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Goldstone fields associated with the spontaneous breaking of certain higher-spin coun-
terparts of supersymmetry whose Lagrangians are of a Volkov-Akulov type. Goldstone
fields in these models transform non-linearly under the spontaneously broken rigid sym-
metries. We find that the leading term in the action of the vector Goldstone model is the
Abelian Chern-Simons action whose gauge symmetry is broken by a quartic term. As a
result, the model has a propagating degree of freedom which, in a decoupling limit, is a
quartic Galileon scalar field. The vector-spinor goldstino model turns out to be a non-
linear generalization of the three-dimensional Rarita-Schwinger action. In contrast to the
vector Goldstone case, this non-linear model retains the gauge symmetry of the Rarita-
Schwinger action and eventually reduces to the latter by a non-linear field redefinition. We
thus find that the free Rarita-Schwinger action is invariant under a hidden rigid super-
symmetry generated by fermionic vector-spinor operators and acting non-linearly on the
Rarita-Schwinger goldstino.
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1 Introduction

In 1975 Hietarinta [1] constructed (graded) Lie algebras which are a higher-spin generaliza-
tion of the conventional Poincaré superalgebras. Instead of spinorial supersymmetry gen-
erators associated with spin—%7 these algebras include (spinor-)tensor generators associated
with (half-)integer higher-spin representations of the Lorentz group. As in the supersym-
metry case, (anti-)commutators of these generators close on the generator of space-time
translations. The D-dimensional Hietarinta algebras have the following generic structure

..Gp b1...bm _ iOp,b1. b,
{Quan, Qrtmy — posanbibucp
[Sal...ap’ Sb1.,.bq] _ Jcal...an,bl...bm,cPC7

[Q,P]=0, [S,P] =0, @,S]=0, (1.1)

where a,b,c = 0,1...,D — 1 are vector indices, «,( are spinor indices, Q% %" are
fermionic tensor-spinor generators, 5% % are bosonic tensor generators and P, is the trans-
lation generator. The generators transform under certain representations of the Lorentz
group S = SO(1,D — 1). The structure constants fgé”‘“"’bl"'bm’c and fo10nbrbmc gre
SO(1, D — 1) invariant and constructed with the use of the Minkowski metric, Levi-Civita
tensor and gamma-matrices.

The algebras (1.1) are finite-dimensional higher-spin algebras. This distinguishes
them from the more familiar infinite-dimensional higher-spin algebras in which the (anti)-

commutators of higher-spin generators close on generators carrying yet higher spins.



For building models with spontaneously broken symmetries of this kind Hietarinta
used the Volkov-Akulov construction of Lagrangians with non-linearly realized supersym-
metry [2, 3]. The case of a D = 4 spin—% superalgebra and its non-linear realizations
was independently considered in [4] (see also [5, 6]) and further exploited e.g. in [7] and
references therein. In four-dimensional space-time, consistency issues of a gravitational
coupling of a massless Spin—% field, which might be regarded as a gauge field of the local
spin—% supersymmetry, were studied in [8-11].

In three space-time dimensions, however, Aragone and Deser [12] succeeded in con-
structing a consistent ‘hypergravity’ model which is invariant under local symmetry trans-
formations associated with a spin-(n + 3) superalgebra (n = 0,1,...) and describes in-
teracting non-propagating graviton and a spin-(n + %) gauge field.! Much more recently
this model was extended to an AdSs background including an additional spin-4 field by
Zinoviev [13] who also constructed its higher-spin generalizations. Different aspects of
higher-spin superalgebras of this kind in D > 3 and associated models were also considered
in [14-17]. It may be of interest to study the effects of spontaneous symmetry breaking in
these models, which is one of the motivations of this paper.

More general motivation is related to the fact that, as is well-known, the construction
of interacting higher-spin theories in space-time dimensions higher than three is a highly
non-trivial problem.? This issue also regards models based on the higher-spin algebras
of [1]. In [44] it was shown (for the spin-3 case in D = 4) that these algebras do not
have non-trivial linear unitary representations. Yet, one may still ask the question whether
the higher-spin Goldstone field constructions based on the non-linear realizations of these
algebras produce physically consistent interacting models. A priori, such a possibility is
not excluded, since non-linearly realized symmetry may act only on positive-norm states
while the negative-norm states of corresponding linear multiplets are cut off.

To the best of our knowledge the physical properties and the consistency of the Gold-
stone models associated with this type of higher-spin algebras have not yet been consid-
ered in the literature (even for the simplest cases of spin-1 and spin—%), and this is the
purpose of our paper. We will study this problem in three-dimensional space-time for
Goldstone fields of spin-1 and spin—%. As we will see, these simplest models already exhibit
particular, interesting features. The leading term in the action of the spin-1 Goldstone
model is the Abelian Chern-Simons Lagrangian whose gauge symmetry is broken by a
quartic term. As a result, the model has a propagating degree of freedom which, in a
decoupling limit, is a quartic Galileon scalar field. The Hamiltonian of this model is not
bounded from below signalling the presence of instabilities. At the same time, somewhat
surprisingly, the vector-spinor Goldstino model, which is a non-linear generalization of the
three-dimensional Rarita-Schwinger Lagrangian, does possess a non-linearly extended local
symmetry of the Rarita-Schwinger Lagrangian. Hence, it does not have propagating de-

'Strictly speaking, as is well known, in D = 3 massless representations of the Poincaré group are spin-
less. However, as is often adopted in higher-spin literature for any space-time dimension, we loosely call
symmetric tensor fields A, .4, of rank s as integer spin-s fields and symmetric-tensor spinor fields ¥g, .
as half-integer spin s + % fields.

