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We study the nonparametric calibration of exponential, self-decomposable Lévy models whose
jump density can be characterized by the k-function, which is typically nonsmooth at zero. On
the one hand the estimation of the drift, the activity measure « := k(0+) + k(0—) and analog
parameters for the derivatives are considered and on the other hand we estimate the k-function
outside of a neighborhood of zero. Minimax convergence rates are derived, which depend on
«a. Therefore, we construct estimators adapting to this unknown parameter. Our estimation
method is based on spectral representations of the observed option prices and on regularization
by cutting off high frequencies. Finally, the procedure is applied to simulations and real data.
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non linear inverse problem, self-decomposability.
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1. Introduction

Since Merton [20] introduced his discontinuous asset price model, stock returns were
frequently described by exponentials of Lévy processes. A review of recent pricing and
hedging results for these models is given by Tankov [25]. The calibration of the underly-
ing model, that is in the case of Lévy models the estimation of the characteristic triplet
(0,7,v), from historical asset prices is mostly studied in parametric models only. Re-
markable exceptions are the nonparametric penalized least squares method of Cont and
Tankov [10] and the spectral calibration procedure of Belomestny and Reif [3]. Both
articles concentrate on models of finite jump activity. Our goal is to extend their re-
sults to infinite intensity models. More precisely, we study pure-jump self-decomposable
Lévy processes. For instance, this class was considered in the hyperbolic model (Eberlein,
Keller and Prause [11]) or the variance gamma model (Madan and Seneta [19]). More-
over, self-decomposable distributions are discussed in the financial investigation using
Sato processes (Carr et al. [8], Eberlein and Madan [12]). Our results can be applied in
this context, too. The nonparametric calibration of Lévy models is not only relevant for
stock prices, for instance, it can be used for the Libor market as well (see Belomestny
and Schoenmakers [4]). In the context of Ornstein-Uhlenbeck processes, the nonparamet-
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ric inference of self-decomposable Lévy processes was considered by Jongbloed, van der
Meulen and van der Vaart [15].
The jump density of self-decomposable processes can be characterized by

z e R\ {0}, (1.1)

with a non-negative so-called k-function &k : R\ {0} — R, which increases on (—o0,0)
and decreases on (0,00). While the Blumenthal-Getoor index, which was estimated by
Belomestny [1], is zeroin our model, the infinite activity can be described on a finer scale
by the parameter

a = k(0+) + k(0—).

Since k is typically nonsmooth at zero, we face two estimation problems: Firstly, to give
a proper description of k at zero, we propose estimators for « and its analogs for the
derivatives k) (04) + kU (0—), with j > 1, as well as for the drift v, which can be
estimated similarly. We prove convergence rates for their mean squared error which turn
out to be optimal in minimax sense up to a logarithmic factor that depends on the precise
setup. Secondly, we estimate the shape of the k-function outside of a neighborhood of
zero. To this end, we construct an explicit estimator of £ whose mean integrated squared
error on the set R\ [—7, 7], for any 7 > 0, converges with nearly optimal rates.

Owing to bid-ask spreads and other market frictions, we observe only noisy option
prices. The definition of the estimators is based on the relation between these prices and
the characteristic function of the driving process established by Carr and Madan [6] and
on different spectral representations of the characteristic exponent. Smoothing is done by
cutting off all frequencies higher than a critical value depending on a maximal permitted
parameter «. The whole estimation procedure is computationally efficient and achieves
good results in simulations and in real data examples.

All estimators converge with a polynomial rate, where the maximal « determines the
ill-posedness of the problem. Assuming sub-Gaussian error distributions, we provide an
estimator with a-adaptive rates. The main tool for this result is a concentration inequality
for our estimator & which might be of independent interest.

This work is organized as follows: In Section 2 we describe the setting of our estimation
procedure and give some details about self-decomposable processes. Subsequently, we
derive the necessary representations of the characteristic exponent in Section 3. The
estimation procedure is described in Section 4, where we also determine the convergence
rates of our estimators. The construction of the a-adaptive estimator of « is contained in
Section 5. In view of simulations we discuss our theoretical results and the implementation
of the procedure in Section 6. Applying the proposed calibration to real data, we compare
our method with the spectral calibration of Belomestny and Reif} [3]. All proofs are given
in Section 7.



2. The model

2.1. Self-decomposable Lévy processes

A real valued random variable X has a self-decomposable law if for any b > 0 there is an

independent random variable Z; such that X Lpx + Zp. Since each self-decomposable
distribution w is infinitely divisible (Sato [22, Prop. 15.5]), we can define the correspond-
ing self-decomposable Lévy process as the Lévy process whose law at unit time equals
73
Self-decomposable laws can be understood as the class of limit distributions of converg-

ing scaled sums of independent random variables [22, Thm. 15.3]. This characterization
is of economical interest. If we understand the price of an asset as an aggregate of small
independent influences and release from the \/n scaling, which leads to diffusion models,
we automatically end up in a self-decomposable price process. Owing to the infinite ac-
tivity, the features of market prices can be reproduced even without a diffusion part (cf.
Carr et al. [7]). Examples of pure-jump and self-decomposable models for option pricing
are the variance gamma model, studied by Madan and Seneta [19] and Madan, Carr and
Chang [18], and the hyperbolic model introduced by Eberlein, Keller and Prause [11].

Sato [22, Cor. 15.11] shows that the jump measure of a self-decomposable distribution
is always absolutely continuous with respect to the Lebesgue measure and its density can
be characterized through equation (1.1). Note that self-decomposability does not affect
the volatility o nor the drift v of the Lévy process.

Assuming « to be finite and ¢ = 0, the process X; has finite variation and the char-
acteristic function of X is given by the Lévy-Khintchine representation:

, oo k
or(u) := E[e™XT] = exp (T(ivu + / e — 1||(JT) dx)) (2.1)
o x
Motivated by a martingale argument, we will suppose the exponential moment condition
E[e*Xt] =1 for all ¢ > 0, which yields

0=v+ [ e-nta (2.2

— 00

In particular, we will impose ffooo(e“ — 1)% dx < oo. In this case @t is defined on the

xr
strip {z € C|Im z € [-1,0]}.
Besides Lévy processes there is another class that is closely related to self-decompos-
ability. Dropping the condition of stationary increments while retaining the other prop-
erties of Lévy processes, we obtain so-called additive processes. An additive process (Y;)

which is additionally self-similar, that means for all a > 0 it satisfies (Yy4) 4 (a'Y;), for
some exponent H > 0, is called Sato process. Sato [21] showed that self-decomposable dis-
tributions can be characterized as the laws at unit time of self-similar additive processes.
From the self-similarity and self-decomposability follows for T > 0

. o H R E(T—H
oy, (u) = E[e™7T] = B[ "] = exp (iTH'yu + / (e — 1)(|x|x) dx).

— 00
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Since our estimation procedure only depends through equation (2.1) on the distributional
structure of the underlying process, we can apply the estimators directly to Sato processes
using

T,=1, =Ty, and ki) =k(T He)

instead of T', v and k in the case of Lévy processes.

Going back to a Lévy process (X;), the parameter « captures many of its properties
such as the smoothness of the densities of the marginal distributions [22, Thm. 28.4] and
the tail behavior of the characteristic function of a self-decomposable distribution. Since
the stochastic error in our model is driven by |¢7(u—i)| =1, we prove the following lemma
in the appendix.

Lemma 2.1. Let (X;) be a self-decomposable Lévy process with o = 0 and k-function
k such that the martingale condition (2.2) is valid.

i) If ||e”k(x)||Lr < oo then there exists a constant C, = Cu (T, ||ek(x)||t1,a) > 0
such that for all uw € R with |u| > 1 we obtain the bound

lpr(u— )] > Cylul ="

it) Let &, R > 0 then the constant C,(T, R, &) holds uniformly for all functions k with
a<a and ||e*k(z)| < R.

2.2. Asset prices and Vanilla options

Let » > 0 be the riskless interest rate in the market and Sy > 0 denote the initial value
of the asset. In an exponential Lévy model the price process is given by

o rt+X
St = Soe ¢ 5

where X; is a Lévy process described by the characteristic triplet (o,~,r). Throughout
these notes, we assume X; to be self-decomposable with ¢ = 0 and a < oco. On the
probability space (2, F,P) with pricing (or martingale) measure P the discounted process
(e"S;) is a martingale with respect to its natural filtration (F;). This property is
equivalent to E[eXt] = 1 for all + > 0 and thus, the martingale condition (2.2) holds.

At time ¢t = 0 the risk neutral price of an European call option with underlying .S,
time to maturity 7' and strike price K is given by

C(K’ T) = e_rTE[(ST - K)+]7

where A := max{0, A}. Similarly, an European put has the price P(K,T) = e "TE[(K —
St7)+]. In terms of the negative log-forward moneyness z := log(K/Sy) — rT the prices
can be expressed as

C(z,T) = SoE[(e*” —e");] and P(x,T) = SoE[(e” — e*T),].



Carr and Madan [6] introduced the option function

_ [ Sy'Cx,T), x>0,
Ofz) = { S;'P(z,T), x<0

and set the Fourier transform FO(u) := [*°_e"™*O(z) dz in relation to the characteristic
function @7 through the pricing formula
1—pr(u—1)
FO(u) = —————= € R\ {0}. 2.3
(= uer\ (o) (23)

The properties of O were studied further by Belomestny and Reif} [3, Prop. 2.1]: At any
z € R\ {0} the function O is twice differentiable with [, [O”(x)|dz < 3 and the first
derivative O’ has a jump of height -1 at zero. Additionally, they showed that Assumption 1
ensures an exponential decay of the option function, i.e. |O(x)| < e~1*l holds for = € R.

Assumption 1. We assume that Cy := E[e?XT] is finite, which is equivalent to the
moment condition E[S?] < co.

Our observations are given by
Oj:O(Ij)+5j€j, j:L...,N, (24)
where the noise (¢;) consists of independent, centered random variables with E[e3] = 1

and sup, E[e]}

7] < oo. The noise levels J; are assumed to be positive and known. In
practice, the uncertainty is due to market frictions such as bid-ask spreads.

3. Representation of the characteristic exponent

Using (2.1) and (2.3), the shifted characteristic exponent is given by

W) = %log(l +iu(l + i) FO(u)) = %log(goT(u — ) (3.1)
=iyu+y+ /_00 (eflu=Dz _ 1)k|(;i‘) dx (3.2)

for u € R. Note that the last line equals zero for u = 0 because of the martingale
condition (2.2). Throughout, we choose a distinguished logarithm, that is a version of
the complex logarithm such that ¢ is continuous with ¥(0) = 0. On the assumption
[7.(1Ve®)k(x) dz < oo’ we can apply Fubini’s theorem to obtain

Y(u) =iyu+ v+ /0 i(u— 1) F(sgn(z)k(z))((u —1i)t) dt, (3.3)

IWe denote A A B := min{A, B} and AV B := max{4, B} for A,B € R.
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where the Fourier transform F(sgn-k) is well-defined on {z € C|Im z € [-1,0]}.

Typically, the k-function and its derivatives are not continuous at zero. Moreover, for
all non-zero k the function = — sgn(z)k(x) has a jump at zero. Therefore, the Fourier
transform decreases very slowly. Let k& be smooth on R\ {0} and fulfill an integrability
condition which will be important later:

Assumption 2. Assume k € C*(R\ {0}) with all derivatives having a finite right- and
left-hand limit at zero and (1V e®)k(z),...,(1V e®)k®) € L}(R).

