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Abstract
\

We Teview the technique of calculation of Operatdr
e_xpana@on coefficlents. The main emphasis is put on gluon
operators which appear in expansicn of n-poimt functions
inMuced by colourless quark currents. Two converdent scheme
are discussed in detail! the abstract operator method apd
‘the method based Ion the Fock-Schwinger geuge for the vacuum
gluon field. We consider a large mmber of instructive exam
important from the point of view of physical applications.
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INTRODUCTION

The method of QCD sum rules, originally proposed in works
LI],, has been intensely developing over the last three-four
years (see, for instance,[z]and a short rer.l.ew[3])end has become
now one of the most effective tools for determining the parame-
ters of low-lying hadromic states. Leaving aside theoretical
éspects, discussed in great detaill in ref.[ l]we notice only
that the basis of the method iz a hypothesis of existemce of
violent vacuum fields - quark and gluon ‘- wuich go beyond the
framework of perturbation theory. Valemce quarks (gluons) injec-
tec in the vecwm by electromagnetic or amother extermal current
have to develop not in the empty space but in a vacuum medium,

In a certain way we find a dom~in of imtermediate 12 va-
lues - the so called fiducial domain - inside which, on ome
hand, correlation functioms of colourless currents are calcu-

: a 2 a
lable by expansion in (G,-J)vac /‘i, ( (G,..v)m\.g
stands for the ocharacteristic vacuum field) and, on the other
hand, the same correlation fumctionms are saturated by the low-
est hadronic states with appropriste quantum numbers to a good
accuracy. Thus, the structure of the exact QCD vacuum 1s not
explained but, rather, pasrametrized, and fhe vacuum gluon field
is treated as a given externmal field (weak and randomly oriem-
ted).,

In the original works [l}coefficients in fromt of glucn
operators have been determined by virtue of the standard tech-
nique appealing to the Feynman diagrams. Soon it became clear,
however, that this way of the calculation is extremaly incon-

vinient in gauge theories since, in order to get the fimal
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gauge invarisnt answer one has to deal with a large mmber of

intermediate gauge mop~inwarient quantities cancelling each oth
at the end,
The amount of problems solved within the sum rule approach
has been growing rapidly, and practical needs have required a
new wmetbod which would ensure gauge invariance of the gluon ope
rators appearing in the expansion from the very beginning.
To this end two related but mot idenmtical computational sch
nes bhave been proposed. Historically the first was the method e
tending Schwinger's operator espproach 4 lto popabelian theories.
We widely used thie formalism in applicationsi some of its ele-
ments are presented in[5]. Another procedure[slrepresents actus
1y a branch of the abat.act operator method. It comcretizes one
of its aspec'ta - namely, it exploits the 30 called Fock-Schwing
gauge for external gluon tieldv 4] Advantages it gives in con
ptructing the operator expansion in QCD are well-known (e. g.[ ’
wnd there iz no meed to recall them here. Notice that the opera-
tor Schwinger techniqué works not less (und often even more)
effectively thun ithe techpique exploiting the Fock-Schwinger
gauge. In general, both upprouches nicely supplement euch other
in epplications. Somotimes one of them turms out to be more
convenient while in otlaer problems it is better to use the se-
cond method, We feel that exposition of these methods in a
form especinlly suited for QCD will be helpful for theorists
studying the sum rule approach und, probably, even for a wider
audience,
Presentution of some “fuvorite" results 1s not the aim of
this review, at least not the main aim, The bulk of the mute~
rialsia of pedugogicul charucter and is errunged in two cbap-

ters. The first ome i9 devoted to the ubstruct operator me-
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thod, e concemtrate here on a single example nicely illusirat-
ing all basic elements and devices which we use over several
years., The exercise we dwell on is the calculation of determi-
nant Bt |l L'Z/“Xf' -m|| fur heavy quarks, Another name for
the ‘ame quantity is the effective lagrangian. QCD analogue of
the Heisenberg-~Euler lagrangidn:

The expansion for the heavy qu.rk loop is constructed in
the form of 3 series in Gl.s'/mz where G,:; stonds for
the strength temsor of the externmsl gluon field and m is the
quark mass, We find coefficlents of all gluan operetors of di-
mension 4,6 and 8.

The second chapter represents & detailed discussion of the
variant based on the special cholce of the gluon field geuge
(the Fock-Schwinger gauge). Chousing a few typical examples we
try to expluin how one can Jletermine the operator expansion coe-
fricierts in various cases., If the reader will mauter the material
he/she w:ll easily reproduce all particular results encovmntered
in original works.

Before proceeding to the review of techrnical aspects let
us recall the gereral formulation of ilae provlem. For large
cuclidean momenta n-point Green functions induced by colourless
currents are essential’y determinsd by asymptotic Prasdon for-
mulae, Non-porturbative wvacuum fluctuations man! fec ¢ thewmsele-
ves as power corrections %o these formulae. The concrrte sitruc-
ture of vecuun fields is inecaential - everything is fixad by
average vacuum characteristica guch as quark snd gluon conden-

sutes

<'\J’M|~‘F'\"IW¢} , <'\rn.<\°.i=l-f—- Gp?(ftlvnc>
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Including into analysis e few first correctiioms we avtain
approximate predictions for parameters of low-lying resonances.

Since we do not explain the vacwum atructure, bui oaly pars.
metrize correeponding effecta, the vacwum fields play the role
of extermal fie> is. Them the problem reduces to ithe following,
Some colourless currents are givem, and ome has to calculate th
corresponding Green functions in extermal gluan or quark fields
assuming thet the field is weak. By auying vwock field" we mean
that 1ts average intensity is smaller than the characteriatic
momentum value so that the expamsion in powe_r.uries is sansihl

Strict fomlizat:.on of the whole procedure is achieved
within the trsnework of Wilson's operutor expausion (OPL)[9]
Coneider, for imstance, the ordered T product of vector current

My lg) =i feTd% T {ipo jele)}>

where

Jo= 144
in Lhe theory with ¢ aingle masloss quark y . Por large emowy
Q%(= -g°) the product T J (%) JV(O)} can be expunded in
(x-i)“ (&n ') und the two-pnnlt tunctian fpo (4,) takes
the form

A1) = ey -39p0) 2 Cn (@) <O

where O, are local gsuge imvariant operstors, for instunce, 1,
Q. Gf" G/,u o sesy while C, stand for the corresponding
ocoefficient functions. The vacuus matrix elements <On> measu!



average vacuum characteristics and are equal, by an order of
magnitude, %o /u.d” . Here p is = typical hadronic mass

(a few hundred MeV), snd &y denctes the normel dimenaion of ope-
rator O (logarithmic factors assoclated with the snomalous di-
mensions are neglected). It is evident that the n-th term ef

the series for n/.n) reduccs uto const &/Q)d” and for Qz)j,l.:z
one can keep omnly a few firs?d terme.

Since ¥ilson's expansion is an operator equality we can
sandwizh 1t betweem any in- snd out- states. In particuler, taking
one-quark state we get the diagram of fig.l whick fixes the
coefficient of Qqq operator. fhis simple recipe is applicable,
in principle, in all cases, but as was already mentioned, it is
practically ineffective, especially for gluon operators. More
adequate methods are presented below in thig review.

One last remark conce:ning Wilson's expasnsion. It is strict-
1y proven in perturbation theory [10'12 and can lLe exiended to
ynclude non-perturbative orrectsl s 1. 1ts status in QCD is dis-
cussed in detail in ref.[sl. Notice that we use dilson's ex-
pansioca only in momentum space For large Q. In the literature
one can also encounier with unother v.rsion referring to the
coordinate space. Being suyperficially identical these iwo Ifor-~
mulations are actually mot quite equivalent. Indeed, say, the
smell X expansion of T() {x) :)v(")) cop*ains, among
other terms, the operator \')r(o) :)v[o) entering with the
unit cosfficient

T Jul9Yas = o+l i)+

Tn momentum space this would correspond t¢ a delta frmction,
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C(:i) ~ 8( )(0[) . Thus, we would be dealing with a domain of
small gq . Im such a situation ome can expect some subtleties
and they indeed are there. A few receunt works (see, e.g. [13])
investigating OPE in various simple models with non~perturbetive
effects questiion its valicity but all vieolations revealed there
refer just to terms whose coefficients are proportional to 6‘ /%
or derivatives of the delta fumctiom (in coordinate space =
C{x)"'[x‘z/k , ":’0/1,.” ). As for normal (purviving
at large 02) terms of Wilson's expamsion, they correctly give
the true asymptotic behaviour of Green functions - this fact is
indubiteb].e[_5 ].- Within the sum rule method we are mever inte-
rested in terms with delts-like comtributions, although the
question deserves, in principle, further investigation,

CHAPPER I. OPiRATOR SCHWLNGER METHOD

1.1.Starting Elements of the Method. Outlining the Problem
Chooen as an ixample

Quite often in QCD there arises a necessity in calculating
the detcerminant of the Diruc opez'atoi' Det \\Lib,.x,.,—ml\ in
an externmsl non-sbelien field A/: . Recall that
et It /.Y,\. -m i enters ns a pre-exponential factor
iz the mncuum~to-vacuum tramsition <0\0'> determining, in
particular, all Green functions of the theory. Indeed, the
vecuum-to-vacuum anplitude is representable in the form of

the functional integral
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Col0’> = (D42F Y expl [§a%[-tongs

(1.1)

P ZCACRES L S S

over differemt configuratioms of vector and fermiem fields.
Since the exponent is bilinear in ‘P one can perform integrat-
ion over the faﬁim degrees of freedom canaidering the vector
field configuration A; () a8 a given external field.
Then

(olo”> = (2u, et e B "‘?{‘ﬂ"';‘?‘:‘;}

(1.2)

= (A expli (' [ i3 - 2ENTm}

The latter expression is symbolic and requires explamation. The
opers tor Q/ " bas several matrix indices: namely, those
referring to spinor space, colour space end coordinate space

aé
@ \9:!‘[3 > '(Y‘- )'oc/s. )
[543, + 969 A 136

where the Dirac matrices are demoted &3 uswml by ){l"" while
(tc)d stand for generators of the colour grouwp im .he
fundamental representation; g _1s the coupling constant.
Simce x and y are continuous variables the operator at
hand has infinite aumber of matrix elements, and in calculat-

(1.3)

ing the determinant. of this matrix one has to dea] with infi-
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nities of different sort. They should dbe itreated with care. It

1s rather clear that essential part of divergences is conne
ted with the determinant of the free Dirac operator (with no
external field), These divergences are trivial, and to get rid

of them we shall always consider the ratio .