2For a review of various aspects of higher-spin field theory and references see e.g. [18-43)].



grees of freedom. Moreover, as we will see, the non-linear spin—% goldstino action reduces
to the free Rarita-Schwinger action by a non-linear field redefinition. We thus find that the
free Rarita-Schwinger action is invariant under a hidden non-linearly realized rigid super-
symmetry generated by fermionic vector-spinor operators and that the Rarita-Schwinger
field is the goldstino field associated with the spontaneous breaking of this symmetry.

The paper is organized as follows. In section 2 we will review the Volkov-Akulov con-
struction of the Lagrangian for a goldstino field associated with the spontaneous breaking
of the conventional N = 1 supersymmetry, whose Poincaré superalgebra in D = 3 has the
following form:

[Mab 5 Mcd] = i(77bc Mad — Nac Mbd — Nbd Mac + Nad Mbc) 5
[Mabvpc] = i(?]bCPa _nach)a
[P, Py =0, (1.2)
i
[Mab 5 Qa] = - 5 (Fab)aﬁ QB ;
{Qa ) Qﬂ} =2 (Fac_l)aﬁ P,
[QavPa] = 07 (13)

where My, (a,b = 0,1, 2) is the generator of the Lorentz group SO(1, 2), P, is the translation
generator and @, (o = 1,2) is the Majorana spinor generator of the supersymmetry
transformations. We use the “mostly plus” convention for the Minkowski metric and the
real Majorana representation for the gamma-matrices (see the appendix for more details).

As an instructive exercise, we will explicitly check that the higher-order terms in
the Volkov-Akulov Lagrangian give a positive-definite contribution to the Hamiltonian,
thus demonstrating the fact that the non-linear Volkov-Akulov goldstino model does not
have ghosts.

In section 3 we will apply the Volkov-Akulov procedure to the construction of a model
describing a spin-1 goldstone field associated with spontaneous breaking of a spin-1 coun-
terpart of the N = 1 superalgebra (1.3). Spin-1 algebra is generated by Poincaré genera-
tors (1.2) and a bosonic vector operator S satisfying the following commutation relations:

[Mab , Sc] _ i(’l?bc Se ,,7ac Sb) ’ (1'4)
[5¢, 8% = 2ie%¢P, [S¢, P =0.

Note in passing, that the algebra (1.5) can be regarded as an Inonu-Wigner contraction of
the so(2, 2)-algebra.

The Goldstone field associated with S® is a vector field A,(z). As we will see, the
Volkov-Akulov-type model for this field is described by an action whose quadratic part is
the standard Abelian Chern-Simons action. The latter is invariant under the gauge trans-
formations A, (z) — Ag(x) + OgA(x) which make the Chern-Simons field non-dynamical,
as is of course well known. We will study whether the complete non-linear action for the
Goldstone vector field still possesses (a non-linear generalization of) this gauge symmetry
and find that this is not the case. To this end, we will carry out the Dirac analysis of



constrained Hamiltonian systems (see e.g. [45, 46]). We will show that for generic classical
field configurations the non-linear model under consideration does not have first-class con-
straints associated with local gauge symmetries, but only second-class ones. As a result, it
contains one Stiickelberg-like scalar propagating degree of freedom whose Lagrangian, in a
decoupling limit, turns out to be the same as the quartic Galileon Lagrangian [47] but with a
missing quadratic kinetic term. The Hamiltonian of this model is unbounded from below.
Hence fluctuations around certain zero-energy backgrounds may have a negative energy
and lead to instabilities. These instabilities are not of the (higher-derivative) Ostrogradski
type, since the higher-order Galileon Lagrangians are quadratic in time derivatives. Note,
in passing, that due to their peculiar properties, Galileon models have been intensively
studied in the theories of modified gravity and cosmology. For a review see e.g. [48-51]
and the references therein.

In section 4 we will consider the case of a spin—% Goldstone field model associated with
the spin—% superalgebra [1, 4, 5] whose most general form in D = 3 is

M, Q5] = i Q4 — 1 Q) — 5 (M) @5 (16)

{Q2,Qb) = 22Case™ P+ oI PY + TS5 P, Q%P =0, (1.7)

(e}

where a, b and ¢ are arbitrary real parameters. One of these parameters can always be set
to a given number by re-scaling the fermionic generators Q¢ or the momentum FP,.

Note that, in general, Q% is transformed under a reducible representation of the Lorentz
group which splits into the irreducible parts as follows

Qh = 0t + 5 (1'Qha, (19)

where @), is a Majorana-spinor generator and Qg is gamma-traceless (FaQ“ =0).
Depending on the choice of the parameters a,b and ¢, the superalgebra (1.7) can be
reduced to simpler superalgebras. Three specific cases are the following ones.
When a = —3, b = 1 and ¢ = —2, the only non-trivial anti-commutator in (1.7)

N
a

¢ while the spin—% generators @), anti-commute with

is between the gamma-traceless
themselves and with Qg This superalgebra was exploited in [15].

If instead, b = 4a and ¢ = —2a, only the spin-% generators (), have a non-trivial
commutator, as in (1.3), while the gamma-traceless generators Qg anti-commute with
themselves and with @, and hence decouple. Therefore, in this case, the superalgebra (1.7)
reduces to the conventional N = 1 superalgebra.

