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In this paper, we first show that for classical rational investors with
correct beliefs and constant absolute or constant relative risk aversion,
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of whether the investors can continuously trade the risk-free asset and
the market portfolio at no costs or whether they can just buy the as-
sets and hold them to maturity of the structured product. However,
when considering behavioral utility functions, such as prospect theory,
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2 1 INTRODUCTION

1 Introduction

Structured investment products, also known as equity- or index-linked notes,
are financial derivatives, the payoff of which at maturity depends on one
or more standard assets (mostly stocks or stock indices). Most of these
products are issued by banks and are targeted to retail investors, which can
be observed from the way they are marketed. Structured products have
gained substantial popularity in recent years with retail investors in the US,
but even more so in Europe and East Asia. The market capitalization of
the Swiss market alone is more than 200 billion Euros. In some countries
(such as Germany and Switzerland), approximately 6% of all financial assets
are held in structured products (Rieger 2009). Considering the huge variety
of structured products ( see e.g. the Swiss Derivatives Map), nearly every
possible payoff diagram exists in the market.

For example, barrier reverse convertibles are very popular products® that
offer a coupon much higher than the risk-free rate, and they pay back the
initial investment, unless at some point before maturity the underlying hits
a barrier, i.e., depreciates more than the pre-specified value. If a barrier is
hit, the holder of the product obtains a share of the underlying at maturity,
instead of his or her originally invested capital. The payoff of a barrier
reverse convertible is path dependent. Hence, for the same value of the
underlying at maturity, the structured product delivers payoffs that depend

on the path that the underlying took to that value.

The general motivation of our study was to determine why the demand for
various types of structured products is so high. To answer to this question,

we first investigate whether, from a rational perspective, structured products

2

make sense®. Instead of evaluating specific structured products from the

'Their market share in the US was 18.37% (in 2006), and it was as high as 30.5% in

Switzerland (in 2007).
2 As is well know from (Merton 1971) in an ideal world with normally distributed returns



long list of existing structured products, we take an indirect approach. We
compute the optimal structured product for a class of utility functions and
then assess whether, in this best possible case, there is a significant utility
increase. If this is not the case, we can conclude that none of the existing
structured products benefits the customers. More precisely, we calculate
the utility gain (in terms of certainty equivalents) of structured products for
expected utility maximizers with correct beliefs. We call beliefs “correct” if

they coincide with the market returns.

Our main finding is that the utility increase of the best possible structured
product, over and above a simple portfolio consisting of risk-free assets and
the market portfolio, is only 5 to 10 basis points, bp, and thus rather small
— too little compared with the usual margins (100 - 200 bp) paid on struc-
tured products - not to mention a compensation for the counterparty risk
that the buyer of a structured product takes. It thus seems like one needs
to look beyond standard finance assumptions to explain the popularity of
structure products. To shed light on this issue, we model investors as maxi-
mizing prospect theory type utility functions and we also analyze the effect
of incorrect beliefs on the demand for structured products. We show that
for behavioral investors maximizing prospect theory utility, the gains from
structured products can be sizable because prospect theory investors are
loss averse and prefer to take risks rather than being certain to lose. Addi-
tionally, structured products might be the optimal choice for investors with

incorrect beliefs, e.g., when they are overconfident.

Previous academic research on structured products has nearly exclusively

focused on the issuer’s perspective, mostly within the context of option

and no transaction cost structured products are not needed since continuously trading the
market portfolio and the risk-free asset would be sufficient to achieve the highest utility
of an investor with constant relative risk aversion and correct beliefs. We generalize these
findings to any return distribution and to less frequent trading. The latter allows the

