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A path integral method is developed for the calculation of the 

statistical properties of a class of discrete, dlsslpative mappings which 

exhibit strange attractors. Exact analytic results are derived for tlip low 

'.-rcYr statistical moments. These non-trivial results arc veriiii'd 

nunc r i c.i 1 1 v . 
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D i so ro ro maps 

i . = T y. , ' i 1 
l 1 " ! 

are used to model the dynamics of a wide variety of physical, (lipni'fll, a A 

biological systfms. These maps exhibit surprisingly complicated dynami r;i I 

behavior. Under certain conditions these deLerminist1r systems exhibit a 

transition Irs chaos. Tn the turbulent i>r stochastic regime the rompl ex i l v 

of tht' not ion ^u^j'osts that a statistical description is appropriate. The 

I rnnsil inn t m n regular ro stochastic motion has been studied extensively"'' ': 

however, less analytic progress has been made on the statistical desc r i \i> i on 

of the evolution of the dynamical system after the transition t o 
• - • •> s t ocnas 11c » t y, 

For dissipative systems in two or more dimensions, numerical studies 

indicate that the long-time stochastic motion lies on a complicated manifold 

in phase spaci called a strange attractor. ' Analytic work has been United 

to the calculation of the non-Integral Hausdorff dimension of th" strange 

attractor. ' However, the dimension of the attractor only indicates tin 

amount of Information required to construct, numerically, a coarse-grained 

probability distribution. 

The purpose of this paper is to present a new method for ana 1 vt ica] 1 v 

calculating the statistical properties of the dynamics on tho «crans>e 

attractor. This procedure is based on an extension to discrete dvnamical 

systems of earlier work on the functional integral approach to classical 
a 

statistical dynamics. 

To illustrate our path integral method we consider a class :.f two-
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dimensional, dissipative maps which exhibit strange attractors 

x- = 2x, j mod 1 

(2) 

v; = ..y._, + p(Xf_j) 

vhi're • < 1 and p(x) is a periodic function with period 1. This mapping is 

• •'i.tr-irlcri st ic of a Mass of discrete nonlinear systems in which one decree nf 

: rr-edr,"-, v., evolves Independently. A different mapping of this type is 

studied In the Appendix- We ronsider more complicated dvnamical svstems in 

s:ifjscn';r nt :>IIU 1 i ca t i ons. 

I'sinj; a path integral representation nf the conditional probability 

r. 1 st r i hut i oi: ue calruiat? exact expressions for the statistical moments of yy 

iv.- r.iyvu over x . After many iterations of the mapping, T * ^, the asymptotii 

^ ^.t-nts (̂ ;iv'*T̂ e to the time averages. i'nder the er^ndic hypothesis these ar( 

identical to the statistical moments of y with respect to the invariant 

prohnbi 1 i : v erasure on the? strange attractor. These non-trivial analvtir 

results it̂ rei' with those derived hv numerical ]v advancing the napping. 

We construct a path integral reireseniation of the conditional 

tiro',ability distribution for discrete dvnamiral systems of the tvne defined bv 

Ko. (2). Trie conditional probability for thp transition from a point X-j_i, 

'•',•_] in phase space to Xj, y, is 

p v V V i ' y , - i ' = " V x i " 2 x i - i + n * yi " x V i 
(3) 

where the ensures the periodicity of x,. Equation (3) can be used to 
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u r i t e any c o n d i t i o n a l p r o h a b l l i t y 

T - ] 
P<x v IK v ) = n ' d x , f dy , n P f x . y . l x . v , ) . < 

T T o o - i • 1 . , 1 1 I- 1 1 - 1 

Re -lacing the \ functions by their Fourier transforms 

•Cy,) - - } - / dy ( , ' ' 

i= i 2nx . x . 
;(y. + n) = . ' <? ' ' 

T-] ] °° T « w dv . 
['In v t K v ) = '[ ! dx i' dv n ' ' — 1 

k = ! o ' -*> j-1 x . = -«] 

x pxp i2n " x |x. - 2x . 
1=1 ' 

x exn i ' y [y. - >y _. - p(x._|)] 
i = l 

1 h i s pa'.'> integral representation of the conditional probability di st r i hpir 

is a straightforward application of the functional integral tnrnnl 
Q 

developed for classical dynamical systems. 

