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Camera Calibration by Vanishing
Lines for 3-D Computer Vision

Ling-Ling Wang and Wen-Hsiang Tsai

Abstract— A new approach to camera calibration by vanishing lines is
proposed. Calibrated parameters include the orientation, the position, and
the focal length of a camera. A hexagon is employed as the calibration
target to generate a vanishing line of the ground plane from its projected
image. It is shown that the vanishing line includes useful geometric hints
about the camera orientation parameters and the focal length, from
which the orientation parameters can be solved easily and analytically.
And the camera position parameters can be calibrated by the use of
related geometric projective relationships. The simplicity of the target
eliminates the complexity of the environment setup and simplifies the
feature extraction in relevant image processing. The calibration formulas
are also simple to compute. Experimental results show the feasibility of
the proposed approach.

Index Terms— Camera calibration, computer vision, vanishing line,
vanishing point.

1. INTRODUCTION

Wilh the advent of 3-D computer vision, it is important to
calibrate cameras for various computer vision applications.
Camera calibration is the problem of determining the elements
that govern the relationship between the 2-D image that a camera
perceives and the 3-D information of the imaged object. It is identical
to the problem of robot location in 3-D space. There are many existing
techniques for solving this problem. Fukui [2] used a diamond shape
target placed on the wall to determine the 2-D location of the camera
with respect to the diamond. The camera lens center and the target
center have to be set at the same height. In addition, the optical axis
of the camera must pass through the center of the target. Courtney
and Aggarwal [4] used the same target as Fukui’s but relaxed the
restriction that the camera lens center must be as high as the diamond
center. Instead, they made the assumption that the height of the
camera is known. In [S], Magee and Aggarwal used a sphere with two
perpendicular great circles as the target to determine the 3-D location
of the camera relative to the sphere. Before the image of the sphere
is taken, the camera optical axis must be pointed through the sphere
center. Chou and Tsai [6] used house corners as calibration targets.
Camera position and orientation parameters are computed provided
that the height of the camera lens center is known.

Fischler and Bolles [7] found camera position and orientation
parameters by first computing the heights of rays from the camera
lens center to the control points in the image plane. His algorithm
is nonlinear and usually six point correspondences are required to
get a unique solution. In [8], Tsai used 60 control points to derive
camera position and orientation parameters as well as the focal length,
radial lens distortion, and image scanning parameters. In certain
other nonlinear optimization approaches [9], [10], the computation
is complicated and a good initial guess to start the nonlinear search
is required.

Manuscript received January 31, 1989; revised October 23, 1990. Recom-
mended for acceptance by O. D. Faugeras. This work was supported by the
National Science Council, Republic of China, under Grant NSC-77-0404—E-
009-31.

L. L. Wang is with the Institute of Computer Science and Information En-
gineering, National Chiao Tung University, Hsinchu, Taiwan 30050, Republic
of China.

W.H. Tsai is with the Department of Computer and Information Science,
National Chiao Tung University, Hsinchu, Taiwan 30050, Republic of China.

IEEE Log Number 9041528.

A common characteristic of the previous approaches is that no
intuitively apparent relation between imaged scenes and calibrated
camera parameters is shown. In this correspondence, a new and
simple camera calibration method is proposed, which is based on
an intuitive relation between camera parameters and vanishing lines.
Calibrated parameters include the position, the orientation, and the
focal length of a camera.

In the proposed method, a planar hexagon shape with a known
dimension and three pairs of parallel sides is placed on the ground
plane as the calibration target, and only a monocular view of the
target is required. In fact, many other common shapes could also
be used as the calibration target. The simplicity of the planar
target eliminates expensive system setup costs and simplifies image
feature extraction works. The calibration method presented here may
be applied to various applications like robot location, autonomous
vehicle navigation, photogrammetry, etc.