Our idea is to compensate those discontinuities by adding a linear combination of the
functions 4
hj(x) == 27”1, 00) (), x €R,j e NU{0}.
For j > 1 it holds h; € C771(R) and all h; are contained in C*°(R \ {0}). Hence, we can
find a;,7 =0,...,5 — 2, such that

g(x) := sgn(z Z% € C*(R) N C*(R\ {0}).

These coefficients are given recurswely by the following formula, which can be proved by
straight forward calculations. We omit the details.

Lemma 3.1. Grant Assumption 2. The factors «;,j = 0,...s — 2, satisfying g €
C*72(R)NC*(R\ {0}), can be calculated via

o = ](k<ﬂ>(0+)+k EJ: 1)

m=1

especially ag = o holds.

Hence, the Fourier transform in (3.3) can be written as F(sgn-k)(z) = Fg(z) +
Z‘;;g ajFhj(z), where integration by parts yields

oo . . 1l
Fhj(v —ti) = /0 e Hi=t)z 0 qg = u_ti—w)m veR,te[0,1),
and |Fg(u)| decreases as |u|~® because of the smoothness of ¢g. From these preparations
we derive a representation of ¥ which allows us to estimate v and ayg, . ..as_o2. A plug-in
approach yields estimators for k) (0+) + k) (0—),5 = 0,...,s — 2, using Lemma 3.1.
Since we only apply this representation when ¢ is multiplied with weight functions having
roots of degree s — 1 at zero, the poles that appear in (3.4) do no harm.

Proposition 3.2. Let s > 2. On Assumption 2 there exist functions D : {—1,1} — C
and p : R\ {0} — C such that |u*~1p(u)| is bounded in u and it holds
) — (-1
() = Disgn(u)) + iy — o log(ful) + 3~
J

M

Fpw), wA0,  (34)



From the proof in Section 7.1 we deduce the form of the mapping D : {—1,1} — C:

s—2 o0 z/2 _ 1 o0
D(+1)=~F zg — Z(] —Dla; + / g(a:)eT dz :I:i/}"(ex/?g(x))(:l:v) dv.
j=1 —00 0

Proposition 3.2 covers the case s > 2. For s = 1 we conclude from (3.2) and the martingale

condition (2.2)

. > ux T k;(x) - - “ T

Y(u) =iyu+ (e™* — 1)@"|T de =iyu+i [ F(sgn(z)e®k(x))(v)dv, (3.5)
0

— 0o |

where the last equation follows from Fubini’s theorem on the condition [*_ek(z)dz <
00, which is implied by Assumption 2. Hence, 1 is a sum of a constant from the integra-
tion, the linear drift iyu and a remainder of order log |u|, which follows from the decay
of the Fourier transform as |u|~! (cf. Lemma 7.1). One can even show Corollary B.6 that
there exists no L2-consistent estimator of o for s = 1. Therefore, we concentrate on the
case s > 2 in the sequel.

Equation (3.5) allows another useful observation. Defining the exponentially scaled
k-function

ke(x) := sgn(x)e®k(x), z € R,

we obtain by differentiation

W (u) = % O Q“V?E:“‘)(i; (_“;;)Z; (,))J;()w(x)) W ik, (36)

Using this relation, we can define an estimator of k..

4. Estimation procedure

4.1. Definition of the estimators and weight functions

Given the observations {(z1,01),...,(xn,On)}, we fit a function O to these data using
linear B-splines
T — Tj—1 Tjy1 — T

I[I
. §—1:T5) gD
Tj—Tj1 Tjt1 — T

bj(x) == j=1,....N,

and a function 8y with £3(0+) — 5;(0—) = —1 to take care of the jump of O":

N
O(x) = Bolz) + Zojbj(x), z €R.
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We choose By with support [xj,_1,xj,] where j, satisfies zj,_1 < 0 < z;,. Replacing O
with O in the representations (3.1) and (3.6) of ¢ and ¢/, respectively, allows us to define
their empirical versions through

Y(u) == %log (vﬁ(u)(l + du(l + iu)F ~(u))),
B(u) = 1 (i — 2u) FO(u) — (u+ wz)}"gx@(x))(u)
T V() (1 + 1u(1 + iu) FO(u))

where k is a positive function and we apply a trimming function given by

2| =

ue(2) : C\ {0} = C, ZH{Z’ =1

kz/lz], |z| <k

to stabilize for large stochastic errors. A reasonable choice of x will be derived below.
The function 1) is well-defined on the interval [—~U, U] on the event

A={weQ:1+ul+iu)F(Ow,e))(u) #0Vu € [-U, U]} C Q.

For w € 2\ A we set ¥ arbitrarily, for instance equal to zero. The more O concentrates
around the true function O the greater is the probability of A. S6hl [23] shows even that
in the continuous-time Lévy model with finite jump activity the identity P(A) = 1 holds.

In the spirit of Belomestny and Reif8 [3] we estimate the parameters v and «;,j =
0,...s5— 2, as coefficients of the different powers of u in equation (3.4). Using a spectral
cut-off value U > 0, we define

U ~

dim [ ()l () du

U

U
/ Re(z/;(u))ng (u)du, if j is even,
-U

U
/ Im(l&(u))waUJ(u) du, otherwise.
-U

Owing to (3.6), the nonparametric object k. can be estimated by

u

() = F! (( - i&’(u))wk(ﬁ))(x), zeR.

The weight functions w! and ng are chosen such that they filter the coefficients of
interest. Moreover, wy, should decrease fast in the spatial domain and should cut off high

frequencies:



Assumption 3. We assume:

. ng fulfills for all odd j € {1,...,5 —2}

U U U
/ uwg(u) du =1, / u_ng(u) du=0 and / wg(:lzu) du = 0.
-U -U 0

U

e w,, satisfies for all even j € {1,...,5— 2}

U U U
/ log(|ul)wy (u)du = —1, / uwl (u)du =0 and / w () du = 0.
U -U 0

e Forj=1,...,5—2 the weight functions ng fulfill

v (—1)li/2) v v
/ uwy (u)du = TR / u”'wY (u)du =0 and / wy, (fu)du =0,
-U ’ (-1t -U ! 0 !

where 1 <1 < s—2 and | is even for even j and odd otherwise. For even j we
impose additionally

U

/ 10g(|u\)ng (u) du = 0.

-U

o wy, is contained in C™(R) for some m > 2s + 1 and satisfies suppwy, C [—1,1] as
well as wy, =1 on (—ay,ax) for some ay, € (0,1).

Furthermore, we assume continuity and boundedness of the functions u — u‘s+1w; (u)
for g € {v,ap,..., 052}

The integral conditions can be provided by rescaling: Let w; satisfy Assumption 3 for

q € {v,a0,...,as_2} and U = 1. Since 1 = f_ll wwl (u) du = f_UU uU?w) (u/U) du, we
U
v

1 U U
1= [ togulyut, wau = [ tog(uv (L) du — 80 [t
. 0 v o\ U ), \T

can choose wY (u) := U~ 2w} (). Similarly, a rescaling is possible for wY :

U

v u
:/ log(Jul)U ", () du.
U

(e74) U U
The continuity condition in Assumption 3 is set to take advantage of the decay of the

remainder p. In connection with the rescaling it implies

Therefore, we define wY (u) := U~'w}, (#) and analogously ng (u) := Uj_lwéj(ﬂ).

W) ST ul and ol (] STl j=0,...,s—2.  (4.1)

In the sequel we assume that the weight functions satisfy Assumption 3 and the property
(4.1).
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4.2. Convergence rates

To ensure a well-defined procedure, an exponential decay of O, the identity (3.5) and to
obtain a lower bound of |pr(u —%)|, we consider the class Go(R, @). Uniform convergence
results for the parameters will be derived in the smoothness class Gs(R, &).

Definition 4.1. Lets € N and R,a > 0. We define

i) Go(R, &) as the set of all pairs P = (v,k) where k is a k-function and the corre-
sponding Lévy process X given by the triplet (0,~, k(x)/|x|) satisfies Assumption 1
with Cy < R, martingale condition (2.2) as well as

a€l0,a] and k| <R,

1) Gs(R, &) as the set of all pairs P = (v,k) € Go(R, &) satisfying addionally Assump-
tion 2 with

kO0+) +kDO0-) <R, forl=1,...,s—1,
[(1ve®)k®(z)|p <R, forl=0,...,s.

In the class Go(R, @) Lemma 2.1 ii) provides a common lower bound of |pr(u —4)| for
|u| > 1. Using max,cr lf%s(x) € (0, 1], we estimate roughly for u € (—=1,1) \ {0}:

fertu—il =exp (1 [ (costua) ~ )2 o)

o T

Zexp(fT/C>O e""/’/‘“lk(laC )dx) Zexp<fTR).

oo ul

Hence, the choice

1 -TR 1
,‘{(u) — ,‘@@(u) — :;’6 ) B e |U| < 1
gC@(Ta R, O‘)|u‘ ’ |U| 2 1;
satisfies )
g|tpT(u —i)| > k(u), uweR, (4.2)

where the factor 1/3 is used for technical reasons. As discussed above, we can restrict
our investigation to the case s > 2.

Since the Lévy process is only identifiable if O is known on the whole real line, we
consider asymptotics of a growing number of observations with

A= rgaxN(scj —2j-1) >0 and A:=min(zy,—2z1) — o0.
J=2,...,

Taking into account the numerical interpolation error and the stochastic error, we analyze
the risk of the estimators in terms of the abstract noise level

e 1= A2 £ AV2|5))j-.
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Theorem 4.2. Let s > 2,R,a > 0 and assume e~ < A% and A||6||Z2 < ||6]|7e. We
choose the cut-off value Us = =2/ 2s+2T+1) 6 obtain the uniform convergence rates

sup ]EPH?Y _ ,Y|2]1/2 S 825/(2S+2T5‘+1) and
P=(v,k)€G,(R,&)
sup Ep[la; — o |?]/? < 2(571=9)/@st2Tatl) = 5o 52,
P=(v,k)€Gs(R,&)
As one may expect the rates for a;,j = 0,...,s — 2, become slower as j gets closer to

its maximal value because the profit from the smoothness of k decreases. Note that the
cut-off for all estimators is the same.

Remark 4.3. The proof in Section 7.2 reveals that the condition A||§]|% < ||6]|Z is
only used to estimate the remainder term. In the case s > 3 our bound is not strict and

we can replace the constraint by the weaker one
_ 3s+2Ta—1
2 4-2
A"8]12 S 6|l ="  for some r € (1, m}

In this setting J; can be bounded away from 0 if A increases slowly enough whereas for
r = 1 the noise §; must tend to 0 for z; — £oo. Otherwise A||§|% could not be bounded
because of AN > %N — 00.

For 7 € (0, %) we study the loss of the exponentially scaled k-function k. in the norm

1/2
|kC|L27T;(/R\[ ]|ke(x)|2dgc) .

In contrast to Gs(R, @) we assume Sobolev conditions on k. in the class Hs(R, &) in order
to apply L?-Fourier analysis.

Definition 4.4. Let s € N and R,a > 0. We define Hs(R,
P = (v,k) € Go(R, @) satisfying additionally k € C*(R \ {0}
corresponding Lévy process X as well as

W <R, and |kV|2 <R, forl=0,...,s.

