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Calibration of an IMU-Camera Cluster Using Planar
Mirror Reflection and Its Observability Analysis

Ghazaleh Panahandeh, Student Member, IEEE, Magnus Jansson, Member, IEEE,
and Peter Hindel, Senior Member, IEEE

Abstract—This paper describes a novel and a low-cost calibra-
tion approach to estimate the relative transformation between
an inertial measurement unit (IMU) and a camera, which are
rigidly mounted together. The calibration is performed by fusing
the measurements from the IMU-camera rig moving in front of
a planar mirror. To construct the visual observations, we select a
set of key features attached to the visual inertial rig where the 3D
positions of the key features are unknown. During calibration, the
system is navigating in front of the planar mirror while the vision
sensor observes the reflections of the key features in the mirror,
and the inertial sensor measures the system’s linear accelerations
and rotational velocities over time. QOur first contribution in
this paper is studying the observability properties of IMU-
camera calibration parameters. For this visual inertial calibration
problem, we derive its time-varying nonlinear state-space model
and study its observability properties using the Lie derivative
rank condition test. We show that the calibration parameters
and the 3D position of the key features are observable. As our
second contribution, we propose an approach for estimating the
calibration parameters along with the 3D position of the key
features and the dynamics of the analyzed system. The estimation
problem is then solved in the unscented Kalman filter framework.
We illustrate the findings of our theoretical analysis using both
simulations and experiments. The achieved performance indicates
that our proposed method can conveniently be used in consumer
products like visual inertial based applications in smartphones
for localization, 3D reconstruction, and surveillance applications.

I. INTRODUCTION

Recent improvements in inertial navigation systems allow
for the building of small, lightweight, and cheap motion
capture systems. Visual inertial navigation systems are natural
extensions of inertial navigation systems, which are common
in a variety of instrumentation and measurement applications
like vehicle and autonomous applications [1], behavioral anal-
ysis [2], and biomedical applications [3]. Of particular interest
is the fusion of an inertial measurement unit (IMU), as an
inertial sensor, with a monocular camera, as a visual sen-
sor, [4]-[6]. However, accurate information fusion between the
sensors requires sensor-to-sensor calibration [7]-[11]. That is,
estimating the 6-DoF transformation (the relative rotations and
translations) between visual and inertial coordinate frames;
disregarding such a transformation will introduce un-modeled
biases in the system that may grow over time.

The problem of visual inertial calibration has been ex-
tensively investigated during the last decade [12]-[18]. For
instance in [12], the estimation of relative rotation is performed
using a calibration target that is vertically aligned with the
direction of gravity. Then the relative translation is estimated
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Fig. 1: An illustration of a potential application of the mirror-based
IMU-camera calibration procedure for a smartphone, which has an
embedded IMU and a camera. The figure shows a smartphone (to
the right) and its mirror image (to the left). The logo of the phone
(pear) can be considered as an object whose features’ reflections in
the mirror are in the camera’s field of view.

using a turntable. In [14], the calibration is done via tracking of
feature points on a calibration target, where the positions of the
features are known. Alternative solutions are proposed in [16],
both with and without using a calibration target with known
landmarks, to estimate the 6-DoF transformation between the
Sensors.

In this paper, we propose a practical visual inertial cali-
bration method, which is based on visual observations taken
in front of a planar mirror, see Fig. 1. With the smartphone
becoming a ubiquitous personal device, the need for simple yet
effective calibration schemas has increased. Using a mirror
as studied in our work is a pragmatic yet effective way to
handle the calibration. In our proposed calibration method,
the visual inertial system is navigating in front of the planar
mirror, while the camera observes a set of features’ reflections
(known as key features) in the mirror. The key features are
considered to be static with respect to the camera, and such
that their reflections can always be tracked over images. For
this nonlinear system, we derive the state-space model, and
estimate the calibration parameters along with other system
state variables using the unscented Kalman filter [19]. A
primary study of the estimation problem was given in [17],
where the results were only evaluated using simulation data.
In our previous work [20], the problem of estimating camera
intrinsic parameters together with IMU-camera calibration
parameters has been studied in a similar framework; however,
compared to the proposed method in this paper and [17], the



positions of the key features were assumed to be a priori
known and the evaluation was performed only with simulation
data.

Unlike the current calibration approaches in [12], [14],
[15], [21], our method does not rely on a direct view of a
static calibration pattern with known feature point positions.
Arbitrary feature points are selected in the camera body
where no prior knowledge is assumed on the pose of the
feature points relative to the camera’s optical center. Moreover,
contrary to the existing approach in [22], [23], no restriction in
the IMU-camera movement is considered except the existence
of the virtual features in the recorded images.

The main contributions of this paper are summarized as
follows: First, we perform the observability analysis of the
proposed IMU-camera time-varying nonlinear system. To the
best of our knowledge, we are the first to perform such an
analysis for the mirror-based visual inertial calibration. The
analysis, although cumbersome, is important to guarantee the
feasibility of the proposed calibration procedure. Accordingly,
a major part of the results are reported in the appendices
of the paper. We perform the observability analysis for this
complex model using only two key features, and prove that
the calibration parameters, as well as the 3D positions of
the key features with respect to the camera, are observable.
This means that given sufficient measurements from the visual
and inertial sensors, we can estimate the unknown constant
parameters along with the dynamics of the system. Secondly,
for the analysed IMU-camera sensor fusion system, we de-
rive the nonlinear state-space formulation and estimate the
calibration parameters, 3D position of key features, and the
dynamics of the system using the unscented Kalman filter.
Finally, the theoretical findings of our observability analysis
and estimation approach are validated both with simulations
and experiments. We believe that the simplicity, flexibility, and
low computational cost make our proposed scheme suitable for
many different applications. The system can be conveniently
used in, e.g., smartphones, and without having access to a
calibration target.

The paper is organized as follows: Notations are given
in Section II. The general system descriptions, including
experimental setup, the process and the measurement models
are presented in Section III. Then, for the proposed system,
the nonlinear observability analysis is performed in Sec-
tion IV. The estimation framework is described in Section V.
Performance evaluation is given in Section VI. Finally, the
conclusion is presented in Section VII.

II. NOTATION

In the following sections, scalars are denoted by lowercase
letters (s), vectors by bold letters (f), and matrices by bold
capitals (K). I, denotes the m X m square identity matrix
and 0,,., represents the m X n zero matrix. e; € R3 for
i €{0,1,2,3} are defined as: eg=1[0 0 0]", e, =[1 0 0],
e2=1[010]", and eJ =[0 0 1]", where the superscript T
denotes matrix transpose.

App represents the position of coordinate frame {B} in coor-
dinate frame {A}, and Avp denotes the velocity of coordinate
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Fig. 2: Overall system architecture. The sensor module, consisting
of an IMU (three orthogonal accelerometers and three orthogonal
gyroscopes) that is rigidly mounted to a monocular camera. The
stored measurements are processed by a laptop to perform state
estimation in the processing platform.

frame {B} in coordinate frame {A}. Moreover, the 3D position
of a key feature and its corresponding reflection in the mirror
with respect to the camera frame are represented by Cpf and
Py, respectively.

