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A new formulation of Calogero-Moser models based on root systems and their Weyl 

group is presented. The general construction of the Lax pairs applicable to all models 

based on the simply-laced algebras (ADE) are given for two types which we call 'root' and 

'minimal'. The root type Lax pair is new; the matrices used in its construction bear a 

resemblance to the adjoint representation of the associated Lie algebra, and exist for all 

models, but they do not contain elements associated with the zero weights corresponding to 

the Cartan subalgebra. The root type provides a simple method of constructing sufficiently 

many number of conserved quantities for all models, including the one based on Es, whose 

integrability had been an unsolved problem for more than twenty years. The minimal types 

provide a unified description of all known examples of Calogero-Moser Lax pairs and add 

some more. In both cases, the root type and the minimal type, the formulation works for 

all of the four choices of potentials: the rational, trigonometric, hyperbolic and elliptic. 

§1. Introduction 

The Calogero-Moser models are one dimensional dynamical systems with long

range pair-wise interactions. They are completely integrable when the two-body 

interaction potential l
) - 4) is proportional to (i) 1/ L2, (ii) 1/ sin2 L, (iii) 1/ sinh2 L 

and (iv) p(L), in which L is the inter-particle "distance". The types of integrable 

many-particle interactions are governed by Lie algebras or rather their root systems: 

there are Calogero-Moser models based on the root systems of all of the semi-simple 

Lie algebras. The total number of the particles in the system is equal to the rank of 

the algebra and it is an arbitrary integer r for the classical Lie algebras: Ar , Br , Cr 

and Dr. But it is quite limited for the exceptional algebras: E6, E7 , Eg , F4 and G2. 

Since the models are generic they find various physical applications ranging 

from solid state physics to particle physics. 5) Because of their Lie algebraic struc

ture, elliptic Calogero-Moser models are analysed intensively in connection with the 

Seiberg-Witten curve and differential for N = 2 supersymmetric gauge theory with 

the same Lie algebra. 6) -11) 

In this paper we address the fundamental problems of the Calogero-Moser models 

rather than the applications. These are the issues of integrability and the universal 

framework for the construction of the Lax pairs. These have been a mystery from the 

early days of the Calogero-Moser models. From the very beginning, the structure of 

the integrable Hamiltonians for all the models based on root systems of semi-simple 
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1108 A. J. Bordner, E. Corrigan and R. Sasaki 

Lie algebras was understood but the catalogue of the Lax pairs necessary for the 

proof of the integrability remained the same for some twenty years. It contained 

only the vector representations of the classical algebras Ar, Br , Cr, Dr and the BCr 
root system. A general principle governing all the models based on the classical as 

well as the exceptional algebras was yet to be found. Recently D'Hoker and Phong 12) 

succeeded in constructing Lax pairs for the exceptional algebras but the method was 

not complete enough to cover the one based on E8 • 

We present in this paper a new formulation of Calogero-Moser Lax pairs based 

on root systems and their Weyl group. It is applicable to all models based on semi

simple Lie algebras including E8. Constructions of Lax pairs for models based on 

simply-laced root systems are given as two types which we will call 'minimal' and 

'root'. The root type of Lax pair is new; the matrices used in its construction bear 

a resemblance to the adjoint representation of the associated Lie algebra, and exist 

for all models, but they do not contain elements associated with the zero weights 

corresponding to the Cart an subalgebra. The 'minimal' types provide a unified 

description of all known examples of Calogero-Moser Lax pairs and reveal some new 

ones. 

This paper is organised as follows. In §2 the basic ingredients of the models 

are introduced and the principle of Weyl invariance is stated. In §3 the Lax pair of 

the 'root' type for simply-laced root systems is given and its consistency is proved. 

The Lax pairs of the models for the non-simply laced root systems can be obtained 

by reduction or folding, 13) which is a well-known procedure in Toda lattice (field) 

theory. 14),15) In §4 the formulation of the Lax pairs of the minimal type is given and 

consistency is proved in a similar way as in the root type. In both cases, the root type 

and the minimal type, the Lax pair exists for all the four types of the interaction 

potentials. Various known examples of Lax pairs are derived as special cases of 

the minimal type. Some Lax pairs of non-simply laced root systems are derived 

from those of simply-laced ones by reduction or folding. The spinor and the anti

spinor representations of D N are discussed in some detail for two purposes; the first 

to exemplify the relationship between the exponents of the algebra and conserved 

quantities and the second to derive the B N Lax pair in the spinor representation by 

reduction. The Lax pairs to be discussed in this paper are those without spectral 

parameter. Introduction of the spectral parameter to the elliptic potential case in 

the present scheme is rather straightforward. *) We will discuss the Lax pair with 

spectral parameter in connection with folding in a future publication. Section 5 is 

for summary and discussion. 

§2. Calogero-Moser models 

Let us start by defining the Calogero-Moser model based on a semi-simple and 

simply-laced Lie algebra g with rank r. In fact we only need the data of its roots. 

We denote the set of all roots by Ll. They are real r dimensional vectors and are 

.) For the Lax-pair with a spectral parameter, see for example, Refs. 12) and 16). 
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Calogero-Moser Models. I -A New Formulation- 1109 

normalised, without loss of generality, to 2: 

.1 = {a,t3",·· .}, a E ~r, a 2 
= a· a = 2, Va ELl. (2·1) 

We denote by Dim the total number of roots of .1. It is r(r + 1) and 2r(r - 1) for 

Ar and Dr and 72, 126 and 240 for E6 , E7 and Es, respectively. 

The dynamical variables are canonical coordinates {qi} and their canonical con

jugate momenta {Pi} with the Poisson brackets: 

I r 
q , ... , q, PI,"', Pn (2·2) 

In most cases we denote them by r dimensional vectors q and p,*) 

q = (ql, ... ,qr) E ~r, P = (PI,'" ,Pr) E ]Rr, 

so that the scalar products of q and P with the roots a· q, p. /3, etc. can be defined. 

Another ingredient of the theory is the Weyl reflections. Let ~ be an ]Rr vector 

and t3 E .1. The Weyl reflection by a root t3 is defined by 

W,B(O = ~ - 2(t3~2~)t3 (2·3) 

Obviously WJ = 1 and W,B = W_,B = Wi l and the totality of the Weyl reflections 

form a group called the Weyl group. The root systems of the semi-simple Lie algebras 

are invariant under any Weyl reflection: 

(2·4) 

In fact, the set of roots invariant under the Weyl reflection (2·4) is the fundamental 

ingredient for constructing a Calogero-Moser model. The root system need not 

belong to a Lie algebra. The Lie algebra structure is important for most cases but 

not essential. This can be seen most clearly in the BCr Calogero-Moser model, in 

which the set of roots .1 is the union of Br and Cr roots. 