@) as the set of all pairs
), Ep[|XreXT|] < R for

In the next theorem the conditions on A and § are stronger than for the upper bounds
of the parameters which is due to the necessity to estimate also the derivative of .
However, the estimation of 1)’ does not lead to a loss in the rate.

Theorem 4.5. Let s >1,R,a>0,7 € (0,%) and assume Ae=* < A? and A(||6;]1% +
A2||(2;6;)1%) S |10]|2<. We choose the cut-off value U := e~/ (25¥2Ta+5) " Then we
obtain for the risk of ke the uniform convergence rate

sup EP[”];e o ke”%ﬂ,f]l/Q § 525/(2s+2T&+5)'
P=(v,k)eHs(R,&)

Remark 4.6. The convergence rates in the Theorems 4.2 and 4.5 are minimax optimal
up to a logrithmic factor, which is shown in Appendix B and C.
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5. Adaptation

The convergence rate of our estimation procedure depends on the bound & of the true
but unknown « € R;. Therefore, we construct an a-adaptive estimator. For simplicity
we concentrate on the estimation of a itself whereas the results can be easily extended
to v, aj,7 =1,...,5—2, and k.. In this section we will require the following

Assumption 4. Let R >0, s> 2 and « € [0, @] for some maximal & > 0. Furthermore,
we suppose e~ < A? and A||5||1E < |67 -

These conditions only recall the setting in which the convergence rates of our param-
eter estimators were proven. Given a consistent preestimator é,.. of o, let &g be the
estimator using the data-driven cut-off value and the trimming parameter

U:= Us,,. = g2/ @sH2Tapre 1) g (5.1)
1,-TR
~ 5€ 9 |’LL| < 17
f(u) = ks, (u) =<2 s (5.2)
{écapre|u| r wre, |u| 2 17

respectively, with pre 1= Gpre + | log6|_1. If &y is sufficiently concentrated around the
true value, the adaptation does not lead to losses in the rate as the following proposition
shows. Note that the condition &y € [0,@a] is not restrictive since any estimator & of
a € [0,a] can be improved by using (0V &) A & instead.

Proposition 5.1. On Assumption 4 let &pre be a consistent estimator which is inde-
pendent of the data O;,7 = 1,..., N, and fulfills for e — 0 the inequality

P(|Gpre — a] > |loge| 1) < de? (5.3)

with a constant d € (0,00). Furthermore, we suppose &g € [0, @] almost surely. Then &g
satisfies the asymptotic risk bound

sup  Ep s, [|do — af?]/? < 27D/ @sh2Tot])

PEQS(R,@)

where the expectation is taken with respect to the common distribution Pp s, of the
observations Oz, ...,On and the preestimator Gpre -

To use &y on an independent sample as preestimator, we establish a concentration
result for the proposed procedure. Therefor, we require (¢;) to be uniformly sub-Gaussian
(see e.g. van de Geer [27]). That means there are constants C1,C2 € (0,00) such that
the following concentration inequality holds for all ¢, N > 0 and a;,...ay € R

]P’(‘jiajej’ Zt) §Clexp(ng:;22). (5.4)

j=19%;
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Proposition 5.2. Additionally to Assumption 4 let (¢;) be uniformly sub-Gaussian
fulfilling (5.4). Then there is a constant ¢ > 0 and for all & > 0 there is an g9 ~
r(25H2Ta+1)/(25=2) " ych that for all € < eg A1 the estimator &y satisfies

P(lao — af > k) < (TN +1)Cy +2) exp (— c(k* A ml/Q)e_(S_l)/(szrQTa‘H)). (5.5)

Concentration (5.5) is stronger than in Proposition 5.1 needed. To apply the proposed
estimation procedure, let Sp.. and S be two independent samples with noise levels €,,¢
and ¢ as well as sample sizes N, and N, respectively. Using S, for the estimator
Gpre, We construct adaptively ag on S. We suppose N,.. grows at most polynomial in
Epre, that is Npq. < €, holds for some p > 0. This is fulfilled for polynomially strike
distributions with a logarithmically growing domain as considered in Appendix B . To
satisfy (5.3), it is sufficient if there exists a power g > 0, which can be arbitrary small,
such that .. ~ €? owing to the exponential inequality (5.5). Using € > Ay /N > 1/N,
we estimate N

% < 55}262 ~ ¥ 50
for ¢ < 2/p. Thus, relatively to all available data the necessary number of observations
for the preestimator tends to zero.

6. Discussion and application

6.1. Numerical example

We apply the proposed estimation procedure to the variance gamma model (see [18]). In
view of the empirical study of Madan, Carr and Chang [18] we choose the parameters
v € {0.05,0.1,0.2,0.5},0 = 1.2 and § = —0.15. The value of 7 is then given by the
martingale condition (2.2):

1
v = ;1og(1 — v — d*v/2).

According to the different choices of v, we set @ = 40 as maximal value of a.

The deterministic design of the sample {1, ...,z x} is distributed normally with mean
zero and variance 1/3. The observations O; are computed from the characteristic function
o7 using the fast Fourier transform method of Carr and Madan [6]. The additive noise
consists of normal centered random variables with variance [60(z;)|? for some § > 0.

We estimate g € {v, ap, a1, @2, ke }. Hence, we need s > 4 (see Corollary B.6 ). We
used maturity 7" = 0.25, interest r = 0.06, smoothness s = 6, sample size N = 100 and
noise level § = 0.01, which generates values of ¢ on average 0.168. The results of our
Monte Carlo simulations are summarized in Tables 1 and 2.

In order to apply the estimation procedure, we need to choose the tuning param-
eters. Owing to the typically unknown smoothness s, let the weight functions satisfy
Assumption 3 for some large value $,,4,. The weights for the parameters can be chosen
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a  Efjao —al’]'/?  Eflao —of]'/?

40 20.7998 23.3589
20 5.8362 7.7724
10 1.0505 2.4534

4 0.1729 1.1158

Table 1. 1000 Monte Carlo simulation of the variance gamma model with N = 100, § = 0.01 and
v € {0.05,0.1,0.2,0.5}.

q E[|g —q/?)'/? E[|g — q?)'/?
¥ 0.1408 0.0065 0.0126
ap 10.0000 1.0505 2.4534
o -94.1667 34.5066 85.9605
ag  4458.1250  1203.1827 2741.7031
1/2 5 -
lallz  ENIK —qll3.]2  Elld—al3.1"2
ke 0.9556 0.3289 0.3368
Table 2. 1000 Monte Carlo simulations of the variance gamma model with N = 100, § = 0.01 and
v =0.2.

polynomial whereas a flat-top kernel function can be used as wy, as done by Belomestny
[2]. The trimming parameter x is included mainly for theoretical reasons and is not im-
portant to the implementation. The most crucial point is the choice of the cut-off value
U. For § we implement the oracle method U = argminy - |G(V) — ¢| and an adaptive
estimator § based on the construction of Section 5. The sample size for the preestimator
is chosen N,,. = 25. This adaptation to « is a first step to a data-driven procedure and
should be developed further.

6.2. Discussion

The rates show that the studied estimation problem is (mildly) ill-posed compared with
classical nonparametric regression models. In order to understand the convergence rate of
the estimators for v and «; better, we rewrite equation (3.6) in the distributional sense,
denoting the Dirac distribution at zero by &g, and differentiate representation (3.4)

s—2

' (u) = F(ivdo + ike) (u) = iy — > il jlaju™ " 4 p'(u), ueR\{0}.
j=0

Hence, 1)’ can be seen as Fourier transform of an s-times weakly differentiable function
and estimating v from noisy observations of 1)’ corresponds to a nonparametric regression
with regularity s. Since dividing by u on the right-hand side of the above equation
corresponds to taking the derivative in the spatial domain, the estimation of o is similar
to the estimation of the (j + 1)th derivative in a regression model. The convergence
rate of k. is in line with the results of Belomestny and Reiff [3] for o = 0. Outside a
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neighborhood of zero estimating the k-function amounts to estimating the jump density
itself so that their rates equals ours in the case a = 0.

For k.(z) with 2 different zero the degree of ill-posedness is given by T'a + 2. This can
be seen analytically by observing that the noise is governed by u?|¢r(u — )| =1, which
grows with rate Ta+2. From a statistical point of view a higher value of « leads to a more
active Lévy process and hence, it is harder to distinguish the small jumps of the process
from the additive noise. The influence of the time to maturity 7" on the convergence rates
is an interesting deviation from the analysis of Belomestny and Reif [3]. The simulation
shown in Table 1 demonstrates the improvement of the estimation for small the values
of a.

The proposed estimator k. does not take into account the shape restrictions of the k-
function. Therefore, it can be understood as estimator of the function |z|v(z) for arbitrary
absolutely continuous Lévy measures. Thus, the estimation procedure can be applied to
exponential Lévy models with Blumenthal-Getoor index larger than zero, for example
tempered stable processes. However, the behavior of the Lévy density at zero needs
different methods in these cases and should be studied further. For instance, Belomestny
[1] discusses the estimation of the fractional order for regular Lévy models of exponential
type.

In the self-decomposable framework we reduce the loss of k. by truncating positive
values on R_ and negative ones on R;. The monotonicity can be generated by a re-
arrangement of the function. Chernozhukov, Ferndndez-Val and Galichon [9] show that
the rearrangement reduces weakly the error for increasing target functions on compact
subsets. This result carries over to our estimation problem, where k. is decreasing and
we restrict its support to a possibly large interval.

To calibrate the self-decomposable model completely, we combine the estimator l%e,
which works away from zero asymptotically optimal, and the estimators é;, j > 0, which
provide a proper description of the true k-function at zero. Using only &y and &, this
can be done as follows: Choosing some 7 > 0, we take the estimation of k,(z) for |z > 7
and extend it continuously with linear functions on (—7,7) such that the result fits to
éj,j = 1,2. We define the combined estimator as

m_(z+7) + ke(—7), —7 <z <0,
K@) =S my(x—71)+ke(r), 0<z<m,
ke(z), lz| =7

where m are uniquely given by the conditions

do = K(0+)— K(0—) and 2a¢+ & = K'(0+) — K'(0-).

Since k is monoton, we force my < 0, which might lead to a violation of the second
equation for large stochastic errors. Table 2 contains simulation results for the estima-
tors ¢ and q, g € {7, ag, a1, a2, ke }, corresponding to oracle and a-adaptive cut-off values,
respectively. The optimal combination of estimators é&; and k. should be developed fur-
ther, for instance an exponential Taylor expansion could be used. However, taking &;
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T 0.314 0.567 s W
r 0.045 0.044 g |
Npre 20 21 - °
N 81 85 5 8
5 0.109 0.506 5 Fil
&0 24.850  29.846 S f A
& -59.595  256.049 8 |k L
@s 9310.844  7570.380 ° ! ‘ ‘
-1.0 -0.5 0.0 0.5 1.0

X

Table 3.. Estimation based on ODAX from 29 May
2008.

Figure 1. Given ODAX data points from 29 May
2008 with 7' = 0.314 and the option function gen-
erated from the estimated model.

for higher j into account leads to a loss in the convergence rate and it is actually not
clear how to decompose the estimators into the left and right limits of the derivatives of
k. Assuming finite right- and left-hand limits of k£ and its derivatives at zero, one-sided
kernels might estimate the k-function even in the neighborhood of zero optimally.