Based on the Euler rotation theorem, the principle rotation
vector 6 is defined as 6 = ok [24], where k is the unit
vector along the axis and o the angle of rotation. To represent
the attitude, we use both the quaternion, q € R**! and the
Cayley-Gibbs-Rodrigues parameterization, s € R3*!; where
s = tan(%)k. Then, Aqp and Asp are used to denote the
orientation of the frame {B} in the frame of reference {A};
C(q) and C(s) are the rotation matrices corresponding to q
and s, respectively.

The global, IMU, and the camera frames are denoted by
{G}, {1}, and {C}, respectively.

The skew-symmetric matrix of vector a is represented by
|a], and the following properties of the cross product skew-
symmetric matrix are used: axb = |a]b=—|b|a, |a]a =
0541, [a]|b] =ba’ —(a"b)I;, [Ab| =A|bJAT,b" |a]b=0,
¥V A €R>3 and V {a,b} € R3*1,

III. SYSTEM DESCRIPTION

In this section, we present the general system description.
First, the experimental setup is introduced. Then, the IMU-
camera process model and the camera measurement model
are described. These models are later used for analyzing
the observability properties and for state estimation of the
calibration parameters in the proposed system.

A. Experimental setup

The hardware of our visual inertial system consists of
a monocular camera—as a vision sensor—that is rigidly
mounted on an IMU—as an inertial sensor.

For the experiments, we used a MicroStrain 3DMGX2 IMU
with sampling rate of 250 Hz, which was rigidly mounted on
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an internally calibrated AVT Guppy monocular camera with a
resolution of 752x480 pixels and a sampling rate of 10 Hz.

Fig. 2 provides a general overview of the system architec-
ture. The IMU sensor unit and the camera are shown on the
left-hand side. The sensor module is directly connected to a
laptop via a USB port. The measurements are first stored in the
processing platform, and then the estimation is done off-line
in MATLAB.

For estimating the 6-DoF rigid body transformation between
the camera and the IMU, we propose an approach based
on an IMU-camera ego-motion estimation method. During
calibration, we assume that the IMU-camera is navigating in
front of a planar mirror, which is horizontally or vertically
aligned. We formulate the problem in a state-space model and
use an unscented Kalman filter for state estimation. In the
model, the IMU measurements (linear acceleration and rota-
tional velocity) with higher rates are used for state propagation,
and the camera measurements with lower rates are used for
state correction. The visual corrections are obtained from the
positions of the key features’ reflections in the 2D image plane,
which are tracked between image frames. The key features are
located arbitrarily (without any prior assumption on their 3D
positions with respect to the camera) on the camera body, such
that their reflections in the mirror are in the camera’s field of
view. Fig. 1 illustrates a potential application of the mirror-
based IMU-camera calibration procedure for a smartphone.
The logo of the phone can be considered as an object whose
features’ reflections in the mirror are in the camera’s field of
view.

B. Propagation model

We solve the problem of IMU-camera calibration through a
navigation system in which the camera observes the reflections
of a set of key features in the mirror. Thus, we consider the
system state variables to be:' 1) motion parameters of the
sensors (rotation, velocity, position) in the global reference
frame, 2) IMU-camera calibration parameters, 3) the 3D
positions of the key features with respect to the camera®. The
total system state vector is

T eyl 6n Tl ce T 1y T c

T
X = ISG v, pl S, pC pf] ! Cpr T:| ) (1)

where ’s; represents the orientation of the global frame {G}
in the IMU’s frame of reference {I}, v, and “p, denote the
velocity and position of {/} in {G}, respectively; s, represents
the rotation of the IMU in the camera frame, ‘p¢ is the position
of {C} in {I}, and “py, for k € {1,...,M} is the position of
the k-th key feature in the camera’s frame of reference.

The following describes the time evolution of our visual

IFor the sake of simplicity, we ignore the biases in the IMU measurement
for our analysis. However, they are considered for the state estimation in
Section V.

2 In Section IV-B1, we prove that the IMU-camera’s external calibration
parameters are observable using only two features. But for now, we consider
M key features in the state vector.

DPlanar mirror

Reflection of the key feature
in the mirror

N v,

{G}

Fig. 3: Geometrical relation between the IMU, camera, and global
coordinate frames and the position of a key feature f; and its reflec-
tion in the mirror. The relative IMU-camera rotation and translation
are denoted as C(“s;) and "pc, respectively. Feature f; is assumed to
be rigidly attached to the IMU and camera frame of reference where
its reflection in the mirror is in the camera’s field of view. e, is the
normal of the mirror.

inertial system:

'$6(1) = *D ‘1),

%,(1) = %a(r) = ‘g + C('s4(1)) a(t),

Pi(r) = (1), 8(t) =03x1,  'pelt) =031,

Pp(t) =03 for ke{l,. .M}, )
where 1D £ 8196 = LI + 's¢] +'s6 'sg'), and where
‘o) =0 @ (03]T and ‘a(t) = [a1 a a3]T are the

rotational velocities and linear accelerations, respectively, ex-
. T . o
pressed in {I}; “g=[0 0 g| is the gravitational accel-

eration, and C(’ss()) is the rotation matrix corresponding to

’sg.

C. Measurement model

The camera measures the perspective projection of 3D
points, expressed in the camera coordinate frame, onto the
image plane. In our setup, the camera captures images in front
of a planar mirror and we are only interested in the perspective
projection of virtual features (the reflection of real features in
the mirror) in the image. More specifically, we consider a set
of key features rigidly attached to the IMU-camera body, and
track their corresponding virtual features in the images.

Assuming a calibrated pinhole camera, the camera measure-
ments from the virtual features in normalized pixel coordinates
can be expressed as

u
Z, = VI/Z = T(}’ Cpfkﬂ (3)
1 €3 P,

where “p;,_represents the 3D position of the k-th virtual feature
with respect to the camera.

Lemma 1. Let us consider a planar mirror, which is horizon-
tally or vertically aligned with respect to the global coordinate



frame. This implies that the normal of the mirror plane is e,
where, depending on the mirror’s alignment, r € {1,2,3}. Then
the 3D position of the virtual key feature f; in the camera
coordinate frame, “Py,, as a function of the state variables,
can be described as

Cpfk = Cpfk - zcccere;r <CTC(—jrcpfk + Gp/ + CTIPC) 5 (4)

where C 2 C('sg) and Cc % C(s)).

Proof: Depending on the alignment of the mirror (hori-
zontally or vertically), we define the reflection matrix A, that
relates the 3D coordinates of the real and virtual features in
the global frame as

G

pr =ASpy, S))
where
A, =13 —2ee, (6)

and where “py, and “Py, are the positions of the -th real and
virtual features in the global frame of reference, respectively;
see Fig. 3. e, is the normal of the mirror in the global frame of
reference. That is, depending on the alignment of the mirror it
can be ey, e, or e3. The geometrical relation between different
coordinate frames and the position vectors are presented in
Fig. 3.
Moreover, the geometric relation between “py, and “py, (as
follows from Fig. 3) is described as
Cpfk = CCCprk + CpGa (7)
where
“pg = —CcCp; — C. "pe. 3
Accordingly, “py, and “py, are related by

Cpfk = CCCprk + CpG7 (9)
=%y, =C'CL (P = po) - (10)
By substituting (10) and (5) in (7), we have
“pp, = CCCACTCZ— (Cpfk *CPG) +“po
=ps, —2C.Ce,e, “pys +
(—CCCACTCZ +13) e
=Cpy, —2CcCere/ CTC p; +
2C.Cee, C'C! p.

