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Calculation of the melting point of NaCl by molecular simulation
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We report a numerical calculation of the melting point of NaCl. The solid–liquid transition was
located by determining the point where the chemical potentials of the solid and liquid phases
intersect. To compute these chemical potentials, we made use of free energy calculations. For the
solid phase the free energy was determined by thermodynamic integration from the Einstein crystal.
For the liquid phase two distinct approaches were employed: one based on particle insertion and
growth using the Kirkwood coupling parameter, and the other involving thermodynamic integration
of the NaCl liquid to a Lennard-Jones fluid. The latter approach was found to be significantly more
accurate. The coexistence point at 1074 K was characterized by a pressure of230640 MPa and a
chemical potential of297.960.2kbT. This result is remarkably good as the error bounds on the
pressure enclose the expected coexistence pressure of about 0.1 MPa~ambient!. Using the
Clausius–Clapyron relation, we estimate thatdP/dT'3 MPa/K. This yields a melting point of
1064614 K atambient pressure, which encompasses the quoted range for the experimental melting
point ~1072.45–1074.4 K!. The good agreement with the experimental melting-point data provides
additional evidence that the Tosi–Fumi model for NaCl is quite accurate. Our study illustrates that
the melting point of an ionic system can be calculated accurately by employing a judicious
combination of free energy techniques. The techniques used in this work can be directly extended
to more complex, charged systems. ©2003 American Institute of Physics.
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I. INTRODUCTION

Solid–fluid transitions tend to be strongly first order, b
ing characterized by an appreciable hysteresis. This
present a serious technical challenge to computer simula
of such phenomena. In principle, it is possible to search
coexistence in a simulation of a large, two-phase syst
However, in such a simulation, finite-size effects, associa
with the presence of an interface, are expected to be ap
ciable. Hence the method is limited to large systems. This
turn, implies that such an approach is likely to be prohi
tively expensive for systems consisting of complex m
ecules. For this reason, it is important to make use of co
putational techniques that locate the coexistence p
through ‘‘bulk’’ simulations of the two coexisting phases. A
example of such a technique is the Gibbs ensemble met1

in which the two coexisting phases are simulated in sepa
but coupled simulation cells. While the Gibbs ensem
method can be applied to solids~D. T. Wu, private commu-
nication!, this application of the method is still largely une
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plored. An approach that has gained considerable popula
in the study of solid–fluid equilibria, is the Gibbs–Duhe
integration method2,3 that traces out the coexistence line.
drawback with this method is that to initiate the procedu
one requires knowledge of at least one point on the coex
ence curve, which must be determined by some alterna
means. The Gibbs–Duhem method can therefore be u
only in combination with another technique to locate coe
istence points.

At the solid–liquid coexistence point, the pressure a
the chemical potential of the coexisting solid and liqu
phases are equal. Hence, one possible route to determ
the coexistence point is to calculate the chemical potentia
the free energy of each phase separately as a functio
pressure and thereby ascertain the intersection point at w
the pressures and chemical potentials are equal. Once
such coexistence point has been determined, then, in p
ciple, the entire coexistence line may be determined us
the Gibbs–Duhem integration procedure. This approach
volving the explicit calculation of the chemical potentials
the individual phases~coupled in some instances with subs
quent Gibbs–Duhem integration! has been employed to in
vestigate the phase behavior of many systems includ
simple models such as ellipsoids,4 Lennard-Jones particles,5

il:
© 2003 American Institute of Physics
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729J. Chem. Phys., Vol. 118, No. 2, 8 January 2003 Melting point of NaCl
spherocylinders,6 two-dimensional~2D! discs as models fo
membrane proteins,7 and more realistic model systems su
as N2,8,9 CO2,10 N2O,11 and H2O.12,13 Recent applications
of increased complexity include a realistic model
n-octane14 and iron.15

The present study attempts to calculate the melting p
of NaCl. While the melting of NaCl is interesting in its ow
right, our main reason for studying this substance is that
the simplest representative of a large class of ionic mater
The same techniques that allow us to compute the mel
curve of NaCl should allow us to study melting of compl
organic salts and, eventually, of protein crystals. Apart fr
this methodological incentive, the alkali halides, of whi
NaCl is the archetypical member, have been extensiv
studied both experimentally and theoretically, and con
quently have played an important role in the developmen
solid-state theory. The thermodynamic and structural pro
ties of NaCl are of particular interest since it is employ
extensively to assure internally consistent thermodyna
values of many other substances. For instance, the la
parameter of NaCl serves as a secondary standard fo
high-pressure scale. To our knowledge, the present calc
tion of the melting point of NaCl represents the first su
calculation for a pure ionic system.