In this approach, the boundary points of the projected calibration
target in the image are first extracted and fitted in the least square
error sense to form the six edges of the target. Then three vanishing
points are obtained to compute the vanishing line of the ground
plane. The geometric information on the vanishing line is shown to
be analytically related to the camera orientation parameters and the
focal length. The camera position parameters are then calibrated by a
simple geometric projective relation. The calibration computation is
simple and deterministic. In comparison with the calibration method
developed by Dhome et al. [15], in which only a triplet of lines are
used, the proposed approach using three pairs of parallel lines shows
an intuitively apparent relation between the input scenes and the
calibrated camera parameters. In addition, an eight degree equation
must be solved by iterative techniques in the Dhome’s method. Only
quadratic equations are derived and no iterative step is required in
our approach.

In the remainder of this correspondence, we describe the new
method in Section II, and the related image processing techniques
in Section III. In Section IV, some experimental results and error
analysis are given. Conclusions appear in the last section.

II. USING VANISHING LINES FOR CAMERA CALIBRATION

The problem of camera calibration is to compute the camera
extrinsic and intrinsic parameters. The extrinsic parameters of a
camera indicate the position and the orientation of the camera with
respect to a world coordinate system, and the intrinsic parameters
characterize the inherent properties of the camera optics, including
the focal length, the image center, the image scaling factor, and the
lens distortion coefficients.

For general computer vision applications, the intrinsic parameters
of the camera remain the same except that the focal length may vary
for different requirements of imaging distances. So, we may calibrate
the intrinsic parameters in advance and calibrate only the extrinsic
parameters and the focal length during application tasks. This may
reduce the calibration complexity and enhance the efficiency. New
methods for calibrating the extrinsic parameters and the focal length
of a camera using vanishing lines are described in this section.

A. The Calibration Model

The target proposed for use to calibrate the camera orientation and
position parameters, and the focal length is a flat hexagon shape put
on the ground with three pairs of parallel opposite sides as illustrated
in Fig. 1. Let Py through Ps be the six vertices of the hexagon. Two
right-handed coordinate systems are defined in this study. One is
the world coordinate system and the other is the camera coordinate
system. The origin of the world coordinate system is located at vertex
P;5 of the hexagon with the positive Y axis being parallel to edges
P P, and Py Ps, and the positive Z axis being vertical to the ground
and pointing upwards. For clarity, the Z axis is not shown in Fig. 1.

0162-8828/91/0400-0370$01.00 © 1991 IEEE
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Fig. 1. The calibration target used in the proposed method.
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Fig. 2. The camera coordinate system.

The world coordinates of the six vertices are known in advance by
manual measurement.

Shown in Fig. 2 is the camera coordinate system with the lens
center as the origin. The V axis is the optical axis of the camera and
the U-W plane is parallel to the image plane located at V = f with f
being the negation of the camera focal length. The image coordinates
of any point in the image plane are specified as (u, w) with respect
to the camera coordinate system.

We now define the camera parameters with respect to the world
coordinate system. Suppose that the camera lens center L is located
at (X, Yo, Z2c), and the pan, tilt, and swing angles of the camera are
6, 9,1, respectively. Based on these parameters, two matrices used
in the world-to-camera coordinate transformation [1] are defined in
the following:

1 o 0 0
lo 1 0 0
T=19 0 1 of

Te Yo 2o 1

cosfcost) + sinfsingsiny —sinfcos ¢

M= sinf cos) — cosfsingsiny  cos 8 cos ¢
~ | cos¢siny sin ¢ cos ¢ cos P
0
M

For brevity of representation, matrix M is denoted as

A DG o0
|3 E B 0
M=1c F 1 0
0 0 0 1

The coordinate transformation between the two coordinate systems
can be written as

(v,v,w,1) = (z,9,2,1)- T M. )

sin @ sin ¢ cos 3 — cos 0 sin ¢
—cos#sin ¢ cosy — sinfsin

vanishing line

Fig. 3. Relation between the vanishing line and the camera swing angle.

B. Calibrating the Camera Orientation Parameters
and the Focal Length

It is well known that parallel lines in the 3-D world which
are not parallel to the image plane converge to one point in the
image. This point is called a vanishing point [12]. The vanishing
points of all the parallel lines on the ground will align to form a
line, called the vanishing line of the ground plane [13], [14]. This
vanishing line in the image is just the projection of the horizon
or the skyline. The vanishing line in the image provides a clue for
camera calibration. In the following, the orientation, the position, and
the scaling information of the vanishing line will be used to derive
analytic solutions for the camera orientation parameters and the focal
length.