Next we introduce the functions appearing in the Lax pair. They depend on the 

choice of the inter-particle potential. For the rational, 1/ L2, potential they are: 

1 
x(t) = Xd(t) = -, 

t 

1 
z(t) = Zd(t) = - t2 ' (2·5) 

For the trigonometric, 1/ sin2 L, potential they are: 

a2 

y(t) = Yd(t) = -~t' 
sm a 

X(t) = Xd(t) = a cot at, 

For the hyperbolic, 1/ sinh2 L, potential they are: 

a2 

x(t) = Xd(t) = acothat, y(t) = Yd(t) = -. 2 ' 
smh at 

a2 

z(t) = Zd(t) = --. -2-' 
sm at 

a : const. (2·6) 

a2 

z(t) = Zd(t) = -. 2 
smh at 

(2·7) 

oj For Ar models, it is customary to introduce one more degree of freedom, qr+l and Pr+l and 

embed all of the roots in ~r+l. 
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1110 A. J. Bordner, E. Corrigan and R. Sasaki 

For the elliptic, p(L), potential there are several choices of the functions. Generally 

the functions x and Xd differ. A first choice is 

x(t) = ~ [1 + k sn
2
(at/2, k) _ i (1 + k)(1 - ksn

2
(at/2, k))] 

2 sn(at/2, k) cn(at/2, k) dn(at/2, k) , 

y(t) = x'(t), z(t) = -b2p(bt), b = a/vel - e3, (2·8) 

and 

() 
a () __ 2cn(at,k)dn(at,k) 

Xd t = ( k)' Yd t - a 2( k) , sn at, sn at, 

b = a/vel - e3, (2·9) 

in which k is the modulus of the elliptic function. *) 

A second choice is 

xt=- +1+ () 
a [cn

2
(at/2, k) - k'sn

2
(at/2, k) ( k,)cn

2
(at/2, k) + k'sn2(at/2, k)] 

2 sn(at/2, k) cn(at/2, k) dn(at/2, k) , 

y(t) = x'(t), z(t) = -b2p(bt), (2·10) 

and 

( ) 
_ cn(at,k) ( ) __ 2 dn(at,k) 

xd t - a ( k) , Yd t - a 2 ( k) , sn at, sn at, 

in which k' = VI - k2 . 

A third choice is 

x(t) = ~ [dn
2
(at/2, k) + ikk'sn

2
(at/2, k) + k cn

2
(at/2, k) - ik'] 

2 sn(at/2, k) dn(at/2, k) cn(at/2, k) , 

(2·11) 

y(t) = x'(t), z(t) = -b2p(bt), (2·12) 

and 

( ) 
_ dn(at, k) 

Xd t - a ( k)' sn at, 
(2·13) 

The trigonometric (k ---+ 0) and hyperbolic (k ---+ 1) limits of the elliptic cases give 

other sets of functions for these cases. One important property is that they all satisfy 

the sum rule 

y(u)x(v) - y(v)x(u) = x(u + v)[z(u) - z(v)], u, v E <c. (2·14) 

The functions Xd, Yd and Zd satisfy the same relations. In all these cases the inter

particle potential V is proportional to - z + const and Y (Yd) is the derivative of x 

(Xd) and z is always an even function: 

y(t) = x'(t), z(t) = x(t)x( -t) + constant, z( -t) = z(t). (2·15) 

.) The detailed properties of the elliptic potential cases will be discussed elsewhere. 
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Calogero-Moser Models. I -A New Formulation- 1111 

For the rational (2·5), trigonometric (2·6) and hyperbolic cases (2·7) x is an odd 

function and y is an even function but they do not have definite parity for the 

elliptic potentials (2·8) and (2·9). 

The Hamiltonian is given by (9 is a real coupling constant) 

(2·16) 

which is invariant under the Weyl reflection of the dynamical variables: 

q ---t q' = W,B(q), p ---t p' = W,B(p), \/(3 E .1, (2·17) 

forming a discrete subgroup ofO(r). In fact, p,2 = p2 and x(a·q') = x(W,B(a) .q) and 

the invariance of .1 under Weyl group (2·4) is used. Let us compare the situation 

with the Toda lattice (field theory), 14), 15) another well-known integrable system 

based on the root systems of (affine) Lie algebras. In the latter, only the simple 

roots are used and Weyl invariance does not exist.*) It should be stressed that 

in both cases, Calogero-Moser and Toda, the Hamiltonian is not invariant under 

the Lie algebra 9 associated with the root system. However, in Toda theories the 

Lax pairs and the classical R-matrices are constructed from Lie algebra generators 

and therefore automatically work in any representation. For Calogero-Moser models 

several attempts 2), 3), 12) to generate the Lax pairs based on Lie algebra generators 

and/or symmetric space ideas have not achieved the desired goal. 

In this paper we propose to adopt the root systems and their Weyl invariance 

rather than the Lie algebraic structure as the basic principle of the Calogero-Moser 

models. Thus in order to find the Lax pair for the above Hamiltonian we should look 

for a space in which the Weyl reflections rather than the Lie algebra generators are 

conveniently represented. Obviously the simplest and thus the best choice is the set 

of roots .1 itself. The Lax pairs thus constructed will be called of the 'root' type. It 

should be stressed that this is different from the adjoint representation. The adjoint 

representation has Dim + r dimensions. That is, it has rank (r) number of zero 

weights corresponding to the Cartan subalgebra. These zero weights cause severe 

problems in representing the Weyl reflection in a Dim + r dimensional linear space 

when r > 1, because the representation matrix can never be uniquely determined in 

the r dimensional subspace. This is the main obstacle for the proof of the integrability 

of the Es theory, for which the lowest dimensional Lie-algebra representation is the 

adjoint representation and as we will see in §4 the minimal representation does not 

exist. 

§3. Lax pair of the 'root' type 

In this section we present the construction of the Lax pair applicable to all of 

the Calogero-Moser models based on semi-simple and simply-laced algebras. This 

*) Though Weyl invariance is absent, the Coxeter element (a product of Weyl transformations 

corresponding to simple roots) plays an important role. 17) 
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1112 A. J. Bordner, E. Corrigan and R. Sasaki 

provides the basic ingredients for a unified proof of integrability of all Calogero

Moser models based on root systems of semi-simple Lie algebras, including those 

based on non-simply laced root systems. The Lax pairs of non-simply laced theories 

are obtained from the corresponding simply-laced ones by reduction or folding, a 

well-known procedure in Toda lattice (field) theory. 13),15) The non-simply laced Lax 

pairs obtained by reduction of the simply laced ones have only one coupling constant. 

The direct formulation of the root type Lax pairs for non-simply laced theories and 

the Ber root system (with two or more independent coupling constants) could be 

given in a similar way as in this paper. 

