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Abstract—Quantitative and reproducible air-coupled 

ultrasound (ACU) testing requires characterization of the 

volumetric pressure fields radiated by ACU probes. In this 

work, a closed form re-radiation method combining the 

Rayleigh-Sommerfeld integral and time reversal acoustics 

is proposed, which allows calculation of both near field and 

far field based on a single plane measurement. The method 

was validated for both three-dimensional (circular, square) 

and two-dimensional (rectangular) planar transducers in 

the 50k-230kHz range. The pressure fields were scanned 

with a calibrated microphone. The measurement window 

was at least four times the size of the transducer area and 

the grid step size was one third of the wavelength. Best 

results were observed by acquiring the measurement plane 

at near field distance. The method accurately reproduces 

pulsed ultrasound waveforms and pressure distributions 

(rmse <2.5% in far field and <5.5% in near field), even at 

the transducer radiation surface. The effects of speed of 

sound drifts during the scan in the pressure were negligible 

(<0.3%). The re-radiation method clearly outperforms 

conventional baffled piston models. Possible applications 

are transducer manufacture control (imperfections at 

radiation surface) and calibration (on-axis pressure, side 

lobes, beam width), together with generation of accurate 

source functions for quantitative NDE inverse problems. 

 
Index Terms—Air-coupled ultrasound, time reversal acoustics, 

NDE transducer modeling, wave propagation. 

 

 

I. INTRODUCTION 

ir-coupled ultrasound (ACU) has gained importance over 

the last decade for non-destructive evaluation (NDE) of 

material damage (cracks, delamination, impacts…), mechanical 
properties (stiffness, density, anisotropy…) and internal 
structure (porosity, heterogeneities…) [1-3]. A variety of 

applications have been developed in the frequency range from 

20 kHz to 5 MHz for aerospace, civil engineering, food, textile, 
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pharmacy and medical industries. The main advantage is that 

no coupling medium is needed between ultrasonic transducer 

and test sample, which avoids sample contamination and allows 

for easy integration of ACU transducers into mechanized 

scanning systems of production lines. However, due to quasi-

specular reflections at the sample surfaces, only <0.5% of the 

pressure field excited in air is transmitted through the test 

material. Focused transducer technologies are available, which 

achieve high lateral resolution for thin composites [4-6], which 

are typically <10 mm thick. For thick materials (>100 mm) in 

civil engineering, such as concrete or wood, planar transducers 

are typically used [7] in order to optimize efficiency. Planar 

transducers are directive sources with large active areas, over 

which the ultrasound pressure field is spread, which are well 

above the wavelength size. This leads to image blurring and a 

lower lateral resolution than Rayleigh’s limit. The interaction 
of ultrasound with material features is a complex process 

limited by diffraction, refraction and mode conversion effects, 

which if not accounted for, reduce both defect sensitivity and 

resolution. A variety of ultrasound signal processing methods, 

such as deconvolution [8], time reversal processing [9] or 

diffraction tomography [10], can improve the quality of 

ultrasound images, provided that the excited ultrasound fields 

are accurately characterized. Quality control of ACU systems 

also requires a careful calibration of the transducers to ensure 

the reproducibility of the measurements. It is therefore 

necessary to provide cost-effective methods to characterize the 

sound pressure distribution in air radiated by an ACU probe.  

Direct measurement of the three-dimensional ACU pressure 

field is possible by mechanically scanning a calibrated point 

receiver over a measurement grid. The condenser microphone 

used in this work provides a flat response in a frequency range 

2-140 kHz [11], however, special microphones can reach to 

frequencies below 0.02 Hz and above 1 MHz [12].  In addition, 

electrical scanning can be performed with ultrasonic arrays to 

shorten the measuring time [13, 14].  The major disadvantage 

of direct measurements of the sound pressure is the long 

measuring time, since ultrasound waves propagate at finite 

speed of sound c (343 m/s) from source to receiver at each 

now with the Computer Vision Laboratory, ETH Zurich, 8092 Zurich, 
Switzerland (e-mail: ssanabria@ethz.ch). 

T. Marhenke is with the Institute of Dynamics and Vibration Research, 
Leibniz Universität Hannover, D-30167 Hannover, Germany. 

R. Furrer and J. Neuenschwander are with the Swiss Federal 
Laboratories for Materials Science and Technology, Empa. 

 

Calculation of volumetric sound field  
of pulsed air-coupled ultrasound transducers 

based on single plane measurements 

Sergio J. Sanabria, Member, IEEE, Torben Marhenke, Roman Furrer and Jürg Neuenschwander 

A 



0885-3010 (c) 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TUFFC.2017.2773619, IEEE

Transactions on Ultrasonics, Ferroelectrics, and Frequency Control

> REPLACE THIS LINE WITH YOUR PAPER IDENTIFICATION NUMBER (DOUBLE-CLICK HERE TO EDIT) < 
 

2 

measurement point. For example, an efficient implementation 

of 30’000 measurement points in a volume of 1 m3 took about 

8 h [11]. Another difficulty is to accurately measure the near 

field close to the transducer’s radiation surface. This field 
shows an inhomogeneous interference pattern, which requires 

dense sampling, and is strongly affected by the presence of the 

point receiver, which creates reverberation artifacts. For these 

reasons, it is desirable to determine the sound field in only a 

small, easy to measure, region and to reconstruct the other parts 

of the pressure field based on a wave propagation model. 

Alternatively, full-field sound field measurements can be 

obtained with optical techniques such as refracto-vibrometry, 

TV holography, Schlieren and light diffraction tomography 

[15-20], whereby projections of the transmitted or scattered 

light are converted into sound pressure distributions. However, 

these methods require complicated (and costly) test rig setups. 