application to retail investors that cannot trade continously



4 1 INTRODUCTION

pricing and hedging. Elaborate pricing techniques have been developed
for increasingly complicated structured products. In addition to this enor-
mous technical literature, several interesting empirical studies have recently
been published on the actual market prices of structured products in the
US (Benet, et al. 2006) and in Europe (Wilkens, et al. 2003, Griinbichler
& Wohlwend 2005, Stoimenov & Wilkens 2005, Szymanowska, et al. 2007,
Wilkens & Stoimenov 2007, Wallmeier & Diethelm 2008) . However, no com-
prehensive studies have yet attempted to understand which types of struc-
tured products are attractive for private investors and for what motives,
although this topic has recently drawn much attention from a number of
papers addressing specific puzzles in this field: Henderson & Pearson (2007)
studied empirical differences in popular payoff diagrams between structured
products with single stocks and stock market indices as underlying assets.
Branger & Breuer (2007) and Breuer & Perst (2007) computed the poten-
tial utility gain for CRRA investors for a number of structured products
on the German market. Bernard, et al. (2007) studied the characteristics
of optimal capital-protected products for various investor preferences. In a
recent study, Henderson & Pearson (2011) analyzed a specific class of prod-
ucts (so-called SPARQs) offered on the US market®. They concluded that
“issuing firms ... introduce complexity to exploit uninformed investors” —
a conclusion that fits very well into our broader picture. The mispricing of
SPARQs (the difference between the issuing price and the theoretical mar-

ket value) was so large that their expected return was lower than that of a

3SPARQ is the acronym for Stock Participation Accreting Redemption Quarterly-pay
Securities. These are securities issued that mimic the payoff of a stock but carry the

counterparty risk of the investment bank issuing the SPARQ.



fixed-interest investment*! Shefrin & Statman (1993) and Shefrin & Stat-
man (2000) analyzed some specific structured products from a behavioral
perspective: covered calls, premium bonds, lottery bonds and LYONS (a
combination of bonds and calls). Moreover, Shefrin (2008) provides good
intuition, based on attractive examples, on which structured products are
optimal for SP/A decision makers®. Thus, the literature contains many in-
teresting results on structured products, but no systematic comparisons of
the usefulness of structured products for utility maximizers can be found.

We hope that our systematic optimization approach will introduce more
structure into the debate. Our paper is organized as follows. In the next
section, we summarize the canonical two-period model for structured prod-
ucts that we will use throughout this paper. In Section 3, we analyze struc-
tured products from a rational investor’s perspective (using von Neumann-
Morgenstern utilities with correct beliefs), while in Section 4, we extend our
analysis to behavioral utility maximization in the sense of prospect theory

and to incorrect beliefs. Section 5 concludes the paper.

2 A utility maximization model for structured

products

In this section, we introduce a canonical two-period utility maximization
model for structured products. The choice of a two-period model means
that investors buy structured products with the intention to hold them un-

til maturity. This is indeed typically the case for structured investment

4Note, however, that simple structured products in Germany or Switzerland are mis-
priced by less than 1%, and thus their expected return is still greater than the fixed inter-
est rate (compare the above-mentioned studies on mispricing, e.g., Wilkens & Stoimenov

(2007).)
®SP/A theory goes back to Lopes (1987) and Lopes & Oden (1999). It can be considered

a generalization of the safety first principle of Roy (1952), allowing for probability weights

as, e.g. prospect theory does.



6 2 UTILITY MAXIMIZATION MODEL

products. Our model follows closely the standard framework that can be
found, e.g., in studies by Duffie (2001) or Leland (1980). We assume that
the market is complete for product designers, i.e., the bank®, and that in-
vestors are “price-takers”, i.e., they do not influence prices by themselves (or
as groups of identical investors). We also assume that the investor does not
hold assets other than the structured product. Of course, if the structured
product were considered to be an addition on top of a portfolio of other
assets, then its use would be derived in connection with the other assets
returns, in the same way that a put option on a stock market index is useful
to protect a portfolio of individual stocks temporarily. However, none of the
advertisements of structured products indicates this use. They are really

considered standalone investments that are separate from other assets.

The investor’s preferences are described by a utility function u: R — R.
Given our application, we can assume that the payoff of the products is
bounded below by zero, i.e., we cannot lose more money than we have in-
vested. This limitation will ensure that the set on which we maximize is
compact. Moreover, we assume standard technical conditions on u, e.g.,
that v is continuous. The market return is described by a probability mea-
surement, p. The case in which the investor’s beliefs differ from the market
belief or the true probabilities is discussed in Section 4.2. The payoff of the
structured product can be modeled as a function y: R — R.” We assume

here for simplicity that the product’s return depends solely on the market

5Note that the investors are not sufficiently knowledgeable to compose structured prod-
ucts by themselves, nor would it be feasible at all for them to do so, because dynamic
hedging is often required for their construction. This is why the bank can earn a margin

by selling the structured product and hedging it on the market.
"Given the complexity of many structured investment products on the market, one

might wonder why we can assume that the structured product in the above model is a
function of the market return at maturity; barriers are, e.g., not included into this category.
In the two-period model this is, however, not a problem because, as Rieger (2011) has

shown, optimal products must be functions of the underlying.