The goal is to express the canonical equation of motion derived from the Hamil

tonian (2·16) in an equivalent matrix form: 

. d 
L = dt L = [L, M], (3·1) 

so that a sufficient number of conserved quantities could be obtained by the trace: 

(3·2) 

It should be noted that the Lax pair in all theories and in all representations has the 

gauge freedom (similarity transformation): 

L ---t L U = U- 1 LU , 

L=[L,Ml 

M ---t M U = U- 1 MU + U- 1
(;, 

¢::=? iu = [Lu, MUl. (3·3) 

The following Lax pair in L1 is believed to be in the simplest gauge (we choose L to 

be hermitian and Manti-hermitian): 

L(q,p) = p' H +X +Xd, 

M(q) = D + Y + Yd. (3·4) 

Here L, H, X, Xd, D, Y and Yd are Dim x Dim matrices whose indices are labelled 

by the roots themselves, usually denoted by a, (3, 'Y, 1] and /'i,. Hand D are diagonal: 

H(3'Y = (3tJ(3,"(l D(3'Y = tJ(3,'Y D(3, D(3 = -ig (Z((3' q) + L z(/'i,· q)) . 
"'ELl, ""(3=1 

(3·5) 

X and Y have the same form, differing only by the dependence on the coordinates 

q: 

X = ig L x(a . q)E(a), Y = ig L y(a . q)E(a), E(a)(3'Y = tJ(3-'Y,Q' (3·6) 

X d and Yd are necessary only in the 'root' type Lax pair 

(3·7) 
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Calogero-Moser Models. I -A New Formulation- 1113 

The functions x, y, Z (Xd, Yd, Zd) are listed in (2·5)-(2·13). The matrix E(a) (Ed(a)) 

might be called a (double) root discriminator. It takes the value one only when the 

difference of the two indices is equal to (twice) the root a. Though the matrices H 

and E( a) satisfy relations 

[H, [E(a), E(,6)]] = (a + ,6)[E(a) , E(,6)], [H, E(a)] = aE(a), 

E( -a) = E(af, [E(a), E( -a)] + 2[Ed(a), Ed( -a)] = a· H, (3·8) 

they are not Lie algebra generators. The matrix elements Xf3"'1 and Y{3"'1 are non

vanishing only when ,6-"( is a root. For simply-laced root systems with (length)2 = 2, 

this can be rephrased as 

X (3"'1 = 0 and Y{3"'1 = 0 if ,6. "( i= 1. (3·9) 

It is easy to rewrite D in a form similar to X and Y 1 

D = -ig L z(a· q)K(a), K(a){3"'1 = 6{3,"'I (6a ,(3 + O(a·,6)) , (3·10) 
aELl 

in which O(t) has a support only on 1 

O(t) = { 1, 
0, 

t = 1, 

otherwise. 
(3·11) 

It is straightforward to represent the Weyl reflections in Lt By 0 we denote 

a Dim dimensional vector whose elements are the roots themselves. The Weyl 

reflection can be represented by a DimxDim matrix 8(,6) as follows: Under the Weyl 

reflection in terms of a root ,6, W(3 (2·3), each root a is mapped to a --+ a' = W{3(a). 

We express the transformation of the totality of the roots as 

0-' 0' = 8(,6) o. (3·12) 

It is easy to see that the elements of 8(,6) are expressed as 

8(,6h7J = 6",w/3(7J)' '1,6, ,,(, 'r/ E .1. (3·13) 

The matrices E(a) (Ed(a)) and K(a) transform 

8(,6)-1 E(a)8(,6) = E(W{3(a)), 8(,6)-1 K(a)8(,6) = K(W{3(a)), '1,6 E .1. 

(3·14) 

The Weyl covariance of Land M is a simple consequence of (3·14). That is for 

q --+ q' = W{3(q), P --> p' = W(3(p), '1,6 E .1, 

L(q',p') = 8(,6)-1 L(q,p)8(,6), and M(q') = 8(,6)-1 M(q)8(,6). (3·15) 

Then the Lax equation 
. d 
L=:-L=[L M] 

dt ' 
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1114 A. J. Bordner, E. Corrigan and R. Sasaki 

is invariant. 

It should be remarked that the covariance requirement on the matrix E(a) 

(Ed(a)) and K(a) (3·14) is very strong. Once E(ao) (Ed(ao)) and K(ao) are given 

for one root ao all the other E(a) (Ed(a)) and K(a) for all the roots a lying on 

the same Weyl orbit of ao are determined uniquely. In the case of simply-laced root 

systems there is only one Weyl orbit, so everything is determined. Changing the 

signs of some of the matrices E(a) (except for the overall similarity transformation 

(3·3)) would destroy the Weyl covariance and thus the Lax pair. This is in contrast 

with the Lie algebra or symmetric space representations. In these cases the choices 

of the generators are much less restricted. 

In the rest of the section we show that the Lax equation 

. d 
L= -L= [L M] 

dt ' 
(3·16) 

is equivalent to the canonical equations of motion for the Hamiltonian (2·16): 

. () g2 ( ) q=p, p=--'H=-- L x(a·q)y(-a·q)-x(-a·q)y(a·q) a. (3·17) 
{)q 2 A 

(tELl 

The Lax equation (3·16) is decomposed into three parts: 

d 
dt (X + Xd) = [p. H, Y + Yd], 

dp 
dt . H = [X + X d , Y + Yd]diagonal part, 

o = [X + X d , D + Y + Yd]off-diagonal part· 

(3·18) 

(3·19) 

(3·20) 

It is easy to see that (3·18) is equivalent to the first set of the canonical equations 

of motion q = p. In fact, by taking (f3, ,) element of (3·18), we obtain 

[p. H, Y]}3'Y = ig L yea . q)E(a)}3'Y p. (f3 -I') 

= ig L y(a· q)E(a)}3'Yp· a 
(tELl 

d 
= dt X}3'Y' (3·21) 

in which the relations q = p and x' = yare used. Similar relation holds for Xd. 

By using (3·9), we arrive at 

[X, Y]}3}3 = 

[x«f3 - K) . q)Y«K - (3) . q) - y«f3 - K) . q)X«K - (3) . q)]. 

I\;ELl, 1\;'}3=1 

Likewise we obtain 

[X, Yd]}3}3 = [Xd, Y]}3}3 = 0, 

[Xd, Yd]}3}3 = _2g2 (Xd(f3· q)Yd( -f3. q) - Xd( -f3. q)Yd(f3· q)) 

= _2g2 (x(f3· q)y( -f3. q) - x( -f3. q)y(f3. q)). 
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Calogero-Moser Models. I -A New Formulation- 1115 

Thus (3·19) reads 

p. (3 ~ -g' C"~~~l x(((3 - .) . q)y((. - (3) . q) - y(((3 -.) . q)x((. - (3) . q) 

+2x((3 . q )y( -(3. q) - 2x( -(3 . q)y((3 . q) ) 

=_g2( L x(a·q)y(-a·q)-x(-a·q)y(a·q) 
nELl, n·,8=l 

+2x((3 . q )y( -(3 . q) - 2x( -(3 . q)y((3 . q) ) , (3·22) 

in which the dummy variable is changed from /'i, to a = (3 - /'i,. This equation is 

obtained from the second set of canonical equations of motion (3·17) by multiplying 

(3 on both sides 

. g2 ( ) p.(3=-2" L x(a·q)y(-a·q)-x(-a·q)y(a·q) a·(3. 
nELl 

Only those terms corresponding to a . (3 = ±2, Le., a = ±(3 and a . (3 = ±1 

contribute and we obtain (3·22). This leaves us to show the vanishing of (3·20), 

which we decompose into four cases: (A) (3. T = 1 case, (B) (3. T = 0 case, (C) 

(3. T = -1 case and (D) (3. T = -2 case. Let us evaluate (3·20) in turn. 

