak about 

() = 1T/2. This latter peak can be decomposed into two Gaus­

sian peaks centered at ()= 70° and 110°. Thus, polar orienta­

tions along the c axis and about 20° off the ab plane are most 

preferred. Similar conclusions come from P( e) versus e, 
which is in sharp contrast to the mean field distributions.3o

,31 

Interestingly, the distribution is near a minimum at the 

quoted precision angle of 56°. It is also evident that the de­

parture in the polar angle from a uniform distribution is not 

great, although more so than for tp. At the experimental con­

dition,7 our calculated value (Y20 ) = - 0.004 and, upon 

increasing the temperature along this 0.4 GPa isobar, it goes 

through zero and becomes positive at 100 K. Upon increas­

ing the pressure at lOOK, it decreases and becomes a small 

negative value at 1.0 GPa. Further details will be given in a 

forthcoming paper. An examination of the molecules along a 

Monte Carlo trajectory reveals that they do not sample all 

orientations as would be expected for a nearly free rotor. 

Instead they appear to remain close to a specific orientation 

for quite a few steps, and then quickly move to a new orienta­

tion, and so on. It is noticed that when one molecule is ori­

ented along the c axis the six nearest neighbors in the same 

plane are often oriented in a pinwheel arrangement, very 

much like the (1,1,1) plane of a-N2 • These pinwheels seem 

to form, disperse, and then form elsewhere, much like a 

propagating excitation. It must be emphasized that this is a 

highly speculative hypothesis, but it is consistent with our 

probability distributions. Below the orientational ordering 

transition temperature we find pinwheel arrangements, 

much like Mandell40 found in his simulation of point qua­

drupoles on a rigid hcp lattice. 

To summarize our findings, the results show that the 

molecules are not precessing, even though the average polar 

angle «() and (Y20 ) are very close to that specified by that 

model. Nor is the static, randomly disordered model or the 

weakly modulated free rotor picture satisfactory. Instead, 

the behavior seems to be intermediate between these latter 

two cases, where frequent hopping occurs in such a way that 

all orientations are nearly uniformly sampled. 

Another point studied extensively in the /3 phase was at 

(T,P) = (300 K, 3.5 GPa). Unlike the lower temperature 

point described above, there is no clear evidence of a sixfold 

modulation in P(tp) and P(cos e) is nearly constant for all 

values of cos e. Also «n; 'n) and «n; 'n)2) equal zero 

and 0.33, respectively. This implies that the orientational 

sampling is much more uniform than we found at low tem­

perature and that there is little or no correlation in the angu­

lar motion between neighboring molecules. An examination 

of the Monte Carlo trajectories show dynamic behavior that 

is much more free rotor-like than at (0.4 GPa, 55 K), but we 

are still reluctant to rule out the possibility of rapid, uncorre­

lated deployment between orientationally equivalent sites. A 

picture of/3-N2 ~merges. At low temperatures and pressures, 

near the a-/3 phase boundary, the orientational motion is 

quite hindered and the modulation described in connection 

with the (0.4 GPa, 55 K) point is substantially more pro­

nounced, as are the orientational correlations. At high tem-
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peratures, near melting, the orientational distribution is iso­

tropic and the orientational motion is highly dynamic. This 

is in contrast to some previous experimental interpreta­

tions. 33 Increasing pressure along an isotherm acts to hinder 

the motion, as expected. Clearly, the orientational character 

of {3-N2 changes considerably over its field of stability. 

Experimental evidence l2
-

16 for orientational disorder in 

the cubic Pm3n phase comes mostly from x-ray diffraction 

measurements, where the results were argued to be consis­

tent with a spherically symmetric disorder for the corner and 

body-centered molecules and a uniform planar distribution 

for the molecules on the faces. It could not be established if 

the molecules act as free rotors, with the face molecules con­

strained only to a plane, or if the molecules reorient random­

ly along the various degenerate orientations. 

The results of our calculations in the Pm3n phase at 

(T,P) = (300 K, 7 GPa) show P(cos (}) and P(tp) to be 

constant for spherical site molecules, indicative of a uniform 

orientational distribution over a unit sphere. For the disk site 

molecules in the bc plane, P( tp) is nearly constant with weak 

peaks favoring orientations either in the bc plane or normal 

to it. As shown in Fig. 11, P( cos (}) has a large, broad peak, 

with about a 20' half width, centered about cos () = O. These 

results are clearly consistent with the molecules almost uni­

formly sampling all orientations in and within about 20' of 

the plane of the disk. The conclusions are identical for disk 

site molecules on all planes. 