  Numerical methods are used to model and validate the 

influence of transducer material designs in excited ACU 

pressure fields, the interaction of ACU pressure fields with light 

sources, or the propagation of excited ACU beams in solid 

objects for NDE, among others. Popular methods are the finite 

element method (FEM) [17, 21-23] and finite-difference time-

domain analysis (FDTD) [24, 25]. While these methods are 

very flexible, they require a discretization of the full wave 

propagation domain and discretization steps h of at least one 

order of magnitude smaller than the wavelength 𝜆, with 

typically h<𝜆/20. Due to the small wavelengths in air, this leads 

to computationally prohibitive requirements for free-space 

characterization of the fields radiated by an ACU source.  

Closed-forms solutions have been proposed, which, given a 

source excitation, allow direct calculation of the unbounded 

space-time sound fields. In this case, the wave propagation is 

significantly simplified, since it only involves a single linear 

and uncompressible medium. A baffled piston model is 

typically used [14, 26, 27], which assumes a constant vibration 

distribution along the transducer surface. Based on the separate 

measurement of plane and edge wave components, this method 

provides reasonable results for the fields along the transducer 

axis [28]. However, this is only a coarse approximation of the 

field radiated by real ACU transducers, which show 

heterogeneous surface vibration. A more precise approach is to 

measure the vibration distribution over the transducer surface 

with a laser vibrometer and to simulate the radiated sound 

pressure distribution based on a Rayleigh-Sommerfeld integral 

[29, 30]. However, accurate vibration measurements are only 

possible for flat transducer surfaces and the method is not 

adequate for textile or grid materials, which are often used as 

matching layers in ACU transducers [31] for NDE of thick 

composites [7, 32-35].  

Several theoretical works have shown that a pressure 

measurement over a closed surface is sufficient for the 

characterization of the full three-dimensional acoustic field 

(acoustic holography) [20, 36-39]. These methods have been 

applied to the characterization of the fields radiated by water-

immersed ultrasound transducers [40-43] and contact 

ultrasound probes [19]. However, since ACU is a more recent 

technology, ACU transducers have received considerably less 

attention. [13] used single-plane measurements of the sound 

field radiated by an ACU transducer as input excitation to a 

phantom model. However, to the best of our knowledge 

holographic calculation of the time-space fields radiated by 

ACU transducers has still not been experimentally validated. 

Specific challenges are the small wavelength and the variation 

of the speed of sound with environmental conditions. 

Therefore, the discretization of the wave propagation equations 

needs to be efficiently addressed, and experimental 

uncertainties need to be characterized. 

TABLE I 
TRANSDUCER AND SOUND FIELD SCAN PROPERTIES 

No. Name 
Active 

area [mm] 
Freq. f 
[kHz] 

BW30 dB  
[kHz] 

 

I NCG50-S100 100 x 100 50 [38, 74]  

IIa NCG100-D50 Ø 25 120 [63, 183]  

III NCG200-S25 Ø 50 230 [142, 282]  

IV NCI100-50x250 50 x 250 120 [67, 169]  
      

No. 
INPUT X PLANE  

 [MM] 

Scan volumen 
X/Y/Z 

[mm/mm/mm] 

Resolution ∆x / ∆y 
/∆z [mm/mm/mm] 

I 364 400/250/400 8/2/2 
IIa 219 400/200/200 8/1/1 
III 105 400/400/400 4/0.5/0.5 
IV 219 400/250/400 10/1/10 

aAdditional investigated configurations: Resolution 8/0.5/0.5 and 8/2/2; 
Scan volume 400/400/400 (Fig. 10); Input X plane 92 and 324 (Fig. 11). 

 
Fig. 2. Investigated ACU transducers. 

 
Fig. 1. Air-coupled ultrasound (ACU) measurement setup. 
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In this work, we develop a re-radiation method for the 

characterization of the sound field of ACU transducers based 

on a reduced number of microphone measurements. We use a 

forward analytical solution based on the Rayleigh-Sommerfeld 

integral and an inverse solution based on time-reversal mirrors. 

This allows characterization of both the near and far fields 

based on measurements on a single plane with coarse 

discretization steps of the size of the wavelength ℎ ≅ 𝜆. We 

experimentally validate our method for two-dimensional and 

three-dimensional ACU transducer geometries and evaluate 

optimum parameter sets and uncertainty sources.  

II. THEORY 

The derivation of the re-radiation equations follows [30] and 

[37]. An arbitrary pulsed scalar field in 3D-space 𝑝(𝐱, 𝑡), where 𝐱 = (𝑥, 𝑦, 𝑧) and 𝑡 are space and time coordinates, respectively, 

is uniquely represented with in the spectral domain with the 

Fourier transform 𝑝(𝐤, 𝜔): 𝑝(𝐤, 𝜔) = ∫ ∭ 𝑝(𝐱, 𝑡)∞−∞ 𝑒−𝑖(𝐤∙𝐱+𝜔𝑡)d𝐱d𝑡∞−∞       (1.1) 

where 𝐤 = (𝑘𝑥 , 𝑘𝑦, 𝑘𝑧) are wave vectors and 𝜔 harmonic 

components. The propagation of acoustic pressure fields 𝑝(𝐱, 𝑡) 

in a linear incompressible medium is given by Helmhotz 

equation ∇2𝑝 − 𝑐−1𝜕𝑡2𝑝 = 0, in function of the speed of sound 

c, which in the Fourier domain writes as: ∇2𝑝 + 𝑘2𝑝 = 0 ,   𝑘 = 𝜔𝑐 = 2𝜋𝜆           (1.2) 

where 𝜆 is the wavelength. Substituting (1.2) in (1.1) reduces 

one degree of freedom in (1.1), so that 𝑘𝑥 = (𝑘2 − 𝑘𝑦2 −𝑘𝑧2)1/2
 is determined: 𝑝(𝑥, 𝑘𝑦 , 𝑘𝑧, 𝜔) = ∬ 𝑝(𝐱, 𝜔)𝑒−𝑖(𝑘𝑦𝑦+𝑘𝑧𝑧)𝑒−𝑖𝑘𝑥𝑥d𝑦d𝑧∞−∞   (1.3) 

Equation (1.3) is an angular wave spectrum model of the 

pressure field as a superposition of plane wavefronts forward 

propagating in positive direction 𝑥. From (1.3) it follows that 

the pressure field is determined by a measurement at an 

arbitrary plane 𝑥 = 0 (acoustic holography): 𝑝(𝑥, 𝑘𝑦 , 𝑘𝑧) = 𝑝(0, 𝑘𝑦 , 𝑘𝑧)𝑒−𝑖𝑘𝑥𝑥          (1.4) 

Next, a space domain representation of (1.4) is found as a 

superposition of spherical waves (Huygen’s principle). 