2et- 1P~ m)a W
et | (F-m),_,l

However, the latter expression still contains a residual loga~

(1.4)

rithmic divergence associated with quark-gluon'ooupling constant
renormalization. (We shall explain the assertion in more detail
below),

In arder to regularize the ratio (1.4) in a gauge invari-
ant way we introduce an auxiliary fermion Puuli-Willsrs field
which is quantized as & boson, The completely reguluorized ox-

pression takes the form ) -
L W(P-m),  (P-My),
= 2t 4 ol
_‘i)kec. 2 '(fyf""’),‘:a (?‘MA)A \ (1.5)

where Huis the regulator mass.

Prom eq.(1.2) one sees that Dkgetemines an extra term, to

be edded te the action of the vector field after integration
over the fermion field,

ng =Sce +AS,'

>
AS=-ién 'Dgsg = -t TR 4n %}:@}5__(1.6)
A=0
?"M.)A:a “

CE)

R
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Here we use the well-knowr relation

O 2et JAIL = o G AN

Wa shall calculate a S expanding in powers of (G / Mz)w
, assuming that the field strengih teusor G/.fi 1s much less
than the fermion mnss squared. It is important that for large
masses the fermion loop et hand is determinmed by short distances,
of order ot , and 8o the effective action is representable in

the form of a series in local operators
z a '
AS-= Sdfx [C‘1 3,"‘(5» %%_)G,.« 6/:; +
g— a‘c Q& [
i b GeSapp +. ]

The dots here stand for the terms of mext orders im ‘sz

3 .7)

while the cosfficients Cy are numerical consants, The term
cortaining ‘tha regulgtor mass en MR /W\ ‘has the ntructura
fdentical to that of original action of the gluon field /‘1/..t £
The sum of these two terms is equal to

2 a4 ' : %
—%6 vG/-e L;l 74&% ]
Prom remormalizability of the theory it is clear that combipation
ion in square brackets mmst reduce to the renoxmallzed charge,
4/3!!” . More atrictly, since we are couidoring hore

only the fermiom loop, coerriciant Cy ahould coxrraspond to

charge renormalization associated with cpe fermion flavou.r.

Thus, renormalizability of fhe theury Tixes tue value of 01;



1 1 1 il __Z_A/)Q Mg
: . A v e
;REA/ fz b (3 3 2
(1.8)
N {
Co== 572

( N is the gluon contribution to the charge normalization for
the gauge group SU (Nc); N, is the number of flavours, in our
cese Ny = 1).

In order to find other coefficients im eq.(1.7) 1% is con-

venient to consider the derivative of A S over the fermion

nasas A/ f 1 )
P= \" 2~ 1aS =-LTr -
m A v . )
""’1 [(/)'m),q (,}/—m)Az
(1 9)
= (e, ahvk 6 e 268 1656
Sd [ \ % m 3’ N°.§ /He( o(/3 G/g/“
Quantity (—d/d mz‘) AS  is simply interpreted in the lun-
guage of the Feynman diagrams, One can easily recognize in it a

fermion loop with v unit vertex in external field (fig.2). In-

deed, in the coordinate representation

- Tr -{,S/Yx ‘Tku-c. <x\:g(;_17 x>

-t go{Vx, TRL.+C{GA (z,%)}

which just corresponds to the graph of fig.2.

Bere GA(x,y) ip the fermion Greem function in extermal
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field, TRL +C means the trace operation with respect to
spin (lorenz) and colour imdices; |XD  1s & state veotor
describing the fermiom at the point x

In further msnipulations the following basic comr}:atian

relation is used
[?}m’?‘,] =LJ,G/:7"£% Etﬂ@ua

where L 18 the generator of the colour group (for the quark
4a
in the fundamental repregentation of Sl!(;i)° matricea ‘t.  ro-
Q
duce to the Gell-Mamn matrices /\a./ 'ta = 2 /z ) « Then

2 - -5 0% =5k g e,

(;P’Hu)lho =. % Fita0)

_ |

{
RN T ———
' ‘92"' mz*-? 6,0 G).l .((?a- h‘z)ﬁap

where

Lo 1
B TR [(fs’/-m)(?ﬂ-)

& = S0 10 B L)
and the definition of P is given in eq.(1.9). In deriving
0q.(1.10) we exploit the fact that the trace eof any odd mumbar
ef X matrices vanishes.

PThe term "Q?G'G corresponds to interaction of the fermion
ragaetic moment vith extersal f1e1d G uv .« §ince we would
like to find 4 S as a serics in G/,,q we shall e:pand
eq.(1,10) from the very begirning in GG . Then we arrive

.



i2
at the following series:

e (), - (gak. I

{1.11)
T i F 6] = [ q] i

The term of the first order in 6 QG drope out since its
trace over the lorentz indices vanishes. °

Lot us omphasize that the 67;‘.\? dependence is present
not only in terms with magnetic momemt but, implicitly, also in

the scalar operstor #°, m particular, the first bracket

1 1
T - =44
im TR [ ((")2'”'2)1\ (??.__M'L)A:o ] 2 dm As:ca‘

represents actually a scalar loop in extermal fleld and gives

an effective action of the scalar partiole,

We shall ‘emongtrate how one cun construct the correspond-
ing expansion up tao terms of the fourth order iu G’ ppav e The
result was quoted previously in ref.[34]. (Por & detailed dis-
cusaion see ref, [15]). In princiole, it can be also extracted
from the srecent calculations E's.lbased on other principles %) .
For one heavy fermion the result looks as follows

14 y 2z 52 . Mz
AS#—‘-}{;;;zjdx 7kc{~3j 6/-;'&1.;'%-

. S o r 2
" G S it (805 -

®)Ag earlier work[17]contains an erroneous expression for the

cubic comtribution to ASch ¥oreover, the method applied in
ref.17 does mot allow ome to find the quartic contribation.



{G/*”,G‘N}j'— [(’/‘MG-N] +35-[G/“’ otﬁ] ];/)L'}

g __ '\ae
Here G/.J q/::ta. T tL” = l s . To

avoid confusilon cormmutators faniticommtators) are supplied with
subscripts -(+). We keep trace over the rolour indices ( TEC )
in the final expression besring in mind that in zuch a form tbe
regult is valid for aay gauge group.

1.2, Determinant of the Flein-Cordon Operstor

In this Section we dwell on the caloulztion of the deter-

minant of the Klein-Gorden opermtor, or, more exactly, 1its

/(? )y (B M e
AS"#"(” 2.t | (9% 1:= (9% rit,, \\1:
\

2 . 2 2 (1.12}
- Te | & 2 (P Ma)a
@*w )y, (3% M) l

This quantity is ~yidently iunteresting by itself. Besides that,

logarithm

as we chall see in the next Section, it essentielly Tizes the
determinant of the Dirac operateT. i

Tn thae language of the Foyoman dingrams the efrvective
action (1.12) is representable 1ln vhe i‘orm of an :Lnfini'-:e sum
- a loop of scalar particle with enisaion of twa, three, @uCo
gluons, As ms mentioned it is more conveniont to calculate
the derivative ( A / Am ) Ar ‘:; thap the effective action

i1t{self. We will oomsider (for the scalar particle)
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{ 1
pP= A S Tz [- - = ]
2 6{ 12 _ 2 2_ 2.
dm (J W )4 (? )A=° ,
(7.1
this quaatity corresponds to the same series of graphs with iu-

gertion of the unit vertex in all possible ways.

At first sight 1t ie not qui*e clear how one can work with
such obJects as traces of infinite-dimensional matrices, How by
virtue of a ccrtain trick we get a few relations for traces in
the funci{ioral space which allow ome to find, with some patience
all terms in expansion of P in C;;w o The systematic way of
deriving these relations is surpriaingly simple. It is suffici-
ent to motioce that eq.(1.13) does mot change under the shift of

P by arbitrary vector q . Indeecd,
To [t £ M [ [0
(P2-mt), (? -m‘)A” A
(1.14)

~(3-R) ., Je A 3:T““(?-:p‘-m*]\{[(ﬁ*;)tm}m:

X A
Here @1 generates shifts in the momentum space, X is

the coordimute operator. Whem deriving eq.(1.14) it was impor-
tant that the origimal expression is regularized and, therefore,
is well defined. This relationm is equivalent to the fact %hat
in comvergent integrals over infinite space one cam arbitrari-
ly ebift integzmtion variables.

Yow the next astep reduces to expamsion of the right-hand
side of eq.(1.14) in q essuming q +¢o be small. One can
eanily convimce onegelf that the expnnsion coefficients are
expressed in terms of traces of operators of the Klein-Gordan



type. Recall, however, thut we start from expressiom which is
g~-independent at 211, This means that the coefficient :Ln frmt
of any glven power of q should venish idemtically. Aa & result,
there emerses an infinite set of relations comnecting traces of
infinite-dimensional operators with each other.

o Let us obtain the simpleat of thesa relatioms. To thia end
we average @q.(1.14) over direction of the 4-vector gq and con-
pider the coefficient of q° . As was explained, it should vamish,
Tn the formal language the corresponding ejuality looks as fol=~
Jown:

1 1
T =
i {(@*-m: (7

‘mh‘):}:,}: L {[G;“")z !

1 ' { 4
’ (?2— “11) ?/"]A -[(gﬂi_h’t)l T}‘ ?2-_‘"2 g/)l-]a =°} .
Now, using the sbvious relations

1 -1 2
o O e B ap?

__!;._ ) =t i '
1 + (j,oz_mz/.s f/ }/"'J 92_ s e,
S/“ | ?l_ me .‘S/‘ (? ““73’1“ % = (s)/‘_

{ 2 4 | -
ro L e Y [
(848" BT] ey =

we Zinally get
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: 1 ' 1
T - = -4 1
W T T, e s

x [(? )(S)/"J { g/)‘t "[Qf-?.] (?:-/hz) +.. j} (1.1

The latter relation occupies the cemtral plece in our caslculat-
ioma. Indeed, if the externsl field expansion ‘or eq. (1.15) is
constructed 1t can be immediately rewritten in terms of expansic
for AS . On the other hand, eq.(1.15) has an enormous adval
tage over the original exp-ession (1.14) - it contaims commuta-
tors from the very beginmning; in other words, the right-hand sic
is propeortiocmal to G/.‘: G/.? and higher powers of the externs
field, so that calculation up to terms @( G '2) is practically
finished, Sugcessive use of the itrick outlined above allows ome
to extruct terms 0(6 3} B @/6 9/, etc,

Let us pruceed now to techmical details, We atart with the

I, = - e T {'('92‘._,‘,)'« E3; fpﬁ]:&} :

fhe commut:.tor in the numerator can be immedietely rewritten in
terme of externmal field. Indeed,

[9%%)-={%[%,211, = ¢ {R6.]) |

In our formmlation (ome heavy quark flavour) exterral field has
O a .
4 = -
no sources, i.e. it 1s assumed that [J.( Gdf(J- c-?‘ G%- 0
Then



[?2,?/-»]_ S)}., =2L-? Ga(/& ?,4334, = __;2 Gd/q G-(/u. )

2
R AR, Y
‘l‘o ma TR((@R..MZ)Y G “p Gd(/u } s

If we would like to limit ourselves by 62 terma in Io there- would
be practically no need in further computations. The needed power
of G 13 explicitly present in Io and, therefore, we can now neg-
leot non~commutativity of the operator P, Then the trace over

‘spacisl variables is easily computable

e ((?;—mz)hlo Gt§ = e, Yy

< oy 192 <yl Q¥ o=

‘? Z_MI-)"’
A=0o

= T (' < 1(2%mt) 07 (2> GP(x)
(@) v = (! e L
As a result we get v {6”2‘(n-2) {n_3)

s 2
I : ¢ T, G.