index. There are, in fact, many structured products on single stocks or bas-
kets of stocks, but the theoretical model needed to study them would be

rather similar. Thus, an investor wants to maximize

Uly) = /R u(y(x)) dp(x) (1)

over all y € L}p(R), i.e. over all functions measurable with respect to £p,
where / is the likelihood ratio and x is the state space variable. A standard

budget constraint leads to the side constraint

/R y(2)0(x)dp(x) = R. (2)

We assume for the moment that £ is given by the capital asset pricing model,
CAPM,: {(x) = a — bx, with a = 1 + by and b = (u — R)/o?, where p and
o? are the mean and variance of the market portfolio, respectively, x is its
payoff and R is the payoff of the risk-free asset. We assume, if not other-
wise specified, that = 1.09 (i.e., an average stock market return of 9%),
o = 0.20, and R = 1.04 (i.e., a risk-free rate of 4%). In this case, state
prices in the CAPM are positive up to a return of approximately +100%.8
For our considerations, however, it is usually sufficient to assume ¢ to be

continuous and decreasing (e.g., in the case of Black-Scholes)?.

Choosing
the CAPM as the pricing model for an investor with preferences other than
mean-variance is, of course, not at odds with the CAPM market pricing
assumptions because we study an individual decision problem and not mar-
ket equilibrium. We mention that even if we were to close the model and
needed to derive asset prices as well, the validity of the CAPM would not

be in contradiction to violations of the two-fund separation property. For

example, heterogeneous beliefs or uncorrelated optimization mistakes give

8Negative state prices might arise in the CAPM because of the famous mean-variance

paradox; see Jarrow & Madan (1997) for details.
9In consumption-based models, £ is a decreasing function of the market return as a

direct consequence of decreasing marginal utility of wealth.



8 3 RATIONAL REASONS FOR STRUCTURED PRODUCTS

rise to heterogeneous portfolios, while at the market level, the security mar-
ket line property of the CAPM can still hold (Bossaert 2002, Chiarella,
et al. 2007, Gerber & Hens 2006).

3 Rational reasons for structured products

Let us assume that the investor has rational preferences and correct beliefs,
i.e., he or she follows the expected utility approach by von Neumann &
Morgenstern (1944). Let us also assume for the moment that its utility
function, w, is continuously differentiable, strictly increasing and strictly
concave. This case has been studied previously (Leland 1980, Pliska 1984,
Kramkov & Schachermayer 1999, Carr & Madan 2001). A straightforward

variational approach leads to the optimality condition

y(z) = v~ (M(2)), (3)

where v := «/ and ) is a Lagrange parameter that must be chosen such

that (2) holds.

We study two prominent examples of specific utility functions, in which the
payoff function of the optimal structured product can be given explicitly. In
both examples, we first derive the shape of the optimal structured product.
We see that optimal structured products deliver a payoff structure that is
different from that of classical portfolios (including only the market portfolio
and a risk-free asset). The effort of computing such an optimally structured
product and hedging it can, in practice, not be neglected; therefore, the
natural question arises of whether it is worth the effort. How large is the
potential utility improvement?9

To answer this question, we then compute the expected utility of an opti-

mally structured product and the expected utility of the optimal mix be-

Branger & Breuer (2007) considered a similar question for a selection of typically

structured products.



tween the market portfolio and the risk-free asset. We translate both values
into certainty equivalent interest rates, i.e., the (hypothetical) risk-free asset
that would have the same expected utility as the product. We then consider
the difference between both certainty rates and compare it with the gain in
certainty rates that can be achieved by a classical portfolio over a risk-free
investment.

This analysis shows how good the “second-order approximation” (the clas-
sical two-fund portfolio) is, compared to the “higher-order approximation”
(the optimally structured product). In this way, we want to answer a couple
of questions of practical relevance: is the first (classical) step of improve-
ment significant and the second step (caused by the structured product)
negligible? Or are they equally important? Under what circumstances is
the additional potential improvement of structured products particularly

large?