Considering the Fourier transform pair for the free-space Green 

function (4𝜋‖𝐱‖22)−1𝑒−𝑖𝑘‖𝐱‖22 ⇔ (2𝑖𝑘𝑥)−1𝑒−𝑖𝑘𝑥𝑥, the 

convolution property 𝑓 ∗ 𝑔 ⇔ 𝑓𝑔, and the linearity property 𝜕𝑥𝑔 ⇔ 𝜕𝑥𝑔, the inverse transform of (1.4) is: 𝑝(𝐱, 𝜔) = ∬ 𝑝(0, �̂�, �̂�)𝑔𝑃𝑆(𝑥, 𝑦 − �̂�, 𝑧 − �̂�)d�̂�d�̂�∞−∞    (1.5) 

with 𝑔𝑃𝑆 the point source convolution kernel: 𝑔𝑃𝑆(𝐱) = 𝑒−𝑖𝑘‖𝐱‖222𝜋‖𝐱‖22 ( 1‖𝐱‖22 + 𝑖𝑘) 𝑥‖𝐱‖22         (1.6) 

Equation (1.5) is a closed expression, which allows the 

calculation of arbitrary 𝑝(𝐱, 𝑡) given 𝑝(𝐱, 𝑡)|𝑥=0. The term 1‖𝐱‖22 

corresponds to inhomogeneous waves, which vanish for ‖𝐱‖22 ≫ 𝜆/(2𝜋), and can be neglected for the computations. At 

large distances from the transducer surface  
𝑥‖𝐱‖22 ≅ 1, and (1.5) 

can be expressed in time domain with: 𝑝(𝐱, 𝑡) ≅ ∬ (2𝜋𝑐)−1‖𝐱‖22 𝜕𝑡𝑝 (0, 𝑦 − �̂�, 𝑧 − �̂�, 𝑡 − ‖𝐱‖22𝑐 ) d�̂�d�̂�∞−∞   

(1.7) 

which is a form of the Rayleigh-Sommerfeld integral. In a 

practical implementation, a discretized version of (1.5), with a 

finite measurement window 𝑁Σ and pixel size ℎΣ, is used: 𝑝(𝐱, 𝜔) ≅ ∑ (ℎΣ)2𝑝(0, �̂�𝑠, �̂�𝑠, 𝜔)𝑔𝑃𝑆(𝑥, 𝑦 − �̂�𝑠, 𝑧 − �̂�𝑠)𝑁Σ𝑠=1  (1.8) 𝑝(0, �̂�𝑠, �̂�𝑠, 𝜔) represents the Fourier representation of the input 

pressure/time waveforms 𝑝(0, �̂�𝑠, �̂�𝑠, 𝑡) at the source plane (�̂�𝑠, �̂�𝑠), which is approximated with the Discrete Fourier 

Transform (DFT).  

 

Particularization for two-dimensional pressure fields 

In the particular case of a line excitation, a homogeneous 

pressure field can be assumed in Z-direction and (1.8) is 

rewritten as: 𝑝(𝐱, 𝜔) ≅ ∑ ℎΣ𝑝(0, �̂�𝑠, 𝜔)𝑔𝐿𝑆(𝑥, 𝑦 − �̂�𝑠)𝑁Σ𝑠=1        (1.9) 

The field of the elementary line source  𝑔𝐿𝑆(𝑥, 𝑦) is obtained by integrating (1.6) along Z: 𝑔𝐿𝑆(𝑥, y) = ∫ 𝑔𝑃𝑆(𝑥, 𝑦, 𝑧)d𝑧∞−∞ =− 𝑖2 𝐻12)(𝑘√𝑥2 + 𝑦2)𝑘 𝑥√𝑥2+𝑦2           (1.10) 

where  𝐻12)
 is the tabulated Hankel function of order 1 and 

second kind. 

 

Time reversal of pressure fields 

The inversion of ultrasound waveforms through linear media 

is based on the time-reversal invariance of Helmhotz equation 

(1.2), which, due to the second-order time derivative 𝜕𝑡2, is 

satisfied for both positive 𝑡 and negative −𝑡 time values [9]. 

Recalling (1.7), if time waveforms excited by a real ACU 

transducer are sampled along an arbitrary cross-sectional plane 

and then used as excitation of the wave propagation model, the 

diffraction of the ultrasound beam is calculated (forward re-

radiation). However, if the waveforms are reversed in time 𝑝(𝐱, −𝑡)|𝑥=0, the simulated waveforms propagate backwards in 

time converging to the transducer source excitation (backward 

re-radiation). Since Eq (1.5) is an exact integral representation 

of the Helmhotz equation, the time-reversal model is as well 

exact. Eq (1.7) is then rewritten as: 𝑝(𝐱, 𝑡) = ∬ (2𝜋𝑐)−1‖𝐱‖22 𝜕𝑡𝑝 (0, 𝑦 − �̂�, 𝑧 − �̂�, ‖𝐱‖22𝑐 − 𝑡) d�̂�d�̂�∞−∞   

(1.11) 

Thus, a measurement 𝑝(𝐱, −𝑡)|𝑥=0 is sufficient to calculate the 

far field (1.7) and near field (1.11) of the 3D transducer. The 

same applies for the 2D case (1.9, 1.10). 

