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SUMMARY

The level populations, by; of hydrogen and singly ionized helium are cal-
culated making full allowance for collisional redistribution of angular momen-
tum and energy. In many cases the [-states are not populated statistically.
Intensities of the most important line series are presented for n<40 and
for a wide range of electron temperatures and electron densities. Calculated
relative intensities in the spectra of H1 are compared with observed intensities
in the planetary nebula NGC %7662. The agreement with the photoelectric
observations is good, but there is poor agreement with the photographic
observations.

I. INTRODUCTION

The recombination spectra of H* regions have been calculated using various
simplifying assumptions (Burgess 1958; Seaton 1960; Pengelly 1964). For a well
observed bright nebula, up to 40 lines may be observed in the optical recombination
spectra* of H 1, He 1 and He 11. There has been considerable interest in comparing
the observations with calculations (Kaler 1966).

The determination of the spectrum produced by an assembly of electrons
and bare nuclei (mainly protons), due to the processes of radiative capture and
cascade, was first made by Plaskett (1928). Solutions were obtained for an atom
with a finite number of levels, and it was implicitly assumed that, for a given
value of the principal quantum number, 7, the populations of the degenerate quantum
states n/ were proportional to their statistical weights wy; = 2(2/+ 1);

P (r.1)

where N; is the number of atoms per unit volume in state 7. Such population
distributions will be referred to as statistical. Assuming (1.1), Baker & Menzel
(1938) obtained solutions for an infinite number of levels by an iterative scheme,
whilst Seaton (1959) obtained similar solutions using the more elegant cascade
matrix technique.

The agreement with observations was poor for high lines, the observed intensi-
ties being greater than the calculated intensities (Seaton 1960; Kaler 1966). This

* Regions of ionized hydrogen emit the H 1 spectrum. We therefore refer to ¢ H+
regions ’, in preference to the more common term ¢ H 11 regions ’. This is consistent with
the 1952 resolution of I.LA.U. Commission 34 (I.4.U. Transactions, Vol. VIII, p. 527).
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led Seaton to suggest that systematic errors were present in the observations, but
careful new observations by Aller, Bowen & Wilson (1963) appeared to confirm
the earlier results of Aller, Bowen & Minkowski (1955).

In the above calculations there is a discontinuity in the physical conditions
assumed, in that collisional processes which are ignored for bound states must
become important for large n, while it is assumed that the free electrons are col-
lisionally dominated and form a Maxwellian distribution. Seaton (1964) allowed
partially for the redistribution of energy by electron-atom collisions, and Brockle-
hurst (1970) (hereafter referred to as Paper I) allowed fully for all such processes.
They were found to have only a small effect upon the less excited states (z < 40),
and could not explain the above discrepancies.

Equation (1.1) will be valid when collisional processes leading to a redistribu-
tion of angular momentum are very much faster than radiative processes. There
will always be a level n, above which this holds true, and the calculations of Paper I
(the #-method) are valid. The calculations for the less excited states are certainly
incorrect, however, and the intensities of the Balmer series and other important
transitions of astrophysical interest will be wrongly predicted. Extensive calcula-
tions were made by Pengelly (1964) assuming no collisional redistribution of
angular momentum or of energy. A re-analysis of the observations indicated that
the nl-method was in worse agreement with experiment than the #-method (Kaler
1966, 1968).

It would appear that some process not considered in the calculations is main-
taining a statistical distribution amongst the I-states. Pengelly & Seaton (1964)
showed that the collisional processes for redistribution of angular momentum
could have large cross-sections even for small values of . The calculations presented
below allow exactly for such processes, induced by protons and other charged
particles, and also for the less important process of collisional redistribution of
energy. The level populations, calculated for a wide range of physical conditions
and for both hydrogen and singly ionized helium are found to depart radically
from the statistical distribution. As expected, the line intensities of the principal
series lie between the n-method calculations (valid in the limit of large densities)
and the nl-calculations of Pengelly (valid in the limit of zero density).

The paper concludes with a comparison of the theoretical and observed line
intensities of NGC 7662. The agreement with the photo-electric observation of
high Balmer lines (Miller 1971) is very good. It is suggested that intensities
obtained photographically contain systematic errors.

2. FORMULATION

The level populations are conveniently described by the usual b factors. Thus
the Saha equation is written

2 3/2
an = N+Ne( h ) Lnd

ey . .
ok )z & bm (2.1)

Where x,; = Ini/kTe, Iy is the ionization energy of level #/ (which is independent
of I for hydrogenic systems), IV, is the electron density and IV, is the ion density.
For thermodynamic equilibrium b, = 1 and, with a Maxwellian distribution,
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b = 1 for free electron states. We note that
; N. nl = N. n

and equation (1.1) implies by, = by.

Baker & Menzel (1938) formulated two distinct cases in the determination
of the spectrum. In Case A it is assumed that the ground state is depopulated
by photoionization processes alone, whilst in Case B it is assumed that the rate
of depopulation of an excited state by the emission of Lyman quanta is balanced
by the rate of population due to absorption of Lyman quanta. In this case, the
level 2p is metastable and the population will increase until absorption of Balmer
quanta becomes important. Osterbrock (1962) has shown, however, that, for
an isolated nebula, a Ly-o quantum will escape or be absorbed by conversion
to two quanta after 107 scatterings, and the 2p population does not become
significant.