Power utility

Let us first consider the power utility function u(xz) = x®/a. The power
utility function is one of the standard workhorse models in finance. It has
many attractive properties, such as a constant relative risk aversion so that
as, for example, the percentage allocation of wealth among risky assets keeps
constant when wealth changes (Gollier 2004), e.g., due to fluctuations of the
returns. Additionally, strong aggregation results can be derived if the agents
share the same degree of risk aversion (Rubinstein 1974). We first derive
the shape of the payoff function of optimal structured products in the case
1

of power utility. Let u(z) := =2® with a < 1, @ # 0. Then the optimal

T o
structured product is given by

y(r) = % (4)
l(x) T«

where ¢ is the likelihood ratio, x is the state space variable and C is a

positive constant, as shown by the computation in the appendix. Obtaining
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precise intuition for this formula is more difficult. It is, however, plausible
that an increase in the likelihood ratio of a state leads to a decrease of the
payoff y, as would be expected: an optimal product yields lower payoffs in
“expensive” states than in “cheap” states. The precise relation is influenced
by the degree of risk aversion. If the risk aversion is high (i.e., « — —00),
y becomes nearly constant (risk-free investment). In the risk-neutral limit
(i.e., « = 1), y becomes very steep. We can also see from this formula that
if the likelihood ratio ¢(z) is affine in = (which is the case in CAPM), the

structured product is an increasing and convex function of the underlying.

Payoff Payoff functions of structured product and underlying
15
1.4+
0.5
1.3

1.2

1.1

0.9

0.8

0.7 . L L ‘ ! ! Payoff of
0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5 Underlying

Figure 1: Optimally structured product for CRRA-investors with a =
—4,-2.5,—-1,0.5.

The optimally structured products for expected utility investors with this

utility function on a CAPM market!! are shown in Fig. 1, for some values

HHere and in the following examples, we suppose, if not stated differently, R = 1.04,
o =0.2 and p = 1.09. These values are typical values for non-crisis times. Our following

observations are quite robust to changes in these parameters, as we will see below.
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of a. In the past, values of a of approximately —2 or —3 have been pro-
posed based on empirical evidence. a = 1 would correspond to risk-neutral

behavior.

We see that the optimal payoff function of the product is strictly convex.
It features “smooth” capital protection and an increasing participation in
gains. For low risk aversion, the slope of the optimal payoff profile becomes
(partially) larger than one (its Delta at the money is larger than one), which
can be understood as short-selling in the risk-free asset. As long as the
bankruptcy constraint (y > 0) is satisfied, there is nevertheless no theoretical
reason that an investor could not buy such a product. Combining the risk-
free asset with the market portfolio in a buy and hold way would generate
a linear payoff. However, as can be seen from Figure 1 the deviation from
linearity is not large. So looking at the payoff diagram one might already
conjecture that the utility gain is not high.

Next, we compute the utility gain relative to a classical portfolio composed
of the risk-free asset and the market portfolio. To compute the optimal
classical portfolio, we compute the utility of all portfolios with a proportion
of 6 invested in the market portfolio and (1 —6) invested into risk-free assets,
where 6 € {0,0.01,...,0.99,1}.12 Then, we choose the 6 yielding the largest

expected utility.
The results of this computation are summarized in Table 1.

We see that the optimally structured product gives an improvement, but

it is not as large as the “first step”, i.e., the improvement induced by the

12Negative values of 8 would correspond to a short-selling of the market portfolio, while
0 > 1 would correspond to taking a loan to have leverage on the stock market investment.
Both cases would obviously violate the bankruptcy constraint; thus, we do not consider
them here. For nearly risk-neutral investors, the optimally structured product would
include states with negative return, thus essentially enabling the investor to short-sell.
This is the only reason why the optimally structured product seems to be beneficial to

investors with very low risk aversion.
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Table 1: Utility comparison for an investor with a classical CRRA utility

with a = —2.
Investment Certainty equivalent
Fixed interest (4%) 4.00%
Market portfolio (optimal classical) 5.09%
Optimal structured product 5.16%
CE Utility as a function of risk aversion (CRRA investor)
115 T T T T
Optimal SP
11} i
/
= Optimal
two-fund
1.05 | ) i — -
Fixed interest
WL i
Stock market
0.95 -
0.9 ‘ ‘ ‘ ‘ ‘ a
-5 -4 -3 -2 -1 0 1