0= 25',3'»”-& /”‘ /&G% +u. ) (1.16)

However wnat if we want to make the next step and find which
higher-order terms are actually demoted by dots in eq.(1.16)?
Po make further etep we use the already known trick - ghift of
variable ¥ by a vector q in the quantity
Tae —=ele " 'F(GF) (1.17)
2

%
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where F(G) is arbitrary function of the field G. Comcentrating

ourselves on the coefficient of q2 we gat the following relation

Tw { F(q) =2:7r‘é 715_- To_ F(§)

L S
(?Zﬂmz)l
-g* 7;2{ z)b_G.“:(G)}

(1.18)

(The first term in the right-hand side of eq. (1. 18) has appeared
: : o 2__ -3

from the regulator comtribution = IR 2 ('P Azo F/(?)‘}

which must be added to eq.(1.17) in order to make the whole

expression convergent). Differcatiating eq.(1.18) with respect

to the quark mass one readily gets the trace of any power

T& (/(73 2w FlG))

The final reswvlt for Io has the form

ng ' ‘
= 4 Tr ____{
1, 3.251%ms 5 7% {6“/‘6"/" 2n;¥ ""/*G-‘/‘

[Ase#]@)" 32:,,1” T, U&Mﬂ 2 Sim
.zw»"

Gy* }.
Let us consider u07 the nex commutntor

-5 'ra[@_ s 3172 ]} -

R Y O AT
T T R (g m)s T < Jp /’/"'}=
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___1g* 1 D }
= s TR{WS“(“?*’G"'?‘G/’/" i

9% 1 e
+ £ Te D3 Gy & }
M& s (?",.M})S- ,ch( /@ o(/-U ‘F/.,) i
The second term in cthe last equality cen Dbe omitted since 1t in-
duces only the terms of an oxder higberr than G4 . Indeed, the

matrix element s
2 -5
Cx \ (8 -m) Sulx>)

because of the translational invariance, can not depend on X
explicitly. The X depenedence comes only through the field G
and its covariant derivatives. The first non-vanishing term
which can emerge in (1\ (‘?‘-M")—‘ T \x> s c%d Gz .
It, clearly, gives rise to o( GS) contribution in Il which
is not discussed here, Thus

< ~
11-‘.' 3”{7 Tr (92“"‘2) :{-c‘?‘*;@f}+6dﬁc/eﬂ I

' a3 :
v % Tr. (3%m)7 G Gugue O

Once more maldng a shift of @ in tke regularized expansi.cn

for

TR —(S';)-g":":{” {?-X) ?}3} *

we gain two units of dimension in the field. Omitting straight-
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forward but rether tedious arithmetics we quote bere ornly the

answer
. L2 3
1,--—% ___ Tx - T G
' 3.26.x% mé q"“‘Gd REZTEmr C XM

x . b 37 1 e ¢ ol 2
ERINR S ey ACRTA LR

"Asw](tgmx Tk(_( s — b art oG~ e

- m= ‘95'.32.777;.;"2
" é@ynci“J Gry ’?g_az, [ (qﬂJ‘65“°J {ki«*GLJE 1)
{1.20)

Calculation of furtner commitators proceeds along the lipes ex
lained above. Omitting some inteimediete elements we formilate
basic expressions which allow one to easily reconstruct the
whole derivation.

{1) Double commtator ol

@ i 4* 3 2’
[" st ] = T s & - Zizsaia
s 4 2
£ o, ({6 u ool + £ L0m60p 1 - §L0u6 )
(1;21)

(2) Triple commtator
o p—— : 4
‘Tn ega..{1.21) ~ (1.24) integration over d x is jmplied
(ef. eq. {1.20)) but rcov written out explicitly.
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™ _ ig
T RE.3.5n Mt

LaSey] G-

g A
98.32. 5T m" T2, (— (Grabus}y (1.22)

<
+ [G,.J Gl.(p]__ﬂ + 10 CG,&..: G oo ]— ) X

(3) Quartic cemem:tator

c‘f) .v
T (1005pi 6]
} L ?7”"' ( ;«(123)

+[ Gy G‘fﬁ]- )

(4) 5-Commutator

(5)

[A S‘p?/f’,] = .?, Sf 272 hyrm (s.[c)uzawl— 2 [GNG‘,} )
(1.24)

Purther commubators in eq. (1.15) result im terms 0(G°) and of

higher orders. Ta deriving €q2.(1.21)~(1.24) we have widely used

the following relations

x |3, B0 (3% W) e = 3;-?:%—,_-;, (2 Gazls 2 q«x]

2 2\-% -
<\ @s@xf?{% (®-w) T = 29.32'6__7.2'“‘(};(53« +

+ ;.;Pﬁrugugw) - J’.S-S'fr‘?'./),‘ (GJ‘Z,,, +

+ Ggp fra T Cu i + Gafiin + 0 faa )+ e

They can be obtaimed by considering tracas ef the products
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n(givem operator) = P(G)" where F(G) stands for arbitrary _unction

of the field G. As usual, one should wake a shift of P by q

1t is worth noting that computetion of mutiple commutatora
[@z’ L@Q E@Q, 'p/_']_]] represents essentially a very
simple but rather lengthy and cumbersoxe operation of purely
srithmetical charaucter. The operution seems to be easily formali-
zuble for apalytical compuier calculations, In Appendix A we give
for completeness such commuiators up to {_@’ [?lf.?z[@a[’?a: P ]

Pinally we are able to write out the final answer for

(A S% ) sca 4 v ) (@2 "2) ((Pi 2 )
o 3 ~M - Mg =0
(A P&}#SCR ¢ =t TR QH \\(1)2_ e ):’__o ' (R ':'% )A; “

- (4% (Zyhue

3 | > - r
@%)Suc = 3:'?%.';2 eh "ﬂ/“‘n' rch G'(/‘ G‘.()‘ (1.25)
&

ig* :
. 25385 e 'ﬁ‘: G/w g“’/s G/’)" i 2932 72,7
* Teg ((sf:ucfud)z*éi@uadoﬁ‘f 3 [.G/dqd]f *;%[G/N:ngs}f)'f.

2 : 3
The infintte logarithm {n My /m®  in sront otk _G*
is absorbed, as was eiplained above, in the cherge renormlizat-

"

iom,

1.3. Detorminant of the Dirac Operator
Let us return now to the determinant D of the Dirac opera-
tor and the corresponding effective action:



Degq = 2et || (@ -m)s (¥~ Melaeo \\

el (P-m)pe (B, )

Ase =-{ an :D =- Y (9/"")4 @"Nx):ho
7 REG TR On \\ (@m),_p CT-M), \

As was explained ir sec.l.l, the derivative (//JM)AS% is
expressed in terms of (df/dm‘)(AS%& )J“e . -~ and the
latter wes already found - and an extra cantribution coming irom

interaction with the fermionm magnetic moment 6 G . ¥e write

out here cnce more the relsvant expansien

P ==

4

»u{/n A‘S‘%{ “'TR{(@‘% m?), ) (:Pz—m‘),..',g
) ; (1.26)

"T&- ) ( Se ¢G) ( &éq)

(‘S’”’ m?)

-L l)?.(l ) (g’l- z) ( 6, )(Tl a)(.{ 4)
"“l(@z ‘Mz)z.( 2 q)(p}.. Wt ) ( 254 G)(‘I’zh‘) (2. c’)(q)g 1)( }d

Hext terus of expansion caontain explicitly the fifth and higher
powers of @ and will not be considered here.

Tt is worth noiing that tke mnost esaemi.al part of the
work has been alrsady dome in the previous “ection were ws

have learned to handle axpressions of the type
2 -
TR (((3) -m)" " F (), Q.27

F(G) being any fumotion of the field d. Therefere, 1f ome
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manages te place all (G‘G) encomntered in eq,(X.26) in the
rightuost position, the problem is reduced to (1.27). How can
one interchange (5";) and (?Z~M")"1 ? let vs show this
considaring succeadsively term by term in seq.(1.26),

The simplest one is the last term, It explicily conteins G
to the fourth power and, therefore, one can naglect non-commta-

Wivity of operatars @ end G. Then

B=-iTr (Pet)f(-eg) =
:—.-—-—-—L Saf"x &, (’G‘G)Y.

3.21°. 7%y ¢

(1.28)

The only thing to be dome now is taking the trace ¢ver the ILorent
indices of eight }’ matrices, The operation is trivial and we

quote the corresponding result without any comments:

Toeri (86)7 = To, {16 (G ) ¢ 86 Spl-

(- 2 r 9 .
=16 { Guv G’v«},. = 40 [ Gpnbyy [ F } ‘ (1.29)

7
In the next ternm, PB' which contains kG'G’ ) to the third power
it s mecessary to account for non-commutativity of @ . Let
us rewrite P, in the following idenrtical form:

e, = & Te @ W) "(s 6y’ - (:Pz.h,l)—‘([@)zg-gj_
‘@)Y, 06). + [956] [ (s9).
+[° €GP [P 6] )+ (2% (19] 6]
(5a)" - (¢6)* [P266] )+ ... }
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Here dots refer to higher commtators resulting in terms e’y
and of higher orders., It is worth noting that such identical re-
arrangement of terms ensuring the rightmost position for '
con be dome in different ways so that the explicit expresaion for
may be superficially different from eq. {1,30).
Commutators are calculable with mo difficulty. Por ingtance,

(5% ¢6]- ={ R [ 7,06].}, =T 6GERWDT

By

ate,

As a result

? g! xR (cq)

3~ 2% 3 7! mY (1.31)

-2;—3——7’_-5—‘ Sd X TR [G: i Q“]_, TRC.;L(‘ 6)3’ ?:uc 43

The iazt thing to be dome is to find P2 - the plece con~
taining double interaction with magneiic moment,

B.= M (2 6P G =
ci Ta {2t 2 ) (66) } j TR {(" m) "

(1.32)
‘(G'G"‘ m‘;[’f’is‘@_* ———[9*(? 6’6’]]
x[(S’Z‘S’G;J_ ’ |

Simc: we already know how to onsure two extra powers of G in
any expresrsion of the type 'I'R ((_()2 M:L)—W -F[G) we

immediately write ou’ the first term

(?Z 2)2.
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2
LT (PN YS6) 2o e e

14
* TRG Gd/ln- G'{lu' +2'§:§'7[—§";‘ S/':x 'ch (q;(/tcagu)z

In _rder to extract all operators of order G in the second term,
eq.(1.32), one mut accoumt for all commutators up to
[’S’t[?l[?:c‘iﬂj- Using the procedure described a.bove the reader will
easily find them (see Appenmdix d).

s Cinal resuli imcludes, smong others, operators contain-
ing high covariant derivutives, e.g. (2 3@)1 « One can pose
a question: "1is it alwaym possible to reduce such expressions
(with covariant derivatives)} to expressions constructed from
the field strength tensor 11tself?" The answer is;

All lorentz~singlet gange~invariant gluom operaters of di-
nension 8 and £ are reduvcible to operators containing only G'c
by virtue of egv-tion of motion and the Biawchi idemtity. For
instance, .

