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CANARD SOLUTIONS AT NON-GENERIC TURNING POINTS

PETER DE MAESSCHALCK AND FREDDY DUMORTIER

ABSTRACT. This paper deals with singular perturbation problems for vector
fields on 2-dimensional manifolds. “Canard solutions” are solutions that, start-
ing near an attracting normally hyperbolic branch of the singular curve, cross
a “turning point” and follow for a while a normally repelling branch of the sin-
gular curve. Following the geometric ideas developed by Dumortier and Rous-
sarie in 1996 for the study of canard solutions near a generic turning point, we
study canard solutions near non-generic turning points. Characterization of
manifolds of canard solutions is given in terms of boundary conditions, their
regularity properties are studied and the relation is described with the more
traditional asymptotic approach. It reveals that interesting information on
canard solutions can be obtained even in cases where an asymptotic approach
fails to work. Since the manifolds of canard solutions occur as intersection
of center manifolds defined along respectively the attracting and the repelling
branch of the singular curve, we also study their contact and its relation to
the “control curve”.

1. INTRODUCTION

Consider a singularly perturbed vector field on a 2-dimensional manifold, de-
pending on a small parameter €. A typical question is to what extent solutions
of the perturbed vector field remain “comparable” to solutions of the unperturbed
vector field (¢ = 0). Geometrically speaking, the question can be formulated in
terms of the persistence of invariant manifolds under perturbation. It becomes
interesting if the unperturbed vector field has a curve of singularities (a “critical
curve”) that disappears after perturbation. The dynamics of the phase portrait
can then be decomposed in a slow and a fast part. The fast dynamics are governed
by the attraction towards (or repulsion away from) the critical curve in the unper-
turbed vector field. The slow dynamics appear because the curve of singularities
perturbs, so near this curve a slow drift along it is observed. Both laws play a role
for orbits of points that lie very close to the critical curve, and both will compete
for dominance. The geometric theory of Fenichel states that orbits of perturbed
vector fields follow pieces of slow dynamics for some time and then revert to pieces
of the fast dynamics for some time, or vice versa, depending on whether the normal
hyperbolicity is repelling or attracting at the moment of reversion. Fenichel’s theo-
rem is valid under certain generic conditions (of which the most notable one is the
normal hyperbolicity along the curve of singularities). Apparently, in points where
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2292 PETER DE MAESSCHALCK AND FREDDY DUMORTIER

normal hyperbolicity is lost, the dynamics can be more complicated. This is be-
cause attraction can change into repulsion on crossing such “contact points”. The
competition between slow and fast dynamics is thus most apparent in points like
these. One might expect that in situations where orbits follow the slow movement,
the orbits will revert to orbits following fast dynamics immediately after crossing a
contact point, because of the repulsive behaviour after this point. On the contrary,
sometimes the orbits will keep on following the critical curve for some time, before
the exchange of dominance occurs. Contact points with that property could be
called “turning points” to make a distinction with the more common “jump point”
which one encounters in relaxation oscillations.

When the family of vector fields has other parameters, we can try—under rather
general conditions—to give a regular condition on € and on the other parame-
ters so that the exchange of stability occurs at exactly the manifold in parameter
space given by the condition. This process will create what is commonly known
as “overstable solutions”, or “canard solutions”. In the literature, a clear distinc-
tion is made between these two names: the term overstable solution is used in
the complex setting, whereas real solutions are referred to as canard solutions.
In the literature, several successful methods have been brought forward to handle
the existence of both overstable solutions and canard solutions. We mention the
technique of matching inner and outer solutions (Eckhaus, Mishchenko, Kolesov,
Rozov, ...), non-standard analysis (Diener et al.) and also complex analytic tech-
niques (Sibuya, Schéifke, Ramis, Canalis-Durand and many others). Lately, serious
progress has been made in applying analytic techniques to singularly perturbed
problems, and a number of the results that are proved in this work have already
been proved using these techniques. But the analytic study does not completely
cover the dynamics on the real axis. We present some examples where real ca-
nard solutions are created, that cannot be complexified to canard solutions in full
complex neighbourhoods (or so-called overstable solutions).

The method we use here is based on the construction of center manifolds and the
use of C* normal forms, as in [DR] and [DR2]. It has also been used by Krupa and
Szmolyan in e.g. [KSI], [KS2], [KS3] and [KS4]. The key element is the family blow
up—a technique of rescaling variables in a geometrical way. Because of this, the
constructed solutions will be smooth in the blow up space. We present conditions
under which a blow down of the center manifolds is possible. We extract some
consequences from it and relate these to treatments of a different nature like the
traditional matching between “inner” (inside the blow up locus) and outer solutions
(in original coordinates) or the resummation.

Our major contribution lies in the generality of our results. Where up to now
the geometric analysis of turning points (like in [DR]) was restricted to the generic
case, we consider here a generalization to non-generic turning points. A specific
class of more degenerate systems is precisely described in Theorem Bl In Theorem
[ we show that our results can be applied to what we could call the generic turning
point. These examples are defined in the plane, but our results apply, as the
description shows, to systems on 2-manifolds. All results are valid for vector fields
of class C", r sufficiently large.

A second part of this text deals with the angle between center manifolds, defined
on different sides of the contact point. In fact, the entire canard phenomenom can
be explained geometrically by looking at how those two different families of center
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manifolds intersect. Orbits following the critical curve in positive time, gathered
in these invariant (center) manifolds, cross the contact point and intersect with
orbits following the critical curve in negative time. Any connection between these
manifolds results in canard solutions, so the intersection is crucial in our study. If
the manifolds intersect transversally, a straightforward adaption of the techniques
in [DR] results in a formula for the angle. We generalize these computations by
providing recursive formulas for calculating the first nonzero higher order angle,
besides describing its relation with the graph of the control curve.

2. FUNDAMENTAL NOTIONS AND STATEMENT OF RESULTS

In this section, we will put some constraints on the vector fields under study.
We have tried to write these constraints as much as possible in a coordinate free
manner. Later, we give important classes of vector fields where these conditions
are met. But before stating precise conditions and results, we quickly review some
relevant notions.

Definition 1. A critical curve of a singularly perturbed family of vector fields X,
on a 2-manifold M is a curve of singularities of the reduced vector field Xy. In this
paper, we will regard the critical curve as a curve in the manifold M x {0} = {¢ = 0}
in a 3-dimensional manifold with boundary M x [0, £o[ for some ¢ > 0. If the vector
field depends on other parameters \ we will still call it—with abuse of language—
the critical curve.

In our study we will also use a special parameter—denoted by a—that will
essentially be a parameter breaking the critical manifold in a regular way. In a
moment we will give a precise definition of it. If M is the plane R?, this would
mean we consider smooth families of vector fields

. x = f(x’ y’€7 a7 )\)7
(1) Xe,a,)w { y = Eg(xvy’87a7/\)
with singular parameter ¢ € RT, and where (a,\) € R x A (A C RP). We could
also work with analytic X 4, and throughout the paper we will try to stress the
analyticity or the lack of analyticity of the results in case of analytic X, 4. We
assume that Xg o, has a curve of singularities . This curve may depend on A,
but we will not keep this dependence in the notation of v. The dependence on A
is not entirely unconditional; obvious bifurcations in the shape of the curve should
be avoided. We in fact ask v = 7y, to be a trivial A-family of simple curves; for a
precise statement we refer to a remark after Assumption 3.

The paper will deal with simple critical curves with a single contact point. By
“simple” we mean that the curve can be obtained as an image of a C*>° embedding
of [0,1). It is “slow” since it comsists of singularities of the vector field under
consideration; < contains a point p, not lying at its endpoint, with the property
that p, divides 7 into two parts y_ and 4 with both yv_ U {p,} and v4 U {p,}
simple critical curves. We orient v in a way that v; comes after yv_. The fact that
P~ is a simple contact point means that X, is normally attracting at all points of
~v_ and normally repelling at all points of .

Assumption 1 (Admissible chart): There exists a (possibly A-dependent)
chart of M in the neighbourhood of p~ so that in this chart the contact point
is the origin (z,y) = (0,0). Writing the vector field in this chart as in (),
the critical curve is given by v = { (z,y) | f(x,y,0,0,\) =0 }. The origin
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divides vy in two pieces y— and vy. Along v\ {(0,0)} we suppose that
both % and g—i are nonzero, and that y_ is a graph over the negative real
x-axis, and vy s a graph over the positive real x-azis.

A chart where these conditions are met is called an admissible chart.

Assumption 2 deals with the possibility of passage near the critical curves. Let us
focus on y_; with respect to the repelling part v, we require analogous properties.

