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CALCULATION O F  THE LONGITUDINAL AERODYNAMIC 

CHAkACTERISTICS OF WING-FLAP CONFIGURATIONS 

WITH EXTERNALLY BLOWN zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAFLAPS 

by Michael R. Mendenhall,  Selden B. Spangler, 
Jack N.  Nielsen, and Frederick K. Goodwin 
Nielsen  Engineering zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA& Research,  Inc. 

SUMMARY 

A theoretical  investigation  has been carried  out  to  extend and 

improve an exist ing method for  predict ing  the  longitudinal aerodynamic 

characteristics  of  wing-flap  configurations  with  externally blown f laps 

(EBF) .  Two potent ia l  flow models were incorporated  into  the  prediction 

method: a wing and f lap  l i f t ing-surface model  and a turbofan  engine 

wake model. The wing-flap model uses a vortex-latt ice approach to  repre- 

sent  the wing  and f laps. The wing may have an arb i t rary  planform and 

camber  and t w i s t .  The f l ap  system may be made up of multiple  elements 

of arb i t rary   s ize which can  have large  deflection  angles. The j e t  wake 

model consists of a ser ies of closely spaced  vortex  rings normal t o  a 

center l ine which may have ver t ica l  and la te ra l   curva ture   to  canform t o  

the  local flow field  beneath  the wing and f laps. The vortex  ring wake 

model may be   c i rcu la r   o r   e l l ip t i c  i n  cross  section and the wake can  be 

specified such that  the mass, momentum,  and spreading  rates  are  similar 

to  the  actual   turbulent wake. Measured turbulent  jet  spreading  rates 

may be  used to   spec i fy   the  je t  i f  analyt ical  spreadinq  rates  are  not 

available. A n  i teration  procedure is provided to  locate  the  engine 

wake centerl ine zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( s )  . 
Comparisons  of  measured and predicted  pressure  distr ibutions, span- 

load  distr ibutions on each l i f t ing   sur face ,  and t o t a l   l i f t  and pitching- 

moment coeff ic ients on swept and unswept EBF configurations  are  included 

i n  th is   repor t .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA wide range  of  thrust  coefficients and f lap  def lect ion 

angles is considered at   angles of attack up to   the  onset  of s t a l l .  

Resu l ts   ind ica te   tha t   overa l l   l i f t  and pitching-moment coeff ic ients  are 

predicted  reasonably  well  over  the  entire  range. The predicted  detai led 

load  distr ibut ions  are  qual i tat ively  correct  and show the peaked loads 

a t   t h e  je t  impingement points,  but  the wid ths  and heights of the load 

peaks are  not  consistently  predicted. 



INTRODUCTION zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 

fie  short  take-off  and  landing  requirement for.STOL aircraft  neces- 

sita.tes  a  means of achieving  very  high  lift  coefficients on  aircraft  in 

take-off or landing  configuration  with  little  sacrifice  in  cruise 

performance.  The  externally  blown  jet-augnented  flap  provides  such  a 

means. The jet  efflux  from  engines  mounted  beneath  the  wing  is  allowed 

to  impinge  directly  on  the  slotted  flap  system,  thus  producing  a  large 

amount  of  additional  lift  through  engine  wake  deflection  and  mutual 

interference  effects. 

Several  analytical  methods  for  predicting  the  longitudinal  aero- 

dynamic  characteristics  of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAEBF configurations  have  been  developed.  Some 

of these  methods  require  extensive  use  Of  empirically  determined  infor- 

mation  (ref.  1) , and  others  require  little  empirical  data as input 

(refs. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 )  . Reference 3 involves  the  use  of  two  potential  flow 

models:  a  wing-flap,  lifting-surface  model  and  a  jet  wake  model. The 

wing-flap,  lifting-surface  model  is  a  nonplanar,  nonlinear,  vortex- 

lattice  scheme.  The  jet  wake  model  consists of a' series  of  vortex  ring 

singularities  representing  a  turbulent  jet,  the  boundary  of  which  may 

be  specified  analytically  or  with  the  use  of  empirical  data.  .These  two 

flow  models  are  combined  in  such  afashion  that  the  tangency  boundary 

condition  is  satisfied  on  the  wing  and  flap  surfaces.  Jet  wake  deflection 

is  accommodated  through  calculation of the  flow  field  beneath  the  wing 

and  estimates-  of  the  resulting  wake  deflection  by  the  user of  the method. 

The  purpose  of  the  work  described  herein  is  to  make  certain  improve- 

ments  and  extensions to  the  original  prediction  method.  These  fall  into 

three  categories. In  the  first,  the  vortex-lattice  model of the  wing-flap 

is  made  more  versatile  and  accurate  for  modeling  multiple  flap  arrange- 

ments.  In the  second,  the  model  of  the  jet  wake  is  extended to include 

elliptical  as  well  as  circular  cross  sections  in  order  to  more  accurately 

represent the  wake  characteristics  near  the  impingement  area  on  the 

flaps. In  the  third,  the method  of  determining  the  wake  centerline 

position  is  refined  and  automated  within  the  computer  program. 

This  report  presents  the  technical  approach  to  the  problem,  the 

development of the  flow  models, and  comparisons  with  data. The discussion 

assumes  some  familiarity  with  the  earlier  work  of  reference 3 .  A user's 

manual  for  the  resulting  computer  program  is  contained  in  reference 4. 
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SYMBOLS zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
a semi-major axis of e l l ipse  

imaginary and real  parts,  respectively, of complex roots of 
quadratic  equation, Appendix B 

i n i t i a l   a rea   o f   j e t  wake A 
j 

b 

C 

cd u,  cn u, 
dn u,  s n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu, 
t n  u 

C n zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
cA 

cAf 

cD 

cL 

‘m 

cN 

c N f  

cT 

cyf 

semi-minor axis of e l l i pse  

chord of area  element on wing or f lap;  wing chord; o r  
distance from or ig in of e l l ipse  and focus,  figure zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6(b) 

Jacobian e l l ip t i c   func t ions ,  Appendix B 

section  normal-force  coefficient 

axial-force  coeff icient on an area  element on wing, ax ia l  
force/qS;  positive  as shown i n  f igure  4(a) 

axial-force  coeff icient on an area  element on a f lap,   ax ia l  
force/qS;  positive  as shown i n  f igure  4(b) 

drag  coeff icient, drag/qS; pos i t ive  a f t  

lift coeff ic ient ,   l i f t /qS 

pitching-moment coeff ic ient ,  moment/qS; posit ive i n  direct ion 
of angle of attack 

normal-force  coefficient on an area  element on wing, normal 
force/qS;  positive as shown i n  f igure 4(a) 

normal-force  coefficient on an area  element on a f lap,  
normal force/qS;  positive as shown i n  f igure 4(b )  

thrust   coeff ic ient  of a s ingle  jet ,   thrust /qS;  posi t ive i n  
forward direct ion 

side-force  coeff icient on an area  element on a f lap,   s ide 
force/qS;  positive  as shown i n  f igure  4(b) 

to ta l   thrust   coef f ic ient   for  a configuration  with  multiple 
jets,   thrust /qS 

d diameter of c i rcular  cross-sect ion  jet  wake 

E (k) e l l i p t i c   i n teg ra l  of the f i rst k ind  with argument k 

f U ,  fv’  fw  inf luence  coeff icients  for a vortex  filament,  equations (16) 
and (20 )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA; posi t ive  as shown i n  f igure 3 

3 



F zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAYF ,F zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Uf  Vf Wf 

Jn 

k 

k ’  

M 

N F ( j )  

NFLAPS 

P 

9 

r 

R zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
S 

inf luence  function  for  velocity normal t o  camber surface, 
equation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3)  

inf luence  coeff ic ients  for  a wing horseshoe  vortex,  positive 
as  shown i n  f igure 2 (a)  

inf luence  coeff ic ients  for  a f lap  horseshoe  vortex,  posit ive 
as shown in   f igure 2 (b) 

u n i t  vectors i n  x,y,z  direct ions,  respectively,  see 
f igure 6 

integrals  defined by equations (A-24) and (B-1)  

argument  of e l l ip t ic   in tegra ls ,   see  equat ions ( 3 2 )  and 
(B-10)  

1 - k2 

t o t a l  number of vortex  area  elements on wing surface 

number of vortex  area  elements on f l ap  j 

t o t a l  number of f lap  surfaces 

perimeter of a vortex  ring,  equation (31)  

free-stream dynamic pressure 

radial   d istance from a c i r cu la r   j e t   cen te r l i ne   t o  a f i e l d  
point 

radial.  distance from a point on a vor tex  r ing  to  a f i e l d  
point,  equation ( A - 1 5 ) ;  or local  radius of a c i r cu la r   j e t  

semispan of a horseshoe  vortex measured i n  wing o r   f l ap  
chordal  plane;  or  distance measured along je t   cen ter l ine ,  
f igure 7 

S wing area 

t transformed  coordinate q, equation (A-16)  

u,v,w ve loc i t ies induced at  the  midpoint  of  the bound leg  of a 
wing horseshoe  vortex  in  the X,Y ,Z  direct ions 

Uf ,V f  YWf veloc i t ies induced at  the  midpoint of the bound leg of a 

U i , V i ’ W i  veloc i t ies i n  the X,Y,Z direct ions induced by the   j e t  

f lap  horseshoe  vortex i n  the x f , Y f , Z f  direct ions 

wake 

U n’vn’wn t o t a l  induced ve loc i ty   f ie ld   a t  a point on the   j e t  wake 
centerline,  equation  (34) 

4 



V 
1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Vf ,w  
1 f l  

V zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

a 

bXZ 

P zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
e 

y-direction  velocity induced at   the  three-fourth chord 
location  of  the  side edge of a wing area  element,  see 
equation  (24) 

ve loc i t ies induced at   the  three-fourth chord  location  of 
the  side edge  of a f lap  area element i n  the Yf and Z f  
directions,  respectively 

vortex  r ing induced velocit ies,  equations ( A - 2 5 ) ,  ( A - 2 6 ) ,  
and (A-27) 

free-stream  velocity 

i n i t i a l   j e t  wake velocity,  equation (29)  

coordinate  system  fixed a t   cen te r  of e l l ipse,   f igure 6; or  
coordinate  system  associated w i t h  a l i f t ing  sur face 
containing a horseshoe  vortex 

jet  coordinate system f ixed  at   the  center of t he   j e t   i n le t ,  
f igure 7 

wing coordinate  system,  see  f igure  2(a),  with  origin  at 
wing root-chord  leading edge 

f lap  coordinate system,  see  figure 2 ( b ) ,  with  or ig in  at  
inboard  side-edge  leading edge of f l ap  

wing root chord angle of at tack  re lat ive  to  f ree-stream 
direct ion 

angle between tangent  to mean camber surface of the wing 
and the X direct ion 

j e t  wake vortex  cylinder  strength 

vortex  ring  strength, o r  horseshoe  vortex  strength 

angle between tangent  to mean camber surface of a f l a p  and 
the Xf direct ion 

streamwise f lap  deflect ion  angle measured i n  a plane 
para l le l  to  the X-2 plane,  posit ive downwards 

pressure  dif ference  across a l i f t ing  sur face 

flow  angle of je t   cen ter l ine  measured i n  x j ,z j   p lane, 

average  flow  angle of jet   center l ine,   equat ion (37) 

el l ip t ic   coord inate,  Appendix A 

density 

flow  angle of je t   cen ter l ine  measured i n  xj ,yj   plane, 

equation (35) 

equation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 3 6) 
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@ €  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
f zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
j 

l e f t  

0 

r ight  

S 

W or WF zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
a 

I, 11,111, 
IV 

+ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I 

average  lateral  flow  angle  of  centerline,  equation (40) 

constant  defined  in  equation (B-39) 

wing dihedral  angle,  posit ive  as shown i n  f igure 2 (a) 

f lap  dihedral  angle,  posit ive  as shown i n  f igure  2(b) 

sweep angle of the bound leg of a wing horseshoe  vortex 
measured i n  the wing chordal  plane,  positive swept  back 

sweep angle of the bound leg of a flap  horseshoe  vortex 
measured i n  the flow  chordal  plane,  positive swept  back 

Subscripts 

f l ap  

j e t  wake 

l e f t   l e g  of horseshoe  vortex 

in i t ia l   condi t ions 

r ight   leg of horseshoe  vortex 

s l a t  

wing-f lap 

free  stream 

denote  four  quadrants of e l l ip t ic   vor tex  r ing,   f igure  6(a)  

denotes  posi t ion  at  which je t   ax ia l   ve loc i ty  is half  the 
maximum velocity on the  center l ine 

Superscripts 

vector 

primes indicate  local  coordinate system zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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ANALYSIS zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
The  work  described  in  this  report  is  basically  an  extension  of  that 

reported  in  reference zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 .  Certain  improvements  were  made  in  both  the 

lifting-surface  model  and  the  jet  model,  and  both  models  were  then 

combined to  form  an  iterative  approach  to  the  calculation  of  the  aero- 

dynamic  characteristics  of EBF configurations. In this  section,  each 

flow  model  and  its  modifications  are  discussed  individually,  and then, 

the  total EBF interference  procedure  is  described. 

Wing-Flap  Vortex-Lattice  Model 

General  description.-  The  vortex-lattice  lifting-surface  model  used 

in  the  present  investigation  is  an  extension  of  that  used  in  references zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 

and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 .  In reference 3 ,  the  configuration  treated  consisted  of  a  wing 

with  a  single  trailing-edge  flap  with  a  uniform  deflection  angle. 

Multiple  flaps  were  handled  by  specifying  a  camber  distribution  over 

some  mean  flap  surface. In reference 5, multiple  spanwise  flap  segments 

were  considered,  but  separate  loading  distributions on individual  flap 

elements  were  not  available. The vortex-lattice  model  in  both  refer- 

ences 3 and 5 allowed  the  trailing  vortex  legs  to  extend  aft  to  infinity 

in  the  plane  of  the  originating  surface;  that  is,  the  wing  chordal  plane 

or the  flap  chordal  plane. 

Typical  externally  blown  flap (EBF) and  upper-surf.ace-blowing zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(USB) 

configurations  have  multiple  spanwise  flap  segments,  each zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof which  may 

be made up of multiple  flap  elements. In the  present  investigation,  the 

method  and  associated  computer  program have  been modified so that  each 

flap  segment  is  defined as a  separate  lifting  surface  for  the  purpose  of 

computing  forces  and  moments.  The  trailing  vorticity  is  deflected so 

that  it  lies on each  surface  aft  of  its  originating  surface  and  then 

extends  to  infinity  in  the  plane  of  the  last  surface  as  illustrated  in 

figure 1. 

The  wing and  flap  configuration  parameters  included  in  the  method 

are  listed  below. 

Wing  Panels 

Leading-,edge  shape:  May have  up  to 30 breaks  in  sweep. 

Trailing-edge  shape:  Same as  for  leading  edge. 

Taper:  Determined  from  leading-edge  and  trailing-edge  shapes. 
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Tip  chord:  Parallel t o  root  chord. 

Dihedral:  Arbitrary  but  constant  over  the  semispan. 

Mean camber surface: May have  both t w i s t  and camber. 

Thickness:  Neglected. 

Flap  Panels 

Number: Up t o  10 indiv idual   f lap segments; maximum of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 a t  any 

spanwise  region. 

Location: First f l ap  i n  any spanwise  region is at   o r   near  wing 

t r a i l i n g  edge;  gaps are  permitted between wing and f i r s t   f l a p  and 

succeeding  flaps. 

Leading-edge  shape: St ra ight   l ine which may be  swept. 

Trailing-edge  shape: Same as  for  leading edge. 

Taper:  Linear. 

Root chord: I n  plane  paral le l   to  vert ical   p lane  containing wing 

root  chord. 

Tip  chord:  Parallel  to  root  chord. 

Span: F u l l  o r   pa r t i a l  span. 

Deflection: Each f l ap  may have a dif ferent  deflect ion  angle. 

Mean camber surface: Each f l ap  may have  both t w i s t  and camber. 

Thickness:  Neglected. 

The  method i s  rest r ic ted  to   angle of at tack;   that  is, yaw ef fects  

are  not  included.  Compressibil i ty  effects  are  not  included  since  large 

f lap  deflect ions  are  only used a t  low speeds. Angle of a t tack,   f lap 

deflection  angle,  dihedral  angle, and t w i s t  and camber angle  are  accounted 

fo r  i n  the boundary condition by trigonometric  functions  since some of 

these  angles may be  large. 

The vortex-lattice  arrangement and the  coordinate system for  a 

swept wing with  trai l ing-edge  f laps  deflected  are shown i n  f igure 1. The 

wing and flaps  are  divided  into  trapezoidal  area  elements. The f lap  s ide 

edges must l i e  along  chordwise  edges  of  the  area  elements, and the span- 

wise  distribution  of  area  elements on the  f laps must be  the same as on 

the wing section ahead of the  f lap.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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A zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAhorseshoe  vortex is placed i n  each  area  element  such  that  the 

bound leg  l ies  a long  the  quarter chord Of the ,a rea  element and the 

t ra i l ing   legs   l ie   a long  the   s ide  edges of the element i n  the  plane of 

the  element. The t r a i l i n g   l e g s   t r a i l  back i n  the  plane of the  area 

element unt i l   the  leading edge of the  next  surface is encountered. They 

are  then  deflected so that   they  l ie   in   the  p lane of that  surface.  This 

deflect ion is continued  through  the  last  surface. The t ra i l ing   legs  

are  then extended a f t   t o   i n f i n i t y  i n  the  plane of the  last   surface. 

The flow  tangency  boundary  condition is appl ied  at   the midspan of 

the  three-quarter  chord  l ine of each area  element. The  wing  and f l a p  

boundary conditions w i l l  now be  determined. 

Winq boundary condition.- The wing boundary condition is that   the 

velocity normal to   the  mean camber sur face  a t  a wing control  point  be 

zero. This  can  be writ ten 

v zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 1 , 2 ,  ... M 

The f i r s t  term i s  the sum of the normal ve loc i t ies induced a t   t he  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAv t h  

control  point by the M wing vort ices. The second term i s  the sum of 

the normal ve loc i t ies induced by a l l  of the  f lap  vort ices.  There are 

NFLAPS f laps and N F (  j )  vort ices on the jth f lap.  The component  of the 

free-stream  velocity normal to   the  camber surface i s  the t h i r d  term, 

V N , ~ .  The l a s t  term  contains  externally induced ve loc i t ies such  as  those 

due t o  an  engine wake.  The derivation  of  the  four  terms w i l l  now be 

presented. 

Figure 2 (a) shows coordinate  systems  associated  with a wing inclined 

at  dihedral  angle, $I. The X,Y,Z  system i s  the  basic wing system shown 

i n  f igure 1. The quant i t ies FuyFvyFw are  influence  functions, dimen- 

s ionless  veloci t ies  per u n i t  vortex  strength,  with  posit ive  direct ions 

as shown.  The X ' ,Y  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI , Z  system is obtained by rotat ing  the X,Y zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA,Z 

system  through  the wing dihedral  angle, q5. The quant i t ies FA,F;,FJ 

are  inf luence  functions i n  the primed coordinate system and are zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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FA zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAFU zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
F; = F cos @ + Fwsin @ 

V 

Fi = -F s i n  @ + F COS @ 
V W 

Consider  the  fo l lowing  sketch  which i s  drawn i n   t h e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAY' = 0 plane. ' 

The angle i s  t he   l oca l   "ang le   o f   a t tack "   due   t o  t w i s t  and camber. 