The main reason why the calculation of the melti
point of NaCl ~and ionic systems in general! is technically
challenging is the presence of long-range Coulomb force
such systems. The presence of Coulomb interactions p
technical difficulties for almost every aspect of the calcu
tion of the free energy of the solid and the liquid. In th
current study the chemical potential of the NaCl solid w
determined by thermodynamic integration from the Einst
crystal. For the NaCl liquid two distinct approaches ha
been employed and compared. A scheme involving ther
dynamic integration of a LJ fluid to NaCl fluid was found
be the most accurate.

II. THEORY

At the melting pointTm(P) of a substance, the pressu
and the chemical potential of the coexisting solid and liq
phases are equal. To calculate the melting point, it is th
fore necessary to determine the intersection point of
chemical potentials of the solid and the liquid phase. A c
venient approach is to determine the chemical potentials
the two phases as a function of density~or pressure! at a
defined temperature, and to express the data in the form
empirical equations of state from which the intersect
point may be calculated.

A. Chemical potential of the solid phase

The chemical potential of the NaCl solid phase was
termined by thermodynamic integration using the Einst
crystal approach.16 The Einstein crystal comprises noninte
acting particles that are coupled harmonically to their eq
librium lattice sites. In the present study the Na and Cl io
were assigned separate coupling constants. The revised
tential for the Einstein crystal was
Downloaded 11 Oct 2004 to 145.18.129.130. Redistribution subject to AI
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UE5
gNa

2 (
i 51

NNa

~r i2r0,i !
21

gCl

2 (
i 51

NCl

~r i2r0,i !
2, ~1!

whereNNa andNCl are the number of ions of each type,gNa

andgCl are the associated force constants characterizing
strength of the coupling, andr0,i is the equilibrium lattice
position of particlei.

For technical reasons~detailed in Refs. 17 and 18!, it is
important to fix the center-of-mass position of the system
the thermodynamic integration from the Einstein cryst
This necessitates a finite system-size correction assoc
with the center-of-mass constraint. There are thus three c
ponents to the free energy of the solid phase: the abso
free energy of an Einstein crystal with a center-of-mass c
straint FE(CM) , the free energy change for the thermod
namic integration from the Einstein crystal to NaCl~with the
center-of-mass constraint! DFE(CM)→NaCl(CM) , and the finite
system-size correction associated with the applied cente
mass constraintDFNaCl(CM)→NaCl. Hence

Fsolid5FE~CM!1DFE~CM!→NaCl~CM!1DFNaCl~CM!→NaCl, ~2!

where CM specifies that the center of mass is constraine
For NaCl with the two ions having a distinct lattice

coupling force constant, the various free-energy compone
per NaCl ion pair take the following explicit forms:

bFE~CM!

NNaCl
53 lnLNa13 lnLCl2

3NNa

2NNaCl
lnS 2p

bgNa
D

2
3NCl

2NNaCl
lnS 2p

bgCl
D2

3

2NNaCl
lnS bgNa

2pNNamNa
2 D

2
3

2NNaCl
lnS bgCl

2pNClmCl
2 D

2
3

2NNaCl
lnS bh2

2p~NNamNa1NClmCl!
D , ~3!

bDFE~CM!→NaCl~CM!

NNaCl
5

b

NNaCl
E

0

1

dl^UNaCl2UE&, ~4!

bDFNaCl~CM!→NaCl

NNaCl
5

1

NNaCl
lnS NNaCl

V D
1

3

2NNaCl
lnS bh2

2p~NNamNa1NClmCl!
D

~5!

in which h is Planck’s constant,b51/kbT, NNa andmNa and
NCl andmCl are the numbers of particles and masses of
sodium and chloride ions, respectively,NNaCl the number of
NaCl ion pairs,m i5mi /S imi the fractional mass of eac
species, andL i are the de Broglie wavelengths given b
L i5h/A2pmikBT for each ion speciesi.