Most revealing is the analysis of the distributions 

D( (n;' n) and D( (n; 'nj )2), the latter is shown in Fig. 12. 

By assuming uniform sampling in the plane and to an angle 

of D = 25' out of plane, analytical calculations of (n;' nj ) and 

«n;' nj )2) for the different pairs of molecules exactly repro­

duce the peaks in these two distributions at zero, 0.29, 0.33, 

and 0.44. The success of this model, including the fact that D 
agrees with the half width of the distribution in Fig. 11, is 

convincing evidence that the disk molecules do uniformly 

sample the envelope described above, as suggested by experi­

mental interpretations. It is also evident that if any orienta­

tional correlations between molecules exist, they are ex­

tremely weak. Thus, the spherical site molecules clearly 

sample a uniform, spherical distribution, and there is no evi­

dence of orientation correlations between neighbors. The 

disk site molecules sample all orientations nearly uniformly 

within the envelope of a planar disk. There is a weak modula­

tion showing a preference for the molecules to orient either 

in plane or normal to it. There are no noticeable orienta­

tional correlations between disk site molecules or with the 

spherical site molecules. The orientational behavior along a 

Monte Carlo sequence at 300 K is certainly suggestive of 

weakly modulated free rotation, whereas at 200 K and be­

low, the trajectories show sporadic hopping between local­

ized orientational sites. 

It is not the purpose of this paper to dwell on the melting 

results since they are truly complicated and require much 

more attention than was given here. Howeyer, these studies 

did reveal some interesting features. A reduction in pressure 

along the 300 K isotherm, using the solid {3-N 2 starting con­

figuration, did not show melting until ps. 2 GPa, about 0.5 

GPa below the experimentally observed transition. 10,11 

However, calculations did reveal planar slip dislocation oc­

curring with increasing frequency as the pressure was 

lowered below 3 GPa. Increasing pressure from below the 

transition, using a fluid-like starting configuration did not 

reveal a solid structure until P~ 3.0 GPa. There is calcula­

tional hysteresis. Nevertheless, by any measure the predict­

ed transition pressure is not far from the observed one of 

2.44 GPa. The calculated volume change on melting is 

ll. V = 0.30 ± 0.04 with a 384 molecule cell, compared with 

0.36 ± 0.04 experimentally. 10 This, in addition to the calcu­

lated vibron shift of - 1.2 ± 0.5 cm - 1 upon melting, which 

is also in good agreement with experiment,33 is gratifying. 

Additional work is presently being done on melting. 

The numerous phases investigated in this work and the 

transitions between them expos.e some calculational features 

that need to be discussed. The use of an (N,P,T) ensemble 

with deformable boundary conditions is clearly a major ad­

vance in predicting the nature of phase transitions. Not only 

does it provide for volume fluctuations, which are an impor­

tant part of many transitions, but also the deformable 

boundary conditions may accommodate the spontaneous 

change in symmetry between the phases involved in a transi­

tion. In these cases, no a priori judgement about the nature of 

the structures need be imposed. Unfortunately, for any given 

number of particles in the Monte Carlo cell it is sometimes 

not possible to deform even a general triclinic cell so that it is 

an integral multiple of the unit cell of both phases. Thus, the 

utility of the abovementioned technique is diminished. 

There are also situations in which various metastable states 

exist, separated by a large potential barrier as, for example, 

in solid CO2 .41 It is then often the case that any optimization 

or simulational procedure will not evolve to the true thermo­

dynamic ground state, determined by the minimum Gibbs 

free energy, in an acceptably small amount of time. Another 

difficulty has to do with the fact that we usually deal with 

ideal systems, without free surfaces, vacancies, impurities, 

dislocations, grain boundaries, or other disruptions to per­

fect symmetry. These features can be influential in the be­

havior of real transitions, as is particularly thought to be the 

case in melting.42 We use various techniques which resolve 

or at least ameliorate these difficulties, but, in the final analy­

sis, there are always uncertainties in the prediction of phase 

transitions and that must be recognized here. 
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