Local camber su r face  
X ' , F I  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAf 

U 

The in f luence  funct ion  normal   to   the  sur face i s  

FN = F i  COS a + Fi s i n  a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa ( 3 )  

If vrw,v ,n  is the  normal   ve loc i ty   induced  by  the nth w ing   vor tex   a t  

t h e  vth c o n t r o l   p o i n t  

Then, us ing  equat ions ( 2 )  and ( 3 ) ,  t h e   f i r s t   t e r m   i n   e q u a t i o n  (1) is zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
M M -  

IR orde r   t o   eva lua te   t he   second   te rm  i n   equa t ion  (l), t h e  wing 

boundary  condi t ion,   the  f lap  coordinate  system  must  be  def ined. The wing 

and f lap coordinate  systems are shown i n   f i g u r e  2 ( b ) .  The angle 6,, is 
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t h e  f lap def lec t ion   ang le   and is measured i n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa streamwise  plane paral lel 

t o   t h e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAX , Z  plane. The f lap   coord ina te   sys tem i s  obta ined  by   ro ta t ing  

t h e  wing  system  about  the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAY ax is   by   the   ang le  gXz and t h e n   t r a n s l a t i n g  

t o   r h e  f lap  inboard-side  leading  edge. The in f luence  funct ions  FufJFvf  

and F are known i n   t h e  f lap coordinate  system. They can be resolved 

i n t o   t h e  wing  coordinate  system  by 
Wf 

FU zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= F cos dXz 
uf + FwfSin 6xz 

Fv = F 
Vf 

Fw = -F s i n  bXz 
uf + FwfCoS 6xz J 

Using  the  above  expressions  and  equations ( 2 )  and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 3 )  , t he   i n f l uence  

func t i on   no rma l   t o   t he   l oca l  camber sur face  i s  

= F (cos @ cos zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa cos 6 + s i n  a s i n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 ) - Fv s i n  @ cos aj a XZ a xz f 

+ F ( s i n  a cos 6 - cos @ cos a s i n  6 ) 
uf a xz a xz 

The  normal ve loc i ty   induced  by  the n th f l a p   v o r t e x   a t   t h e  v th wing 

c o n t r o l   p o i n t  i s  

The second  term in   equa t ion  (1) i s  evaluated  by summing over a l l  f l a p  

v o r t i c e s  

NFLAPS N F  ( j )  NFLAPS N F  ( j )  
1 
V 
- 1 vr fJvJn  

( c o s @  c o y  cos tixz 
V 

n= 1 n= 1 j = l  n= 1 V j 

+ s i n a  s i n d x Z  
&V 

s i n  @ cos a 
j 

V 
j V  

+ F  s i n a   COS^^, - c o s @   c o s  a 
U f J v J n (  j V  j 
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X zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
From the above sketch it i s  seen  that 

FU zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= -V COS 01 

Fv = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 

F~ = -V s i n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa 

Equations (2 ) .  , zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 3 )  , and (10)  give 

v ~ * ~  = - s in  a cos @ cos a - cos a s i n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa 
V V 

j V  j V  

The fourth  term i n  equation (4) is the  velocity normal t o   t h e  wing 

surface produced by other  sources. I n  the  present  application,  these 

sources  are  the  engine wakes. Assume these  veloci t ies  are known i n  the 

wing coordinate system and are  posi t ive i n  the  posit ive X,Y,Z directions. 

Then 

Fw = w 

a t   t h e  v th control  point, and with  equations ( 2 )  and ( 3 )  , 

1 2  



s ign,   the  f ina l  form zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof the  wing boundary 

point on the wing i s  

condition a t  the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAv th control  

v , f l  v rn 

N F L A P S   N F  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( j )  

j=1 n= 1 j ) 

- F  
Vf'"'" 

(sin  aQvcos zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA X z  -cos  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAQ cos zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa 
Uf ' " ' "  j 

V 

V U 

= ( s i n a  - w i * v )  V cos @ cos a i * v  s i n  @ cos a + (cos a - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2' ) s i n  a 
V V 

Flap boundary conditions.- The f l a p  boundary  condition  can be 

derived  in  the same manner as  the wing boundary  condition. The 

resul t ing boundary  condition a t  the v th control   point  on the i 

f l a p  is 'I 

t h  

M 

 COS^^, - s i n 6  
i 

n= 1 

- Fv 
+ F U  (s in  6 cos hXzi + cos zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAG~ cos 6 

v,n V VYn V 

NFLAPS  NF  ( j )  

[cos GfvCOS 6 

j=1 n= 1 

(continued on next  page) 
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= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs i n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+dXz 
, (. i V zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAbey zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA)cos $f zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAcos 6 a + 

In  th is  equat ion,  af i s  the  dihedral  angle  of  the  f lap  containing  the 

vth control  point and 6 i s  the  local  "angle of attack' ' due ' t o  t w i s t  

and camber a t   t h i s   p o i n t .  The angle hXzi is the  deflection  angle o f  

the  f lap  containing  the  control   point  and 6,, is the  deflection  angle 

of   the  f lap  in which the  influencing  vortex  orlginates. 

V 

1, 

j 

Influence  functions.- The functions FU,FV,Fw and Fu ,Fv  ,Fw are 
f f f  

inf luence  functions  relat ing  the  velocity components induced a t  some point 

by a horseshoe  vortex  to  the  circulat ion  strength. I n  reference 3 a 

horseshoe  vortex was considered t o  have  three  parts: a bound leg and 

two t ra i l ing  legs  extending  to   in f in i ty  i n  the  plane of the  surface 

containing  the bound leg.  Figure 1 shows the  horseshoe  vortex  arrange- 

ment used in  the  present method. Except fo r  a vortex  originating  in  the 

l as t   su r face   a t  a spanwise locat ion,   the  t ra i l ing  legs  are composed of a 

ser ies  of f in i te   leng th  segments  followed by two semi-infinite  length 

segments. Thus, the  equations  given i n  reference 3 for  the  inf luence 

functions  are  not  applicable, i n  general,   to  the  present method. 

.- . 

General  expressions  are  required  for  the  influence  functions  for a 

f ini te  length  vortex  f i lament and a semi-infinite  f i lament. Such 

expressions  are  available i n  reference 6. For  completeness,  they w i l l  

be  repeated  here. 

The coordinate  system  for a f in i te  length  vortex segment is shown 

in   f i gu re   3 (a ) .  The x,y,z  coordinate  system is that  associated  with 

the  surface i n  which the  horseshoe  vortex  containing  this segment 

originated. I n  t ha t  system there is a vortex  filament  extending from 

xl ,y l ,z l  t o  x2,y2,z2  wi th  vort ic i ty  d i rected  as shown.  The influence 

funct ions  at   point   x,y,z  are,  from the  Biot-Savart law, 
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a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
4 a2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAb2 + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAc2 

b 

fu - - (,) 1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(COS zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAe, - COS e 5 )  

fv = (,) ( C O S  e, - C O S  
1 

a2 + b2 + c2 

and 

R: - RZ - L2 
2LR2 

COS e2 = 

R: - RZ + L2 
2LR1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAe cos e, = 

1: = R2 41 - cos28 
2 r 

where 

15  



I 

-: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Similarly,  for  the  semi-infinite  length  vortex  filament  shown  in 

figure zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 (b) , 

where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
f = Ax(y - Y,) - Ay  (X - X,) J 

The  positive  sense  of  vorticity  is  shown  in  figure  3(b).  The  quantities 

Ax,Ay,A2  in  equations  (21)  are  the  direction  cosines  of  the  vortex 

filament  in  a  direction  from xl,yl,zl to  infinity.  Also, 

Ax(x - xl) + Ay(Y - Y1) + A2(z - 21) 

(x - XJ2 + (Y - Y1I2 + (z - Z1l2 
COS e l  = - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA'1 

I 

In order to evaluate  the  influence  functions  appearing  in  equa- 

tions  (14)  and  (15) , equations  (16)  through  (19)  are  used  to  evaluate 

the  influence  of  the  bound  leg  and  all  finite  length  trailing  leg 

segments  of  both  the  right  and  left  trailing  legs.  Equations  (20) 

through  (22)  are  used  to  evaluate  the  influence  of  the  two  semi-infinite 

trailing  legs. The influence  functions  in  equations  (14)  and  (15) 

include  the  influence of the  vortex  on  the  left  wing  panel or left-side 
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f l ap  and tha t  due to  the  corresponding 

or   r ight   f lap  a t   the  le f t -s ide  cont ro l  

vortex on the  r ight  wing panel 

point. 

Aerodynamic forces and  moments.-  Once the  strengths of the  vort ices 

have been  determined by solv ing  the  set  of simultaneous  equations  given 

by equations  (14) and (15) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA, the aerodynamic forces  acting on each  area 

element on the wing o r   f l ap  can  be  calculated. The Kutta-Joukowski law 

fo r  aerodynamic forces on a vortex  f i lament is used. The  method  of 

calculat ing  the  forces i s  the same as  that  described  in  reference 3 

except  that  certain  terms  omitted  there  are now included.  Following  the 

procedure  of  reference 3 the  axial-force  coeff icient produced by one of 

the  area  elements on t h e   l e f t  wing panel is 

Similarly,  the  normal-force  coefficient is 

sv l e f t   r i g h t  

Posit ive  direct ions of the  forces  are shown i n  f igure   4 (a) .  I n  the above 

equations, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 s  is the  width of the  panel i n  the wing chordal  plane. The 

veloci t ies u, V ,  and w, posi t ive i n  the  posit ive zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAX , y , Z  direct ions,   are 

those induced a t   t h e  bound-leg  midpoint by the  entire  wing-flap  vortex 

la t t i ce   p lus   ve loc i t ies  due to  the  engine wake, i f   present.  The angle zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1(/ i s  the sweep angle of the bound leg,   posi t ive i f  swept back. 

The second t e r m  in  equation ( 2 4 )  is  the  net  force on a l l  of the 

vortex  t ra i l ing  legs  ly ing on the two side edges  of  the  panel. The 

vort ices  are  only  those  lying i n  the chordwise s t r ip   conta in ing  the 

panel. I n  equation  (24) , zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBACr is the sum of the  strengths of these 

vort ices, c is the  length of the  panel  side  edge, and v1 i s  the 

vor tex   la t t i ce  and engine wake induced veloci ty  at   the  three-quarter 

chord location of the  s ide edge. The subscr ip ts   le f t  and r ight   re fer  

t o   t h e   l e f t  side edge and r ight   s ide edge. 

Similar  expressions  can  be  written  for  the  forces  acting on a panel 

on a f. lap.  Posit ive  direct ions of the  forces  are shown i n  f igure  4(b) .  

The axial-force  coeff icient is,  
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(2s) [  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7 tan qf + cos (a + hX2) cos @ - - cos af ] f 
sv f V  

V 

sv l e f t   r i g h t  

The velocit ies  uf,vf,wf  are  posit ive i n  the  posi t ive  xf ,yf ,zf  

direct ions. 

The elemental  panel  forces  given by equations  (23)  through ( 2 7 )  

can  be  used to   ca lcu la te  spanwise  load  distributions by summing over 

the  area  elements i n  a spanwise row and to ta l   forces and moments can  be 

determined  by  then summing spanwise. Moments can  be  determined by using 

the  panel  forces  with  the  appropriate moment arm. 

Vortex Ring J e t  wake  Model 

A potent ia l  flow model of the wake from a turbofan  engine is 

presented i n  reference 3. This model has a vort ic i ty  d istr ibut ion  p laced 

on the  specif ied boundary of an  expanding, c i rcular  cross-sect ion  jet .  

This is modeled by a ser ies  of vortex  rings  coaxial  with  the  prescribed 

center l ine of the   je t .  Each ring  represents a f i n i t e  increment of length 

of the  cyl inder, and the  vortex  strength of each  individual  ring i s  equal 

t o   t he  n e t  vor t i c i t y  on the  incremental  length of cylinder which it 

replaces. A sketch  of   th is  c i rcular  r ing model reproduced from refer- 

ence zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 ,  is shown i n  f igure 5 along  with some typical  velocity  prof i les 

a t  various  distances downstream of the  beginning of the  jet .   This 
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~. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

model represents  the mass, momentum, andentrainment  characterist ics of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa 

turbulent,  coflowing  jet. While the  ve loc i ty   prof i le   wi th in   the  je t  i s  

approximated by a uniform-profi le,  the induced veloci t ies  outs ide  the 

j e t   a r e  probably  accurate,  because  they  are  related t o  the  entrainment. 

induced  flow. 
. .  

Flow surveys  taken  just   af t  of t he   t ra i l i ng  edge of an EBF model 
. -  

( re f .  7) indicate  that  an i n i t i a l l y   c i r c u l a r   j e t  becomes d is tor ted  a f ter  

interact ion  wi th  the  f lap system. The d is tor t ion i s  such khat  .the wake 

tends   to   f la t ten  and become  more e l l ip t ica l   than  c . i rcu lar   in   cross 

section.  Observations of f ree,  nonaxisymmetric cross-section jets 

( re fs .  8 and 9) show that  these  jeks tend t o  become axi'symmetric 'as  they 

progress downstream. Thus, the most probable  picture'of 

is one which has  the wake leave  the  engine  as ,a c i rcu lar  

more e l l i p t i ca l   as  it approaches  the  f lap,  f latten  as it 

the  f lap system, and return  gradually  towards a c i rcu lar  

f a r   f i e ld .  I n  the  case of large  f lap  deflect ion  angles, 

that   the wake a f t  of the   f lap  may r o l l  up in to  a pa i r  of 

has  been  observed  with  circular  jets  issuing normal t o  a 

an engine wake 

je t , .  become 

passes unde,r 

section i n  the , 

it is possible 

vort ices,  as 

crossf low, b u t  

there  are few observations on which to   base any conclusion  for EBF 

configurations. 

O n  the  basis of the EBF jet  observations  noted above, it was f e l t  

that   the method  of reference zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 should be augmented w i t h  an e l l i p t i c a l  

j e t  model which can  be combined w i t h  t he   c i r cu la r   j e t   t o  produce a wake 

which can  change continuously from c i rcu la r   to   e l l ip t i ca l ,   w i th   ax is  

ra t io   var ia t ion  to   be  arb i t rary  and selected on the  best  avai lable 

information.  This  section,  together  with Appendices A and B, describe 

the development and use of such a model. 

Velocity induced by an el l ipt ic  vortex  r inq.-  Analogous t o   t h e  

c i rcular  r ing,   the  f i rst   requirement of t h e   e l l i p t i c   j e t  model is a 

solut ion  for   the  veloci ty components induced a t  an arb i t rary   f ie ld  

point by an e l l ip t ic   vor tex  r ing.  The coordinate  system and notation 

are shown i n  f igure 6. 

Unlike  the  circular  ring, no solut ion was avai lable  for   the induced 

velocity  of  the  ell iptical  ring.  Consequently,  the  solution was developed 

and is discussed i n  de ta i l  i n  Appendix A. Through the  use of confocal 

e l l ip t ica l   coord inates,  an analyt ical   solut ion can be. obtained. The 

basic  solut ion  for  the  velocity components, for  one quadrant i n  a r ing 
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coordinate  system,  are  given  as  equations (A-23) through (A-25).  These 

equations  are used, with  appropriate  sign  changes,  to sum the  contribu- 

t ions of a l l   four  quadrants of the  r ing. These velocity components can 

then  be  related t o  components i n  the je t  and wing coordinate  system 

through  the  nomenclature  of  figure 7 and equations (A-31)  and (A-32). 

The solut ion is obtained  in  terms of cer ta in   in tegra ls ,  Jn, which are  

developed i n  Appendix B zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. 
E l l i p t i c   j e t  model.- The development of the  e l l ip t ic   cross-sect ion 

potent ia l  flow j e t  model proceeds i n  simi lar   fashion  to  the development 

of   the  c i rcular  jet  model i n  reference zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 .  The assumption is made here 

that  the  jet   begins  wi th a c i rcular  cross  sect ion and  becomes e l l i p t i c a l  

a t  any rate  desired. 

Consider for   the moment that   the  je t   vor tex model is a constant 

radius,  semi-inf ini te  circular  vortex  cyl inder  with  strength zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAy/V. The 

strength of th is  vortex  cyl inder is specif ied by the  relat ion 

V 
y = i - ,  
v v  (28)  

where V j  is a uniform  velocity  across  the  engine  exhaust  exit. This 

j e t   ve loc i ty  is given  approximately  as 

where CT is  the  thrust   coeff ic ient   for  a s ing le   j e t  and A i s  the 

exhaust  exit   area  for a s ing le   je t .  
j 

Start ing  with a vortex  cylinder  with  constant  radius Ro and 

strength y/V, the   ac tua l   je t  wake i s  modeled by distort ing  the  cyl inder 

t o   f i t  a prescribed  centerline  path and outer boundary. The continuous 

vor t ic i ty   d is t r ibut ion on the new distorted  cyl inder is replaced by a 

closely spaced ser ies  of vortex  rings  coaxial  with  the  jet  centerline. 

Each r ing  represents a small  increment of length of the   je t ,  and each 

ring  has a shape which corresponds to   the   spec i f ied   je t  boundary. The 

strength of the  r ing  vor t ic i ty  i s  equal to   the   ne t   vor t i c i t y  on the 

incremental  length  of  the  original  cylinder. Thus, the  semi-infinite 

length  of  the  original  cylinder i s  replaced  with a f in i te   length of 

vortex  rings. A s  described  in  reference 3, the  semi-infinite  length 

cyl‘inder  can  be  approximated t o  any required  accuracy i n  t h i s  manner. 
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The strength of any vortex  r ing  along  the  jet i s  

where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAP is the  perimeter of the  r ing i n  question and As is the 

length of the wake represented by the  ring. For an el l ipse,  the  perimeter 

is 

P zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 4a E ( k )  

where E ( k )  i s  a complete e l l i p t i c   i n teg ra l  of  the f i rst  k ind ,  and 

The quant i t ies a and b are  the semi-major and semi-minor axes  of  the 

e l l ipse.  A n  approximate relat ion  for  the  perimeter is 

which is within 5 percent of equation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(31 )  for   a/b < 3 .  

From equation ( 3 0 ) ,  the  strength of the  vortex  ring  decreases  as 

i t s  perimeter  increases such that  the  product of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAr and the  r ing perime- 

t e r  i s  constant  for  equally  spaced  rings ( A s  = constant) .  This is 

equivalent  to  keeping  the  total  vort ici ty on the  cylinder  constant. The 

induced ve loc i ty   a t  any point i n  the  f ie ld  is calculated by summing the 

contributions from a l l   the   r ings  making  up the model. Typical  velocity 

prof i les  inside  var ious  el l ipt ic  jets  are  d iscussed i n  the  results  port ion 

of th is  report .  

- Jet  description.- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA s  is the  case i n  reference 3 fo r   c i rcu la r   je ts ,  

the  current model for   e l l ipt ic  cross-sect ional   jets  requires  three  i tems 

t o  completely  determine  the  analytical  description of the  je t .  The f i rst 

is the  in i t ia l   vor tex  r ing  s t rength from equation (28), which i s  related 

to   the   th rus t  and momentum i n  the  je t .  The remaining two i t e m s  t o  be 

speci f ied  are  the  posi t ion and path of the  center l ine of t he   j e t  and the 

boundary of the  je t .  

The computer  program described i n  reference 4 allows  the  centerline 

of the je t  t o  move under the  inf luences of the  free-stream  velocity,  the 

wing and f lap  loading induced  flow f i e ld ,  and t h e   j e t  induced  flow f ie ld .  

The objective i n  permitt ing  the  centerl ine  to move is t o  be  able  to 
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locate  the  centerl ine  along  the  streamline of the  wing-flap-jet  flow 

which leaves  the  center of the  engine  exhaust.  This is an  approximation 

to  p lacing  the  s ingular i t ies  represent ing  the  jet   a long  streamlines, 

which cannot  be  handled  because of the  l imitat ions  on.cross-section 

shape (c i rc le  and e l l i pse ) .  Thus, the   je t   cen ter l ine  is f r e e   t o  move zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
so t ha t  an i te ra t ion  can  be  performed u n t i l  convergence is attained 

between the  center l ine and streamline  positions.  Since  each  jet is f ree  

t o  move according to   the   loca l  flow f i e l d  induced  along i ts  center l ine,  

the  user need not  specify  the  jet  centerl ine i n  great   de ta i l   p r io r   to  a 

calculation. I n  pract ical   usage,  the  in i t ia l   center l ine may be assumed 

t o  be s t ra ight .  The motion zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof the  center l ine is calculated i n  the 

following manner. 