The third case is when b = ¢ =0 and e.g. a = 1. Then the algebra (1.7) reduces to

{Q2, Q% =2Cu5e™P.,  [Q4,P)=0. (1.9)

In this paper we will consider the Volkov-Akulov-like model associated with the spin—%
superalgebra of the latter type, since the quadratic part of its non-linear Lagrangian coin-
cides with the Rarita-Schwinger (or Chern-Simons-like) Lagrangian for a massless spinor-
vector field x%. The gamma-traceless case can be associated with the gauge-fixed Rarita-
Schwinger action in which I'yx* = 0, while for other (inequivalent) choices of parameters



(except those corresponding to the conventional supersymmetry), the spin—% superalge-
bra does not seem to produce physically consistent models even in the free (quadratic)
approximation because of the absence of gauge symmetry.

We will show that, in contrast to the spin-1 case, higher-order contributions to the
spin—% goldstino action do not break the gauge symmetry of its quadratic Rarita-Schwinger
part but only require a non-linear modification of the gauge variation of the spin—% field.
Moreover, the non-linear action reduces to the free Rarita-Schwinger action by an invertible
non-linear field redefinition, which means that the Rarita-Schwinger action itself is non-
manifestly invariant under the non-linearly realized spin—% supersymmetry (1.9).

In the Conclusion we will briefly discuss possible extensions of our results. In particular,
we will present an action for a 3d gravity model of two spin-2 gauge fields interacting via
a Lorentz spin connection, which is invariant under the local symmetries generated by the
algebra (1.4) and (1.5).

2 Volkov-Akulov model of the spin-1/2 goldstino

The Volkov-Akulov construction [2, 3] of the action for a real Majorana-spinor goldstino

x%(x) associated with the spontaneous breaking of supersymmetry (1.3) uses, as a building

block, a one-form,>4

B = da® +if 2 x%(x) B dxP(z) = da®(6¢ +if 2 x T dyx) = da"EY (2.1)

which is invariant under the following supersymmetry variations of % and x“(x) generated
by the algebra (1.3)

2’ =20 —if2eTy, (2" = x*(x) + €, (2.2)

where €“ is a constant spinor parameter, f is a supersymmetry breaking parameter of
mass-dimension m?2 and x¢ has the D = 3 canonical dimension of m. The infinitesimal
transformation of the form of the goldstino field x“(x),

ox*(x) =€ +1i 2 (6 re X(:U)) Jax“ (), (2.3)

shows that it transforms non-linearly under supersymmetry. The commutator of two varia-
tions (2.3) closes on the translations off the mass shell, i.e. without the use of the equations
of motion.

[62,01] X =2i f 2 (1 7% €3) DX ™. (2.4)

The supersymmetry invariant Volkov-Akulov action in D = 3 is

2
S:J;/E“AEI’/\E%abc:—fQ/d% det By , (2.5)

3For a recent review of the different aspects and realizations of the Volkov-Akulov model and its coupling
to supergravity, see [52, 53] and the references therein.

4As a shorthand notation, in what follows, we define the contraction of the spinors with a single gamma-
matrix as xI'* ¢ = x“T'ag PP = —xoTes 1g. For other rules regarding the handling of the spinor indices
see the appendix.



or explicitly

-2
Sijp = / d*x <f2 —ixT*Oax + % ™ (xx) Oax T 8cx> , (2.6)
where x x = x“ Cup ? = x"xa -
The goldstino equation of motion is
. Ta B 3f_2 abc f_2 YT b
ilgs0ax” = Xa €7 0ax Ty Ocx — -5 X' T, Oux I Opx. (2.7)

In what follows we will skip the constant term in the action, which however becomes
important when the goldstino couples to gravity, since it gives a positive contribution to
the cosmological constant.

2.1 Hamiltonian analysis

Let us perform the Hamiltonian analysis of this model by determining the form of the
Hamiltonian and counting the number of physical degrees of freedom. To this end we split
the D = 3 space-time indices into time and space indices a = (0,14), defining €% = ¥ and
writing the Lagrangian in the following form:

. _2 ..
Ly =i00xTx —ixT"9x — fT e’ xx (0ixTo0jx —200x T 9;x) - (2.8)

The conjugate momentum is

L
 00x™

Da = iFgﬁ X7 4 2 Tiap 0;x° (xx) (2.9)

and the canonical Hamiltonian density is

Hij2 = 00X Pa — L1j2 =ixT"0ix + fT e xx 9;xT° 95X . (2.10)

The canonical anti-commuting Poisson brackets between x* and pg are
{Xa(t,x),p°(t,y)} = 65 6(x = y). (2.11)

The expression for the momentum (2.9) tells us that it is completely expressed in terms
of x and its spatial derivatives. Hence, the theory has two constraints,

Fy = pa — irgﬁ Xﬂ - f_2 Eij Fiaﬁ 8jX6(XX) =0, (2'12)

which are of the second class in the classification by Dirac [45, 46], since their equal-time
Poisson brackets do not vanish:

{Falt,), Fa(t,y)} =2 (=100 + 7227 (Tiag (x 00) + 207" X(aL o) ) 8 — ),

where x and y stand for the spatial coordinates z* and *.



This implies that the goldstino has two independent degrees of freedom in the Hamilto-
nian phase space (one coordinate and one momentum), and correspondingly a single degree
of freedom in the configuration space, i.e. the same as the free Majorana fermion in D = 3
on the mass-shell.