. i 2
G D60 =926 60)

Indeed, -

: _ ry

@,,9'6;.‘.: . 2%¢ Gy 2° Grpuv + inessential
tetal Cerivatives. Wow, the blanchi idemtity D G, + 2,64}‘
+3}‘6u-01w11u

(2*6u) (2, By bps) = 22500} (% U600 =
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= ‘2(‘2)26)”) [@xf{)’.]_ Gy = "25? /’(bzq/ﬂ’)[qq/uaw) =

=" 2}2/6‘%/46%0)2 .

#hen deriving these formulae we have uged the fact that 9;‘6).\) =0
and omitted the terms which are full derivatives since they give

no contribution in the integral for A54 ., The number of terms in
P, to be rewrittem in such a way in terms of G's 18 rather

large. We would not like to dwell on conceptually simple inter-

mediate steps and reproduce directly the answer
2
3 v, | ¢ 2 2
P‘z—'—rﬂcgdx{ ,z”-ﬁ"-mz'q + (6)+

2%.3. 7/’*
[G‘_MaL C’:«O]?

¥

% g’ 2
. 23385 mame 263.5m2 neé [G/*“ G«f}—j,

Let us assem’ble now together all pileces, P2. P3, P4 and
add -L'TR(? h) for scalar particles. Recall that the term
2 2 2
STR(CPEM) T~ (Pm) Ao ) in eq.
(1.26) differs from the result given in sec.l.2 by a factor of
4. This factor is due to the fact that the symbol TrR in eq.

(1.26) includes also the trace over the Lorentsz indices, and

'T’R‘-lf-q .

Now, the Heisenberg-Euler lagran?.an A S’e is recon-
structed by integration AS ——i‘- S “JM‘ B(mz) . The result

was quoted in sec.l.l.
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1.4. Comcluding Remarks

The operator method of caleculetiol in extermal fields ori-
ginally proposed by Schwinger enormously simplifies computations
es compared to the standard technique of Feymman integrals, Ite
advanteges in comstructing the opciator expansion are obvious te
everybody who deals with the sum rules and it is enjoying now
wider and wider popularity in theoretical audience. )

From other applications of the method let us mention the
wonderful work dby 't Hooft [18] who kas found the fermion determi-~
nant in the imstanton field, In this work it hus been showa for
the first time how one can introduce (basing on the notion of
external field) the Pauli-Villars regulators for the gauge field
with no violatica of gauge invariance of the eriginal non-abeli-
an theory. later on it twrned out possible to gemeralize the me~
thod in supersymmetric theories and comstruci explicitly super-
symmetric Pauli-Villars regularization[}ﬂ Needless to say
that although we discuss here on.ly one exempla, AS’
for one heavy fermion, just the same tPchnique is applicable 1#
other problems, Say, we are interested in the two-poiunt fumetion

NG = Lga" 4% T {¥@iy ¢ ¥ iy 410)1>

where ¥ 1is the heavy quark field,
Pirst of all we rewrite it 4identically as follows
L id6G)

%) = §d%x Te,, (: P <l (Frm)ly>
<

% L { -
ie <&‘(‘?+1)2-m‘+?66 (? ‘A +m)lx>)3z
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Ther we expand in (6' G) up to required order, take the trace

over the Lorentz indices and integrate over dvf- « 48 8

result we find that- ”(:)(qz= 0) de%’, (d n%é’-),‘x_o deﬂ—

etc. are expressed in terms of traces of scalar operators af the

type

4.k -t/ N
To (3202)" (G (P2W)Y) R (SCP D))
Further manipulations are already known.

CHAPTER II. METHOD BASED ON THE FOCE-3CHWINGER GAUGE

2.1, The Pock-Schwinger Genge

Correlation functiong of colourless sources are gauge inva=-
riant, Any gauge condition imposed onm the vacuum gluon field
(considered as given) will eventually lead to one and the same
£inal answer, Hence the choice of the gauge is, first of all,
the question of convenlence, The gauge proposed in electrodyna-
mics by Fock and then, independently, by Schwinger[7'4]1s as
follows

a .
(%~ 2,) A (X) =0 (2.2)

where /4 /“a. is the rMpotential and X, is an arbitrary
point in the space playing the role of a gauge parameter, This -
gauge was rediscovered several iimes in chmmodynaud.csteol, and
i1ts virtues were revealed in subsequent works.

Let us notice from the very beginning that condition (2.1)

is invariant wnder the scale tmnsfomati}m and inversion of
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coordinates, but breaks the translationsl symmetry. The latter

restores itself in gauge invariant quantities, In other words,
parameter X should cancel out in all correlation fumctioms in-
duced by colourless sources. This fact - cancellation of x, de=
pendence - may serve as an additional check of correctness of
calculetions (see, e.g.[z:"]). We shall not exploit this useful
property, however, and shall put x, = 0 in all following conside-

rations,
A o
X =
X/.A yall - ) . (2.2)
getting, as a reward, compact formulae for quark and gluon pro-

pagators.

The most important consequence from eq. (2.2) 1e the follow-
ing: potential A; (x) i expreseable directly in terms of
the gluon field strength d:ensor[zol. Hemely,

1 &
A;/x)=Jdﬂ/d 69/‘,/0(-"/9}. . @D

The derivation Jf this relation is quite straightforward. Start
from iden*ity

24 -
/ ) = Aol €2.4)
# =3, (40)Y) P e
where, due to eg,(2.2) the first term in the right-hand slde
vanishes. The second term con ve, evidently, rewrltten as fol-
lows

o . DA

: 7]' G/‘f /i byf . (2.5)
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Combining eqs.(2.4), (2.5, we get

24
()47/, A (‘"} =fp 6’/‘/7’/ (2.6)

Substitute now —a(fx- . One immediately sees that the left-
hand side of 8q.(2,6) reduces to a full derivative (d/do()
(O(A/,,{dx)) . Integrating over & from 0 to 1 we arrive at eq.

(203)-
For our purpoees - and we are interetsted here in the ox-

pansion in local operators O, (0) - it 1s much more convenient to
deal with another representaticn for A/u [2‘) which stems
[22]from eq. (2,3):

4u(x) = 20/ X G (0) +3ﬂx,<xf(°¢f/,/o))
+ ';T—Z!’(o(xpr[’zoc }G_f/‘,[O))'f.

where D a3 usual demnotes the covariant deriwvative, Eq.(2.7)

(2.7)

shows that /}f/x) 1s expressed directly in terms of the field
strength tensor at the origin and its covariant derivatives.

Let us outline the proof of eq,(2.7). The key point is the
following observation:

'3
[ “ f/‘]X ° (2.8)
o - Xy [‘2(1 ' f,u] s

or, in other words, the ordinary derivatives at the or:!.gin may
be substituted by covariarnt derivatives.

Indeed, expanding four-potemtial in eq.(2.,2) we mnotice
that for smy x



T @ a
jC’“"LA/“’(O)+;}:""1 9"(1 A/‘ /c) +%2"( x"‘z ?"19“.3 ’4/?/0) +~-:‘ =0)

(2.9)
&nd hence
2 A (0) -
x, %, ?”‘1 /1“/0)—"0, (2.10)
. 7, ‘Z"QQ"( ; (¢) =0, ...

Now one sees that

Za, Uty Gpel®) = %, B, Gyl i)

X x ) o . a .
w; Ko, Oy 417,/, /o)— X, xz(}ﬁ@gé';fﬂ (o) =

a
’%1’99« dz@’/'«(‘y .
otc, Purther details are given in ref.[22_1 where the proof is
based op the method of mathematical inductionm.
In order to obiaim eq.(2.7) we expand G(ﬂ'x) in eq.
(2.3) in xx, apply eq.{(2.8) and integrate over i .
Quite analogous representntion is wvalid for the fermion

f£ield
*(x) = “‘{0) fx“iz"(i &U/ty +} 16{1 :?(4 \'L/o) en (2.11)

It 1s worth emphasizing omce more that expensions (2.7),
(2.11) comtain only gsuge covariant quantities. Just this fact

ensures advantages of the given computational scheme over others.
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2,2, r, Ge resai

Correlation functions of curremts are determined by quark
and gluon preorsgators, hawever, unlike the ordinary Peymman dleg-
rams, these propagators describe propegation in extermal gluon
(quark)fields, Concentrate at first cn the giuam fields leaving
aside Por a while effects of quark comdemsate.

Let the quark be emitted at the peint y and anmnihdilated at
the point x. Propagator

-]

S, y) = <x| —?{: lgb"*’(“'[“’(x},@j)j>ca.1a)

satisfies the standard equation

(‘ XF’*} /,/z)ﬁ—m)S/z;) 3“/.:«)(2.13)

whers Aﬂ/ﬂ) is the vmcuum field (2.7), f‘)‘ 20’4“

It the t1e1d Aw (™) 1s smll in comparison with charscterie-
tic distancas [1 f) — apd we always work enly in these com-
diticns - them S(x,y) is representable in the form of the stan-
dard series:

ZS/Z,J) =£S/°)[z7/ +‘/ [/'z Y Jg/’)ﬁr-a)i/f’/g.)-
v § (2 4) +?2‘Sd 2/A%2 ¢ S Na-2) (2w
L H) i3 ala) L AL2) ISR g) i

where s(” (a:-—y«) " is the free quark prom@tcr.

The meaning of this erpamiom is quite transpamt. The qurk '
emitted at the point ¥ ard annihilated a" the po:l.nt x scatters
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0,1,2,..., times s5ff the vacuum field (2.7).