The path of the  je t   center l ine is specif ied by a number of points 

on the  centerl ine. A t  a point  n,  the  induced  flow  field  has  the  three 

components 

U U U 

V V 
W 

W W W W 
a 

V - v  V zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+ v  
V V zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA" = A + -  n vW 

V V V zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAJ 
where 

u j ,wj ,v j   are  je t  induced ve loc i t ies 

Uw,Ww, VW are  wing-flap  induced  velocities 

Ua zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA9 wa are  free-stream components 

The resultant  f low  angle i n  the X-2 plane i s  

W 

en = tan-'(<) 

(34) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

( 3 5 )  

and i n  the X-Y plane i s  

V 

O n  = tan-'(<) 
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Thus, the   ver t i ca l  flow angles  a t  two consecutive  points  along  the 

centerl ine  appear  as i n  the  sketch below. 

n-1 

Assuming that  the  average  flow  angle between points n-1  and n is 

given by 

a new ver t ica l   coord inate  a t   po int  n based on the  average  flow  angle 

is given by 
z zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= z + ( x n  - x ) tan  gn n n-1 n-1 

Similarly, a new la tera l   coord inate  a t   po int  n i s  given by 

where 

Star t ing   a t   the  engine exit  with  f ixed  coordinates and slope,  the  entire 

je t   cen ter l ine  is repositioned  according zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAto equations  (38) and (39) . zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A l i m i t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAis placed on the  vert ical  deflect ion  angle 8, i n  accordance 

with  the  following  considerations. It is well known experimentally  that 

the  f laps of an EBF configuration do not  achieve  100-percent  jet  turning 

eff iciency  but a somewhat lower  value which decreases  with  increasing 

f lap  angle. It was found in  the  calculat ions  that  with  large  f lap 

deflect ions (axz > 40°), the  predicted  jet   center l ine  s lope would some- 

times  equal  or exceed the  af t   f lap  def lect ion  angle,   wi th  the result 

that  the  predicted  interference  effects would be low because  the  jet was 

passing  too  far below the  f lap.  Under those  circumstances, i f  a l i m i t  

on 8, of  the  product  of  the measured jet   turning  ef f ic iency and the 

f lap  deflect ion  angle were  imposed, the   j e t  would pass  c loser  to  the 

f lap,   the  interference  ef fects would be  larger, and the  predicted and 
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measure.d force  resul ts were i n  good agreement.  This was f e l t   t o   b e  a 

reasonable  l imitation i n  view of the  experimental  turning  efficiency 

resu l ts ,  and was incorporated i n  the computer  program. I f   the computed 

value of en from equation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(37) exceeds a specif ied l i m i t ,  en i s  

set  equal zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAto the  l imiting  value. The remainder of the  centerl ine  calcu- 

la t ion  and iteration  procedure is carried  out  as  before. 

TO complete the  descript ion of t h e   j e t  wake, the boundary of the 

j e t  must be  speci f ied  at   a l l   points  a long  the  jet .  I n  reference 3, an 

axisymmetric  turbulent j e t  i n  a coflowing  stream was defined  using an 

analyt ical  method presented i n  reference 10. The radius  d istr ibut ion of 

an axisymmetric j e t  is shown i n  f igure 8 for   var ious  jet   veloci ty  rat ios.  

Unfortunately, a s imi lar   ser ies of curves is not  available  for  noncir- 

cular  cross-section  jets;  therefore,  empirical  evidence must be  used 

where possible. 

E l l i p t i c  and rectangular shaped jets  exhausting  into still a i r   a re  

described i n  references 8 and 9, and measured half-width  boundaries  are 

shown i n  f igure 9. These data  are  not   suf f ic ient   to  descr ibe  the 

expansion  of  typical  el l ipt ic  cross-section wakes occurring on EBF 

configurations,  but  they  are shown here  to   i l lus t ra te  severa l   genera l  

points. The f i r s t  is t h a t   e l l i p t i c  and rectangular  jets  with  similar 

axis  rat ios  exhibi t   the same kind of expansion  characteristics. I t  also 

appears  that  the minor axis expands at   near ly   the same rate  as a c i rcu lar  

jet.   Figure 9 a lso   i l l us t ra tes   t ha t  nonaxisymmetric jets  exhausting  into 

still a i r  tend t o  become axisymmetric at   large  distances downstream. 

Measured j e t  wake ve loc i ty   prof i les   a t  a number  of spanwise s tat ions 

approximately one f l a p  chord a f t  of the   t ra i l ing  edge of t he   l as t   f l ap  

of a four-engine EBF configuration  are  presented i n  reference 7. The 

boundaries of three  je ts   corresponding  to   to ta l   thrust   coef f ic ients  of 

1, 2 ,  and 4 were  deduced from these  data. The thickness  distr ibutions 

of t he   j e t   a re  shown i n  f igure 10 as  sol id  l ines.  The spanwise 

extent of the   je ts  is not  well  defined by the measurements; therefore, 

the  extrapolated  inboard and outboard  portions of  each je t   a re  shown 

dashed. To i l l us t ra te   t he  growth and spanwise  spreading of each j e t ,  

the  or ig inal   jet   cross-sect ional   areas  are shown at   the i r   appropr ia te 

semispan stat ions  as dashed l ines.  The re la t ive  ver t ica l   pos i t ions of 

the  or ig ina l   je ts  and the measured prof i les  are  not  comparable as  the 

j e t s   a f t  of the  f laps have  been deflected downward. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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The resu l ts  of  f igure 10 show that   the boundary  of the jets tends 

t o  form an e l l i p t i c a l  shape af ter   interact ion  wi th  the  f lap system. The 

je ts   a lso  seem t o  move inboard toward the  fuselage  instead of  outboard 

toward.the wing t ip.  This motion seems t o  become  more pronounced as 

the  thrust  coeff icient  increases. 

The data of reference zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7 can also  be used t o  examine the  expansion 

r a t i o  of the  je ts .  For t h i s  purpose,  areas of t he   j e t s  were obtained by 

graphical  integration from data  l ike  that  of f igure 10 and divided by 

the  in i t - ia l   areas of the two je ts .  The resul ts   for   the  s ta t ion  just  

downstream of the   f lap   t ra i l ing  edge (about 9 i n i t i a l   j e t   r a d i i  down- 

stream of the  je t   ex i t   p lane)   are shown in   f i gu re   l l ( a )   as  a function of 

c and je t   ve loc i ty   ra t io  (from  eq. ( 2 9 ) ) .  The shaded area  represents 

the  scat ter  and the  sol id  l ine i s  the  least-squares f i t   t o   t h e   d a t a .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAIJ. 

I f  we assume the  je t   area shown i n  f igure 10 is redistr ibuted  into 

a c i rcular  cross  sect ion  for  each indiv idual   jet ,  an equivalent  radius 

ra t i o ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAR/Ro, can  be  calculated  for each t h r u s t  coefficient  as  simply 

r'A/Ao. This resu l t  i s  shown i n  f igure l l ( b )  where it is compared with 

the  radius  rat io of an axisymmetric j e t  from f igure 8. Figure 11 (b) 

indicates  that  an axisymmetric j e t  alone expands a t  a faster   ra te  than 

an i n i t i a l l y  axisymmetric j e t  under  the  influence of a wing and f lap. 

This k ind of information i s  important i n  select ing a spreading  rate  for 

a typical  EBF j e t .  

EBF Interference  Calculat ion Procedure 

Calculation of the aerodynamic loading of a wing-flap  configuration 

under the  influence of t he   j e t  wake of a turbofan  engine i s  done with  the 

combination of the two potent ia l  flow models described i n  the  preceding 

sections. The  two flow models are combined  by superposition. The j e t  

model induces a ve loc i ty   f ie ld  on the wing and f l ap  which produces an 

interference  loading on the  l i f t ing  sur faces.  The wing and f lap  loadings 

induce a ve loc i ty   f ie ld  i n  the  v ic in i ty  of t he   j e t  and tend to   de f l ec t  

t he   j e t  away from these  surfaces. I t  is assumed that  the  engine  thrust 

i s  unaffected by the  presence of the  wing-flap. Because of the mutual 

interact ion between t h e   j e t  and l i f t ing  sur faces,   e i ther  a simultaneous 

solution  involving  both  flow models o r  an i terat ive  so lu t ion is required. 

The i t e ra t i ve  approach was chosen in  reference 3 and tha t  approach is 

continued,  with some ref inements,  in  this  report.  The solut ion is carried 

out i n  the  following manner. 



Before  any  calculations are made, the  j e t  center l ine is positioned 

with respect t o   t h e  wing and flap. The i n i t i a l  location  of  the  center- 

l i n e  can be based on Some a p r i o r i  knowledge of  the  f low  f ield  beneath 

the  wing and f lap system or it can be located  in  .a s t r i c t l y   a r b i t a r y  

fashion.  For example, it is qu i te  acceptable t o  choose -the i n i t i a l .  j e t  

cen te r l i ne   t o  be a s t r a i g h t   l i n e   a f t  from the  engine  exhaust. 

The (expanding) jet  boundary and cross-section  shape  distr ibution 

should be chosen  according t o  whatever  procedure seems most appropriate, 

and th is   d is t r ibu t ion ,  which w i l l  be unchanged  from th i s   po in t  on, i s  

placed on the  center l ine  to   def ine  an  in i t ia l  j e t  wake.  The j e t  induced 

ve loc i ty   f ie ld  is computed a t  selected  control  points on t h e   l i f t i n g  

surfaces and the   c i rcu la t ion   d is t r ibu t ion  on the wing and f laps  is 

obtained  such  that  the  tangency  boundary  condition is sa t i s f i ed  a t  each 

control  point. 

A t  th is   po in t   in   the   so lu t ion ,   the  boundary  condition on the  wing 

and f lap  sur faces is sat is f ied   bu t   the  j e t  posit ion  has  not been  influenced 

by the  presence  of  the wing and f lap. The wing-flap  influence  consists 

of  modifying  the j e t  locat ion  to   cause  the j e t  cen te r l i ne   t o  l i e  along a 

streamline  of  the combined jet-wing-flap  flow. The i n i t i a l  j e t  center- 

l i n e  is then  adjusted  by computing t h e   t o t a l  flow f i e l d  a t  a number of 

points on the  center l ine and  moving the   cen ter l ine   to  a new posi t ion such 

t h a t  it l i es  along  the computed f low  direct ion a t  the  specif ied  points. 

This  completes  the f i r s t   i t e r a t i o n  of the  so lu t ion.   In   th is   s i tuat ion,  

the wing and f lap  loading i s  not  compatible  with  the  jet  f low  field 

c,orresponding t o   t h e  new posi t ion of the  jet .  Thus, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa second i t e ra t i on  

is needed. 

The flow f ield  corresponding  to  the  adjusted j e t  posi t ion is computed, 

and a new wing-flap  loading  distribution is obtained. The j e t  center l ine 

is again moved t o  l i e  along  the new flow  directions.  This  procedure is 

cont inued  unt i l   e i ther   the  center l ine  pos i t ion  or   the  to ta l  wing and f l a p  

loading  converges to   w i th in  a desired  tolerance. With a converged 

solut ion,   the  total   f low is tangent   to   the wing and f lap  sur faces and 

the   je t   cen ter l ine  l i es  along a streamline  of  the  f low. 
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RESULTS zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
The  methods  of  analysis  described  in  the  previous  section  have  been 

evaluated  in  the  following  manner.  Each  flow  model  (the  lifting  surface 

and  the  jet  wake)  is  examined  separately to  determine  its  individual 

characteristics.  Where  possible,  comparisons  with  data  are  made  to 

assist  in  the  evaluation.  After  the  individual  flow  models  are  examined, 

they  are  combined to perform  several  calculations on EBF  configurations. 

Convergence  characteristics  of  the  jet  wake  centerline  iteration  procedure 

are  first  examined.  Comparisons  with  experimental  data  are  then  made  and 

used to  evaluate  the  total  EBF  prediction  method.  The  data  comparisons 

and  results  are  discussed  below. 

Wing-Flap  Model 

The  first  configuration  used  to  check  out  the  deflected  wake  vortex- 

lattice  method  is  an  aspect  ratio zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 rectangular  wing  with  a  single  slotted 

flap  (ref.  11).  The  Fowler-type  flap  has  a  chord  that  is zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA30 percent  of 

the  wing-alone  chord  and  is  deflected zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA40°. The  vortex-lattice  arrangement 

used for  this  configuration  is 8 chordwise  by 13 spanwise  on  the  wing 

semispan  and 4 by  13  on  the  flap. 

The  'predicted  results  for  this  wing  (and  following  configurations) 

can  be  compared  with  similar  results  from  reference 3 to  illustrate  two 

features  of  the  present  method:  the  deflected  horseshoe  vortex  trailing 

legs  and  the  gap  between  the  wing  and  flap.  The  lattice  arrangement  is 

somewhat  different  between  the  two  calculations,  but  the  work  of AppendixA 

of  reference 3 indicates  that  the  lift  and  moment  should  be  converged 

with  both  lattice  arrangements. 

Comparisons  of  measured  and  predicted  lift  and  pitching-moment 

coefficients  are  shown  in  figure  12(a).  With  zero  flap  deflection,  the 

deflected  wake  method  reduces  to  the  undeflected  wake  method  and  the 

results  are  identical;  therefore,  only  one  predicted  curve  is  shown. 

The  agreement  between  measured  and  predicted  lift  curves  is  excellent 

up  to  the  point  where  the  lift  curve  starts  to  bend  due  to  separation 

or stall.  The  predicted  pitching-moment  curve  for  this  configuration 

is  also  in  reasonably  good  agreement  with 

The  effect  of  the  lift  on  the  fuselage  is 

comparisons.  An  estimate  of  the  fuselage 

coefficients  given by slender-body  theory 

the  experimental  results. 

not  considered  in  these 

1 if t and  pitching-moment 

results  in  values  of  0.01  and 
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_. . . . .. . . . . . . . . . .. .. . . .. . zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

0.02, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBArespect ively,   at  l o o  angle of attack.  Inclusion of the  fuselage 

pitching moment would tend t o  improve the agreement on  moment curve 

slope. 

The e f fec t  of def lect ing  the  t ra i l ing  legs of the  horseshoe 

vort ices i s  i l l us t ra ted   in   the  upper  portion of f igure  12(a) .   In  

general, it i s  observed tha t  when the   t ra i l i ng   vo r t i c i t y  i s  allowed 

t o  move a f t  i n  the  plane of the  surface from which it originates,   the 

predicted l i f t   c o e f f i c i e n t  i s  larger  than when the   t ra i l ing   vor t i c i t y  

i s  allowed t o  bend around the  f lap  surfaces and f ina l l y  move a f t  i n  the 

plane of the  last  f lap.  Numerically,  the l i f t   coef f ic ients   corresponding 

to  the  undeflected wake are  approximately 10 percent  higher  than  those 

from the  deflected wake calculat ions and t h e   l i f t  curve  slope is s l igh t ly  

higher. The pitching-moment coeff icients  corresponding  to  the  deflected 

wake are i n  much bet te r  agreement with  experiment,  both i n  magnitude and 

slope,  than  the  results  obtained  considering  the wake t o  be  undeflected. 

The  model used i n  reference 11 has a s lot ted  f lap,   but   the  s ize of 

the gap is not  specified. The ef fect  of gap s ize i s  shown i n  f igure   12(a) ,  

where predicted  resul ts  for  gaps of 0 . 0 2 ~  and 0.03 c are  shown for  both 

deflected and undeflected wakes. The resu l ts  show that  increasing  the 

gap s ize   decreases   the   to ta l   l i f t  and increases  the nose-down pitching 

moment. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA closed gap was considered  for  the  previous  undeflected wake 

calculat ions and these  results  are  consistent  with  those  just  discussed. 

The ef fect  of the gap s ize i s  not  insignif icant; and when using  the 

wing-flap  vortex-lattice method described  herein, one should  take  care 

i n  modeling the gaps  between l i f t ing  sur faces  correct ly .  

Measured and predicted  chordwise  pressure  distributions on the wing 

and f l a p   a t  two angles of at tack,  0.47O and  5.65O, a re  shown i n  f ig-  

ure  12(b) .  The predicted  pressure  distr ibutions from both  the  deflected 

and undeflected wake methods presume the gap  between the wing and f l ap  

t o  be 0 . 0 2 ~ .  The undeflected wake  model predicts a s l ight ly  h igher 

pressure  dif ference on both wing  and flap,  confirming  the  previous 

results  for  l i f t   coeff icients,  although  the  general  shapes of the  curves 

are  very  similar. 

A second s e t  of resu l ts  used fo r  comparison  purposes  consists of a 

chordwise  pressure  distribution on a swept wing with a pa r t i a l  span f l ap  

( re f .  1 2 ) .  This  configuration, shown in  the  sketch i n  figure  13,  has a 

3 5 O  leading-edge sweep angle, a f l a p  span  approximately  one  half  the 



semispan, and a f lap  chord  equal  to 20 percent  of  the wing chord.  Calcu- 

lat ions were made at  zero  degrees  angle of attack and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBALOo f lap  def lect ion 

angle. The l a t t i c e  arrangement  has 1 2  spanwise vort ices by 8 chordwise 

on the wing and 4 chordwise on the  f lap. There i s  no gap  between the wing 

and the  f lap.  The data were taken a t  a Mach  number of 0.6; but  since  the 

wing-flap program is incompressible, no correction was  made fo r  compres- 

s ib i l i t y   e f fec ts .  The predicted  pressure  distr ibution from both  vortex- 

l a t t i c e  methods are   in  good agreement with each other  as  are  the  total  

lift and pitching-moment coeff ic ients on the  wing-flap  configuration. 

The predicted  pressure  distr ibution  has  the same shape  as  the measurements, 

including  the  loading peak near  the wing and f lap  junction. 

Final ly,   the  ef fect  of a l lowing  the  t ra i l ing  legs of the  horseshoe 

vor t ices  to  remain at tached  to  the  f laps i s  examined on a typical  EBF 

transport model having a t r ip le-s lo t ted,   fu l l -span  f lap system ( ref .  1 3 ) .  

The l a t t i c e  arrangement  used on this  conf igurat ion  consists of 15  span- 

wise  vortices on the semispan and 4 chordwise vort ices on the wing, 1 

chordwise on the f i rst  f lap,  and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 chordwise vort ices on each  of the two 

a f t   f laps .  The l a t t i c e  elements  are  not  evenly  distributed i n  the span- 

wise  direct ion,  as  this same l a t t i c e  arrangement is used la te r   f o r  

power-on calculat ions  ( f ig.  26). The model used i n  reference 13 has a 

large  fuselage,  four  nacelles  beneath  the  wings, and a leading-edge s l a t  

deflected zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 5 O .  None of these  items have  been  accounted fo r  i n  the 

predictions shown i n  figure  14. 

The measured and predicted l i f t  and pitching-moment coeff ic ients  are 

shown i n  f igure 14. As i l l us t ra ted  i n  f igure  12(a) ,   the  e f fects  of 

def lect ing  the  t ra i l ing  vor t ic i ty   are  to :  (1) decrease  the  predicted 

l i f t   coe f f i c ien ts   over   the   en t i re  range  of  angles  of  attack, ( 2 )  decrease 

the  predicted l i f t  curve  slope a small amount, and (3)  increase  the nose- 

up pitching-moment Coefficients. The net   resul t  of a l lowing  the  t ra i l ing 

vor t i c i t y   to   fo l low  the   f laps  i s  t o  improve agreement with  experimental 

resu l t s   f o r   bo th   l i f t  and pitching moments. 