The dominant physical processes occurring under conditions typically found
in gaseous nebulae are radiative recombination, radiative cascade, collisional
redistribution of energy by electrons and collisional redistribution of angular
momentum by ions. Collisional ionization and the inverse process, three body
recombination, are negligible for levels n<4o0. Similarly, for any known H*
region, the effects of the free—free radiation field are negligible (Dyson 1969).
Equating processes which populate and depopulate a quantum level nl, we
have

NeN oy + Z, z An’l’, wlNn'v

n'=n+1 U'=Il+1

+ Z NeNuy'Cor, ni+ Z Z NeNwvCot', m

P=l+1 n'=n, V=I+1
[oo]

=an[Anl+ Z Necnl,nl’+ Z
n’=

U=i+1 ne V'=1+1

NeCi, n’l’] ) (2 ’ 2)

For the ground state it is necessary to include photoionization of ground state
atoms by stellar ultra-violet radiation. For Case A, 79 = 1 and for Case B, np = 2.
The radiative recombination coefficient for nl/ is «y; and the radiative transition
probability for n’'l’ »>nl is Ay, ni. A is the total radiative transition probability

for nl and is given by
n—1

Apy = Z Z Anl, n"t". (2-3)

n'=n, U"=l+1

The collision rates, Cyy’, i for redistribution of angular momentum and
Cu'v, m for redistribution of energy are defined such that

Cis = [Qunf(o) do (2.4)

where f(v) is a Maxwellian velocity distribution. From detailed balancing con-
siderations we find .
etiw;Cy, 1 = ew;Cy, 4. (2.5)

Substituting (2.1) and (2.5) in (2.2), we obtain the equilibrium equation in
30
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terms of the b,; factors.
Z exn’( Z (21, + I) An'l" nlbn’l’) - (21+ I) Anl ex”bnl
n=n+1 r=Tk1

+e%n(2]+ 1)(

18

2 NeC'nl, n'1'bnr —bpi Z Z Necnl, n’l’

> )
o UV=l+1 n'=n, U'=1l%1

’

n

+e%a(2]+ I)( NeCui, by —bm 3, NeCuy, nl')

U=1x1 UV=l+1

_ _a,,,(L)"w. (2.6)

2 7ka Te

The method of solving (2.6) will be discussed in Section 4.

3. THE EVALUATION OF THE RATE COEFFICIENTS
(1) Radiative coefficient Ay, n'v’

The spontaneous transition probability 4y, 5 for electric dipole radiation
in hydrogen and hydrogenic ions is given by

= G4mtv3max Q1) 2”,0 r ]2
Any, n = Zo3hcd (2l +1) e2ay . R(n'l’) rR(nl). dr (3.1)
where
ap = h2[me? (3.2)
and
G
v = (,‘RZ2(n——,é——;§) (33)

is the frequency of the transition n’'l’ —»>nl and R(nl) is the normalized radial wave
function. On substituting in (3.1) for v and rearranging

A, wv = 276774 10° Zlan, nv (3-4)
where
1 1\3max (], I -
ant, n'l’ = (ﬂ—n—z) —(;rj‘_T)JIP(” r, ”l)l 2 (3-5)
and

p(n'l, nl) = f : R(n'l'y rR(nl) dr. (3.6)

The tables of radial integrals | p|2 published by Green, Rush & Chandler (1957)
are not extensive enough. For #n< 40 we compute the values using the expression
given by Gordon (1929):

/ (=)' fm+ D) (n'+1-1)! (4nn")H1
Ip(n [— I, nl)lz = {4(2[— I)' (n——l— I)' (n'_l)l (n+n/)n+n/

X (n—n')ntn'-21-2 [2F1(—n+l+ 1, —n'+1, 2l —-——(;f’:,z)z)

—n'\2 ‘ 2
_(n n) 2F1(—-n+l—1, —n'+1, 21, __(?‘f__@__)“ (3.7)

n+n' n')2

© Royal Astronomical Society ¢ Provided by the NASA Astrophysics Data System

220z ¥snBny 0z uo 1sonb AQ 8551092/ 1 L ¥/7/E€S |L/o10IHE/SEIUW/ WO dNOD|WSpEoE//:SA)Y WOl POPEOjUMOQ


http://adsabs.harvard.edu/abs/1971MNRAS.153..471B

FIO7IVNRAS 1537 ~471B!

No. 4, 1971 Low levels of hydrogenic ions in gaseous nebulae 475

where oF1 is the hypergeometric function. When (3.7) is being used to evaluate
the matrix elements, the convention is adopted that if the I-value of the upper
state is the larger, the total quantum number for this state is represented by n.
If the /-value for the upper state is smaller, the quantum number for this state
is n’. Finally, the leading term in (2.6) requires the evaluation of an infinite sum
involving A coefficients. To this end, asymptotic expressions for Ay, i, #'—>00
will be derived in Section 3 (iii).

(it) Recombination coefficient oy

We require the rate coefficients «y; for the capture of a free electron by an
ion, to give an atom or ion of one less charge in some final state nl. Consider,
first, the ionization of an hydrogenic ion of nuclear charge Z by a photon of energy
hv. The electron, initially in a state n/ is ejected with an energy k2, such that

hy = (—Z—2+k2) In. (3.8)

ne

The photoionization cross-section a@,; for this process is given by Burgess &
Seaton (1960)

autht) = (£220) 2 3 2L o, k) (3.9)

3 ﬁl’=l:t] (21+ I)
where
O(nl, KI') = (1+n2K?)| g(nl, K1')|2 (3.10)
zZ2 [
g(nl, Kl') = - fo Rui(r) rFri(r) dr (3.11)
and where
o = 2me2[ch (3.12)

is the fine structure constant, [’ is the angular momentum quantum number of
the ejected electron and K = k/Z2. In equation (3.11), Ryu(r) and Fyy(r) are
the initial and final radial wave functions of the ejected electron, Fy; being normal-
ized to asymptotic amplitude £~1/2,

The recombination coefficient is obtained from the photoionization cross-
sections. With a Maxwellian velocity distribution corresponding to an electron
temperature T,°K, we have (Burgess 1965)

= 1/244g,2 1/2
ol (277 oag c) 2yl , Im 10,1 (3-13)

3 n? U=1+x1
where
In,LI',t) =max(,I')y f (1+n2K2)2 O(nl, KI') e v d(K?2) (3.14)
0

and
y = Z2Rhc|kT, = 15.778/¢ (3.15)

with
t = Tol10422, (3.16)

Many evaluations of ® are necessary, requiring expressions amenable to rapid
computation. The radial wave functions may be expressed in terms of hyper-
geometric functions but this procedure becomes unsuitable for large z. Following
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the suggestion of Burgess (1965), we write

g(nl, K1) = J( (”Jlrf)), ﬁ (1452K2%) (2n) 2 G(n, L, K, 1) (3.17)

and obtain

8n
Gl n=r,0,m) = [T 3 (g eoon (3.18)
_ _ I exp (2n—2/K tan~1 (nK))