B. Chemical potential of the liquid phase

For the liquid phase, the appropriate reference stat
the ideal gas phase comprising noninteracting particles.
implication is that the chemical potential of a liquid can
calculated using a number of distinct approaches. The m
P license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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common and direct approach is to carry out thermodyna
integration above the critical temperature~to avoid any first-
order transition! as a function of density by expanding th
system to zero density, i.e., to an ideal gas. For NaCl,
approach is likely to be problematic. The long-range nat
of the charge–charge interaction between the particles
persist even at very low densities. An alternative approac
to calculate the chemical potential directly by using the p
ticle insertion method.19 This method, however, is only ef
fective at low densities. A possible combined approach co
be to carry out the thermodynamic integration to low dens
and then employ particle insertion. A further variation is
insert an ideal gas molecule into the liquid and to grow
using the coupling parameter approach.20

In the present study we have explored the use of
distinct approaches for calculating the chemical potentia
the NaCl liquid. In the first approach, an NaCl ion pair
grown in the liquid using the coupling parameter approa
which directly yields the chemical potential of the syste
The transformation of the ideal gas ion pair into an NaCl
pair could be carried out by gradually switching on togeth
both the van der Waals~VDW! parameters and the charge
or in two stages by switching the van der Waals parame
first followed by the charges. Both procedures were
tempted in the present study. For the single-stage proces
free energy of the NaCl liquid is

F liquid5m id1mex2
PV

NNaCl
, ~6!

where m id and mex are the ideal and the excess chemi
potential components. For an isothermal–isobaric ensem
the ideal part takes the form21

bm id~N,P,T!53 lnLNa13 lnLCl12 lnS NNaCl11

^V&N,P,T
D ,

~7!

where^V& is the expectation value of the volumeV of the
~N, P, T! system. The excess chemical potential co
ponent for an isothermal–isobaric ensemble is given by
integration

bmex~N,P,T!5E
l50

l51

dl K ]U~l!

]l L
l,NPT

. ~8!

In the two-stage procedure the above thermodynamic
tegration is split into two components: growth of the ide
gas particles into VDW particles, and transformation of t
VDW particles into a NaCl ion pair. These simulations i
volving insertion and growth of a NaCl ion pair were carri
out in the isothermal–isobaric ensemble to minim
N-dependence effects.

The second distinct approach involved thermodynam
integration in which a Lennard-Jones fluid is transform
into NaCl liquid at 1074 K, followed by the determination o
the chemical potential of the Lennard-Jones fluid using
overlapping probability distribution method.22 In this case
the free energy of the NaCl liquid~in a NVT ensemble! is
given by

F liquid5F id1FLJ
ex1DFLJ→NaCl, ~9!
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whereF id is the ideal-gas free energy component per Na
ion pair for the binary mixture of Na and Cl ions

bF id

NNaCl
53 lnLNa13 lnLCl22 lnr22, ~10!

wherer5NNaCl/V.
The excess free energy of the Lennard-Jones flu

bFLJ
ex , per NaCl ion pair was calculated using the overla

ping probability distribution method that encompasses b
particle insertions and removals using the relationship

bFLJ
ex

NNaCl
5

N

NNaCl
~ ln g~DU !2 ln f ~DU !1bDU !2

bPV

NNaCl
,

~11!

wheref (DU) andg(DU) are the probability distributions o
the interaction energyDU of the inserted test particle and th
removed particles, respectively.

The free energy for the thermodynamic integration o
Lennard-Jones fluid to the NaCl liquid in its explicit form

bDFLJ→NaCl

NNaCl
5E

l50

l51

dl^UNaCl2ULJ&l . ~12!

C. Location of the melting point

The free energies per NaCl ion pair for the solid a
liquid phase were calculated at their respective equilibri
densities at the temperature 1074 K, which is close to
experimental melting point for NaCl at ambient pressure.
determine the free energy at a density other than that initi
selected, we need to know the density dependence of
pressure for the two phases at 1074 K. For both the solid
the liquid phase, theP(r) isotherm was described by a qu
dratic polynomial P(r)5a1br1cr2. If r* denotes the
density at which the free energy of the given phase has b
determined, then the chemical potentialm~r! at some other
density along the same isotherm is given by

bm~r!

5
bF*

NNaCl
1bS 2cr1b~ ln r11!2cr* 2b ln r* 1

a

r* D ,

~13!

whereF* is the free energy of either the liquid or the sol
phase of NaCl at 1074 K at ambient pressure.