Figure 2: Utility for CRRA varying between a = —5 and o = 1 (as measured
by the certainty equivalent interest rate) of stock, risk-free asset (4% return),
optimal two-fund portfolio and optimal structured product. The utility gain

by the structured product is small.
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classical mean-variance portfolio theory. The improvement over the classical
portfolio is only seven basis points. The smallness of this improvement is
not due to a specific choice of a. Very much to the contrary, Fig. 2, Fig. 3
and Fig. 4 show that the improvement is in fact small for a wide range of

choices for risk aversion «, volatility o and interest r.

CE Utility as a function of volatility (CRRA investor)
1.05F B
Optimal SP
1.045 |- Optimal |
two-fund
1.04
Fixed interest

1.035 | B

1.03 | B

1.025

1.02

1.015
Stock market

1.01

1.005

0.2 0.3 0.4 0.5 0.6 0.7 0.8

Figure 3: Utility for CRRA of @ = —2 (as measured by the certainty equiv-
alent interest rate) of stock, risk-free asset (4% return), optimal two-fund
portfolio and optimal structured product when the volatility of the risky

asset varies. The utility gain by the structured product is small.

Exponential utility

Exponential utility is another workhorse in finance because it shares prop-
erties similar to those of the power utility. In this case, however, the ab-
solute risk aversion is constant, and the number of risky assets in the asset

allocation does not fluctuate with wealth (Gollier 2004). Additionally, it
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CE Utility as a function of interest (CRRA investor)
1.14 T T T
112+ R
1.1+
1.08
. Optimal
Optimal SP two-fund
1.06 B

Fixed interest
1.04

102k Stock market |

0 0.02 0.04 0.06 0.08 0.1

Figure 4: Utility for CRRA of @ = —2 (as measured by the certainty equiv-
alent interest rate) of stock, risk-free asset (4% return), optimal two-fund
portfolio and optimal structured product when the risk-free rate varies. The

utility gain by the structured product is small.
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allows for good aggregation results (Rubinstein 1974). In the case of expo-
nential utility, the shape of the payoff diagram is derived as follows. Let
u(z) := —Le=2® Then, the optimally structured product in the CAPM

y(@) = R — é (In(a — bz) — C), (5)

where C'is a positive constant (see appendix). Again, y is an increasing and
strictly convex function of x (in the CAPM case). As in the case of CRRA,
we now compute the utility gain relative to a classical portfolio composed

of the risk-free-asset and the market portfolio.

Table 2: Utility comparison for an investor with a classical CARA utility
with a = 10 (a typical choice for a CARA utility).

Investment Certainty equivalent
Fixed interest (4%) 4.00%
Optimal classical portfolio 4.31%
Optimal structured product 4.32%

Here the improvement is again very small (only 0.012%). This does not
come as a big surprise, as the optimal structured product is close to linear,
as our numerical computations show. The result is very similar if we vary
the absolute risk aversion.

We have seen that for CRRA and CARA investors with correct beliefs on a
CAPM market, the utility improvement that structured products can max-
imally provide is far too small to make them attractive. Replacing CAPM
with Black-Scholes as the pricing model in the numerical computation does
not change the picture either, which is not very surprising because this
replacement would not change that the optimal payoff function does not

deviate much from a straight line.
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From (Merton 1971) it is well known that our result needs to hold if the
rational investor could continuously trade the risk-free asset and the market
portfolio in a market with normally distributed returns and no transaction
costs. However, our two period model may also describe a situation in which
investors buy assets in the first period and hold them to the second period
(maturity of the structured product). In contrast to the continuous time
model, in this case introducing small transaction costs will not destroy the
result. Moreover, the result we obtain does not require normally distributed

returns.

Summing up, we conclude that the improvements of structured products for
classical rational investors with correct beliefs are somewhere between tiny
and small and are definitely less than the typical costs (which can be in
the order of 1% or more even in competitive markets, such as Germany or

Switzerland)!3.