The unperturbed vector field Xy on M is normally attracting at all points of
v_. Let p be a point of v_, and consider the vector field X = Xy + 0% on
M x [0,g0[. Because of the center manifold theorem we can find locally around p
(possibly parameter-dependent) 2-dimensional invariant center manifolds W), that
are at least C. Let us consider such a center manifold. Although actually being a
manifold with boundary in M x [0, g[, let us—by abuse of language—call it a man-
ifold. Essentially, we want the dynamics on the center manifolds to be topologically
equivalent to the dynamics of a model differential equation

(2) e—+0-.
More precisely, we want the existence of a C'! embedding
¢: [0, 1]2 = Wyt (z,8) = ¢(z,¢),
so that
(i) ¢([0,1]?) is a neighbourhood of p inside W);
(i) ¢([0,1] x {0}) C {e = 0};
(iii) @|e=o is orientation-preserving for the standard orientation on the z-axis
and the chosen orientation on .
(iv) ¢ is a topological equivalence between X|w, and the model vector field
@.
To ensure this model behaviour, it suffices to assume

Assumption 2: For any point p of v— Uy, there exists a sufficiently small
neighbourhood V' of p in M x [0, o[ so that in V there are no singularities
for e > 0. Furthermore, inside center manifolds in V, the orientation of
the orbits for € > 0 must be compatible to the orientation on -y.

The compatibility of the orientation of orbits inside center manifolds with the ori-
entation of v means the following: if we take two sections o1 and o9, transversally
cutting ~ in points with parameter values 1 and 7o, 1 < 79 (according to the ori-
entation), then the orbits for £ > 0 will also be oriented from o; to o2. Assumption
2 does not depend on the chosen center manifold inside V.

Note 1. Assumption 2 gives the basis for a possible transition from attracting
to repelling regime. In other situations, where the transition is from repelling to
attracting, repelling to repelling or attracting to attracting regime, canard solutions
are more likely to occur, and the study is easier. Canard solutions occurring from
transitions like these are often called “faux canards”.

Note 2. In some results we will even allow singularities bifurcating out of v_U~v,, for
€ > 0, but we will limit ourselves to results concerning invariant manifolds consisting
of orbits for which, in the vicinity of v_ U ~,, the orientation is compatible with
the orientation of ~.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



CANARD SOLUTIONS AT NON-GENERIC TURNING POINTS 2295

Assumption 3 will be a regularity condition, and will be described in terms of
an “admissible chart” near the contact point. We will assume that after a single
(family) blow up, the vector field will be desingularized in a nice way. Before making
this precise, let us recall what a family blow up is, and what the regularity condition
means.

At first, a blow up map can be thought of as a singular change of coordinates,
like the polar-coordinate mapping

(u,0) — (z,y) = (ucosf,usinb).

Another way to denote this map is (u, (Z,%)) — (uT,uy), where T2 + 7> = 1.
Now, instead of using coordinates on the circle, we can use charts to rectify parts
of the circle. In the above example, near T = 1, we might as well use the coordinate
change (u,9) — (z,y) = (u,uy), with § in a fixed domain. On this new chart,
the point § = +oo corresponds to (Z,y) = (0,£1). In order not to exaggerate in
notation, one often uses the symbol 7 for ¢, and one says to work in the {Z = 1}
chart.

The vector field can be pulled back under the blow up map, and if the origin is
a singularity of the original vector field, then the locus u = 0 will be an invariant
set of the pull-back vector field, often even a set of singularities. In the latter case,
we desingularize the new vector field by dividing out a positive factor u’.

Although desingularization by means of blow up, as the one above, is practical,
it can be made more useful by adapting the exponents to the problem under study.
If instead of the homogeneous blow up we use for example (z,y) = (u*T, uy), with
72 + 7% = 1, or even with 72 + 7* = 1 if advantageous, we sometimes get better
results. This generalization gives us the possibility of assigning weights to all the
variables, and the weights will in practice be chosen in a way to reach the best
desingularization.

An extra possibility when blowing up singularly perturbed differential equations
is to include € in the list of variables, coming to the notion of family blow up.

If we have a 3-dimensional family of vector fields X, » + 0%, and we want to
blow up the origin (x,y,¢) = (0,0,0), then we use:

= uPxT,
= uly,
= u™g,

(3)

(OIS

with (Z,7,8) € S2, and u € RT. The weights p, ¢ and m are chosen differently for
different systems. The best choice can be evident and found without difficulty or
can be based on the use of Newton polyhedra; see e.g. [D].

On the 2-sphere, we have the relation 2 + 72 + &2 = 1, often implying the need
of working in charts.

Suppose we want to look near the critical curve in these new coordinates, hence
in the region € ~ 0. By Assumption 1, in a well-chosen chart, y_ is a graph over
the negative real z-axis, and hence y_ would be visible in the chart

r = —uP,
(4) y = uqy’
e = u"E

This chart is valid for (7,2) small, and is called a phase-directional rescaling
chart, or simply the {T = —1} chart. Notice that the trivial foliation de = 0 is
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FI1GURE 1. Different charts

replaced here by d(u™€) = 0. If the weights are chosen properly, then the preimage
of v_ under the blow up map has a limit for u — 0. We denote this point with P_,
and it is in fact the intersection of v_ with the blow up locus.

Orbits of vector fields in this space will respect the foliation d(u™€) = 0, so as u
decreases, € will increase. Continuing the orbits, we will eventually need to enter a
region where Z is no longer small, and where we can bound |Z| away from 1. This
part is visible in “the chart {¢ = 1}”, commonly known as the family rescaling
chart, and the formulas to work in this chart are:

r = uPz,
(5) y = uly,
e = u™.

This chart is valid for (Z, %) in a bounded set. In this chart, u is clearly the singular
parameter, and we again have a family of vector fields (since du = 0). This is the
traditional chart where “rescaling” is done.

Observe that the § coordinate in (B) is not the same as § in (@), but intuitively
they serve a common purpose, in the sense that they are both a rescaled form of
the same y coordinate. It is of course easy to give formulas for the relation between
the two expressions of 7.

As T gets closer to +1, € gets closer to 0, so we will have to leave the € = 1 chart.
As in the first part, we study this section using the chart:

r = +uP,
(6) y = uly,
e = u"E

Here, the v4 part of the critical curve will be visible, and as before, if the weights
are chosen properly, the preimage of this critical curve will have a well-defined limit
point Py as u — 0.

The whole process can be dependent on the extra parameters A, which we do
not blow up. In the description we also keep a = 0.

We are now ready for stating precise requirements:

Assumption 3 (Regularity condition): After blowing up at (0,0,0) the
(z,y,€)-variables—in an admissible chart—of X. o x, we get the following:
The preimages of v— and v4 in the blow up space (including the end
points of v+ on the blow up locus) are normally hyperbolic. Define Py =
v+ NX, where X is the blow up locus, i.e. the preimage of (z,y,e) = (0,0,0)
under the blow up map.
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Important remark. The regularity condition is restrictive in the following sense:
the blow up weights are chosen independent of A\, hence in order for the blow up
procedure to work for all choices of A, the order of degeneracy of the critical curve
must not depend on A. We have in mind, for example, quadratic contacts where
the second order angle changes:

vy =2+ O(z?), A> N >0,
or contacts of order “2n”, with a fixed n, i.e.,
v:y = A? 4+ O(2*" ), A > A > 0.

Situations where the order of degeneracy of the critical curve undergoes a bifurca-
tion (for example, v: y = Ax% + 2%, where A = 0 is inside the parameter space) will
generally not satisfy Assumption 3. The way to proceed in these situations is to
include X in the family blow up.

The next assumption is the sequel of Assumption 2, but expressed in blow up
coordinates which we will introduce. There must be a way to proceed along the
“corner”. We work in a phase-directional rescaling chart, as in ({@). Choosing a
section {u = ug > 0} means choosing a section in the neighbourhood of the normally
hyperbolic part of the critical curve; whereas choosing a section {¢ = gy > 0} means
choosing a section transversally cutting the blow up locus. As in Assumption 2, we
have in mind a model vector field to express the dynamics in center manifolds. First,
the existence of center manifolds near P_ follows from Assumption 3. Choosing a
manifold W near P_, we essentially want the vector field on W to be equivalent to

(7) —UE— +E&° .

More precisely, let p = P_ be the end point of 7_, in a blown up admissible chart,
and let W, be a center manifold of X at p. We require the existence of a C*
embedding

2 [Oa 1]2 - WP: (’U,,g) = SO(U” E)

so that
(i) ¢

(ii) ¢

(i) ¢
) ¥

(iv

([0,1]?) is a neighbourhood of P_ inside W);

(10.1]  {0}) € 7— U{P_};

({O} x [0,1]) is inside the blow up locus.

lj0,1]x {0} s orientation-preserving for the standard orientation on the u-
axis and the negative orientation on ~.

(v) ¢ is a topological equivalence between X[y, and the model vector field

@.

This model behaviour will be ensured by Assumption 2 and the next assumption:

Assumption 4 (Regular corner passage): Let p = P_ be the end point
of v— in a blown up admissible chart, then there exists a sufficiently small
neighbourhood V' of p so that in 'V there are no singularities for € > 0. A
similar requirement is made for the end point Py of 4.

Assumption 5 (Connection condition): Under the conditions of Assump-
tion 3, there is a heteroclinic connection T' (for a = 0) on the blow up locus
3 connecting P_ to Py. We assume that this connection consists of one
orbit going from P_ to P,.
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Of course, it would be interesting to see what can happen if we let a parameter
tend to the boundary of the parameter set where Assumption 5 is satisfied. Possibly,
a saddle-node may appear on the connection, or, the connection may be a curve
of singularities in the limit. At first, we will focus on the case where there is a
connection without singularities, but the techniques are general enough to be used
in more degenerate cases; see the examples for such a generalization in the normally
hyperbolic passage.