3.1. Consistency of the root type Lax pair 

3.1.1. (A) (3. T = 1 case 

Let us start with 

in which 

First we simplify the above expression by removing all of the cancelling terms. The 

first summation (/'i, • T = 1) is decomposed into four groups according to the value of 

/'i,. (3 = {2, 1,0, -I}. The term /'i,. (3 = --2 does not exist, since it means /'i, = -(3 which 

is incompatible with (3. T = 1 and /'i, • T = 1. The term -z((3· q) cancels the /'i, = (3 

(/'i, • (3 = 2) term in the first summation. Likewise, z(f . q) term cancels the /'i,' = T 

term in the second summation. The second group /'i, • (3 = 1 in the first summation 

can be dropped since it is canceled by the term in the second sum having /'i,' • (3 = 1. 

The fourth group /'i, • (3 = -1 with /'i, • T = 1 consists of one term, since this means 

/'i, • (f - (3) = 2 implying /'i, = T - (3. Then the term z((f - 8) . q) is cancelled by 
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1116 A. J. Bordner, E. Corrigan and R. Sasaki 

z(((3 - ')') . q) term in the second summation (z is an even function). Thus only the 

third group survives: 

It is easy to see that there is a one to one correspondence between the two summa

tions. For each K, appearing in the first sum we define ",' = '" + (3 - ')'. Then it is a 

root K,' = W!3('" - ')') and satisfies ",' . (3 = 1 and ",' . ')' = o. Thus we arrive at 

[z( -",. q) - z((", + (3 - ')') . q)], 

in which the even parity of z is used. Now we have 

[X, Dj!3')', = X{3')'(D')' - D!3) 

=g2 L x(((3-,)·q)[z(-",·q)-z((",+(3-,)·q)] 

(3·23) 

in which the sum rule of the function x, y and z, (2·14) is used. 

Next we evaluate [X, Y]{3')': 

[x(((3 - "') . q)y((K, -,) . q) - y(((3 - K,) . q)x((", -,) . q)]. 

By changing the dummy variable from", to ",' = , - K" we arrive at 

[x(((3 -, + K,') . q)y( -",' . q) - y(((3 -, + K,') . q)x( -",' . q)] , 

(3·24) 

which cancels the previous contribution (3·23). It is trivial to see that the other 

terms vanish: 

This completes the consistency check for the group (3 . , = 1. 

3.1.2. (B) (3., = 0 case 

In this case 
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Calogero-Moser Models. I -A New Formulation- 1117 

since X(3'Y = O. The main part also vanishes: 

[X, Y](3'Y = L (X(3KYK'Y - Y(3K X K'Y) = O. (3·25) 
KELl 

Suppose there exists a root /\'1 such that f3~/\'l and /\'1-'Y are roots (Le., /\'1·13 = 1 and 

/\'1 .'Y = 1), then /\'2 = 13 +'Y-/\'1 = W'Y(f3 -/\'1) is a root and satisfies 13 ·/\'2 = 1 = /\'2·'Y. 

They always exist as a pair and their contributions cancel each other (13 -/\'2 = /\'1 - 'Y 

and /\'2 - 'Y = 13 - /\'1): 

g2 [x«f3 -/\'1)· q)Y«/\,l - 'Y). q) - y«f3 -/\,t}. q)X«/\,l - 'Y). q) 

+ x«f3 - /\'2) . q)Y«/\'2 - 'Y) . q) - y«f3 - /\'2) . q)X«/\,2 - 'Y) . q)] = O. 

It is trivial to see that the other terms vanish: 

This completes the consistency check for the group 13 . 'Y = O. 

3.1.3. (C) f3.'Y= -1 case 

This case is a little bit tricky and requires some attention. In this case again we 

have 

[X, D](3'Y = X(3'Y(D'Y - D(3) = 0 = [Xd, D](3'Y' 

since X(3'Y = 0 «Xd)(3'Y = 0). But three other terms [X, Y], [Xd, Y], [X, Yd] have 

non-vanishing contributions. As for the main term 

[X, Y](3'Y = 2: (X(3KYK'Y - Y(3KX",I') , 
"'ELl 

there is only one intermediate state /\'. For /\,·13 = 1 and /\,. 'Y = 1 mean /\,. (13 + 'Y) = 2, 

implying /\, = 13 + 'Y. The other two terms [Xd, Y], [X, Yd] have only one intermediate 

state, too. Thus we obtain 

[X, Y]!31' = _g2 [x( -'Y. q)y(f3. q) - x(f3· q)y( -'Y. q)], (3·26) 

[Xd, Y]!31' = _2g2 [Xd(f3· q)y( -(13 + 'Y) . q) - y«f3 + 'Y) . q)Xd( -'Y. q)], (3·27) 

[X, Yd]f3'Y = _g2 [x«f3 + 'Y) . q)Yd(-'Y· q) - Yd(f3· q)x( -(13 + 'Y) . q)]. (3·28) 

For the functions listed in §2 (2·5)-(2·9), the contribution of the above three terms 

cancel: 

(3·29) 

The nature of the above condition and its general solutions for the elliptic potential 

case will be discussed elsewhere. 

3.1.4. (D) f3. 'Y = -2 case 

In this case it is very trivial to see that every term vanishes: 
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1118 A. J. Bordner, E. Corrigan and R. Sasaki 

Thus the consistency of the Lax pair of the root type is proved for all the four 

choices of the potentials, the rational, trigonometric, hyperbolic and elliptic. 

At the end of this section, let us demonstrate that the lowest conserved quantity 

is proportional to the Hamiltonian (2·16) up to a constant: 

(3·30) 

in which hdj is the second Dynkin index for the adjoint representation and h is the 

Coxeter number, r + 1, 2(r - 1) for Ar and Dr and 12, 18 and 30 for E6, E7 and 

E8. The second Dynkin index I A of any representation A is related to the quadratic 

Casimir invariant C A of the representation by 

(3·31) 

in which dA is the dimension of the representation A and d is the dimension of the 

algebra. Let us fix a root a. Let X be the number of such roots f3 which have unit 

scalar product with a: 

a·f3=1. 

(By the Weyl invariance of the set of the roots, X is the same for all roots in L1 in 

the simply-laced theory.) Then it is easy to see 

Tr (E(a)E(a')) = L E(a){3r;,E(a')r;,{3 = L 6{3-r;"a6r;,-{3,a' 
{3,r;,E4 {3,r;,E4 

= 6a,-al L 6{3-r;"a 
(3,r;,E4 

= X6a,-a" (3·32) 

Similarly we have 

(3·33) 

The rest of the trace formulas are trivial: 

Tr(E(a)) = Tr(Ed(a)) = Tr(HE(a)) = Tr(HEd(a)) = Tr(E(a)Ed(a)) = O. 

We evaluate 

Tr (L2) = Tr [(p. H + X + Xd)2] 

= Tr [(p . H)2] + Tr (X2) + Tr (XJ) 

+2Tr (p. HX) + 2Tr (p. HXd) + 2Tr (XXd ). 