Even if the practitioner prefers specific parametric models that might achieve smaller
errors and faster rates, the nonparametric method should be used as a goodness-of-fit test
against model misspecification. This issue makes progress through study of confidence
sets in the framework of Lévy processes with finite activity done by S6hl [24] and it would
be interesting to derive confidence intervals for a.

6.3. Real data example

We apply our estimation method to a data set from the Deutsche Bérse database Eurex?.
It consists of settlement prices of put and call options on the DAX index with three and
six months to maturity from 29 May 2008. The sample sizes are 101 and 106, respectively.
The interest rate is chosen such that the put-call parity holds as best as possible for all
pairs of put and call options with the same strike and maturity. The subsample for
the preestimator consists of every fifth strike while the main estimation is done from the
remaining data points. By a rule of thumb the bid-ask spread is chosen as 1% of the option
prices. Therefore, we get noise levels € with values 0.0138 and 0.069 for the two maturities,
respectively. Table 3 shows the result of the proposed method. The estimations of k. are
presented in Figure 2, which show k. without rearrangement as well as the estimated
k-function which results from K. In Figure 1 the calibrated model is used to generate
the option function in the case of three months to maturity, where the data points used
for the preestimator are marked with triangles in the figure.

?provided through the Collaborative Research Center 649 “Economic Risk”



17

o
. f/\\ e I
0 | Il
° | \ @ \H\
8t~ [ Z o [
0 \ | I
S \ [ < ||
s \ I
S | N
° \/ - D

>
)
20

05
k(x)
10 15

k()

15

25
P
[
5
\LAA
o

Figure 2. Estimation of ODAX data from 29 May 2008 with three (top) and six (bottom) months
maturity. Left: Estimated function k.. Right: Estimation of the k-function using K.

Finally, we compare the outcome of our estimation procedure with the spectral calibra-
tion of Belomestny and Reif3 [3], where the cut-off value is chosen by the penalized least
squares criterion. The estimation results of the latter method applied to the same data
set are presented in Table 4. We obtain that the higher « in the selfdecomposable model
corresponds to a higher ¢ in the Lévy model with finite jump activity. The parameter A
is even smaller for 7' = 0.567.

7. Proofs

7.1. Proof of Proposition 3.2
Standard Fourier analysis yields the decay of |Fg(u)|:

Lemma 7.1. Let f € C*72(R)NC*(R\ {0}) for s > 2 and f € C*(R\ {0}) in case of
s = 1, respectively. Furthermore, we assume finite left- and right-hand limits of f—1)
and ) at zero and f, ..., f) € LY(R). Then we obtain

[Ff)] < |ul™ for [ul — oc.
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T 0314 0.567
r  0.045 0.044
N 101 106
& 0112 0.127
5% 0.160 0.100
A 1.381 0.546

Table 4. Estimation based on ODAX from 29 May 2008.

FEspecially, on Assumption 2 there is a constant Cgq > 0 independent from t and v such
that

|Fg(v—it)| < Cylv|™° forte[0,1) and |v] >

w\»—n

Proof. Part 1: Since f € C*72(R) has a piecewise continuous (s — 1)th derivative and
all derivatives are in L!(R), standard Fourier analysis yields

F(FED) () = (—iw)* " F f(u).

Therefore, it is enough to show for f € C1(R\ {0}) with f, f' € LY(R) that |Ff(u)| <
Clu|™%, |u| > 1, where C' > 0 does not depend on u. The integrability of f’ ensures the
existence of the limits of f for x — 4o0. Since f itself is absolutely integrable, those limits
equal 0. Integration by parts applied to the piecewise C'-function verifies for u # 0:

1

0 o
F1w)] = | / @) de+ [ e @) as] -
(1£0-) = FO)] + 1£]1).

- |u|
Part 2: From Part 1 and the Leibniz rule follow for ¢ € [0,1) and |v| > 3

|Fg(v —it)]

——|F (fgu)) O|s720-) = g 004) - 7 (5ea(o)) )

ST (Z 7 (490@) @) (jo0-) - 000 + 3|7 (60 @) 0]
=0

Hence, it remains to bound |F (e”g(l)(x)) (v)| uniformly over ¢ € [0,1) and |v] > 3,

where | = 0 ,s. Foreach j =0,...s =2 and [ = 0,...s there is a linear combination

() Zﬁ m( )Wlthﬁ(” eR,m=0,...,5. Thus,wecanﬁndﬁj(-l)eR,j:

0 .8 — 2 such that the derivatives of g are given by

gV (x) = sgn(x)kW (z +Za]5(l ), ze€R\{0},l=0,...,s
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Therefore, we obtain for all ¢ € [0,1), [v| > 2 and [ =0,...,s
‘]:( tz g ) ‘ = ‘]: (Sgn z)et kW (z ) + Zajﬁ(l (e"hj(z)) (v)‘

) Sl
< 11V e kW ||L1+Z|1 —op

< (1 v e )k® (2 IIL1+Z2““ jllag B3], O
7=0

With this lemma at hand the representation (3.4) can be proved as follows: Owing to
the symmetry ¢(—u) = ¢(u),u € R, it is sufficient to consider the case u > 0. We recall
representation (3.3) of :

Y(u) =iyu+y+ /0 i(u—1)F(sgn-k) ((u—1i)t) dt.

To develop this integral further we consider for 7 € (0, 1)

1—7
&r(u) ::/D i(u— i) F(sgn-k) ((u—1)t) dt

$s—2 ,l-7 1—-7
= / i(u—i)a; Fh;((u—1)t)dt + / i(u—1)Fg((u—1)t)dt
=00 0
5—2 s—2 j . 1 oy
— J
——Z(j—l)'aj—aolog(T—zu1—7' +ZT1—T))]
Jj=1 Jj=1
1—7
+ / i(u—13)Fg((u—1i)t)de
0
To calculate the last integral we split its domain in [0, 2] and (3,1 — 7]. By assumption

and choice of h; we obtain |~ g(z)| < |(1V e*/?)g(z)| € L1 for 0 <t < 3, and
thus, we can apply Fubini’s theorem to the first part:

1/2 o 1/2
i(u—1 u—1 = T i(u — i)et(vdte T.
/0 (u— i) Fgl(u—i)t) dt / o) / (u—1) dtd

—0o0

Since z — €%*7 is holomorphic, Cauchy’s integral theorem yields

1/2 o (u=i)/2 —i/2 (u—i)/2
/ i(u— i)t gy = / e dz = / e dz + / ie** dz.
0 0 0 —i/2
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Hence,

1/2 oo 1/2 u/2
/ i(u—14)Fg((u—i)t)dt = / g(z) (/ et dt + / jetvte/2 dv) dz.
0 —o0 0 0
Another application of Fubini’s theorem to the second term shows
1/2
/ i(u—1)Fg((u—1)t)dt
0
o em/2
:/ g(x) . dx—i—z/ F(e™?g( dv—z/ F(e?g(x))(v)dv.  (7.1)

— 00

The first two summands are independent from u whereas we can use Lemma 7.1 to
estimate the last integral for v > 1:

oS] 9s—1
(e*/2g(x))(v) dv‘ < Cg/ [v|=dv = Sicl’gm\_sﬂ. (7.2)
u/2 -

Also the integral over (%, 1 — 7] can be estimated using Lemma 7.1. For all 7 € (0, %)
and for all w > 1 we obtain uniformly:

’/ t(u—1)Fg((u—1i)t dt’<C|u—Z S|/ t75dt ~ |u| 5T (7.3)
1

Thus, (7.1) yields

oSG+ [ g
;J /_Oog

z/2 _

lmioo e 2g(2))(v) dv
d+/0f< o(2))(v)d

s—2

- (J — Doy
—aglog(t —iu(l — 7)) + 2 Ty or(u) (7.4)
with
oo 1—-7
u) = —1i e*2g(z))(v) dv i(u—1 u—1 .
pr(u) /u/f( g()(v)d +/1/2 (=i Fg(u—pydt  (75)

| j!Oéj
-2 (1—i(u— i)t)j+1) dt.

=0

Plugging the estimates (7.2) and (7.3) into equation (7.5), we obtain |p,(u)| < |u|~5*!
uniformly over 7 > 0 and u > 1.
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For u > 0 there exists p(u) := lim,_,¢ p-(u) because F(sgn-k) is defined on {z €
C|Im(z) € [-1,0]} and is continuous on its domain whereas the integral over the sum
can be computed explicitly. Then the bound |u|~*! holds for p(u), |u| > 1, too. Also for
small u € (0,1) the term |u*~!p(u)| remains bounded since p has a pole at 0 of maximal
order s — 2. Since all terms in (7.4) are continuous in 7 at 0 this equation is true for
7 = 0. Finally, we notice log(—iu) = log(| —iu|) +¢ arg(—iu) = log(|u|) —im/2 and insert
(7.4) in (3.3).

7.2. Proof of the upper bounds

Let us recall some results of Belomestny and Reif} [3]: Because of the B-spline interpo-
lation we obtain O(z) := E[O(z)] = ZJ 1 O(x;)bj(x) + Bo(x), x € R. Furthermore, the
decomposition of the stochastic error 1) — 1) in a linearization £ and a remainder R,
L(w) =T Yor(u—i)" (i — w)uF(O — O)(u),
R(u) = P(u) = (u) — L(u),
u € R, has the following properties:

Proposition 7.2. i) Under the hypothesis e~ < A% we obtain uniformly over all
Lévy triplets satisfying Assumption 1

sup |E[f@(u) — FO(u)]| = sup | FO(u) — FO(u)| < A2

u€eR u€R

i) If the function k : R — R satisfies (4.2) then for all u € R the remainder is
bounded by ~
R(w)] < T w(u) 2(u + u2)|F(O - O)(w)[2.
Upper bound for v and a; (Theorem 4.2):

Since Theorem 4.2 can be proven analogously to Theorem 4.2 of Belomestny and Reif3
[3], we only sketch the main steps. Note that in G4(R, @) we can bound uniformly the
constant C; from Lemma 7.1. Let us consider «y first. The definition of 4 and wVU , the

decomposition of ¢ and representation (3.4) yield

U U
5= / (4 () ) (u) du =  + / Tm(p(u) + £(u) + R(u))wt (u) du.

-U U

Hence, we obtain

<3‘/ du) +3E| ‘/ Lu 7(u)olum
+ 38| ‘/ R(u du‘ |
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where all three summands can be estimated separately. The first one is a deterministic
error term. It can be estimated using the decay of p(u) and the weight function property
(4.1):

j/ du’</ U=+ |p(w)us=t du S U

A bias-variance decomposition, with the definition Var(Z) := E[|Z —E[Z]|?], of the linear
error term yields

‘/ L(u du —’/ T;T_:fz E[}'(@—O)(u)]wg(u) du‘2
+Var(/U DS T (u)du) = L2+ L,

Tor(u—1)

Using the approximation result in Proposition 7.2, the bound of |¢7(u — i)|~! given by
L and property (4.1), we infer the estimate of the bias term:

U
‘['b| 5 A2U_(S+1) / ., |S0T(U o i)\_1|u|s+1 du g AQUT&-H.