G(n,n—1,K, n) = Vi—e 2K (1+n2K 2yn+2
xGm,n—1,0,m) (3.19)
Gn,n—2,K,n—1) = (2n—1)(1+n2K2) nG(n, n—1, K, n) (3.20)

2K 2

G, n—1, K, n—2) = (E:i;’_nﬁ) G(n, n—1, K, n) (3.21)

Gn,n—2,K,n—3) = 2n—1)(4+@m—1)(1+n2K?2)) G(n, n—1, K, n—2). (3.22)
The recurrence relations for G are

Gn,l—2,K,l—1) = [4n2—4l2+1(2]—1)(1 +n2K 2)]G(n, -1, K, ])
— 4n2(m2 =[x+ (1+ 12K G, L K, 1+1)  (3.23)

G(n, l—1, K, [—2) = [4n2—4l2+1(2]+1)(1 +n2K?)]G(n, |, K, [-1)
—4n¥n2—(I+ 1)?(1 + 12K 3)G(n, I+ 1, K, 1) (3.24)

Repeated application of equations (3.23) and (3.24) involves nothing more
complicated than multiplication and is ideally suited for rapid computing. Equation
(3.14) was not evaluated by the Gauss-Laguerre method since it was found that
unless a large number of integration points were employed, a sizeable part of the
integral could lie between the first two points or even before the first point. An
ordinary Gaussian quadrature scheme was adopted, with an upper cut off Kmax
such that

O(n, I, Kmax, t) = 1075 0(n, ], o, ). (3.25)

Variation of the accuracy parameter in the case of worst convergence (I = o,
t large) indicated that the final integrals, I, were accurate to at least 4 figures.
Burgess (1965) discussed the possibilities of errors building up during repeated
use of the recurrence relations. No differences in the final values were found
when computed using 64-bit words on the University College London IBM
360/65 or using 48-bit words on the University of London CDC 6600.

(iii) Asymptotic form of the radiative coefficients
For the purpose of evaluation of the term

[e o]

Z An’l’, nl(zl,"‘ I)bn’l’,

n'=n+1

it is necessary to know the form of the radiative coeflicient at large n’. We may
write expressions for the free and bound radial wave functions of the electron
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in the limits of zero energy & and infinite quantum number 7’, respectively
oy B0 m (2Zr)t'+1 12
Fu(r) A/E @+ 2 (3.26)

IR i (ZZr)l’Jrl Z1/2
Ru(7) W32 (2l + 1)l (3-27)

Since (3.26) and (3.27) have the same 7 dependence, it follows from (3.7) and
(3.11) that

p_n E —-3/2
g—> 7 A" (3.28)
and hence
’3 s n'—> 00 . 9 E max (l, l’) ®nl, ol Z2
n Anl,nl—""z 6774'10 (77) (21r+1) n . (329)
The quantity required in the solutions of the equilibrium equations is
Z (21’+ I)An’l, nl = T.
rETEl
From (3.29) we have
’ -6
WoT > 20774 1o (3) {1+ 1) O, o131+ 1O, 011 (3.30)

(iv) Collision cross-sections

The semi-classical impact parameter method (Seaton 1962) is ideally suited
to calculating reaction rates for optically allowed transitions between states of
very small energy separation. For excitation by a particle of velocity v and charge
2, the cross-section is

0 = [ 2mpP(p)ds (3.31)

where p is the impact parameter and P is a transition probability. Introducing
a lower cut off p; in the impact parameter we obtain

Q = %"”'P12+Q1 (3'32)
where
8wz22 S
0. = ot In (1- 1250/ p1AE) (3-33)

and S is the line strength of the transition.

For transitions of the type n—>n+ 1, a large contribution to the cross-sections
comes from impact parameters p> p1, and the cross-sections are very accurate
(Saraph 1964).

For transitions of the type nl->nl’ induced in hydrogenic ions by ionic impact,
AE = o and equation (3.33) leads to infinite cross-sections. Pengelly & Seaton
(1964) introduced an upper cut-off p in the impact parameter to obtain finite
cross-sections:

8m22e2S
01 = 222 2 In (pel p1)- (3-34)
3h2v
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Allowing for the possibility of the atom radiating during the encounter gives

Pe~0*72 TV (3-35)

where 7 is the radiative lifetime. Alternatively, the effective range of the Coulomb
field of the ions may be reduced by the electrons clustering around the ions.
Spitzer (1956) gives

kT, )1/ 2
= (2% .36
PD ( pr (3-36)
where N, is the electron density. The smaller of p; and pp is chosen. Since equa-
tion (3.34) indicates that the cross-sections for redistribution of angular momentum

depend only upon the velocity of the colliding particle, we can neglect collisions
with electrons.

(v) Collision rates

A re-evaluation of the collision rates for redistribution of angular momentum,
as defined by (2.4), leads to the following expressions

Cni = Cui, mi+1+Cni, ni—1 (3-37)

_ o 6 (#)Y* Dm : Tem
Cm = 9933 1076 (7;) 178 Ne| 11538 +1oguo D) 2 logio pey (3-38)

where

2
Du = (3) 62w —r-1-3) (3-39)
and p is the reduced mass of the colliding system. For p, = pp we have
2 logio pc = 1.1814logig (T6/N,) (3-49)
and for pe = 072 70
T.72
2 logip pe = 10-95+logio (m ;T ) (3-41)

It is essential that individual collision rates obtained from (3.37) obey the detailed
balancing principle (2.5). By commencing at / = o, we have, from (3.37)

Cno, n1 = Chno. (3.42)

Alternate application of (3.37) and (2.5), using (3.42) as a starting value gives
the values of Cyy, ni41 for all . Similarly, by starting at / = n—1 we have

Cnn—l, nn—2 = Cnn—l (3 °43)

and an identical process again gives Cyy, ni+1. The two sets of values are different
since p¢ is I-dependent. For n> 5, however, the two values agree to within two
per cent, the agreement rapidly improving with increasing n. The average value
of Cpui, ni+1 is taken and the coefficients Cy;, ny-1 are obtained from (2. 35).