It would be in order here to draw the resder's atiention to
a subtlety. The propagetor (2.14) is translationelly non-inveri-
ant due to two remsons, First of all, the field ./4/“, depends on
coordinate. In . sense this dependence 13 fictitious since the
vacuum field, ufter averaging, is clearly inveriant under trans-
lations., The true wource of the symmetry breaking is the gauge
condition (2.2) according to which the origin plays a speciel
role. When ome works with gauge -dependent quantities one shoull
be careful eince, for imstance, 's(x,y) and S(;:-y,O) are genmerally
speaking absolutely different functioms. After fixing the refe-
rence frame one should comsistently perform all computations Jjust
in this frame, Omly in final results for n-point functions of co-
Jourless currents we return to original situation - the answer is
ome and the ssme far any choice of the reference frame,

We will not dwell any more on general relations, although
one could go ratber far along these lines (Chapter I). Instead,
we turr. to paurticular exumples snd consider all Cases one may
encounter with im aepplications, Recall that for light quarks
(u,.,8) the mass is @ small parameter, m‘] <</‘-" (
stands for characteristic hadronic scale), Starting in the ze-
roth approximation from massless quarks, we 'th.en, account for
corrections propertional to mq perturbatively. (m the contrary,
for ¢,b and t quarks MQ ‘>>/& , which also results in
simplifications, Twe different limiting cnses, Wll‘C( )-L
and Nq )}/.L are treated separately.

2.3. Hesvy Quarks

It the quark maes = 18 sufficiently lurge the correspond-
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ing quark condensate is mot an indepenient parameter, and the
problem completely reduces to a motion in extexrmal gluom field.

Losume that we are interested in the two-point function of veec-

tor currents (J;(x), Jg(?)) where
J,,‘(x) =a(z) Jﬁ Qlx) . L (2%

The current is defined in such & way that 1t contains ne de-
rivatives - an important fact allowing ane %o choose from the
very beginning the origin, say, at the point y . This reference
frame will be oalleu below standard. Them

Mo ((1) = ;gc‘"l“o_l'fx 4“? {‘Jﬂ(x) Js(0)} >

. (2.16)
\ ‘ x ’
= uS(’,i d"x T&{:{)“ ,S(x‘o))(\, S[u‘z)}
In this Chapter tﬁe symbol TK .meun.s t.ha trace operation

with reaspect to_lLorentz and colour indices only.

As 18 well kmown, 1f mq + 0 it is much more convemier
to work in the momentum space, Since S(x,0) depends on a single

variable, * , one can perform the following Pourier tramsformat-
: (px '
S(p) = §Srx0) £l G,

o oy 4

S (p) =(Stme™ v

ion

{2.17)

and in terms of these functions
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M(q ng {K SI(P)D/“ S/P ?)j /2/" (2.18)

o~
(3ee fig.3). Notice that :;Zk) and ;;{?{) , generally speak-

ing, do not coiacide, If it were mot for this subtlety, the exp-

ressiop would be superficially Jjust the same as for the loop of

free quarks,
The gemeral expasansion (2,14) after Fourier transformstion

turns into the following graphic series

.
) _ 87w kb kR PR
-~

'y P
- bt DS <y . T % T
! |
fkt ?kx “‘2.
* m xd% *
¢ ‘,}/ [ kﬁ(’j}')'nv' "Ml{f?ﬁ ‘A / z)(z,)v
— *
L S LS (p) vk ‘;’k« “{“z
- = ~ + b < “——
Ptk, P Pricek  pele, P
(2,19)
where //‘) is tho Pourier transform of the vacuum field,
TS 2 ).
//;) fA //@ A'z = ‘K”) ﬂ(/)ugﬂp
(2.2

l

21)" n@)
LB o) 2 ek

Each Eluon line is acocompanied by integraution. Uince A/[k) re-
duces to derivaotives of the delta function the integration 1s
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performed trivially. Actually, it 1is equivalent to differentiat-
ion of all propagators preceding the givem vertex (in the case of

S(P) ) or following it (in the case of S(p) Yo
To demonstrate im detail how the procedure works we will cal-

culave, following ret.[6¢], the 02 correction in the two-point
function (2.18), Operator 02, evidertly, can appear only im the
diagrams where the extevmal field A (k) is iuserted twice (rig.4).
Moreover, it 1s sufficient to keep only the firat term of expan-

gion for A(x),

C g )V L ¥
A%) = ‘{5 2 Grpu ¢ 6/25*_ r ﬁyf-.)
(%)= - ‘&W 6475//?4» ).

Usj.ng the fact tha.t

< (é‘*J (c) <$;< (o) > =
A Jae/ Puspop Frp 1 )SSse 56>

and taking the colour trace we et

U], = =37 <609 >/ffff~y Fpnfee)®

ol 1
[27,-)5’ Dk éf b{[“ /9/_ _V‘M}/\)u

(2.21)

SR E S }
'(f
/%K" L“\M P P/—M k k =O )

[”r’(‘l)] - 7 LF6S 65> (f}cf«ﬁ ffﬂ%««)}(z,,y :

2
By /e,s UI‘/F’MI‘/P’/V (F'?k:)/m\i"/—m}k

5

[}
J
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where we have aoccounted for the fact that two dlagrams of fig.4b
give equal contributions.
Due to current conservation the iwo-point function (2,18)

is transversal,

oo (1) = (908 - 93m) 107,

and, therefore, with no loss of information ome can contract in-

dices )A apd V which results in further simplifications:

PP
[ﬂ}‘)‘]a_ =-—L(? Gz) S(Z‘K)V (P (P am ), (2.22)

2,2 e~ 2p*
[nﬂ}‘]g -¢ 4ﬂ'z<; G}j [2 }Y (P mz)y(Pfg hf") (2.23)

I'4

As & result, the problem is reduced to the eimplest Peynman
integrals, Their computation is performed by standard methods
amd yields

(G) Luu" tur‘u = (1/' “' B 713’*‘) —yi; <°—;’_§- 62

3@'1)(4’1)" 1_ b va+o - Za%-2a43 }(2.24)
d‘ Zﬁ vz-i a._

a=s 1L+ ‘/ﬁa /a .
- the expression used L.Ll]i.n apalysis of charmonium.

It is evident that the algoritim described abeve i3 easily
gemaralized ou gluom operstors of hi@ur dimensien. Thus, im
recent works[16922] coetticients in front of ¢? and @* 1n the

)

two-point fumction (2.18) have beer found by this techmique.
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Cer ;ainly, the procedure is not less effec tive for other two-

pb:Lnt functions., For instaunce, the G2 correction in the correlat-

1on function of pseudsscalur currents QLX;Q is as follows

. & <a’s 2 1
g ST

ﬂ“"'\ ;
knavJ ‘U“M‘“ , 0~ ?’/»é?.

(2.25)

\ ;3/3(:#)/6{—/)2 1 gVt 9ot +Ya+s }
at 2z Va1 - ar 4
The careful reader, probabdly, has noticed that one of the

-

simplifying devices is nom-universal. We bear in mind the choice
of the origin coinciding with coordinate o_{_ 02_; of the currents.
1f the current centeins derivatives, su¥, QDu Q@ Lt
is imposgible to put X or ¥ equal ¢5 zero from the very be-
ginning since the quark loop (in external £401d) {5 determined .
now by derivatives of the type (Q/QX.‘) S Vé X, y ) and
(9/9%,4) 5[2; 7’/ , Pirst of all, we must perform differen~
tistion, This causes no difficulties, though. vead of eq.
(2.14), we have now

3 ] () .
W S =y, 5O +pd'e {5 xt) A TY

!-,af-g(f: S{’)/Z *}) $us = "'3%& ¢ S‘(.)(’X'?) i (2.26)
ofd's i Se-m) ALIF5 )R e,

and this last expression slrsady pernits y=0, Moreover, Fourier
transformation of eq,(2,26) is well-defined,

dexzifx [%‘LS(“#):‘ =

3=

L
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e S er+sf 8 i A (9 A (zr/' G
x { S’M‘o-é) T

all fu.rther manipulations go along the lines sketched above.

]

Analysiz of three-point iunciiors would requirs gdditional,
although rather trivisl, medification of the algorithm. Even un~
der the standard chuioce of the reference frame (fig.5) 1in ome of
the propagators both coordinates are different from zero., We
lrave the prodlem of transition to the momentum 8pace in thig
case {0 the reader as n simple exercise, The answer is illustra-
ted in fig,6, Let us especially call the reader's attention to
the faot ihat momentum k2 penetrated on the "foreign" line -
the line corresponding to the first propagator, whioh never
happens in two-point functions wider the stundard ochojce of the
reference frame (l.e, y=0), .

Concluding this section let us make one more remark soncer-
ning the dep~ndence om the quurk mass, Varying this parameter =
paasing from heavy quarks to light ones - we eventually find
ourselves in the domain M << /u. where some diagrams become
infrared - unstatle even if all external moments are cuclidean
and lerge., Consider, for instanoe, the graphs depicted in tig.
4b; the corresponding coztribution to n/. 4 1s given in
€q.(2.23). At first sight 1t is pioportiomsl %o m? . One can
easily convince oneself, howsver, that at Q*>>m? characte~
ristic virtwl momenta im integral (2,23) p2~ n® (and not
p2~ Q2 ! ), the integral is of order :I./m2 s and the answer
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turns out to be of order n° - the situation not dangerous for

heavy éuarks since P2~M2 >>/AL is the domain where calculati-
ions are relieble. On the contrary, for light quarks, .\11(‘1/142 .
the result obtained in this way,ewridently, has nothing to do
with the correct one. Indeed, when deriving eq.(2.23) we have
agsoumed that the interval between consequent scatteringsoff the
vaecuum Pield is small, and in petween the scetterings the guarks
move as if they are free, If PQ""MI <L ’kz both assumptions
pecome wrong. Propagation of the soft qulark in these conditions
is determined entirely 0¥ confinement dynamics. The graphs of
the type of fig.4b ure absolutely senseless, and, instead of
them, we draw the ‘diagram of fig.l where the crosses wmark soft
lines. Ehe corresponding effect is parsmetrized as <J.UL>
or < dd> .

4ctually, the diagrams of fig.4b represent an attempt to
calculate quark condensate in term~ of <62> , an attempt
doomed to failure in the case at hand since {Ww) end (Jd)
certainly do not reduce to a few rescetterings of a massless
free quark, The following fact nicely demonstretes how f r this
model is from reality. According %o eq.(2.23) the diagrams 4b
give non-vonishing comtribution to Dpn (q) in the limit
m— O . On the other hand, in terms of quark condensate the
corresponding comtribution is equal to bm <\L.¢>/Q-Z (fig.
1. It tends to zero with m->0 provided that the vacuwn
expectalion value.\\’}’.‘{’> is non-singular in the chiral limit
(and we ¥movm that this is indeed the case),

Thus, passing from heavy quarks to light onmes it is im=
possible to mechapically put m=0 ixn expressions for n~point

functions., sSuch a procedure will generslly speaking give a
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wrong answer for coefficients in fromt of the gluon operators.
The defect can be eliminated by sepurating a piece assoclated
with large distances and reparametrizing it in terms of quark
operators.