 

 
Fig. 3. Practical implementation of re-radiation algorithm. 
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III. EXPERIMENTS 

Figure 1 illustrates the setup for measurement of ACU 

transducers TX. A point receiver RX is mechanically scanned 

with respect to the transmitter TX, and the time waveforms 

emitted by the TX are recorded at defined positions. This setup 

provides both plane measurements as input for the re-radiation 

equations, and sound field data for validation at arbitrary three-

dimensional space points. Pressure readings RX were acquired 

with a calibrated pressure-field microphone RX (4138, Brüel & 

Kjær, Nærum, Denmark), with a sensitivity of 10 mV/Pa and a 

polarization voltage of 200 V. The microphone has a diameter 

of 1/8", which corresponds approx. to the wavelength in air 𝜆 at  

110 kHz, and a flat response between 6.5 Hz to 140 kHz (±2 

dB). The investigated TX, which are shown in Fig. 2, were Gas 

Matrix Piezoelectric  Composites (GMPC, The Ultran Group 

Inc., State College, PA, USA) for NDE applications, which, 

based on proprietary multi-layer acoustic matching layers, 

allow efficient ACU transmission through solid samples with 

short pulse responses (100-200 μs) [31]. The last matching layer 

is a compressed fiber composite, which is not adequate for laser 

vibrometer measurements. One square I and two circular 

transducers II and III were measured, with frequencies of 50, 

120 and 230 kHz, respectively. This is the state-of-the-art ACU 

transducer technology for thick material inspection [7, 32-35]. 

In particular, [32] reported transmission through 200 mm thick 

concrete at 100 kHz, and [7] achieved transmission through 500 

mm thick glued timber with both the 50 kHz and the 120 kHz 

transducers.  The 230 kHz transducer shows a  frequency 

response, which is outside the “flat” region of the microphone, 

and is used to study the influence of the limited receiver 

bandwidth. The X-axis is the radiation axis of the transducer, 

while Y and Z define cross-sections of the ultrasound beam. 

Additionally, a 120 kHz rectangular transducer IV 

(50 mm × 250 mm) was investigated, with an approximately 

constant pressure distribution along the longest dimension Z, in 

order to simulate a two-dimensional pressure field (Fig. 1). The 

origin of the coordinate system is at the center of the transducer 

surface. Transducer specifications are summarized in Table I. 

The near-field distance is approximated with 𝑁𝐹 = 𝑓𝐷2 (4𝑐)⁄ , 

which is exact for circular transducers and provides the natural 

focusing distance of the transducers (a nominal value of c = 343 

m/s is used to calculate the NF estimates). The bandwidth of the 

transducers BW is defined with respect to the 30 dB drop from 

the peak response (BW-30 dB). A -30 dB transmission (3%) with 

respect to the peak field value is also used in the pressure plots 

as a threshold level, below which the sound field variations are 

consider to be small.  

 For high-precision measurement of the three-dimensional 

sound pressure distribution, both Tx and Rx were attached to 

motorized scanning systems. For each plane acquisition, the 

radiation axis of Tx was first aligned with Rx. The alignment 

was considerably simplified by embedding two line laser 

pointers in the transducer holders (Fig. 2), which generated a 

light cross along the transducer radiation axis. The horizontality 

of the TX was controlled with a bubble level, as well as the 

parallelity of RX and TX surfaces (maximum distance error 0.5 

mm). Then a two-dimensional raster scan (YZ) was 

continuously performed with a two-axis belt drive scanning 

system (AB), with working distances of 500 and 780 mm, 

respectively, and a positioning reproducibility of ±0.2 mm. 

Incremental shaft encoders connected to the spindles of the 

linear axes triggered the ultrasound system at the defined data 

acquisition steps (Table I). The scan velocity was 60 mm/s for 

all acquisitions; each YZ plane data acquisition was performed 

in 14 min. For the smallest grid (0.5 mm), the highest pulse 

repetition frequency (PRF) was 120 Hz.  

Dedicated software to control the five-axes scanning system 

and the excitation and acquisition of ACU signals was written 

in LabVIEW® (National Instruments Corp., Austin, TX, USA). 

The maximum recommended operating voltage of the GMPC 

transducers is <1 kVpp. Ultrasound pulses, consisting of two 

sinusoidal oscillations at the operating frequency (Table I), 

were generated with an arbitrary waveform generator (NI PCI-

5421) and amplified with a High Power Tone Burst Pulser 

(RPR4000, RITEC Inc., Warwick, RI, USA) to an input 

excitation of 0.2 kVpp. The received signal level in the 

microphone did not exceed 1 V, corresponding to a maximum 

100 Pa pressure. The signals recorded by the microphone were 

conditioned with a built-in low-noise preamplifier, band-pass 

filtered according to their bandwidth and digitized at a sampling 

frequency of 2.5 MS/s with 14 bits resolution (NI PCI-5122). 

The measured input plane X for the re-radiation was set to 

the approximate near field distance NF, in order to achieve 

simultaneously a smooth and focused beam cross section. The 

grid step was defined roughly as 𝜆/3. A smaller grid step than 

the microphone diameter was used to achieve over-sampling of 

the acoustic field, which provided a noise reduction effect and 

a detailed capture of the phase information. The window size 

was set to 4 times the transducer diameter. In the case of the 

rectangular transducer (IV), the Z coordinate was measured 

with coarser resolution (10 mm) and all Z lines were averaged 

to provide an input line excitation (Y) to the two-dimensional 

re-radiation algorithm. For transducer II, special settings, such 

as a higher resolution 𝜆/6, a double window size, and input X 

distances in both near and far field regions were additionally, in 

B 

 
Fig. 4. Experimental 3D C-scans for a) 50 kHz transducer I, b) 120 kHz transducer II, and c) 230 kHz transducer III. 
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order to evaluate their impact on the simulation. 