Let us now evaluate the on-shell value of the quartic-order term in the Hamilto-
nian (2.10). To this end, we rewrite this term using gamma-matrix identities, modulo
a total derivative, in the following form:

-2 -2 -2

L~ cii oy 0, T 0y = % XXX T T B — L

2 7 9:0x0) 9" (xx) (2.13)

Now note that the equations of motion (2.7) imply that
oy = —T%0px + O (x Ox 0x) . (2.14)

Substituting this expression into (2.13) we get the on-shell value of the Hamiltonian density

-2

Mg =i Do+ L a0 9000 + L oo iy (215)

in which the quadratic term is the standard free Hamiltonian of a massless Majorana
fermion and the quartic terms are manifestly non-negative, since (i x*xq) is a real (nilpo-
tent) scalar. We have thus verified a well known fact that the higher-order terms in the
Volkov-Akulov goldstino model do not bring about unphysical ghost degrees of freedom.

3 Vector Goldstone model

We now move to the Volkov-Akulov construction of a Goldstone model describing the
spontaneous breaking of the rigid symmetry associated with the algebra (1.5). In this case
the invariant one-form is

B = dx® + 2 Ay(x) dA(x) = dz™ (6%, + f2 e Ay(x) OmAc(z)) = de™EZ%,, (3.1)
where Ay (z) is a vector Goldstone which under (1.5) transforms as follows:
=g — 2% 5 A(x), Al (2") = Au() + 84, (3.2)

where s, is a constant vector parameter. The infinitesimal transformation of the form of
the goldstone field A,(z),

0AL(z) = 54 + f2 e (sp Ac(w)) OgAa(z), (3.3)

shows that it transforms non-linearly under the symmetry. The commutator of two varia-
tions closes on the translation of A, in accordance with the structure of the algebra (1.5),

[02,01] Ag(z) = 2 f 2% (5} %) OgAa(z) . (3.4)



3.1 Action and equations of motion

We construct the action for A,(z) in the same way as in section 2, substituting into (2.5) the
one-form (3.1). We thus get (subtracting the constant term and modulo a total derivative),

S = —f2/ d®z (det ES — 1)
f72
= / B (eabCAa DA, — TEabCEEdef Ay Ag 0. Ay 8fAc> . (3.5)

Note that the quadratic term in (3.5) is the Abelian Chern-Simons action and that the
sixth-order term in A, (and its derivatives) vanishes.
The equations of motion of A,(x) which follow from this action have the following form

e A = f2 el Ay 0. Ay OF A, . (3.6)

When f~2 = 0, the action and the equations of motion reduce to those of the Chern-Simons
theory. In this case the model is invariant under the following gauge transformation of the
vector field

Al = Ay + 9.\ (), (3.7)

and the equations of motion tell us that A,(z) does not have local physical degrees of
freedom. The presence of the gauge symmetry manifests itself in the fact that the Chern-
Simons field equations satisfy the Bianchi identity

Do (¢ 9pA,) = 0. (3.8)

When f~2 # 0, taking the divergence of the non-linear equation (3.6) we find that, for
consistency,

£l 9,(Ag 0 Ap D AL) = 0,

but this is not an identity. A possible generalization of the Bianchi identity might be as
follows. The equations (3.6) can be expressed in the following form:

% DyA, =0, (3.9)

where

Dy = (B o+ 5= 0u (E(E), (3.10)

(E~H¢ is the matrix inverse of E defined in (3.1) and E := det E¢. One might hope
that the operator D, replaces the partial derivative in the sought after generalization of
the Bianchi identity (3.8), but it turns out to not be the case, i.e. €D, DyA, is not
identically zero.

If the equations of motion do not satisfy a Bianchi identity (which for generic systems
with local symmetries is also known as a Noether identity), then the non-linear system
under consideration is not invariant under a non-linear generalization of the gauge trans-
formation (3.7) and hence contains propagating degrees of freedom. As a further indication
that this is indeed the case let us note that the solution of equations (3.6) can be studied



order-by-order in f~2 and that it includes a scalar degree of freedom, which is not a pure
gauge in the absence of the local symmetry. Indeed, at the zeroth order in f~2, the solution
of (3.6) is AD = Oatp. To order f~2 we have

Ay =00+ 24 +O(f 7). (3.11)

Plugging this into (3.6) we find the expression for the field-strength of Agl) in terms of the

derivatives of ¢:
£ 9 AL = £9%cf 940 D, Dpp Dy Do . (3.12)

Upon taking the divergence of the left and right hand sides of (3.12)), we get,

1
~5 el 9,040 0eOpp D Ocp = det(0,0°¢) (3.13)
= (O¢)3 — 300 0,0°¢ 0,0%p + 2 0,0°¢ D0 ¢ V0% = 0.

The latter can be regarded as a higher-order equation of motion of . Note that it is of the
second-order in time derivative. This indicates that the model has a scalar propagating
degree of freedom. This degree of freedom is of Stiickelberg type whose equation of mo-
tion (3.13) can be obtained in a proper decoupling limit f — oo of a gauge-invariant action
having the same form as (3.5) but in which A, is replaced with A, = A, — f %Gacﬁ, the
latter being invariant under the field variations 0 A, = O, A and 0 = f _%)\, and f %gb = .
In the decoupling limit the Lagrangian reduces to

. 1
L(AL)|fos00 = €% Ay A, — 3 £l 9, Dap DeOpp D5 0ep . (3.14)

The field ¢ is of mass dimension M _%, which is not canonical. We can introduce the scalar
1 5

field with the canonical mass dimension M2 by rescaling ¢ — M~ 4. This results in the
appearance of the coupling constant M~ in the Lagrangian.