This requires a few additiomal steps, actually quite super-
fluous, if one uses the virtues of the Pock-Schwiager gauge in
ful}l measure. The - :chnique adequate for massless quarks, auto-
matically ylelding the correct operatc:r expansion, is described

below,

2.4, Mossless Quarksa., Gluon Operators

PFor m<</u , when the quark mass can be treated pertur-
batively, the most economic procedure is as follows, Flrst of
811, practically up to the very last step there is no need in
transition to the momentum space since the free quark propagator
in the X representatiom looks just as simple as in the p represen-
tatien, '

S(o)/x; )= i ‘—'(9/ '_f"') 354 (2.28)
77 2re ((x-4)*) ‘ \

This simple observetion essentially lowers the number of inter-
mediate integrotions. Moreover, there exists & compact expres-
sion for guark propagator in extermal field which deing once
found, serves in all further computations.

To begin with we consider s praodlem most important in the
practical respect -~ the 6? correction - and shall return to
discussion of other operators somewhsat later,

The starting point iy expansion (2.14) for quark propaga-
tor., The terms containing A3, A4 etc, will, evidentliy, glve
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operators of higher dimension, 6 and higher. Therefore, concent—

rate on the first two non-trivial terms.
If we gre interested only in tbe operator G/“,) 7/..) then
tpe external field (2.7) can be taken in the form

Au(2)= 256 (). (2.29)

Then iteration of this expression will glve G° , One can easily
convince oneself that gluon operators with derivaiives in eq.
(2.7) cammot induce operator Gﬂ? 5/,,5’ in the correlation
function of colourless c\u'rents,. '

armed with this information we write
VT A -t 4
S(“*W s /". Y- and Sy T

V 1 4
)’ (2 ;{)y + il 7 -—2- » . (2.30)

"SS f)v ?j"‘/}« //)q”zv 2)( NS /%(2;),, r&o/!!’-i‘)

where the first integral is triviclly calculable and geperates

¢® 1n products of the type S/I, }/ SK%/ x/ » The second in-

tegral contains 62 from the very beginning and esgentially simp-

1ifies after extracting the piece sinmglet with respect to Lo-
rentz and colour indices (following eq,(2.21)), Just the singlet
part determines corrections proportional to <G/4J G/.N >.

It is easy to check that L25]
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S(x:a‘)‘?{"ﬁ cit‘:-)_i s T3 SO N )

(i s
+{im 5% 90
19‘2,;:. (,-z); (x / /2’7/)6}?/0) ;”{o)}

+ operators of higher dimemsiom

(2.31)

>
where

a a
r=2-4, G«/A = 21%3 @s 2 Gx,a =’%€A;‘/'J LR

Notice ‘that waedr the standard choice of the origim, y=0,
the oxpress:‘l;on in braces vanishes at all, Therefore, in two-
point functions induced by ourrents with no derivctives %) the
62 correction is determined entirely by the firat two tbm in
eq.(2.31) .

Por instanca, computation for the vector current of mass-
less quarks, J'Fs—q.Y q , proceeds as follows. We start from
the general expression (2.16) and substitute eq.(2.31) for the
quark propagator. Then we obtain :

n) i
‘the expression in braces in eq.(2.31) is essential and can-

not be omitted if ane considers three-point functions provided
that the curremts contain derivatives. '
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'T'RU S(IO)}/\)S/D“’*)} -
= T (e 5 - Fre G Vel )b

’“(—2{,}1 ‘()‘:)Z/ * (y,rz ‘i{‘ Gn»xfﬁ>}

3 DT =X 9260 24,y +X G
T Xt 38y’ xt )

where we have used also ey, (2.21). Having checked that the result

(2.32)

(2.32) 18 transversal , as it g.ould be we contract indices /A—
apd ~ and go to the momentum space (the formulae collected in Ap-~
pendix D will help us),., Pinally,

= ‘——- c{lg.. Q_

(e (9) lesu guarks, 17 ¥

- fgrr’- flkg' G’ 2,

which exactly coincides with the answer obtained first in .ref.[ll

(2.33)

The whole computation takes no more than 10 minutes,

It is worth considering one more pedagogical example, only
indirectly connected with the subject of the present review .=
the triengle anomaly in divergence of the ax.al current, Here
the adventages of the proposed computational scheme nre demonsi-
rated from another poimt of view, If we regularize the axial

current, following Schwinger, by virtue of € splitting, then
X+ &

it =3 (P lon § i A Ve
¥ jxre) {'Cé A (L+€)), -E%A/(x—e) +
RINNEL Gupp (o) ] #(x=€)
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vhere the third term has emerged from differen.lation of the ex-
. /4 - ay a
ponential and, as ususl, /u-f;\ /I
This first step 1s more or legs standard, (Notice, however,
that we have used expansion (2,7) having substituted [?) =
0 -
1 ‘j—_g Gg }‘( ) ). The further derivation is edgsentially shorte.
ned as compared to the mormsl route by use of expansien (2,31)
for quark pro—agator in tho_ Pook-Schwinger gauge. Only the second
term of the expunsiom is operative, Ramely,

(N J ek © -ig Ta[-2 6 GJD/..IO)/;‘[;S'& -€, x+e)]

2 a S &6 .
-2 Qf/u{‘y /0/ 76( Pz 722. %)}Xﬂ;

@d/, G /g .
0f course, we have jJust rederived the well-known result but the
whole businesa is the matter of a few minutes,

This short excursion seems to be sufficient for teaching
the reader how he/she can calculate G2 corrections in any cor-
relation functions,

Por curremts with derivatives or in three-point Green fimc-
tions, generally speaking, all four terms quoted in eq.(2,31)
are operative, The procedure stays as simple and algorithmic as
‘v was explained above; true, the number of elementary arithme-
tical eperations somewhat incrsases,

There is no difficulty in extending the r2sult to include
gluon operators of higher dimension. leaving aside =1l details
we give here the complete expression for quark propagator (in
p space) up to term (7/{-’—5) incluaively[sbl:
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(n={etd> S (x0) =
- L - Bl + B P AN
"?;On( G.,(’g ')P - P(':br P 6’(? ))F, -3 P‘.a}r P«%;PYFY_?] + -
+ %‘@DY? PKDO’;O“ 6"‘)3' b}’ - ‘/r/h:b(:bd G"P P‘B(2.34)
- (Yx:bl’)z k< G"‘)&% e (?rmY).z Pd.’G:(‘FYF Is
~ L2y "xdﬁ‘f?l‘] + ﬁﬁ’:'['zf P G gy Py
o7 P (6 Gpa 6pa8p)¥s =P ulBip Gps=Gp3Gy)
x Ys ] T oer ¢ -

It is assumed that all operators are taken at the originm, for
a - Qy/
instance, G.(P= é?‘ G.(Pl 0}.
The coefficient of gluon operator of (normal) dimenmsion d

)-dH

is proportional Lo (P . In closed loops omly several
first terms of expansion (2.34) are meaningful - namely, those
which do not lead to jnfrared divergemces under integration
over p . 1f the integrals over p B8re saturated in the momen-

2 pere q is & large external moment then the

tum domain p2 ~ q
expansion in terms of gluon operators is legitimate, Passing to
operators of higher dimension we, sooner or later, encoumter
with an integral with a power singularity at p2=0. The corres—
ponding quark line becomes soft end must Dbe parametrized in
terms of quark operators. Imn this case we refuse to integrate
over p and say that the quark line 1is eut" (fig.l and, in

more detall, Sec.2.5).
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At what particular step of the expamsion (2.34) does the
infrared instability emerge? This depends on the form of the ver-
tices. If there are no derivatives in the vertices the power in-
frared divergence appears for operators of dimension 6, Deriva-
tives in the vertices shift the boundary towards higher dimen-
sions., The gemeral rule is unlversal - coefficients in the ope-
rator expansion are always determined by short distances. If the
calculation becomes sensitive ‘o large distances, this means
that, instead of the coefficient, we are "calculating" the gluon
matrix element of some operator missed at the previous step - the
action contradicting our original intemsions. Actually, a mis-
take, We should return back bj a step and include the migsed
operator in the analysis.

" And what if the divergence is logarithmic? In this case one
should not hurry throwing away the result as irrelevant, The in-
frared loganthm does not mean a mistake, Log of 72'//( in
the coeffic:.ent of the gluon operator simply signals that there
is another (quark or gluon) operator of the same dimensien pre-
sent in the expansion, and the conveniional logarithmic mixing
between them takes place, Clearly, it musi be accounted for.An
evample of such a situation is presented in fig.T.

Concluding this Sectiom we quote for the sake of referemce

the expression for gluon propagatorr—“’]up to terms O(q's):

B (3) = A" & Doz, 0) =
"%“J + ?.,6,.)+g. e (%)% 775 o

Rubp U+ 35 (1925 G o *
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4 G o A7 G) 8 g

(6 —H(3u5up)’ )t F 3 P,

(2.35)

where we use the following matrix notation

G/«jé/a/rf“e@«:/oj_ (2.36)

Let us drvaw the reader's attention to one curious fact., In

M

G/J

the quark propagator (2.34) it is impossible to scparate the
strucutre singlet with respect to Lorentz and colowr indices,
G/:a 6/? « Strictly speaking, this structure crm be separa-
ted with zero coefficient as it ia seen from eq.(2,31) with

y=0, At the same time, in gluon propagator it is explicitly pre-
sent (see the last term in eq.(2.35), Not accidentally. Analyti-

cal properties of the propaugntors are such that S(x,0) does not
admit singularities of the type én % nile ;9“,“/9;’ 0)
does admit it (here the bar demotes the Lorentz und colour ave-
raging). One can easily prove the lattef agsertion following
the line of reasoning of ref, [¢d]. m tnis work a related probv-
lem was discussed: analytical properties of quark two-point
functions in self-dual fields.

2,5. Quark Operators
Effects due to quark coniemsate sre essential almost in
: 11 applications., They play the dominant role, for instance,

in the sum rules for j) mesons, D mesons and, especially, ba-
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ryons, .3 a rule, calculation of the corresponding coefficients

io much simpler technically than for gluon operators, Almost al-
wuys, after drowing the relevant graph, we immediately read off
the answer, 5till, even here there exist some useful devices
which will be demonatrated below in a few examples.

Aa in other training exercises consider the correlation func-
tion (2.16) of vector currents, J),.:\" x“ ‘P , vwhere ¢ s
th2 mizsless quark field, Let one of the quark line be soft,

Then cutting it (£ig.7),we get

() = € T < ju0 um}> =

_Se;c'\tivx {qj(x)”ﬁ,g/.r,o))/v Y‘(O/ -+ (2.37)
£ T0)Yy SO )Y W)

where the cut lines are represented by the Heisenberg operators

w;x ) and ¢/0) .