Let us now precisely describe the role of a, starting by describing the role of a
regular breaking parameter in the case that v remains a critical manifold for the
vector fields X, 4 » with a # 0. To focus on the specificity of this case let us write
a = A. In that case the blow up in (z,y, €)-space cannot only be applied for A =0
but also for the fields with A # 0. Due to Assumption 3 we recover, for A = 0, in
the blow up the points P., that will persist as normally hyperbolic points for small
values A # 0. Also the invariant manifolds of respectively P_ and Py inside the
blow up locus {e = 0} will persist. We know from Assumption 5 that they form a
heteroclinic connection for A = 0. In the family rescaling chart and inside {¢ = 0}
we can choose a section ¢ transverse to the flow of the blow up vector field. We
choose a regular parameter z on o and we denote by z4 (A, A) the intersection with
o of the invariant manifolds of respectively Pi. By Assumption 5, we know that
z2_(0,A) = z4(0, A).

Definition 2. We say that A is a reqular breaking parameter if

®) P = (=2 )(0.0) £ 0.

This definition does not depend on the choice of the regular coordinate z, nor
on the transverse section o.

Assumption 6 (Breaking parameter): Using the family rescaling chart
expressed in (), there exists some n € N such that A := a/u" (hence
a = Agn/™ ) is a regular breaking parameter.

The idea is that the family X, , x is replaced by a subfamily X_ 4.n/m , but in
this subfamily we know that the critical curve y of X, o\ persists to a critical curve
of X, pcn/m » With A #£ 0.

The presentation in this paper is adapted to the study of the so-called canard
solutions. It means that we stay in a region in parameter space outside, where no
such solutions can exist. This is reflected in the rescaling

(aa 5) = (unAa um)’

as used to express Assumption 6. In fact, if one wants to use family blow up to
make a study in a complete neighbourhood of (0,0) in the (a,¢)-plane, the way to
proceed is first to make a blow up in the parameter plane by writing

(9) (av 5) - (vaa UeE)v

for A2 + E? =1 (or equivalently working with charts F = +1 or A = 41). There-
after one continues with blow up in the (z,y,v)-space:

(z,y,v) = (uPT, uly, ue),

with 2 4+ 72 + 22 = 1 (or equivalently working with charts). It of course leads to
the same result under the condition £ = 1.
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In Sections B:2] @ and Bl we will hence write system (D) as

. j: = f($7y7v7 A7 >\)7
(10) Xoan {5 T IGHSEN
to emphasize that we might already have written the original (a,¢) as (a,e) =
(vF A, v*) for some (k,¢) € N2. We can hence suppose that X, 4., has a curve of
singularities through the origin for all (A, A\) under consideration.
As an example, consider the Van der Pol system

o= g2z
(11) { o=y

y = ela—ax).
In this example, a is not a regular breaking parameter; however, in [DR] it is shown
that a/+/e is a regular breaking parameter. Hence, in ([Il) one can write

a=vA, e =v’E,

with A%2 + E? = 1. Being interested in A ~ 0, we can consider the chart £ = 1,
and check the assumptions for the parameters (v, A) instead of (g, a).

Important remark. Assumption 2, the second part of Assumption 5 and Assumption
4 are “open” assumptions, i.e., we could restrict the parameter set (A, \) to an open
subset where these conditions are satisfied. It would be interesting to know what
happens if (A, \) tends to the boundary of this set, i.e., a singularity could appear
on the slow dynamics, or on the heteroclinic connection, or even more degenerate
phenomena could occur. In extremis, the connection on the blow up locus could
consist of singular points, with possible loss of normal hyperbolicity at some point!

To formulate the results, we need some definitions.

Definition 3. A “simple passage” turning point is a contact point satisfying the
properties described in Assumptions 1-6 above.

Definition 4. The basin of attraction of «y_ is the set of points in the manifold M
for which the orbit in positive time under the unperturbed vector field X o x has
its w-set in v_. A similar definition holds for the basin of repulsion of 7, using
the a-set.

Definition 5. Let X be a smooth curve in M x [0, £¢[, possibly depending on some
extra parameters. Assume that this curve is a graph in € > 0. The saturation of X
is defined as the topological closure of the union of all orbits (w.r.t. the extended
vector field X, o\ + 0%) of points of 3. The need to take a topological closure
becomes clear if one considers the limit point of ¥ as ¢ — 0: the orbits become
singular for this limit point.

The main result is Theorem [2] but a first preliminary result is the existence of
canard solutions, with arbitrary boundary conditions. Two boundary conditions
are chosen as follows: take a smooth curve ¥._, transverse to the manifold {e = 0}
and so that the end point b_ in {¢ = 0} is inside the basin of attraction of v_, and
take a smooth curve ¥ transverse to {& = 0} so that the end point b, is inside
the basin of repulsion of v.. Theorem [I] states that we can write the parameter a
in terms of € in a way that the saturation in forward time of ¥_ coincides with the
saturation in backward time of ¥, thereby creating a manifold of canard solutions
for (). The canard solutions are global in nature in this approach.
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The saturation of ¥_ contains the limit point in y_ of the orbit of b_. We will
call this limit point a corner point of the saturation of ¥_ and denote it by c_.
Similarly, a corner point c; for the saturation of a curve ¥ can be introduced.
We need one more definition.

Definition 6. An admissible entry boundary curve ¥_ is a curve in M X [0, eg[-
space (possibly (a, \)-dependent), that is, a graph ¢ — s_(g) € M. We assume
that s_ is C* for € > 0, and C° at € = 0. Furthermore, we assume

3

Vn € N,dN € N: %S,(g):O(E*N), as € — 0.

Similarly, an admissible exit boundary curve can be defined.

This definition allows graphs that are C>° at ¢ = 0, but also graphs like £ —
cloge, graphs that are C* in €!/" for some r > 0, etc.

Theorem 1. Let X, .\ be a vector field on a 2-manifold with a simple passage
turning point. Let ¥ be admissible entry/exit boundary curves. Then for some
m € N and for e € [0, e[ with ey > 0 sufficiently small, there exists a unique smooth
curve a = A(e'/™,\) so that A(0,\) = 0 and so that the saturation of ¥_ along
Xe a@e1/m 2y, Jorms a manifold with boundary of canard solutions containing ¥
as well. The manifold with boundary is smooth in the blow up space, everywhere
ea:cep at the two corner points c1 defined above. The co-jet of A(u, \) w.r.t. u is
independent of the chosen admissible entry/exit boundary curves.

Remark 1. A curve a = A(e'/™,\), as in the statement of Theorem [I] is called
a control curve, or a canard line. It depends on the choice of 3. However, two
different control curves have an infinite contact at € = 0, uniformly in A.

Remark 2. The smoothness of the control curve and of the manifolds will be in
terms of the rescaled variables, due to the rescaling. This effect is most visible in
the control curve; this curve will in general only be smooth in £/ for some m € N
depending on the blow up construction.

Remark 3. This theorem has strong implications on the orbits of points on X_, for
€ ~ 0. The corner points are essentially the points where the change of dominance
takes place. Following the fast dynamics, a point of ¥_ fastly moves towards a small
neighbourhood of the critical curve y_, near the corner point c_, then staying close
to v_ slowly moves over the contact point towards the repelling part of the critical
curve, and near ¢y again moves quickly away from v, finally reaching > .

Remark 4. The manifolds with boundary in Theorem [I and other manifolds with
boundary will be referred to as manifolds.

Remark 5. If two different sets of boundary curves ¥4 and ¥/, are taken, then the
two manifolds are infinitely tangent to each other between the corner point c_ or
¢’ (whichever is closer to the contact point) and the corner point ¢4 or ¢/,. Also,
the control curves are infinitely tangent to each other.

A second result concerns the possibility of blowing down the invariant manifold
and getting smoothness in the original phase space. When blowing down, it is a
priori possible to loose differentiability. (Written in polar coordinates, a cone for

LIf the boundary curves are nonsmooth at their base points, then the smoothness is of course
also lost along the orbits of these base points.
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example is differentiable w.r.t. (r,8), but it is not a differentiable object in cartesian
coordinates.) In Section [RJ] we will show an example of such a phenomenon for
fields X, . satisfying all assumptions which we made. So let us ask ourselves
the question when the invariant manifolds blow down to differentiable objects.
Obviously, a necessary condition is the existence of a Taylor expansion in the origin.
The following theorem states that this is in fact also a sufficient condition.

Theorem 2. Let X, .\ be a vector field on a 2-manifold with a simple passage
turning point. Because of this, we already know that the blow down of the invariant
manifolds from Theorem [l are in an admissible chart near the contact point graphs
y=U(x,e,\). Assume that there exist formal power series

a= Z an(N)e", g = Z Yn (2, N)e™
n=0 n=0

so that y, is smooth in a uniform neighbourhood of x = 0, and so that ¢ is formally
invarian® under Xe.an, then U will be smooth in a neighbourhood of the origin.
The infinite jet joo (V) will coincide with §, and also joo (A) will coincide with a.

By this theorem, it is also clear that the canard solutions constructed by means of
analytic techniques coincide with the invariant manifolds from Theorem[l It is well
known that such formal solutions are unique, if they exist, under the assumptions
that we made.