Reordering the Indices we perform the y, and x. Integrations for i = 

.»., T-1, The y, integrations are rivtal giving rise to factors oi 

<̂(y - Ay, . , ) u-Meh eliminate the y integrals for 1 = ] T - 1. The 

integrations give factors of 
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i - r 

V ' V W V * ! " ' J x i e ( 7 ) 

\ f t e r t h e s e m a n i p u l a t i o n s t h e c o n d i t i o n a l p r o b a b i l i t y f u n c t i o n can be w r i t t e n 

P(x ••• I * v 1 - ' ^ — T T o n 2 r I T o n 

i x T x T ! - T v T 

( f t) 

vh< : c : he rl .1 r a r t e r f s t i r f u n r t ' o n i 5 

' ) 
i= l V ' V i + i ' V 

i [ U-ix . 1 + • v nf X ) ] 
I T 

T ' 
- 1 . v v T o 

(<) ; 

I"1,"1 ' ondi t ion.-il p r o b a b i l i t y d i s t r i b u t i o n P(x_y_(5t v | 1 nnd i t ^ F o u r i p r 

• r.i :i^ h . r n i:["x_v' [x v ) c o n t a i n ;i c o m p l e t e d v n a n i c n l d e s r r f pt i on ol t h e m.iri^ 
T " T i> n 

h-f inert 'iv Kq, ( 2 ) . S i n c e t h e .ipyropt o t i r m o t i o n l i e s on -i s t r a n g e a t t r ^ c t m " 

: :•.. ' ") 'inil ' 9) r n n , t h e r e f o r e , be uspd t o dL*riv*> : h c i t.i t i s t i rn 1 p r o p e r t i e s 

'• ' ' In- -II I M t ' t n r . 

I: we .lucrajse o v e r ;i u n i f o r m d i s t r i b u t i o n in x Fq . O ) r e d u c e s I 

r ' " T V T U . , ' " 

T - l 
1 " 

i = l x =-
i 

( n ' i 

'°ie m a t 1s t lr.".I mnnen t s of Vj .Iver^Ked o n e r i n i t i a l * n j r c d e r i v e d from t h e 

r lin r a c t e r i s t i r f u n c t i o n bv di f f e r e n t i i t i ng w i t h r e s p e c t t o v For ex.-imnl e , 

' y y > * i y — - C f x y l v ) ' o o . T ' T o ( I I ) 
x v = 0 

file:///fter
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T . - 2 ( V r V 

' v > = - .-. • r.(>. v J v ) 
I 4 f T n 

T ' 'T 

n:>) 

m i 

" f i . the l i r r i v i t j v r ' s of C f x „ v , . l v ) a re e v a l u a t e d at x , v_ 
T' T ' o T 1 

'1 f i r t » t lew te rns of the T a y l o r s e r i e s expansions of the I j ar<- r e j o i n -

i - va l ua r f t }n- ] nw u rdc r moments of y-_ 

V V *l x , - 2x. + ] , f. 
+ l - ' ' T " ' " ' l P • ' * . - ^ I + , 

2 ( T - i - l ) . 2 ' 
A p x. 'i + ! 2! f 1 .» 

where I(V ) , i , P ' 2 ^ 1 * f ( x ) . 

prr. 

l l ' i s t r n t e the u t i l i t y of our path I n t e g r a l respresen t ; i t i • 

T v r! i ^1 r i hut ! on we cons ide r a s p e c i f i c rap 

mod ri -) 

' i - J * " , ! " 2 ' S 1 - 1 
O h ) 

T h i s map i s s i m i l a r t o the one s t u d i e d by Kaplan and Yorke. Fur >. < 1 i t 

e x h i b i t s n s t r a n g e a r t r a c t o r . In F i g . 1 we have advanced the mapping f o r i = 

.2 and p i or Led the phase p o i n t s f o r 10 t i n e - s t e p s . The complex s t r u c t u r e of 

t h e a t t r a c t o r i s I l l u s t r a t e d i n a m a g n i f i e d v iew, Fif>. 2. 
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An examination of the mapping provides a qualitative understanding of the 

detailed structure of the strange attractor. Figures 1 and 2 show that the 

attrartor is n multivalued function of x. Consider any x r(0,l). We can 

c^lfulatf the various y_ corresponding to x-j. bv tracing the mapping backwards 

•i — : -• K .' = -v + sir 2sx . Since x~- = 2x T , mod 1 there are t«/<i T T-1 T- i ! ' ~' 
:>',;t- i hi J i i i*'^ f o r x-p_ | 

r in.i I ] . - ' , t h e . i t t r . ) c r « r w i l l a p p e a r s [o c i n s i m /if i„ 