As shown in the previous section, the speed of sound in air 𝑐 

is a required parameter for the sound field reconstruction. A 

thermodynamics relation [44] was used to compute 𝑐 in 

function of the temperature T (20-30°C) and the relative 

humidity RH (20-40%). The pressure is calculated with the 

barometric formula and assumed to be constant.  T and RH were 

recorded with a digital data logger (Ecolog TH1 2423, Elpro-

Buchs AG, Buchs, Switzerland), with an accuracy of ±0.2°C 

and ±1.5%, respectively. As empirically shown in [45], in room 

conditions c can be calculated with an accuracy of 0.4 m/s. A 

single value of c was estimated for each transducer. 

The microphone receiver RX behaves as a reflector of 

ultrasound waves, which influences the measurement of the 

sound field. The presence of the microphone increases the 

sound pressure both in front of the microphone capsule and on 

the surface of the membrane. This leads to higher pressure 

readings than the actual field. The free- field response (without 

microphone) was calculated with an angle- and frequency-

dependent free-field correction (FFC), using the calibration 

plots provided by the manufacturer [11]. The angle of incidence 

is calculated with respect to the centers of transmitter and 

receiver transducer surfaces. The FFC effectively provides a 

deconvolution filter, which alleviates microphone distortion at 

 

 
Fig. 5. Baffled piston transducer model for 120 kHz transducer II. a) shows a C-scan of an YZ axial plane (for comparison with measurement data 
see as well Fig. 6a). b) shows C-scans for YZ beam cross-sections, c) A-scans at selected positions.  

 
Fig. 6. Validation of 3D re-radiation algorithm for 120 kHz transducer II. a) and b) shows C-scans for XY and YZ sections, c) selected A-scans. 
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high frequencies. The 4138 microphone (condenser type) is the 

highest frequency microphone provided by B&K. Although 

calibrated only until 140 kHz, it is able to capture higher 

frequencies (6 dB drop at 230 kHz). 

After FFC correction, the pressure waveforms in the recorded 

X-plane were used as input to calculate the volumetric fields 𝑝(𝑥, 𝑦, 𝑧, 𝑡). Figure 3 describes a practical version of the re-

radiation method described in Section II. First, the time 

 
Fig. 8. Validation of 3D re-radiation algorithm for 230 kHz transducer III. a) and b) shows C-scans for XY and YZ sections, c) selected A-scans. 

 

 
Fig. 7. Validation of 3D re-radiation algorithm for 50 kHz transducer I. a) and b) shows C-scans for XY and YZ sections, c) selected A-scans. 
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waveforms at each measured point 𝑝(𝑦, 𝑧, 𝑡) are converted to 

the spectral domain 𝑝(𝑦, 𝑧, 𝑓) with a Fast Fourier Transform 

(FFT). Then, the summations Eq. 1.8 or Eq. 1.9 are used to 

compute the forward re-radiation step. Finally, the frequency-

dependent fields 𝑝(𝑥, 𝑦, 𝑧, 𝑓) are transformed back to the time 

domain with an inverse FFT (IFFT) 𝑝(𝑥, 𝑦, 𝑧, 𝑡). The same 

procedure applies to the backward re-radiation, in which 

additionally the time waveforms are mirrored in time 𝑝(𝑥, 𝑦, 𝑧, −𝑡) before the FFT step and again after the IFFT step. 

As validation, the calculated pressure fields were compared 

to the measured volumetric pressure fields. Single time 

waveforms (A-scans) at specific points were plot. Amplitude 

images (C-scans) were generated by recording the peak value 

of the time waveform at each scan position, and visualized as 

3D volumetric plots, 2D cross-sections or 1D profiles. A 

logarithmic scale representation normalized to the pressure on 

the furthest on-axis relative maximum (empirical definition of 

NF distance) 𝑝𝑚𝑎𝑥  was used in the plots. Pressure errors were 

obtained by subtracting calculated 𝑝�̂� and measured 𝑝𝑖  pressure 

values and were represented in the same logarithmic scale. The 

root mean square error (rmse) and the maximum pressure 

deviation (MaxDev) were respectively calculated as:  rmse = √𝑁−1 ∑ (𝑝𝑖 − 𝑝�̂�)2 𝑝𝑚𝑎𝑥 2⁄𝑁𝑖=1          (1.12) maxDev = max |𝑝𝑖 − 𝑝�̂�| 𝑝𝑚𝑎𝑥⁄           (1.13) 

For  maxDev a median filter was applied to 𝑝𝑖 − 𝑝�̂� to avoid one 

pixel mis-registration errors. All calculations were performed 

in Matlab® software (The Mathworks Inc., Natick, MA, USA). 

IV. RESULTS AND DISCUSSION 

Figure 4 shows 3D C-Scans of the measured volumetric 

fields for the transducers I (50 kHz), II (120 kHz) and III (230 

kHz). Due to the large ratio between active diameter and 

wavelength 𝐷 𝜆⁄ ≅ 17, all transducers show a good 

collimation, with a 6 dB beamwidth at X = 400 mm of 76 mm, 

34 mm and 24 mm, respectively. The near field distances NF, 

defined as the distance of the furthest relative pressure maxima 

are found at 410 mm, 172 mm and 56 mm. The differences with 

the NF estimates in Table I are associated to both deviations 

from the cylindrical geometry and the pulsed response of the 

transducer. The experimental pressure distribution is not 

perfectly axisymmetric, due to imperfections in the transducer 

matching layers. Moreover, in the measurements the number of 

side lobes also strongly increase with the frequency, probably 

due to wave scattering effects at the transducer matching layers 

and surface edges. 