For the variance part we make use of the properties of the the linear spline functions by,
as well as supp(w?) C [~U, U] and the independence of (;). We estimate (Cov(Y, Z) :=

E[(Y —E[Y))(Z — E[Z])]) as in [3]:

Ly = /_U /U Cov (Mm(m TST(U)Z)IO( )) w? (w)w? (v) du dv

N
_ 52 (i —uwu 2< 2 rr2Ta+l
—;k\/ o s P () du| S AU

To estimate the remaining term R, we use Proposition 7.2, the property (4.1) of w,lyj and
the choice of k. In addition the independence of (¢j) and the uniform bound of their
fourth moments comes into play.

EH /_L; R(u)wg(u) dum

< [ [ (170 ot + B[} - 0pwr(6 - oy ]) ELE ) 4,
~ l o0 l l /{(u)zlq/(v)

“v-u
s <A4/UUW ) (/U;(Sk}—bk K(;])(;L)du)Q

U U 9
< <A4U S+1>/Un(u)*2|u\8+3du) + (A2||5||122U*<8+1>/Uﬁ(u)*2|u|s+3du)

< U4T64+6(A8 + A4H5||212)

~
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Therefore, the total risk of 4 is of order
E[[f =[] SU + UT* (A + A18]17) + UTHO(A% + AY|9]|72)
uniformly over G,(R,@). Since the explicit choice of U = Uy = ¢~2/2s+2Ta+1) fylfills
U <A and Al6]|% < ||6]7< holds by assumption, this bound simplifies to
EH;Y o ,y|2] S U72s + U2T€v+1€2 + U4T6¢+6€4.

Here Ug balances the trade-off between the first and the second term whereby the third
summand is asympotitically negligible. We obtain the claimed rate.

For 5,5 =0,...,5—2, the only difference to the analysis for ¥ is the rescaling factor
of ng in (4.1). Since its square appears in front of every summand, we verify

Ella; —a;|") S U779 4 UPTERHS (AT + Al6] )

+ U4T6z+2j+8(A8 4 A4||5H;12)
< U—20s—1-J) 4 2Ta+2j+3,2 4 [ATa+2j+8 .4,

The explicit choice of U = Uy implies the result.

Upper bound for k. (Theorem 4.5):

Similarly to the uniform bound of the bias of FO in Proposition 7.2, we prove the
following lemma.

Lemma 7.3. If Ae=4 < A? holds, we obtain uniformly over all Lévy triplets satisfying
Assumption 1 and E[| XreX7|] <1

sup [E[F (2(0 = O)(z)) (u)]| = sup |F(2(0; = O)(2)) (u)] S A%

Proof. We follow the lines of the proof of Proposition 6.1 in [3] with the slightly different
estimation:

N T

|- 0@ < Sl viel) [ 101 - 0w ds

1 j=2 Tj—
x] x x] 9 )
< > / / / (Jzj—1] + A)[O0"(2)|dz dy dz + Co(|zjo—1] V [25,[)A
JEL2 NN\ Lo} =1 YT -1 S
<[|2O" (@) ]| L1 A% + |O"|[ 1 A% + 2Co A%,

Since the extrapolation errors can be bounded by 4C2A(A + A)e=4~2, we obtain

/ " |E[2(0 — 0)(x))| dx

— 00

<205 (Ae™ 4 e ) + |20" ()| 1 A% + (]]O”|| 11 + 2C0) A% + 4C,A(A + A)e 474
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It remains to bound [|#O”(z)|| 1. Recall from [3, Prop. 2.1] that O"(z) = e*(P(X71 <
r) + fr(r) — 1{r>0}), x € R. Integration by parts yields

/ |20 ()| dx = / ze®|P(Xr < z) + fr(z) — 1] dz
0 0

< / zez(l —P(Xr < m)) dx + E[|XT‘6XT1{XT>O}}

0
=1- P(XT < O) + / (.ﬁ — 1)6sz($) dx + EUXT‘(BXT].{XT>O}}
0

=P(Xr > 0) +E[(2[ X7+ 1)eX1ix,501]-

We conclude analogously

0
/ 20" (z)|dz = P(X7 < 0) + E[(2|X7| 4+ 1)eX" 11y, c0p]-

Therefore, it holds ||[xO" (z)||11 < 2+ 2E[|X7eX7|], which is bounded by assumption. [

As we will see, the estimation of « in the definition of ke is asymptotically negligible.
We thus set 4 = 0 in this section. To show Theorem 4.5 we define the function Wy :=
F 1wy, which can be understood as a kernel with bandwidth U~!. By the properties of
the weight wy it satisfies for [ =1,...,m — 2:

wi(gy) = UF (Wi (U))(w) [ W@ s = w0 = 1.
/ 2 Wi () dr = (—i)0P(0) = 0, / | Wi ()| d < oo
R R

We split the risk into a deterministic error, an error caused by v and a stochastic error,
Epl|lke - kelZ2,]
—Ep[IF (= i wn(5))  kel3z..)
=y A (e e )@ - k@

:

43|77 () ) @)+ 87 (- () + i ) () ) )] ]
1 U 2 2 2
3 / o (Fre(upue()) (@) ~ k()| do+3h] / W
il [ (- v of o

=D+G+S.
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Using wy, € C™(R), we infer |Wi(z)| < ||~ for  — oo and thus, the addend G can be
bounded by

oo
G s 6U2|7|2/ Uz| ™™ dz S U2

-
The deterministic term D can be estimated in the spatial domain, where we use the local
smoothness of k.. For pointwise convergence rates this was done by Belomestny [2]. We
decompose

D= 3/
R\[—7,7]

< 6/ / (ke(@ — y/U) — ke()) Wi(y) dyrdx
R\ [rr] | ylsur

+6 /
R\[—7,7]

An application of the Cauchy-Schwarz inequality, of the estimate f‘y|>UT [Wi(y)| dy <
(Ur)=™+2 [0 |y 2[Wi(y)|dy S U~™*2 and of Fubini’s theorem yield

‘ 2

Ul(ke * Wi(Ue)) () — ke(z)| da

/ - (ke(fc —y/U) — ke(x))Wk(y) dy‘zda: =:6(Dy + D»).

2
Dy < / / Wi(y)] dy / ke (2 — 5/U) — bel(@) 2| Wi(y)| dy da
R\[—7,7] /|y|>UT ly|>UT

—m+2 v 2 )12 "
s [ ey R + @) W)y

A

(1)~ /| W ke — /U2 + ke ()2 dz dly

S (U) 72 ke[

~

|
R\[—7,7]

Using a Taylor expansion, we split D5 in a polynomial part and a remainder:

517
z—y/U k(s) _ _ \s—1 2
+2 / / / e )@=y U' ?) dek(y)dy‘ da
R\[-7.7] | Jy|<UT Ja (s =1
=: 2D2P + 2D2R~
We estimate
Dap 50 S T [ p0mRas{ [ i wala)’
< s(Ur) =™ - I (x T y|™™ y)|dy
2 =0 (41?2 R\[-7,7] R g
s—1

SUTPN kL 1Ze

=0
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With twofold usage of Cauchy-Schwarz and with Fubini’s theorem we obtain

/U 1) (g — 2) (2 — L)1 2
lz|>7 ' Jy|l<ur Jo (s

-1
ly/U|
S/l (/|y<UT (/0 KO (@ — sgn(y)2)dz)

| (/y/U| Wdz>l/2|wk(y)dy)2dx

0
ly/U]| )
< / / / k69 ( — sgn(y)2) 2 Azl Wik (y)] dy
|z|>7 J|y|<UT JO

|y/U|25*1
| /|y|<UT (2s — 1)((s — 1)H2 (Wi (y)| dy dz

ly/Ul
s [ [T e sen(y)o)? de dai W) dy
ly|[<UT JO |z|>T

<U- @2, /

ly|<U

ly/Ul Wi (y)| dy
U,

Therefore, we have D + G < U~25. ~
To estimate the stochastic error S, we bound the term |¢’(u) —’(u)|. Let us introduce
the notation

Gr(u—1) = vy (1 + (iu — u?) FO(u)),
Pr(u—1) = (i — 2u)FO(u) — (u + iu®)F(zO(x)) (u), u€R.

u). For

For all u € R where |@p(u —i)| > x(u) we obtain @p(u —1i) = 1 + (iu — u?)FO(
4.2). This

|pr(u—1)|] = k(u) the estimate |@r(u — i) — pr(u — )| > 2k(u) follows from (
yields

Br(u—i) — prlu—i)| < [1+ (iu—u?) FO(w) — pr(u )| + ()
< 1+ (i~ ) FO(w) — r(u—i)| + g |pr(u—i) — pr(u—i)]

Therefore, |¢7(u—i) —@r(u—1i)| < 2|14 (iu—u?)FO(u) — pr(u—1)| holds for all u € R.
We obtain a similar decomposition as Kappus and Reif3 [16],

=/

or(u—14)  or(u—i)

1 ~/ . / . , ) B )
< TGr(u—13)| (|<PT(U — i) — @p(u—i)| + T (u)||er(u—1i) — pr(u— z)|)
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< gy (L 402) 24 270/ ) (02 1)1 /%) (O = O))
+ (u® + 02| F(2(0 - (’))(a:))(u)|>.
Since [¢/(u)] < 7] + [Fellzs < 2R, we have
[ () = ' ()] 5 ﬁ((l +u)|F(O ~ O)(w)| + (u? +u*) /2| F(2(0 — 0)(@)) (w)] )
It follows with Plancherel’s equality
3

S <3E[||F (% (w) = ' ()we (w/0) [} | = 5= / B[ (u) — o' () 2] o (u/U) du

v u' 2 2 A 2 9
5/_U ‘R(U)P(E[IHO—O)(W ] +E[|F(@(0 — 0)(@)) (w)["] ) fwi(u/U) | du

=:51 + .55.

Both terms can be estimated similarly. Thus, we only write it down for .S, where stronger
conditions are needed. Lemma 7.3 and || F(2b;(x))|lcc <2A(z;+A), j=1,...,N, yield

v 2 A 2
Sy < [U W(Hx(Ol —O0) (@)%, + Var(f(x@(x))(u))) |wi (w/TU)|? du

U N
5/ W27 (A% 4+ 37 0217 (b () () 2) du
U =
SA + A% (a6) |72 + A%, [ U2 < 20T

Therefore, we have shown E[che - ke||%2_’7_] < U725 4 2U?Te+5, The claim follows

from the asymptotic optimal choice U = Uy = e~ 2/(2s+2Ta+5),

7.3. Proof of Proposition 5.1

Step 1: We consider deterministic approximate of «. Let (ag)e>o be such that there is a
constant C' > 0 with |a. — a| < Clloge|™!. Let the estimator Go use the cut-off value
U. .= ~a5 and the trimming parameter k. := Rg_, with @ := a. + C| loge| ™!, as defined
in (5.1) and (5.2). Then we can show the asymptotic risk bound

sup EPH&O 7 a|2]1/2 5 82(871)/(28+2TOL+1)
PeGs(R,a)

as follows: By construction holds « < @.. Hence, k. fulfills condition (4.2) for each pair
P € Gs(R, ). Therefore, we deduce from Theorem 4.2:

Ep [ldO _ Oé|2] S UE—Q(S—l) + U82T0L+3€2 + U§T¢15+8€4
—g4(s—1)/(2s+2Tac+1) (1 4 g4T(ac—a)/(2s+2Tac+1) E(4s—8+8T(a5—&E))/(2s+2TaE+1)). (7.6)
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The first factor has the claimed order, which follows from

(o —ag)loge <C

= (2s+2Ta+1)loge < (2s+2Ta.+ 1)loge +2TC
4(s—1) 4(s—1) 8(s—1)T

= seroTe t1 1086 < 5ororaa loge + (2;1)2 c

= 54(571)/(2s+2Ta€+1) 5 64(371)/(2s+2T04+1)'

Thus, the claim follows once we have bound the sum in the bracket of equation (7.6).
For the second summand this is implied by
4T (a: — @) loge| < 4T |(a. — a)loge| < 4TC .
2s+2Ta. + 1 25+ 1 25+ 1

To estimate the third term, we obtain from s > 2 and € < 1

4s — 8 + 8T (a. — a.) loge < —8TC|loge|~! loge < 8TC

25 +2Ta. + 1 - 25+ 1 ~25+1°

Step 2: Let P € G4(R, o). Note that k. satisfies the condition (4.2) on the set {|Gpre—a| <
|loge|~'}. Using the independence of &pre and O;, the almost sure bound dy < @ and
the concentration of &p,., we deduce from step 1:
Ep 4, [|60 — of’] <Ep.a,,. [Ep,dm (6o — of?|pre] 1{|aprefa|<|1oga|fl}}
+46°Ps,,. (|6pre — al > |loge| ™)

§€4(sfl)/(2s+2Ta+1) 4 4a2de2.