The melting point of NaCl was located graphically, b
ing the intersection point of plots of the chemical potenti
of the liquid and the solid phase as a function of pressur
the fixed temperature of 1074 K.

III. SIMULATION DETAILS

The system contained 512 particles~256 Na and 256 Cl!.
For the solid phase, this is equivalent to 43434 unit cells.
The ion–ion interaction potential was of the Born–Maye
Huggins–Fumi–Tosi~BMHFT! form
P license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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Ui j 5Ai j exp@B~s i j 2r !#2
Ci j

r 6 2
Di j

r 8 1
qiqj

r
. ~14!

The parameters were from Tosi and Fumi23,24 transformed
for use in the above form of the potential and are given
Table I.

The non-Coulombic part of BHMFT potential was tru
cated at 9.0 Å but tail corrections were included to corr
for the truncation. The Coulomb interaction term was eva
ated using Ewald summation at a precision of 1025 (g
53.5, 8k vectors!. All the calculations were carried out us
ing molecular dynamics utilizing the in-house softwa
ATOMH.25 The NaCl solid calculations were carried out
the NVT ensemble. The thermodynamic integration invo
ing particle insertion and growth was carried out in theNPT
ensemble, while the thermodynamic integration of the
fluid to NaCl liquid employedNVT. In the particle insertion
and growth studies the system comprised 255 NaCl ion p
in the liquid phase plus the one inserted ion pair. T
timestep was 2 fs. Typically, simulation runs were of 200
of which the first 80 ps were equilibration and the last 120
were used for the averages. The averages and associate
certainties were calculated using the block averag
technique26 to minimize correlation errors.

Suitable choices for the force constantsg for the
Einstein crystal thermodynamic integration were determin
from an NPT simulation using the Parrinello–Rahma
boundary conditions27 at 1074 K and were gNa

580.7890 kJ mol21 Å 22 and gCl585.0095 kJ mol21 Å 22

for the two species. They were calculated from the me
square displacements of the atoms using the relationship

3

bg
5K 1

N (
i 51

N

~r i2r0,i !
2L . ~15!

In general, the presence of tethering forces restrain
the displacements of all particles, is incompatible with t
conservation of the total momentum of a system in an M
simulation. However, we chose the harmonic force consta
such that they were proportional to the respective masse
the ions. This choice ensures that the net force on the ce
of mass of system is zero, provided that it is initially ze
Hence the center of mass remains fixed.

For the thermodynamic integration from a Lennar
Jones fluid to the NaCl liquid, it is essential to choose liqu
state points where the two models are structurally as sim
as possible, and to select a reversible pathway along w
there is no possibility of a first order phase transition. T
selected LJ state point wasr* 50.383 andT* 52.0 ~where
r* 5rs3 and T* 5kT/«) with the parameters beings
52.32 Å and«54.465 kJ mol21. This choice results from

TABLE I. Potential parameters for NaCl.

Ai j /
kJ mol21

B/
Å21

Ci j /
Å6 kJ mol21

Di j /
Å8 kJ mol21

s i j /
Å

Na–Na 25.4435 3.1546 101.1719 48.1771 2.3
Na–Cl 20.3548 3.1546 674.4793 837.0770 2.7
Cl–Cl 15.2661 3.1546 6985.6786 14 031.5785 3.1
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the desire to stay in the supercritical region of the LJ flu
and an attempt to ensure that the first peak in theg(r ) of the
LJ fluid occurs at the same position as the Na–Cl ion p
correlation peak in the NaCl liquid~see Fig. 1!.

IV. RESULTS AND DISCUSSION

Although proposed in the early 1960s, the Tosi–Fu
parameters23,24 for NaCl still continue to be used in classic
simulations. While the aim here is not to test the suitabil
of these parameters, it is important to get some idea of
parameter-related variability in thermodynamic and str
tural properties and its possible effect on the melting poin
NaCl. The ability to reproduce basic data can also give c
fidence in the simulation code. On the whole the Tosi–Fu
parameters have been found to be good in reproducing
basic properties of the solid phase of NaCl. The agreem
between the calculated and the experimental lattice ener
at 298 K and ambient pressure is very good, the calcula
energy being2770.02 kJ mol21/ion pair compared with the
experimental value of2769 kJ mol21/ion pair.28 The fusion
energy too is reasonably well reproduced, the calcula
value being 27.95 kJ mol21/ion pair compared with the ex
perimental values of 28.80 kJ mol21/ion pair29 and 28.16
kJ mol21/ion pair.30 As for the lattice parameters, the percen
age deviation is low being only 0.7%. The calculated latt
parameter is 5.682 Å while the experimental value is 5.6
Å.31 An additional test of the potential parameters was
comparison of the calculated and experimental mean squ
displacements of the ions. The mean squared displacem
can be estimated from the Debye–Waller temperature fa
Bj using the relationship