Figure 5 shows a baffled piston model of the 120 kHz 

transducer II, according to prior state of the art [14, 26, 27]. In 

this case, the excitation plane X for Eq 1.8 corresponds to the 

radiation surface of the transducer, which is described with a 

constant vibration inside the circular transducer surface and no 

vibration outside. The measured transducer pulse response on-

axis at the NF distance was used to estimate the pulsed time 

waveform at the transducer surface, and the calculated pressure 

fields was normalized to match the experimental data at NF 

distance. Contrary to experimental data (Fig. 6a), this setup 

leads to an axially symmetric field distribution (Fig. 5a). 

Normalized cross-beam profiles (Fig. 5b) show a good 

agreement with experimental data at the -6 dB level, which 

corresponds to the main beam lobe. As a consequence, the rmse 

of the beam width for the forward re-radiation (far field, X > 

NF) is only 0.3 mm. However, the piston model fails to 

reproduce side lobes, leading to a large rmse of 9 mm at -20 dB 

level. Together with the symmetry of the baffled piston, the 

 
Fig. 9. Validation of 2D re-radiation algorithm for 120 kHz transducer IV. a) and b) shows C-scans for XY and YZ sections, c) selected A-scans. 

TABLE II 
SOUND FIELD PREDICTION ERROR 

No. 
RMSE  

FORWARD 

(%) 

MAX DEV  
FORWARD  

(%)  

RMSE  
BACKWARD 

(%) 

MAX DEV  
BACKWARD 

(%)  

 

I 1.3 4.3 3.2 12  

II 2.2 9.7 5.4 21  

III 1.1 3.2 9.3 50  

IV 2.4 11 2.0 13  

RMSE: root mean square error, MAX DEV: maximum deviation 
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pulsed transducer response acts like a spatial filter, which 

cancels side lobes in the simulation. Significant deviations are 

as well observed between the quantitative pressure values in the 

axial plane YX (Fig. 5), with a rmse of 4.7% in the far-field and 

maxDev = 14%. The deviations are even larger in the near-field 

(rmse = 8.7%, maxDev = 54%), where the symmetry of the 

piston leads to an oscillatory pattern. Pulsed time waveforms 

(Fig. 5c) show a coarse agreement on–axis (A and C), and are 

poorly described at off-axis positions (B and D). Similar 

observations are extracted for transducer I and III (not shown). 

Figure 6 to 9 compare results of the proposed re-radiation 

algorithm to the experimental volumetric fields for transducers 

I, II, III and IV. A significant predictive improvement is 

visually evident for the re-radiation results with respect to the 

piston model of Fig. 5. Re-radiation results show a close 

agreement to experimental data for the axial plane XY (Fig. 6-

8a) and beam-cross sections (Fig. 6-8b). Time waveforms at 

both on-axis and off-axis positions are accurately reproduced 

(Fig. 6-8c). Non-axisymmetric field distributions and side lobes 

are satisfactorily reproduced. For instance, while the rmse of 

the beam width at -6 dB for transducer I is only slightly better 

than the piston calculation (0. 2mm), the rmse at -20 dB is a 

magnitude order smaller (1.1 mm). Similarly, the rmse and 

maxDev values of the pressure fields (Table II) are significantly 

reduced with respect to the piston model.  

Next, the re-radiation results for each transducer are analyzed 

in detail, and deviations with respect to experimental data are 

identified. The 120 kHz transducer II shows in the YZ plane 

(Fig. 6a) six side lobes (S1-6) above -20 dB level, four for Y>0 

and two for Y < 0. The re-radiation model correctly models four 

side lobes (S2, S3, S4 and S6) but fails two reproduce the two 

closest to the transducer surface (S1 and S5). Contrary to Fig. 

5a, the axial profile of the re-radiation model Fig. 6a reproduces 

the near field trend, with a positive maximum at X = 42 mm and 

a negative maximum at X = 82 mm. Pressure deviations are 

largest on-axis, with MaxDev = 21% for forward re-radiation 

and 9.7% for backward re-radiation (near field, X < NF). A 

pressure error increase is observed in an interval of 15 mm 

from the excitation plane (X = 220 mm), approximately 

equivalent to 5. The simulated beam cross-sections (Fig. 6b) 

 
Fig. 10. Effect of measurement resolution and window size in re-radiation results. a) Modified configurations for transducer II (Fig. 6). Re-radiation 
results (C-scans in XY plane) are calculated with high resolution (measured pixel size 𝒉𝚺= 0.5 mm) for b) double-size and c) normal size areas. 
Amplitude errors are shown between b) and two coarser resolutions c) 𝒉𝚺= 1 mm and d) 𝒉𝚺= 2 mm. 

  

 
Fig. 11. Effect of input X plane in re-radiation results. Modified configurations for transducer II (Fig. 6) are calculated. a) and c) show C-scans 
calculated from measurements at X = 92 mm and X = 324 mm. b) and d) respectively show errors with respect to measurement data. 
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show a high level of detail, and asymmetric features above -20 

dB are well reproduced (note for instance features F1 to F6). 

However, for the re-radiation results, a pressure drop is 

observed below experimental measured values for large off-

axis distances. The distance threshold for a -30 dB drop is 

empirically described by a truncated cone surface defined by 

the transducer active area and cone semi-angle of 11.7°. 

Consequently, while for cross-section 3 (X = 308 mm) the full 

200 mm  200 mm measurement window can be reproduced, 

for section 2 (X = 108 mm) only a diameter of 110 mm matches 

experimental data, this area being reduced at section 1 (X = 4 

mm) to the 50 mm transducer active diameter. Since side lobes 

S1 and S5 fall outside this distance threshold, they are not 

reproduced. In comparison, the re-radiation results for the 50 

kHz transducer I (Fig. 7) show a smaller cone semi-angle of 

8.5°, which, together with the better transducer collimation, 

allows for a more accurate representation of the near field. Even 

pressure feature F1 outside the radiation surface at cross. 

section 1 (X = 4 mm) is captured by the model, although at a 

lower amplitude level. The pressure error is overall reduced by 

50% with respect to transducer II (Table II). As for the 230 kHz 

transducer (Fig. 8), the cone semi-angle is of 11.5°. Out of the 

seven side lobes S1-S7 observed, only the ones in the far field 

S3, S4 and S7 can be reproduced. Close to the transducer’s 

radiation surface, the backward re-radiation appears somewhat 

smoothed with respect to experimental data, with a rmse of 

9.3%. This may be explained by the bandwidth of the 

transducer being outside the flat response of the microphone. 