The last three terms vanish. Next we have 

Tr (X2) = _g2 L L x(a· q)x(a' . q)Tr (E(a)E(a')) 

= -g2X L x(a· q)x( -a· q) 
aE4 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/p
tp

/a
rtic

le
/1

0
0
/6

/1
1
0
7
/1

8
6
2
0
3
3
 b

y
 g

u
e
s
t o

n
 2

1
 A

u
g
u
s
t 2

0
2
2



Calogero-Moser Models. I -A New Formulation- 1119 

and 

'If (XJ) = _4g
2 L xd(a· q)Xd( -a· q) = -4g2 L x(a· q)x( -a· q) + const. 
aE~ aE~ 

In order to evaluate 

'If [(p. H)2] = L (p. ,8)2, 

{3E~ 

let us choose p to be proportional to a fixed root a 

Then we have 

2 2 

'If (p. ,8)2 = P2 L (a. ,8)2 = E...-(22 + 22 + X + X)· 
{3E~ 2 

In the last expression the first two terms are from ,8 = ±a and the last two terms 

are the contributions from a . ,8 = ±1. Thus we arrive at 

'If (£2) = (X + 4) (p2 - g2 L x(a . q)x( -a· q)) + const =2(X + 4)'H + const. 

aE~ 

(3·34) 

By using the known formula 

x+ 4 = 2h = hdj (3·35) 

we arrive at the result (3·30). 

§4. Lax pair of the minimal type 

In this section we present a formulation and a proof of consistency of the minimal 

type Lax pair. The proof is valid for all four types of potentials. This provides a 

unified framework for all the Calogero-Moser Lax pairs known to date. However, 

as we will show in a subsequent paper 18) it is possible to construct Lax pairs other 

than the root or the minimal types. Another motivation for this section is to show 

the close relationship between the exponents of the algebra and conserved quantities. 

This will be demonstrated explicitly in §4.4 for the D N models. The minimal type 

Lax pairs have very similar forms to the root type Lax pairs. Their matrix elements 

are again severely constrained by the requirement of Weyl covariance. 

4.1. Minimal representations 

Let us begin with the definition of the minimal representations in the theory of 

Lie algebra representations. Let g be a semi-simple Lie algebra (simply or non-simply 

laced) with rank r and the root system ..1. A minimal representation A of g is an 

irreducible representation such that any weight I-" E A has scalar products with the 

roots restricted as follows: 

2a·1-" 
-2- = 0, ±1, VI-" E A and Va E ..1. (4·1) 

a 
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1120 A. J. Bordner, E. Corrigan and R. Sasaki 

The minimal representations have played important roles in various branches of 

physics including conformal field theory. 19) It is known that the minimal representa

tions are characterised by the Coxeter labels and their duals. For any root a E Ll we 

define its dual a V by a V = 2a/a2
. Next we introduce the simple roots {al,'" ,ar} 

and the fundamental weights {AI, ... , Ar} as the dual basis to each other: 

2aj . Ak ~ 
2 = Ujk, 

a j 

j, k = 1"" ,r. (4·2) 

The Coxeter labels and their duals are the integers nj and n'j appearing in the 

expansion of the highest root ao in terms of the simple roots {aI, ... , ar} and their 

duals: 
r r 

ao = L njaj, a6' = L n'j a'j. (4·3) 
j=1 j=1 

A fundamental representation with the highest weight Aj is minimal when the cor

responding (dual) Coxeter label is unity, 

nj = 1 or n'j = 1. (4·4) 

For the Ar algebra, all the fundamental representations are minimal, nj = 1, 

j = 1, ... , r. The Lax pairs for the Ar vector and its conjugate representation are the 

first known examples. 1),2) The Lax pairs for the other fundamental representations 

of Ar were constructed recently by D'Hoker and Phong. 12) There are three minimal 

representations of Dr. The vector, spinor and anti-spinor representations. The Lax 

pair for the vector representation has been known for many years, 2) but those for 

the (anti) spinor representations are new. 12) There are three minimal representations 

belonging to the simply-laced exceptional algebras. The 27 and 27 of E6 and 56 of 

E7. The Lax pairs for these representation were also constructed recently. 12) The 

fact that Es has no minimal representations is largely to be blamed for the fact that 

its integrability has not been understood earlier. Now the integrability of the Es 

model has been demonstrated above using the root-type Lax pair. 

Among the non-simply laced algebras, the vector representations of Br and Cr 

both have unit dual Coxeter labels nt = 1. Fo~ these, the Lax pairs have been known 

for many years. 2) D'Hoker and Phong 12) constructed the Lax pair for the spinor rep

resentation of Br which has unit dual Coxeter number n~p = 1. The Lax pair of the 

spinor representation of Br with two coupling constants can also be obtained easily 

by folding the minimal representation Lax pair of the spinor and anti-spinor repre

sentation of Dr+l' as we will show presently, see also Ref. 18). All the fundamental 

representations of Cr have unit dual Coxeter labels, n'j = 1, j = 1"", r. To the 

best of our knowledge, the Lax pair is known only for the vector representation men

tioned above. It is now clear that the Lax pairs for all these representations can be 

easily obtained by folding the minimal representation Lax pairs of the corresponding 

representations of the A2r - 1 algebra. Lax pairs corresponding to the 7 dimensional 

representation of G2 and 26 of F4 are also given in Ref. 12). These representations 

have unit dual Coxeter labels. The 7 dimensional representation of G2 can be ob

tained by the 3-fold reduction of the vector, spinor and anti-spinor representations 
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Calogero-Moser Models. I -A New Formulation- 1121 

of D4. Thus it can also be obtained by folding the minimal representation D4 Lax 

pairs. Likewise the 26 representation of F4 is obtained by folding the 27 and 27 of 

E6 . 

4.2. Lax pair 

Next we construct a Lax pair in the minimal representation A 

A = {IL, v, p, .. . }, (4·5) 

of a semi-simple simply-laced algebra 9 with root system .1 of rank r. It is invariant 

under the Weyl group: WcAIL) E A, 'Vp, E A, 'Va E .1. It is known that A contains no 

zero weights and that it consists of a single Weyl orbit. The Lax pairs have similar 

forms to those of the root type: 

L(q,p)=p·H+X, 

M(q) = D+ Y. (4·6) 

Note that, unlike the root type Lax pairs, Xd and Yd related with the double roots 

do not appear. The matrices H, X and Y have the same form as before 

X = ig L x(a· q)E(a), Y = ig L y(a· q)E(a). (4·7) 
nELl 

We need only functions x, y and z (no Xd, etc.) and they need only satisfy (2·14) 

but not (3·29). Thus, besides those listed in §2 (2·5)-(2·13), there are more choices 

of these functions, for example: 2) 

a 
x(t) =--

sin at' 

a 

sinh at ' 

a cn(at,k) 

sn(at, k)' a sn(at, k)' 

dn(at, k) 
a-;""""':--7-

sn(at, k) 
(4·8) 

for the trigonometric, hyperbolic and elliptic potentials. In this section we assume, 

without loss of generality, that x is an odd function while y is even: 

x( -t) = -x(t), y( -t) = y(t), y(t) = x'(t). 

The difference with the root type Lax pair is that their matrix elements are labeled 

by the weights instead of the roots: 

H/.Lv = J.L8/-t,v, E(a)/-tv = 8/-t-v,n. 