The above comparisons  between measured and predicted  longitudinal 

aerodynamic character is t ics  of wings wi th   f laps  ind icate  that   bet ter  

accuracy is toebe  obtained by a l lowing  the  t ra i l ing  vor t ic i ty   to   def lect  

wi th  the  f lap system. I n  part icular,  the  predicted pitching-moment 

coeff ic ients and moment curve  slope  tend  to  be i n  be t te r  agreement with 

experiment when the  deflected wake  model is used. unless otherwise 
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speci f ied, -a l l   fur ther   resul ts   presented  in   th is   repor t  w i l l  correspond 

to the  deflected wake predict ion method. 

J e t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAWake Model zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. 

Single  r inq  characterist ics.-  Since  the complete j e t  i s  made up of 

a series  of  vortex  r ings, it i s  appropr, iate  that   the  character ist ics  of  

a s ing le , -e l l ip t i c   vor tex   r ing   be  examined. The induced ve loc i ty   f ie ld  

due t o  a circular  vortex  r ing i s  well documented in  reference  14; 

however, similar results f o r  an e l l ip t ic   vor tex  r ing  are  not   ava i lab le 

so far   as  the  authors can  determine.  In  figure  15,  the induced ax ia l  

velocity  in  the  plane of the  r ing i s  shown fo r  a ser ies  of e l l i p t i c  

rings  with  varying axis ra t ios.  The axial  velocity  distr ibution  along 

both  the minor ( , f ig .   15(a))  and major ( f ig.   15(b))   axes  are  very  s imi lar  

and i l lustrate  the  s ingular  behavior  associated  wi th induced ve loc i t ies 

c lose   to  a vortex  f i lament. The ve loc i ty   d is t r ibut ions  are  s imi lar   for  

a wide range  of ax is   ra t ios and there i s  e f f e c t i v e l y   l i t t l e  change beyond 

an ax is   ra t io  of 10. The axial  velocity  outside  the  r ing on the  major 

axis  tends  to become very  small  as  the  axis  ratio  increases,  because  the 

ring  configuration  approaches two para l le l   vor tex  f i laments  wi th   l i t t le  

periphery  to  induce a velocity  outside  the end of the  ring. 

The induced axial  and vert ical  velocit ies  outside  the  plane of the 

vortex  r ings  are  easi ly  calculated  using  the  analysis  presented i n  the 

appendices. Some induced veloci t ies  at   var ious  points on the  ver t ica l  

plane of  syinmetry are shown i n  Tables I and I1 for   e l l ip t ic   vor tex  r ings 

of d i f ferent   ax is   ra t ios.  The l i m i t s  of a c i rcular  r ing and  two i n f i n i t e  

vortex  f i laments  are  a lso shown i n  the  tables.  There  appear to   be  some 

numerical  problems i n  calculat ing induced ve loc i t ies i n  the  plane of 

high-aspect-rat io  e l l ipt ic  vortex  r ings  (a/b zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 5) near  the edge of the 

ring.  There i s  a s ingular i ty  on the   r i ng   i t se l f ,  and calculated  veloci- 

t ies  near  the  r ing show  some inconsistency.  This is not  signif icant, 

s ince  th is  region of a vortex  ring i s  never  used i n  computing j e t  induced 

ve loc i t ies . '  As described i n  reference zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 ,  f ie ld  points which f a l l  between 

two adjacent  rings  but  very  close  to one are  t reated  as  i f   they  l ie   o f€ 

the  plane of the  vortex  r ing  exactly  half  way between two adjacent  rings. 

This  correction i s  carried  out  to  achieve smooth induced veloci ty  prof i les 

which a re   i n  agreement  with the  prof i les  which would be  obtained from a 

uniform d is t r ibut ion of vor t ic i ty  on a semi-infinite  cylinder. 
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Jet  character ist ics.-  The j e t  model is made up  of a ser ies  of coaxial 

vortex  rings of e l l i p t i c  shape, and the induced  flow f i e ld  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. a t  any point 

is determined by adding the contribution of  each r ing i n  the   je t  model. 

Even though the induced velocity from a single  r ing i s  highly nonuniform 

as shown i n  f igure 15 and Tables I and 11, t he   t o ta l  induced velocity 

f ield  associated  with  the complete je t .  is remarkably smooth  and predict- 

able. The j e t  induced axial   veloci ty  prof i les  at   var ious  points  inside 

a c i rcular  jet   are  d iscussed i n  reference zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 and i l lus t ra ted  i n  f igure 5. 

It is seen  that   the  axial   veloci ty  prof i le i ns ide  a c i r cu la r   j e t  is 

uniform inside  the boundary  of t he   j e t  and nearly  zero  outside  the 

boundary. Several   e l l ipt ic  cross-sect ion  jets  wi th  var ious  axis  rat ios 

are  described  as  follows. I n  each  of t he   j e t s   t o  be described,  the jet 

length and spacing  between  rings is the same,  and the   je t  i s  allowed t o  

expand to  four  t imes i ts  i n i t i a l   a rea .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A sketch of a typ ica l   je t  model used i n  the  following  discussion is 

shown at   the  top of f igure   16(a) .  The cross-section  shape of each j e t  

is similar  over i ts  ent i re  length  as  the  axis  rat io is kept  constant. 

I n  f igure  16(a),   predicted  axial   veloci ty  prof i les i n  the  vert ical  plane 

of symmetry fo r   th ree   je ts   a re  shown. The jet  cross  sections  vary from 

circular  (a:b = 1:  1) t o  moderately e l l i p t i ca l   (a :b  = 3: 1) , and the  axis 

lengths  are chosen  such that  the  cross-sectional  areas of the  three  je ts  

are  the same at   a l l   ax ia l   s ta t ions  a long  the  center l ine.  The prof i les  

shown i n  f igure  16(a)  are computed a t   t he  end of  a straight  sect ion of 

j e t   ( x j  = 5 i n  the  sketch)  before any expansion  has  occurred. As was 

the  case i n  reference 3 ,  the  prof i les  are  nearly uniform across  the  jet ,  

and the  only  difference between the  c i rcu lar   je t  and the two e l l i p t i c  

jets  occurs  near  the  edges of the   je ts .  

Predicted  axial  velocity  prof i les  across zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa ser ies of e l l i p t i c   j e t s  

a t  a point where the  local  perimeter (P) is 1.25  times  greater  than  the 

in i t ia l   per imeter (Po) are shown i n  f igure  16(b).  These prof i les   are 

also shown i n  the  vert ical  plane of symmetry.  The magnitude of the 

maximum velocity i n  t he   j e t  is nearly  the same fo r  each  of the  various 

shape je ts ,   but   s ince some expansion  has  taken  place,  the  magnitude 

is less  than  that shown i n  f igure  16(a) .  Two very  high-aspect-ratio 

e l l i p t i c   j e t s ,  5 : l  and l O : l ,  are  considered i n  f igure  16(b).   Their  

veloci ty  prof i les  are  s imi lar   to  the  other  jets  wi th  the  except ion, that 

the  nonuniformity  near  the  edges of the  jets  appears  to  increase  as  the 

cross  sections become  more e l l i p t i c a l .  For al l   pract ical   purposes,  the 
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axial  velocity  profiles  may be considered  uniform  inside  the  boundaries 

of  the  elliptic  jets  considered  thus  far. 

Predicted  axial  velocity  profiles  in  the  horizontal  plane  of  symmetry 

of  two  elliptic  jets  are  shown  in  figure  16(c).  These  profiles  are 

similar  to  those  just  described  except  that  they  are  more  uniform  across 

the  width of the  jet  than  across  the  height.  The  induced  axial  velocity 

tends to increase  slightly  from  the  centerline  to  the  jet  boundary  and 

there  is  less  difference.between  profiles  as  the  jet  aspect  ratio 

increases. 

Finally,  a  series  of  profiles  at  various  lateral  stations  across  a 

3:l  elliptic  jet  are  shown  in  figure  16(d). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAs would be expected,  these 

profiles  are  all  similar. 

The  axial  velocity  profiles  presented  in  figure 16 are  typical  of 

the  results  obtained  from  the  vortex  ring  jet  model.  Varying  the  expan- 

sion  rates  does  not  change  the  shape  of  the  profiles,  nor  does  changing 

the  cross-sectional  shape  of  the  jet.  For  example,  a  jet  may  begin 

circular  and  gradually  change to elliptical  with  distance  downstream  and 

the  local  profiles  will  still  appear  as  those  just  discussed. 

As the  jet  expands  with  distance  along  the  centerline,  the  induced 

axial  velocity on the  centerline  decreases.  The  axial  velocity  is 

inversely  proportional  to  the  local  perimeter of the  jet,  as  illustrated 

in  figure  17,  where  the  axial  velocity,  normalized  by  the  initial  vortex 

cylinder  strength,  is  shown  as  a  function  of  the  perimeter,  normalized 

by  the  initial  perimeter  of  the  jet. A number of  jets,  ranging  from 

circular  to  a  1O:l  elliptical  jet,  are  shown on this  correlation  curve. 

Various  expansion  rates  are  represented  by  the  points  in  this  figure, 

from  nonexpanding  to  very  large  expansion  rates.  There  is  some  small 

deviation  from  the  correlation  curve as the  jet  expands  to a  perimeter 

approximately  double  its  original  perimeter. 

Using  the  information  in  figure  17,  it  can  be  shown  that  the  mass 

inside  the  boundaries  of  an  expanding  circular  vortex  ring  jet  model  is 

not  constant  but  is  increasing  with  distance  along  the  jet  as  long  as 

the  perimeter of the  jet  is  increasing.  This  is  illustrated  in  figure 18 

where  the  predicted  ratio  of  the  local  mass  flow  to  the  initial  mass  flow 

in  the  jet  is  shown  versus  the  perimeter  ratio.  This  curve  was  obtained 

from  the  same  series  of  jets  illustrated  in  figure  17.  Figure 18 indi- 

cates  that  at  any  point  along  an  expanding  jet,  the  mass  ratio  is  deter- 

mined  by  the  local  perimeter of the  vortex  rings;  or  conversely,  if.  a 
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speci f ic  mass r a t i o   a t  a point i n  a j e t  is desired, it can  be  obtained 

by  choosing  the  correct  expansion  of  the  Vortex  rings. 

Measured axial   veloci ty  prof i les i n  the wake of a JT15D-1 j e t  engine 

mounted beneath a wing are  avai lable i n  reference  13  for a range  of thrust  

levels. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBATwo profi les  corresponding  to  thrusts  of 5338 newtons (1200 lbs)  

and  3114 newtons (700 lbs)   are shown i n  f igures 19 (a) and (b) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA, respectively. 

The prof i les  were measured on both  the  upper  (wing)  side and the lower 

( f ree)  side of  the  engine  centerline (assumed s t r a i g h t )   a t  a point  approxi- 

mately two  wake diameters downstream of  the  engine  exit. The data  indicate 

that   the wake is nearly symmetric  about the  center l ine;   therefore,  one hal f  

of the  prof i les is i l lustrated  wi th a faired  curve.  Since  the  velocity 

prof i le  was measured i n  a single  vertical  plane  through  the  centerline, 

we must assume t h e   j e t   t o  be  axisymmetric. 

A c i r cu la r   j e t  model  was designed t o  expand a t  a ra te  that  would 

produce the same  mass flow a t   t he  measured prof i le   s ta t ion,  and the 

result ing  predicted  velocity  prof i le is shown dashed i n  f igures  19(a) 

and (b ) .  A comparison  of the momentum i n  the measured and predicted  jets 

indicates  that  the  real  jet  has  approximately 5 percent more  momentum 

than  the  predicted  jet.  Therefore, it is possible  to match sa t is fac to r i l y  

both  the mass  and momentum of the  real   jet   wi th a vortex  ring model. Any 

interference  calculat ions  taking  place  inside  the  jet  boundaries w i l l  be 

reasonably  accurate when averaged  over  the  area  of  the  complete wake, but 

there may be certain  inaccuracies  local ly  inside  the wake due t o  d i f f -  

erences i n  the shape of the  velocity  prof i le.  This  result w i l l  be 

i l lus t ra ted  i n  more de ta i l  when the  predicted  span  loadings on an EBF 

configuration  are compared with  data. 

Centerline  calculation.- A n  important  feature  of  the EBF prediction 

method is the  calculat ion of the  deflection  of a j e t  due to  the  inf luence 

of the  f low  f ield induced by the  loading on the wing and f lap  surfaces. 

Ideally,  the  centerline  calculation  procedure  described  previously 

should  be checked out by  comparing the  predicted  path of a j e t  i n  a 

nonuniform veloci ty  f ie ld  wi th  the  actual   path,   but   data of th is   type 

are  not  available. 

A large amount of jet   path  data  are  avai lable i n  reference 15 fo r  

d i f ferent  strength jets directed  into a uniform  crossflow a t  various 

angles. These data  are summarized i n  the  following  empirically 

determined  equation: 
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which zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAis equation  (4)  of  reference 15. 

The centerl ine  calculat ion method  was app l ied   to   th is   je t  flow  case 

to  evaluate  the  i terat ion  procedure. The vortex  r ing model  of t he   j e t  

was based on a typical  axisymmetric j e t  expansion ra te  and the jet  

center l ine was  assumed t o  be s t ra ight   in i t ia l ly .   Predic ted  center l ines 

for  two je ts   d i rec ted   a t  a 30° angle  to  the  f ree  stream  are shown i n  

f igures  20(a) and (b)   for   je t   ve loc i ty   ra t ios 8.85 and 2.81, respectively. 

I n  both  cases,  the  predicted  centerlines  agree  very  well  with  the  center- 

l ines  given by equation  (41) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. 
The agreement s ta r t s   t o   de te r io ra te  beyond ten  jet  diameters down- 

stream of the  origin. This is approximately  the end  of t h e   i n i t i a l  

region of a j e t  where the  potential  core  disappears. The j e t  expansion 

ra te  changes a t   t h i s   po in t ,  which changes the  jet   veloci ty on the  center- 

l ine.  The lack of agreement downstream of th is   po int  i s  probably  related 

t o  some inaccuracy i n  specifying  the  expansion  rate of the  vortex  ring 

j e t  model. 

Convergence Characterist ics 

The previous  sections have  been  concerned with  the  individual  nature 

and accuracy of the  wing-flap and j e t  wake methods. Since  the EBF pre- 

dict ion method is a combination of these two methods wi th   i terat ion  to  

obtain  the mutual interference, it is of i n te res t   t o  examine the 

convergence character is t ics   for  an EBF configuration.  For  this  purpose, 

calculat ions were made  on the  four-engine  configuration of references  13 

and 16, which has a swept wing with a t r ip le-s lo t ted  fu l l -span  f lap 

system. The calculat ions were made with  the computer program of refer-  

ence 4 us ing.a  g iven  la t t ice arrangement and a c i rcular  cross  sect ion 

expanding jet   (descr ibed i n  the  following  section). The i n i t i a l  assump- 

t ion  for   the  je t   center l ine i n  a l l   cases  i s  a straight  l ine  coincident 

with  the  engine  centerline. Convergence character is t ics  were examined 

fo r   t o ta l  normal force,  individual  f lap normal force,  span-load 

d is t r ibut ion,  and centerl ine  posit ion. 

Convergence of the  procedure  for  wing-flap  normal-force  coefficient 

i s  i l l us t ra ted  i n  f igure 21. The normal-force  coefficient from t h e   f i r s t  
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i terat ion is approximately 50 percent  larger  than  the resul ts  from the 

second i terat ion.   Af ter   four  fu l l   i terat ions,   .both  curves,  represent ing 

thrust   coeff ic ients  of  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2.3 and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4.0, have  converged ' to  within zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7 percent. 

Addi t ional   i terat ions would produce more nearly converged resul ts ,   but  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
7 percent w a s  judged low enough t o  demonstrate  convergence. The conver-' 

gence pa t te rn   fo r  normal-force  coefficient is the same f o r   t h i s  configu- 

ra t ion a t  other  angles  of  attack and fo r   o ther  similar configurations. 

The convergence  of the  normal-force  coefficient on each l i f t i n g  

surface  of  the  wing-flap  configuration is shown in   f igure  2 2 .  I n   t h i s  

case, the normal force is def ined  to  be normal to'each  individual compo- 

nent. Each component tends   t o  converge  according t o  i ts  own pattern,  but  
a l l  components reach convergence a t  about the same rate. Flaps 2 and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 

have  nearly  identical  convergence  patterns  because  they  have similar 

or ien ta t i on   t o   t he  j e t  wakes. The wing and f l a p  1, both  with  zero i n c i -  
dence, show a small e f fec t  of wake center l ine  def lect ion on t h e i r  normal 

force  because  they are aligned paral lel t o  the i n i t i a l   cen te r l i nes   and ,  

small ver t i ca l  motions  of the  centerl ines  have little ef fec t  on the ' 

induced ve loc i ty   f ie lds on these  surfaces. 

The convergence  pattern  of  the  spanwise  distribution of normal force 

on each l i f t i ng   su r face  is shown in   f igure 23. The wing normal-force 

distr ibutions  through  four  i terat ions are presented  in  f igure 23 (a) . The 

peaks in  the  loading  near q = 0.25 and 0.42 are caused  by the  engine 

wakes moving  upward due to  angle  of  attack and in ter fer ing  d i rect ly  on 

the  a f t  port ions of the wing. The normal-force d is t r ibu t ion  is nearly 

converged a f t e r  two i te ra t ions  as there  are  only  small  corrections  pro- 

duced by i te ra t ions   th ree  and four. The maximum normal-force  coefficients 

at  the peaks show the   la rges t  change  between successive  i terat ions,  but 

these large  loadings act on such a small portion of the  wing tha t   t he  

to ta l  wing  normal force is only   s l ight ly  affected by the  peak loadings. 

corresponding  normal-force  distributions on f laps 1, 2, and 3 are 

shown in   f i gu res  23(b), ( c ) ,  and ( d ) ,  respect ively,   for  the four   i terat ions.  

Flap 1 has  high peak loadings similar to   those on the wing  which is not 

unexpected s ince   f lap  1 has  zero  deflect ion and can be looked a t  as simply 

an  extension  of  the wing. The high  peaks  corresponding t o   t h e  f i rst  

i t e ra t i on  are caused  by  the edge of  the jets h i t t i n g  one row of control  

points. As the j e t  is bent down by the  i terat ion  procedure,  the  loading 

is reduced  by the t h i rd   i t e ra t i on  and has  obviously converged a f te r   t he  

fourth  i terat ion  wi th  the peak loadings  reduced  consider.&ly from t h e i r  

in i t ia l   va lues .  
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Flap 2, with a deflect ion  angle of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA20°, is deflected  into  the  center 

of t he   i n i t i a l l y   s t ra igh t   j e t .  Thus, t h e   j e t  wakes are   d i rec t l y  

influencing a larger  area of t h i s   f l ap   t han  on the  previous  f lap.  This 

is i l l us t ra ted  by the  width  of  the peak loading  regions on f l ap  2. Each 

peak covers  approximately 10 percent  of  the  semispan of the  f lap.  With 

each i te ra t ion ,   the   je t  i s  bent downward t o  approach the  f lap  angle and 

the peak loadings  are  reduced,  but  the  area of influence of the   je ts  

remains larger  than on f l a p  1. As shown i n  f igure 2 2 ,  the  total   loading 

on f l ap  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 i s  much larger  than  that  on f l ap  1. 

The normal-force  distribution on f l ap  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 a f t e r  one i te ra t ion  is quite 

dif ferent  in  character  than  the  distr ibution  observed on the  other  f laps. 

This  loading  has  a'single peak which is higher  than  that on any other  f lap. 

The single  high peak is caused by the  overlapping of the  straight,  expanding 

je ts .  The f l ap  is deflected 40° into  the  center of the  overlap  region of 

the wakes where the   to ta l  induced effects  are  nearly  double  those on 

preceding  f laps,  thus  result ing i n  inordinately  high  local  loadings. With 

i terat ion,  th,e wakes are  deflected downward such that  the  overlap  region 

occurs  beneath  the  flaps.  This  can  be  seen i n  the  th i rd and fourth  i tera- 

t i o n s  where the tw in  peak character of the  f lap  loading  has  returned. The 

converged  normal-force d is t r ibut ion on f l ap  3 has  peaks which are  broader 

but lower i n  maximum magnitude than  those of f l ap  2 because  the j e t s  have 

expanded t o  a larger  radius  with  the  resultant lower je t   ve loc i t ies.  