Upon integrating by parts, we can bring the scalar part of this Lagrangian to the
following form
M—5

2

= —3M75p det(9,0°p)

-5
_ M2 2 ((09)? — 30 0,083 040°G + 20,0°0 0°G 0,0°9)) . (3.15)

L(p) p e el 0,04 0e0pp D5 Ocp

Curiously, the form (3.15) of the higher-order scalar Lagrangian is the same as the quartic
term in the Galileon Lagrangian [47] and a corresponding term in a (beyond) Horndeski
tensor-scalar theory of gravity [54, 55]. The Lagrangian is invariant (modulo a total deriva-
tive) under the Galileon symmetry transformations ¢ — ¢ + ¢ + ¢,x®, where ¢ and ¢, are
constant parameters.

The equation of motion of ¢ which follows from this Lagrangian is eq. (3.13). Simplest
non-trivial solutions of this equation are the static fields

orp(t, zt) =0, (3.16)



and plain-wave-like solutions
¢ = e p(p) + e P ¥ (p), (3.17)

where p, is an arbitrary time-like, space-like or light-like momentum. It is a priori not
subject to the mass-shell condition pap® — m? = 0 since the Lagrangian does not contain
the quadratic kinetic term Lo = — § (0,¢0%% + m?3?). Hence, there is no corresponding
term in the equation of motion. So, this higher-order model contains tachyons, unless they
are excluded by imposing appropriate mass-shell conditions on ¢.

To prove that ¢ is the only propagating mode in this model and to further study its
dynamical properties we now move to the Hamiltonian analysis.

3.2 Hamiltonian analysis of the vector Goldstone model

Splitting the space-time indices, we rewrite the action (3.5) in the following form
S = / dPr e (240 ;A + A;j O A;) (3.18)
f2 / By £kl (AjAk(é?iAl 80 — O Ao Do A;)
+ Ao Ay BoA; O A; — AZOLA; akAi).

Note that, as in the fermionic case, the action is of the first order in time derivative. Hence,
the canonical momenta p® = % are expressed in terms of the components of A, and
their spatial derivatives. Thus we get three primary constraints:

Cf = p' —9A; + 2Tk (A; Ay 91 Ay — Ao A D A;) =0, (3.19)
CY = p¥ — 2k A; A9, A) = p° — F2EUEM A AL A =0 (3.20)

The canonical (equal-time) Poisson brackets of A, and p? are
Aalt %), "1 y)] = 0 3(x—y),  (a=0,1). (3.21)
We find that the Poisson brackets of C* do not vanish on the constraint surface
[Ci(t,x), CI(t,y)] = — 27 (1 o f2ky, 81A0(x)>5(x —y), (3.22)

and
[C¥(t,x),C0t,y)] = —4 2R AL 9A; 6(x —y). (3.23)

Constraint (3.20) can be modified as following to make it commute with C?:

2 f2ek 4 A; ;
J oA Odi (3.24)

A0 0
¢r=0 1-— 2f_2 EklAk 81A0 '

Therefore, the constraints C* are of the second class according to the classification by
Dirac. They are not associated with gauge symmetries of the model. We now turn to the
identification of secondary constraints. To this end, following Dirac formalism, we construct

~10 -



the Hamiltonian which includes the canonical Hamiltonian and the primary constraints
multiplied by Lagrange multipliers,

Hp = /dzy (HC -+ Uu; ' “+ ug C’O) , (3.25)

where

He=p"Aq — L1 = —2A0e7 0;A; + 2k (Ag)? 0, A, 0; A . (3.26)

The consistency (i.e. time-independence) of the constraints requires that the Poisson brack-
ets of the constraints with the Hamiltonian (3.25) vanish. For the constraints C? this re-
quirement fixes the value of the Lagrange multipliers u;(x), while the requirement of the
vanishing of the Poisson bracket of Hp with C° produces the secondary constraint

[CY Hy] =0
= B =Y 0;A; — f2Ao eV 0y A 0 A; — 2 2N A; A0, A0 = 0. (3.27)

The Poisson bracket of B with C" is
[B(x),C(y)] = — 0,58(x — y) + 6 f 2 M 0 Ao (1, %) A (1, %) 6(x —y)  (3.28)
+2 f2£0M g, <( Ao(t,x) O Aj(t,x) — Aj(t,x) O Ao(t, %)) 6(x — y)) .
We can make this Poisson bracket vanish by modifying the constraint B (3.27) as follows
B=B-6f2eM0,400,A; C7 + 9;C7 — 2f2:Mg, <(A0 OAj — A;0)Ap) C*J'), (3.29)

where

N CI . ' Ny
J = ] 1 — U o
C =i arEaga)  (CEXCEYI=S0kmy) (:30)

Thus
[B,C" =0. (3.31)

However, B has (in general) a non-vanishing Poisson bracket with C°
[B(x),C%y)] = —f 2 0, A; 0,A; 6 (x —y) — 2f 2Tk A; 9,4, 0,00(x —y) . (3.32)

If we take the linear combination of the constraints B and C°, namely B; = % (B+CY%
and By = 1 (B — (), the Poisson bracket simplifies to

[Bl (X), Bg(yﬂ = f_26ij€kl 8kAZ 61Aj (5(X — y). (333)

The Poisson bracket (3.33) vanishes when f~2 = 0, i.e. in the case of free Chern-Simons
theory. Then the constraints C° and B (or equivalently B; and Bs) are of the first class.
They generate the local symmetry of the Chern-Simons action, which implies that the CS
vector field does not have propagating degrees of freedom. Indeed, in the Hamiltonian
formulation A, and its conjugate momenta p®* have 3+3=6 components. These are related
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to each other by the second-class constraints (3.19) which remove two degrees of freedom.
The two first class constraints, remove two degrees of freedom each, i.e. 4, and hence there
is no physical degree of freedom left. Note that in this case the Hamiltonian (3.25) is zero
on the constraint surface, which also points at the absence of propagating modes.