4. SOLUTIONS OF THE EQUILIBRIUM EQUATIONS

There is always some value, n,, of the principal quantum number 7, above
which collisional processes are very much faster than radiative processes. We
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require
NeChny
2> 100, =1 .1
Ay (4.1)

since the transition probabilities to the ground state are the largest. Hence the
l-states will, to a good approximation, be statistically populated, and their popula-
tions will be characterized by the b, coeflicients of Paper I. For most cases it is
found that 7, <40. Neglecting, temporarily, the collisional redistribution of
energy, the equilibrium equation (2.6) becomes

ne—1

Z exn,(l'=§l;t1 (21'+ I)An’l’, nlb'n'l’)

n'=n+1
fmax—1
+ 2 e( Y @+n)day, n’)"”'
n'=n, U=Tk1

+% €%nmax Z (21, + I)Anmaxll, nlb’nmax
U'=l+1

+I— (2[+ I)Anl ez"'bnl

+ e%n(2]+ 1)( Y. NeCut, nibn’—bm NoC, nl,)
U=l+1 U'=1+l
B2 \-3/2
T Oénl<2ﬂ_kae) (4-2)
where
I = J‘ exn'( '+ 1)Any, nl) bydn'. (4-3)
fmax UV=i£1

Using (3.30), we put

’ I
z bn'(ZI + I)An'l" nl = (—7§+
U=l+1 n

B C) 5:348 10° Z2

+_
n's n'? T n2

X (1On1, 0i-1+(I+1)Ons, 0141).  (4-4)

which has the correct asymptotic form. The coefficients B and C are evaluated
on solving the simultaneous equations obtained on setting #’ = mmax and

" = Bmax+40. On substituting (4.4) in (4.3), I may be evaluated analytically,
and the total radiative cascade term is obtained.

The value of nyax is determined as follows. Evaluation of the sum of the
radiative cascade from levels n’ 2, on to the level #/ and the radiative recombina-
tion on to nl is performed for #max = ne+mA, m = 1,2,3 ..., where A is a
suitable step length. Extensive calculations indicate that cascade totals accurate
to five parts in 104 may be obtained using A = 5, and terminating the process
when two successive evaluations agree to one part in 104. A relatively high accuracy
in the cascade total is aimed for, since any errors in the populations would build
up as the calculations proceed. It is found that zymax < 60 for most states.

In the following calculations we assume that the regions producing the H 1
spectrum contain only hydrogen. Churchwell & Mezger (1970) obtain helium to
hydrogen abundance ratios of o-1 for many nebulae. Assuming that the helium
is singly ionized we have

Cni = Cuy(H* impact)+o0-1 Cyy(H,t impact). (4-5)
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Since equation (3.38) indicates that the collision rates are proportional to the
square root of the mass of the colliding particle, the total collision rate (4-5)
for a nebula with electron density N,, containing 10 per cent of helium, is equal
to that for a pure hydrogen nebula with density N, = N,x1-2/(1-1). The
He 11 spectrum, however, is generally produced in regions where most of the
helium is doubly ionized. Adopting the above abundance ratio for all calculations
of the He 11 spectrum, we put

Cni(He 11) = Cpy(H* impact)+0-1 Cpy(Het+ impact). (4.6)

Hence equation (4.2) may be solved for by; for n = n,— 1. Using these solu-
tions, the departure coeflicients may then be obtained for # = n,—2, and the
process is continued until level ng+1 is reached. For a fixed n, equation (4.2)
leads to a set of simultaneous equations of well-defined character. The coefficients
form an (Ix /) band matrix, which is easily handled by digital computers.

It was found, in certain cases, that the computed values of by,—1; did not agree
too well with the degenerate values b,,—1. This was caused by neglecting collisional
redistribution of energy. The cross sections in Section 3(iv) are only applicable
to n—>n+1 transitions. Paper I, however, shows that these are the dominant
transitions, and we neglect transitions of the type n—>n’ (n’ #n+1). The n—>n+1
collisional terms of (2.6) are added to the right-hand side of (4.2). Solutions
are obtained in a similar manner, using an iterative scheme. Approximations for
the, as yet unknown, values of b,; are used as follows:

(a) First solution

For
n'>ng, bur = by
ne>n'>n, bpr = by(V To give solutions b,;(V (4.7)
n, < n, bnl = bn

(b) First iteration

n' 2 ne, bur = by
ne>n'>n, bt = by To give solutions b,;(2, (4-8)
n'<n, bpy = by

In practice, it is found that one iteration is sufficient.

5. RESULTS

Figs 1 and 2 show the variation of b,; with # and [ for hydrogen Case B,
T, = 104°K and N, = 10%cm=3. The large departures from the statistical
populations are well illustrated in Fig. 1. Minima at / = 2 are due to the large
radiative transition probabilities to the ground stage (n = ny). As collisions between
I-states become more important the curves flatten. For 7> 30 the populations are
approaching their statistical values. Fig. 2 shows the effects of collisional redistribu-
tion of energy, the populations for » = 40 being closer to the L.T.E. values than
the n = 30 populations.

The quantities usually required in astrophysical applications are the intensities
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FiG. 1. The by factors for hydrogen Case B, Te = 104°K, N, = 10% cm~3, illustrating the
departures from the statistical distribution.
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F1G. 2. The bu factors for hydrogen Case B, Te = 104°K, N = 10% cm™3, illustrating
the effects of the n—>nt 1 collisions.

of the various line series. We have the line emissivity ju, »’, such that
N s ome (T
4”Jn,n—*]—1;m°9210 2% 2

’

X ezn{ Y. (@404, vt A, n’l—l]bnl} erg. cm~3 571 (5-1)

The effective recombination coefficient ay_.’ for the line n—>n’ is defined by

47, n' = hvg, n'NelN oy n/(Te) (5.2)
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where vy, n’ is the line frequency. The line intensity I, 5 is usually expressed
in terms of a reference intensity, generally I (HB). The level populations and
intensities of the most important line series of hydrogen and singly ionized helium
have been computed for a wide range of electron temperatures and densities,
and for both Case A and Case B. Full results will be placed in the library of the
Royal Astronomical Society. We restrict the following results to Case B and
n< 40. Table T lists the intensities of the Balmer lines of H1, I, 9, relative to
the intensity of the H(B) line I, o(H 1) = 100. The intensities of the Pickering
line Iy, 4 of He 11 relative to I, g(He 11) = 100 are presented in Table II. At
large densities, the calculations begin at 7. < 40. Intensities for n > n, are calculated
assuming /-degeneracy (Paper I) and are presented in stalics. At lower temperatures
the effects of neglecting collisional #—>n’ (n’ #n + 1) transition are more important
and a discontinuity in the two sets of calculations may result. The z-method
intensities would represent an upper limit to the correct values.