Thus, f lap  3 experiences  lower j e t  induced velocit ies  over a larger  port ion 

of the  f lap  than  the  f laps  upstream. 

The convergence of the  je t   center l ines is shown i n  f igures  24(a) 

and (b)  for  the  inboard and outboard jets  respect ively.  The i n i t i a l   j e t  

boundary i s  also shown i n  these  f igures  as it is superimposed on the 

wing-flap model. Note that   the boundary is straight,   indicat ing a l inear  

expansion from the  engine exi t .  The in i t ia l   cen ter l ine  used for   the 

f i r s t   i t e r a t i o n  is s t ra igh t   as  shown.  The combination of t he   j e t  induced 

velocit ies,  the  wing-f lap induced veloci t ies,  and the  free  stream produce 

the  centerl ine,  labeled as number 2 ,  which is used for  the second 

i terat ion.  As was inferred from the  loading  distr ibutions, convergence 

of the  centerl ines  has been  achieved by the  fourth  i terat ion.  The f i n a l  

center l ine  calculat ion  at   the end of i te ra t ion  4 is  denoted  as  centerline 

number 5 which, i n  each  figure, is nearly  the same as number 4. Thus, 

the   f i f th   cen ter l ine  i s  the converged center l ine  for  each j e t .  The j e t  

boundary  can be placed on th is   cen ter l ine  and the   to ta l  flow f i e l d  
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calculated. Such a flow f i e ld  is compared with a measured flow f i e ld   i n  

the  next  section  concerning  comparisons  with  data. 

L i f t  and pitching-moment coef f i c ien ts   a t  two angles of attack, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(31 = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6.5O and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA18.5O, are shown in   f igure  25 f o r  each i t e r a t i o n   t o  i l l u s -  

t r a t e  convergence of l i f t  and pitching-moment curve. The values of l i f t  

coeff ic ient  used on these  curves  are  for  the wing and f l a p   l i f t i n g  

surfaces  only and do not  include any l i f t  components due t o  engine  thrust, 

fuse lage  l i f t ,   o r   nace l le   l i f t .   I te ra t ion  1 a t  each  angle  of  attack was 

started  with  the same s t ra igh t   cen ter l ine   je t  model. The l i f t  curve from 

t h e   f i r s t   i t e r a t i o n  i s  near ly   f la t ,   ind icat ing a very  small  effect of 

angle of attack. It is apparent  that  the  jet induced ef fects  overshadow 

a l l   o thers  when the  center l ines  are  straight.  A t  the end of the second 

i terat ion,   the lift a t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6.5O i s  less  than  that   a t  a = 18.5O. I terat ion 

2 also  produces  the  greatest lift curve  slope. The j e t  induced e f fec ts   a t  

the lower angle were reduced  because  the je t   cen ter l ines  moved  downward 

further from the  l i f t ing  surface  than d i d  the same center l ines  a t   the 

higher  angle.  This  occurs  because  the  higher  angle of attack flow  tends 

t o  keep the   je t   c loser   to   the  wing and f laps.   I terat ions zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 and 4 produce 

the same l i f t  and moment curve  slopes and the l i f t  values  at  both  angles 

of attack  agree  within  approximately 7 percent. The converged je t   center-  

l ines  ca lcu lated  a t  a = 6 . 5 O  were used fo r   the   in i t ia l   cen ter l ines   fo r   the  

a = O o  calculat ion. I n  two i terat ions  the  solut ion had converged within 

3 percent. The converged resu l t   a t  a = O o  is also shown i n  f igure 25. 

The convergence results  described above are  typical  of those 

observed on other EBF configurations. The method has  never  failed  to 

converge,  although  convergence is slower  for  high  f lap  angles.  Generally, 

calculat ions have  been in i t ia ted  wi th  a straight  centerl ine  because of 

simplicity,  but  obviously  the number of i terat ions would be  reduced if 

the   in i t ia l   cen ter l ine  more closely approximated the  f ina l  one. On the 

basis of cases  run,  the  convergence is more rapid if the  centerl ine 

approaches i ts converged posit ion from above rather  than below,  because 

the  correcting  velocit ies  causing  the  centerl ine  posit ion  to change are 

larger   i f   the  center l ine is too  close  to  the  wing-f lap. 

EBF Data 

The overal l  EBF predict ion method was evaluated by comparing 

predicted  results  with  data on several  typical EBF configurations. 

Ideal ly, one would l i k e   t o  have  wing-flap-engine  data on overal l   forces zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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and  moments, loads on indiv idual   f lap segments,  pressure  distributions, 

and j e t  wake velocity  surveys. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA large amount of data is available,  but 

most of it is on complete  configurations and consists  only of overal l  

force and moment coeff ic ients.  Thus, there  are  general ly  uncertaint ies 

due to  force  contr ibutions from the  fuse lage,   ta i l ,   nacel les,  and 

leading-edge s l a t s  and to   lack of d i rec t  knowledge of  engine  thrust. The 

results  presented  in  this  report  attempt  to  account  for  these  additional 

factors i n  the.fol lowing manner. 

Corrections.- The predicted aerodynamic characterist ics  obtained 

from the EBF method descr ibed  in  th is  report   are  for  a wing-flap-jet 

configuration  only. N o  fuselage,  nacel le,  or  leading-edge  slat  effects 

are  included.  Results i n  reference 16 indicated  that   these  ef fects  are 

not  negligible and should  be  included  with  the  predictions  to  give 

meaningful  comparisons  with  the  data. Thus, the  following  corrections 

are  made to  the  predict ions.  

The t o t a l   l i f t   c o e f f i c i e n t  i s  

+ c s i n a + C  + C  
LS LB 

where t h e   f i r s t  t e r m  i s  from the  wing-flap  vortex-lattice method with 

je t   in ter ference,  and the second  term is the component of to ta l   th rus t  

i n  t he   l i f t   d i rec t i on .  The l a s t  two terms i n  equation ( 4 2 )  are  the 

condined l i f t  of the  leading-edge  slat,  the  fuselage, and the  nacel les. 

Typical  values of these  terms  for  the  configuration under consideration 

are  presented i n  Table I11 as a function of angle of attack and thrust  

coeff ic ient .  These  were obtained i n  reference 16 from the  dif ference 

between the   to ta l  measured l i f t   c o e f f i c i e n t s  and the l i f t  coeff ic ients 

obtained from integration of the measured pressure  distr ibutions. 

The t o t a l  pitching-moment coeff ic ient  i s  

cm zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= c + c  + c  
S F  mS % zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(43 )  

where Cm i s  the   resu l t  from the  vortex-latt ice  predict ion method. 

The value C i s  the  pitching moment due to  the  force on the  leading.- 

edge s l a t  and is estimated by integrating  the  section  normal-force 

d is t r ibut ions  in   re ference 16. These resul ts   are  a lso shown i n  

Table 111. The value c the  pitching moment due to  the  fuselage 

and nacelles, is estimated  using  slender-body  theory  to  be  approximately 

W F  

mS 

%’ 
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c, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 0.64 a (a in  radians)  (44) 

Although the body contribution t o  pitching moment is small i n  magnitude 

compared to  the  wing-f lap  contr ibution, it can  have an appreciable  effect 

on the   to ta l  moment curve. The moment center is such  that  there is no 

moment produced  by the  thrust  of the  engines. 

The total  (nonviscous)  drag  coeff icient produced by the  predict ion 

method zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAis 

CD zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= c + c  - c cos a 
Dram 

(45) 

where c is the induced drag  coeff icient  calculated by the  vortex- 

l a t t i c e  method  on the wing and f laps.  The value C ~ r a m  is the ram drag 

coefficient  for  the  engines.  This  contribution is given i n  f igure 4 of 

reference 13 for  the  particular  configuration  being  considered. These 

resu l ts   a re  reproduced i n  Table IV fo r  convenience. The l a s t  term i s  

the component of to ta l   th rus t  opposing  the  drag of the model  and i s  

included i n  the  predict ions  to  put them i n  the same form as  the  data. NO 

estimate of viscous  drag is included i n  the  prediction method. 

Data available.- The best  data  avai lable  for comparison  purposes are 

tha t  of references  13 and 16. Gross  forces and moments  and pressure 

distr ibut ions were obtained on a four-engine EBF configuration; thus,  the 

individual  loading  distr ibutions on each l i f t ing  surface  are  avai lable.  

Because these  data  are  unique,  they w i l l  be used almost  exclusively  to 

evaluate  the  prediction method  and the  associated computer program. 

The  model is a large-scaley  four-engine  Configuration w i t h  an aspect 

r a t i o  7 .28  wing having a 25O swept quarter  chord and a 0.4 taper  rat io.  

High l i f t  devices  include  full-span,  triple-slotted,  trail ing-edge  flaps 

and a leading-edge s la t   def lected 50°. Two f lap  deflect ions  are  consid- 

ered  for  the  ful l-span  f lap  configuration: a take-off  setting of Oo, 

20°, and  40° fo r   f laps  1, 2, and 3, respectively, and a landing  sett ing 

of 15O,  35OY and 55'.  The JT15D-1 engines  are housed i n  nacelles mounted 

beneath  the wing on pylons a t   t h e  q = 0.25 and  0.42 semispan stat ions.  

Tests were run at   gross  thrust   coef f ic ients  between 0 and 4.0. More 

detai led  configuration  data  are  avai lable i n  reference 13. 

Chordwise s tat ic   pressure  d is t r ibut ions  a t   ten 'spanwise  s ta t ions on 

each l i f t ing  surface  are  descr ibed i n  reference 16. Section  normal-force 
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coeff icients  calculated from integrated  pressure  data on each l i f t i n g  

surface  are  presented i n  the same reference. These integrated  pressure 

data  are used for  the  following  comparisons. 

The vortex- lat t ice arrangement for   the wing and f laps is shown i n  

f igure 26 where the  f laps  are shown undeflected so tha t   the   re la t i ve   s ize  

of a l l   t h e   l a t t i c e  elements  can  be compared. The la t t i ce   layout  is based 

on the  guidel ines  presented  in Appendix A of reference zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 ,  where possible. 

One change tha t  is required by the  def lected  t ra i l ing- leg  vortex- lat t ice 

method i s  tha t  an equal number of  spanwise  elements  be  placed on each 

l i f t ing  sur face and that   a l l   t ra i l ing  legs  be  a l igned  wi th  each  other. 

The l a t t i c e  shown in   f igure 26 is ta i lored  for   the two j e t  wakes a t  

q zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 0.25 and  0.42  and should  be  considered a " m i n i m u m "  Latt ice  for  a 

four-engine  wing-flap  configuration of t h i s  complexity. The e f fec t  of 

changing the  la t t ice  layout  i s  invest igated  la ter   in   th is   repor t .  

A second s e t  of data  considered  for  comparison  purposes is t ha t   f o r  

the  four-engine EBF model  of reference 17 .  This model has an aspect 

r a t i o  7 ,  unswept, cambered wing with  double-slotted,  ful l-span  trai l ing- 

edge f laps and a leading-edge s la t   def lected 55'. The  model engines  are 

cold-gas-turbine-driven  fans which simulate  the wake of high-bypass-ratio 

turbofan  engines. The engines were mounted a t  3 O  incidence  to  the wing 

root  chord  in  order  to  d i rect   their   exhaust upward toward the   l i f t i ng  

surfaces  (posit ion 4 i n  re f .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA17). The leading-edge s la t   has  a chord 

equal t o  19  percent of the  reference  chord and is t reated  as a highly 

cambered portion of the wing. The  two flaps  have  chords of 15  and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA30 

percent of the  reference  chord.  This is the same configuration  considered 

i n  the  comparisons  of  reference 3 .  

Circular  Jet   Resul ts 

The j e t  wake  model used in   the  in i t ia l   ca lcu lat ions  has a c i rcu lar  

cross  section  over i ts  entire  length. The vortex  cylinder  strength, 

y/v, is obtained from equations  (28) and ( 2 9 ) ,  and the  expansion  rate 

is determined from f igure 11 which f ixes  the  jet   cross-sect ional   area 

a f t  of the   las t   f lap .  A l inear  variat ion  of wake radius is used t o  

speci fy  the  jet  growth  between the  engine  exit  position and the  ax ia l  

stat ion  defined by f igure 11. The je t   rad ius i s  extrapolated  a t   the 

same expansion,rate  over  the  remainder of the  length of the   je t .  

Take-off confisuration.- The f i rs t   conf igurat ion on which comparisons 

with  data  are made i s  the  four-engine model wi th  take-of f   f lap  set t ing zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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(df zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAOo/2Oo/4O0) described i n  references 13 and 16. The je t   turn ing 

eff iciency was assumed t o  be 85 percent which l imi ted  the  jet   def lect ion 

angle t o  - 3 4 O  f o r  al l   ca lcu lat ions.  The predictions  to  follow have a l l  

converged to  within  approximately  8-percent  tolerance. The convergence 

is not  the same a t   a l l  angles of attack, which introduces a  small 

uncertainty i n  the  slope of the  predicted  curves. 

I n  f igure 27 the  predicted  section  normal-force  coefficients on 

f laps 1, 2, and 3 are compared with  experimental  results  at C = 4 and 

= 18.5O obtained from reference 16. Wing data  are  not  avai lable  for 

this  configuration. The predicted  values  are from the  fourth  i terat ion 

described i n  f igure 23. Figure  27(a)  i l lustrates  that   the  predicted peak 

loadings due t o   j e t  wake interference on f l ap  1 are  greater  than  those 

measured and cover  a  smaller  portion of the wing. The dip i n  the  pre- 

dicted  loading between the   j e t s  is less  than  the measured values  as is 

the  predicted  loading  outboard of the second wake ( q  > 0.45). This 

indicates  that   the model jet   has  not expanded su f f i c i en t l y   a t   t h i s  

s ta t ion  and perhaps  should  be expanded t o  a larger  cross-sectional  area. 

A s  noted on the  f igure,  the  predicted  total  normal-force  coefficient on 

the  s ing le  f lap is approximately 30 percent  higher  than  the  value 

obtained by integrating  the measured distr ibut ion.  

I-1 

The comparison i n  f igure 27(b) f o r   f l ap  2 shows the same pattern i n  
that  the  predicted normal force i n  the  v ic in i ty  of the  engine wakes is 

much larger  than  the measured quant i t ies   wi th   the  resul t   that   the  to ta l  

force on the  f lap is overpredicted by nearly 40 percent. 

The comparison fo r   f l ap  3 i n  f igure  27(c) shows  good agreement 

between the  predicted and measured loading  distr ibutions. The peak 

loadings,  the  width of the  loading, and the   to ta l   fo rce  on the   f lap   a re  

a l l  i n  good agreement. S ince  th is   f lap is nearest  to  the  point   at  which 

the   j e t  wake area i s  specified,  based on measurements near a similar EBF 

configuration,  the  jet model is probably i n  be t te r  agreement with  the 

actual  ]et on th is   f lap  than on the  previous two f laps. 

The predicted and measured longitudinal. aerodynamic character is t ics  

on the  four-engine EBF model with  take-off  f lap  configuration  are compared 

i n  f igures  28(a) and (b). The pred ic ted   l i f t ,  pitching-moment, and drag 

results  are  obtained from equations ( 4 2 ) ,  (43),  and (45),  respectively. 

The predicted power-off l i f t  curve  has  the  correct  slope  but is about 

10 percent  higher  than  the  data. The corresponding  pitching-moment  curve 

I 41 



also  has  the  correct  slope, but  the  predicted  results have  a larger nose- 

down  moment than  the  data. The predicted  drag  coeff icient i n  f igure  28(b) 

is  s l igh t ly  lower than  the  data  as would be  expected  since  viscous  drag 

is not  considered i n  the  predict ion method. 

The lift coefficient  curve in f igure  28(a)  for  power-on, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBACF zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 2.32, 

is lower than  the  data, but  the  predicted  slope is higher. It appears 

that   the method is converging on a l i f t   c o e f f i c i e n t   t h a t  is too low a t  

low angles  of 'attack.  This  result may be caused by the converged j e t  

being  too  far   beneath  the  l i f t ing  surfaces, a d i f f i c i l t y  caused by 

estimating  too  high a value  for  jet  turning  eff iciency. The predicted 

pitching-moment  curve  generally  has  too l i t t l e  nose-down moment i n  the 

region of low l i f t ,   i n d i c a t i n g   t h a t   t h e   l o s t   l i f t  is a f t  of the moment 

center and most l i k e l y   t h e   l o s t   l i f t  should  be on the  f lap  surfaces. The 

drag  curve shows very good agreement with  the  experimental  results. 

The predicted  resul ts i n  figure  28(a)  corresponding to  the  h ighest 

thrust   coef f ic ient  , CF = 3.95, indicate  the  correct  level of l i f t   b u t  a 

l i f t  curve  slope  sl ightly  higher  than  that measured. A s  the  case  for 

the lower thrust   coeff ic ient ,   the  region which has  the  best agreement 

between  measured and predicted l i f t   coe f f i c ien ts   a lso   has   bes t  agreement 

fo r  pitching-moment resul ts .  The drag  coeff icients  are i n  f a i r  agreement 

with  the  data. 

Landinq configuration" The next  set  of experimental  results used 

fo r  comparison  with  predictions is on the same EBF model i n  a landing 

configuration  with  f laps 1, 2, and 3, deflected 15O, 3 5 O ,  and 5 5 O ,  

respectively. I n  addit ion  to  overal l   force and moment coeff ic ients,  

data  are  :available on span-load d is t r ibut ion and chordwise  pressure 

d is t r ibut ions from reference 16. The  same vortex-latt ice arrangement 

(shown i n  f igure 26) was used for  these-  calculations. A s  shown i n  ref-  

erence  13,  the  stat ic  turning  .effect iveness of the  je t   act ing on t h i s  

configuration is approximately 0.70; therefore,  the  jet  turning  angle 

is l imi ted  to a maximum deflect ion of  -38.5O. 

'The  resul ts   to   fo l low  are  a l l  converged within  approximately 11 

percent. Most of these  results  are  obtained from the  fourth  iteration. 

of the  solut ion,  the same  number of i te ra t ions  used for  the  take-off 

configuration  results. A s  discussed i n  those  resul ts,   not   a l l   angles 

of at tack  are converged to   the  same tolerance;  therefore, some uncertainty 

as  to  the  slope  of  the  predicted  curves  exists. 
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In figure 29, mea,sured and predicted  spanwise  distribution of 

section normal-force coeff ic ients are compared for  the  landing-flap 

configuration a t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA18.5O angle  of  attack. Two power set t ings,  power off 

and C zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 2.3, are shown in   th is   f igure.   Resul ts  on the wing, shown i n  

f igure  29(a),   indicate  that   the  predicted  loading  for  power off is higher 

than was measured to   the   ex ten t   tha t   the   to ta l   p red ic ted  normal force is  

almost  double the measured value. When the engines  are  operating, the 

predicted wing loading is i n  good agreement with  experiment in   the  near  

vicinity  of  the  engines; however, outboard  of the  engines (q  > 0.5) the  

predicted  results are too low. In tegrat ing  the two curves  gives a 

predicted  normal-force  coefficient, on one wing panel, of 1.37 t o  be 

compared with  the  experimental  result of 1.57. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
c1 

Simi lar   resul ts on f l a p  1 are shown in  f igure  29(b).  The predicted 

power-off loading  distr ibution is again above tha t  measured with  the 

result tha t   the   to ta l   p red ic ted  normal force is much larger  than  the 

measured resul t .  With power on, the  predicted  interference  loading due 

t o   t h e  inboard  engine wake is higher  than  the measured value and covers 

a  more narrow  band  of the wing than is i l l us t ra ted  by the  measurements. 