Dr 25
Bj

8p2 . ~16!

FIG. 1. Radial distribution function for a LJ fluid with parameterss
52.32 Å and«54.465 kJ mol21 ~state pointr* 50.383 andT* 52.0), and
the Na–Cl pair interaction in NaCl liquid, both at 1074 K and 0.1 MP
pressure. The LJ fluid and the NaCl liquid represent the two states con
ing the thermodynamic integration pathway employed to calculate the
energy of the NaCl liquid phase. The plot shows that the first peak for b
pair interactions are almost coincident, and hence confirms the co
choice of LJ parameters that were selected to minimize the structural
parity between the two states.
P license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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TABLE II. Calculated free energy components inkbT/ ion pair for the various schemes employed to determine the free energy of the crystal and the
phase of NaCl at 1074 K and 0.1 MPa. The termsbmex(1)(N,P,T) and bmex(2)(N,P,T) in column 4 are the excess free energy components for
transformation~by thermodynamic integration! of two inserted ideal-gas particles into VDW particles and the transformation of two VDW particles in
NaCl ion pair, respectively.

Einstein crystal
Liquid

LJ system→NaCl

Liquid
single-step ion-pair insertion

and growth

Liquid
two-step ion-pair insertion

and growth

bFE~CM!

NNaCl
5 213.40

bF id

NNaCl
5 224.22 bm id(N,P,T)5 222.22 bm id(N,P,T)5 222.22

bDFE~CM!→NaCl~CM!

NNaCl
5 284.7260.02

bFLJ
ex

NNaCl
5 20.86 bmex(N,P,T)5 277.4961.00 bmex(1)(N,P,T)5 8.6960.21

bDFNaCl~CM!→NaCl

NNaCl
5 0.37

bDFLJ→NaCl

NNaCl
5 272.6560.03 bmex(2)(N,P,T)5 285.6761.00

2
bP^V&
NNaCl

5 ,0.01 2
bP^V&
NNaCl

5 ,0.01

Total 297.7560.02 297.7360.03 299.7161.00 299.2061.00
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The Bj values can be estimated from crystal structu
refinement. For NaCl, the data at 1 bar reported by Fin
and King32 yields the experimental valuesDr Na

2 50.020 Å2

andDr Na
2 50.017 Å2. The corresponding mean squared d

placements at 298 K and 1 bar from simulation areDr Na
2

50.054 Å2 andDr Cl
2 50.050 Å2. This is clearly a large dis-

crepancy; the simulation values are about twofold hig
than the experimental estimates. The problem here may
with the experimental estimates. TheBj are merely adjust-
able parameters in the refinement of the crystal structure
are likely to include other effects such as thermal diffu
scattering.

The results for the calculations of the free-energy co
ponents for the solid and the liquid phase are tabulated
Table II. For completeness, the free energy values include
kinetic terms involving the thermal wavelengths (3 lnLNa

13 lnLCl) even though these are identical for both the liqu
and the solid phase.

The free energy of the solid phase at 1074 K and
MPa pressure determined using the Einstein crystal as
reference phase was calculated to be297.7560.02kbT/ ion
pair. The thermodynamic integration of the Einstein crys
to the NaCl solid phase is displayed in Fig. 2 where^UNaCl

2UEinstein&l is shown plotted as a function of the couplin
parameterl. The sampling points inl were defined by a
10-point Gauss–Legendre integration scheme that was
for the integration. The high precision of the calculation
apparent from the small error bars representing the stan
deviations on the ensemble average^UNaCl2UEinstein&l .