1) Relation Between the Vanishing Line and the Camera Swing
Angle: When we see a sea or an outdoor world, the slope of the
sea horizon or the skyline varies with different swing angles of our
heads. This fact indicates a hint that the swing angle ¢ of the camera
can be obtained from the orientation of the vanishing line of the
ground plane in the image. And this is indeed a truth found in this
study. More specifically, we will prove next that the vanishing line
of the ground plane can be described by the following equation:

u-siny +w-cosy = —f-tano, 3)

and so the slope of the vanishing line is just —tan v which is the
tangent of the swing angle. The above relation is illustrated in Fig. 3.
The perspective projection of any set of parallel lines which are
not parallel to the image plane converges to a vanishing point. In 3-D
space the parallel lines can be imagined to meet at a point at infinity,
and the projection of this point at infinity is just the vanishing point
of the parallel lines. So to any line L, there corresponds a vanishing
point which is also the vanishing point of any set of parallel lines

O OO

which are parallel to L. Let L; and L; be two nonparallel lines on
the ground plane:

Li:ayx+ by = a, z =0
z=0.

Ly :asxr + bzy = c9g,

Also let Vi = (uy,w1) and Va = (ug, w2) be the image coordinates of
the two vanishing points of L; and L, respectively. We can compute
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V1 by considering a point P = (x,,yp,0) on L; with y, approaching
to infinity. From the coordinate transformation described in (2) and
imaging geometry, the projection of P in the image, i.¢., the vanishing
point V1, is located at the following image coordinates:

- £ [Azp —2c) + B(yp — yc) — Czc]
(ulywl) = ( D(:c,, — -Tc) T E(yp — yc) _Fz, >
£ (G(zp — xe) + H(yp — ye) — 1]
D(xp — ) + E(yp — ye) — Fazc

lim

Yp—oo

lim

yp—oo

)

Because ax, + biyp, = c1, we can substitute z, = (c1 — b1yp)/a1
into the above equation, simplify the resulting equation, and compute
the limit to obtain

B f-(—b1A+¢llB) f-(~b1G+d1H)
(ul,wl)—< —0D+ a0, E —~bD +a.E ) 4)

Similarly, V2 = (u2, w2) can be derived to be

_ f . (—bzA + azB) f- (—bzG + azH)
(uz, we) “( “b2D + a2E —b:D + mE ) ®

In addition, the line passing through V) and V; is just the vanishing
line of the ground plane. Using (4) and (5) and resuming the terms
of A through H described in (1), we can derive the vanishing line
equation as (3). Note that it is independent of V; and V,, and also
of L; and L;. It depends only on the tilt angle ¢, the swing angle v,
and the focal length f of the camera.

2) Relation Between the Vanishing Line and the Camera Pan
Angle: Let (u1,w;) be the image coordinates of the vanishing point
V1 of two parallel lines with slope m; on the ground. From (4), we
have

(w1, wy) = ((A +mB)f (G+ mlH)f)'

D+ mE D+ mE ©

Similarly, if (42, w2) are the image coordinates of the vanishing point
V2 of two other parallel lines with slope m; on the ground, then

(2, w2) = ((A+m2B)f (G+m2H)f>.

D+maE ’ D+ myFE ™
Let (up,wp) be the image coordinates of the depth vanishing point
Vb [1] (i.e., the vanishing point of two parallel lines parallel to the Y
axis of the world coordinate system), then by considering the slope
value in (6) or (7) to be infinity, it is easy to figure out that

B.fH
E’ FE J
From (6), (7), and (8) and the definition of the terms of A through H
of matrix M in (1) we can derive the following equation:

(uD’wD)

®

[ViVo[? _ (w1 = up)’ + (w1 — wp)®
[V2Vb[?