The opposite  si tuation is  evident  near  the  outboard  engine; and outboard 

of the  engines,  the  predicted  loading is  less than  the measured resul ts .  

The difference i n   leve ls  of the  predicted peak loadings  near  the two 

engine  centerlines is due t o  small differences  in  the  inboard and out- 

board je t  center l ine  heights  wi th  respect  to  f lap 1. This.causes  the 

je t  induced ve loc i t ies a t  the  cont ro l   po ints   in   l ine  wi th   the two center- 

l i n e s   t o  be different,  thus  producing  quite  different  loadings. 

Measured and predicted  loading  distr ibutions on f laps  2 and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 

are shown in   f igure 29 (c) and (d) , respectively. The power-off resu l ts  

are similar to   those on the  previous  f lap. The predicted power-on 

loading  curves on both  f laps  exhibit  similar  shapes, and on each  f lap, 

the  loading around the  engine  centerlines is s im i la r   i n  shape and 

magnitude. The measured loadings on each f l a p  show a larger  interference 

effect  from the  outboard  engine  than  from the  inboard  engine. The 

predicted  total  loading on each f l a p  is in  reasonable agreement with 

the measured resul t .  A s  i s  the  case on a l l   f l ap   su r faces ,  the predicted 

loading  drops  off more rapidly  outboard  of  the mid-semispan than  the 

measurements indicate. 
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Measured  and predicted  section  normal-force  coefficients on the 

same conf igurat ion  at  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA18.5O angle of at tack  are compared i n  f igure 30 

fo r  a  high thrust   set t ing,  C zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 4, The only  difference i n  the  theoret ical  

model used for   these  resul ts  and the model used for  the lower thrust  

se t t ing  i n  the  previous  f igure is t he   j e t  model. The h igher   thrust   je t  

has a higher  jet   exi t   veloci ty;   consequent ly,   the  jet  expands a t  a 

faster  rate  than  the  jet  corresponding  to C = 2.3. 

!J 

CL 

The e f fec t  of the change i n  j e t  model is seen on the  predicted 

resu l ts  on the wing shown i n  f igure  30(a).  The predicted span loading 

on the wing has two loading  peaks which are caused by the  d i rect   in ter -  

ference of t he   j e t  on the wing l i f t ing-surface model. Similar  peaks 

are  not shown by the  data. The differences between the measured and 

predicted  loadings on the wing i n  the  v ic in i ty  of t he   j e t  wakes w i l l  

be  discussed  later i n  th is   sect ion when chordwise  pressure  distributions 

are examined. The predicted  loading on the  outboard  portion of the wing 

i s  again lower than measured resul ts ;  however, the  additional  loading 

due to   t he  peaks  causes  the  predicted  net normal force on the wing t o  

be i n  good agreement with  the  value  obtained from integration of the 

experimental  curve. 

The normal-force  distributions on f l ap  1 are shown i n  f igure 30(b) 

where the  predicted peak loadings  are  again much larger  than  those 

measured. The peak a t t r ibu ted   to   the  outboard j e t  is a t  cn = 34 which 

is off   the  scale chosen for   th is   f igure.  

Results on f l ap  2, f igure  30(c) ,  show  good agreement for  the  loading 

induced by both  the  inboard and outboard jets,  except  that  again  the 

predicted  loads  drop more rapidly  outboard of the  outer  jet   than is  

indicated by the  data. The t o t a l  normal force on th i s   f l ap  is i n  good 

agreement with  the  value  obtained from integration of the  experimental 

curve. 

The measured and predicted  normal-force  distributions on f lap  3 are 

compared i n  f igure  30(d).  The measured resu l ts  appear  as on previous 

f laps,   but   the  predicted  resul ts have  a different  appearance  brought 

about by the  lack of  two well-defined  areas of  peak loading.  This is  

caused by the  meeting of the  jet   boundar ies i n  the  v ic in i ty  of the  th i rd  

f lap.  The expansion  rates  are such that   the two j e t s  come together  near 

th is   f lap   caus ing   the   je t  induced loading  to  be  spread out  over  the 

entire  interference  region of the  f lap.  The small   dip  occurring  at 
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q zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 0.37 is due t o  one  of the two contro l   po ints   a t   th is  spanwise s ta t ion  

fa l l i ng  j u s t  outside  the boundary of the  outboard  jet,  thus  reducing  the 

induced ve loc i ty   f ie ld   a t   th is   po in t .  

Similar  comparisons of the measured and predicted  section normal- 

force  coeff ic ients on the EBF configuration of references 13 and 16  with 

the  f laps  deflected 15O,  35O, and 55O and a high  thrust  condit ion  are 

presented i n  f igure 31 fo r  a lower  angle  of  attack zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(a  = 6.5O). The j e t  

model is ident ical   in  strength and expansion ra te   t o   t he  model used for  

the  previous  f igure,  but  the  jet  centerl ines converge to  d i f ferent  posi-  

t ions due to   t he  change in  angle of attack. The resu l ts  have the same 

overall  appearance  as  those i n  f igure 30. 

The chordwise d is t r ibut ion of pressure  coeff icients on the wing and 

f lap  sur faces  a t  a semispan station  aligned  with  the  outboard  engine  are 

shown in  f igure zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA32. The data  are shown as dashed curves  with  the  long 

dashed portion of each  curve  representing  the  length  over which measure- 

ments were made and the  short dashed portion  representing  extrapolation 

t o   t h e   t r a i l i n g  edge.  Since  the  vortex-lattice method implies  constant 

pressure on each l a t t i c e  element,  the  theoretical  pressure  coeff icients 

are shown as such. Too few chordwise l a t t i c e  elements  are used t o  permit 

a smooth cruve  through  predicted  points.  Notice  that  the  jet  induced 

loading on the   a f t   quar te r  of the wing chord contr ibutes  a l l   the  addi-  

t ional  loading  dhich makes up the peak shown i n  f igure  31(a).  The 

absence of pressure  taps on th i s   pa r t  of the wing does  not  permit  evalua- 

t ion of the  predicted  pressure  r ise.  The a i r fo i l   sect ion i n  t h i s  region 

of the wing i s  distorted  to  provide  for   retract ion of the  f laps;  therefore, 

it is unl ikely  that  an ideal ized  l i f t ing-surface  theory  with no thickness 

effects  included can adequately  predict  the  detai led  loading  distr ibution 

i n  this  region. 

The measured and predicted  longitudinal aerodynamic character is t ics  

of  the  four-engine EBF model with  landing  f lap  configuration  are compared 

in  f igure  33(a) and (b). The predicted  results  presented on th is   f igure  

are  corrected  for   the body, s l a t ,  and nacelIe  effects  using  the same 
information used to  correct  the  take-off  configuration  results. These 

resul ts  are  s imi lar   to  those shown for   the lower f lap  deflect ion  angles 

i n  f igure 28. The predicted power-off lift curve  has  the  correct  slope 

but is above the  data. The  power-on resul ts   are  wi th in  10 percent  of 

the  data  over  the  angle of attack  range shown ( 0  < a < 18.5O). 

45 



The pitching-moment resu l ts  shown in   f igure 33 agree  reasonably 

well. The . inconsistent  shape  of  the  predicted  curve  at C zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2.3 may 

be due to   d i f ferences i n  the  degree of  convergence zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof the  calculat ions 

a td i f f e ren t   ang les  of attack,  since  the  loadir lg,  part icularly  the 

pitching moment, i s  sensi t ive  to  smal l  changes i,n wake position. 

CL 

The -drag  resul ts  are shown i n  f igure  33(b).  The resu l ts   a re  

general ly  s imi lar   to  those  at   the lower f lap  angle. One would expect 

best agreement at   the  h igher   thrust   set t ings and negative  drag  values 

(small  angles  of  attack),  since  the power ef fects   are  largest   re la t ive 

to  v iscous  ef fects  at   these  condi t ions.  Such i s  the  case,  both  with 

f igures 33 (b) and 28 (b) . 
Flow f ie lds. -  The predicted  f low  f ield  aft  of the   t ra i l ing  edge  of 

t h e   l a s t   f l a p   a t  a spanwise stat ion  corresponding  to  the  centerl ine of 

the  inboard  jet i s  shown i n  f igure 34. I n  f igure  34(a) ,   the  f ina l  con- 

verged  flow f i e l d   a t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa = 6 . 5 O  and C = 3.95 for  the  take-off  f lap 
CL 

configuration ( h f  = O0/2Oo/4O0) is shown.  The uniformity of t he   j e t  flow 

character is t ics  of the  vortex  rir,g model is wel l   i l lus t ra ted.  I n  the 

inset ,  a measured f low  f ie ld   a f t  of a s imi lar  EBF configuration  under 

similar flow  conditions is reproduced from reference 7. The measured 

flow f ield,  also  al igned  with  the  centerl ine of the  inboard j e t ,  is very 

similar i n  magnitude and direct ion  to  the  predicted flow f ie ld .  The 

same type of  comparison and resul ts   are shown i n  f igure  34(b)  for a 

lower thrust   coeff ic ient  and higher  angle of attack. 

Lattice  arranqement.- The e f fec t  of increasing  the number of l a t t i c e  

elements  representing  the  wing-flap  configuration of references  13 and 1 6  

has  been  investigated.  Additional  chordwise rows of vort ices were added 

t o  each f lap  ( f ig .  26) so t ha t   f l ap  1 had two rows, and f laps 2 and 3 

each had three rows of vortices.  Results from a power-on calculat ion 

indicated  less  than  2-percent  difference i n  the  predicted aerodynamic 

coeff ic ients.  A s  anticipated from the  conclusions of reference 3, 

increasing  the number of l a t t i c e  elements  reduced  the  magnitudes of the 

predicted  forces. Based on this  invest igat ion,  it i s  f e l t   t ha t   t he  

l a t t i ce .  shown i n  f igure 26 i s  probably a reasonable  lat t ice  for   the 

part icular  configuration  for  force  calculat ions.  I f  more detai led 

pressure  d istr ibut ions  are  desired, one would want to  increase  the 

number of  chordwise  area  elements.  Guidelines  for  choosing a l a t t i c e  

layout  for EBF configurations  are  presented i n  the program manual 

(ref .   4)  . 
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Unswept wing configuration.- The predict ion method is  next  applied 

t o  the  rectangular wing, four-engine, EBF model of reference 17. 

Comparisons  of  measured and predicted  longitudinal aerodynamic character- 

i s t i c s  on t h i s  model with  trail ing-edge  flaps  deflected 1 7 . 5 O  and 35' zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
are shown i n  f igure  35(a).  The power-off predicted l i f t  curve is approxi- 

mately 10 percent above the  data, bu t  it has  the  correct  slope. The 

moment curve  also  has  the  correct  slope, but  too much nose-down moment 

is  predicted. The lift and moment curves  are  corrected  for  the  force 

and moment on the  fuselage  using  slender-body  theory. The predicted  drag 

curve, blhich includes no f r ic t ion  drag, i s  too low as would be  expected. 

The power-on comparisons shown i n  the same f igure  are  for  a gross 

thrust   coeff ic ient  of  5.5.  For these  predict ions,  the  jet  deflect ion 

angle limit was taken  as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-22O from the  stat ic  turning  curves i n  refer-  

ence 17. The comparisons  between the measured and predicted  resul ts 

show excellent agreement for  both l i f t  and pitching-moment curves, but  

the  predicted  drag  curve is again lower than  the  data. The predicted 

l i f t  and moment curves  are  corrected  for  the  presence of the  fuselage 

with  the same factors used i n  the power-off case. The l i f t  and drag 

curves  are  also  corrected  for  thrust  effects, and an estimate of the 

engine ram drag  coeff icient is included i n  the  predicted  drag  curve. 

The  same coefiguration  with  f laps  deflected 2 7 . 5 O  and 55O is shown 

i n  f igure 35 (b) . The power-off l i f t  is overpredicted by  approximhtely 

30 percent, bu t  $he lift curve  slope i s  i n  good agreement with  th&;,experi- 

mental  value. The only  explanation  for  the lift resu l ts  is that   there 

may be some separation on the model with  the  large  f lap  deflect ion, The 

measured moment curve  indicates a larger nose-up moment component than 

the  prediction.  This i s  indicative of  a loss of lift on the  f laps. 

\ 

When the  engines  are  operating  at a gross  thrust  coeff icient of 

5.5, the  predicted  results  are  approximately 10 percent  beneath  the  data 

a t  low angles Of attack. The predicted lift curve  slope i s  also  higher 

than  the measured slope. The pitching moments a re  i n  reasonably good 

agreement. The predicted  results  for  the  higher  f lap  deflect ion were 

obtained  with  the same engine wake  model used f o r  the  previous  figure, 

bu t  i n  this  case,  the  jet  deflect ion  angle was limited t o  approximately 

-38' as recommended by the  stat ic  turning  curves i n  reference 17. This 

may be an overly  optimistic  turning  efficiency, and a  lower choice would 

have the  e f fect  of raising  the  predicted lift curve i n  f igure 35(b) .  
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Ell ipt ical   Jet   Resul ts 

The resul ts  presented  thus  far  have a l l  been obtained using a 

circular  cross-sect ional . jet  model, The e f fec t  of using an e l l i p t i c a l  

cross-sect ion  jet  w i l l  now be examined on the  four-engine EBF configu- 

rat ion  with  landing  f lap  sett ing of references 13 and 16. The e l l i p t i c  

j e t  used for  these  calculat ions  has  the same  momentum  and the  cross- 

sect ional   area  distr ibut ion  a long  the  jet   center l ine  as  the  c i rcular  jet .  

The e l l i p t i c a l   j e t  is assumed t o  have  an ax is   ra t io  of 2 : l  a t  a point 

j u s t  a f t  of t he   t ra i l i ng  edge  of the  last   f lap.   Since no data  are 

avai lable on the manner i n  which the   j e t  axes change from c i rcu la r   to  

e l l i p t i c a l ,  a l inear   var ia t ion is chosen. The de ta i l s  of the  speci f ic  

e l l ip t ic   cross-sect2on  je t  used i n  the  following  calculations  are 

presented i n  the program manual ( re f .  4) .  I n  an e f f o r t   t o  conserve 

computation  time,  the i n i t i a l  guess fo r   t he   e l l i p t i c   j e t   cen te r l i ne  is  

taken  as  the  c i rcular  jet   center l ine two i terat ions  before convergence. 

The e l l ip t i c   je t   ca lcu la t ion  was carr ied  out  for two i terat ions;  and a l l  

comparisons which follow  are  taken from the   l as t   i t e ra t i on  of both  the 

c i r cu la r   j e t  and e l l i p t i c   j e t   r e s u l t s .  The  same jet   turning  ef f ic iency 

used i n  the  previous  c i rcular  jet   calculat ions was used fo r   t he   e l l i p t i c  

je t   ca lcu lat ions.  

The predicted  section  normal-force  distributions  corresponding zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA$0 

the   c i rcu la r   je t  and e l l i p t i c   j e t   r e s u l t s   a r e  compared with  experimental 

d is t r ibut ions i n  f igure 36. The c i rcu lar   je t   curves and the  data  are 

the same information shown i n  f igure 30, The predicted  loading on the 

wing under the  inf luence of t h e   e l l i p t i c   j e t  is shown i n  f igure  36(a).  

The interference  loading due t o   t h e   e l l i p t i c   j e t  is less  than  the  loading 

due to   the   c i rcu la r   je t .  The major difference is the absence of the peak 

loadings which a r e  caused by the   c i rcu la r   je t  moving  up to  contact   the 

wing. The e l l i p t i c   j e t ,  i n  the  v ic in i ty  of the wing t r a i l i n g  edge where 

the peak loadings were concentrated,  has a smaller  vert ical  height  than 

the   c i rcu la r   je t  and it does  not in te r fe re   d i rec t l y  on the wing. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAs 

shown  on the  f igure,   the  to ta l  normal force on the wing under the 

influence of t h e   e l l i p t i c   j e t  is less  than  the measured resu l t .  

Similar  loading  comparisons on f l ap  1 are  shown i n  f igure 36(b).  

Again the   e l l i p t i c   j e t   i n te r fe rence  is less  than  the  c i rcu lar   je t   resul ts ,  

and there i s  a large  dif ference i n  the predicted  distr ibutions i n  the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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region of the  outboard j e t  ( q  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 0.42). The explanation  for  the  dif fer- 
ences  between the two predicted  loadings i s  tha t   the   e l l ip t i c   je t ,   be ing  

of different  shape,  nearly  misses  the  control  points  near q = 0.42  on 

th is   f lap   wh i le   the   c i rcu la r   je t   has  a shape which resul ts  i n  d i rec t  

interference on control  points i n  this  region. A s  was the  case on the 

wing, the   to ta l  normal force on f lap  1 under the  influence of the 

e l l i p t i c   j e t  is less  than  the measured value. 

The c i rcu lar  and e l l i p t i c   j e t   r e s u l t s  have a similar shape on f lap  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 

as shown i n  f igure 36 (c)  . The e l l i p t i c   j e t  induced loading is less  than 

the  c i rcu lar   je t   loading i n  the  region  near q = 0.30. This is again 

caused  by the  e l l ip t ic   je t   miss ing  cer ta in   cont ro l   po ints .  However, - the 

to ta l   resu l t s  from both  jets  are i n  agreement with each other and the 

data. 

A n  unusual  predicted  loading  distribution i s  produced on f lap  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 

by the  e l l ip t ic   cross-sect ion  je t .  The high peak loading  a t  77 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 0.34 

is caused by the  overlapping of the  inboard and outboard je ts   d i rec t l y  

a t  one control  point.  This  causes  the  loading on  one area  element t o  

be  double i t s  usual  level,   thus  result ing i n  an unrealistic  load,ing 

distr ibut ion and a large  net  loading on th is   f lap .  

The above resul ts  indicate some large  differences i n  local  loadings 

due t o  a change i n  jet  cross-sectional  shape. Some of these  differences 

are caused by the  choice of the  vortex-latt ice arrangement. The  same 

l a t t i c e  was used for  both  calculat ions, and it is possible  that  the 

l a t t i c e  could  be  optimized  for an e l l i p t i c   j e t  shape.  For example, on 

f laps 1 and 2 ,  several  control  points  are  just  outside  the boundary  of 

t he   j e t  model; consequent ly,   the  ent i re  lat t ice element is unaffected 

by the  di rect   interference of the  je t .  

It i s  i n te res t ing   to  compare the   to ta l  normal force on the complete 

wing-flap  configuration  for  each  jet  shape. The normal-force  coefficient 

on the  c i rcular  jet   conf igurat ion i s  7.85, and that  on t h e   e l l i p t i c   j e t  

configuration is 7.69, a dif ference of only 2 percent. The loading is 

distr ibuted  dif ferently  over  the wing  and f lap  sur faces,   but   the  to ta l  

normal force  imparted to  the  wing-f lap  configuration by the two j e t s  i s  

nearly  the same. Since  both  the  circular and e l l i p t i c   j e t s  had the 

same  momentum and  assumed turning  efficiency, it can  be  concluded tha t  

s imi lar   total   l i f t ing-surface  loading is required  to t u r n  the   je ts  

beneath  the wing  and f laps.  The cross-sectional  shape of t he   j e t  i s  
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important  if  local  loading  and  pressure  distributions  are  required,  but 

if  gross  aerodynamic  forces  are  the  goal of the  calculation,  the  jet 

cross-sectional  shape  is  not  as  important  as  the  momentum  and  the 

entrainment  of  the  jet  model. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
CONCLUDING FENARKS 

An engineering  prediction  method has  been  developed  to  predict  the 

loading  distributions  and  longitudinal  aerodynamic  characteristics  of 

externally  blown  flap  configurations. Two potential  flow  models  are 

combined  for  the  method.  The  first  is  a  vortex-lattice  lifting-surface 

method  capable  of  representing  a  wing  of  arbitrary  sweep,  taper,  dihedral, 

camber,  and  twist  with  large  multiple-slotted,  partial  or  full-span  flaps 

which  can  have  large  deflection  angles.  The  second  is  a  vortex  ring  model 

of  a  jet  wake  from  a  turbofan  engine  which  represents  the  mass,  momentum, 

and  spreading  of a  turbulent  jet  with  circular  or  elliptic  cross  section. 