The ratio of the intensities of two transitions from the same upper level is
only slowly varying with the value of # for the upper level. Unlike the #-method
intensities they are also slowly varying with electron temperature and density.
Table III lists the ratios of the Paschen and Balmer line intensities of H 1,
Iy, 3/Iy, 2, for n = 5(5)40 and the same range of electron temperatures and
densities. The ratios of the Pickering and Pfund line intensities of He 11, I, 5/Iy, 4
are similarly listed in Table IV. Table V presents the effective recombination
coefficients (cm3s~1) of the two reference lines, aso(H 1) and «43(He 11), and
also of ag_2(He1r) and as_3(He 11). These lines have recently been detected in
the spectra of quasars and gaseous nebulae.

The atomic data is computed to an accuracy sufficient to give intensities to
within 1 per cent. If (4.1) indicates n,> 40, errors will be introduced by com-

TaBLE I

Hydrogen—Balmer line intensities rvelative to Iy, 2(H 1) = 100.

Te=5'103°K
Ne (cm™3) N, (em—3)

n 102 104 105 108 n 102 104 105 108

3 303.2 300.3 296.8 291.9 22 0.4980 0.6698 o0.9o79 1.1I00

4 100.0 100.0 100.0 100.0 23 0.4379 0.6152 0.8244 1.012

5 45.85  45.98  46.14  46.47 24 0.3879 0.5698 o0.7508 0.9394
6 25.16 25.25 25.39 25.76 25 0.3454 ©0.5285 0.6855 0.8772
7 15.41 15.48 15.60 16.05 26 0.3095 0.4925 0.6287 0.8211
8 10.18 10.23 10.36 10.92 27 0.2786 0.4588 o0.5792 0.7685
9 7.097 7.141 7.281 7.939 28 o0.2524 0.4283 o0.5368 o0.7185
10 5.157 5.200 5.377 6.111 29 0.2295 0.3994 o0.5001 o0.6710
11 3.871 3.916 4.127 4.896 30 0.2103 0.3730 0.4683 0.6268
12 2.983 3.036 3.285 4.066 31 0.1932 0.3480 0.4402 0.5719
13 2.349 2.409 2.689 3.442 32 0.1787 0.3251 0.4152 0.5273
14 1.883 1.958 2.267 2.960 33 0.1656 0.3037 0.3924 0.4866
15 1.536 1.622 1.947 2.561 34 ©0.1545 0.2841 0.3715 0.4495
16 1.268 1.371 1.708 2.230 35 0.1443 0.2661 0.3528 0.4156
17 1.060 1.175 1.515 1.948 36 0.1356 0.2498 0.3348 0.3847
18 0.8958 1.025 1.359 1.713 37 0.1275 0.2350 0.3I47 0.3566
19 0.7641 0.9047 1.224 1.513 38 0.1208 0.2218 0.2959 0.3309
20 o0.6575 o0.8110 1.108 1.347 39 0.1144 o©0.2101 0.2783 0.3075
21 0.4980 0.7324 1.003 1.210 40 ©0.1090 ©0.2204 0.26I8 0.2861
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TABLE I—continued
T. = 10¢°K
Ne (cm™—3) Ne (cm™3)

n 102 104 10° 108 n 102 104 108 108
3 285.9 284.7 283.1 280.7 22 0.4992 0.5942 0.7180 0.8228
4 100.0 100.0 100.0 100.0 23 0.4379 0.5340 0.6437 0.7428
5 46.85 46.90 46.98 47.14 24 0.3868 0.4840 o0.5796 o0.6760
6 25.91 25.95 26.01 26.22 25 0.3429 0.4402 0.5235 0.618%
7 15.91 15.94 16.00 16.28 26 0.3069 ©0.4028 o0.4750 0.5682
8 10.51 10.53 10.60 10.96 27 0.2752 0.3691 0.4327 0.5230
9 7.306 7.335 7.417 7.832 28 0.2484 0.3396 0.3962 0.4821
10 5.304 5.326 5.436 5.884 29 0.2249 0.3128 0.3643 0.4449
1T 3.975 3.997 4.131 4.574 30 o0.2050 0.2880 0.3365 o0.4112
12 3.055 3.085 3.243 3.674 31 0.1872 0.2670 o0.3121 0.3834
13 2.401 2.436 2.608 3.011 32 0.1720 0.2473 0©0.2004 0.3526
14 1.921 1.967 2.149 2.517 33 0.1584 0.2292 0.2709 0.3247
15 1.562 1.616 1.800 2.127 34 0.1465 0.2129 0.2534 0.2995
16 1.288 1.352 1.536 1.817 35 0.1357 0.1980 0.2378 0.2765
17  1.074 I1.145 1.325 1.563 36 0.1263 0.1844 0.2288 o0.2557
18 o0.9057 0.9845 1.158 1.354 37 ©0.1177 o©0.1724 0.2138 0.2368
19 o0.7709 0.8545 1.0I9 1.181 38 o0.1102 o0.1615 0.2001 0.2196
20 0.6620 o0.7510 ©0.9037 1.038 39 ©0.1032 O©0.1514 0.I874 0.2040
21 0.5727 0.6645 0.8045 0©0.9196 40 0.0971 0.1427 0.I757 0.1897