(u2 — UD)2 + (w2 ~ wp)’
_ (tan6 —my)®
" (tan6 —m)?

where |V;Vp|, means the length of line segment V;Vp with i = 1 and
2. As illustrated in Fig. 4, the known ratio value r of |V Vp] to
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Fig. 4. Relation between the vanishing line and the camera pan angle.
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Fig. 5. Relation between the vanishing line and the camera tilt angle.

|V2Vp| (available from the image) depends only on the camera pan
angle #. So we can derive a quadratic equation of tané from the
preceding equation as follows:

(r® — 1) tan®d — 2(r*m; — my) tan 8 + (r’mi — m3) = 0,

and obtain two solutions for tan§ :

tang, = AT
r—1

tanf, = Lt ™2
r+1

Which of 8, and 6, is correct is determined after the tilt angle ¢ is
computed, as can be seen later.

It is intuitively apparent that if the camera is right, unbiased (i.e.,
6 =0,¢6 =0, and ¥ = 0), and m; = —ma, |V Vp| will be equal
to |V2Vp|. But when the camera has a nonzero pan angle, |V1Vp|
and |V2Vp| will not be identical. So we can say that the pan angle 6
determines the scaling characteristic on the vanishing line.

3) Relation Between the Vanishing Line and the Camera Tilt Angle:
From (3), the vanishing line equation, we can compute the W axis
intercept wo of the vanishing line to be wq —f -tan¢/cosy, as
shown in Fig. 5. It means that the tilt angle ¢, the swing angle 1,
and the focal length f determine the position of the vanishing line.
Therefore, if the focal length fis known, then we can get the tilt angle
¢ from the position of the vanishing line in the image, or equivalently,
from tan¢ = —wy - cosv/f. But if f is unknown, we can use the
additional information of two parallel line pairs to compute both the
tilt angle and the focal length simultaneously, as described below.

From (6) we can get

u _ A+mB

u - G+ mH ’
From matrix M defined in (1), the preceding equation can be reduced
to

(cos #sin v 4+ my sin fsiny)u; + (cos § cos + my sin @ cos ¥ )wy

sing = (sinf cos ¥y — my cos @ cosy)u; + (—sin b cosy + m1 cos @ siny)w; ©)
Similarly, from (7) we have
sing = (cos fsin ¥ + mysin f siny)us + (cos @ cos ¢ + masin § cos Y )w, (10)

sinf cos ¥ — my cos 6 cos Y )us + (— sin 8 cos ) + m2 cos § sin¥)ws
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Fig. 6. The spatial relation between the ground points P; and P, and their
projections in the image plane.

From (9) or (10), the tilt angle ¢ can be obtained, but averaging
can be used to improve the accuracy when real images are used
in the calibration process. Furthermore, using the W axis intercept
value wy of the vanishing line, we can get the focal length f as
f = —wo - cosy/ tan ¢.

—_—
LP-LP
cosx = ———
|LP1| M |LP2|

(1 — @) (w2 — ye) + (y1 — ye)(y2 — ye) + (21 — 2z )(22 — 2c)

Let P, be another known ground point with world coordinates
(22,2, 22) and its projected point be P; with image coordinates

= T
(u2,w). Suppose that the angle between LP, and LP, is «. By
vector inner product, we have
T To TP T D
LP.LP, = |LP/|-|LP,]|-cosa.

The camera coordinates for L are (0,0,0), for P are (u1,f,w1), and
for P; are (uz,f,w2), s0 we can compute cosa by

—_ —
LP -LP,
cosa = ——/——’
|LPi] - |LP|

_ wiug + 2 + wiw; 14)
V@i + 2+ wd)(u] + 2+ wd)

In addition, « is also the angle between LP; and LP;, so we have
—_— — — —
LP, -LP, = |LP|-|LP,|-cosa.

The world coordinates for L are (x, yc, zc), for P; are (x3,y1,21), and
for P; are (x2,y2, z2). The value of cos a can be computed similarly by

(15)

VI =2+ (g1 = yo)P + (21 — 2 [(@2 — 20)2 + (g2 — ye)? + (22 — 2)).

Now we have obtained the camera swing angle ¢, tilt angle ¢,
and two pan angles 61 and 6,. To determine which of 6, and 8> is
correct, we substitute, respectively (61, ¢,v) and (6;, ¢, ) into (6)
and choose the one which satisfies (6) to be the desired pan angle §.