Since the second term decreases faster then the first one for ¢ — 0, we obtain the claimed
rate.

7.4. Proof of Proposition 5.2

Let € < 1. Recall that the cut-off value of éq is given by U = e~2/2s+2Ta+1) For 4 > 0
we obtain from the definition of the estimator and the decomposition of the stochastic
error into linear part and remainder:

B0 — ol > ) = B| /[; Re(p+ 9 — ) (uwt, (u) dul > r)

U

<p(| /UU pluywl, (u) du| = T) +P(| [URG(E(U))ng(u) du| > %)

JrIP’(‘ /UU ’R(u)wan(u) du‘ > g)

= P1+P2+P3.
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We will bound all three probabilities separately. To that end, let c¢;,j € N, be suitable
non-negative constants not depending on x,e and V.

The event in P, is deterministic. Hence, the same estimate on the deterministic error
as in Theorem 4.2

‘/ w) du| < U= = ¢, g26=1)/ s +2Ta+1)

yields P, = 0 for all ¢ < ) := (x/(3¢;)) 2 T2TaHD/(25-2)
_ To bound P, we infer from the definition of £, the linear appearance of the errors in
O0=0+ Z;\le 0je;bj and from the estimate of the term |£p| in Theorem 4.2:

‘/UU Re(L(u) du = ‘/ TSDT " )_ul)}_(@ — O)(u))wgo(u) du‘

v w2)1/2
</ MWO O)(wywy, (w)| du

(i—u)u N
+ ‘ /_U Re (m Z5j€jfbj(u))w20 (u) du’

< pA2pTEr2 \ z_:(s g / Re (jwfbj(u))wgo(u) du’

< epe2(s=1)/(2s42Tat1) | ‘ Zajﬁj
j=1

where the coefficients are given by
U .
(i — uwu U )
=0 | Relg 7 du, j=1,...,N.
R [ ‘ <T<PT(U — 1) i )) W, (W) du,  j=1,...,

To apply (5.4), we deduce from || Fb;|lec < 2A, the weight function property (4.1) and
the assumption Al[6]|% < [|6]/7:

N N 2\1/2 2

E : i< E (u +u) F U 27 12T a+41 51|12
7 [Fbi (W) |wa, (W) du | < esATU SII2

= g = (/ T|pr(u— )|' i (W) [wag ()] ) 3 lIo1;

< cue2U2Ta+ 2(s—1)/(2s+2Ta+1)_

= C4€

This implies through the concentration inequality of (e;)

N
P < P(‘ Zajej’ > g) +P(CQ52(S’1)/(28+2M+1) > g)
j=1

< Cyexp ( o 52672(571)/(2s+2T&+1)>

3604
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for all £ < e® = (k/(6cy)) 2 H2TaHD/(2572),

It remains to estimate probability Ps. The bound of R in Proposition 7.2 ii) yields

|/ UURw)ng(u)du\g /. ) ”;f)‘ F(O = O)(w) Pl (w)] du

! w1 Y 2
g2/%|f(o 0)(u )|2wgo(u)|du+2/M’;@Ejfbj(u)‘ |wg, (u)| du.

The first addend gets small owing to Proposition 7.2 i):

u+u

/ )P0, - 0)(w) Pl (u)] du <|F(O, - O))? /U U (u)) du
Tr(u)? & SIS TSl | Truyz e

<es AT+ < (o g2(5=1)/(25+2Tart1)

For the second one we obtain

N
\ijfb \ 252 2 Fb ) +23
=2

=2 k=

j—1
5j5k5j5k Re (.Fbj (u)]:bk(fu)) .
1

Thus,

‘/ R(u du‘

N N j-1
< 2050/ o2 | 9N 5262, (U) + 4> D 8;0ke560851(U)
=1 =2 k=1

Jj—

with

v u 'LL
&(U) = [ ] T,;(Lu) Re (Fb; (u) Fox (—u)) [wl, (u)] du.

Denoting the diagonal term and the cross term as

N j—1

DN = Z(S €2§]j and UN = ZZdjéksjakgj,k(U),

§=2 k=1

respectively, we obtain
Py < P (20527 0/(2e2Ta41) g) +P (2D > g) +P(4Uy = g)

(2s+2Ta+1)/

The first summand vanishes for ¢ < e® := (k/(18¢3)) (2572) Ty estimate the

probabilities on Dy and Uy, we establish the bound

ut + u? &
1S5k (U)] < || Fb; IIOOHfkaoo/ Tl ()] du < g AU (7.7)
v Tr(u)
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for j,k=1,...,N. Hence,
N
‘26125”([])’ < 06A2l|5||122U2T&+4 < 20T < (o 2(5=1)/(2s42Ta+1)
j=1
which yields together with (5.4)

< ]P’( sup |g,€|2 > LE*Q(S*U/(25+2T6¢+1))
k=1,....N 1807

< CiNexp ( — 1?27 HE*Z(sfl)/(2s+2T6¢+1)).

To derive an exponential inequality for the U-statistic Uy, we apply the martingale idea
of Houdré and Reynaud-Bouret [14]: Because of the independence and the centering of
the (g;), the process (Un)n>1 is a martingale with respect to its natural filtration (F¥)
(setting Uy = 0):
N-1
E{Un — Un_1|F5_4] = E[ Z 5N5k€N€k§N,k(U)|fJ[\]f—1} =0.
k=1

We will apply the following martingale version of the Bernstein inequality:

Proposition 7.4 (Bernstein’s inequality). Let (M,,, F,) be a martingale with My = 0.
For arbitrary t,Q,S > 0 the following holds true:

2
P(|My| = ) < 2P((M),, > Q) + 2P( max |My — My_1| > S) +2exp ( - M)

Hence, we consider the increment, N > 2,

N-1
|Unv —Un-1| = |5N|‘ Z InNOREN K (U) Ek‘
=1 T
=Nk
for which we estimate using (7.7)
N-1 N-1 i
X = 0% Y 0ibni(U)® < AU 6] (7.8)
k=1 k=1

< CgA4||5||;L2U4Td+8 < C$€4U4Td+8 < C$84(571)/(25+2To7+1)'
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Thus, by Assumption (5.4) we obtain for all S > 0

N-1
P(|UN — UN_1| > S) ZP(|€N|’ Z aN7k€k‘ > S)
k=1

N-1
SP(\5N| > \/§5*(S—1)/(25+2T5¢+1)) +IP’<‘ Z an kgk‘ > \/Ee(sfl)/(25+2T&+1))
k=1

<Cy exp ( _ 025672(571)/(25+2Ta+1)> + Cy exp ( _ %S€72(571)/(25+2Td+1))'
7

The quadratic variation of Uy is given by
N- 2
Uy = (U)y_1 =E[(Un = Un-1)*|Fy_1] = 51\/( Z kerén k(U ) .
k=1

W.l.o.g. we can assume E 5 07 > 0. Otherwise follows Z 5 07 = 0 which implies d; = 0

forall j =2,..., N and thus (U) y = Y00, ((U);—(U);_;) = 0. Then P({U) y > Q) =0
would hold for @) > 0. Hence, we obtain:

P((U)y > Q) :[P<jé(<U>j — <U>j71) > Q) < jéﬁ”(<U>j - <U>j,1 > %Q)

N j—1
<> (Il Y srersn(U) > VQ).
=2 k=1
To apply inequality (5.4) we estimate [|6]|% S25_) 026,£(U)? < c2A*|§||LUT+S <
24(s—1)/(2s+2Ta+1) analogous to (7.8) and obtain

%Q8—4(s—1)/(2s+2ﬂ1+1)> _
c

P(U)y > Q) §ClNexp(— >

We deduce from Bernstein’s inequality:

>
(UN - 36)
)2
<2P((U)y > Q) +2B(, max Uk~ Up-a| > ) +2exp (- m)
SZClNGXp ( _ %Q€—4(s—l)/(25+2T&+1)>
7
+4C1 N exp ( _ G 55—2(5—1)/(25+2T’5+1)> + 2exp ( — H—2)
AVl 144(36Q + kS)/°

By choosing Q = kS and S = \/ke(s=1)/2sH2Ta+1) e get,

]P’(UN > :%) < (6C1N + 2)exp ( — g rnin3 (/{1/257(571)/(25+2T6‘+1))q).
q=1,
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—2(s—1)/(2s+2Ta+1)

For all ¢ < €® we have ke 2(s=1)/(@s+2Ta+1) - /{(5(3)) ~ 1 and
hence,
P; <P(Dy 18) +P(Un > %) (TC1N +2) exp ( - Cglil/267(571)/(2S+2T&+1)>.

Putting the bounds of Py, P, and P5 together yields for a constant ¢ € (0,00) and all
€ <o Al with g9 := min{e™, ? 3)}

P(léo — o] > k) < (TC1N + C1 + 2) exp ( — (K% A /431/2)67(571)/(28+2T6‘+1)>.

Appendix A: Proof of Lemma 2.1

Part i) The martingale condition yields

lor(u—1)| = exp (T /00 (cos(uz) — 1) e k() dx).

oo ]

W.lo.g. we assume T'=1, a > 0 and u > 1 because of the symmetry of the cosine.
Step 1: Let k(0—) = 0. We split the integral domain into three parts:

o1 (u — )] —eXP<(/01+/1u+[jo)(cosx—l)em/tf(i)dx)

Using the monotonicity of k and the constant C := fol 1=cos 2 4z € (0, 00), we estimate
1 eT/ul 1 s — 1
/ (cos x — 1)% dx > el/“k(O—i—)/ CO% dz > —C1ek(04).
0 0

In the second part the dependence on u comes into play. The Taylor series of the expo-
nential function together with dominated convergence yield:

u v/ Uk (L) Cos T k-1
/1(cos:v—l)deZk(O—i—)(/1 —fdx—i—Z/ (cos x — anl )
> If(()Jr)(ranlrll/1 . L dz —log(u QZ k:'k: ) > k(04)(=C3 — 2e — log(u)).