The invariant manifolds in Theorem [I] are constructed by connecting “center
manifolds” along ~_ to center manifolds along . This concept is important in
order to understand the next theorem, so let us recall a few notions.

Definition 7. A “center manifold” for the system (IJ) is the saturation of a local
center manifold at a normally hyperbolic point on the critical curve. The saturation
may define an invariant manifold up to the contact point, or more specifically, up
to a part of the blow up locus. Thus, two classes of center manifolds exist: center
manifolds along v_ and along ;. The quotes around center manifolds make it
clear that this is not a center manifold at the contact point. It is important to
notice that the center manifolds depend regularly on A, unlike the manifolds of
canard solutions, where A has already been expressed in terms of e.

The idea is that the left center manifolds and the right center manifolds can
be compared when intersecting both with a section transversally cutting the blow
up locus. More precisely, in the family rescaling chart we can e.g. take a section
T: {Z = 0} and look at the intersection of the left and right center manifolds with
T. Choosing coordinates z on o := T'N{u = 0}, we can use (z,u) as coordinates on
T. The intersection of the left and right center manifolds with T" are hence graphs

(12) z=Cx(u, A, N).
Notice that
C£(0,4,X) = z£(A, ),
where zy is the graph in (§).
Intuitively, the next theorem states that the angle between (_ and (. is propor-
tional to the angle of the control curve of the canard solutions.

2We say that y = ¥(x,€) is formally invariant under X.: {# = f(z,v,¢),9 = g(z,y,€)} if the
infinite jet of f(z,¥(z,¢), &)y (z,e) — g(z, Y(z,€),€) w.r.t. € is zero.
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Theorem 3. Under the conditions of Theorem [, and with the notation introduced
above, we have:

1. The first nonzero coefficient of £/™ in the expansion of A is related to the
first nonzero coefficient in the expansion of ((— —(4)(u,0,\). In fact, they
are proportional, and the ratio is precisely —p(\), with p(\) the nonzero
coefficient in (8).

2. The first nonzero coefficient of (— — (4 can be calculated, either using the
previous item if having a pre-existing knowledge of A, or using a Melnikov
integral along T’ (the heteroclinic connection on the blow up locus from (_
to (1 ). The integrands can be obtained through a formal recursive process.

Finally, we present some classes of vector fields having expression () for which
the assumptions of this paper are satisfied.
For h = f or g, we introduce the notation

h
ho := 1(0,0,0,0,)), hy = %(0,0,0,0,A),

and similar notation for other partial derivatives.

Theorem 4. If

(i) 6 =0, fy # 0 (existence of critical curve by means of implicit function
theorem,);

(ii) fo = 0, fox # 0 (at the origin, normal hyperbolicity is lost in the most
generic way);

(iii) g =0, g, # 0 (connection condition);

: fy  Jfa fy Ja

iv : - :

( ) 9z fzy  fza fao 9y Ya

(v) the product g, f, is negative (transition from attracting to repelling).

# 0 (breaking parameter condition);

Then, near (x,y) = (0,0) and for (a,e) sufficiently small, Assumptions 1-6 are
verified for the vector field (), using the blow up (x,y,¢) = (uT,u*y,u’s) and
writing a = uA. Also, the conditions of Theorem 2l are satisfied.

Remark. it may be appropiate to perform some coordinate changes to get the
conditions independent of A, as required.

The next theorem generalizes the previous one, however, in this case a formal
power series solution generally does not exist.

Theorem 5. If

(i) 6 =0, fy # 0 (existence of critical curve by means of implicit function
theorem,);
(i) fo =0, foe =0, ..., fozn—1 =0, fo2n # 0 (at the origin, normal hyperbol-
icity is lost);
(iii) =0, 9, =0, ..., gg2n—2 =0, gg2n—1 # 0 (connection condition);
fy I _f%‘ fo fa
fry  fza * 9y  Ya

(v) the product g,2n-1 fy is negative (transition from attracting to repelling).

(iv) gpon—1 # 0 (breaking parameter condition);

Then, near (x,y) = (0,0) and for (a,e) sufficiently small, Assumptions 1-6 are
verified for the vector field (), using the blow up (v,y,e) = (uZ,u*"y,u?"z) and
writing a = u>" LA,
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3. PrROOF oF THEOREM [

3.1. Existence of center manifolds along .. In this section, we will saturate
any boundary condition curve X4 along the vector field described in Theorem [I]
to form a smooth invariant manifold (called center manifold). We will not describe
crossing over the contact point here. We will only treat X_; the other case can be
handled similarly after reversing time.

Let L be a compact piece of the critical curve y_ of X. g , bounded away from
the contact point. In this compact set, L is normally hyperbolic, and at each point
of L we can always choose a local C* center manifold W for the vector field Xeax
in (z,y,¢,a)-space (see [K] or [HPS]).

Lemma 3.1. Let k € N\ {0} be fized. In points of L, choosing a C* center manifold
for Xc q.x, the vector field X 4 x is C*-equivalent to

T = —x
13 . ’
(13) { v = 9g(yea,N),
where g is a positive CF function for e # 0 and g(y,0,a,\) = 0. The chosen center
manifold is mapped to {x = 0}, L is mapped to {x = ¢ = a = 0} under this equiva-
lence, and the slow dynamics are directed towards the contact point (i.e. increasing
y means moving towards the contact point).

Note that often, one can consider that g(y,e,a,\) = &% for some o > 1, but
in general this is not possible without extra blow ups (think, for example, of a
situation where g(y,¢,a, ) = e(e? + y* + A?)). Before proving this lemma, let us
recall a theorem, that we will not only use to prove Lemma [3.I], but also to prove
more complicated statements later on.

Theorem 6 ([Bonl). Let X,(x,y, z,a) be a C°° family of vector fields on R* having
the following properties:
(i) (0,0,0,0) is a singular point of X .
(ii) Xy is tangent to the foliation da = 0.
(iii) X is tangent to the foliation dF(y,z) = 0 where F(y,z) = yPz9 for
(p,q) = (0,1) orp,q € N\ {0} and relatively prime.
(iv) DX(0,0,0,0) has exactly one nonzero eigenvalue and the related eigen-
space is given by y =z =a = 0.
Let W be a C* center manifold of X at (0,0,0,0) with k € N\ {0}.
Then there exists a local C* change of coordinates ¢ of the form

(x’ y) Z7 a) — (@1 (x7 y’ Z7 a’ A)’ (p2 (x’ y) Z? a? A)) @3('1;7 y) Z? a? A)’ a)
with
F(@Q(:I;a Y,z,a, )‘)a @3(-%7 Y, z,a, )‘)) = F(ya Z>7
and a strictly positive C* function h(z,y, z,a) such that
0

[h.o. X](x,y,2,a) = :I:x£ +Yy(y, z,a),
with Yy of class C*, Y.a =0, Y.F =0 and p(W) = {z = 0}.
Proof of Lemma Bl We follow the techniques in [DR]. Take any point of L, then

a translation will take this point to the origin. Due to the normal hyperbolicity
along L, a linear change of coordinates will ensure that the linear part of the
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vector field for e = 0 looks like (§ ). Apply the theorem now: the vector field
ix% +g(y, e, a, )\)8% is C*-equivalent to the original one. Due to Assumption 2,
g has no zeroes for £ > 0 in a neighbourhood of (y,e,a) = (0,0,0). By changing
x — —x and t — —t if necessary, we can make g positive, and get to the expression
in the lemma. U

Proposition 3.2. The saturation of X_ is a smooth invariant manifold along any
compact piece of the critical curve L, except at the corner point c_. This point is
the limit of the fast orbit of the end point of X_ on the critical curve. At the point
c_, the saturation of X_ is continuous.

Proof. For € # 0 the saturation of ¥ _ is clearly C°°, since we only deal with regular
C* vector fields. The only problem hence deals with the extension for e = 0. It
is assumed that the end point of ¥_ lies in the basin of attraction of the critical
curve y_. This means that in a neighbourhood along the fast orbit of the end
point, no singularities appear. Hence, (g,a) are regular perturbation parameters
in that neighbourhood and the saturation of ¥_ will be smooth. We can extend
this manifold until we enter a neighbourhood of ¢_ where a normal form can be
used. The normal form specified in Lemma Bl can be solved implicitly: given a
boundary condition curve {x = (g, ),y = yo} the saturation is a graph

.2 = st Ve (= [ o2 )

where yg is the y-coordinate of c_. We prove the smoothness of this expression
as ¢ — 0 in Proposition [A] (see the appendix). (Note that admissible boundary
curve 7 need not be C* at ¢ — 0, but at least there is an N € N so that eVvy
is C* as ¢ — 0; see the definition of admissible boundary curves. This is a slight
obstruction, but can be removed by applying Proposition [A.7, where it is proved
that exp(— y?{) m) is O(e) for all N.) Since we can cover the compact L by
a finite number of neighbourhoods where a normal form as in Lemma [B.1] is valid,
the required smoothness of the saturation of ¥_ along L (except in c¢_) follows.
We recall that C*-smoothness for all k is enough in our case to conclude C>°-
smoothness, because the domain in which C*-smoothness is proved does not shrink
as k increases. O

3.2. Extending manifolds in the blow up space. To extend the center man-
ifolds from Section B.J] we need to blow up the origin. For more information
regarding family blow up, we refer to the literature. Recall that the parameter
plane (g, a) might have already been rescaled, as in (@) with E = 1, so that is why
this section uses the vector field ([I0) with parameters (v, A). In any case, v plays
the role of singular parameter, while A is a regular breaking parameter. We will
not blow up A, nor \. Let

(14) d: R x §% - R%: (u, (7,7,0)) — (z,y,v) = (uFT, uly, u™7),

where p, ¢ and m are natural numbers representing weights for the variables z, y
and v. The number m will be especially important, since all objects will be smooth
in u, and hence smooth in v'/™ —which might be ¢'/™F if a preliminary scaling
¢ = v¥ has taken place, as in (@) with £ = 1 (see also the remark after Theorem

.
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The preimage of v_ is a subset

v_ Cc{v=0}
So the first place to look is in a chart v ~ 0. In other words, we can look in the
chart (7,7) € St (S! seen as the circle {v = 0} inside S?). Let (Z,7) be represented
by an angular value z in the neighbourhood of the end point of 7_, and assume
z = 0 corresponds to this end point.