(1)

Finally, by substituting (8) in (11) we get
Py, = ps, —2CCee/ C'C.py,—
2C.Ce,e 'pG —2CcCe,e, C''pc
=p;, —2C.Ce,e, <CTCZCpfk +“pr+ CT’pC) )

(12)

| |

Lemma 1 shows that the measurement model (3) can be
explicitly written as a nonlinear function of the state vari-
ables. Thus, the estimation of the state variables can now be
performed by using the unscented Kalman filter (Section V).
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IV. NONLINEAR OBSERVABILITY ANALYSIS

Observability provides an understanding of how well states
of a system can be inferred from the system output mea-
surements. For an observable system, we can determine the
behavior of the entire system from the system measurements.
For an unobservable system, the current values of some of its
states cannot be determined from system output measurements.
The observability properties of a time invariant linear system
can be easily derived using the Kalman canonical decompo-
sition. However, the problem becomes more complex for a
nonlinear system, such as for the IMU-camera calibration. In
this case, the study of observability properties is restricted to
a local weak observability analysis [25], which focuses on
distinguishability.

One way to study the observability properties of nonlinear
systems is by analyzing the rank condition of its observability
matrix, which is constructed from the span of the system’s Lie
derivatives [25].

Similar to [14], [16], [18], our observability analysis for
the IMU-camera calibration is based on the Lie derivatives.
However, instead of using an inferred camera measurement
model or pseudo measurements like in [14] and [16], we
analyze the original system measurement equation, which is a
more difficult problem.

In the following, we first provide an overview of the ob-
servability rank condition test [25]. Then, we briefly describe
the approach in [18], which assists the process of finding
the unobservable states when using the Lie derivatives rank
condition test. Finally, we perform our analysis that is based
on [18].

A. Observability rank condition with the Lie derivative

Consider a nonlinear system

{xm®+zﬁm@m
y =h(x)

where x € R™ is the state vector, u = [uj---u;]" € R’ is
the system input, y € R¥ is the system output, and f; for
i €{0,...,¢} is the process function.

For the input-linear system (13), we now provide the
required rules for calculating the Lie derivatives to construct
the observability matrix.

The zeroth order Lie derivative of a measurement function
h is the function itself, i.e.,

£% = h(x).

For any n-th order Lie derivative, £"h, the n+ 1-th order Lie
derivative S’f?“h, with respect to a process function f; can be
computed as

13)

(14)

2;,“11 = V&' f;, (15)

where V denotes the gradient operator with respect to x and
>.” represents the vector inner product. Similarly, mixed higher
order Lie derivatives can be defined as

’Q?ifjmfdh = £,( ?;..lfdh) = Vggji.lfdh -fi,
where i, j,d € {0,...,¢(}.

(16)
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The observability of a system is determined by calculating
the dimension of the space spanned by the gradients of
the Lie derivatives of its output functions [25]. Hence, the
observability matrix O for system (13) is defined as

V£%h
VEih
: (17)

vl

;.10

To prove that a system is observable, it is sufficient to show
that O is of full column rank. For an unobservable system, the
null vectors of O span the system’s unobservable subspace.
Hence, to find the unobservable subspace, we have to find
the null space of matrix O, where O may have infinitely
many rows. This can be a very challenging and difficult task,
especially for high-dimensional systems. One way to address
this issue is to decompose the infinite dimensional matrix O
into O = EQ, where Z is infinitely dimensional as O, but Q
has finite dimension. If we can show that X is of full column
rank, then the null space of Q will span the unobservable
directions of O.

For the analysis, we use Theorem 1 in [18], which is
summarized in the following:

Theorem 1. Assume that there exists a nonlinear transforma-
tion B(x) = [B,(x)"...8,(x)"]" (i.e., a set of basis functions)
of the variable X, such that:

1) The system measurement equation can be written as a

Sunction of B, i.e., y=h(x) =h(f)
2) %fj’ for j=H0,...,¢} is a function of B

Then,

o the observability matrix of system (13) can be factorized
as O = EQ, where E is the observability matrix of the
system

(18)

and Q & %

o if B is of full column rank, i.e., system (18) is observable,
then the unobservable directions of system (13) will be
spanned by the null vectors of Q.

Using Theorem 1, we perform the observability analysis for
our proposed IMU-camera system in the following subsection.

B. Observability properties of the proposed system

For the observability analysis, we first rewrite the system
model (2) in the form of the input-linear system (13)

('S¢ 1 [030] [iD] (053]
Gy 2 T
Vi g 03,3 C
Gpl v, 03,3 03,3
s 031 03,3 033
e | = (01| T [033] @F [05,5] 2 (19)
J7 031 03,3 03,3
Py | 105x1]  [03x3] 1033
f() F] F2

where £y € RIS |, ¢ RUSHM)3 gpd F, ¢ ROSH3M)x3
represent three process functions as

Fio="f 0, +f0,+f30;3, (20)

Fra =f1a1 +fna +13as.
To perform the observability analysis, we consider the

camera measurement model (3) in the form of

(ze] —13)°pr =T Py =031, 1)

where T £ (ze; —1I3). Then we redefine the system mea-
surement model for the k-th key feature (by substituting (4)
into (21)) as

Ve =hy(x) = TPy, (22)
=T (Cpﬁ{ — ZCCCererT (CTCCTCpfk +%pr + CT’pC)> .

To define the basis functions, we start with the system

measurement equation (22) for the k-th feature (first condition

of Theorem 1). We define initial basis functions from the

unknown terms appearing in the measurement function (22)
as

B =Py B, = CcCe,,
Bs = erTGPh Bs= “sy, Bs= "pe.

To check the second condition of Theorem 1, we compute
derivatives of the defined bases with respect to the state vector
X, as

(23)

d

5}? = [03x3 03x3 033 0353 0343 03.34—1) Iz O3.30—k—1)] ,
(24)

d 1 ¢

%: [CCLCerJ%,—gg 0353 033 LCcCerJ‘?;T(:I’ 03x3M}’
(25)

d

%z [01X3 0.3 ¢ 013 013 01><3M]a (26)

d

% = [03><3 03><3 03><3 13 03><3 03><3M]a (27)

d

%: (0353 0353 033 03,3 I3 O3.3y], (28)

and project them onto all the process functions. Starting from
Bix = Cpy,. we have

9B

1k
——f =0
ax 0 3x1;

9B

1k
qu =031,

0
ﬁfzi = 0341,

ox (29



for i = {1,2,3}. Following the same process, for the span of
B, £ CCe,, we have

%fo =031, (30)
Jx
%flt - CC LcerJ €,
= |CcCe,|Cce; = | B,]C(By)ei,
d
%f% =03,1.