Te = 2.104°K
N, (cm™3) Ne (cm™3)

n 102 104 108 108 n 102 104 105 108
3 274.4 274.0 273.2 272.4 22 0.4984 0.5482 o0.5942 0.6364
4 100.0 100.0 100.0 100.0 23 0.4366 0.4846 o0.5260 o0.5658
5 47.55  47.56  47.58  47.64 24 0.3849 0.4315 0.4681 0.5065
6 26.43 26.44 26.46 26.56 25 0.34I1 0.3857 0.4183 o0.4561
7 16.26 16.26 16.28 16.44 26 ©0.3041 0.3470 0.3755 ©0.4126
8 10.73 10.73 10.76 10.99 27 o0.2722 0.3131 0.3383 0.3747
9 7.460 7.462 7.505% 7.764 28 0.2450 0.2839 0.3063 0.3413
10 5.40I 5.405 5.472 5.737 29 0.2213 0.2581 0.2784 o0.3116
II  4.038 4.046 4.130 4.367 30 0.2000 0.2356 0.2541 0.2853
12 3.009 3.113 3.212 3.414 31 0.1830 0.2155 0.2329 0.2706
13  2.430 2.450 2.554 2.722 32 0.1674 0.1978 o0.2142 0.2479
14 1.942 1.969 2.075 2.214 33 o0.1535 0.1818 o0.1977 o0.2275
15 1.576 1.610 1.708 1.827 34 0.1413 0.1676 0.1831 0.2093
16 1.297 1.338 1.427 1.528 35 ©0.1302 0.1547 O0.I70I 0.1928
17 1.081 1.125 1.205 1.291 36 o0.1205 0.1433 0.I656 0.1779
18 o0.9097 0.9583 1.029 1.102 37 o0.1116 0.1329 0.I538 0.1645
19 0.7732 0.8229 0.8866 0.9487 38 o0.1037 0.1236 0.1432 0.1524
20 0.6629 0.7140 o0.7710 0.8246 39 0.0965 0.1151 0.I334 0.I4I13
21 0.5727 0.6230 0.6745 0.7220 40 0.0900 ©0.1076 0.1246 0.I1313

mencing the calculations at » = go. Trial calculations, using 7, = 50 indicate
that any errors in the intensities will be less than 1 per cent for #n < 40. The largest
uncertainties will arise in the cross-sections. Since the cross-sections enter the
calculations as products of cross-sections and electron densities, we may estimate
the errors in the intensities by considering the variation of intensity with N,.
Assuming a maximum error of 10 per cent in the cross-sections, maximum errors
of 1 per cent rising to 2 per cent for the lower temperatures are estimated.
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6. ASTROPHYSICAL APPLICATIONS

The line intensities of the spectra of many nebulae are affected by selectively
absorbing material in the line of sight. Denoting observed and corrected intensities
by Io(A) and I(A) respectively, we have

10g10 Ic( )\) = longo( /\) + Cf( A) (6 . I)

where f() is a known function, tabulated by Burgess (1958), and ¢ is an adjustable
parameter, known as the reddening constant. It is most accurately determined by
comparing theoretical and experimental values of the intensity ratios of Paschen
and Balmer lines arising from the same upper state. .

We restrict the analysis to the hydrogen line spectrum of NGC %7662, a well
observed bright planetary nebula, and one which has received considerable atten-
tion in theoretical studies (Seaton 1960; Pengelly 1964). The photoelectric (Pe)
observations of O’Dell (1963) are used for the Paschen lines P6 and P7 and the
Balmer lines H3-H6, and the photographic (Pg) intensities of Aller, Kaler &
Bowen (1966) for the Balmer lines Hs-H3o. In the latter measurements, the
intensities are matched to the photoelectric intensities for the low Balmer lines.
Table VI lists the transitions and observed intensities. Assuming Case B,
T, = 104°K and N, = 104 cm=3, ¢ is calculated using H6, Hy, P6 and P7, and
column 5 lists the ratio of the theoretical intensities Ir to the corrected intensities
I;. Except for the strong Balmer lines, the agreement between theory and experi-
ment is very poor. For comparison, column 6 lists the ratios using the degenerate
intensities of Paper I. The agreement is improved for »>% but worse for the
stronger and better observed lines.

The results are insensitive to electron temperature, while Saraph & Seaton
(1970) find N, = 6-0 103 cm~3, at which density equation (1.1) is inapplicable.

TasLe 1I
Het—Pickering line intensities relative to Iy, 3(He 11) = 100.
T, = 5:103°K
Ne (cm™3) Ne (em™3)

n 104 105 106 n 104 105 106

5 27.85 28.49 28.80 23 0.2894 0.2035 0.1737
6 13.57 13.39 13.30 24 0.2688 0.1859 0.1545
7 w7.649 7.423 7.311I 25 0.2504 0.1715 0.1383
8 4.794 4.610 4.522 26 0.2335 0.2590 0.1247
9 3.234 3.089 3.025 27 ©0.2180 0.1484 o.1132
10 2.303 2.187 2.139 28 0.2036 ©0.1393 0.1034
11 1.710 1.614 1.576 29 ©0.1I904 ©0.I3I3 ©.095I
12 1.315 1.230 I1.199 30 0.1781 o0.1242 0.0880
I3 1.041 0.9620 0.9359 31 0.1669 o0.1178 0.0816
14 0.8471 0.7690 0.7462 32 0.1566 o.1120 0.0765
15  0.7060 0.6265 o0.6056 33 0.1472 0.1065 0.0719
16 0.6012 0.5I9I 0©.4990 34 0.1387 o.1014 0.0678
17  0.5216 0.4367 0.4166 35 0.1312 0.0965 ©0.0643
18  0.4593 ©0.3726 o0.3519 36 o0.1247 o0.0919 o0.0610
19 0.4106 0.3223 0.3003 37 o0.1192 0.0874 o0.0581
20 0.3715 o0.2814 0.2587 38 o0.1147 0.0831 o0.0555
21 0.3396 0.2505 0.2248 39 ©0.III5 0.0790 0.0530
22 0.3127 0.2246 0.1969 40 o0.1099 ©0.0746 o0.0508
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TABLE 1I—continued
T, = 104°K
N, (cm~3) N, (cm™3)
n 104 105 108 n 104 105 108
5 24.46 26.90 27.07 23 0.2658 o0.2090 0.1899
6 13.69 13.50 13.56 24 0.2436 0.1882 o0.1690
7  7.958 7.820 7.764 25 0.2241 0.1709 0.I505
8 5.074 4.957 4.909 26 0.2067 o0.1560 0.1348
9 3.547 3.364 3.326 27 0.19I1 0.1434 ©0.I2I§
10  2.474 2.400 2.370 28 0.1770 0©0.1325 O0.1I00
11 1.840 1.778 1.755% 29 ©0.1640 0.1231 0©.1002
12 1.412 1.358 1.339 30 0.1523 ©0.1149 0.0918
13 1.112 1.003 1.047 31 0.1416 0.1076 0.0843
14 0.8973 0.8492 0.8351 32 0.1319 ©0.10I0 0.0781
15 0.7393 0.69o5 0.6776 33 0.1230 0.0951 0.0725
16 o0-6207 o0-°5703 o0-5580 34 0-1150 0°0896 ©0-0676
17 ©0°5302 0°4774 04653 35 ©0°1079 0°-0845 0°0632
18 0°4590 0°4043 0°-3924 36 o-1015 0°-°0798 0°0594
19 ©0°4032 ©0°3472 0°3342 37 ©°0959 ©0°0754 0°0559
20 0°3583 0-3038 0°-2872 38 o0-0gio0 0°'0712 0'03527
21 ©0°3219 0-2640 0°2479 39 0°0869 0°-°0673 ©0°0499
22 0-2915 0°2338 0-°2172 40 0°-0837 0°-0633 0°0473
: T. = 2-104°K
N, (cm=3) Ne (cm~3)