C. Calibrating the Camera Position Parameters

Suppose that a known ground point P; is located at (x1,y1,21) in
the world coordinate system and that its projected point in the image
is P{ = (u1,w1). By (2), the world coordinates (z}, y{, z{) of image
point P/ can be computed as

(Ii’yiszial) = (ulvawls 1) “MT'.T
= (u1A+ fD +u1G +z.,u1 B+ fE

+wiH +ye,umiC+ fF+wl+z.,1). (11)

The line p, p/ passing through the lens center L, in the world
coordinate system can be represented as

T _y-y _ z—a
Th—Te Y Yo 2= 2
or
- - Yy—un _ z—2
wA+ fD+wiG  wB+ fE+wH uw,C+ fF+wl’

(12)

From Fig. 6, the intersection of line }Tpl’ and the plane z = z; + h,
where h is the camera height, is just the lens center L. So the
world coordinates (zc,yc,z.) of L can be derived by solving the
simultaneous equations of (12) and z = z; + h. And the solutions
are

ze =z + h(wA+ fD 4+ wiG)/(w,C + fF + wil),
Yye =y +h(wB+ fE+w H)/(aiC + fF +wil),
ze=2z1+ h.

(13)

Once £ is determined, so is the position (z, y., z.) of the lens center.
The following is one way to determine the value of .

Equating (14) and (15), and using the equations in (13) for x, y,
and z., we can get a quadratic equation of 4 as follows:

ph*+qh+7r=0
where

p=(1- 0032&)(a‘2 +b2 4 1)2,
¢ ==2(1 — cos’a)(a® + b* + 1)

x [a(zz — z1) + b(y2 — 1) + (22 — 21)],
r=[(a(xs — 21) + b(y2 — 1) + (22 — 20)]°

—cos? a(a@® + 0% 4+ D)[(m2 — 21)" + (2 — 1) + (22 — 21)7),
,_ Au+ DS+ Guy

Cui+ Ff+Tw;’

_Bui+ Ef+ Hu
T Cui+ Ff4+Tw’

The positive root for 4 can then be used to compute xc, y., and z.
using (13).

On the calibration target, there are six vertices which can be used as
the calibration points. From every two of them, we can compute a set
of (xc,yc,zc) values as the camera position parameters. So more than
one set of (xc,yc,z:) can be computed from the six vertices and they
can be averaged to get a more accurate solution when real images
are used in the calibration process.

In the above derivation, we know that the calibration target may
be of any shape on the ground, provided that it has three groups of
parallel lines with distinct directions. To get the depth vanishing point
in the image, one group of parallel lines should be set to be parallel
to the Y axis of the world coordinate system, and the directions of the
other two may be arbitrary. For example, shown in Fig. 7 is a ground
texture with square tiles connected together, which can also be used
as a calibration target. This type of texture can be seen frequently
on the grounds of ordinary factories and buildings. The parallel lines
in direction @ as shown in the figure may be used as the Y axis of
the world coordinate system, from which we can compute the depth
vanishing point in the image. The points, for example, denoted as Py
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Fig. 7. A ground texture with tiles connected together which could be used
as a calibration target.

through P33, can be linked pairwise to get many sets of parallel lines,
from which many vanishing points in the image can be obtained.

To improve the accuracy of the vanishing line in the image, it is
desirable to identify as many different line directions as possible in
the target shape so that more than one vanishing point in the image
can be found. Because all these vanishing points lie on the vanishing
line, we can use these points as the input to a least-square-error fitting
method [6] to construct the vanishing line more accurately.

1II. RELATED IMAGE PROCESSING TECHNIQUES

The images of the calibration target can be acquired with a TV
camera. The edges of the target can then be extracted and the six
vertices computed. From the six edges in the image, we can get
three vanishing points, and by fitting these vanishing points, we can
construct the vanishing line. From the information on the vanishing
line, the orientation parameters of the camera and the focal length can
be computed. The computed parameters, together with the known 3-D
world coordinates and the 2-D image coordinates of the six hexagon
vertices, can then be used to compute the camera position parameters.
In the following, we describe the related image processing techniques
used in the proposed camera calibration method.