It  may  be  placed  along  a  curved  centerline.  These  models  are  combined  in 

an  iterative  fashion  to  predict  the  loading  on  the  wing  and  flaps  in  the 

presence  of  the  jet  wakes.  The  method  yields  chordwise  pressure  distri- 

butions  and  span-load  distributions on each  individual  lifting  surface 

and  the  total  forces  and  moments  on  each  surface.  The  method  has  the 

capability  to  compute  flap  hinge  moments,  but  no  results  are  presented 

in  this  report  because  of  the  lack  of  data  for  comparison  purposes.  Use 

of  the  method  is  restricted  to  the  case  of  symmetry  of  the  configuration 

about  the  vertical  plane  through  the  wing  root  chord. 

The  complete  prediction  method  was  applied  to EBF configurations  on 

which  detailed  aerodynamic  data  are  available.  The  comparisons  of 

measured  and  predicted  gross  lift,  drag,  and  pitching-moment  coefficients 

on  configurations  with  moderate  flap  angles  (df zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA<_ 40') indicate  generally 

good  agreement  for  all  thrust  levels.  This  is  felt  to  be  due  principally 

to  the  correct  modeling  of  the  entrainment  and  momentum  characteristics 

of  the  engine  wakes  and  to  the  proper  treatment  of  the  mutual  interfer- 

ence  between  the  jet  wake  and  wing-flap.  The  interference  model  creates, 

on  the  wing-flap,  both  the  momentum  reaction  due  to  jet  deflection  and 

the  additional  induced  circulation  characteristic  of  externally  blown 

flap  systems. 

As the  flap  angles  increase  beyond 40°, the  predicted  results  agree 

less  well  with  the  data  for  both  swept  and  unswept  wings.  As  was zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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indicated by the  intermediate  i terat ion  solut ions,  the  predicted  loads 

are  sensi t ive  to  center l ine  locat ion.  The assumption that  the  wing-flap 

induced interference on the je t  affects  only i ts  center l ine and not i ts  

boundary becomes less  accurate  as  the  je t  is more highly-deformed, and 

it is probable  that   th is i s  responsible  for  the  poorer agreement a t   t he  

higher  f lap  angles. 

Comparisons of measured and predicted  spanwise  distributions of 

section normal force on each l i f t ing  sur face  ind icate good quanti tat ive 

agreement i n  some cases and poor  agreement i n  other  cases.  Generally, 

the  correct  qualitative  behavior is shown in  which large peak loadings 

occur  locally on the  f laps due t o   d i r e c t  impingement of t he   j e t  wakes, 

but  the magnitude of the peaks is not  consistently i n  agreement with  the 

data. The di f ferences  are  fe l t   to  be due t o  a combination  of three 

factors:  vortex-latt ice arrangement,  modeling of the  veloci ty  prof i le 

wi th in  the  jet  wake,  and the boundary of the wake. 

The distr ibut ion of loading on the wing and f lap  segments i s  

sensi t ive  to   la t t ice  layout ,  i n  t ha t  a control  point may be j u s t  inside 

or  outside  the wake impingement region and have qui te a dif ferent  load 

on i ts panel  than  that of an adjacent  panel. A s  the number of panels 

is increased,  sensi t iv i ty of the  total   loading  to  the  loading on indivi- 

dual  panels  decreases;  therefore,  the  complete  solution becomes less  

sensi t ive  to   la t t ice/ je t   locat ion  character is t ics .  

The j e t  wake  model has  the  proper mass, momentum, and induced velocity 

f ie ld   outs ide  the  je t ,  bu t  a veloci ty  prof i le  inside  the  jet  which is 

probably  quite  different  than  the EBF wake prof i le  and certair i ly  dif ferent 

than an  axisymmetric je t   prof i le .   S ince  the wake induced detailed  load 

d is t r ibut ion i s  determined by the wake velocity  distr ibution,  the  use of 

a more real ist ic  parabol ic- type  veloci ty  prof i le  inside  the wake would 

af fect   the  predicted  f lap  load  distr ibut ion.  

Final ly,  the wake boundar ies  are  l imi ted  at   the  present  t ime  to 

e l l i p t i c a l  shapes  centered around the w a k e  centerl ine. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAThis  boundary 

shape is reasonable  for  the  forward  part of the wake, but when substan- 

t ia l   in te rac t ion   w i th   the  wing or  f lap  occurs,   the boundary w i l l  d is to r t  

and influence  the  widths and heights of the peak  induced loadings. A t  

the  present  time,  the method cannot  handle more complex shapes. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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The predicted  pressure  distr ibutions on the   l i f t ing   sur faces  i n  the 

region of maximum jet   in ter ference show the  correct  general  trends, b u t  

the  use of only a small number of discrete  constant  pressure  panels 

prevents  the  predict ion,of   the  detai ls of the  pressures. Power-off 

pressure  distr ibutions  are  general ly  predicted  quite  well .  

The comparison of measured and predicted  f low  f ie lds  af t  of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAEBF 

configurations show  good simi lar i ty.  Even though the two configurations 

are  not  the same, they  have simi lar   f lap  angles and ident ical   thrust  

coeff icients. The pred'icted  f low  field,  corresponding  to a converged 

solut ion,  indicates  similar flow  angles and jet  posit ion  beneath  the 

wing as shown  by the  data. 

The preceding comments general ly  indicate  that  the  overal l  momentum 

reaction and j e t  induced circulat ion  effects  are  properly modeled, but 

the  deta i ls  of the  loading  distribution  are  not  consistently  adequate, 

based on the one s e t  of data  available. 

NIELSEN ENGINEERING zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA& RESEARCH, INC.  

Mountain View, Cali fornia 

November 1975 
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APPENDIX zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA 

INDUCED VELOCITY FIELD DUE TO AN 
ELLIPTIC CROSS-SECTION J E T  MODEL 

The concept  of circular  vortex  r ings is described i n  reference  14. 

If the  vor t ic i ty  is allowed t o   l i e  along  an e l l i p t i c a l  shape,  the  result 

is what shal l   be termed herein  as an e l l ip t i c .vor tex   r ing .  The purpose 

of the  following  analysis is t o  determine  the induced veloci ty  f ie ld due 

t o  an el l ipt ic  vortex  r ing  wi th  constant  vort ic i ty and arb i t rary  

eccentr ic i ty.  

Consider  an el l ipse  speci f ied by the  equation 

and a f ie ld  point  P located  at  the  point  (xo,yo,zo)  as shown i n  f ig-  

ure 6. A system of confocal  el l ipt ic  coordinates zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 4 , ~ )  is given by 

y zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= c cash 4 COS q zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
z = c sinh zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 s i n  q 

where 

and i s  constant  for   a l l   confocal   e l l ipses. The semi-major and semi- 

minor axes, a and b, respectively,  are  given by 

a = c cosh 4 

b = c sinh 4 
(A-4) 

Therefore, from (A-2) 
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Note that  constant  values of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 correspond t o   e l l i p s e s   i n  which the 

distance between the  foc i  is 2c, and constant  values of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAq correspond 

to  hyperbolas  confocal  with one another and wi th   the.e l l ipses.  Thus, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
e o  and qo represent  the  el l ipse and hyperbola'through  the  point  (xoyyoy 

zo) and can  be  cal led  the  el l ipt ic  coordinates of P. 

Dif ferent ia l  Induced Velocity Components 

The general  formula  for  the induced velocity components at   P(xo,yo, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
z ) due t o  a l ine  segment of length d s  and c i rcu lat ion zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAr is given by 

the  Biot-Savart law as 
0 

dv + = - ds (2 x zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAZ) 
47rR3 

where 
+ 
R = vector from d s  t o  P 

+ 
s = u n i t  vector  tangent  to  l ine segment; posi t ive  d i rect ion 

corresponds to   d i rect ion of r 4 

Assume the   l ine  segment d s  t o  be i n  the  plane x = 0. Therefore, 

and 

where dy and dz l i e  on the  el l ipse  described by equation(A-5). 

Equation (A-8) can  be  written  as 

-+ -+ 
s d s  = d s  = -a s i n  q dq 7 + b cos q dq zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs;' 

Consider  the  confocal  el l ipt ic  coordinates of P t o  be 

yo = a 0 cos q 

z = b s i n  q 
0 0 0 

(A-9)  

(A-10) 

5 4  



APPENDIX  A zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
The zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAcross  product i n  equation (A-6) can  be  carried  out  as  follows. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

+ -sc zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1 3 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz 

Xo Yo - Y 2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- z  

d s ( 2 x Z )  = d z x  z= 0 -a s i n  q b cos q 

= (ab - abosin qos i n  q - aob cos ?,cos q) dq i 
+ 

-k (bzocos q dq)T + ( azosin q dq) k 
+ 

(A-11). 

From (A-6) we can now write  the  three components of the induced 

ve loc i ty   in   d i f ferent ia l  form. 

r 
dvx - 47J 

( a b  - ab s i n  q s i n  q - aob cos qocos q)dq  

R3 

- - ~- 0 .? (A-12)  

bxocos q dq 
dv = - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Y 47f R3 

r o  
ax s in  q dq 

R3 

" 

dvZ - 4-r 

(A-13)  

(A-14)  

The radial  distance R i s  obtained from (A-7) 

R2 = (xo) + (a  cos qo - a cos q )  + (basin qo - b s i n  q )  (A-1 5) 
2 

0 

Induced Velocity Components Due t o  First 
Quadrant of E l l ip t i ca l  Vortex Ring 

Equations ( A - 1 2 ) ,  ( A - 1 3 ) ,  and (A-14)  can  be  integrated  over  the 

f i rst  quadrant of the  e l l ipse  to  obtain  the  port ion of the induced 

ve loc i t ies due to   t ha t   pa r t  of the  vortex  r ing. A variable change from 

q t o  t i s  made i n  accordance  with  the  following  transformation 

suggested i n  reference 18. 

t = tan zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA21 
2 

c o s  q = 
1 - t2 

1 + t2 

dq = 
1 -+ t2 

s i n  q = 
2 t  

1 + t2 J 
(A-16)  
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A P P d D I X  A 

Expanding i n  equation (A-15) results i n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
R2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= { t4 [c2cos2~, + b2 + bz + x2 + 2a aOcos qo + c2 ] 

(1 + t 2 I 2  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 0 

+ t3 [-4b bosin io] + t2[2(c2cos2q 0 + b2 + b: + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx2 0 - c')] 

+ t [-4b bosin qo] + [c2cos2q + b' + bo + x. - 2a aOcos q + c2]} 
2 2 

0 0 

(A-17)  

Equation (A-17)  can  be rewrit ten  as 

R2 = [ t 4  + X , t 3  + x t2 + h l t  + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAxo] 
(1 + t2)" 2 

(A-18) 

where 

Q = c2cos2qo + b2 + b: + x + 2a aOcos q + c 2 2 

0 0 
(A-19) 

and 

c2cos2q + b2 + b: + x2 - 2a a cos q + c2 
Q 

x. = 0 0 0 0 

-4b b s i n  q, 

Q 
Al = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 

2 (c2cos2q + b' + b: + x2 - c') 

Q A2 - 
- 0 0 

x3 = x1 

From equations (A-121,  (A-131, and (A-141,  

dVx - r  - (1 + t2) 

27~Q''~ [t" + X 3 t 3  + X 2 t 2  + h l t  + A0]3/2 
[t' (ab + aob cos qo) 

+ t ( -2abosin qo) + (ab - aob cos qO)] (A- 21)  
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r bxo(l zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- t2) (1 + t2) 

dv = dt  (A-22) 
2nQ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3/2 [t4 + X3t3 + X2t2 + Xlt + Xol3/2 

(A-23) 

The  limits  of  integration  for  the  above  velocity  components  are 

obtained  from  equation  (A-5). The  lower  limit  at y = a, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz = 0 

corresponds  to zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAq = 0 which  gives  t = 0 from  (A-16). The  upper  limit 

at y = 0, z = b  corresponds to q = 7r/2 and  t = 1. Now define  a 

set of integrals Joy Jl,...,J4 to  be 

The  velocity  components  from  (A-21),  (A-22) , and  (A-23)  become 

v =  
X 

[(ab + a b  cos qo) J, - ( 2abosin qo) J, 
2nQ3/2 0 

+ 2ab J~ - ( 2abosin qo) J, + (ab - a0b cos qo) Jo] 

mxO v =  
2nQ 

3/2 (Jo - J4) 

(A-24) 

(A-25) 

(A-26) 

(A-27) 

These  velocity  components  are  those  induced  by  the  first  quadrant 

of  the  elliptic  vortex  ring.  Details of the  evaluation  of  the  J 

integrals  in  equation  (A-24)  are  presented  in  Appendix B. 

Induced  Velocity  Componenks Due  to 
Complete  Vortex  Ring 

The  velocity  components  induced  by  the  four  quadrants  of  an  elliptic 

vortex  ring  are  obtained  from  equations  (A-25) , (A-26),  and  (A-27) 

through an appropriate  change  in  the  coordinate  system  and  a  corresponding 

change  in  the  sign of  the  resulting  velocity  component.  Thus,  the  four 

components  of  the  x  velocity  are 
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v x ( I I  x zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= v  a t  (XO’ -Yo, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAzo) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

- vx 
- a t  (Xo’ -Yo, -zo) i (A-28) 

where the  subscripts I, 11, 111, and I V  correspond to   the   par t i cu la r  

quadrant of the  vortex  r ing and v X i s  computed from equation (A-25) a t  

the noted  coordinates. 

The y velocity components are 

(A-29) 

where v i s  computed from equation (A-26) a t   t h e  noted  coordinates. 
Y 

In the same fashion,  the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz velocity components are computed from 

equation (A-27) . 
V 

Z 

- 
- vz a t  (Xo’ -YoyZ0) 

I1 

- 
- vz a t  (XO’ -Yo, -zo) 

= v   a t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz (xo Y Yo Y -zo) 

(A-30) 
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Each component of induced velocity  at  (xo,yo,zo) from a single  r ing zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
is the sum of the  contributions from the  four  quadrants. Some induced 

ve loc i t ies from a family of el l ipt ic  r ings  wi th  var ious  axis  rat ios  are 

presented  in  the  results  section of th is   repor t .  

Velocit ies Induced by Complete J e t  Model 

The jet-wake model is made up of a ser ies  of vortex  r ings  with  their 

axes  lying  along  the  prescribed  centerline of t h e - j e t   a s  shown in   f ig -  

ure 7. I f   the  je t  is deflected  spanwise under the wing, as shown i n  the 

top view of f igure 7, the  r ings  are assumed not   to  tilt by the  centerl ine 

deflection  angle, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(7. However, for   vert ical   def lect ion,  which is generally 

much larger,  the  r ings tilt by the  local  angle 8,  as shown i n  the lower 

view of f igure 7.  A s  the  je t   center l ine i s  deflected,  the  orientat ion 

of a f ie ld  point  P with  respect  to a vortex  ring changes with  the  ring 

position  along  the  centerline.  Since  the  jet induced ve loc i t ies on the 

wing are  required  for  interference  calculat ions,  the  fol lowing  set of 

equations  transforms  the induced ve loc i t ies from the  ring  coordinate 

system to   the  wing system. 

The coordinates of P in  the  jet   centered  coordinate system  are: 

x zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= - x  + X Q  1 jP P 

= yp  - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAQ i 
(A-31) 

jP = - '  P + ' Q  J 
where point Q denotes  the  center of the  or ig in of the  jet.  Trans- 

forming (A-31) one step  further,  the  coordinates of P i n  a r ing 

centered  coordinate  system  are 

Yp = ( Y j  - Y j  1 
P S 

(A-32) 

z = - (x  - x ) s i n  8 + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( z  - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz ) C O S  e J 
P j, j, j p  j, 
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where the  point  S denotes  the  location Of the  center  of a par t i cu la r  

vortex  ring. 

The three components of induced ve loc i ty   in   the  r ing system, v zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
X zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA’. 

v  and  v are obtained  by summing the  four   par ts  of each component as 

noted in  equations ( A - 2 8 ) ,   ( A - 2 9 ) ,  and (A-301,  respectively. These 

veloci ty components, when resolved  into components i n   t he  j e t  coordinate 

system, become 

Y’ 2’ 

v = v  
j Y 

(A-33)  

4 
w = v s i n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA8 + v cos 0 

X zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz J 
The induced ve loc i t i es   i n   t he  wing coordinate  system are: 

v = v  (A-34) 

The to ta l   ve loc i ty  induced a t  P by  the  ent i re  jet-wake model is 

obtained by summing the   ve loc i t ies  induced  by a l l  the  r ings  forming  the 

wake. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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EVALUATION zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAOF Jn INTEGRALS FOR 
AN ELLIPTIC  VORTEX RING 

The set of integrals 

1 
tndt 

'n zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI [t4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+ X,t3 + X2t2 + X l t  ' +  XO]+ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 

appearing in equations (A-25)'  (A-26)'  and (A-27) need to  be solved 

analytically in order to calculate the induced velocity  components due 

to  an elliptic  vortex ring. 

The general  solution of a  quartic  equation can  be written  as 

= [(t - b1)2 + a'] [(t - b2) + a"] 2 

1 2 (B-2) 

where 

a = bl + ia a = bl - ial - 
1' 

a = b   + i a  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 = b2 - ia2 - 
2 2' 

The  variable  t in equation  (B-2) is replaced by u using the 

transformation 

from page 146  of reference 18. The  constants in equation (B-4) are  defined 

as follows. 

b, = & 2 a -  
2 4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 
a = - (  

2 4a: - (A - B) 
9, = 

(A + B) - 4a2 
1 (continued on next  page) 
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A2.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= (bl - b2),2 + (al + a ) 

. .  
. .  

B2 = (bl - b2)2 + (al - a2) 2 .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
From (B-4) 

which can be di f ferent ia ted  to   g ive 

a, (1 + $1 
d t  = dn du 

(1 + gl t n  u)  cn2u 

Page 146 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof reference  18provides  the  relat ion 

d t  

[(t - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa )  ( t  - a )  (t - 9)  ( t  - F)] 1’2 
- = g du 

where 

u =  /” d@ = F ( @ , k )  
1 - k2sin2@ 

0 

and 

g = -  
A + B  

k =  2 

(A + B) 

(B-5) 
(concluded) 

(B-10)  

Substi tut ing  equation (B-6)  i n t o   t h e   f i r s t  t e r m  of (B-2) resu l t s  

in  the  following: 

2 a:(1 + 9:) (1 + tn2u) 
(t  - bl) + a2 = 

. 1  
(1 + gltn u12 

(B-11) 
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Therefore, 

(B-12) 

Applying the same subst i tu t ion  to   the second term of equation (B-2) does 

not  resul t  i n  a simple  relationship  l ike  equation (B-11) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. The second 

term becomes 

(l + gltn d2[(t - b2l2 + a'] 2 = [ (al + blgl) ' - 2b2g1(al + glbl) 

+ g: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(a: + b2)] 2 tn2u 

+ (a: + b2)] 
2 

(B-13) 

Assuming tha t  (B-13) has  the same form as ( B - l l ) ,  the  coeff ic ient  of the 

t n  u term of (B-13) must be  zero. This coeff ic ient  can  be wri t ten  as 

which i s  a quadratic i n  gl . Therefore, 

(B-15) 
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which can  be  rewritten i n  a general 

-R zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+ 4 R2 + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAQ" 
= Q zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

-R T 4 R2 + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAQ2 

form and simpli f ied as  follows 

2 

(B-16) 

Multiplying (B-15) by (B-16) resu l t s  i n  an expression  for 91. 