The free energies of the liquid phase using the th
different thermodynamic integration schemes~i! ion-pair in-
sertion and growth in NaCl liquid with both VDW param
eters and charges being switched on together,~ii ! ion-pair
insertion and growth in NaCl liquid in two stages with VDW
parameters being switched on first and then followed by
charges, and~iii ! thermodynamic integration of LJ fluid to
NaCl liquid, were 299.761.0, 299.261.0, and 297.73
60.03kbT/ ion pair (T51074 K), respectively. The particl
insertion schemes, while internally consistent, are clea
both inaccurate and imprecise. The chemical potential va
Downloaded 11 Oct 2004 to 145.18.129.130. Redistribution subject to AI
e
r

-

r
lie

nd
e

-
in
he

1
he

l

ed

rd

e

e

ly
es

obtained using these schemes show a systematic erro
about22kbT/ ion pair in comparison with the values calcu
lated for both the solid phase and the liquid phase us
scheme~iii !. In contrast, the value obtained using sche
~iii ! is entirely consistent with that obtained for the so
phase, as are the associated~markedly lower! error estimates.

The thermodynamic integration plots for the particle i
sertion schemes are given in Figs. 3 and 4. Both figu
reveal that the problem occurs at the initial insertion a
early growth stage~low l! of the inserted ion pair. At lowl,
the inserted particles are small and get close to the o
particles. This results in many close contacts between
particles that yield very large contributions toDU. The
particle-growth simulations also showed another interes
artifact. Sometimes, the valuesdU/dl in a single simulation
would exhibit a bimodal distribution. To be more precis
dU/dl would appear to converge, then show a discontinu
and then convergence to a new value. The cause here i
clustering of the two inserted, small particles. This effect w

FIG. 2. Thermodynamic integration of an Einstein crystal to a NaCl crys
at 1074 K and 0.1 MPa pressure showing^UNaCl2UEinstein&l as a function of
the coupling parameterl. The sampling points inl were defined by a
10-point Gauss–Legendre integration scheme that was used for the int
tion. The error bars represent the standard deviation in the ensemble av
determined by block averaging.
P license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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not investigated any further because it is simply an indicat
of the breakdown of this particular thermodynamic integ
tion scheme. Fortunately, the alternative approach descr
below did not suffer from this problem.

The thermodynamic integration of the LJ fluid to Na
liquid is displayed in Fig. 5 showinĝUNaCl2ULJ&l as a
function of the coupling parameterl. In contrast to the par-
ticle insertion schemes, the standard deviations on the
semble averages in this case are significantly lower. T
integration is well behaved yielding accurate results, the f
energy of the liquid being close to the free energy de
mined for the solid phase. The advantage here is tha
particle creation is involved, nor are there any peculiar io
pairing effects, as all particles in the system at any givel
have the same character.

Other than the free energies of the solid and liquid ph
at 1074 K, the additional required free energy contribution
that resulting from the need to equate the pressure in the
phases at coexistence. The isotherms for both the solid
liquid phase were fitted with quadratic polynomials, i.
P(r)5a1br1cr2, over the limited range of densitie
examined. WithP in units of Pa andr defined asNNaCl/m

3,
the fitted coefficients were a52.601 0631010 Pa,
b523.246 43310218 Pa m3, c59.841 11310247 Pa m6 for
the solid phase, anda57.213 783109 Pa, b521.152 81
310218 Pa m3, c54.460 31310247 Pa m6 for the liquid
phase.

The solid–fluid coexistence point, given by the interse
tion of the chemical potential of the solid and the liquid as
function of pressure, is shown in Fig. 6. The chemical pot
tials are displayed in terms of bounds representing an un
tainty interval of6s. The intersection occurs at about230
640 MPa withm of 297.960.2kbT. This result is remark-
ably good. The selected temperature of the study is 107
that lies within the range of quoted experimental values
the melting point of NaCl at ambient pressure: 1073.15,33,34

1074.4,35 1072.45,36 and 1073.2 K.29 Consequently, at this
temperature the coexistence pressure is expected to b
ambient pressure, namely about 0.1 MPa. Considering

FIG. 3. Thermodynamic integration of two inserted ideal-gas particles
NaCl ion pair~one-step procedure! in NaCl liquid at 1074 K and 0.1 MPa
pressure showinĝUNaCl2U id&l as a function of the coupling parameterl.
The trend line shows a sixth order polynomial fitted to the data, which
used for the integration of the plot. The error bars represent the stan
deviation in the ensemble average determined by block averaging.
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estimated uncertainty in the calculation the6s bounds on
the calculated coexistence pressure indeed enclose the
pected pressure.