For large q , to the leading order in a~Y, the fiela P{x)
san be substituted by ¢[0/ . Accounting for the fact that
\4’ "(O)LPFLD)>‘ éJ Yél@ we arrive at the

Tollowing expressian

Mo (q)— -4 <‘P > “"{X S(‘i)yv +XVS/1 ))I‘ }) (2.38)

which vanishes 1f the quark mass 1s neglected. The zero result
in the chiral limit is obvious beforchand since the structure ‘7;?
i5 ciiirally non-invariant and appears in the correlation func-
tion (2.37) only being multiplied by the quark mass m, Thus,

at lenst this general property is fulfilled and there 1s no

error.
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Peeling complote satisfaction from the intermal selfconsis-
temcy we new put the problem of determinng the coefficlent in
fropt of M W“’ . Por this problem the approximati a
4"{1) ﬂ"[o)in 0q.(2,37) is mot sufficient, and i% 15 necesaary
to mocemnt for the next term of expsnsion inm (2.9)

W) = Vo) +Xp (/(a)

vearing in mind that op ‘/' w1l eventuslly become J¥=-imy,
Tt is ne surprise that Xgmf \[/(o) induces & new %erm
in n/") (q) » DEmSly,

(it d {¥e)2, J,}é.s’{xp) Y, V(o)
+ B0y S XY 420 HO)} .

ouerms that

KE +P>,1:J {6()})/‘“4‘?9@(45_
=5 i Ol m P>
we reduce this extra term to
;;»,-m;ﬂ > %—, ‘Tg{')’/‘ S’(q)mi *Y,SH))‘(, )f»} (239
Combining Bow egs.{2.38) and {2,39) we obtein

n,‘e (“) 2"'(“""> (1"% - ) (2.40)
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This result was exploited many times in ref.Dl

One more example referring to the operator of dimension 6,

Xq ) t/’ (?/m)

oppearing in en.(2,16) already in the chiral limit. Correction to
flp” LQ) associnted with this operator is of ordes q'4 . The
corresponding disgram is depicted in fig.7b. The consistent pro-
cedure requires, generally speaking, exponding YV(JQ) up to
torns 0(x), so that tn [l Of) we deal with three differ-

ent s tructures

Ny = —2 (L“P‘ol”x ‘/’/0) /Yw Smx 0//

&~

, d()
+ 9\750);4 (x ‘7////u (2.41)
4-61 %o”_br ;aé);ig(o)[zlo))/z .)_}axyx‘cr} %(0)}

whore it ia taken into account that both terms in (2,37) give

one and the sume contribution, and the subscript (0,2,3) marks

the dimension of gluon operator in 8(x,0) (for instance,
S'“) = (amt)//x is the fre< quark propagator, S’(z).—_
Corvs X GPP’ /}" )/ etc.).

Averaging aver the vacuwn stabe - nnd this is equivalent
te separation of Lorentz-gingle$ operators - we convince our-
selves that the second and the third terms in (2.41) are inde-
pendent of x at ull. Hence “heir Fourior transformation is
propartional to SH) (q ) ¢ and one can ferget about these

picces, We are left with the first term,
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o = -2 %) 4 U@ 0,

end will now again taste cf the fruits of the work done before-

hand, We bear in mind expansion (2,34) for S(q) which implies

e =COEDE(5 £ )9 FaG )]
g_< ?7 aﬁ)a’ ‘//’Docco(;>.

(2.42)

v ;, .i.
3 ?7
The factor {-2) reflects the comvolution of Y matrices, yr‘()yr‘)
the factor (1- 4" g '..1,‘ ) is a rennant of three structures of
dimension 3 which are averaged with respect to Lorentz indices

in different ways.

2,6, Correlation Fumctions of Gluon Currents

We proceed im the same vein as witk massless quarks. There
is some subtlety, though, due to the fact that the four-potent-
tial A/u, plays a two~fuld role,

x a a
A/‘ = (,4/“ )“f 1 A , (2.43)

Qa ar !
where ;4/4 ex‘t- is the vacuum field while @u descrioes
deviations from the vacuum field, In other words, d/f' is a
gquantum fluctuation; gluon propegator in external field is de~

fined in the following way:

ab - g
Duw = <T{0}[x),ﬂy(/0)} > . am

=
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The Fock-Schwinger gouge comditiom (2.2) is nemlocsl im the
momentum space, and ene should work very hardly im order to write
Green function -'D/:f satisfying this condition. Even having
overcome all difficulties one would certainly get an expressicn
useless from the practical point. of view, However, there is abso-
lutely no need in this work, Imdeed, let us assume that the Fock-
Schwinzer condition s imposed on extermal field

x/‘[/i;/x))cxt =0. (2.45)
Substituting eq.{2.43) into standard QCD lagrangian we get
L= =1 (603 Gusfext —$(25a5) + $(9745)-
((0a2) + £39 (il d 4" n e

ext a _ a abc s, & c
Qu dv = ;4 ay *j?[ (f/’n/éxt av .
This lagrongian describes dynamics of tield .Qua in the back-

a .
ground fileld ( A/‘ )exé and st1ll possesses gauge freedem; name-
1y it is invuriant under the transformations '

(Af‘ [xixt - /&’)exf i U"‘,x) [;4/1 ﬁ)):xt U[x)’)
(1) »a. = U W)a, (x) U/ + ;— vt) 25

witz arbitrary wnitary matrix U(x), It is eviden* that the

f£irst of thesc trcnsformniions does not violate condition
P .

(2.45) ¢ x/& (. 4:4 ﬁ‘)}gxc automatically vanishes provided

Do extract the meximal profit firom this gruge freedom we
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tix the gouge of (X  8s f0llows. We add to lagrengien {2,46)

the term
1(2 . /u“/ (2.47)

and, certainly, the ghosts according to standard rules. This is
the so called background gauge extensively exploited by le Witt
I_zl;] 14 Hooft [:_le]and in many receat worksa, boih purely theore-
tical and of more pragmatic character [25 27_](}1\.101'1 propagator,
eq.(2.35), is glven just in this gauge,

fhe exercise we concentrate on in this Section is the cal-
culation of the 63 correction in the two-point fumction of scalar

gluonic currents,

.

Js = o G 4/‘“’ . (2.48)

The coefficient of G3 to the leadirg in 0(5 approxima".'ion is
determined by the Boru graphs of fig.8a. The same diagrams in
a symbolical form are depicted in fig.8b; the extermal vacuun
field is not shown hers but it 1s implied that the gluon trans-~
ferring the large momentun g propag.tes in & backgrowmnd field,
Phe nexi step 1s rewriting current (2.47) in terms of the
background and quantum fields; ag i% is seen from £ig.8b it ie
sufficient to keep oply limear in d;:, Yerms, i

s(") ¥ os (G Vext /’9 ﬁf ﬁ/ (2.49)

¢

O(GB) torms arise in the currept correletion function
- ~om two sources: from axpansion of Guv (%) and from
Vs

correction to the gluon propagator:
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:.‘f/vx ei¢x<'r{), [lejs/o)}> -
> 6o ‘ja"é AN F 3,2 0y %%
.<fr{_') a,/,,_) P 4“.(0)}) gm// (2.50)
z) ¢
G, )i, )

where subscripts (0,Z) refer to dimensiom of gluon aperators

and subacript (ex:) is omitted. Im particular, (o) marks the free

propagator

<t By (x), % 04(0» g éz 2, ¢ ?—r) zz/ "‘0(&.

Cne can easily convirc: oneself *that after separsting Loretmz-
singlet structure the first term in 8q,.(2.50) vanishes, The se-

- cond term, in turn, reduces to

. : A
i [ 1% 63 < T{ (gt ) (i) Gy,
/4 . Cgx :
y Gf-e,a [o) = 16 *sz‘/‘/y" e, (2.51)
wit Moy oro ) [
Gui (0J<T [0+ 4 43, ﬁbﬁ(y)aaﬁ/l N0 e’% £y )

~ where, as in eq.(2.35), we use the matrix notation /‘0 b
and account for the fact that ,i.,.{o) =0
Unfortutanetly, it is impossible to simply sudbstitute
propagator (2.35) in eq.(2.51) since expansion (2,35) refers

actually to a@rw (I‘ 0) « At first, we must write Z v (> i,/
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differentiste over ¥y end only them pui y=0. In gluon propagutor
we are interested omly in terms proportional to G since eg.(2.51)
already conteins G2 explicitly. To this order modificntiona

which are needed im (2,35) are trivial,

ix , VG x Y ot a ” @
(o g gy =i AT )
_ Gw \qy 28 Lcly . ' 2.52)

%Q/C" +(iy6{w(")6 —5°<7~f 7}”0?: jw o,
The reader will easily derive this formula himself (herself)
starting from lagrangian (2.46).

Combining egs.(2.52) and (2.51) we obtain

CJQiQxdvx Zo {Js(l) J-S(o)3> = ~§olg % <c(‘.v Gos Gg,“ )C

a"(.

(2.53)
+ other operators.

We have done above s series of exercises in operator expan~
gion, The coefficients of several operstors have been found, The
material is organized inm such a way that the main emphngis is
put on routine computations, Performing them from the very be-
ginning up to the very end we do not try to hide the theoretical
wkitchen"., On the other hand, we do not seek to cerry the prob~
lems through, up to physical spplications and concentrate on
purely computational aspects, i.e, those aspects which are pre-
sented in original pepers only by a few lines (1f at all). .

The reasoné which compelled us to deviate from the settled
tradition reecding "the way of deriving formulne is e question
of no importance"” is as follovs. Pirat of all, it is impossible

to find technmical detuils elsewhere. it best, there cre short
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comments explaining the points with peculiarities, deviations
from the "standavd", Here we clarify the standard itself, demon-,
strate the consistent nrocedure which proves to bc e.tremely
effective in oll known cases.