For instance, due to the low-pass filtering effect of the 

microphone, in the case of transducer III the effective 20 dB 

bandwidth was [120, 210 kHz]. However, the pressure 

deviation in the far field are smaller than for transducer I and II, 

with a rmse of 1.1%. Similarly, while YZ cross-sections 2 and 

3 accurately reproduce asymmetric features F1 to F5 within the 

cone surface, cross-section 1 shows high-frequency spatial 

variations, which are not captured by the re-radiation model.   

Figure 9 shows results for the rectangular 120 kHz transducer 

IV. Due to the large aspect ratio between Z and Y dimensions 

(250/50 = 5), the 2D re-radiation model described in Eq 1.9. 

provides an accurate representation of the average field in the 

YX plane. The Z-averaging produces a well-collimated field 

without significant side lobes, which resembles the simulated 

piston model in Fig. 5. The pressure deviations for the 

backward re-radiation are therefore significantly reduced (rmse 

= 2.0%) with respect to the 3D transducer II (rmse = 5.4%, 

Table II). However, a systematic deviation is observed in the 

far field, with the 2D model underestimating the pressure drop 

with distance X (MaxDev = 11%). This deviation can be 

explained by the true 3D nature of the IV transducer: a 3D point 

source (Eq 1.6) at large distances r from the radiation surface 

scales the radiated power over a sphere, with 𝑔𝑃𝑆 ∝ 1 𝑟⁄ . A 2D 

point source (Eq 1.10), on the other hand, scales over a cylinder, 

with  𝑔𝐿𝑆 ∝ 1 √𝑟⁄ , thus the smaller pressure drop.  

The pressure drop outside the cone semi-angle is caused by 

the finite size of the measurement window. This is shown in 

Fig. 10 by comparing re-radiation results for transducer II for  

the re-radiation window defined in Table I with results for a 

double-size re-radiation window. While the additional window 

region contains only small pressure values (<-25 dB), their 

cumulative effect lead to significant differences in the near field 

(Fig. 10b-c). Particularly, side lobes S1 and S5, which are not 

visible for the normal window size, can be reproduced with the 

double window size, due to the larger cone semi-angle (>27°).  

Figure 10d-e shows the effect in the re-radiation results of 

different grid steps in the measured input plane. The chosen grid 

step 𝜆/3, with ℎ𝛴= 1 mm for the 120 kHz transducer appears to 

be a good compromise between measurement effort and 

accuracy. Smaller steps (ℎ𝛴= 0.5 mm, Fig. 10d) do not 

introduce significant variations (rmse = 1.0%), except for a 

small 15 mm on-axis region close to the re-radiation plane 

(maxDev = 11%), which corresponds to the 5 interval of on-

axis uncertainty observed in Fig. 6. For a coarser grid step (ℎ𝛴= 

2 mm, Fig. 10e), the on-axis uncertainty region increases (30 

mm), with MaxDev = 17%. Moreover, a significant error is 

observed on-axis for forward re-radiation, with rmse = 2.9%. 

However, for backward re-radiation, no significant deviations 

are observed. These results can be interpreted considering that ℎ𝛴 is equivalent to the active surface of the elementary sources. 

The larger ℎ𝛴 the more directive the elementary sources 

become, introducing off-axis deviations with respect to the 

assumed ideal point source function 𝑔𝑃𝑆  in Eq 1.8. The effect 

is most significant close to the re-radiation plane, where the 

elementary sources mostly contribute in off-axis directions. The 

results also suggest that modeling a diverging field (forward re-

radiation) requires a finer sampling than a focused field 

(backward re-radiation).  

Figure 11 investigates for transducer II the effect of the re-

radiation plane distance X on the modeled field. While a larger 

X distance (Fig. 11a-b) improves the prediction performance in 

the far field (forward re-reradiation), on the contrary it leads to 

larger errors in the near field. A smaller X distance (Fig. 11c-d) 

 
Fig. 12. Effect of temperature T in re-radiation results. a) Speed of sound 
c and maximum pressure pmax variations for transducer II in function of 
temperature. b) Comparison of re-radiation results (C-scan in XY plane) 
computed with nominal T and with a temperature shift ΔT of 1 °C. 
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is on the other hand able to improve the near-field predictions 

(sidelobes S1 and S5 can be reproduced), but leads to a 

significant error increase in the far-field (rmse = 3.5%). The 

choice of X roughly at near field distance NF (Fig. 6) appears 

to be a good compromise. Alternatively, acquisition of several 

re-radiation planes at different X may be considered if a higher 

accuracy is required.  

Next, uncertainty sources with smaller contributions than the 

ones outlined above, with pressure values <-30 dB, are briefly 

summarized. The free-field correction (FFC) for the 

microphone lead to small variations (rmse = 0.4%) in the 

modeled fields, with respect to the fields calculated without 

FFC. The simplifications applied in Eq 1.7 with respect to Eq. 