Lemma 3.3. Near P_, and for any k € N, the vector field ®*(X) is C* equivalent

to
w = —uvh(u,v,A,N),
(15) 7 = mv?h(u,T, AN,
i = -z

for some C* function h.

Proof. Again, we follow the techniques in [DR], and apply Theorem [l The nec-
essary conditions can be readily checked: the existence of a C**2-center manifold
follows from the general theory in e.g. [HPS|; the presence of the foliation is a
result of the blow up: d(u™v) = 0 and we also know dA = 0, while the partial
hyperbolicity is presumed in Assumption 3 (normal hyperbolicity at the end point
P_).
Hence, a normal form z%qLY)\ (u,T, a) is obtained, with Y tangent to the foliation
dA =0 and d(u™7) = 0. Write
Yi(u,v,a) = hy(u,v, A )\)2 + ho(u,v, A )\)3
T T O T o
The set {uv = 0} is preserved under the normal form with {u = 0} as part of
the blow up locus, and {v = 0} outside the blow up locus (corresponding to the
manifold {¢ = 0}). In any case, both spaces are invariant under Yy. This invariance
implies that hy = O(u), and hence

hi(u, 0, A, \) = —uhs(u,7, A, ),
for some function hs. The tangency to d(u™7) = 0 then yields
ho(u, 0, A, \) = mvhs(u,v, A, \).

The center manifold {z = 0} has to include a line of singularities {z = 0,7 = 0}.
We conclude that hs = O(v) and

hs(u, 7, A, \) = Th(u,D, A, \)
for some function h. Since we started with a C*t2 normal form, h will at least be

C*. O

The existence of C* normal forms for any k enables us to prove C> smoothness
of invariant manifolds:

Proposition 3.4. The saturation of ¥_ forms a smooth invariant manifold in the
blow up space, in a neighbourhood of the corner point P_.

Proof. We use the normal form in Lemma to prove the C*-smoothness. We
may assume that ¥_ is inside the neighbourhood where the normal form is valid,
using Proposition if necessary. We may suppose that the curve is a graph
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{z = v(¥),u = up > 0}, and we suppose that ug > 0 is chosen such that all
(u,v) € [0,up]? are in the definition domain of the function h of Lemma 3.3
We can reduce to the case m = 1 by writing u = u™:

—avh(ii, v, A, ),
T2h(a, T, A, \),

= —Z’

[SESEE SR
I

with

h(a, v, A, \) == mh(a*/™, v, A, \).
It seems that we loose differentiability in terms of @, but for the remainder of the
proof, we just need that @*h is C*, and this is still the case.

So assume now m = 1 (and drop the tildes). Observe that Assumption 4 implies
that h is nonzero for v > 0, and from Assumption 2 we know that its sign is positive.
So, in the domain uv > 0, (&) is equivalent to
= —uv,
= 72

= —z/h(u,7, A, N).

ISEIES R~

Fixing (u1,71) the orbit in negative time of (u1,71,21), for any 27, crosses the
plane u = ug at T = w101 /ug. So, if we take (ug,u171/ug,y(u171/up)) as initial
conditions for (u,D, z), and if we follow the orbit for a time T'(u1,71) = "31_%1 , then
we reach a point (u1,71) of the saturation of the chosen curve. This yields a graph

z = z(u1,01):

~ 3 T'(u1,01) dt
#(u1,71) = 7(u171/uo) exp _/O hug —uaTt, 882, AL N) )

Y ug—ui1v1t’?

Writing
t =T (u1,71)s,

the above expression yields

B ~ ! ds
z(u1,71) = v(u1T1 /uo) exp <—/0 g(&ul,w>

with
g(svul,ila Aa )‘) = o h <u0 - (UO - Ul)S, U101 ,Aa A) .
Uy — Uy ug — (ug — u1)s

For w; sufficiently small (let us say u; < %uo), and 0 < s < 1 the function g is C* if
u101 > 0 and positive if u17; > 0. A problem could arise at s = 1; let us, however,
remark that, in the region under consideration (including s = 1)

Uy
ug — (up — u1)s

o <u0_(u1 ):(_m_ln, uos™ (1 — s)

oul ug — uy)8 “(ug — (ug — uq)s)r 1’

such that ul -2~ (ﬁ) is bounded. It hence easily follows that

oul \u Ug—u1)S

0< <1,

while

u]f_lg(sa Uy, 51, Aa >‘)
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is of class C'*. This observation will allow us to use Proposition[A.7in the appendix.
From this proposition it follows that

. /S ds
o | — %
P 0 g(svuhElaAa)‘)

is C* for all 0 < S < 1, uy; > 0. Intersecting with the plane S = 1 gives us the
smoothness of z(u1,7), and we also see that z(u1,7;) is CF-flat at u;7; = 0.

We have shown that the saturation is C* in all points including the boundary
u101; = 0. The boundary consists of the critical curve up to its intersection with the
blow up locus, together with the invariant manifold on the blow up locus. Once we
have passed the corner point, no more singularities are expected in a neighbourhood
of A =0, u =0 (Assumption 4). This means that we can saturate the curve beyond
the neighbourhood where the normal form is valid. This implies that the saturation
is C* in a neighbourhood that does not depend on k. Since the result holds for all
k, this proves the C*° smoothness in a neighbourhood of P_. O

3.3. Connecting the center manifolds. The saturation of the section ¥_ forms
a smooth invariant manifold W_, as above, and by reversing time, so will the sat-
uration of ¥ along —X, 4. In this work, we had to reduce the neighbourhood
in which v can vary, possibly it has been necessary to restrict A to a small neigh-
bourhood of the origin; we did not put constraints on the compact set A.

To connect the two manifolds W_ and W together (and hence construct canard
solutions), we consider a chart on the blow up locus where both manifolds are shown
to exist. This is the family rescaling chart, shortly denoted as the chart v = 1. Here,
the variables are rescaled as follows:

r = uPT,
y = uly,
v = u™.

In this chart, u becomes a regular perturbation parameter; we obtain a family of
vector fields

b'd . = ?(57 y7 u, A7 )‘)7
Koo { = 9(@.7,u A N).

< 8l

We have assumed in Assumption 5 (connection condition) that a heteroclinic con-
nection I' exists that connects y_ to v4. Since X does not have any singularities
in the neighbourhood of any compact piece of I', we can extend the two manifolds
W_ and W to meet in a transversal section T": choose a smooth transverse section
(transversally intersecting I', and hence locally transverse to the flow of X), then
W_ intersects T' in a smooth curve inside 7', and so will W,.. Denote these curves
by (_ and (5.

Let o be the intersection of T' with the blow up locus {u = 0}. Choose a
coordinate system on o, and denote the coordinate by z. Then, locally (z,u) is a
coordinate system in T, and {_ and ( are graphs in (u, A, \). Let z1(u, A, \) be
such graph representations (w.r.t. some fixed coordinate system of T), then from
Assumptions 5 and 6 we know:

(i) 2-(0,0,)) = 2,(0,0, 1),
(i) %1(0,0,0) # 55(0,0,0).
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The first condition is merely the existence of a heteroclinic connection I' on the
blow up locus for A = 0. In Proposition 5.7 we derive a formula that could be used
to check the above equations.

Thus, under these assumptions, we can use the implicit function theorem to solve

Z— (’LL, .A(U, >‘)7 >‘) = 24 (ua A(uv )\)7 )\)
for A. This proves Theorem [l

4. PROOF OF THEOREM

The smoothness of manifolds in the blow up space does not necessarily imply the
smoothness in the standard phase space. But, we can recover a great deal. First,
outside the blow up locus the blow up map is a regular diffeomorphism, so outside
the origin we can prove the smoothness of the constructed invariant manifolds. To
show smoothness at the origin, extra arguments are needed.

A second observation is the necessity of the conditions in Theorem 2l If a formal
expansion does not exist at the origin, then the manifolds can never be smooth
there—this is because the Taylor expansion of any smooth manifold would agree
with these conditions.