For the span of B3 = e, 'ps:

B3
ax

93
Jx

B3

——fy=e %, 2B, ——f;=0, -+ £ =0, (31

where s £ e/ v, is a newly defined basis function.

Then the span of 8, = Cs;:

dB, dB,4 dPBs

ZFAe =0 2 =0 — £ = 0341. 2

ox 0=001, =i =030, = 31 (32)
Finally, for B5 = 'pc, we get

d d

ﬁfo=03x1, ﬁfli:(hxly ﬁSsz 03x1.  (33)

Jx ox ox

In the next step, we proceed to find the derivative of the
newly defined basis function s = e, ®v, with respect to the
state vector X

B3

o [01><3 e (34)

013 013 013 013,

and calculate its projection onto all the process functions as

B, 7, 9Bs
Xfo—erg—gv ox o, hi=0, 53
%f i= eTcTel — eTCTCCTCCel — ﬁz (B4)

Since all the terms in the preceding projections are defined
based on the existing basis functions (i.e., second condition of
Theorem 1 is satisfied), we terminate the process of defining
new basis functions. This means that we have found all the
complete bases. Thus, the corresponding new process model
for the defined bases can be written as

_Bll |

[ 031 0353 [ 033

Bim 03,1 03,3 0353
By | =] 031 |+ | [B2JCBy) |+ | 03x3 |a, (36)

Bs Bs 013 013

By 0351 03,3 03,3

Bs 0351 0353 T03x3

I Bé | L ¢ 1 L Oz | LB, C(B4)]
20 G1 Gz

and the measurement equation in terms of the basis functions
for the k-th key feature is

Y4(B) = (B) = Te(B1 —2B2B2 B1 —2B2Bs — BzﬁzTC(th)ﬁg-n
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1) Rank condition test for E: We study the observability
of system (36) using the algebraic test. For this purpose, we
first need to derive the gradients of the Lie derivatives of the
measurement functions. To prove that matrix E is a full column
rank matrix, it suffices to show that a subset of its rows, whose
dimension is the same or larger than the number of columns,
is linearly independent.

To show that = is of full column rank, we form matrix =
that is a sub-matrix of E with the following Lie derivative
gradients for the two measurement functions h; and hy?3

{Ve'hy,VEh,, Ve By, VL, By, VE

VSélzhz,VE hg,VE h,Ve2

2
VSgO g22

LB Vel By Ve

hy, VSgognh1 ) V‘nggzl

h; ’V’Qélagnh] }-
(38)

guh?’

813
1, Vve?

20811
Vel

20812

h,,ve?

g0g23 211811 212812

In APPENDIX A, we derive the explicit expressions for the
Lie derivatives and their corresponding gradients to construct
Z. In APPENDIX B, we prove that £ is of full column rank if
Bs # 0 (e, °v, # 0). Then by performing Gaussian elimination
in E, we get:

0323 03x3 0353 0341 O03x3 Iz 034
0153 01x3 01x3 01x3 01x3 0y 1
I3 03x3 0343 03x1 03x3 033 034
0353 I3 0343 0341 033 033 031 [, (39)
0323 03x3 0353 0347 I3 03x3 034
0353 033 I3 031 033 0353 034
013 01x3 0143 1 013 01x3 01x1

which is of full column rank. Thus, system (36) is observable.

2) Unobservable directions of : Based on Theorem 1,
the unobservable directions of system (3) lie in the null space
of matrix Q if & is of full rank (see also APPENDIX A).
Since the observability of system (36) is proved for two key
features (M = 2), Q is formed by stacking the derivatives of

{B11:B12:B2,B3,B4,B5,Bs} with respect to the state vector x:

0353 0353 03x3 0353 03,3 I3 03]
033 03x3 0343 0353 033 0353 I3
C
Cc|Ce/] ?;IBG 033 03x3 [CcCe| %ZI’ 033 03x3 0353
Q 013 0153 e: 013 0153 01x3 0O1x3
0353 03x3 0343 Iz 0353 033 0353
0353 0353 0343 0353 L 033 053
013 el 05,3 013 013 O01x3 01x3
(40

To derive the full null space of Q, we need to find a matrix
N=[N/ Ny Nj Nj Ny Ng Nj]T#0, @D

such that

QN =0. (42)

From (42), we have:

o Multiplying the first, second, fifth, and sixth block rows
of Q with N, we get Ny = N5 =Ng =N;=0.

3 It is worth mentioning that our observability proof for system (19)
is made under the condition that we select at least two key features and
the orthogonal velocity of the IMU with respect to the mirror is not zero.
However, a proof with relaxed conditions might be feasible by investigating
the higher order Lie derivatives.
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o Multiplying the third block row of Q with N, we have
Cc [Cerj %,ﬁNl =0, which implies that either Ny = 0 or

N, = a,GGC
o From the fourth and seventh block rows of QN =0 we
have: erTNg =0 and e,TNg = 0. This implies that N, and
Nj are spanned by {e;,e;} for j,d € {0,1,2,3}, such that
e e;=e e, =0 where eje; = 0.
By stacking all the combinations of Ni,N»,N3 in N, we can
see that only five columns are linearly independent. That is,
the null space of system (3) is spanned by five directions:

03x2 03><2 ale C
(e e ] 0352 0351
032 [e e | 0351
N= 03,2 03,2 0351 ’ 43)
03><2 03x2 03x1
03><2 03><2 03x1
L 032 0352 031

which implies that the IMU-camera calibration parameters
and the 3D positions of the key features with respect to
the camera are all observable. Moreover, the unobservable
directions correspond to the system’s planar translation and
velocity orthogonal to e, (first and second block columns of
N) and rotation around e, (third block column of N).

V. ESTIMATION FRAMEWORK

In this section, we first describe the system process model in
the form of an error state model based on the inertial measure-
ments in Section V-A. Then, the measurement model from the
camera is presented in Section V-B. Finally, the statistics of
the random variables under the constructed nonlinear process
model (2) and the nonlinear measurement equation (3) are esti-
mated in an unscented Kalman filter framework (Algorithm 1).

A. Propagation model

We define the inertial navigation system (INS) state vector
as:

T T
=la:" %' b, b, b (44)
where ’qg is the quaternion that represents the orientation of
the global frame {G} in the IMU’s frame of reference {/};
b, and b, are the bias vectors affecting the accelerometer and
gyroscope measurements, respectively.

The time evolution of the INS state is described by

oL —le®)] )

qG(t) - 2 —(D(l)T 0 qu(t)v (45)
() =“a(t) = “g+C(qe(t)) " ('a(r) = ba(r)),
“pi(t) = v, (1), b,(t) = ng,, b, (1) = ng,,

where ngs, and ng, are the accelerometer and gyroscope
bias driving white Gaussian noises. The output measurement
signals of the gyroscope, ®,,, and accelerometer, a,, are
modeled as:

|
OS

Om(t)

a,, (1)

(1) +bg (1) +mg (1)

)+ (46)
(“q6(t))(“a—“g) +ba(t) +na(t).