In the diagonal matrix D the terms related to the double roots are dropped: 

D/.LV = 8/.L,vD/-t, D/-t = -ig L z(f3· q). (4·9) 

Ll3/3=/-t-V 

Here the summation is over roots f3 such that for :3v E A 

IL -- v = f3 E .1. 

By multiplying f3 on both sides, we obtain 

f32 = 2 = f3 . IL - f3 . v. 
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1122 A. J. Bordner, E. Corrigan and R. Sasaki 

It follows from the assumption of the minimal representation that the conditions 

13 . IL = 1 and 13· lJ = -1 (4·10) 

must be met in all the terms of D w 

As in the case of the root type Lax pair we rewrite D as 

D = -ig L z(a . q)K(a), K(a)JLv = 6JL ,vO(a . IL), (4·11) 
aE..1 

in which O(t) is defined in (3·11). Then the Weyl transformation takes the same form 

as for the root type Lax pair: 

S(f3)-1 E(a)S(f3) = E(Wf3(a)), 5(13)-1 K(a)5(f3) = K(Wf3(a)), Vf3 E ..1. 

(4·12) 

Here 8(13) is the representation matrix of the Weyl reflection Wf3 in the weight space 

A: 

( 4·13) 

Thus the Weyl covariance of the Lax pair (3·15) is guaranteed. 

As before we can decompose the Lax equation t = [L, M] into three parts: 

(4·14) 

dp 
dt . H = [X, Y]diagonal part' (4·15) 

0= [X, D + Y]off-diagonal part. (4·16) 

The first equation (4·14) is equivalent to the first half of the canonical equations of 

motion (3·17) q = p and it can be shown in the same way as for the root type Lax 

pairs. Next we show that the second equation (4·15) is equivalent to the second half 

of the canonical equations of motion (3·17). The proof is valid for all four types of 

potentials. 

[X, Y]JLJL = L (XJLvYVJL - YJLvXVJL ) 
vEA 

= _g2 L L L x(a . q)y(f3. q) (6JL- v,a6v-JL,f3 - 6JL- v,f36v-JL,a) 
vEA aE..1 f3E..1 

= _2g2 L x(a· q)y(a· q), 
aE..1, a·JL=1 

in which the parity of functions x (odd) and y (even) is used. Thus we obtain from 

(4·15): 
. 2 2 p·IL=-g L x(a· q)y(a· q). (4·17) 

On the other hand, by multiplying IL on both sides of the second Hamiltonian 

equation (3·17), we obtain: 

P·IL = _g2 L x(a· q)y(a· q)a··IL. 
aE..1 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/p
tp

/a
rtic

le
/1

0
0
/6

/1
1
0
7
/1

8
6
2
0
3
3
 b

y
 g

u
e
s
t o

n
 2

1
 A

u
g
u
s
t 2

0
2
2



Calogero-Moser Models. f -A New Formulation- 1123 

By assumption of the minimal representation a· J.L takes value 0 or ±1 and only the 

latter contribute: 

p. J.L = _g2 ( L x(a . q)y(a . q) - L x(a . q)y(a . q)) 
aELl, aoll=1 aELl, aoll=-1 

= _2g2 L x(a 0 q)y(a· q), (4·18) 
aELl, aoll=1 

in which the parity of the functions is used. Thus the equivalence to the canonical 

equations of motion is proved. 

Next we show (4·16), or the consistency of the Lax pairo First we have (J.L :I v) 

[X, D]1l1l = XIlII(D Il - D Il ) 

= g2 L x(a· q)E(a)1l1l ( L z({3 0 q) - L z({3· q)) , 
aELl /1ELl, /1011=1 /1ELl, /1011=1 

(4·19) 

which vanishes if J.L - v is not a rooto Likewise the main part 

[X, Y]1l1l 

= _g2 [x((J.L - p) . q)y((p - v) . q) - Y((J.L - p) . q)x((p - v) 0 q)] 
pEA, ll-pELl, p-IIELl 

(4·20) 

vanishes if J.L - v is not a root. This can be shown in a similar way to (3·25). If 

J.L - v E L1 we can use the sum rule of the functions (2·14) to obtain 

[X, Y]1l1l = _g2 L x((J.L - v) 0 q) [z((p - v) . q) - z((J.L - p) 0 q)] 
pEA 

= _g2x((J.L - v) . q) L [Z((v - p) . q) - z((J.L - p) . q)] 
pEA 

= _g2 L x(a· q)E(a)1l1l ( L z({3· q) - L z({3· q)) . 
aELl /1ELl, /1011=1 /1ELl, /1011=1 

(4·21) 

This cancels the above expression (4·19) and the consistency is proved. 

At the end of this subsection, let us remark that the relationship between the 

lowest conserved quantity and the Hamiltonian (2·16) takes the same form as in the 

root type Lax formulation (3·30): 

Tr (L2) = 2IA1i, (4·22) 

in which fA is as before the second Dynkin index (3·31) of the representation A. The 

derivation is similar and rather easier than the case of the root type Lax pairs and 

therefore it will not be repeated. One only has to note the following relation, 

(4·23) 
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1124 A. J. Bordner, E. Corrigan and R. Sasaki 

in which XA is the number of such weights 11- E A that they have a unit scalar product 

with a fixed root 0:: 

0:.11-=1. 

In the rest of this section we show that the minimal representations give the 

known examples of Calogero-Moser Lax pairs by choosing some typical cases. We also 

remark that the correspondence between the conserved quantities and the exponents 

of the algebra can be seen most clearly in the Lax pairs of the spinor and anti-spinor 

representations of the D N theory. 

4.3. A N - 1 vector representation 

We introduce an N dimensional orthonormal basis of JRN 

ej . ek = 8j,k, j, k = 1, ... , N. 

Then the sets of roots and vector weights*) are: 

Ll={ej-ek: j,k=I,···,N}, 

A = {ej: j = 1,···, N}. 

The Weyl group is represented simply by a permutation of N elements: 

(4·24) 

(4·25) 

(4·26) 

in which P(j, k) is the N x N matrix for permuting j and k. The matrices E and 

K are: 

E(ej - ek)lm = 8j ,18k,m, K(ej - ek)lm = 81,m (8j,1 + 8k,m). (4·27) 

In this basis the Lax pair takes the well-known form: 2) 

. k 
Mjk = Dj8j,k + ig(1 - 8j,k) y(qJ - q ), 

(4·28) 

4.4. DN 

The set of roots in the above orthonormal basis (4·24) is 

(4·29) 

4.4.1. Vector representation 

In the vector representation A has 2N dimensions 

A={ej,-ej: j=I,···,N}. 

0) To be more precise, the weight is ej - fLo, fLo = (el + ... + eN }/N. We assume, without loss 

of generality, that the system is in the center of mass frame: PI + ... + PN = O. Then the fLo part 

does not contribute to the Lax equation or to the Hamiltonian (4·22). 
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Calogero-Moser Models. I -A New Formulation- 1125 

The Weyl group consists of permutations of N elements and a sign change: 

S{ej - ek) = 10 P(j, k), S{::!:{ej + ek)) = P{ +, -) 0 P{j, k), ( 4·30) 

in the first set the permutation acts on both positive and negative weights. In the 

second set the positive weights and the negative weights are permuted together with 

an exchange of j and k. The matrices E are those given in the literature: 

E(ej - ek)lm = 81,j8m,k + 81,k+N8m,j+N, 

E(ej + ek)lm = 81,j8m,k+N + 81,k8m,j+N, E( -ej - ek) = E{ej + ekf, 

K{±ej ± ek)lm = 81,m (8j,1 + 8k,m + 81,j+N + 8m,k+N) . 