This finding might be the reason why the optimally structured product for
expected utility maximizers is not offered on the market. The utility gain
over a simple portfolio, consisting of a risk-free asset and a market index
(which leads to a linear payoff as a function of the underlying), is tiny,
while the replication costs might be high for the optimal product, which is
strictly convex. Structured products — much ado about nothing? We need
to look for alternative models that can explain the demand for structured
investment products. In the following section, we therefore discuss poten-
tial behavioral reasons that can explain investors’ decisions to invest into

structured products.

30One might wonder whether rational investors buy structured products to improve an
existing portfolio of assets. This is however not logical since — as we have shown, rational
investors do not need to hold portfolios other than the risk-free asset and the market
portfolio to obtain the highest possible utility. That is to say holding a portfolio (different
to the risk-free asset and the market portfolio) so that a structured product makes sense

is an unecessarily complicated construction for a rational investor.



17

4 Behavioral reasons for structured products

In many areas of finance, it has been very fruitful to abandon the assumption
of complete rationality and to model decision problems based on psycholog-
ical findings. Indeed, this type of research has become its own sub-discipline
in finance, known as behavioral finance. We show that behavioral finance is
also a fruitful route for understanding structured products. While behav-
ioral finance highlights many departures from the rational paradigm, for the
understanding of most structured products, we evoke only a few of those
biases: loss aversion, gambling to avoid sure losses, weighting and misesti-
mation of probabilities and over- and underconfidence. For a recent survey
on behavioral finance reviewing the evidence for and the consequences of

these and other biases see (Barberis & Thaler 2003).

4.1 Loss aversion and risk taking to avoid sure losses

We now study whether behavioral preferences, as in the prospect theory
of Kahneman & Tversky (1979), can better explain the demand for struc-
tured products. In prospect theory, the utility u depends on a reference
point (e.g., the current wealth level): it is steeper for losses than for gains
(loss aversion), and it is concave for gains and strictly convex for small
losses (gambling to avoid sure losses). Tversky & Kahneman (1992) have
suggested to model these features by the followuing piecewise power value

function:

~\—z)#, forz <0,
u(zx) == (6)
%, for x > 0.
If not stated otherwise, we assume the parameter values that Kahneman &
Tversky (1979) found in their emprical study: o = 5 = 0.88 and \ = 2.25.

What optimally structured product could such a model describe for an in-

vestor? Because u is, in this case, not strictly concave, we cannot apply
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the aforementioned results (Pliska 1984, Kramkov & Schachermayer 1999).
However, using the results in Rieger (2012), we can replace u with its con-
cavification, i.e., the smallest concave function larger or equal to u, and
then follow the same computations as before. The only difficulty is that the
inverse of the derivative is not everywhere defined because the derivative of
the concavification can be constant. This, however, simply corresponds to a
jump in the inverse y, as observed using an approximation argument. With
this concavification, we can compute optimally structured products also for

non-concave utility functions, e.g., in the case of prospect theory.

We can think here of an investor who is (like most investors) averse to losses
but who does not distinguish much between small and large losses. This
lack of distinction leads to risk-seeking behavior in losses. Depending on the
amount of loss-aversion, A as a smaller or larger amount of capital protection

becomes optimal.

Figure 5 shows the optimal solution in this case for various values of loss-
aversion. We see from this figure that the optimally structured product for
a prospect theory utility function offers capital protection up to a certain
size of losses, and it delivers a more than proportional participation in high
gains.

Similar payoff structures indeed exist in the market for structured products

(compare, e.g., outperformance bonus certificates).

When we consider a prospect theory investor (without probability weighting)
with a utility function, as in Tversky & Kahneman (1992) with o = 8 =
0.88, his or her utility improvement for various levels of loss aversion A is
considerable; see Fig. 6. Keeping loss aversion constant as 2.25, but varying
the level of risk taking in losses, denoted by [, does not lead to substantial
utility gains (see Fig. 7).