(47)

For the state estimation, we use the system discrete-time
error state space model, which is derived from (45) based on
the standard additive error definition for the position, velocity,
and biases (0x ~ x—£), and qruatermon error for the rotational

euler angles 6 (6q ~ [1 ]™). Then the concatenated IN'S

error state vector is

ox™ =[8'0, &% & b, 8bl]T,  (48)
and the total error state vector from (1) is
sx=[ox™" 5%, &'p. &y - &g, T @9)

During a short period of time J0f, we approximate the
nonlinear INS propagation model (2) in the form of a discrete-
time linear state-space model

8%, = F 6x, + Gy € RIITOHM (50)

where F, and G, are known as discrete time state and system
noise propagation matrices, respectively:

F 0
F, — X 15% (6+3M) ’ 51
O613m %15 Li613m)x(6+3m)
where
I 03,3 03,3 03,3 —drC(“4e)
_ dt LC(qu)ﬁJ I3 03><3 dlC(ch) 03><3
= 03,3 Iy I 03,3 033 )
0353 03x3 03x3 I33 0353
0353 033 03 0353 I3
and _ A )
0353 —dtC(“qs) 03x3 03x3
drC(“§e) 03,3 03,3 0353
0353 0353 0353 0343
03,3 033 dtl; 03,3
0 0 0 drl
G, = 3x3 3x3 3x3 3 52
k 063 063 06x3  0Opx3 ©2)
0353 0353 033 0343
L 0343 0353 0353 0343

n; = [n, n; n;}, ngg]T is the process noise (assumed
to be stationary) with the corresponding diagonal covariance
matrix Q € R!2¥12, C(“q) is the estimated rotation matrix,

and a =a,, —b,.

B. Camera measurement

When the camera along with the IMU is moving in front
of a planar mirror, the body frame angular velocity and
specific force are measured by the IMU. Meanwhile, the
camera records images of the virtual features. The camera
measurement of the reflected feature point (following (3)) can
be represented as

po[w ], _[10o0] 1
L= Y“Z=lo 1 0 Tcpfk

where v; is the feature-measurement noise with covariance
matrix R; = GV212 Hence, the measurement model of the
system (53) for M observed reflected feature points is

P, +vi, (53)

Zz=h(x)+veRM (54)



assuming the measurement noise from each projection of the
reflected features to be mutually uncorrelated, the covariance
matrix of ¥, RZ2¥*2M will be a block-diagonal.

Finally, the joint state-space model of the system can be
constructed from the error propagation (50) along with the
measurement equation (54). An overview of the estimation
algorithm is given in Algorithm 1. In this algorithm, y; is
the /-th column of the sigma-points matrix ¥, N is the length
of the state vector. R,, is the measurement noise covariance
matrix at m-th step, G is the system noise propagation matrix
and Q is the process noise covariance matrix. The weights of

the sigma-points wi, w/" are set to m for I =1,---,2N,
and for / =0 we have wj = N}“ﬁJr(lfaerﬁ), Wg:NLM-

The scaling parameter A = a*(N + k) —N, and n = VN + 1
are set using ¢ =0.1, B =2, and ¥ =0, [19].

Algorithm 1

1: Initialize X, and P
2: for n=0:end do
3:  INS equation update

4:  if the measurement from the camera is ready then

5: 7, =2 %), %y %from (53)

6: R, =diag(Ry) %k=1,--- M

7: éfn =h, (len)

8: 7, =Y, Wi,

9: JoMeasurement update . _
10: Ry = X0 wi (&, — 20 ) (&, — 2, )" + Ry
11: Rx,e,n = 2121:\/0 W;n (%fn - ﬁ;)(élin - %;)*

12: K, =Ry .R,}
13: %, =%, +K,(z, - Z,)

14: P, =P, -K,R.,K},
15: Sy =X,

16: S, =P,

17:  else
18: sy =X,

19: Sh=P,

20:  end if
21:  %Sigma — Point generation
20 n=[sn sntNVSy su—NVSi]

230 Xy = filXun)
24:  %Time update

LW —
25 X = 212:1\9 W Xt

. aa " o _ P *
260 P = Xmow et — i) X — %) +GQG
27: end for

VI. PERFORMANCE EVALUATION

The proposed calibration approach has been extensively
evaluated using both simulations and experiments. Some of
the results are given in the following.

A. Simulation results

Fig. 4 shows a sample trajectory used for performance eval-
uation of the estimator within a period of 120 s. The sampling
rate of the IMU is 100 Hz. The camera sampling rate is 10 Hz
and its intrinsic parameters are set to k, =k, = 833, p, =2,
py =38, and s = 3 [26]. The IMU-camera relative translation
is ‘pc =[5 —510]" cm and the relative rotation angles are
set to €0, = [~90° 0° —90°]". The projections of the key
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Fig. 4: Simulated IMU-camera trajectory over a planar mirror, for
120 s. In this scenario, the normal of the mirror is aligned with the
gravity along the z axis (taken from [17]).

features’ reflections in the image plane are corrupted with
additive zero-mean Gaussian noise with a standard deviation
of 0, =2 pixels.

To examine the key finding of our observability analysis,
we performed 100 Monte Carlo simulations to get estimates
of the errors in the state variables (1). Fig. 5(a)-Fig. 5(c)
show the estimated mean errors along with the 30 bounds
for the IMU-camera relative rotation, translation, position and
attitude. The results are achieved using only two key features
whose reflections were tracked in the images over time. The
30 values are computed from the corresponding diagonal
elements of the filter’s error covariance matrix that provides
a representation of its estimate uncertainty. As we expected,
the estimated errors remain bounded for the observable states
(IMU-camera relative rotation and translation, IMU orthogonal
distance to the mirror, IMU roll and pitch, and the 3D positions
of the key features with respect to the camera). Also, Fig. 5(c)
and Fig. 5(d) show that the uncertainties of the errors are
increasing along the unobservable states, which is in line with
our theoretical results.

Table I summarizes the final estimated mean values and
the standard deviations of the errors (o) for IMU-camera
6-DoF, translations and rotations, where different numbers
of key features (KF) are used in each of the experiments.
Simulation results show that the proposed estimation method
is able to reach subcentimeter and subdegree accuracy for
the IMU-camera rotation and translation. As can be noticed,
we can achieve a good level of accuracy using only two
key features, and the estimation uncertainties decrease only
marginally by observing more key features. The proposed
estimation algorithm is quite modest in complexity because
of the involved basic algebraic functions. Noticeably, from the
filter computational point of view, the length of the state vector
in our method is fixed to 15+ 6+ 3M and the computational
complexity is mainly determined (excluding feature detection
and matching) by matrix inversions in the Kalman filtering.
Code optimization was not a part of the study and a Matlab
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implementation running on a standard laptop was used for
our implementation. The processing time ratio increasing the
number of features is given by 1:1.2:2.4 for two, three and six
features, respectively.

TABLE [: Initial, final, and error statistics of the IMU-camera
calibration parameters, using the simulation data.