A third observation is relevant: sometimes, a formal expansion can be found to
be formally invariant under the vector field, up to order k. In that case, we are
able to prove the C*-smoothness of the invariant manifolds in the origin.

4.1. Reduction to (v, A) parameters. The formal expansions in Theorem [ are
expressed in terms of (g,a), but if necessary, we can replace the expansions by
expansions in terms of (v, A). Indeed, if

(aa 5) = (vav UZ)’

for some (k,¢) (following the rescaling in (@), we can translate the formal power
series @ to a series in A; this yields A = v=*a(v?, A). In this section we will focus
on two results: on one hand, that A is a genuine power series in v and on the
other hand, that smoothness in terms of (v, \) of canard manifolds is equivalent to

smoothness in terms of (g, A).

Instead of continuing to work with the formal power series, we realize these series
as Taylor series of smooth functions; this is possible due to Borel’s theorem (see
e.g. [WA]). Choose

a=a(e,N), y= q@(x,s,)\).
We can consider y = q?)(a:,e, A) as a perturbation of a canard manifold W, but it
is advantageous to see it as a canard manifold of a perturbed vector field. We
therefore introduce an error function for (¢, A):

E(x,e,\) = f(x7q~5(x,£),£,é(5, A), )\)%(x,a) — vg(xﬁ(x,a),fs,d(a, A), A).

Due to the formal invariance of (a, gZA)), we know that E is flat in e, uniformly in
(x, ). Consider now a slightly altered vector field

~ . 117 == f(ﬁyyagaG/v)‘)?
(16) Xs,a)\- { y = Ug(x,y,&,a,)\)+E(l‘;€a)\)~

Clearly, for the family X the same blow up procedure as for X leads to a good
desingularization. Hence, Theorem [I] applies to X and we can choose a control

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



CANARD SOLUTIONS AT NON-GENERIC TURNING POINTS 2309

curve a = A(eg,\) as a blow down of a C° control curve expressed in (A,v)-
coordinates. Because the same blow up weights were used, it is clear that .A( g,\) =
e/t Ay (e, N). Because A is infinitely tangent to @, it is clear that A = A; (v, ),
implying that it is a genuine series in v.
We can now safely state that under the conditions of Theorem Bl there exist

A= Z A, (Ao, g = Z Gn(z, 0"
n=0

with ¢ belng a formal canard “solution” of (), and where § is obtained using
A = v*G. Assume for a moment that we can prove that the graph y = \I/(x v, A)
is smooth in terms of (x,v, A), then we can go back to the original parameters:

y=U(z,e \) = U(x,elN),

and because the formal expansion of ¥ only has terms in powers of v*, the above
function will still be smooth in €. Similarly, the smoothness of a control curve in
terms of v will imply the smoothness of the control curve in terms of ¢.

4.2. Canard solution manifold as a graph. Suppose a formal expansion as in
Theorem [2 exists. From now on, we will interpret Theorem [2] in terms of (v, A)
instead of in terms of (¢£,a). Reading this section, one can treat (v, A) as being
equal to (e, a), but for the sake of generality we prefer to make a distinction.

Take a control curve A(v, A) and a manifold of canard solutions W as in Theorem
Il The blow down of this manifold W is, when restricted to v = 0, at least
continuous at the origin (because of the existence of a connection on the blow
up locus). Outside the origin, this restriction must coincide with the critical curve,
and this critical curve can be written as a graph in z (this is assumed in Theorem
[2). Hence, locally around the origin, we can blow down W to a graph in (z,v, \).
Assume now that

y="(z,v,A)

is the blow down of W. We already know that it is smooth outside (x,v) = (0,0),
for = close to 0. To prove Theorem ] it suffices now to prove:

Proposition 4.1. For all n,r € N we have

Lo O
ol ovndgr Y T g

where y,, is defined in the statement of Theorem 2l

(z, A),

As before we realize these series as Taylor series of smooth functions
A=A N),  y=dx,vN)

so that the infinite jet of A resp. ¢ coincides with the formal power series A resp. QAS
In view of proving the proposition, we can now say that it is necessary to prove:

) 8””\11 an+rq~5

i, dvnox” (@,0,4) = dvmox” (2,0,4),
oA oA

lim S5 (0,3) = 52(0,),
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uniformly in A and for all (n,r). One can look at these expressions in blow up
coordinates, in the various charts. In the family rescaling chart (v = 1) it suffices
to check that

U(uPT, u™, \) — g?)(upf, u™, \)

lim . =0,
a7) WOA ™A Aum A

lim AW — AW

u—0 us

uniformly in A and for all s € N. We do not need to prove similar conditions
on % with A = ¥ — ¢, since the function A(u,Z,\) = AWPT,u™,)) is a
C* function. The existing relations between the derivatives w.r.t. (v,z) and the
derivatives of H w.r.t. (u,Z) will imply the necessary conditions.

We must investigate these expressions in a full neighbourhood of (v,z) = (0, 0),
so it is necessary to look at the phase directional rescaling as well. There, the
denominator will be of the form (u'%’) for arbitrary (r,£). Assuming that one

needs to look in the directional chart {Z = —1}, one finds sufficient conditions to
be
U (—uP, u™, \) — p(—uP, uT, A
(18) liln ( U ’u U? ) _jb( U ’u U? ) :O
umT—0 u'v

(If the above equation is true, then one has that the numerator is O(u"7*), and, due
to the smoothness in terms of (u,7), that its nth derivative w.r.t. u is O(u"~"7%).

Similarly, derivatives w.r.t. 7 and \ are treated.)

4.3. Perturbing the vector field. We can consider y = ¢ as a perturbation of
the manifold W, but we can also regard it as a manifold of canard solution of a
perturbed vector field. We therefore introduce an error function for (¢, A):

B, 0,0) = £, (e, 0),0, A ), X) 52 (2,0) = g, 62, 0), v, Av, ), ).

Due to the formal invariance of A and 7, we know that F is flat in v, uniformly in
(z,\). Consider now a slightly altered vector field

v . i‘ = f($7y7 U? A7 >\)7
(19) Xosa {y = vg(a, 5.0, AN + E(z,v, A).

Then, the graph y = ¢(z,v,A) defines a smooth manifold W and (A, W) is a
manifold of canard solutions for X.

So, on one hand, we have a family of vector fields (I0), and on the other hand,
we have a family of vector fields (I9) from which we know that it has an invariant
manifold {4 = A(v,\),y = ¢(x,v,\)}. Both families of vector fields are strongly
related to each other: the infinite jets with respect to v of both vector fields are the
same.

Consider the blow up map introduced for the vector field X. If we apply the same
blow up map on X, then we can compare X with X in blow up coordinates. They
are everywhere infinitely tangent to each other along the blow up locus. Looking
in the phase directional rescaling charts, we used C*-normal form coordinates as

in Lemma B3 so applying the same transformation to X, it is not hard to prove
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that the perturbed vector field is

(20) X:

w2
I
3
S

where h — h = O(u'T"), f = O('w") for (r,f) arbitrarily high (provided that
we choose a C* normal form with k& > r + ¢ and shrink the neighbourhood of
(u,7,2) = (0,0,0)).

The following lemma proves (I8]):

Lemma 4.2. Let z = 1(u,7, A, \) be invariant under the C* vector field @0) in
a neighbourhood of (u,T,z) = (0,0,0). Then z = ¢(u, T, A, \) is O(u'T") flat to
z =0, with r+ ¢ < k. This asymptotic property is uniform in A € A and in A near
the origin.

Before proving this lemma, we show how this lemma can be used to prove (1),
finishing the proof of Theorem Pl In the family rescaling chart, these invariant
manifolds can be extended until they intersect the section 7', and we can do the
same thing in backward time for manifolds coming from the other side. The lemma
states that at some point (near infinity in the family rescaling chart) the invariant

manifold of X is O(u")-close to the invariant manifold of X.

Following the flow of X in the family rescaling map will not decrease the order of
separation between the two manifolds; this is due to the absence of singularities in
a tube around the heteroclinic connection I', and due to the fact that @« = 0 there.

If we apply the implicit function theorem to connect the center manifolds coming
from the left and from the right, then no difference is seen between the perturbed
invariant manifolds and the actual invariant manifolds up to order r. So in the
implicit solution we will see no difference between A and A up to order r. This
means that A and A are asymptotic of order O(u") for any r. Hence, the second
part of (I7) is shown. The first part easily follows now too, since from now on,
we can treat A and A to be the same, and the invariant manifold will then stay
O(u")-close to the perturbed invariant manifold uniformly in any compact subset
of the family rescaling chart.

It remains to prove the lemma.