A closer looks shows that the utility gain becomes, in particular, substantial

for low loss aversion. This finding is, at first glance, surprising, but it can
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Payoff Optimal products for PT-investors with varying loss aversion
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Figure 5: Optimal structured products for investors with a piecewise power

prospect theory utility with o = 8 = 0.88 and A\ = 1.5,2,2.5, 3.
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CE Utility as a function loss aversion (PT investor)
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Figure 6: Prospect utility (as measured by the certainty equivalent interest
rate) of stock, risk-free assets (4% return), optimal two-fund portfolios and
optimally structured products. We have varied the loss aversion A of the

investor, while a = § = 0.88 were fixed.
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CE Utility as a function 8 (PT investor)
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Figure 7: Prospect utility (as measured by the certainty equivalent interest
rate) of stock, risk-free assets (4% return), optimal two-fund portfolios and
optimally structured products. We have varied the degree of risk seeking in

losses beta of the investor, while o = 0.88 and \ = 2.25 were fixed.
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be explained by the impact of the risk seeking behavior in losses. A high
degree of loss aversion mitigates this effect (as the gambles corresponding
to the return distribution of the structured products are not pure loss gam-
bles), while in the loss-neutral case, this risk-seeking behavior substantially
increases the utility gain by a jump in the payoff function. The overall util-
ity gain is, in our example, equivalent to around 1% gain in returns for a
normal loss aversion of approximately 2. This gain is comparable and even
sometimes larger than typical implicit fees for simple types of structured

products.

Thus, loss aversion and (even more so) gambling to avoid sure losses are
motives that cannot be served well by a standard portfolio composed of
the risk-free rate and the underlying. Here structured products can be an

attractive alternative.

4.2 Incorrect beliefs

We might also consider factors other than simply risk preferences. One such
factor is that agents do not apply market beliefs in their optimization. This
may be the case because agents have different opinions than the market,
i.e. they believe they are better than the market in anticipating the future
asset returns. In a simple model one can compare the agents beliefs about
the mean return and the variance of returns of the market. If an agent
beliefs the market is more likely going up than is reflected in the market
prices, we say he is optimistic (and in the opposite case pessimistic). If an
agent‘s estimation of market volatility is smaller than that of the market
we say he is overconfident in his expectations. A different case in which
agents do not apply market beliefs in their optimization arises when they
agree to the probabilities of market returns but react in a biased way to

those probabilities. In particular, Kahneman & Tversky (1979) found that
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individual decision makers overweigh small probabilities in their decisions'?.

Unlikely but still possible events get larger decision weight than their prob-
ability reflects. As an effect agents which have a strong degree of probabilty
weighting believe that the market volatility is higher than reflected in the
market prices (see Example 2).

In order to analyze incorrect beliefs we have to change our model. Fortu-
nately, doing so turns out to be easy: let us denote the probability applied

by the investor!® by p; then, his optimization problem becomes

Maximize U(y) = /R w(y())p(x) dz, (7)

in L}p(R) subject to

/ y(2)(x)p(x) dz = R. (8)
R

Defining w(z) := p(z)/p(z) and f(z) := w(x)l(z), we can transform this

problem to

Maximize U(y) 1= /R w(y(@))p(z) da, )

subject to

/R y(@)l(2)(x) do = R. (10)

This new problem can now be solved in the same way as before. The follow-
ing two examples illustrate the optimally structured product and its utility

gain over the classical portfolio for the case of incorrect beliefs.

Example 1 (Optimism and pessimism). Let p and p be normal distribu-

tions. Then an optimistic investor chooses an outperformance product, i.e.

1Pprobability weighting can explain why people participate in the national lottery even
though they know that the probability of winning is too small tojustify the cost of the

lottery ticket.
5 Tversky & Kahneman (1992) introduce a probability weighting function w : [0, 1] —

[0,1]. In this case the incorrect beliefs applied in the utility maximization are p = w(p) .
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a structured product that increases more than the market while a pessimistic
investor chooses a bear tracker, i.e. a produc that gains when the market

loses.

Example 2 (Over- and underconfidence). Let p and p be normal distribu-
tions. We say an investor is over- (under-) confident if he or she has a too
narrow (wide) probability estimate, i.e., varp > var p, but E(p) = E(p). The
(subjective) utility gain (again measured in fixed-interest certainty equiva-
lent units) can easily reach several percentage points, as illustrated in Ta-
ble 3, in which the mean is now estimated correctly, but the variance is
misestimated. If the volatility is 20%, but it is estimated by the investor as
25%, then structured products allow for an improvement of the subjective
utility by 2.05%.'¢ Similarly, if the volatility is estimated as 15%, the sub-
jective utility gain is 2.44%, so both under- and overconfidence can make

structured products look attractive.