TABLE II: Initial, final, and error statistics for the IMU-camera

calibration parameters.

pf..x + ofcm] pf..’y + o [cm] Pi’-,z + ofcm]
Initial 0+l 0+t1 0+1
Final (2 KF) —2.74+0.15 —0.56+0.15 1.6+0.16
Final 3 KF) | —2.77+£0.15 | —0.81+0.15 1.93+0.15
Final (6 KF) | —2.65+0.13 | —1.21+0.13 2.57+0.13
9p£0[°] 9o £0[°] ¢y 0[]
Initial —85+5 6+5 80+5
Final (2 KF) | —88.9+£0.23 0.58£0.23 88.25+0.21
Final (3 KF) | —89.1+0.22 0.544+0.22 88.42+£0.20
Final (6 KF) | —89.1£0.19 0.55+£0.19 88.44£0.18

pl,£tolem] | pl,+o[cm] | p2, +olem]
Initial 0+1 0+1 0+1
Final (2 KF) 42+0.72 ~5.56+0.22 10.72+£0.4
Final (3 KF) 51406 —~5.140.16 10.68+£0.32
Final (6 KF) 5.524+0.5 —-5.2340.15 10.3+£0.29
9y £0[°] 9o £0[°] Py +ol]
Initial ~70+2 1042 —100+2
Final (2 KF) | —89.99+0.02 0+0.2 —89.99+0.07
Final 3 KF) | —90+0.01 0+0.02 —90+0.06
Final (6 KF) | —90+0.01 0+0.01 —90+£0.06

B. Experimental results

We studied the performance of the proposed calibration
method using experimental data. To concentrate our exper-
iments on validating our theoretical analysis, we used a
checkerboard pattern attached to the IMU-camera where its
corners were selected as the candidate’s key features. Hence,
the feature detection and tracking can be performed with high
accuracy, which in turn helped us to examine our calibration
method without being affected by the possible errors from the
feature detection and tracking. For the feature detection, Harris
corner detection was applied to the images, then nearest-
neighbor-matching was used for tracking the position of the
virtual features. To initialize the IMU attitude, we used the
gravitational force during the first samples in which the system
was stationary in front of the planar mirror [27]. The initial
values of the IMU-camera calibration parameters were set
using manual measurements on the hardware.

To better quantify the estimation uncertainty, the 3¢ bounds
of the error for some of the estimated parameters are plotted.
Fig. 6(a) and Fig. 6(b) depict the 30 bounds of the error
for the IMU-camera calibration parameters, where the IMU-
camera was moved for a period of 140 s in front of the mirror.
Moreover, we have plotted the 3¢ bounds for the errors in the
IMU position in Fig. 6(c), which gives bounded uncertainties
for the IMU orthogonal translation relative to the mirror. As
can be noticed, we observe similar behavior for the estimated
error between the simulation data and experiments (increasing
uncertainty for the unobservable modes and bounded error for
the observable modes).

Moreover, Table II reports the final estimated values and
the standard deviation of the error (o) for IMU-camera 6-
DoF’s translation and rotation, where different numbers of key
features are used in the estimation process.

VII. CONCLUSION

We have proposed an IMU-camera calibration method for
estimating the 6-DoF transformation between the IMU-camera

rig. In this visual inertial navigation system, the visual correc-
tions are provided by tracking a set of key features’ reflections
in a planar mirror on the image planes. The key features
are positioned at arbitrary unknown locations on the sensors’s
body, such that their reflections can be observed by the camera.
We have studied the observability properties of the calibration
parameters for the system when navigating in front of a planar
mirror. Through the observability analysis, we have proved
that the calibration parameters and the 3D positions of the key
features with respect to the camera are observable using only
two key features. Moreover, for the analysed nonlinear system,
we proposed an estimation approach using the unscented
Kalman filter. Finally, the findings of our observability analysis
and the proposed estimation approach were evaluated both in
simulations and using experimental data. The flexibility and
simplicity in addition to the achieved results indicate that the
proposed method can conveniently be used in smartphones and
off-the-shelf IMU-camera devices, without having access to a
calibration target.
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APPENDIX A

Here, we compute only those Lie derivatives of h; and h, whose derivatives are used to prove that Z is of full column rank.

o The zeroth order Lie derivative of a function is the function itself, i.e.,

L% =Ti(B1y —2B2B2 B1i —2B2B3 — 2285 C(B4)Bs), (55)
£ = To(B 1, — 28282 Bro — 28283 — 2828 C(B4)Bs). (56)
Then the gradients (the spans) of the zeroth order Lie derivatives are
VER =Ty [L-26,B] Oss T 2B, —2B,8; “Ypls  —28,87C(B)) 03], (57)
VR =2 [0.s L—2B,8; T —2B, -2, TM 28,85 C(By) 0. (58)
where
Moy = =283 B1iJs — 2B 1 — 28313 285 C(B4)Bsks —2BB5 C(By) - (59)
o The first order Lie derivatives of h; with respect to gy, and gj; are computed respectively as:
,Séol_l] = V,Qol_hgo = _2ﬁ2ﬁ67 (60)
Ly, M = VL higi =T [B,] C(By e, (61)
g, = VLohogo = —2B, B, (62)
Ly, o = V& hogi; =T [ B,] C(By e, (63)
and the gradients that correspond with them are given by
1§ 82&01_11
VEg by = B Ti (033 033 —2Bsls 03x3 033 033 —2B,], (64)
RS T e
Ve, = 3/31 =T My 033 Ty Ty Ty Tsu 03], (65)
1 82&01_12
Ve, hy = B T2[03:3 033 —2Bls 03,3 03,3 03,3 —28,], (66)
otk o
VE, hy = B =Ty [03x3 T Ty Tz Tap sy 0351], (67)
where
s = ~21B,) C(Bo)eiB3 —2B, (18] C(Ba)e) (©8)
Iy =~y [C(B4)ei] —2B,) C(ﬁ4)eiﬁ1Tk - zﬁlTk LB2] C(B4)eils —2 B, C(ﬁ4)e,-[35TC([34)T (69)
—2B5C(By)" [B2) C(By)eils,
M = =2 B,] C(By)ei, (70)
s = —2 (B, C(ﬁ4)ei[32TC([34) —2B,([B2] C(ﬁ4)ei)T C(B4). (71
« The second order Lie derivatives and their gradients that correspond with them are as follows:
Loz = VE hugii = —2B5 | B,] C(B,)ei, (72)
£2 o, 1 = Ve higy = —2B,B, C(By)e;, (73)
Sé,,gl = V& Migi; =T [B,] C(By)e;, (74)
) 92§0g1,»1_‘1 IC(By)
Ve = BB =T [0 0 25 |CBYe] 055 26 1Bo) 0.3 ~2(B,) C(B)el] .
(75)
0g; . h
Vb= CEEN T [0 00 —2BIC(BeL 28,6 CBYT Or 28,8125 0ns 0n].
(76)
T S
Vgg“gl/h B =T My 033 Ty ey My Ty 03], (17
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where