- • vMw •••• 

"7 

t <-ii'>i»)V i r<rt p . i rh of t l i p sp s t r^nr lK - ippp. i rs t o r o n ^ i M of .1 p a i r of 

r r c s ' . i u i d i n y t <•> t h e two p o s s i b i l i t i e s f o r y-r_ 1 • Tf wr i'f>nr, i r m 1 t h i s 

1 ! i nd 1 I1.1t I 'a rh ; t r a n d of t h e . i t t r a r t o r C o r r e s p o n d s t o .3 di H c r v n t 

• : r o ; . TV- f o r k s :" n t h e h r . i n c h e s res \ i11 f mm t ru* c i i i n * s 

i •• '*, + " } 
F- • r r s n a i l • ' t h e v a l u e s of yj f o r d i f f e r e n t b r a n c h e s a r e v e r v 

1 1 <> I ' m i ' t h p r and t h e a t t r a c t o r a p p e a r s t o he roniposed of t i g h t l y woven o n o -

d j n e p s i o n a ! s t r a n d s ( s e e F i g s , 1 and 2 ) . As \ * 1 t h e t r e e opens u p t t h e 

b r a n c h e s o v e r l a p , and t h e s t r a n g e a t t r a c t o r a p p e a r s t o f i l l a t w o - H l n e n s i o n a l 

v i l ume ( s e e F i g , 3 ) . 

We w i l l c a l c u l a t e t h e s t a t i s t i c a l a v e r a g e s < y T y Q > , <y >, and <y_> f o r t h e 

http://I1.1t


-p-

dynamics on thts strange attractor. Higher moments are straightforward. In 

this case, the Integrals T. have a particularly simple form. Thcv .in-
9 

n r d i n n r v He<;sel f n n r t f o n s 

T - i - I ' 

y. ~ 7x 
' i l + l 

r w l h-ivi- ^ i 1 ! '••••)U*n i - w c r s c r i e s i - xpnns 1 i>ns 

: . f -< + r ^ I ) 

,.i i i. ' .-r . • ' . ! m i . I i i m a v e r . i s o i l ove r X f o r H i s rn;i;i i • 

T - i - 1 " , T - l - - i - r v 
' . . • r - ' VM ° 
x - ? x , - 2 x , 

i i +1 1 

;• -'-• ^ i • ' . - r e m i .ir »• (' x v l v n n c e w i t h r e s p e c t t o v T i n H s.-t y.T > v. r -

, ' ' m r ' I- o o . v ! i i i n - 7 e n i r n n t r i h u t i nn r o m p s f r n m t h e d e r i v a t i v e . i i t i ' i r m i t h e 

- , ) - : r • ' ̂  • J " The r u n - t i m e c o r r e l a t i o n f u n c t i o n is; u i v e n hv h o . M l ) 

J_ 
r T 1 c 

' v .• ' - . ' v* = V e <•!'•) 
•i n o 

w h e r e t h e de< ay t i m e I s 

, 1 
CM ) 
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Hcr.ins*' >! the simplicity of the mapping these results are easily verified hy 

• •--:•.•1 \ : •: • •:• averaging the mapping. 

^imr- :'-.(- arguments of the Bessel functions vanish as y » 0, onlv Hesse] 

r.iirt ir,:-s s! order 0, ± I, and ± 2 and of order 0, ± 1, t 2, ± 3, ± 4 r.in 

.-..issihlv ron:ribute to <y"> and <yj>, respectively. In fact a careful study 

t'i v.iri'im combination.; of * = 0, ± 1, and ± 2 shows that the oniv non-
i 

v >>"' r i bo t i on to <v^> comes from the o rder f> Bessel f u n c t i o n s 
T 

r.ci-.v i n v - <- f o r a l l 1 - i T. 1'slng the f i r s t few t e r^is ,,( 
i 

t ' X r . n ^ i ' i n of 1 

T- i - I . 2 
i - r - ' - T - v T ) + . . . , (:>.-•, 

r>-- ' : (• i r..\. ' 1 f ' ) tw ice to ant 

f ) + f . \ 

.•T 
r . T v »•• 

t- •'-. i. t ros ;1 t for a l l T t n r t he i j Kjn ' r t , ip ,o" , .•: ,-_ • iver ir<- • '̂•-1 