A. Finding the Hexagon Edges and Vertices

The line equations with respect to the image coordinate system for

the six edges of the projected hexagon are computed as follows.

1) Acquire a gray image of the hexagon.

2) Threshold the image to produce a binary image, as shown
in Fig. 8; the threshold value is computed automatically by
moment-preserving thresholding [11].

3) Extract a set of approximate boundary points of the hexagon
in the binary image.

4) Use the Hough transform to locate the six edges of the hexagon.

5) Use least-square-error fitting to compute more accurate line
equations for the six edges from their edge points. Fig. 9
shows the result of superimposing the six computed lines in
the hexagon image.

After the six edges are found, we can compute their intersections

to get the six vertices of the projected hexagon.

B. Finding the Vanishing Points

First compute the line equations of the six hexagon edges in the
imagg_l hen computel__(ks: depth vanishing point Vp by intersecting
line PP, and line P P; in the image, as shown in Filg._9‘, and
the other txy_o_)vanishiwoinls V1 and V;, by intersecting P, P, and
PPy, and Py Ps and P, Py, respectively.

C. Finding the Vanishing Line

Vb, Vi1, and V: are the three vanishing points produced by the
projected parallel lines on the ground. Theoretically, they must be on
the vanishing line. In practice, we fit these vanishing points in the
least-square-error sense to get the line equation of the vanishing line.

Fig. 8. An image of the calibration target of Fig. 1 after thresholding.

Fig. 10. Imaging processing errors result in the deviation of the points

from the vanishing line.

D. Modifying the Vanishing Points

Accuracy of the vanishing points plays an important role on
the performance of the proposed calibration method. It should be
attempted to correct the coordinates of these points such that they
can be located more accurately. Two methods are proposed here.

1) By the Vanishing Line:

In the ideal case, the vanishing points must be on the vanishing
line. Due to camera distortion or image processing errors, these points
may not stay on the line, as shown in Fig. 10. Therefore, we can use
this line to adjust the vanishing points in order that they can all align
on the line.

Let V; be a vanishing point obtained from intersecting lines L, and
L,. Let I, I; be the two intersections of the vanishing line and L, and
L, respectively. Theoretically, V; must be on the vanishing line. As
a compromise, we substitute the middle point between ; and I, for
V1. This modification is also applied to the other vanishing points.

2) By the Target Shape:

The correctness of the positions of the vanishing points dominates
the accuracy of the calibration result. It is not difficult to figure out
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@)
Fig. 11.
TABLE 1
EXPERIMENTAL RESULTS OF CALIBRATING THE FOCAL LENGTH PARAMETERS
Computed Focal Length Offset
1 —544.78 3.50
2 —538.90 9.38
3 —552.71 4.43
4 —556.17 7.89
5 —551.71 3.43
6 —542.79 5.49
7 —550.75 247
8 —550.59 2.31
9 —543.15 513
Average —548.28 4.89

that if the distance of a vanishing point is large, a little error in
the line equations of the target edges will result in a large variation
of the position of the vanishing point. In certain computer vision
applications, the pan, the tilt, and the swing angles of the camera
may all be small. For example, in the application to autonomous land
vehicle guidance, the camera usually is mounted on the vehicle with
little panning, tilting, and swinging. We can make use of this situation
to select a proper target shape such that projected vanishing points
will not be far away (i.e., the image coordinates of the vanishing
points will not be large in magnitude).

In (1), when 6, ¢, and ¢ are small, the values of B and D approach
to zero. So from (6) we can approximate the u coordinate of a
vanishing point as follows:

A-f
m;- E

U =

It is apparent that if the absolute slope value |m;| is large, |u;| will
be small. Hence, as shown in Fig. 11, the target in Fig. 11(a) is better
for use in the proposed method than the one in Fig. 11(b).

When the projections of the parallel lines are almost parallel, the
technique developed by Quan and Mohr [3] can be used to correct
the location of the vanishing points.