In the non-linear case in which f~2 # 0, the Poisson bracket (3.33) is non-zero for
a generic field A,, therefore the constraints C° and B become of the second-class and
remove only two degrees of freedom. One can also check that the non-linear model does
not have tertiary constraints, i.e. that the Poisson brackets of the primary and the secondary
constraints with the Hamiltonian (3.25) vanish provided the Lagrange multipliers u; and ug
are appropriate functions of A, and its derivatives. We are thus left with two Hamiltonian
degrees of freedom contained in A, and p®, which correspond to a single degree of freedom
in the Lagrangian formulation. This is the scalar mode discussed at the end of section 3.1.

To elucidate the physical properties of this mode, let us look at the form of the Hamil-
tonian, egs. (3.25) and (3.26), in the non-linear case. We see that the Hamiltonian den-
sity (3.26) does not vanish on the constraint surface anymore. Modulo the constraint (3.27)
and up to a total derivative, it has the following form:

He=—3f 2(Ag)? M0, A, 0;A1= —6 2 (Ag)? det D;A; . (3.34)

Note that this Hamiltonian density is non-zero for the perturbative solution (3.11)—(3.13),
and it is not bounded from below for generic classical values of the field A,, since det 0;A;
is not positive definite. In the decoupling limit (3.14) it reduces to the Hamiltonian density
for the Stiickelberg field ¢(x)

P

/Hgé T 6 det 8161(/3 ’

Py = — 6 (det alajgﬁ) 0095 . (3.35)
Equation (3.35) is the three-dimensional counterpart of the quartic Galileon term in the
Hamiltonian of the generic D = 4 Galileon theory derived in [56, 57].

Let us look at the value of this Hamiltonian for fluctuations around a simple static

solution ¢y = %xixi, Py = 0 (whose Hamiltonian, and hence energy, is zero)

@ = ¢o + 0¢. (3.36)

Then, to the second order in d¢ we have

Hsp = — —2 = — 6607, (3.37)

which is negative.

Note that if we changed the sign of the initial Lagrangian in (3.5) (which a priori is
equally admissible, since the Chern-Simons term may have any sign), we would get the
Hamiltonian with the plus sign in (3.34) and (3.35). Then the quadratic Hamiltonian
density of the fluctuations around the classical solution above would be positive. But
if instead, we consider fluctuations around zero-energy static solutions, e.g. of the form
Yo = €44 c.c. (where a; and b are complex constants), their Hamiltonian density would
be negative.
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To summarize, the vector Goldstone model describing the spontaneous breaking of the
rigid symmetry generated by the algebra (1.5) does not maintain the local gauge symmetry
of the quadratic Chern-Simons action. Due to the presence of the non-linear terms in the
action there is a propagating scalar degree of freedom whose Hamiltonian is not bounded
from below. This, in general, makes this model classically unstable, even though the
Lagrangian is linear in the time derivative of A,(z).

4 Spin-3/2 goldstino model

In the spin-3/2 case the action for a Goldstone field x&(z) associated with the spontaneous
breaking of spin—% supersymmetry generated by (1.9) is constructed with the use of the
one-form

E® = dz?Ef = dax® (5% 4 if 2 €% x4 Oaxe) » (4.1)

which is invariant under the following variations of z® and x§(x)

=2 i 2™ G Xae X' (@) = x5 (@) + ¢,
oX(x) = & +1f 2™ (G xel(x)) daxi(z), (4.2)

where (¢ is a constant parameter. Note that, as for all the other cases, the commutator of
two variations (4.2) closes on the translations off the mass shell, i.e. without the use of the
equations of motion:

2,01 xa = €0axs, =212 (4.3)
The spin-3/2 goldstino action has the following form
Ss/2 = —fQ/d3:v (det B4 — 1)

= / d’z (i €% X0 Dpxe + fT e ((xq Opxe) (XaOyXg) — (Xb Baxe) (X5 BaXy))

-
1 AN
_{_L 2@ b'c (eabcedef _ eabfgdec) (Xc aa’Xf) (Xa ab’Xb) (Xd ac’Xe)) .

6
(4.4)
and the equations of motion have the form similar to (3.9)
e Dyxe =0. (4.5)

We see that the quadratic term in the action (4.4) is the action for a D = 3 (Rarita-
Schwinger) spin—% free massless field which is invariant under conventional (linearized)
local supersymmetry variations dx§ = J,e“(x). Let us figure out if in contrast to the spin-
1 case, the spin-3/2 goldstino action can be invariant under a non-linear generalization
of this symmetry. Again, let us first look at what happens with the model if we use the
Stiickelberg trick and take a limit f — oco. To this end we replace in the action (4.4) the

field x, with its gauge-invariant counterpart Y, = xo¢ + f 5 ¥, where 1 is the Stiickelberg
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spinor field and the normalization with the factor f2/ is chosen to perform a certain limit
f — oo in the action. By construction Y, is invariant under the gauge transformations
0Xa = Oq€(x), 09 = —ffge(x) which can be used to completely eliminate the latter. On
the other hand, sending f — oo we obtain the following limit of the model in which however
Xq and ¥ do not decouple from each other

/oo = / B <i €9 o Dy + 209 (o a0)) (D) Buy)) — ;Tr(M3)) (4.6)

where M®; = 1€ 9y1) 40:1).