Given the calculated melting point, one could proceed
trace the coexistence curve using Gibbs–Duhem integrat
This was not attempted due to lack of melting point data a
function of pressure. It is, however, useful to examine h
the melting point varies~locally! as a function of pressure
about the calculated melting point, and to estimate how
error bounds in pressure translate to errors in temperat
The variation in the melting point as a function of pressure
given by the Clausius–Clapyron equation

S dP

dTD
coexist

5
DH

TDV
. ~17!

Molecular dynamics simulations in theNPT ensemble were
carried out for both the solid and the liquid phase at 1074
and 230 MPa ~the calculated coexistence pressure! from
which DH andDV were determined. The enthalpy of fusio

a

s
rd

FIG. 4. Thermodynamic integration of two inserted ideal-gas particles
NaCl ion pair in NaCl liquid at 1074 K and 0.1 MPa pressure carried ou
two stages:~a! transformation of the two ideal-gas particles into two VDW
particles, i.e., gradual switching on of the van der Waals parameters, an~b!
transformation of the two VDW particles into a NaCl ion pair, i.e., gradu
switching on of the Coulomb charges. The plots show~a! ^UVDW2U id&l

and ~b! ^UNaCl2UVDW&l as a function of the coupling parameterl along
with the fitted curves that were used for the integration of the plots. The
in ~a! was fitted with a second order exponential decay equation of the f
y(x)5a01a1 exp(2x/t1)1a2 exp(2x/t2) wherea0, a1, a2, t1, andt2 are
coefficients, while that in~b! was fitted with a sixth order polynomial. The
error bars represent the standard deviation in the ensemble average
mined by block averaging.
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DH528.184 kJ mol21/ion pair while the associated differ
ence in volumeDV53811 Å3. Substitution of these value
into the Clausius–Clapyron equation givesdP/dT
53 MPa/K which yields the melting point of 1064614 K at
ambient pressure. The estimated relative error in the meltin
temperature is just over 1% and is similar in magnitude
the errors in the computed lattice energy and lattice par
eters mentioned above.

It is well known that the rigid-ion potential as employe
in this study does not fully reproduce the phonon dispers
curves of ionic solids. The implication is that this potential
not expected to accurately predict free energies for these
tems and~consequently! their melting points. A fact that is
less well appreciated is that the free energies of the s
phases of the alkali halides are dominated by the poten
energy component, and the latter we know can be accura
predicted with a rigid-ion model using optimized paramete

FIG. 5. Thermodynamic integration of LJ fluid (s52.32 Å and «
54.465 kJ mol21) to NaCl liquid at 1074 K and 0.1 MPa pressure showi
^UNaCl2ULJ&l as a function of the coupling parameterl. The LJ fluid in
reduced units corresponds to the state pointr* 50.383 andT* 52.0. The
sampling points inl were defined by a 10-point Gauss–Legendre integ
tion scheme that was used for the integration. The error bars represen
standard deviation in the ensemble average determined by block avera

FIG. 6. Plot of the chemical potentialm displaying the associated unce
tainty intervals corresponding to6s as a function of the pressureP for the
liquid and the solid phase of NaCl at 1074 K. The melting transition occ
at the intersection where the chemical potentials and the pressures of th
phases are equal.
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The shortcoming in the rigid-ion model is therefore respo
sible for errors in the entropy component of the free ener
The entropy component associated with the interaction
tential, that is, other than the ideal~kinetic! part, is relatively
small. Thus, the error associated with the rigid-ion mode
in a quantity that makes only a small contribution to t
overall free energy. Furthermore, as the same interaction
tential is employed for both the solid and the liquid pha
calculations, there is a possibility of cancellation of erro
The determined chemical potential of the NaCl solid phas
297.75kbT. Of this, the potential energy component
287.10kbT while the ideal part is213.40kbT, leaving the
entropy component arising from the interaction potential
be 2.75kbT. A 5% error in the latter quantity would hav
little or no effect on the melting point calculation. Hence, t
ability of the Tosi–Fumi model to accurately reproduce t
melting point of NaCl should not come as a surprise.