(4·31) 

(4·32) 

(4·33) 

This gives the well-known Lax pair in the block notation: 2) 

(4·34) 

in which 

(A1 )jk = pj8j,k + ig(l - 8j,k) x{qJ -l), (Bl)jk = ig{l - 8j,k) x{qj + l), 
. k . k 

(A2 )jk = Dj8j,k + ig{l - 8j,k) y{qJ - q), (B2 )jk = ig{l - 8j,k) y{qJ + q ), 

Dj = -ig L [z{qi - qk) + z(qj + qk)]. (4·35) 

k#j 

4.4.2. Spinor plus anti-spinor representations 

Each of the spinor and anti-spinor representations has 2N -1 dimensions. Instead 

of writing down the matrix elements of Land M in each of these representations, we 

choose to express the Lax pair in a more conventional form using the Pauli matrices 

acting on the tensor product of two component spinors, C2 0·· ·0C2 (N times). It is 

a reducible representation of spinorEBanti-spinor representations. The set of weights 

A has 2N dimensions: 

The matrices E and K are: 

E( ej - ek) = (j~) (j~), E{ ej + ek) = (j~) (j~), E( -ej - ek) = (j~) (j~), (4·36) 

K(ej - ek) = ~(1 - (jV)(j~k»), K{±{ej + ek)) = ~{1 + (jV)(j~k»). ( 4·37) 

In the above expressions (jx, (jz and (j± are Pauli sigma matrices: 

00) 
1 0 . 
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1126 A. J. Bordner, E. Corrigan and R. Sasaki 

The superscripts on the Pauli matrices denote on which space to act. The Weyl 

group consists of permutations of N elements and an exchange of plus and minus 

signs: 

The Lax pair is expressed simply as 

N 

LDN = ~ LPja£j) + ig L x(gl-l)(a~)a~) - a~)a~») 
j=l j<k 

+ig L x(qj + qk)(a~)a~) - a~)a~\ 
j<k 

(4·38) 

MDN = -ig L z(qj - qk)~(l - a£j)a£k») - ig L z(gl + l)~(1 + a£1)a£k») 

j<k j<k 

+ig Ly(qj - qk)(a~)a~) + a~)a~») 
j<k 

+ig Ly(qj + qk)(a~)a~) + a~)a~k»). (4·39) 

j<k 

The spinor and anti-spinor representations are characterised by the eigenvalues (±1) 

of the following matrix r ('Y2N + 1, the analogue of 'Y5 in four dimensions): 

N 

r = II a(j) r2 = 1 rt = r. z , , (4·40) 
j=l 

It commutes with all the matrices appearing in Land M. Thus by using projectors 

(4·41) 

the Lax pairs in the spinor and anti-spinor representations are obtained as 

Thus we have two sets of conserved quantities for the DN Calogero-Moser model, 

( 4·42) 

derived from the spinor and anti-spinor representations, respectively. However, for 

most values of k, except for N, they give the same conserved quantities since the 

difference vanishes: 

Tr (Lk r) = 0, except for k = N. (4·43) 

Among the conserved quantities Tr (Lk) of Toda theories and Calogero-Moser models 

based an a Lie algebra g, the independent ones are known to occur at k equal to the 

exponent of g plus 1. (At the other values of k, Tr (Lk) either vanishes or is a poly

nomial of the lower order conserved quantities.) For every Lie algebra 1 is always an 
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exponent. This corresponds to the universal fact that the lowest conserved quantity 

Tr (L2) is (proportional to) the Hamiltonian (3·30), (4·22). For DN the exponents 

are (1,3,···, 2N - 3, N -1) and in the present case the exponents (1,3,···, 2N - 3) 
correspond to the conserved quantities Tr (L2k), (k = 1,2, ... , N -1) obtained in the 

spinor or anti-spinor representations; the exponent N - 1 corresponds to the extra 

conserved quantity derived above 

(4·44) 

4.5. E6 and E7 

The 27 and 27 dimensional representations of E6 are minimal. In both cases 

A is decomposed into 1 + 10 + 16 or the singlet plus the vector plus the spinor 

representations of D 5 • 

The minimal 56 dimensional representation of E7 is decomposed into 12 + 32 + 
12. That is the sum of two vector representations and a spinor representation of D6 • 

In both cases the structure of the Lax pair in each sector is described as above. 

We have not yet found a more succinct way of representing their Lax pair than the 

general form of the minimal type (4·6). 

Let us give some simple examples of the Lax pairs of the non-simply laced 

algebras obtained by reduction (folding) of the minimal representation ones for the 

simply-laced algebras. 

4.6. Some B N Lax pairs by reduction 

It is possible to obtain 2N + 2 dimensional representation of the BN Lax pair 

in the vector representation. One only has to impose restrictions on the dynamical 

variables in the Lax pair of DN+1 in the vector representation: 

N+l 0 q = PN+1 = . (4·45) 

This representation can be easily reduced to the well-known one 2) in 2N + 1 dimen

sions with the coupling constant of the short roots given by g1 = y'2g. 

It is more interesting to derive the Lax pair of the spinor representation of B N 

from the spinorEBanti-spinor representation of D N +1 given above. Together with the 

restriction of the dynamical variables as above (4·45) one can also impose O"(N+1) --+ 1 

to obtain the 2N dimensional representation: 

N 

LBN = LDN + ig1 L x(qj)(O"~) - O"~)), 
j=1 

N 

MBN = MDN + ig1 Ly(qi)(O"~) + O"~\ 
j=1 

( 4·46) 

It is elementary to verify that the coupling constant of the short roots g1 can be 

independent of g. (The reduction itself gives the relation g1 = g.) 

4.7. Vector representation of CN Lax pair by reduction 

The simplest example of a Lax pair derived by reduction is that of the vector 

representation of C N. Starting from the A2N -1 vector representation Lax pair and 

imposing restrictions on the dynamical variables: 

IN+1-
j = -qj, P2N+1-j = -Pj, j = 1,···, N, (4·47) 
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1128 A. J. Bordner, E. Corrigan and R. Sasaki 

we obtain the well-known form of the Lax pair: 2) 

in which 

L = (_A~1 !11)' M = ( ~~ 

. k 
(Al)jk = pj8j ,k + ig(l - 8j,k) x(q1 - q ), 

. k . 
(B1)j,k = ig(l - 8j,k) x(q1 + q ) + ig4 x(2qJ)8j,k' 

. k 
(A2)jk = Dj 8j,k + ig(l - 8j,k) y(qJ - q ), 

. k . 
(B2)jk = ig(l - 8j,k) y(qJ + q ) + ig4 y(2qJ)8j,k' 

D j = -ig L [z(qi - qk) + z(qi + l)] - ig4z(2qi). 

kh 

(4·48) 

(4·49) 

In this case the representation space has dimension 2N and it is elementary to verify 

that the coupling constant of the long roots g4 can be independent of g. 