=:—C2<0

Note that the constant C is finite since x — M

obtain for the third part:

/ (cos & — 1)%@) dz > —2/ e’ k(x) dz.
1 1

is Riemann integrable on [1, 00). We
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This achieves the estimate
foatu= )] 2 exp (HOD(-(Cu+2)e = o) =2 [ ehla)de) w00
1

Step 2: Suppose k(0+) = 0. By substituting © = —y we derive similarly:

e“k(x) dx) u RO,

Step 3: Let k(0—) > 0 and k(0+) > 0. We split the integral domain into Ry and R_
and deduce from steps 1 and 2 the estimate |or(u —i)| > C, (T, |e®k(z)| 1, a)u™T*
for |u| > 1 and with C(T, R, a) := exp(T'a(—(C1 + 2)e + C3) — 2T'R). Part i1) follows
immediately from the explicit choice of C,.

—1

le1(u — i) > exp (—k(O—)(Cl + Cy) — 2/

— 00

Appendix B: White noise model and lower bounds

To establish asymptotic lower bounds for the convergence rates of the estimators ¥, &;,
j=0,...,5s—2 and k., we consider the continuous white noise model

dZp(z) = Op(z)dx + \/%)\N(x) dW(z), =z €[-An,AN], (B.1)
with a two sided Brownian motion W, an option function Op induced by the pair P €
Gs(R,a) and Ay > 0 growing in N. Under certain conditions, we can apply the results of
Brown and Low [5] to show the asymptotic equivalence of the above considered regression
model

OjZO(.%'j)+5jEj, j=1...,N, (B.2)

and the white noise model (B.1) for N — co. Setting N and ¢ in relation to each other
allows us to derive lower bounds in terms of €.

To that end, we state the situation of (B.2) more precisely. Let N € N and Hy :
[-An, An] — [0,1] be an increasing, absolutely continuous distribution function with

hy = H;V > 0 a.e. on [—AN,AN] (B3)

such that the strikes are given by x; = H&l(j/(N +1)) for j =1,..., N. Furthermore,
let §; = d(x;) for some function § € L>(R). We suppose that ¢ is absolutely continuous
satisfying the technical condition

‘—logé ‘<C’5, z €R, (B.4)

for some constant C5 < oco. From Belomestny and Reif} [3, Prop. 2.1] we know that
O’ is continuous on R\ {0} with a jump at zero of height -1. ||O”|;1 < 3 implies
|0 (z)| = | [y O"(x)dx| < 3 for all z # 0 and thus, O’ is uniformly bounded. Especially,
O is Lipschitz continuous for any P € G4(R, @) UH(R, &). The equivalence result follows
immediately from Brown and Low [5, Thm. 4.1, Cor. 4.2].
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Proposition B.1. Under the assumptions (B.3) and (B.4) the nonparametric regres-
sion model (B.2) withe; ~ N(0,1) iid. and the white noise model (B.1) are asymptotically
equivalent in Le Cam’s sense if N4 (z) = 6%(z)/hn(x) for x € [-An, AN].

Remark B.2. Grama and Nussbaum [13] showed the asymptotic equivalence of loca-
tion type regression models with non-Gaussian noise to regression models with Gaussian
noise. Hence, the condition on the distribution of €; in the preceding proposition can be
relaxed to error laws with regular densities.

By Proposition B.1 asymptotic lower bounds in the regression model can be proved in
the white noise setting equivalently. To this end we need a uniform lower bound of the
noise level Ay /v N in terms of €. Let the strike distribution be polynomial:

hN(:C) ~ C;/l(|x‘ + 1)7(1, x € [7AN,AN], (B5)

for some ¢ > 0 and normalization constant C. This is reasonable since in practice
most of the traded options are almost at-the-money whereas only less ones are far in- or
out-of-the-money. Moreover, we suppose a minimal noise through

0*(2) 2 [I8l%(Jal + )P,z €R, (B.6)

where p > 1 is necessary. The restriction on p is because the condition Al/(d;)]|% <

(6;)I7 in the Theorem 4.2 implies necessarily 6 € L*(R) which is due to Fatou’s
lemma:

N
18132 < Tominf (A8 (1) + D (25 — @5-1)0%(w;) ) < lininf A5 S 9]
j=2

In the same way Al/(z;6;)[|% < [|(6;)[ implies even zd(x) € L?(R) in the situation of
Theorem 4.5. In view of the condition e 4~ < A% ~ e* and Aye= 4V < A2, respectively,

we assume addionally Ay ~ loge™!.

Lemma B.3. Let the properties (B.5) and (B.6) be satisfied. If Ay ~ loge™! holds

then we obtain % > e%(loge™) 7P for B := max{p, q}.

The proof of the lemma is straight forward and thus omitted. In the sequel we assume
always that the model (B.1) satisfies the conditions of this lemma.

Remark B.4. For the estimators 4 and &; with s > 3 we can consider the case p € [0,1)
because of Remark 4.3. In the situation of 0 = p = ¢ we obtain 8 = 0 and hence, the
lower bounds proved in the next theorems imply that our estimation procedure achieves
exact minimax rates for the parameters. With regard to k. the condition Al|(z;6;)[% <
1(6,)]17 yields 8> p > 3.
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Theorem B.5. Let s € Nys > 2 Ra>0and j =0,...,5s —2,. We obtain in the
observation model (B.1) the asymptotic risk lower bounds

inf sup Epll§ —’"? 2 (s(loge!)7H/2) Y,

7 Pegs(R,&)
inf  sup Ep[ld; — a2 > (5(log5*1)*3/2)Q(Sflfj)/(%HT&H) and
&j PeG.(R,a)

lpf sup EP[HI%e _ ke”%ﬁ 7_]1/2 Z (E(log5—1)—5/2)25/(2s+2T&+5)
ke PeM(R,a) ’

where the infimum is taken over all estimators, i.e. all measurable functions of the ob-
servation Z. The bound for k. holds for s =1 as well.

As noticed these lower bounds are a logarithmic factor better then the convergence
rates in the last section in the case 8 > 0. The following corollary extends the result to
the parameter as_; := kG~ (0+) + k1) (0—). Especially, the estimation of « in the
case s = 1 is of interest.

Corollary B.6. Consider the situation of the Theorem B.5 where s = 1 is also possible.
For as_1 we obtain asymptotically the risk lower bound

inf sup  Epl|lds—1 — 045_1|2]1/2 =1
¥s—1 PeG,(R,&)

in the observation model (B.1). Hence, we cannot estimate a1 consistently in the L?-
sense.

Appendix C: Proofs of lower bounds

First, we are interested in the distance of Zp, and Zp, with Py, P1 € Go(R, @). Girsanvo’s
theorem implies the equivalence of the laws of Zp, and the likelihood ratio for Py with
respect to Py, given by Liptser and Shiryaev [17, Theorem 7.18], is:

An

A(Po, Pr) =exp ( /_ (On = OR)@)VRAN(@) " W (@)

1 [An
*5/ 0P ~ Oy (@)NAx () 2 de).
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Hence, we can bound the Kullback-Leibler divergence using the uniform bound of N/)\%;,
Parseval’s identity and the pricing formula

AN
KL(P1|Py) = Ep, [log (A(P1,Po))] = 1/ |Op, — Op,|2(2)NAn(z) % dx

2 ) Ay
~ = loge ) [ 1F(Op, ~ Op )W) du
~ g2 1y [T e (u—i) —prp (u—1) 2
e “(loge™) /_m‘ w(u—1) du. (C.1)

C.1. Lower bound for ~:

Following the standard approach, we perturb a pair Py € Gs(R,a). Let Py = (70, ko)
satisfies all conditions where norms and constants are strictly smaller then R and with
a = &. Furthermore, let kg do not decrease too rapidly, i.e., we assume kg 2 |z|7? and
|kb| = ||~ for some p,q > 0, and |pr(u — )| < |u|~T® hold exactly. Certainly such a
pair exists.
Let 6 > 0 and counsider P; = (y1, k1) given by

ki(x) — ko(x) .

1 =79 +46 and }_(Te )(u) _ —5i(u B Z,)e_uzm/Uzm

where we will choose U > 1 and m € N properly. In the following we call the difference of
the exponentially scaled jump measures g(x) := Wez

valued and the martingale condition is valid:

. By construction g is real

"+ /R(ew - 1)’“}9(:76) dir = o+ 6 + /R(ew - 1)’“"):() dz + Fo(0) — Fo(i)
:fyo+(5—|-/(em—1)k(|)(|x)dac—5:0.
R x

Also the moment assumption can be checked straight forward for ¢ small enough:

o0

Ep, [e*X7] = Ep, [e2¥7T] - exp (25 + / (e —e ")g(x) dx)

— 00

_ EPO [€2XT} - exp (25(1 _ e(_1)7n+1/U2m>) < 625]]3730 [e2XT] < R.

Using the Schwartz-functions ¢; := F~!( — iue‘“zm),@ =F (- e_“2m) € Y (R) the
inversion and scaling properties of the Fourier transform yield for u € R

Fo(u) = 5U]-'C1(%) n 6]-‘42(%) = F(OU2G(Uz) + 0U G (U)) ().

Hence, we have g(z) = §U%(;(Ux) + U (Uz) € Z(R). Even e %g(z) € #(R) holds
because of F(e~*¢;(z))(u) = F¢j(u+1i) for u € R and j € {1,2}.
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If 6U? < 1 the disturbance |z|e~%g(z) and its derivative are bounded for all U > 1, owing
to the rescaling with U:

Uze™¢(U)] < |Uz(1 v eU)G(Ua)] < a1V e () e < oo.

Since additionally |z|e®g(x) is fast decreasing and kg and k{, are bounded from below,
the k-function k; is non-negative and satisfies the monotonicity conditions provided § is
small enough.

The continuity and polynomial decrease of ¢; imply ||(1 V e“”)gj(-l)HLl < o00,j = 1,2.
Furthermore, by construction (k1 — k¢)(0) = 0 and the derivatives of the disturbance is
given by

(k1 — k‘o)(m)( )= ddw:n |zle™%g(x) = Z (7) (_1)l(|x| _ lsgnx)e_rg(m_l)(x)
=0
_52 ( ) Um l+2(|1‘| _ lsgnx)e—x(cl(mfl)(Ux) +U™ C(m 1) ( ))

for m = 1,...,s and @ # 0. Hence, (ko — k1)™ (04) + (ko — k1) (0—) = 0 for m =
0,...,s and substituting y = Uz yield

|1V e™) (ko — k1) ()] .,

so(fovemi],, + 32 (3o fave o -w)

1

+Z( Yooy vl + 06

+ U ave s o),

)
<§U*

and even better bounds for derivatives of lower order. Thus, the norm restrictions are
fulfilled by choosing U ~ §~1/¢. Additionally, 6U? ~ §(*=2)/¢ < 1 is valid. Therefore,
P1 € Gs(R, atmaz) holds. From Tsybakov [26, Thm. 2.2] follows the lower bound

inf  sup  Ep[l§ —11* 2 6%
7 PeGs(R,0umaz)

once we have shown that the Kullback-Leibler divergence is asymptotically bounded. We
deduce from equation (C.1), the estimate |1 — e*| < 2|z| for all z € C in a small ball
around 0 and the assumed decrease |7 (u —i)| < |u|~T® for m > Ta + 1

|logel?
KL(P[Po) § -2

| lorptu—i)Plistu— i) + Folu) - Foi) (' + )~ du

. _.,2m 2m
:5_2(10g5_1)ﬂ62/ |@T,p0(u—z)|2’1—e u /U

—0o0

2 _
w2 du.
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< 5*2(10g 5*1)552U72Ta71 / ‘u|72T°‘72|1 _ 6,u2m |2 du
< e 2(log e 1)P52s 2Tt 1)/

~

Hence, K L(P1|Po) remains bounded if § ~ (£%(log 5—1)—6)5/(28+2T“+1).