The calculation of the melting curve was expected
present some technical challenge. For the liquid phase,
cannot employ the expansion to ideal gas method, due to
strong, long-range interactions involved. Fortunately there
plenty of scope for developing alternative pathways for th
modynamic integration, which can be coupled with virtu
particle insertion methods. The difficulty lies in decidin
a priori which pathway is likely to yield the best accurac
and precision. Here, for the liquid phase, the thermodyna
integration of the LJ fluid to NaCl liquid proved to be sig
nificantly superior. This method probably also benefited
the judicious decision to select the LJs parameter for the LJ
phase so as to make the first peak in theg(r ) of the LJ fluid
to coincide with the Na–Cl ion pair correlation peak in th
NaCl liquid, thus minimizing the disparity between the tw
states.

In summary, the melting point of NaCl has been calc
lated from the intersection of the chemical potential of t
solid and the liquid phase. The study illustrates that the m
ing point of an ionic system can be calculated accurately
employing a judicious combination of free energy tec
niques, and represents an important first step towards in
tigating more complex, charged systems. The study also
veals that the Tosi–Fumi model for NaCl is excellen
enabling accurate reproduction of the experimental melt
point.
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12L. A. Báez and P. Clancy, Mol. Phys.86, 385 ~1995!.
13M. J. Vlot, J. Huinink, and J. P. van der Eerden, J. Chem. Phys.110, 55

~1999!.
14J. M. Polson and D. Frenkel, J. Chem. Phys.111, 1501~1999!.
15D. Alfe, M. J. Gillan, and G. D. Price, Nature~London! 401, 462 ~1999!.
16D. Frenkel and A. J. C. Ladd, J. Chem. Phys.81, 3188~1984!.
17D. Frenkel and B. Smit,Understanding Molecular Simulation: From Al

gorithms to Applications, 2nd ed.~Academic, New York, 2002!.
18J. M. Polson, E. Trizac, S. Pronk, and D. Frenkel, J. Chem. Phys.112,

5339 ~2000!.
19B. Widom, J. Chem. Phys.39, 2802~1978!.
20J. G. Kirkwood, J. Chem. Phys.3, 300 ~1935!.
Downloaded 11 Oct 2004 to 145.18.129.130. Redistribution subject to AI
.

s.

21M. Ferrario, G. Ciccotti, E. Spohr, T. Cartailler, and P. Turq, J. Che
Phys.117, 4947~2002!.

22K. S. Shing and K. E. Gubbins, Mol. Phys.46, 1109~1982!.
23F. G. Fumi and M. P. Tosi, J. Phys. Chem. Solids25, 31 ~1964!.
24M. P. Tosi and F. G. Fumi, J. Phys. Chem. Solids25, 45 ~1964!.
25J. Anwar, ATOMH: An Object-Oriented Molecular Simulation Toolk

~Computational Pharmaceutical Sciences Laboratory, King’s Colle
London, 1995!.

26H. Flyvbjerg and H. G. Petersen, J. Chem. Phys.91, 461 ~1989!.
27M. Parrinello and A. Rahman, J. Appl. Phys.52, 7182~1981!.
28L. Pauling,The Nature of the Chemical Bond and the Structure of M

ecules and Crystals: An Introduction to Modern Structural Chemis
~Cornell University Press, Ithaca, NY, 1960!, p. 526.

29CORIS-Projekt, Beitrag der Hoechst AG~Springer, Berlin!.
30DETHERM Thermophysical Property Data Bank distributed by Deche

e.V., 2002.
31V. S. Urusov and V. V. Blinov, Izv. Akad. Nauk SSSR, Mekh. Zhidk. Ga

12, 278 ~1970!.
32L. W. Finger and H. King, Am. Mineral.63, 337 ~1978!.
33M. Yamada, M. Tago, S. Fukusako, and A. Horibe, Thermochim. A

218, 401 ~1993!.
34Y. Zhang, Y. Han, and S. Wang, Thermochim. Acta254, 383 ~1995!.
35C. Qiyuan, Z. Wenming, C. Xinmin, G. Songqing, Y. Guanqun,

Huifang, and Y. T. Zhonglin, Thermochim. Acta253, 33 ~1995!.
36T. Grande, S. Aasland, and S. Julsrud, Thermochim. Acta256, 1 ~1995!.
P license or copyright, see http://jcp.aip.org/jcp/copyright.jsp