1.5 also introduced small pressure field variations (rmse = 

0.3%). The effect of the climatic conditions in the estimated 

speed of sound c is shown in Fig. 12. Based on temperature and 

relative humidity measurements, a 0.4 m/s accuracy in c

estimation has been observed at room temperature conditions 

[45]. Moreover, an average T and RH readings varied by 0.1°C 

and 0.8% during a single measurement plane acquisition, and 

by 1°C and 8% over a 10 h volumetric scan. The corresponding 

c variation is 0.8 m/s for the volumetric scan and negligible for 

the single plane measurement (0.08 m/s). Fig 12b shows the 

pressure error for transducer II for a temperature variation of 

1°C. The amplitude errors are small, with a rmse = 0.3%. The 

uncertainties are largest for backward re-radiation (MaxDev = 

2%), where time shifts due to c variations induce slight 

modifications of the near field interference patterns. Even for a 

large temperature range of 10 to 40° (5.8% variation of c), the 

variations of the maximum pressure are <1% (Fig. 12a). c

variations also lead to time shifts in the simulated A-scans. In 

particular, at 200 mm distance from the re-radiation plane, a 

uncertainty in c of  0.4 m/s leads to a timing uncertainty of 0.66 

μs, corresponding to 8% of the oscillation period at 120 kHz. 
Therefore, as also shown in the A-scans from Fig. 6 to Fig. 9, 

for most applications the timing uncertainties are negligible. If 

necessary, a more accurate c estimate may be obtained by 

explicitly measuring the time delays of the A-scans at different 

distances X and consequently performing a linear fit of c.

It has been previously shown [43] for water-immersed 

ultrasound probes that a characterization of transducer near 

field defects based on a far field measurement is possible with 

acoustic holography. This also avoids the challenges of pressure 

measurements directly at the transducer surface, such as 

microphone reverberations, or difficulties to characterize 

surface vibration with a laser vibrometer for heterogeneous 

composite layers. Given the re-radiation accuracy results, a 

similar potential is available for ACU transducers. For instance, 

Figure 13 shows a detail of the backward re-radiation of 

transducer I at 4 mm from the transducer radiation surface. This 

is a sub-wavelength separation and therefore the measured 

fields approximate well the vibration of the transducer surface. 

A pressure inhomogeneity F1, corresponding to a 12 dB 

pressure drop, was observed in both measured and simulated C-

scans. This may be an indicator of a fabrication defect in 

transducer I, for instance, a slight misadjustment of the GMPC 

air matching layers. 

V. CONCLUSIONS AND OUTLOOK

This work provides an efficient implementation of acoustic 

holography for air-coupled ultrasound transducers, which paves 

the way for the development of ACU tomography and full-wave 

inversion problems for quantitative ACU imaging. 

The proposed re-radiation method provides a time-efficient 

approach for the characterization of the volumetric pressure 

fields of ACU transducers. A single plane measurement 

acquisition presently requires <15 min. The scan velocity may 

be increased at the cost of a higher PRF, which increases the 

presence of phantom echoes, i.e., late spurious ultrasound 

echoes originated in previous trigger periods. In terms of 

computational load, with the defined sampling strategy, for a 

transducer of diameter 𝐷 and frequency 𝑓, a total of (12 𝐷 𝜆⁄ )2
multiplications (4 ∙ 104 for transducer II) are necessary per 

calculated coordinate and frequency. A real time 

implementation was out of the scope of this work. However, 

Eq 1.8 is fully parallelizable in terms of elementary sources, 

calculated coordinates and pulse frequencies. Based on state-

of-the-art multi-core technologies (e.g. Graphical Processing 

Units – GPUs), the computation of the re-radiation results is 

feasible in parallel with data acquisition [46]. 

We provide a closed-form solution, which allows direct 

calculation of the field at selected coordinates.  In comparison, 

numerical methods as FEM or FDTD require discretization of 

the full computational domain between transducer and receiver 

position and are susceptible to numerical dispersion, which 

accumulates with the distance. For instance, we have previously 

observed [24] that a discretization step of 𝜆/40 or less is 

necessary to neglect numerical dispersion in FDTD sound field 

calculations. The choice of a planar re-radiation surface follows 

practical scanning considerations. In general, other surfaces 

(e.g., spherical or cylindrical) may be used, as long as the 

forward re-radiation region does not contain any sources [20]. 

In this work we have focused on microphone measurements, 

which are adequate for characterization of NDE transducers up 

to 200 kHz. For the MHz range other non-contact sensing 

approaches, are required, such as optic methods or micro-

machined transducers [12, 14]. The re-radiation model allows 

computation of volumetric fields as long as both the phase and 

amplitude of the pressure field, or a related quantity, can be 

measured with sufficient resolution over a two-dimensional 

Fig. 13. Detail of experimental and simulated sound field for transducer 
I at transducer radiation surface (cross-section 1 of Fig. 7). A pressure 
inhomogeneity (feature F1) is visible in both C-scans.
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spatial domain.  

We have validated our method for planar transducers. 

Additional experimental work is needed to show the 

applicability of the method for focused, curved and array 

transducer configurations. However, the presented GMPC 

transducers show heterogeneous and feature-rich fields with 

respect to simple piston models, which are accurately described 

by our method, and give confidence on the generality of the 

proposed approach. We have shown a significant agreement 

between measured and predicted ACU fields at subwavelength 

distance from the transducer surface. An additional interesting 

test would be to compare re-radadiation results with direct 

measurements of the transducer surface displacement. 

Although this test was not possible for GMPC transducers due 

to their special matching layers, it can be done for other 

promising ACU transducer technologies, for instance [33, 47]. 

Our model effectively calculates sound field features, which 

deviate from the ideal piston behavior. These are indirectly 

related to transducer imperfections, for instance, due to 

problems in fabrication. Our method provides a detailed full-

wave characterization of real probes, which allows their use in 

quantitative wave propagation models. Moreover, our method 

can be used in combination with a control algorithm to 

dynamically adjust the fabrication process variables to comply 

with a set of ideal transducer specifications, for instance, for a 

baffled piston. Apart from NDE applications, our method is 

relevant for medical applications, for instance, recent works for 

chronic wounds or the cornea based on ACU [48, 49], for which 

an accurate  characterization of the radiation fields is critical for 

clinical certification. 
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