IV. EXPERIMENTAL RESULTS AND ERROR ANALYSIS

Experiments were implemented on a personal computer with a PC-
EYE imaging board connected to a CCD camera. All the programs
were implemented in C language. A planar hexagon shape put on the
ground with the x and y coordinates of the six vertices being (0, 35),
(-5,25), (—5,10), (0,0), (5,10), and (5,25), respectively, is used
as the calibration target. In the following discussion experimental
results are listed to show the feasibility of the proposed approach and
computer simulation resuits are also included.

Table I shows the experimental results of calibrating the focal
length. In this experiment, we fixed the camera focal length and
altered the orientation and position of the camera. The values in
Table I are in the unit of image pixel, and the column “offset”
specifies the difference between the computed parameter and the

(b)

Different shapes of calibration targets. (a) is better for use in the proposed approach than (b).

mean of all the total computed parameters listed in the table. The
low offset values show that the approach is stable.

In Table 11, experimental results of camera position parameters are
listed. In the experiments, the position and the orientation of the
camera with respect to the world coordinate system were altered
several times to simulate different camera adjustments. For the first
three experiments, the average tilt angle is —15°, for the second three
—25°, and for the last three —35°. The average error rate is defined
as the average of the ratios of the differences between the manually
measured camera position parameters and the computed parameters
to the measured ones. The average error rate is within 5%. This error
rate is tolerable, for example, for the application of autonomous land
vehicle guidance.

Computer simulations have also been performed to analyze the
relative errors in the presence of noise. A simulated camera with a
focal length of 800 pixels was assumed to be at a reasonable distance
from the target. The lens center of the camera is assumed to be at
(0, —70,80 cm) and the pan, tilt, and swing angles of the camera
are assumed to be 3°, —30°, and —6°, respectively. The perspective
projection of the calibration target in the image was computed and
perturbed by adding normally distributed noise to each pixel on
the target boundary edges. Lease-square-error fitting was used to
find the boundary-line equation. The simulation results are listed
in Table III, where the simulated noise has zero mean and varying
standard deviations in the unit of pixel. For each noise deviation,
100 simulation results are generated and averaged. In the table, the
distance error is defined as the difference between the computed
distance from the camera lens center to the origin of the world
coordinate system and the real one, and the distance error rate is the
ratio of this difference to the real distance. And each of the other types
of errors is defined as the difference between the computed parameter
and the real one. It can be found that the results are tolerable when
noise deviations are small.

V. CONCLUSIONS

A new approach to camera calibration based on the use of the van-
ishing line is proposed in this correspondence. A monocular image of
a hexagon shape is adequate for the calibration purpose. In addition to
being able to compute the camera position, the viewing angles as well
as the focal length can also be obtained. The computation is analytic;
no iteration is necessary. This speeds up the calibration work.

The calibrated position error is found to be within 5% on the
average. Only feasibility is emphasized in this study, though the error
can be reduced further if improvements can be directed to the use
of better imaging devices and more sophisticated image processing
techniques. The proposed method is appropriate both for outdoor
and for indoor computer vision applications like robot location and
autonomous land vehicle guidance, because of its simplicity of
environment setup.
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Least-Squares Estimation of Transformation
Parameters Between Two Point Patterns

Shinji Umeyama

Abstract— In many applications of computer vision, the following
problem is encountered. Two point patterns (sets of points) {x;}
and {y;}; ¢ =1,2,.--,n are given in m-dimensional space, and we
want to find the similarity transformation parameters (rotation,
translation, and scaling) that give the least mean squared error between
these point patterns. Recently Arun ef al. and Horn et al. have presented a
solution of this problem. Their solution, however, sometimes fails to give
a correct rotation matrix and gives a reflection instead when the data is
severely corrupted. The theorem given in this correspondence is a strict
solution of the problem, and it always gives the correct transformation
parameters even when the data is corrupted.

Index Terms— Absolute orientation problem, computer vision, least-
squares, motion estimation, singular value decomposition.

I. INTRODUCTION

In computer vision applications, we sometimes encounter the
following mathematical problem. We are given two point patterns
(sets of points) {z;} and {y,}; ¢ = 1,2,---,n in m-dimensional
space, and we want to find the similarity transformation parameters
(R: rotation, ¢: translation, and c: scaling) giving the minimum value
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