Other types of reductions and the formulation of minimal representation in non

simply laced algebra will be discussed elsewhere. 18) 

§5. Summary and comments 

A simple and universal Lax pair for the Calogero-Moser models based on any 

semi-simple Lie algebras, including E8, is presented. It is based on the root system 

and Weyl invariance only, suggesting the possibility of generalising Calogero-Moser 

models to a wider class of root systems beyond those associated with Lie algebras. 

The key idea is the representation of the Weyl reflections on the set of roots itself 

for the root type Lax pair. Thus it is applicable, in principle, to all Calogero-Moser 

models. The proof of the consistency of the Lax pair is elementary and it has been 

checked for all the four types of interaction potentials. As for the representation of 

the Weyl reflections, the root type Lax pair is conceptually better than the adjoint 

representation which consists of the set of roots and the zero weights corresponding 

to the Cartan subalgebra. If the zero weights were included, the representation 

matrices of Weyl reflections could not be unique on them. This does not mean, 

however, that the Lax pairs in the adjoint representations do not exist. We will 

report some examples of Calogero-Moser Lax pairs in adjoint representations and 

symmetric tensor representations in a subsequent paper. 18) 

Another type of Calogero-Moser Lax pair, called minimal type, is introduced. 

The minimal types provide a unified description of all Calogero-Moser Lax pairs 

known to date and reveals some new ones. Lax pairs belonging to the minimal 

type of non-simply laced theories are related to those of the simply-laced theories 

by reduction. The spinorEBanti-spinor representations of D N models are discussed 

in some detail in connection with an alternative representation of the conserved 

quantities and with the reduction to the BN spinor representation. 

Since the non-Lie algebraic aspects of the Calogero-Moser models are high

lighted, it would be interesting to see if these models could be obtained by reduction 

of self-dual Yang-Mills equations related with some Lie algebras. 20) 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/p
tp

/a
rtic

le
/1

0
0
/6

/1
1
0
7
/1

8
6
2
0
3
3
 b

y
 g

u
e
s
t o

n
 2

1
 A

u
g
u
s
t 2

0
2
2



Calogero-Moser Models. I -A New Formulation- 1129 

Acknowledgements 

We thank H. W. Braden and D. Olive for useful discussion. This work was 

supported by the Anglo-Japanese Collaboration Project of the Royal Society and 

the Japan Society for the Promotion of Science. A. J. B is supported by the Japan 

Society for the Promotion of Science and the National Science Foundation under 

grant No. 9703595. 

References 

1) F. Calogero, J. Math. Physics 12 (1971), 419. 

B. Sutherland, Phys. Rev. A5 (1972), 1372. 

J. Moser, Adv. Math. 16 (1975), 197j "Integrable systems of non-linear evolution equa
tions", in Dynamical Systems, Theory and Applications, Lecture Notes in Physics 38, ed. 

J. Moser (Springer-Verlag, 1975). 

F. Calogero, C. Marchioro and O. Ragnisco, Lett. Nuovo Cim. 13 (1975), 383. 

F. Calogero, Lett. Nuovo Cim. 13 (1975), 411. 
2) M. A. Olshanetsky and A. M. Perelomov, Inventions Math. 37 (1976), 93. 

3) M. A. Olshanetsky and A. M. Perelomov, Phys. Rep. en (1981),314. 

A. M. Perelomov, Integrable Systems of Classical Mechanics and Lie Algebras, Vol. I 

(Birkhauser, Boston, 1990). 

4) VI. Inozemtsev, Lett. Math. Phys. 17 (1981), 11. 

5) S. Iso and S. J. Rey, Phys. Lett. B352 (1995), 111. 

H. Awata, Y. Matsuo and T. Yamamoto, J. of Phys. A29 (1996), 3089. 
L. Brink, T. H. Hansson, S. Konstein and M. A. Vasiliev, Nucl. Phys. B401 (1993), 591. 

I. Andric, V. Bardek and L. Jonke, Phys. Lett. B357 (1995), 374. 

6) N. Seiberg and E. Witten, Nucl. Phys. B426 (1994), 19, hep-th/9407087j Nucl. Phys. 

B431 (1994), 494, hep-th/9408099. 

7) W. Lerche, "Introduction to Seiberg-Witten theory and its stringy origin", Proceedings of 
the Spring School and Workshop in String Theory, ICTP, Trieste (1996), hep-th/9611190j 
Nucl. Phys. Proc. Suppl. 55B (1997), 83, and references therein. 

8) A. Gorskii, I. M. Krichever, A. Marshakov, A. Mironov and A. Morozov, Phys. Lett. B355 

(1995), 466, hep-th/9505035. 
M. Matone, Phys. Lett. B357 (1995), 342, hep-th/9506102. 

T. Nakatsu and K. Takasaki, Mod. Phys. Lett. All (1996), 157, hep-th/9509162j Int. J. 
Mod. Phys. All (1996), 5505, hep-th/9603069. 

9) R. Donagi and E. Witten, Nucl. Phys. B460 (1996) 299, hep-th/9510101. 

10) E. Martinec and N. Warner, Nucl. Phys. B459 (1996), 97, hep-th/9509161. 
11) E. D'Hoker and D. H. Phong, Nucl. Phys. B534 (1998), 697, hep-th/9804126. 

12) E. D'Hoker and D. H. Phong, Nucl. Phys. B530 (1998), 537, hep-th/9804124. 
13) D. I. Olive and N. Turok, Nucl. Phys. B215 (1983), 470. . 

R. Sasaki, Nucl. Phys. B383 (1992), 291. 
S. P. Khastgir and R. Sasaki, Prog. Theor. Phys. 95 (1996), 503. 

14) See for example, M. Toda, Theory of Nonlinear Lattices (Springer, 1981), and references 

therein. 
15) A. E. Arinshtein, V. A. Fateev and A. B. Zamolodchikov, Phys. Lett. B87 (1979), 389. 

H. W. Braden, P. E. Dorey, E. Corrigan and R. Sasaki, Phys. Lett. B227 (1989), 411; 

Nucl. Phys. B338 (1990),689. 

P. Christe and G. Mussardo, Nucl. Phys. B330 (1990), 465. 

16) I. M. Krichever, Funct. Anal. Appl. 14 (1980), 282. 

17) P. E. Dorey, Nucl. Phys. B358 (1991),654. 
H. W. Braden, J. of Phys. A25 (1992), L15. 

18) A. J. Bordner, R. Sasaki and K. Takasaki, hep-th/9809068. 
19) P. Goddard and D. Olive, Int. J. of Mod. Phys. Al (1986), 303. 

20) L. J. Mason and G. A. J. Sparling, J. Geom. Phys. 8 (1992), 243. 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/p
tp

/a
rtic

le
/1

0
0
/6

/1
1
0
7
/1

8
6
2
0
3
3
 b

y
 g

u
e
s
t o

n
 2

1
 A

u
g
u
s
t 2

0
2
2