Table 3: Improvement by a structured product for CRRA investors with

incorrect beliefs, compared to classical portfolios.

Improvement over

Investor type classical portfolio
Pessimist (expected return 9% below market return) 1.1%
Underconfident (expected volatility 5% above market volatility) 2.05%
Overconfident (expected volatility 5% below market volatility) 2.44%

In summary, the explanations of the high demand for structured invest-
ment products based on behavioral preferences and biases, such as incorrect

beliefs, are the most convincing.

16This case resembles the situation of probability overweighting, as mentioned above.
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5 Conclusion and outlook

In this paper, we have discussed whether it is possible to explain the demand
for structured investment products in a utility maximization framework.
The answer we have found is two-fold. There is no evidence that the classical
von Neumann-Morgenstern expected utility with correct beliefs can explain
this demand. However, for prospect theory utilities with loss aversion and
risk taking to avoid sure losses or for non-rational beliefs, some structured
products can be considered utility-optimizing. To be precise, the utility

improvements delivered by optimally structured products:
e are almost zero for expected utility with correct beliefs;

e can be substantial and higher than typical fees for prospect theory

investors with correct beliefs; and

e can be substantial and higher than typical fees for investors with in-

correct beliefs.

This is a rather pessimistic view of structured products, which after all are
an important industry in many countries. Before giving policy advice based
on our results, we suggest also looking into other possible reasons for the
existence of structured products.

One possible route for further research is analyzing structured products in
a portfolio context. Perhaps some structured products make sense in a
portfolio model with several mental accounts. If the other needs of the
investor are met in a different mental account, a structured product could
serve specific needs that are not captured by an all-encompassing utility
maximization in a single mental account. Some attractive examples in this
respect can be found in Shefrin & Statman (2000). The other route is
to look into decision models, other than prospect theory, that depart more

substantially from expected utility. Examples are the rank dependent utility
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model of Quiggin (1993) and the SP/A decision model introduced by Lopes
(1987) and Lopes & Oden (1999). Indeed, the paper of Polkovnichenko
(2005) demonstrates interesting differences in the asset allocation of rank
dependent utilities, expected utility and cumulative prospect theory. The
implications of these differences for structured products are worth exploiting.
Moreover, the examples of Shefrin (2008) and in Shefrin & Statman (2000)
for structured products in a SP/A framework is very promising for a general

utility maximization analysis of structured products based on SP/A theory.
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A Mathematical proofs

A.1 Computation of the optimal Structure Product for CRRA

utility.

Let u(z) := 1z with a < 1, a # 0, then v(z) := u/(z) = 2* ! and

@
1
v™1(z) = za=1. Therefore, recalling (3), the optimal structured product is

given by

y(@) = (M(x)) 7= (11)

We can compute A explicitly, if we use the constraint (2):

‘ﬂMmrﬁwwmmm—R, (12)

which can be resolved to

a—1
A= A . (13)
(N(rv)“p(w) dw)
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All together, we obtain

y(x) = Ll, where C' := j . (14)
Ua)Ts J (@)= p(w) da
In the case of the CAPM, we obtain
C
y(@) = ————. (15)
(a — bx)T-=

A.2 Computation of the optimally structured product in the
CARA case

Let u(z) := —Le72%. Then, v(z) := v/(z) = e™* and v !(z) = —1Inz.

Thus,

y(x) = —éln(/\ﬁ(x)). (16)

Again, we can compute A explicitly, if we use 2, i.e.,

/y(x)ﬁ(a:)p(a:) dr = R. (17)

The left hand side can be computed as follows:

[vt@pa e = -2 [mO@)pe) d

= =2 [y + me)pe) dr
_ _é In(\) — i / In(¢(x))p(z)t(z) de.  (18)
Thus, we obtain
A\ = efaRffp(x)Z(z) In(¢(z) dz (19)

The optimally structured product is therefore given by

y(x) = R — é (lnﬁ(m) — /p(:c)€(x) In(4(x)) dm) . (20)
And in the case of the CAPM, we obtain
y(z) = R — é (In(a — bx) — O, (21)

where C := [ p(z)(a — bz)In(a — bx) dz.