n 104 108 106 n 104 108 108
5 24°93 25°2I 25°30 23 0-2508 o0°-2162 0-2070
6 1366 1362 13°61 24 0-2268 0-1927 0-1826
7 8187 8-109 8-088 25 0©0°:°2062 o0-1729 o0-1620
8 5310 §5°242 §5°221I 26 0-1882 o0-1561 0'1445
9 3-645 '3°598 3-581 - 27 0-1724 ©0-1418 0°-1296
10 2629 2-°585 2-571 28 o0-1582 o0-1295 ©0°-1168
11 1'9b0  1°923 1°QI2 29 0-1455 ©0°-1188 o0-1057
12 1°503 1°472 1°463 30 0°1341 0°-°1096 ©0°0961
13 1-3181 1°154 1-146 31 0-1238 o-'1015 0°0878
14 ©0°9479 0°-9216 0°9148 32 0°'1145 0°-0942 00805
15 ©0-7750 0°7487 0°7425 33 o0-1062 0°-0878 o0-0741
16 06443 o'6171 o0°'6112 34 00986 o0-0820 0°0685
17 0°5440 ©0-5152 ©°'5004 35 00918 o0-0767 0-°00635
18 ©0°-4651 0°4352 ©0°42903 36 0-0857 0°:0718 o0-0591
19 ©0-°4029 0°-3715 0-30651 37 o0-0803 0-0674 o0-0551
20 ©0°3529 0°3202 0°3133 38 ©0-0754 0°0633 o0-'0516
21 0-3125 0°2785 0°2710 39 0°0712 0°0594 ©0°0484
22 0°2789 0°2443 ©0°2361 40 0°-0675 0°'0557 0°0455

Since there is no evidence of appreciable amounts of dust within the emitting
region, we are led to consider, once more, the observational accuracies.

The photoelectric observations are such that all the lines are observed for the
same length of time, and hence such that all line intensities contain the same abso-
lute errors due to instrument noise (O’Dell, private communication). The usual
procedure in comparing theory with observations has been to equate observed and
calculated intensities for one particular line, normally taken to be Hf. A better
procedure is to make a least squares fit for all the lines observed photoelectrically.
Two parameters are involved; a parameter b to allow for the fact that the intensities
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TasLe III
Hydrogen—Paschen/Balmer intensity ratios.
Tg=5'103°K
Ne (cm~3) N, (cm~3)
n 102 104 108 106 n 102 104 105 106
5 ©0°401 0°395 0°-388 o0-376 25 0-368 0°-°327 o0-310 0-307
10 0379 0°376 0-368 o0-345 30 0°-362 o0-315 0-308 o0-307
15 ©0°374 ©0°365 0°343 0-316 35 0°354 ©0°310 0°307 0°307
20 0°372 0°346 0°319 0-308 40 0°343 0©0°308 0°307 0-307
Te = 104°K
Ne (cm"3) Ne (cm'*3)
n 102 104  10% 106 n 102 104 108 106
5 0:348 0°346 o0°342 0-336 25 0°344 0°320 0°3I0 0°307
10 0°347 0°346 o0°:341 0-326 30 0-°339 0-°313 0-308 o0°-°307
15 0-346 0°340 0-326 0°-313 35 ©0°333 ©0°310 0°307 0°307
20 0-°346 0-°328 o0-315 0°308 40 0°-327 o0-308 o0-307 o0-:307
Te = 2-104°K
Ne (cm™3) N, (cm=—3)
n 102 104 105 108 n 102 104 103 108
5 0°305 ©0°304 0°303 0°300 25 0-°319 0-309 ©0°-308 0°307
10 0-318 0°317 0°314 0°304 30 0°315 0°-°309 0°307 0°307
I5 0°320 0°315 ©0°309 ©0°-307 35 0-311 ©0-°308 0°-307 0-307
20 0-°320 0°3I0 0-°308 o0-307 40 ©0°309 0°307 ©0°-307 0-307
TABLE IV
He*—~Pickering/Pfund line intensity ratios.
Te = 5-103°K
Ne (Cm—s) Ne (Cm—3)
n 104 105 108 n 104 108 108
6 o:779 o0-759 o0-718 25 0-651 0-608 o0-°544
10 o0-705 o0°732 0-683 30 0-°633 o0°569 o0-528
15 0°674 0-668 o0-642 35 0°604 0°543 0°522
20 0°661 o0-645 0-586 40 0°575 0°529 0°520
T¢=IO4°K
Ne (cm—3) Ne (cm™3)
n 104 105 108 n 104 108 108
6 0-688 o0-679 o0-654 25 0626 0-°596 0-°544
10 0:662 0°-657 0-:648 30 0°614 0°-565 o0-°528
15 o0+642 0°638 o0-620 35 0°503 0°542 0-522
20 0-634 0°623 o-579 40 ©0'57I 0°530 0°'520
Te = 2°104°K
N (cm~9) Ne (cm~%)
n 104 108 108 n 104 105 108
6 0'613 o-610 0-596 25 0°'599 o0-580 o-541
10 o0-619 0-617 o0-6I1 30 0°591 0°+558 o0-527
15 0-608 0-606 o0-595 35 0-°578 0-540 ©0°522
20 0+604 0°597 o0°567 40 0°562 o0°529 o0°520
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TABLE V

(a) Effective recombination coefficients a4z for hydrogen.