\ . i r - - ! n ! e x a n i r a t i o n of :he t p r n ^ in <\ ( x...'-v ! •„- ) r-.r n-s;> >r..i.; ".^ : i 

r- r b i n a t i ' i n s of x r shows t h i t nnnvani sh i np ront r i h u t inn*; :>• - v-, 

"'": 1'-' i n i JO rases . In a d d i t i o n to Che c o n t r i b u t i o n f r o r t a k i n g 

. = ; , -i sprond c o n t r i b u t i o n mmos fror> the rombl na t t rins 

± I , * . , , = ± I , and x , . . , , = f l - 1'sinfc the T . iv ln r expansions nf f , 

' i and ! -i wr d i f f e r e n t i a t e C(x_v_J v 5 f o u r Mmos to ^e t * ' r - T T o 



- 1 0 -

' V > = -

+ 1 

1 -

1 -

I 

. 2T 2 
A 

2 ' 
I 

. 2T 

- 2 r! 
8 ' , 

4T 
2 ^ '2_-_JL 
2 ' , 

4 ( T - 2 ) 
T>3 
T ' 3 ' 

, T 
U v ) 2 + (X T y ) 4 

rn f f i r * t I'. •rms r p s n l ! f r o m t a k l n p , - i l l y = 0 . The t h i r d t e r m r 

r '• n h i r t . i t . ' ' i ; ' 1 - " o f n n i i z c r n x . : an i i t h e l a s t t u n t e r m s , u h i r - l i e x h i h i ' 

- ' e . • . ; v r e x p o n e n t '>' t h e i n i t i a l c o n d i t i o n s , rome f r o m t h e d e r i v a t i v e s . i r M ' : : 

. T l ' i ^ r p s u l t f o r t h e a u p r a R C o f i s a l s o c ' c i r t f o r 

I. ! ) . i n : ! f l ' 4 ) r a n h f v e r i f i e d f u r sma 1 1 T - ', , . ' , 

!;e : ' ' i : i p j ri}J ; l few t i m e - s t e p s and e x p l i c i t l y a v e r a ^ i n r >'T 

I U I - V I , e v e n l o r T =" 3 t h i s i s a l a b o r i o u s t a s K f o r • v - " " 

r ,'.- ' l :e a v e r i i - e . s o f v - r ' a n d y-r- n n p r o a e h 

• • , > 

2 <J_t , . 

• eM 

i^vrno t o t i r r e s u l t s a r e i n d e p e n d e n t o f t i n e . j - , ! . . ; 

• o n s o q u e n t I v , if t h e a s y m n t o t i r d y n a m i c s on Che s t r a n g e a t » r - ' 

i r . ' e s i r i h e d hv an i n v a r i a n t m e a s u r e and t h e m o t i o n i s e r c n d i r , ' I ' M 1 : 

!.e ' int> a v e r a g e s o f y T ~ a n d y-r and t h e a v e r a p . e s w i t h r i - s | , | . , ! | . 

••'. ,r, .,-|> m e a s u r e a r e g i v e n hy F.qs. ( 2 5 ) and ( 2 o ) . 

l i m - v ' - -j ( -

Urn . V } (——7)'' - i <-3 , 1 + AA 

http://nhirt.it
http://averap.es
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F.quations (26) and (27) have been verified numerically by averaging the 

mappinc. over !0' time-steps. The analytic and numerical results are compared 

in Fig, 4. 

It is interesting to compare these exact asymptotic results with thust-

derived using a random phase approximation which is Frequently used in 

r.ilcul at ions nf the statistical propel'" ies of turbulent systems. It we ignore 

F.q. ( 1 r?) And assume that the x, are independent and uniformly di st ri buted, 

then averaging Kq. (1ft) we get 

-i T i ' 1 I 
R.I'.A. 4 | _ .2 ' H j _ ^ 

T'r r.md->~ ph.-tse a pproxima t i on reproduces all £ he tens in [-he ^xrr.-s^inns for 

tL
L»- s! .i: •; st i n 1 moments which result from taking all x = :i in hr(. (19") For 

i 

••.•• ! v i i s a p p r o x i m a t i o n r e c o v e r s t h e exac": a s y m p t o t i c r e s u l t . However , l o r 

' •:'* in,! !i ight-r moments t h e random p h a s e a p p r o x i m a t i o n f a i l s . 