C.2. Lower bound for o;:
We will need the following auxiliary lemma which is shown in Section C.4 separately:

Lemma C.1. Let j € {0,...,s — 1} and m € N. There is a family of functions
(gv)u=1 € C*(R\A{0}) or (gv)u>1 C C7"H(R) N C*(R\ {0}) for j = 0 orj > 1,
respectively, such that each gy has compact support and satisfies the following conditions
for some constants S, Upin, > 1 and for all U > Upin -

i) 2 Cartu (@) dr =0,

\xl

i) fioo 1g (z)|dx < S,
iii) gu(0+) + gu(0—) > 0, g2 (04) + g7 (0-) = 1 and |g¥ (0+) + ¢ (0-)| < S for
[=0,...,5s—1,

w) lgullee < S and [ 1\/em)|g((})(x)\dxSSforl:O,...,s as well as
v) ‘ - gl T/UgU(x)dx‘ <S5, wel[-1,1].

el

Now, we are in position to prove lower bounds for «;. Since the convergence rates of
aj decrease for rising j and because of the recursion formula in Lemma 3.1, it is sufficient
to consider k) (0+) + k() (0—) instead of a;. Fix a j € {0,...,s — 2}.
We argue analogously to the proof for the estimation of 7: Again we perturb a pair
Po = (70, k0) € Gs(R, &) with exactly the same properties as above. To disturb Py in
a suitable way, we choose a family of functions (gr)y>1 C C*(R\ {0}) or (gv)u>1 C
CI7L(R) N C*(R\ {0}) for j = 0 or j > 1, respectively, with the properties i) - v) from
Lemma C.1 for some constants S,U,,;n > 1 and m € N,m > Ta + 2. For § > 0 define
P1 = (11,k1) as

M =0 and k() == ko(z) — 0U T gy (Uz), = €R.

From i) follows the martingale condition as for ~:

x eV - 1
0270+/R(6I—1)ko( )dx—éU_]/ngU(x)dx:%—k/R(e —1)k( )dx.

] ] ]

As long as §U %! is bounded the perturbation and its derivative are bounded in U
such that the necessary monotonicity and non-negativity conditions of k7 follow as in the
proof before. We derive the moment assumption using ii)

2z

_. [et =1 -
EPl [eQXT] = exp ( —ou™’ ,/]R TQU(Ux) dm>E'Po [eQXT] < 685[] EPO [eQXT}'
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Furthermore, the smoothness of gy and condition iii) yield
(ko — k1) (04) + (ko — k1) (0-) =6 and
(ko — k1) ™D (04) + (ko — k1)1 (0-) < SsU*~17,
Using the integrability condition iv), we estimate
11V e (ky = ko)l = SUT[[(1V €") (g0 (Uz)) ) 1
= U (v e V)g) (@) 0 < S6UH

and better bounds for derivatives of lower order. Thus, P; € Gs(R, nas) if we choose
U ~ 61/(=179) with a constant small enough (note U 7+ ~ §(s=2)/(s=1=3) <),

With respect to condition v), the uniform boundedness of gy, their compact support
and the estimate (C.1) the Kullback-Leibler divergence is bounded by

KL(Pl‘/Po)
1 2
<T2%/ loT, Py (u — i | ‘/ "l = ko)(x)dx’ (u4+u2)_1du
1 8 zu£ _ 2
N P s oy
I3 _

1 B ) uLac/U _ 2
5‘ og£| 52 —2i |u‘—2Ta—4 € erc/UgU(:L,) dz! du
82 — 00 —00 |£L’|

B [e's) o0 ; ,._
5@52[]_%%%—3/ |u|_2T“_4’/ ewrilel'/UgU(:c)dxrdu
I3 —00 — 0o €T

58_2(10g8_1)ﬁ6(25+2Ta+1)/(8_1_j).

Hence, the choice § ~ (£2?(log 5_1)_/3)(S_l_j)/(QSHTaH) yields the claim.
Form this proof we can conclude Corollary B.6 as follows:

Using the same perturbation P; of a pair Py € G4(R,a&) we obtain bounds for (kg —

k1)) + (ko — k1)~ (0—) and ||(1V e®) (k1 — ko)™ | 21 which depend only on 4.

Thus, we choose U > 1 and § independently from each other and estimate the Kullback-

Leibler-distance as in the theorem:

KL(P1|Po) < e 2(loge t)Ps2y—2s—2Ta 1,

Therefore, for a small constant ¢ and U ~ (6*2(log5’1)ﬁ)UQSHT&H) the Kullback-
Leibler-divergence is bounded.

C.3. Lower bound for k.:

Choose some Py = (79, ko) € Hs(R,a) such that the corresponding characteristic func-
tion decreases as |u|~7% but all integral norms and constants are strictly smaller than
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R. For j € N let ¢; € C*(R) satisfy suppt = [0,1] and ||¢);||z2 =1 as well as
/wj dx_/wj e 274y =0 and /mp 2du < >

for some A > T'@ + 2 and have uniformly bounded norms ||¢](m) llL2 < C for a constant
C >0andall j >1,m=0,...,s. Such functions exist, for instance the last property
holds if 1, is the Ath derivative of an L?-function. Defining

i) == 29/2p; (2w — 1) forj >1,0=2"1 . 2971 1,

we Obtain -Fd}jl(o) = _F’(b]l(z) = 0 For any r = (,],.2.],_17...’,,,2.7_1) c {_171}2]'71 we
consider the perturbed pair P, = (7o, k) with

291

k() = ko(x) = 6e [z Y rpu(x), xR,

[=27—1

Hence, ke (x) — keo(z) = 0x Zli;jl,l r19ji(x) and P, satisfies the martingale condition
and (k. — ko)(0+) + (k, — ko)(0—) = 0. Assumption 1 with Cy < R and Ep, [XreX7] =
—ippp (—i) < R hold for ¢ sufficiently small. Using the disjoint support of t;; for
different [, we calculate for m =0,...,s:

27 -1

(m) 2 dm 2 2 (m—1), ||
||k _keO ||L2 =0 Z Hidmmm/)jl x ‘L =90 Z H ¢ +m1/) (z )‘ )
=231 L
2] 1
_ 202jm i( (m) —jm=1) |7
—5%2 279y + o™ () + m2 V)|
= 2] 1

We note that y = 292 — [ € [0,1] implies z = 277 (y + 1) € [1/2,1] and estimate
Hkg,q;) k(m)”2 < §292im+j— 1(2||¢("L)||L2 +2m2||¢(m UHL ) < §29i(2m+1)

Since ||ke, — keollpr < 827/2 follows in the same way, choosing § ~ 277(5¥1/2) ensures
Pr € Hs(R, @).

Let r,r’ € {—1, 1}2%1 with Hemming distance equal to one, that is r; = 7] except for
one ly. Then, 9, (x) = 0 for |x| < 1/2 implies

ke = ke 122, = 40 [[2tbja0 (@)1 72 = 461277 (y + L)y (y) |12 = 6% (|17
We will apply Assouad’s lemma (see Tsybakov [26, Lem. 2.12]), which yields

inf sup  Epllke — kel?] 2 27 ke — kell3a, 2272
ke PeEHs(R,&)
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if the Kullback-Leibler divergence for two alternatives with Hamming distance one re-
mains bounded. This holds true by choosing 277 ~ (6(1og 6*1)’ﬂ/2)2/(25+2Ta+0) si

ﬂww—mxwy f

w)| (u* +u?)tdu
||

nce

KL(PoIP,) S 2 lose™) [ [onim, tu— i) 7

< 672(10g 5*1)ﬁ62/ \u|72T5‘*4|}"1/)j10 (u)|2du

— 00

= g_z(logs_l)B(SQQ_j/ |u|_2T@_4‘}'¢j(2_ju)’2du
oo

< e 2(log 6—1)B2—j(2s+2T6¢+5).

C.4. Proof of Lemma C.1

Let j > 0 and define C~1(R) := R®. For a constant 7" > 1 consider the set

Cr = {f e C*(R\{0})NnC/"'(R)|supp f = [—1,1], f satisfies condition iii),
1fOlloe < T,1=0,....s} C LA(R).

Certainly, %7 is non-empty if T is greater then a minimal value. Thus, each g € %
satisfies the properties ii) - iv) for some S > T big enough. To handle conditions i) and
v), we define the functions xV : [~1,1] — R,z + sgn(z)x'~1e®/V, with I = 1,...,m — 1,
and consider gy € €r which satisfies gy L xV,1 =1,...,m — 1, where we write f L g
if f,g € L?[—1,1] are orthogonal in the sense of L?[—1,1]. Then dominated convergence
yields for u € [—1, 1]

et — 1 U - |U|k > k—1_z/U
‘/ Tex/ gu () dx’ < Z F‘/ sgn(z)z* eV gy (z) da

o0

<l [ X G laelar <t [y el ar < 20T
T k=m-—1

° —0o0

Hence, condition v) is satisfied if S > 2¢2T. Furthermore, the orthogonality of gy and
XlUl =1,...,m— 1, implies

eV -1 > sgn(x)zkl
(Tt = (- )

k=m

=:(=U)~mx], (2)
Therefore, gy satisfies condition i) if gy L Y. It remains to prove

Crndi #0  where oy =\l =1,...,m}.
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This can be done by contradiction using a separation argument:

Assume G N MUL = (). Since €r # () and .;szl are convex, the Hahn-Banach separation
theorem and the Fréchet-Riesz representation theorem imply the existence of a function
&u in the Hilbert space (L?[—1,1],(-,-)) such that (f,&y) < (g,&y) for all f € 67,Vg €
A+ . Because 7 C L?[—1,1] is a subspace and the linear functional @5 > g — (g,&p) €
R is bounded from below, (g, &) = 0 holds for all g € &/ . Since & is finite, we conclude
further

fy €lingy =linggy and <f, €U> <0, Vfe%r.

This leads to a contradiction if there exists an f € %7 such that (f,&y) > 0. To show
this, we define x; € L?[—1,1] via the pointwise limits y;(z) := limy_,00 XV (z) for z € R\
{0},1 =1,...,m. These limits are linearly independent and non-zero. By the compactness
of the interval and the uniform boundedness of the functions xV this is also an L? limit.
Let &y =>4 aleU for some a; € R, =1,...,m. Using the Cauchy-Schwarz inequality,
we obtain for all f € ér:

(fr&o) =D a({foxa) = (foxa—xi')) 2D lal ((fsenla)xa)) = 1 elba = xi llz2)

1 =1

lar| ((f,sgn(ar)xi)) — V2T ||xi — XzU||L2)

NE

~

>

NE

=1

Thus, for some 7 > 0 we choose T' big enough such that for all e = ()7, € {—1,1}™
there exists an fe € G such that minj—1, ., (fe, exi) > 7. (This can be done by choosing
fe as a polynomial with 2s + 2 conditions at +1 and 0 as well as m linear restrictions on
the coefficients of the polynomial since we can calculate (fe, e;x;) explicitly.) Choosing
a Upin > 1 such that 7 > \@Tmaxlzlwym HX;UW" — x|z ensures (fe,&y) > 0 with

e = (sgn(a)),.
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