(b) Effective recombination coefficients a3 for singly ionized helium.
(¢) Effective recombination coefficients w32 for singly ionized helium.
(d) Effective recombination coefficients os-3 for singly tonized helium.

T.(°K) = 5.103 104 2.104
(a)

N (cm~—3) 1014 ag50 1014 otg0 1014 gy
102 5°391 3°023 1:610
104 5°443 3°036 1-612
10° 5°504 37049 1-615
106 5°592 3069 1-618
(b)

Ne (cm™—3) 1014 ay3 1014 ays3 1014 4.3
104 69-15 34°92 16-90
105 68-79 3477 16-86
108 6691 3395 16-57
()

Ne (em~3) 1014 a3,9 1014 43,9 1014 ag,o
104 1438 8068 44-08
105 145°2 8102 44°16
108 145°6 80:88 4406
(d)

Ne (cm~3) 1014 o535 1014 5,3 1014 05,3
104 17-89 9°9I1I 5°217
105 18 12 9°957 5°224
108 18-26 9°946 5°205

are on an arbitrary scale; and a parameter ¢ to allow for reddening. We therefore
vary b and ¢ so as to minimize

F(b,c) = ¥ [lo—b 107/ Ig]2, (6.2)

For T, = 104°K and N, = 104 cm™3, and giving equal weights to the photo-
electric observations of P5, P6 and H3-H6 (we neglect Pg and P1o due to possible
blending with OH emission), we find b = 0-977 and ¢ = 0-228. The intensity

difference
Al, = Ig—b 1076/ Ip (6.3)

is plotted in Fig. 3 as a function of upper quantum number, z. Intensities are
relative to I (HB) = 100.

4 Paschen lines : X Balmer lines
I X l
Al, OfF = = = = = — — — g == — = == = = = —
-l !
-2 I X
N N VRN A ISUNN ANRNSRN FN SNUN (L U SN AU S IS SO T N N T S
5 6 7 8 910 2 4 6 8 1012 1416 18 2022 2426 28 30

n
F1G. 3. The differences between the calculated and theoretical intensities of the photoelectric
observations of hydrogen lines of NGC 7662 (Io (Hf) = 100).
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TaBLE VI
Comparison of theory and observations for NGC 7662,
n n’  Method Ip Ur/I)m  r/Ie)n Ry n3 Iy, ul
6 3 Pe 16-2 — — 1-181 —
7 3 Pe 9°55 — — 1-158 —
3 2 Pe 339 1-06 1-05 0°999 915
4 2 Pe 100 1'00 I1-00 1018 6-40
[ 2 Pe 407 1-06 112 0956 5°09
6 2 Pe 22°4 1°01 1°13 0°990 4-84
5 2 Pg 44°3 097 1-03 I1°041 5°54
6 2 Pg 20°0 1°14 1:27 o-884 4-32
vi 2 Pg 146 0°93 1-08 1:076 5-01
9 2 Pg 800 0-76 0'94 1°313 5-83
10 2 Pg 6-70 o-65 0-83 1°525 6-70
IX 2 Pg 4°40 0°74 097 1°342 586
12 2 Pg 3°50 0-72 0'95 1-388 6-03
13 2 Pg 3°10 0-64 o-8s 1:562 6-81
15 2 Pg 2°10 062 o-84 1'602 709
16 2 Pg 172 0-63 o085 1°571 7-05
17 2 Pg 1°49 0°62 083 1609 732
18 2 Pg 1:28 062 0-82 1-608 746
19 2 Pg 0°94 073 0:96 1-362 6-63
20 2 Pg 0-86 070 091 1420 6-88
21 2 Pg 072 074 0:94 1°343 6-67
22 2 Pg 0-68 o070 0-88 1-421 724
23 2 Pg 053 089 0°99 1-233 6-45
24 2 Pg 0°49 079 095 1-258 6-77
25 2 Pg 0-39 0°90 1-06 1°102 6:09
26 2 Pg 0°43 075 0-87 1°327 756
27 2 Pg 0-38 077 0-88 1:281 7:48
28 2 Pg 037 073 0-82 1°354 8-12
29 2 Pg 0-39 0-64 070 1°551 9'52
30 2 Pg 0°31 074 o-8o 1°335 8-37
Column 7 of Table VI lists the quantity Ry, for all observations, where
n = To/Igb 106f(0), (6.4)

In Fig. 4, values of R, are plotted as a function of upper quantum number, #,
and on the same horizontal scale as in Fig. 3. All photoelectric observations give
values of R, very close to unity (less weight is given in this plot to the Paschen
lines since they are of weak intensity) and certainly unity within experimental
error. The photographic observations, however, are suspect. Apart from the
stronger Balmer lines which are normalized to the photoelectric observations,
the departures from Ry = 1 are much greater than experimental error would
suggest and always such that R, > 1. From equation (5.1) we obtain

n3l,, n ——> Kby, (6.5)
where K is a constant and b,—>1. Column 8 lists the experimental values of this

quantity. There is considerable scatter and certainly no asymptotic value for the
weak photographic lines.
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Fic. 4. Plot of Ry, v. n for observations of NGC 7662. Photoelectric ( x); photographic ( O).

7. CONCLUSIONS

Recombination spectra have been calculated making full allowance for colli-
sional redistribution of angular momentum and energy. The line intensities,
while considerably different from those of Pengelly (1964), do not agree with
the photographic observations. There is evidence that the photographic observa-
tions of the weak lines contain systematic errors. Further evidence is provided
by Miller (1971), who has recently made photoelectric observations of Hi5-H18
in NGC 7027 and NGC 7662. NGC 7027 has always shown the largest deviation
from theory (Seaton 1960; Kaler 1966), the high Balmer lines, previously measured
photographically, being three or four times too strong. The new measurements
indicate that the discrepancy is less than 40 per cent when compared with the
same theory. For NGC 7662 the photoelectric intensities are 30 per cent smaller
than the equivalent photographic intensities of Aller (1963) and the agreement
with the above theory is very good. There is clearly a need for extending the
range of photoelectric measurements, and for re-examining the methods of obtain-
ing photographic intensities of weak lines.
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