[(b, - b 2 ) 2  + (a: -a:)] Td[(b,  -bl) 2 + (a, 2 -a:)] +4al (b2  -b l ) '  

- [(bl - b2)  2+('az - a:)] ' d [ (bZ  - bl )  + (a: - a:)] + 4a: (b 2 - bl)  

2 2 

s; = (B-17) 

Subst i tut ing  the  re lat ions  for  A2 and B2 from equation (B-5) i n to  

(B-17) and.using  the  upper  sign  of  the  square  root  terms  results i n  

(B-18) 

which is i den t ica l   to   the   re la t ionsh ip  i n  equation (A-5) .  Thus,  equa- 

t i on  (B-13) becomes 

+ g1 (a2 
2 2  + bz)] t n 2 u  

+ (a: + b')] (B-19) 
2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

A great  deal  of e f fo r t  was expended to  get  the  r ight-hand  side of t h i s  

equation  into  the same form as  the numerator of equation (B -12 ) ,  but  with 

no success. A n  a l te rna te  approach  follows. 
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Substi tut ing  equation (B-7) i n t o  (B-8) results i n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
al (l zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+ dn u 1 

g =  ~~ (B-20) 
(1 + gltn  uI2 Cn2U zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 [(t - b1)2 + a:] [(t - b2)2 + a2] 2 

or 

a 2 

[(t - b1l2 + az][(t - be) + a'] = ($) 2 (l + g;I2 dn2u 
2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 4  (B-21) 

(1 + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAg t n  u) cn u 

I t  can be shown t h a t  

" dn2u - (1 + tn2u) (1 + kI2tn2u) 
cn u 4 

(B-22) 

Equation (B-21) becomes 

a: (1 + g;I2 
[(t - bl) + a:] [(t - b2) + a'] = (1 + tn2u) (1 + kW2tn2u) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

g2 (1 + g. t n  u) 
I 

(B-23) 

Removing the   iden t i t y   in  (B-11)  from t h i s   r e s u l t  produces the  required 

re la t ionsh ip   fo r   the  second t e r m .  

2 (1 + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAg : )  (1 + kI2tn2u) [(t - b2) + a'] = 
2 g2 (1 + gltn u12 

Substi tut ing  equation (B-2) i n to  (B-1) and l e t t i n g  n = 0, the 

in tegra l   fo r  Jo becomes 

1 
d t  

Jo = I 0 { [(t - b1)2] [(t - b2) 2 + a:])"/" 

(B-24) 

(B-25) 
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Substi tut ing  equation (B-8) and (B-23) i n t o  (B-25)  r e s u l t s   i n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
3 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

-A 
(1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+ gl tn  u14 

(1 + tn2u) (1 + k"tn2u)' Jo - du (B-26)  
aF(1 + g;I2 

UL 

where the  lower and upper limits are obtained from equation ( B - 4 ) .  

-b + algl 
(t = 0)  t n  = 

1 

a 1 + blgl 7 
(B-27)  

The following  relations are obtained from reference 18. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
4 

1 + tn2u = - 1 

cn zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 u \ 
1 + kI2tn2u = (Gf dn u J 

Substi tut ing  equation (B-28)  i n t o  (B-26)  gives 

Jo - 
- 9 3  P" (1 + gl tn  u ) ~  

du 

"L 
dn2 u 

3 

- - ' g  
2 (cn u + glsn u ) ~  

a1 (1 + g y  
du 

"L 
dn2 u 

which, when expanded, resu l t s  i n  the  fol lowing  integrals. 

(B-28)  

(B-29)  

(B-30)  
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A =  
2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

- - 

- L[dn u + - 1 1”- 
k4 dn u 

% 

Ln2u sn*u 

J dn2 u 
u. 
L 

dn 

(1 + k “ ) u  - 2E(u) + k2 (sn   u )  (cd u) I” UL 

= /” cn3u  sn u 
A3 

du 

% 
dn2 u 

- - - I [ a n  u + - dn u 
k4 k ’ 2  1“ 

UL 

(B-31) 

(B-32) 

(B-33) 

U 

-2kg2u + (1 + k t 2 ) E ( u )  - k2kI2(sn  u)  (cd  u)  (B-34) 

where 

E(u) = E(@,k) 

sn u = s i n  @ 

cn u = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAcos @ 

(B-35) 
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Finally, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
JO zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- [A, + 4glA, + 6g:A2 + 4g3A 1 1  (B-36) 

a: (1 + g;I2 

When  n = 1 in  equation  (B-1) , 

1 
t  dt 

J1 - 
- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

0 { zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[ ( t  - b1)2 + a'] 1 [(t - b2) ' + a:])"/' 
(B-37) 

which  can  be  simplified  in  the  same  manner  described  above  for Jo. 

Therefore, 

3 
4 (bl - a,g,) i" (cn u + glsn u) (cn u + T sn u) - du 

3 1 
= (B-38) 

a y  + g:I2  dn'u 
L 

where 

Making  use  of  the An integrals  in  equations  (B-30)  through  (B-34) , 
equation  (13-38)  can be  written  as  follows. 

Similarly, 

J2 - 
- 

(B-40) 

(B-41) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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0.354 

0.334 

0.318 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

r b zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0.0, = 0.0 
a 

0.25 

0.525 

0.444 

0.376 

0.356 

0.345 

0.339 

0.50 

0.623 

0.535 

0.463 

0.441 

0.430 

0.424 

0.75 

0.959 

0.855 

0.770 

0.746 

0.733 

0.728 

0.90 

1.962 

1.829 

1.725 

1.696 

1.726 

1.675 

0.95 

3.600 

3.441 

3.321 

3.375 

5.571 

3.265 

1.05 

-2.792 

-2.936 

-3.050 

-3.173 

-5.400 

-3.106 

1.10 

-1.263 

-1.373 

-1.467 

-1.495 

-1.509 

-1.516 

1.25 

-0.393 

-0.460 

-0.526 

-0.548 

-0.560 

-0.566 

1.50 

-0.142 

-0.178 

-0.222 

-0.240 

-0.250 

-0.255 

Table I. - Induced axial v e l o c i t y   i n  the plane 
of an e l l i p t i c   v o r t e x   r i n g .  



9 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
r zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAat zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 0.5, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 = 0.0 

a 

0.75 I 0.90 I 0.95 I 1.05 I 1.10 I 
1*25 I lo50 

0.50 

0.346 

0.321 

0.283 

0.268 

0.259 

0.255 

- 
0.102 

0.092 

0.066 

0.054 

0.046 

1.0 

1.5 

3.0 

5.0 

10.0 

03 

" 

-0.035 

-0.049 

-0.074 

-0.086 

-0.094 

0.358 

0.326 

0.284 

0.268 

0.259 

0.255 

0.357 

0.327 

0.286 

0.270 

0.261 

0.257 

0.072 

0.060 

0.030 

0.023 

0.014 

0.004 

-0.010 

-0.030 

-0.048 

-0.055 

0.286 

0.270 

0.238 

0.224 

0.216 

0.211 I 0.140 I 0.108 I 0.042 I 0.010 I -0.060 I -0.098 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
w .b 
3 at zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAg = 0.5, n x =  0.0 X 

a 1 

0.50 0.75 0.90 1.10 0 

1.0 

0 5.0 

0 3.0 

0 1.5 

0 

10.0 0 

03 0 

0.25 

0.056 

0.056 

0.055 

0.054 

0.054 

0.054 

0.95 

0.264 

0.283 

0.293 

0.295 

0.295 

0.296 

1.05 

0.255 

0.278 

0.293 

0.296 

0.297 

0.297 

1 
0.220 

0.228 

0.231 

0.231 

0.230 

0.231 

0.259 

0.276 

0.284 

0.235 

0.285 

0.286 

0.242 

0.268 

0.284 

0.287 

0.288 

0.289 

0.129 

0.130 

0.129 

0.128 

0.127 

0.127 

0.188 

0.214 

0.233 

0.238 

0.239 

0.240 

0.102 

0.122 

0.140 

0.144 

0.146 

0.147 

Table 11.- Induced  velocity  field  out of the  plane 
of an  elliptic  vortex ring. 



10.0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 

0.177 

0.186 

0.178 

0.169 

0.163 

0.159 

0.25 

0.170 

0.180 

0.172 

0.164 

0.158 

0.154 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
“l-z 0.50 0.90 

0.151 

0.127  0.161 

0.118 

0.106  0.137 

0.109  0.141 

0.115 0.147 

0.123  0.155 

0.093 

0.102 

0 -098 

0.091 

0.085 

0.081 

1.50 

0.085 

0.093 

0.089 

0.082 

0.076 

0.073 

0.069 

0.075 

0.071 

0.064 

0.058 

0.055 

0.061 

0.066 

0.062 

0.055 

0.049 

0.046 

0.039 

0.043 

0.037 

0.031 

0.025 

0.022 

0 . 014 
0 . 014 
0.007 

0.000 

-0.005 

-0 . 009 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
w .b 
3 a t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx =  1.0, = 0.0 
r a 

0 0.75 0.50 0.25 

1.0 

0.110 0.078  0.040 0 5.0 

0.108  0.077 0.039 0 3.0 

0.098 0.071  0.037 0 1.5 

0.084 0.063 0.033 0 

10.0 0 0.040  0.078 0.110 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
m 0.111 0.078  0.040 0 

0.90 

0.090 

0.106 

0.119 

0.122 

0.123 

0.123 

0.95 1’1.05 

I 
.o. 091 
0.108 

0.121 

0.124 

0.125 

0.126 

T a b l e  11.- Continued. 

0.090 

0.108 

0.123 

0.126 

0.128 

0.128 

1.10 

0.089 

0.107 

0.123 

0.126 

0.128 

0.128 

1 
1.25 1.50 

0.082 

0.080 0.100 

’ 0.064 

0.105  0.124 

0.105  0.123 

0.103 0.121 

0.098 0.117 
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T at X 1.5, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= 0.0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
r a 

0.25 0.90  0.75  0.50 

0.031 

0.038 

0.041 

0.038 

0.035 

0.032 

0.049 

0.059 

0.064 

0.062 

0.058 

0.055 

0.042 

0.052 

0.056 

0.054 

0.050 

0.047 

0.040 

0.048 

0.053 

0.050 

0.046 

0.043 

0.019 

. 0.023 

0.025 

0.022 

0.018 

0.015 

0.082 

0.097 

0.105 

0.102 

0.098 

0 

0.074 

0.088 

0.095 

0.092 

0.088 

0.085 

0.061 

0.073 

0.079 

0.076 

0.072 

0.070 

0.052 

0.063 

0.068 

0.065 

0.062 

0.059 

0.108 

0.105 

0.098 

0.75 1 0.90 1 0.95 1.05 1 1.10 1 1.25 I 1.50 0.50 

0.027 

0.033 

0.040 

0.042 

0.042 

0.042 

0.014 

0.018 

0.021 

0.022 

0.022 

0.022 

0.036 

0.045 

0.054 

0.057 

0.058 

0.058 

0.039 

0.050 

0.064 

0.068 

0.070 

0.071 

0.035 

0.046 

0.060 

0.065 

0.067 

0.067 

1.0 

1.5 

3 .O 

5.0 

10.0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
03 

0.039 

0.049 

0.060 

0.063 

0.064 

0.065 

0.039 

0.050 

0.062 

0.065 

0.066 

0.066 

0.040 

0.051 

0.063 

0.067 

0.068 

0.069 

0.040 

0.051 

0.064 

0.068 

0.069 

0.070 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 

0 

0 

0 

0 

T a b l e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA11.- Concluded. 



0 

2.3 

4.0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
U 

(degs zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 

18.5 

6.5 

18.5 

6.5 

18.5 

26.5 

c zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+ c  
LS LB 

"" 

0.14 

1.10 

0.54 

1.25 

1.72 

C 
mS 

0.028 

""- 
0.070 

0.032 

0.074 

0.096 

Table 111.- Combined  lift due  to leading-edge 
slat, fuselage, and nacelles; and pitching 
moment due  to leading-edge  slats on  the 
EBF configuration  of references  13 and 16. 

0 . 088 
0.118 

Table 1V.- Ram drag  coefficient for 
a single  JT15D-1 turbofan 

engine, reference 13. 
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X 

Horseshoe  vortex zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
” 

Left  wing  panel 

Figure 1.- Multiple  flap  vortex  lattice  arrangement. 



c zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAWing chordal  plane zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Z', zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAF; zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

L .  I 

panel 

(a) Wing coordinate  systems. 

Figure 2. - Coordinate  systems  used  in 
determining  wing  boundary  condition. 
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I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

I 
I 

____I) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

(b) Relationship  between wing and 
coordinate  system. 

a 

f l ap  

Figure 2 . -  Concluded. 
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(a) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAFin i te   leng th   vor tex   f i l ament .  

(b) Semi- in f in i te   vor tex  f i lament .  

Figure zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 . -  In f luence  funct ion  coord inate  systems.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
80 



/ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
(a)  Posi t ive  d i rect ions  of  wing forces. 

cNf 

(b) Posit ive  direct ions  .of  f lap  forces. 

Figure 4 . -  Force and  moment coef f i c ien t   de f in i t ions  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
on indiividual wing and f lap  surfaces. 
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V zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
N zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI I I I I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
- + “-5 

RO /- 

x] 
L zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 

” 
-311 
R zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

0 / 

b 

w 

1 I 1 
2 4 6   0 2 4 6  

I I I 

I I x; 
+ “-5 

J - 
RO /- 

x] 
L 

4 
” 

-311 
R 

0 / 

b 

w 

1 I 1 
2 4 6   0 2 4 6  

I I I 

- U 
V 

- U 
V 

- U 
V 

Figure 5.- Vortex  ring wake model and veloci ty 
p ro f i l es   f o r  V j f i  = 6.  



(a) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBARing coordinate system. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= Constant 

Y zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAP = Constant 

(b) Sketch zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof e l l i p s e .  

Figure 6 . -  El l ipt ic  vortex  r ing. 
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V zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
U zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
+ 

X zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Top view " 

S ide view 

Figure 7 . -  Vortex ring j e t  model. 
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;;itial Region zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+ Main Region - 
16 

12 

A 8  

RO 

4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 

0 20 40 60 80 100  120  140  160 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
3 
Ro 

Figure 8.- Analytical  spreading  rate of an 
axisymmetric jet in a coflowing stream. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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. .  . . ... . - ".. ." . -  
. . "" zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

%/2 
d 

or  

y1/2 
d zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

1 I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI I I 

10 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
8 

6 

4 

2 

I- VAT, = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 / zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A- / 

!t Shape b:a 
Circle 1 : 1  

Ell ipse 9.4 : 1 

Rectangle 10 : 1 

- - -" 

0 20 40 60 

x/d 

80 100 

Figure 9.- Measured half-width  boundaries of c i rcu lar ,  
e l l i p t i c a l ,  and rectangular  cross-section  jets 

exhausting  into still zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAair. 
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I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Measured j e t  boundary zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBACp = 1.0 

(ref .  7) 

\ Original 
jets 

/ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAY zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAv 

A n 

T) = 0.254 = 0.417 

4.0 

7 . 1  

Figure 10.-  Spanwise var iat ion of measured je t   he igh t  
distr ibutions  at  approximately one f lap  chord a f t  

of EBF model a t  various  thrust  coeff icients. 
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0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 8 

V j/27 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I 

0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 . 5  1.0 2.0 3.0 4 .0  
1 I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

(a)  Je t  area  ra t io .  

2.0 
misyrhmetric je: alone + - 

. R  - 
RO 

1.5 - I n i t i a l l y  ai- - 
symmetric j e t  
af ter   in teract ion 
with a wing and 
f l a p  x ~ / R O  =? 9 

1.0 I I I 
0 2 4 6 8 

v .. /ti 
t 
0 0.5 1.0 2.0 3.0 4 .0  

3 

C 
FL 

(b) Equivalent  radius  ratio. 

Figure 11.- Measured j e t  expansion on 
an EBF model. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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3.2 

2.4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1.6 

cL zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 . 8  

0 

-0 .8  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
- J  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI I 

I I 
0.03 C\Y 

Gap be tween 
wing and f l ap  

Deflected wake 

- -" Undeflected wake 

Figure 12 . -  Measured and predicted aerodynamic 
character ist ics  of  an unswept wing with 

s ing le  s lo t ted  f lap  def lected 400. 
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a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0.47,' zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Experiment,  Ref. 11 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

3 -  Deflected wake gap = o. o2 

AcP 
" Undeflected wake 

\ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
5 

4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
3 

AC 
P 

2 

1 

0 

0 0.2 0 . 4  0.6 0.8 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 

wing  x/c 

a = '5.65' 

f l a p  x/c 

wing x/c 
(b) pressure  d is t r ibut ion a t  i = 0 . 2 5 .  

Figure 12.  - concluded. 

f l a p  x/c 
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1.0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0.8 

*=P 
0.6 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0.4 

0 .2  

icted Values I 
I Deflected 

Wake 

0.162 0.166 

-0.168 -0.170 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 ,  0 Experiment, Ref. 12 

Deflected  wake 

"- Undeflected  wake - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
1 

0 

0 0.2 0.4 0.6 0.8 1.0 

Figure 13.- Measured and  predicted  pressure  distribution 
at 'q = 0.46 on a 350 swept  wing  with  a 

partial  span flap  deflected 10'. 
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4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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Figure 14.- Effect of vor tex  la t t ice  t ra i l ing- leg  pos i t ion 
on the  predicted l i f t  and moment character is t ics  

of a swept wing w i th   t r ip le   s lo t ted   f laps  
deflected O o ,  20°, and 40'. 
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Figure 15.- Axial veloci ty induced by an e l l i p t i c  
vortex r ing i n  the  plane of the  ring. 
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Figure  16.-  Induced  axial  velocity 
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Figure  16. - Continued. 
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Figure  18. - Mass flow in   expanding 
vor tex  P ing j e t  model. 
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Figure 20.- Comparison of measured and predicted path 
of a j e t  i n  a crossflow. 
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Figure 21.- Convergence of the  total  wing-flap 
normal-force  coefficient on a four-engine EBF 

configuration, bf = 00 /200/4O0, a = 18. So-. 

102 



2.4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAo< zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

f 
1.6 

1.2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0.8 

I 

0.4 

0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

I .  I I 

2 3 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I t e r a t i o n  

4 

Figure  22.- Convergence  of   normal- force  coeff ic ients  on the 
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(b) Flap 1, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAb f  = 0'. 
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F i g u r e  23. - Continued. 
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Figure 23. -  Continued. 
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Figure 24.- Convergence of jet centerlines on a four-engine EBF 
configuration, bf = O0/2Oo/4O0, C = 4.0, a = 18. So. 
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Figure 24. - Concluded. 
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Figure 25.- Convergence of preaicted l i f t  and pitching-moment coe f f i c i en ts  
on  a  four-engine EBF configuration, = 0°/20 /40°, CV - 4.0. 
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Figure 26.- Vortex lattice  arrangement  for EBF 
configuration of reference 13, 
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Figure 27.- Measured and predicted  section  normal-force  coefficients on the   l i f t i ng  
surfaces  of a four-engine EBF model, bf zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= O0/200/4O0, C = 4.0, a = 18.5O. v 
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Figure 29. - Concluded. 
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Figure 30.- Continued. 
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Figure 33. - Measured  and predicted  longitudinal aemdynamic character ist ics of 
a four-engine EBF configuration, bf = 15O/35O/55O. 
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Figure 34.- Measured  and  predicted  velocity  profiles 
aft of EBF configurations, fl = 0.25. 
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Figure 35.- Measured and predicted longitudinal aerodynamic 
characteristics of a four-engine  EBF configuration  with 
an unswept wing and double-slotted trailing edge flaps. 
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Figure 36.- Effect  of j e t  cross  section shape on predicted  spanwise  distribution 
of section normal-force coeff ic ients on the  l i f t ing  surfaces  of  a four-engine 

EBF configuration, bf = 15'/35'/55', C .= 4.0, a = 18.5'. 
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Figure 36.-  Continued. 
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