Proof of Lemma [£2]l The smoothness of such manifolds has already been proved.
So let us first consider the restriction to w = 0. This restriction is invariant under
0 0
_92 _
°h(0,7, A,\)— + (—2)=—.
( )35 ( )82

In the domain T > 0, there is a unique invariant (center) manifold, z = 0. Hence
¥ = O(u). Writing now z = uz;, we can pull back the vector field and write it in
terms of (u, v, z1). This yields

U = —uvh(u v, uzy, A, N),
T = mvih(u,T,uz, A, \),
Z1 = —(1—vh(u,v,uz, A, N\))21 + f(u v, uzy, A, \),
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which leads to an equivalent vector field

TS —uiél (u, 7,2, A, N,
T = mvihi(u,T,z, AN,
2':1 = _Zl—’_fl(uaEthAa)\%

but where f; = O(u"~'7") and is a C*~! function. This new vector field has an
invariant manifold z; = ¥1(u,v, A, \) := %QZ)(u,@,A,)\). It remains to prove that
Yy is O(u""'w%). Continuing this process reduces to the case r = 0. So let us now
assume r = 0. Looking at 7 = 0, we find that z, = 1/~)r(u, 0, A, \) is identically 0,
since f is O("), with £ > 1. Hence, we can proceed as before by writing z = 5z;. O

5. PROOF oF THEOREM [

In Section[3] we have proved the existence of the “center manifolds” coming from
both sides of the blow up locus, and meeting somewhere on the blow up locus. In
fact, they only meet for ¢ = a = 0. So what happens when € # 0, or a # 07 In
these cases, the manifolds are separated. We derive formulas for calculating the
separation of these manifolds.

Since the comparison between the left and right center manifolds is done in the
family rescaling charts, we will work most of the time in this chart.

In Section we state some facts on saddle connections in the plane using
Melnikov theory, which we will use to prove the second part of Theorem [3

5.1. The relation between angle and the control curve. We focus on the
first part of Theorem Bl We use the notation from Theorem Bl Let A(u,\) be a
control curve as in Theorem [ and define

Au, A, N) = C(u, Ay N) — (- (u, A, N)
where (4 hase been defined in (I2)). A is the separation of the forward and backward

center manifolds. Of course, A as well as A depend on the boundary curves ¥_
and X, chosen in Theorem Bl but the asymptotic expansion is unique. Suppose
Au, A) = ar(MNu” + o(u"),
for 7 > 1 and with a,.(\) # 0; then
A(u, A(u, A),\) = 0.
This has an effect on the asymptotic expansion
Alu,0,7) + A(u, ) %A

a

(u,0,A) = o(A(u, A)).

Hence,

(A0,  9A B

Notice that %(O7 0, A) is the nonzero number p(A) in ). (An expression for this
number is calculated in Proposition [5.71) Conclusion:

{ A(u,N) = ar(MNu” + o(u"), with br(X)
A(u,0,A) = b.(A)u" + o(u”), ar(N)

(22) = —p(N) £0.
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Note that (ZI) is slightly more general than ([22]), since it can also be used in
the case A(u,A) and is infinitely flat in u. But in such a case, we must add the
assumption that A(u, \) # 0 for u # 0.

5.2. Perturbations of regular orbits in the plane. We intend to study the
breaking of a heteroclinic connection on the plane, inducing expressions that can
be used in the specific problem that we want to investigate. We will consider a
1-dimensional parameter u, which will be the bifurcation parameter. The whole
setting may depend on other parameters A, which are “trivial” in the sense that
they do not induce bifurcations. We hence will work with a family, depending on
A, of 3-dimensional situations. We will keep p a 1-dimensional parameter although
it is not necessary.
Consider a vector field

X . { &= fym),
Ly o= gy ),
where f and g are smooth on R? x P. We will work most of the time with the
extended vector field X, + Oa_{L' Let ¢(t, (z,y, 1)) be the flow for this vector field.
Choose now a (fibred) section T C R? x P transverse to the flow of X,,, with a
coordinate mapping
7;[}: (ha :u) = (%(hvﬂ)a :u)'
We try to calculate intersections of heteroclinic connections passing through 7" in
these coordinates. In this section, however, instead of a heteroclinic connection, a
perturbation of a regular orbit is considered. In the next section, we will see how
the results can be maintained if we let the orbit tend to a heteroclinic connection.
Consider the projection on 7" along the orbits of X ;:

P(%%M) = ¢(T($7y7/1')7 (xvyau))a

where 7 is the transition time to go from (x,y, ) to a point in 7. Of course, P is
not defined everywhere, but is certainly defined in an open neighbourhood of the
chosen orbit. One sees that P is constant along orbits of X, and hence

H(a:,y,,u) = <(17O)’¢71(P(x’yhu“))>

(the h coordinate of ¥ ~!(P(z,y, ;1)) is a first integral for X, in some open neigh-
bourhood of the orbit.

Lemma 5.1. There is an integrating factor 6 defined on the domain of P so that

X, - { T = 79(993:%:”)71%(%3:%#)3
Ly o= 0y ) S (s ).
Proof. Because H is invariant along orbits of X,,, one has f %’ + g%—g = 0. So one

could define 6~ as g/ %—g in points where the denominator is nonzero, or — f/ % in
other points. Both denominators cannot be zero at the same time (because there

are no fixed points). O

The key to finding the angle between the manifolds lies in the study of 8. But
first, we will show how to use the lemma to calculate the intersection.

Let v be the chosen orbit for 4 = 0. We study perturbations of + as follows:
we consider a wvertical line segment (segments of the form {(x,y, u)|u € (R,0)},
with (z,y) chosen on ) and let points of such a line segment flow. It is in a
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way unnatural to choose line pieces instead of more general curves, but in view of
proving the results in this paper, vertical line segments suffice. The flow of this line
segment is intersected with 7', and compared to vy N T'.

The curve ~ intersects T' in a single point, but if we lift the curve vertically
(7= 1(«) if 7 is the projection onto {u = 0}), then the intersection of 7~1(v) with T
is some curve, say parametrized as h = ¢(p). Any point above v meets this curve,
if it follows the flow of Xy. So consider a point (p, 1) above v (i.e. p € v), and let
it flow along X, until it meets T'. The fundamental theorem of calculus states

(1) — H(p, 1) = / Xo(H),

where the integration is along the curve v (lifted to height p) from (p, u) to T. We
could calculate ¢(u), but this is not necessary: let (g, ) be another point above ~
at the same height, then

(23) H(p,p) — H(g, ) = —/( )Xo(H),

where v(p, q) is the piece of v from p to g.

In this section, we will only describe ji H(p) — ji H(q) (writing jj’ for the k-jet
w.r.t. u); only in a later section we will proceed to the limit (letting p and ¢ tend
to infinity, or in other words, letting v(p, ¢) tend to a heteroclinic connection).

For fixed p and ¢, we have

JEH) - JEH ) =~ [ X,
v(p,q)
Elaborating the integrand yields
XolH) = o + a0, = 0(og ~ g0f).
So, if we are able to calculate 6 up to any order, then we can calculate the contact
between the invariant manifolds up to any order.
For calculating 6 up to any order, observe that manipulating the two forms for
X, will show that
X,(0) =—-0divX,.
This expression gives # as a solution to a differential equation; if we have an initial
condition for 0, we can calculate 6 explicitly. An appropiate initial condition is
obtained as follows:

Lemma 5.2. In points p € T, we have

0(p) = det (Ontho(h, 1) | Xu(p)) ™

with h = H(p). (We write Optpo(h, 1) as the first column in a matriz, and X,(p)
as the second column.)

Proof. There is a strong relation between H and 1, since

Derive this equation with respect to h:

Dy H (o (hy 1), 1) Ontho(hy 1) = 1.
Let p = ¢o(h, p), then the above equation becomes

D (z,y) H(p)Optpo(h, p) = 1,
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or differently written

OH OH
det (Snalton). (- ), 5L ) = 1.
Since 0f = —%—Z and Ag = %—IZ, it gives the result. O

The problem with this result is that the initial condition # depends on pu. We
will see that this is a problem that we would like to avoid. First, notice that if
90 = 9|H=0’ then

Xo(6o) = —p div Xo,

SO

Ho(p) - QO(P(paO)) eXp (/O( 0 leX0> )

where O(p, 0) is the orbit along Xy from p to the intersection point P(p,0) of the
orbit with 7. Assuming we can calculate this integral explicitly, then we can move
on to 0 := g—Z| u=0- However, plugging this into the equation, we see that at some
point we need to calculate X1(6p), with X; = %—iﬂuzo.

This means that we must be able to derive y o P as well as an integral along
orbits of Xgy. It is, however, possible to avoid deriving 6y o P, if we choose the
section T' in such a way that €y does not depend on p. Since the choice of the
section will not affect implicit results (such as the calculation of the control curve),
we have some freedom in the choice of the coordinate system on 7.