Experience shows that the reader who has nrot got used to
the lunguage of operator expansion usually encounters with some
difficulties in attempts to obtain thias or that coetficient,
although, in principle, no addition=l lkmowledge is peeded except
for the Feynmon diagrnm technique. True, the dizgrams look some-
what unusually ~ some lines are cut and "inserted” in %acuum -
and this fact seems to discourage., Certainly, not for a lorg
time, As a rule one quickly succeeds in adapting the Feynman
diagrammar, Ugfortunately, this language is not the most economic
one in the caée at hand, The Schwinger approach, much more conve-
nient in this range of problems, is much less known =nd, there-
tore, the main aim which we pyrsued in this review is pedagogi-
cal. In correspondence with this are the most typical examples
chosen above, and they are supplied with rathe> lengtby expla-

nations, 3

Appendix A
In this Appendix the results for a few successive commui-

ators are collected for the sake of reference:
2 @ 1_ _o. .
[‘3’} Jj'-]— 2!&4\/4«‘:‘241
[%)21:?2,‘?}.]]:-4?{6/,?6#72(4—272
49 2 G H%

[¢" [9°[%,2.1]] = -8 22 6 B+

2

AN

/ﬂd
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+(8: 4% p (GurGua)~ 19 T 2" Gpec 147D«
2y e byp +8ig (B 6) o) e+ ( 1422 o )
* 2‘33 Gipp Gy G ‘?j; 2" 6pa H//@Zqﬂ,)a“ -
- 84 2p Gy Ap Gyu) T -

In the following two commutators we omit terma contsining the

+ &'le

rield operators of dimension bigher than 6:
L9 [P [P°[7) T 117= 'fédq Dy 2y Dp G Ty Ta %
 8ig 2 22 Gugpe 8y Fp N 164> 24T (6 ys %%
~8ip 2,2 2% Guu t 4 N2 X% g sy Sy o)
- 164* J (296 m)éﬂ))’j} PpSe*e 5
IS [P, 3 000 2 329 2 % D e TR B L
Let us give also one more set of commutators
[¢*6G]= _226°6 +RiQ 0GR
(¢ [%°,6°61) =206~ 2: % 2% 6 Tt
* 192, 66 Gpu P, ~2:2°3, 66% ‘5'-;3%‘5‘6? ¥

[ [P* [ sall)=—¥ 2(.?323,\6‘_ 6?,._?/,;5 .
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Appendix B
In (his .ppendix we present the expression for the effective

lugragraon in the inatanton background rield

@ % 7"/“‘7.2" :
GHI - } L(x_z-o)lf_fijl

where Xy stuonds for ithe instanton center, f is its size and

)

r . i
Naw)  arc the 't Hoott sy.bols 28], Straightforward calcu-

1.%ion3 lead to the following expressions rfor invariants of the

JANEEIVEN 4

Tllé:(;,’uo 6)’&} 3(?) 11‘)_}:’,
[uw 6,“ Z —.ﬂy(i)Y 7% 1 fv ;

Tﬁ:ﬂ,ura L»,(P], 3(?)V; 4

vhere integration over 472 is included in TK « AS 8 re-
sult, the effective lagrangian turms out to be

' ‘ 2
Loy (i) = }ﬁe— dfp) {365 % (Lﬂz

Y1+

3.5.92 (@y’* }



3]
where d{j?) is the density of imstantons with size )

Appendix c_

The Borel Trapsformstion

Physicully obaserved guantities are commected with n-point
functions in euclidean domain by dispersion relations. After
the Borel transformatiomr the latter convert into the sum rules
with exponentisl weight whioh much more effectively fix purcme-
ters of low-lylng rescnances. Here we glve some useful def:uu.t-
ions and relations.

Consider an arbitrary functiion r.?( 1) . The Borel trans-

formation of ’{( %) 1looks as follows:
C+io0

o Afx ,
10y = £, S e flx)x A%) e
C-ved
where the integration contour rms to the right ef all singula-
rities of ‘F()C) ., The inverte transformation is

#{ .[ -F[") e da fx : (c.2)

The meaning of the procedure 1s simple. If ’T/{x) is given in
othe form of 8 Series in x (may be, asymptotic one), '

k
4:{1) a, v dux ta, * 4.+ 4 % 4. (@

then the corresponding expensior ror _f ( A )

(- k
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contains cocfficients fectorlally suppressed with respect to (C.3).
Ccnvergence of the series improwes. In order to emphasize the
fuct we often refer to the procedure as to fhe Borel improvemens.

The general definitioa (C.1l) - the integral transformetion
in the complex plane -~ is rather inconvenient ihen one deals vith
n-point functions kmown in the form of (asyrptotic) expamsion in
Q2 , In vef. [l}an equivalent differential operator was imtro-
duced. Now we denote it by symbol 3. F:r an~lytical functions

with normal dispersion representation B locks as ®ollows
A L \ 4 2 w/ 5{ )n >
n = e FoLL S
un(Q)—ze*“‘ (h1)! /Q) Aq? /7/0)'
o= ' (C.4)
QY =M"= comyt

2)
where we have takem o two-point function nl Q 88 ar exampe
le, In principle, the definition can be gemeralized to include

n-point functions (see [281 Yo
Ir ﬂ[Q?') possessc 3 mormai analytical properties

)
” lQl) = ﬁn'.‘ jm + possible subtractions

S+Q%¢
then functions ﬂ(M’L) = g ﬂ(ﬂz) and
{QI_LC‘ 4/4612) n‘Ql)} are comnected with each other by

the Borel transformation (C.1) and variuble :l./Q,2 plays the role

1
¥ x []-
It is instructuve to give here a tcble ou examples showing
A
the action of operntor B on different “wnctions encouwntered

with in practice. These examples make explicit the factorial
suppression of series in l/Q,2 .
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It ie easy to check that

k IS
A 1
B (iﬂ_) S ‘,:44_) (c.5)
Q (k1)1 .
Moreover, for positiv: integer k
A n K
B (<)
One more transformation figuring in thc sum rules refers to ex-
pressions of the type (Q ) QMQ . hpplying (C.4) we get

k k
B(Q) Q= -4) ”l’(kfi)@il) (c.6)

A logarithmic Q2 dependence sometimes appears due to &noua-
lous dimensions of operaters, and then the coeffic'ents in the

operator expansion are typically as follows
k ¢
?- -
G/Qf) (e“' q //‘l) (.7

where €& , gererally speak:l.ng, is s non-integer nuwmber. What is
the Borel tramsform of (C,7)? To the leading order in ‘V{ Q//qu
one can easily answer this questlon if ome uses the following

auriliary rela'c:l.en:

(a)k@‘ 62//«) é-ﬁ(e-)(a) S ”"(’( g‘a ) o
Applying ferator% and using (C.8) wa get

A - € L - &

B[(%ﬁ) @“ %:») J N 'ﬁﬁ({ﬁf@«%ﬁ) Y (.9

% B.+ (0((6»1 %’;)'1)]
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As a rule theve is no need in better accuracy in applications

since the coefficients of operator expansion are usually calcu-
lated to the leading order ir 7(5 « The cxact Bo.el transform
of (B,7) 1s knovmn in the literature, though (see[?gj).

The authors of several works Eo'ai]deal with hadrbna con-
tnning heavy quarks, It turned out that the origimnal sum rules
[(luave a paraizer in pomrelativistic limit. In particular, the

non-relativistic analrgue of the operator (C.4) is

(c.10)

"@)V.w-ue = L [niff/! Ew(;p?’lé )M |

E-—'uo)y\—qoo

E/n=€ =Comt
vhere I 1is the 'norgy measured from the threshold., The phyaical
meaning of the Borel transformation here is even more transpa-
rant than witlin the relativiatic approsch. Proceeding from E
to € we pnss, in esgence, from Green function at a given ener-
gy to the time Creen function (or, which is the same, the evolut-

ion operator) and (—C/e) plays the role cf time [301 32],

Appendix D

The Fourier Transformntion

liere we give a collection of iormulae allowing one to pro=-
cced quickly from the coordinate to momentum space in the cox~

relation function of currents.

Tproughout the review we adopt the following stundard defi-

nition of the Fourier trensformation
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‘( _.\.

- fir £ o), T =(EE e vl

(L.1)

The most freguently encountered tran~formctions are well-known:

4, p 1
-‘;1&-5 \Tnz é'z ) f’z &> 2—7;1 'f’ )
(D.2)
P/‘. 4 X
B Fre Xz

In aralysing the sum rules wz deal with more general functions

S d'x &cpa},

(12_)", 3 (D.3)

where N are integer numbers, nz9 . Integrals of this
type are divergent in the uliraviolet domain and have the struc-
tuve Cowt (P "2 &{—p"}-ﬁﬁz-z(}’z) where $-,  isa
polynomial of power u-2, The coefficientr of this polynomiel

are ill-defined (infinite). However, the constant in front of
the logarithmic term is finite and fixed unambiguously. The
presence of the divergent polynomial naver affects nnalysis of

the sum rulés. It has no singularities in p2

and disappears
oafter borelization (see Appendix C). In all subsequent formulae
we write out only logarithms and consistently suppress subtract-
ion polynomials.,

Integral (D.3) can be dome by virtue of analytic continuai-
ion in dimensionality of spacc - this method is most ecomomic,

Start from
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- fas . S P

where we have proceeded to the euclidean space. Integrating over
angles ylelds

An(pY) = (-1 "(2) /(,,-) Vet
* S\'L‘(Z/'A’)'Z"’Alx’ J(D/z)-i C\PH"\)

-Co)ey)T ,,,/2”)2‘,_;{(“2(“»;) .

If D> 4 this exprnssion is singular < it has a pole - the core

(D.4)

responding residue, however, 1s proportional to (Pz)“ = .o A8
wa3 already noted, any polynomial in p is inessential and can
be omitted. The mon-singular part of eq.(D.4) evidently contains
£n F2 . Separating thc nomsingular pert and returning 1o
the Miniowski space we have

A L) -2 -2
SGX‘)“L = f’(M 1) f'( ) ) '&( P) (D.S)

This expression gemerates a series of other useful rolations,

for imstance

'_[ dee“"x (152 (“’l)

2\Rn+-€
rante | (x )

Lard
7 /:»+€—1)I /me 2)! /f?)//’/ 4(f} (D.6)
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where ;) VL are auxiliary vectors,

2 kX .

=W =0 = =0 y A D

S=t=0, 5P =G FTTC

We encounter with transformation (D.6) in the problem of mesons
with epin n . Its derivation is given in ref. [23 ].

The key observation om which the derivation is based 1s the

following
2n

_ Ch.i)z (G, px (96(412) a
-Ln\Q.: (2.,}!‘ gd x & _:(xi/‘f'*e

while integral

PN (A bl dai
gd'x-e,( 7 (_é;z_n;z

is already kmown.
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Fig. 1. Two-quark oper&t;or in the expansior of the correlation
function

(e d" Cvae \T{ Jptx) o)) 1vae>

induced by vector quark currongs.
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Fig. 2. Graphic representation for the derivative of the effective
action (one-loop approximation).
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f--‘a' . )
quark in the
external field

Pig. 3. Correlation function of quark currents in the external

field.

Fig. 4. % correction in the correation fu_ncitlion of quark

cuprrents (heavy quarks).



Pig. 5. Three-point function in the external field. The standard

choice of the reference frame.

{
'

! ) -
Fig. 6. One of the graphs determining G correction to three-point
_ funetion.
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coergicient C ~ g4 &€ 1n qa/}‘z Coetficient ¢ ~ a4 g
(a) , (v)

Fig. 7. Operators (p)? and VY/26)¥ 1o the correlstion function
of vector currents. Diasgram a gives an infrared logarithm

reflecting mixing of the operators.

I \ N PeL] :
IR [} ] ] 13
* & X kKK
(a) (v)

Fig. 8, Operator G5 in the two-point fumction of gluon currents.
Crosses mark soft.linmes apnihilated by the vacuum (a) §

b - symbolic picturé'of the same ‘two-point :_mnction in
the external field. Gluon propagator > emwoa) and
vertices ( © ) are taken in the external field.
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