Note that in contrast to the vector-field case in which in the decoupling limit the
Lagrangian for the Stiickelberg scalar field is that of the quartic Galileon, see eq. (3.15),
in the present case the quartic term

eI (D Dgder)) (D51 DaOyt)) = By (aabcedfg(zp 0401)) (D) aaagw)

is a total derivative, since
£e¥9(9.041) (Op0s1) DuOyth) = 0 (4.7)

due to the anti-commutativity of 1 and the total symmetry of this expression in the ex-
change of the pairs of the indices cd,bf and ag. This term can thus be discarded, and
there is no decoupling limit of the spin-3/2 action similar to that of the vector-field model.
The triviality of this term also implies that the quartic term in the action (4.4) vanishes
(modulo a total derivative) on the solution of the free Rarita-Schwinger field equation.
Notice also that the action (4.6) is invariant under the gauge transformation dy, = 9z A\(z),
01 = 0 due to the same identity (4.7).
The equation of motion of x,, which follows from (4.6), is

£ Pyx = 1% U9 9,0, (951 ByOy1) - (4.8)
Using the identity
et <9 0,00 (O D) = 5 <<V (50, ) Dy
= — 2 9, (040" (070 0.0,0)) (4.9)
we find that the general solution of (4.8) is
XS = 0pe® — %gdfg Dat)® (D1 DeDgt)) - (4.10)

This implies that, modulo the pure gauge degree of freedom, the field x, is completely
determined in terms of derivatives of ¥. As can be verified, the equations of motion of
which follow from (4.6) are identically satisfied, and hence v is completely arbitrary in this
limit. Moreover, action (4.6) can be recast into the Chern-Simons form as following:

. abc o i a i T
Sf%oo =1 /d3x e b <Xa + ggdfg ad¢ (afw 8aag'¢)) 8}) (Xca + g ePh? 8p’¢a (6q1p &ﬁﬂﬂ)) .
(4.11)
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This action turns out to be invariant under the following gauge symmetry transformation

0 = e(x),
05 = 0\ (@) — 5 7 (0ue” (979 0u0y) + Oa™ (7€ 0uDy) + O™ (D700 0uDye))

=9, (Aa(x) — ésdfg Oat)™ (05 ag€)> —1e¥9 (D¢ 8,050) Dyb® (4.12)

where A%(z) and €*(z) are independent parameters. Hence, 1 is a pure gauge.

Note also that the above analysis actually prompts us the form of the perturbative
solution of the full non-linear equation of motion (4.5) up to the order f~2. It is obtained
from (4.10) by re-scaling 1) — f_%d) and taking € = 1):

s p—2
XS = 0,0 — % U991 (94100, 0y10) + O(F4). (4.13)

Moreover, the non-linear symmetry in this limit and the form of the action (4.11)
prompt us that the full action (4.4) can be written as following:

) i —2 i —2
53/2 =1 /dgl‘ Eabc <Xg + fTEdngg (Xfaan)> ab <Xca + ngpqupa (anch)> . (414)

Indeed, (4.14) and (4.4) are equal to each other modulo a total derivative due to the
following identities:

e U9 (x o xa) (OoX f DaXg) = —26 ¥ (x4, Dexa) (X f DaXy),
gabe U9 cpar (Xf aOLXg)(Xd Xp)(aqu 66Xr) = 2 U9 P (Xf aOLXg)(Xd 6bXp)(Xq acxr) .

The action (4.14) reduces to the free Rarita-Schwinger action

Spg =1 / 3z ™ . Oy Re (4.15)
upon the following field redefinition
e « if_2 dfg . «
Xa = Xa + T € Xd (Xf 8an)' (416)

This equation is invertible, and using an iteration procedure one can find an explicit ex-
pression for y, as a polynomial in ¥, and JyX,, which stops at most at the sixth order in
X, because of the nilpotency of the latter. Thus up to the order f~%, we get,

. if =2 JU .
Xo = Xo - =3 eI %G (X7 OaXy) (4.17)

—4
— fT €dfg ePI” ()A(; ()Zq adf(r)(f(p aaf(f) + é aa ()A(g(f(f Xp)(f(q agf(r))) + O(f_ﬁ) .

Action (4.14) (and (4.4)) is invariant under the following gauge transformation:

c 2
4 o o 1 o s £ @
IS = 0a€* = 0x5 + 7f3 99, (Xd (xr 6Xg)> +if 729 (xy daXf) Xg 5 (4.18)
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from which by the same iteration procedure one can get the gauge variation of y,:
«a «a if72 dfg . o s p—2 _dfg «a —4
OXa = Oa € — 5= %IxG (xy Oge) | —if ¥ (OaeBaxs) xg +O(F 7). (4.19)

It is instructive to notice that the commutator of two transformations (4.19) is exactly zero
(to all orders)

[561 ) 662] Xa = . (420)

a =

By construction, the action (4.4) and hence (4.15) are also invariant under the rigid spin-
3/2 supersymmetry variations of the goldstino x, (4.2) with the corresponding variations
of x4 derived from (4.16) being of the following form

OXY = i 2™ (G Xe) DXy

ﬁ dbc S S e IR Yeret —4
5 (0 D) €3 + (G Duke) X ) + O,
[02,01] X% = €7 04xe,  h=2if2eq . (4.21)

We have thus found that the free Rarita-Schwinger action (4.15) is non-manifestly invariant
under the rigid spin-3/2 supersymmetry with the Rarita-Schwinger field being its goldstino
transforming non-linearly under the symmetry as in (4.21).