Mi1i; =2 C(By)ei] [B2) C(Ba)eiBs +2B5 (LC(By)ei] B2l C(Ba)es) " —21B5] C(Ba)ei (1B C(Ba)e))” (78)
—2(B,) C(Ba)e; (1B2) C(Ba)er)"
3155 =2 [C(By)ei] [B2] C(Bs)e;. (79)

APPENDIX B

When the computed gradients of Lie derivatives are stacked together, the observability matrix £ (a submatrix of X) is
constructed as:

_ Jc -
Ty (13- 2828, ) 03,3 T My 2T B 2T1ﬁzﬁg$ﬁwi 2T B2, C(B4) 031
ac .
0353 T, (I3 *Zﬁzﬁ;) Tyllyy —2T,8, *ZTzﬁzﬁzT (C-,%?ﬁi *ZTzﬁzﬁgTC(ﬁU 0351
033 0353 —2B6T, 03,3 03,3 0353 —2T B
. T - . - -
—2T| (|B2| C(By)e By +Ba ([B2) C(Ba)er) ) 033 My M3y Ty Msyy 0351
T _ _ _ _
—2T (B2 C(B4)esB] +B2 (|B2] C(Ba)er) ) 033 Mp 312 My12 Ms1p 031
T ) _ _ _
—2T1(|B2] C(B4)e3B] +B2 (|B2] C(B)e3) ) 0353 T3 33 My)3 Ms)3 0351
T _ _ _ _
033 ~2T5(|B2) C(By)er By +Ba ([B2] C(Ba)er) ) Ty M3 Ty M5y, 0351
T _ _ , _
033 ~2T5(|B2) C(By)ezBy +Bo ([B2] C(Ba)er) 1) 2555) M35, Typn Msyy 031
_ 0353 2T (|B2| C(By)esB] +B2 (B2 C(Ba)es) 1) T3 323 Myo3 Msp3 031
o
= aC e
03,3 033 2B6T) [C(Ba)ey | 03%3  —2BeTy [B2] *3%2)71 033 —2T| |B2] C(Ba)ey
dC(By)e
03,3 03,3 28Ty [C(Bg)e] 033 —2BTy [Ba) *,(;%272 03,3 —2Ty [B2] C(Ba)er
. aC e .
033 033 2B6 Ty [C(Ba)es ] 0353 —2BTy [B2] é”T“A)‘* 0353 =21 |B2] C(Ba)es
_ ] ] IC(BL)e
033 03,3 =211 (B} C(By)ei 3 +Boe] CBy)T) 03,3 —2T1 B85 ,(;p?‘z)” 03,3 031
T ac
0353 03,3 ~2T}(B] C(B4)erls +Bae; C(By)T) 0353 ~2T) ByB; % 0353 0351
T ac
0353 03,3 ~2T}(B] C(B4)e3l3 +Baed C(By) ") 0353 211 ByB] ‘g%:)ﬁ 033 0351
Ty 03,3 TiTh ARSI TiMlypp 1511 031
Ty 0353 Tih12; Ti1352 Tilly122 15122 031
L Ty 133 0353 TiM133 T 1333 Ty14133 Ms133 031 -

One way to show that Z is of full rank is through Gaussian elimination. The Gaussian elimination is performed as follows:
Under the condition that ¢ # 0, we multiply the third block row by |C(B,)e;| for i = {1,2,3} and when we subtract it
from the block rows 10-12, we have

r ac
Ty (13 -2B28]) 0353 T My —2T By *2T132ﬁ;59ﬁ+4)55 ~2T| BB C(B4) 0351
ac
0353 Ty (13 -28,87 ) Tyllyy —2T,8, *2Tzﬁzﬁ;*97(%t)ﬁ5 ~2T5 BB, C(By) 0351
0353 0353 2B T} 0353 0353 033 —2T
T - - - -
“2T1([B2] C(Ba)e1 By +B2 ([B2] CBa)er) ) 0353 My ST Ty Isy 0351
—2T1 (2] C(B4)e2B] +B2 (1B2] C(By)ez) ) 0353 eott) M), Ty)o Ty 0351
=21 (|B2) C(B4)e3B] +B2 (1B2] C(B)e3) ) 0353 3 M35 fy)3 53 0351
. T - - - -
033 —2T5([B2) C(By)er By +B2 (B2] C(Bader) 1) M) M3 Ty M5y 0351
) . T - - - -
033 —2T5(|B2] C(By)ezB] +B2 (|B2] C(Ba)er) 1) My M35 My2p Msp) 0351
T _ _ _ _
0353 —2T5([B2] C(B4)e3 By +B2 (B2] C(Ba)es) ) T3 323 M3 Ts3 0351
aC e
03,3 033 03,3 033 ~2BTy |B2] ,SﬁT‘Z)' 03,3 031
aC e
033 033 033 033 —2B6Ty [B2] 45)%1)—2 033 031
aC e
0343 033 033 03,3 —2B6Ty 2] *5%2)4 03,3 0351
T T T T IC(Bae
0353 0353 —2T1 (B, C(Bg)e1 13 +Poe) C(By) ) 0353 —2T1 828, 9By 0353 0351
aC e
033 033 ~2T1 (B3 C(Ba)eals +Be; C(Ba) ") 033 ~211ByB; ‘5%2)72 033 031
T 9IC(By)e
0353 03,3 ~2T}(B] C(B4)esl3 +Bae] C(By) ") 0353 *ZTlﬁzﬁ;# 0353 0351
Ty 03,3 Tyl Tl Tyl Tsp 0351
Tyl 033 Ti1h122 T2, Tilg122 15122 031
L TiMy33 0353 TiMy133 TM3133 TM4133 5133 °3x1(81-)

The non-zero terms that remain between block rows 10-12 can be represented in matrix form as:
aC
—2BsT | B, S
d
—2BsT |By) S | (82)

—2B6Ty | B,) 25
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which is of full column rank. Hence, it can be used to eliminate all the other terms in the fifth block column:

[ Ty (13 -2B287) 03,3 Ty “2TBy 033 —2T1BaBy C(By) 031
033 Ty (13 -2B26] ) Tyl “2TyBy 033 —2TyPyB] C(By) 0351
0353 0353 —2B¢T) 0353 0353 0353 —2T B
~2T1 (2] C(Ba)er B3 +B2 (1B2) C(Baer) ) 0353 My M3y 033 sy 0351
~2T1(|B2) C(B4)e2B] +B2 ([B2] C(Ba)ex) ") 0353 o3P M315 033 Ts)o 0351
~2Ty (|B2) C(B4)e3B] +B2 ([B2] C(Ba)es) ") 0353 M3 M35 0353 Ts)3 0351
0353 ~2T5([B2) C(B4)e1B] + B2 ([B2] C(Ba)er) T) My M3y 0353 Tsy; 0351
0353 ~2T5([B2] C(B4)e2B] + B2 ([B2] C(Ba)er) ) 057 T30 0353 Tsp) 0351
033 ~2T5(|B2) C(B4)e3BT +B2 ([B2] C(Ba)es) T) M3 M303 0353 Msp3 0351 (83)
03,3 03,3 033 03,3 I3 03,3 0351
0353 0353 —2Ty (B, C(B4)ey13 +Boe] C(By) ") 0353 0353 0353 0351
0353 0353 ~2T}(B] C(B4)esls +Bae; C(By) ") 0353 0353 0353 0351
03,3 033 —2T} (B; C(B4)e3l3 +Boe] C(By) ") 033 033 033 031
T 03,3 Ty T3 03,3 Ts111 031
Ti1y122 033 Tilh 122 Till3120 033 15122 031
L Ty 33 033 Tip33 Til3i33  03x3 15133 0351
The non-zero terms in the specified block row in the third column in the matrix form are
T T T
—2T1(B, C(Bs)eils + Bre; C(By) )
T T T
—2T1(B, C(By)e2ls + Brey C(Bs) ') | (84)
T T T
—2T1(B, C(Bs)ess +Bres C(By) ')
which is of full rank, so it can be used to eliminate all the other terms in the third block column. Then we have
i Ty (13 -2B287) 03,3 03,3 —2Ti By 03,3 —2T1BaB; C(By) 031
03,3 Ty (13 -28,8] ) 03,3  —2TyBy 03,3 —2T2f2B; C(By) 031
0353 0353 0353 0351 03,3 0353 —2T By
<21 ([B2] C(B4)e1 B] +B2 (|B2] CBa)er) ") 033 0353 M 0353 M5y 0351
—2T| (2] C(By)eaB] +B2 (B2) C(Baes) ") 0353 0353 M3, 0353 fispp 0351
~2Ty (|B2) C(B4)e3B +B2 ([B2] C(Ba)es) ") 0353 0353 M3 0353 fis)3 0351
033 —205(B2) CBa)erB] +B2 (1B2] CBaler) ) 03z Ty 033 Ms3; 0351 (85)
0353 ~2T5(|B2) CBa)e2B] +B2 ([B2]CBae) 1) 0343 M32; 033 Ms2; 031
0353 ~2T5(|B2) CBa)e3BT +B2 ([B2)CBa)es) 1) 0343 303 0353 Msp3 0351
03,3 03,3 03,3 03,3 I 03,3 0351
033 03,3 I3 033 03,3 033 0351
Ty 033 033 Tillzpp 033 syyq 03x1
Ti1y122 0353 033 Tillzin 0353 15122 031
L T1133 0353 03,3 Tilz133 033 Ms33 031

When the sixth block column is multiplied with C(B,)" (a full rank matrix) and then the first and second block columns are
subtracted from it, we have

Ty (13 -2B287)

033

0353 T, (13 ~2287 )
033 0353
~2T(|B2| C(B)er B3 +B2 (2] CBaler) ") 033
21 (|B2] C(Ba)eaB; +B2 (|B2] C(Ba)er) ) 03,3
~2T)(|B2] C(By)esB] +Ba (|B2) CBa)es) ™) 033
03,3 215 (2] C(Ba)er B3 +Ba (1B2] CBa)er) )
033 2Ty (|B2) C(By)eaB3 + B2 ([B2] C(Ba)es)T)
03,3 21, (2] C(Ba)e3B] +B2 (1B2] CBales) )
033 03,3
033 033
T 033
Ti1122 0353
T33 0353

033

033
033

033
03,3
033
033
033

033
033
I3
03,3
033
03,3

2T By
2T,

0351
M1y
RE3P)
33
M3
M3,
323

03,3
033

T3y
Til3122
Till3133

0353

0353
033

0353
0353
033
0353
033

0353
I3
033
0353
033
03,3

T
Ty
033
033
0353
0353
0353
0353

033
03,3
033
03,3
033
03,3

0351
031
2T B,
031
031
031
031
031

031
031
031
031
0351
0351

(86)

When the first and second block columns are multiplied with 3, and then subtracted from the fourth block column, we get

Ty (13 -2855; )
03,3
0353
21 (|B2] C(By)er B3 +Ba (|B2] C(Ba)er) )
~2T)(|B2] C(By)eaB] +Ba (|B2) CBa)er) )
—2T; (|B2] C(By)esB] +By (B2) C(Ba)es) )
033
033
033
033
033
T
T 12
TM33

033 033
Ty (13 -2828; ) 03,3
0353 033
03,3 033
033 033
03,3 033
2T ([Ba| CBa)er B +Ba ((B2]CBa)en)T) 033
—2T5 (B3] C(By)eaB] +B2 (1B2)CBa)er) ) 0353
2T (B2 | CBa)esB] +B2 ((B2]CBa)es) ) 033
03,3 033
033 I3
033 03,3
033 033
03,3 033

—2T By
2T,
0351
031
031
031
031
0351

03,1
0351
0351

21185 ([C(B4)er ] 1B2) CBaer) | Ba
2118 (|C(By)er | [B2| C(Ba)er) ' B2
211 By (|C(Ba)es | [B2) C(Ba)es) " Bo

0353

0353
033

0353
0353
033
033
033

03,3
I3
033

03,3
0353
03,3

T
T,
033
033
033
033
033
033
03,3

033
033

033
0353
033

031

031
2T By
031
031
031
031 (87)
031

0351
031
031

0351
031
031 -
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The non-zero block matrices in the first and second block columns are of full column rank, and can be used to eliminate the
non-zero terms in their corresponding block columns as

033 03x3 033 —2Tj, 03 T 0351
033 03x3 033 —2T2f3, 03 T 0351
0353 033 0343 0351 03,3 033 —2Tf,
I3 033 0343 0351 0353 03x3 034
033 I3 033 031 0353 03x3 034
0353 033 0343 031 I3 033 03 (88)
033 03x3 I3 031 0353 03x3 034
0555 033 035 2TiB,([C(Ba)er] B C(Ba)er) By 033 033 035
033 O3x3 0303 2TiB, (|C(Byea] [Ba)C(By)er) By 03x3 033 034
| 053 033 03,3 2T1B,([C(By)es) (B2 C(By)es) By 033 033 031 |

The non-zero terms in the last three block rows form a matrix that is of full column rank, and can be used to eliminate the
other terms in the fourth block column:

033 03x3 03x3 0351 033 T 0351
033 03x3 03x3 03x1 033 T> 0351
03,3 033 03,3 031 033 033 —2Tf,
I3 03x3 03x3 0351 03x3 03x3 035 89)

033 Iz 03x3 03x1 0343 03x3 O3y
0343 03x3 0343 031 I3 033 O34
033 033 I3 03x1 033 03x3 O34
013 01x3 013 1 013 013 Oy

Finally, —2Tf3, and [T{ T, ]' are of full column rank. So we have

03x3 03x3 0343 03x1 033 Iz 034
0133 01x3 01x3 01x3 01x3 013 1
I3 05x3 03x3 0351 03x3 033 034
033 Iz 03x3 0351 0343 O03x3 0341 |, (90
0353 03x3 03x3 03x1 Iz 0343 034
033 033 I3 0351 0343 03x3 034
0153 01x3 013 1 013 01x3 01y

which is of full column rank. Thus E is of full column rank, and system (36) is observable.
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