I !t I hf l i m i t of weak d a m p i n g , }-*-< , t h e a t r r a r t o i e x p . m d s ni •.' and rh< 

ms'TV-t :: i ;• d i s t r i b u t i o n f u n c t i o n a p p r o a c h e s a G a u s s i a n . '•"or I ' xampt r , i : wc 

.-.--1 -•"•• - in Kq. ( 2 5 ) bv ] - . - , L « \ , 

'-: \> - l^/j2 * H + 0 ( c ) ] • • (II ) 

The 1 ~>w order moments in the random phase approximation are also Gaussian in 

this linit. Of course, for nonzero t the exact high irrier moments must 

deviate from Gaussian since the strange attractor remains bounded in y. 

Our path integral approach is easily extended to more complicated 
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m a p p i n g s in h i g h e r d i m e n s i o n s ; h o w e v e r , In K e n e r a l t h e a n a l y s i s i s nu t .is 

e a s y . TV" if p r n i c d u r i 1 » an a l s o be u s e d t o c a l c u l a t e t h e s t a t i s t i c a l p r o p e r t f r s 

of v on r . c rva t i ve s y s t e m s . R e c h e s t e r and Ufhi t e h a v e r e c e n t l y a p p l i e d i 

s i n i l a r method r.i r he Oi l r i k o v - T a y l o r m a p p i n g t o c a l c u l a t e t h e d i f f u s i o n 

c n e f l i c i e - i t in t h e s t o c h a s t i c r e g i m e . In a s u b s e c u e n t p a p e r we w i l l 

c o n s i d e r a d i s s i p a t i o n m a p p i n g i n t r o d u c e d hy Z a s l a v s k l l w h i c h r e d u c e s t o r!n-

Ch i r i k n v - T a vl o r m a p p i n g i n t h e a b s e n c e of d a m p i n g . Our r e s u l t s p r o v i d e a 

s t a t i s t i L . n l d e s c r i p t i o n of t h e s t r a n g e a t t r a c t o r wh ich o c c u r s i n t h e damped 

c a s e : and we r e c o v e r I he d i f f u s i o n i n e f f i c i e n t of R e c h e s t e r and W h i t e In t h e 

d i s s i >=i t i on 1 . ' ^ s 1 J'T?I t . 

Ac k r ow 1 e d j>me n t 

We t h a n k P . I s S i r r , 1!, A b a r b a n e l , A. Kaufman, H. R o s e , and K. K. Kav f o r 

h e l p f u l "Jl Sv.uss j o n s . 

T h i s vo rk was s u p p o r t e d bv t h e U . S . D e p a r t m e n t of E n e r g v , C o n t r a c t \ n . 

OF-ACn2-7ft-CHO-"i07T and bv t h e U . S . A i r F o r c e O f f i c e of S c i e n t i f i c R e s e a r c h 

u n d f C o n t r a c t PR /> 8 0 - 0 0 6 5 6 . 

http://statistiL.nl
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Appendix 

The p e r i o d i c i t y requ i rements in the p rev ious systems can ne r e l - x e d i f x. 

i« bounded on a f i n i t e i n t e r v a l . For example, we have a p p l i e d our .i.^thnd t o 

•iynamira] sysle-wiH i n which the e v o l u t i o n of xj i s de te rmined hy a map on the' 

14 un i t i n t e r v a l which was s t u d i e d bv Kac. 

1 v V 
- ' i - l ' 1-1 <-5 

- 2x. . x. . >.5 
l - l i - l 

(AD 

.•. . + i ( x , , ) CA:>) 

'••>r t f x - D = «H2<tx. , the 1 .'x , x , , v- i l c i r i ;ii;.i I n be expressed i i ] - • i i ' i +1 7 ' 

f rr;1^ >: Hrss^l n n r t i o n s 

. , . I r j , . T - i - l - , , , , T - i - l -
i i i + ] r 2 " • T „ T 

x. - a . , , x ,+cX. , 
1 l+ l 1 i + ! ( A 1 ) 

^ ift the first few teims in the Taylor expansions of !-, wo hnvi' derived 

I'X.-u-t .'imlvtir [ipressions for the statistical moments of y T. 
2 Tin results for <ŷ .y > and <Vj > are the same as hefore, Kqs. (2(1) and 

(2^). However, for <y^ > the c-.mt ribu t ions from combinations of nonzero 

... I'tartli and the third term in Eq. (24) is eliminated. Consequent l v, 

<y > is correctly determined hy the random phase approximation in the 

as/aptotic loi,f--time limit. These results for the mapping defined hy Eqs. 

(Al) and (A2) have also been verified numerically. 
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