5 Conclusion and outlook

We have found that the simplest examples of spontaneous breaking of symmetries intro-
duced by Hietarinta [1] and the corresponding Goldstone models are specific non-linear
generalizations of the Chern-Simons and Rarita-Schwinger Lagrangians.

In the vector algebra case, the spontaneous breaking of the rigid symmetry leads to
the breaking of the gauge symmetry of the Abelian Chern-Simons action. As a result, the
Chern-Simons Goldstone propagates a scalar mode which turns out to be a Galileon field
that appears in the theories of modified gravity. In this respect it would be of interest
to consider the coupling of the Chern-Simons Goldstone to a 3d gravity model which is
invariant under the local symmetry associated with the algebra (1.5). As we mentioned
in the Introduction, the algebra (1.5) is a contraction of so(2,2) = sl(2,R) @ sl(2,R) on
which the Chern-Simons description of the conventional 3d gravity is based [58, 59]. But
the full algebra also includes the Lorentz generators (1.4). Therefore, our 3d gravity model
will contain two spin-2 gauge fields, the conventional gravity dreibein e®(x) = dz™ef, (z)
associated with P, and a dreibein f%(z) = dx™ f% () associated with S,, as well as the spin
connection w(z) = da™w?, (z) associated with the Lorentz generators M, = 1eq. M. An
action for these (a priori) independent fields, which is invariant under the local symme-
tries (1.4) and (1.5), has the following form

Sz/(e“/\Ra+;f“/\Dfa), (5.1)

~16 —



where R* = dw®+ %e“bcwb Aw, is the curvature and D f, = df, + eqpew® A f€ is the covariant
derivative associated with the local Lorentz transformations. The local symmetry variations
of the fields are

de? = DEY(x) + ePCepho(x) + e fose(x),
5f% = Ds(z) + €€ fude(z), dw® = DA (z), (5.2)

where £%(x), s*(x) and A\*(x) are the parameters associated with the generators P,, S, and
M,, respectively. It is easy to see, by analysing the equations of motion, that all the gauge
fields in this model are non-dynamical.’

What kind of 3d massive gravity or bi-gravity will one obtain when the Goldstone
Aq(x) is coupled to (5.1) and generates a Higgs effect? Will it have a relation to one of the
three-dimensional gravity models considered in [60-63]7 We will address these questions
in a separate work.

In contrast to the vector Chern-Simons case, in the spin-3/2 goldstino model, upon
a non-linear field redefinition, the free Rarita-Schwinger action itself turns out to be non-
manifestly invariant under the rigid spin-3/2 supersymmetry (1.9) which is non-linearly
realized on the variations of the Rarita-Schwinger goldstino (4.21). In the presence of
the couplings of the spin-3/2 goldstino to other fields, the non-linear field redefinition
may no longer remove the non-linear terms and the two forms of the spin-3/2 goldstino
models may not be equivalent anymore. In this respect, it would be of interest to couple
the Rarita-Schwinger goldstino to other matter and gauge fields such as (super)gravity
and Hypergravity with spin-2 and spin-5/2 gauge fields and to study the properties of
these models.

Another interesting problem is to consider a four-dimensional Rarita-Schwinger gold-
stino model associated with the following algebra:

{Q2, Q% =2 (T5To)ap Py (o,B=1,...,4), (a,b,...=0,1,2,3), (5.3)

to figure out whether also in this case the non-linear Lagrangian is related to the free Rarita-
Schwinger Lagrangian upon a non-linear field redefinition and see whether the non-linearly
realized symmetry (5.3) may fit into the formulation of N = 1, D = 4 supergravity as a
non-linear realization of two complex finite-dimensional supergroups considered in [64-66].

One can also look at the generalizations of the construction considered in this paper
for studying higher-spin Goldstone models.
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A Useful identities
Identities involving Levi-Civita tensors

(Z).77k7l)6{172}7 (a7b7cadveaf)€{07]-72}

ele, = 5%,

eVe = 26, 6) = 0. 8] — 81 5],
e eapa = — 20,
e g0 = — 2 6f’d g]

eegey = — 3167, 62 6%

Charge conjugation matrix identities and rules for raising-lowering spinor indices
-1
Caﬁ = Cgo = —Cag,
Xa = Ca,B Xﬁ > Xﬁ = Caﬁ Xa-
I-matrix identities
{Fa 71‘\[)} — 2 77ab7
T Fb ¢ = EaLbc + nab e+ 7,’bc e — nac Fb
rerd = g%er, 4 no, Eape [T = —2T...
The determinant of a 3 x 3 matrix E? = 2 + M2,

1
det B = det(1+ M) = 1+Tr M + 5 [(Tr M)? — Tr(M?)]

+% [(Te M)* = 3Te M Tr(M?) + 2 Te(M?)]

(A.1)
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