Lemma 5.3. On T, there exists a coordinate system (and an associated integrating
factor 0 on the blow up locus) so that for all points p € T close enough to the
intersection point v N'T, we have

0(p) = 1.
Proof. Let h = a(k, u) be a regular change of coordinates, so that
Yok, 1) := (olalk, p), p), 1)

is a new coordinate function for T. We will put conditions on « so that # with
respect to this new coordinate function has the required property. According to
Lemma [5.2] we need to solve

9(0) (e 0k 1), 1)) — 1) o (o ) 1)) = 1.

where p = ¥, (k, 1t). Working out the above expression yields a differential equation

for a:
da 1
dk [¢) T o Y '
dk g(p)%(a,,u) - f(p) g}g (Oé,/l,) p=(to(v,1) 1)
The local existence of solutions of differential equations implies the result. (Il

In these coordinates, we can calculate 8 more easily. Writing
X, = Xo +pX1 + p*Xo + -

and
O = O + by + 202+ - -,
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we can give recursive formulas for 6; (always under the assumption that p is 1-
dimensional):

(24) D Xi(0;)p T = (—0; div X ).
4,J i,
At zero order,

6o = exp(/ div Xj),
O(p,0)

with O(p,0) the orbit from (p,0) to the intersection point at 7. For higher orders,
we have to solve differential equations at each point, but an integration along orbits
of Xy will always lead to solutions. This knowledge combined with the fact that
the initial conditions are trivial leads to a recursion only depending on the jets of
X,, along 1 = 0. Note that the integrands at higher order could contain X;(6;), so
a way of deriving 6; needs to be available to be able to calculate the integrals. All
these integrals only involve the unperturbed vector field, but still they can be quite
complicated.
Using (24)), one finds
n—1

(25) 6 =0, /O ( 0)Z(ek/eo)(divxn,k+Xn,k(1og90)+Xn,k(ek/90)).
PY) k=0

5.3. Heteroclinic connections on the blow up locus. Let us apply the results

of Section to the setting of this paper. Take a section T transverse to the flow

of X on the blow up locus (in the family rescaling chart), and assume 7T intersects

the heteroclinic connection I' which connects the points at infinity P_ and Py .
Write

(26) 0(7,7) == exp ( / div7|u“>.
o(zy) T

where O(%,7) denotes the orbit along the unperturbed vector field from (%, ) to
the intersection point in 7. We have chosen a coordinate system on 7" so that 6 =1
for points on T' (see Lemma [5.3)).

Let (_ be the intersection of an invariant manifold W_ from Section with
T, and let (4 be the intersection of W, with T for some choices for the mani-
folds W_ and W,. In the chosen coordinate system, let z_(u, A, ) be the graph
representation of (_ and let z; (u, A, ) be the graph representation of (.

Following the techniques of the previous section, we can calculate the k-jets
Jrk(z4 — 2z_), with respect to u, provided that we are able to calculate Xo(H) for
a first integral H. The link between Xo(H) and (4 is stated in a limit version of
formula (23)):

Lemma 5.4. Consider the vector field X|a—o with the perturbation parameter u.
Then, in (23)),

lim i H(p,u) = jiz—(0,)), lim ji'H(q,u) = jiz4(0,A),

p—P_ q— Py

where jj' is the k-jet w.r.t. u. Hence, also the right-hand side of (23) converges:

lim / 1 Xo(H) = / Jt Xo(H),
v¥(p,a) r

p—P_,q—P,

where T" is the heteroclinic connection from P_ to Py.
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Proof. Let us focus on z_, and get a clear idea of what we have to prove. Given a
point p on the blow up locus, then the line segment {(p, u)|u > 0} can be saturated
with respect to X. We have to prove that as p gets closer to the end point P_,
the intersection of this saturation with T is O(u*)-close to any choice of invariant
manifold W_, and this for any k£ > 0. Close enough to P_ the straight line seg-
ment in C¥-normal form coordinates is expressed by a C*-curve (v(u), z(u)) with
(©(0), 2(0)) on the center manifold of P_ (the connection on the blow up locus).
Choose a C' with 0 < 7(0) < C and saturate (in normal form coordinates) the
C*-curve until the section 7”: {v = C} is met.

Take an initial point (ug, Do, 20), and let (u, v, z) be the coordinates of the inter-
section of the orbit through (ug,To, 29) with 7”. In the light of these remarks, we
have to prove that z = O(u").

It is easy to show that there is a k > 0 so that the transition time 7 to go from
a sufficiently small neighbourhood of (0,7(0),0) to 77 has a lower bound given by

Since z(t) = zgexp(—t), we find |z| < |zp| exp(—£/Tp). Finally, we have a first
integral ©v, hence ug'vy = u™C. We conclude

2] < 20| exp(—7/u/™)
for some % > 0. This proves the k-flatness to z = 0 in the section 7”. ([

Lemma 5.5. Consider the vector field X|,—o with the perturbation parameter A.
Then, in (23],

lim j2H(p, A) = jid2_(0,)), lim jH(p, A) = jit24 (0, ),

p—P. q— P4

where jit is the k-jet w.r.t. A.

Proof. The technique of proving this lemma is slightly different. Let us again focus
on z_. Look at line segments {(p, A)|A ~ 0}. Taking the union for all p on the
heteroclinic connection, we get a manifold (not necessarily invariant) U. As in
the previous lemma, we choose a section T close to P_, and look in the phase
directional rescaling chart. Consider now the normal form of Lemma B3] restricted
to u = 0 and look in the (7, z, A)-space:

A =,
= muv2h(0,7, A, \),

= —Z.

SIS

In these coordinates, the manifold U is a graph z = ¢(v, A), and any choice of
invariant manifold W is O(A¥)-close to z = 0 (in fact {z = 0} is the unique center
manifold for this system—all invariant manifolds W have a common intersection
with the blow up locus). The normal form is integrable: if an initial condition
(To, 20, Ao) inside U is taken, and we intersect with a section 7"7: {v = C}, then we
get
A=Ay, 7 =C,z= (T, A ¢ ds
= Ao, 7=C,z = p(Tp, A)exp | — . m .

Letting 7y tend to zero, one can prove that the k-jet of the last expression tends to
zero as well (it is in fact a consequence of case (b) of Proposition [A1] if we apply
the transformation s = —35). We conclude that the saturation of line pieces are
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O(AF)-close to any choice of invariant manifold W if the line pieces tend to the line
of singularities. O

Remark that the preceding two lemma’s use techniques from the previous section,
with 4 = wor p = A one-dimensional. If we want to examine j;j’A, then the previous
section needs to be formulated in a more dimensional context.

Now, let us apply the results in the previous section, first on X|4—o, and on
X|u=0. An immediate consequence of the above lemmas, and (23) is:

(27) Gtz (0,) — iz (0,0)) = 41 j§0<}wu:oy—fzﬂu:of>

A=0
and

(72— (0,2) = jf 2+ (0, X)) = jf! /F 0(fla=0g — gla=of)

u=0
where I is the heteroclinic connection for u = A = 0.
Define the separation function
(28) Au, A N) == 2z_(u, A, N) — 2z (u, A, N).
Then, using the k-jet formulas from above, we can easily find expressions for the
1-jet:

Proposition 5.6.

A(u,0, ) :u/FFquO(u2)

R (72 517

with

Y ou

u=A=0
and with 0 as in (20]).

Proof. Immediate from (27), if one calculates the 1-jet of 0(f|u—0F — Glu=0f) With
respect to u. 0

Proposition 5.7.
A0, AN = A/ Fa+ O(A?),
r

~0g _Of
Fy:= — g

and with 6 as in [28). The parameter A has the required regular breaking property
if and only if

with

o) = [ Fazo
where p(A\) has been introduced in (§]). '
Combining these two propositions yields
Corollary 5.8. The first order term in A(u, \) is

OA I F
%(Ov)\) - _fFFa7

where F,, and F, are defined above.
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5.4. Higher order angles. Assuming that the first order angle is zero, it may be
interesting to find the first order contact that is nonzero. Note that even though
the first order angle is zero, the invariant manifolds can be tilted; the angle in the
forward manifolds is then the same as the angle in the backward manifolds. The
appearance of a tilt will have an effect on higher order terms, and that is the reason
why the knowledge of zi up to order u*~! is necessary to calculate the angle of
order u*. The method consists in calculating inductively the terms of order u* of
the invariant manifolds, stopping at the first order where the angle has a nonzero
coefficient. The method is based on the expansion of [27) in terms of w. This
involves calculating the integrating factor 6 up to order u*~!, or at least |r. To
that end, the recursive formula (25) can be used, however, as one might expect, the
formulas become quite cumbersome.

6. PROOF OF THEOREM Ml

Under the conditions of Theorem H we can explicitly calculate the optimal
weights for the blow up and check the conditions for Theorems[Iland Pl Let us first
rewrite the vector field in some kind of standard form:

Lemma 6.1. Under the conditions of Theorem [, X, o » is locally C™ conjugate
to

~ . $ = _y+ %1‘2 +x3F1(x’y’g’a7A)—|—£IZEF2($,y,€aa7>\)7
€,a,\ y = EG(x,yvgaaﬂ )‘)

Furthermore,

(1) G(Oa 07 07 Oa )‘) = _gcfxaffy;
(i) 52(0,0,0,0,A) = —gu fy:

oG
i) 29(0,0,0,0,0) = ga J;fyy ;2

Oa
Proof. Consider a transformation of the form

_faca;

L 4|
9y  Ga

T = a(y,a,\)T + By, a, ).

Since § = O(¢), we have & = aZ + O(¢), and hence

b= flad + 5,,0,0,0) +O()

of
ox

72
(8.5.0,a,0) 5 + O(#) + O(e).

:éf(/@7yaoaaa)‘)+ (6’y’07a’)\)i‘

o2 f
i

Consider the mapping

O f

0
f w(ﬁayaovaaA)>'

o
Defining ag = 1/ frs, then (0,0, A, ap,0) = (0,1). Furthermore,

I: (yaav)‘aavﬂ)'_) ( (ﬂ,y,O,a,)\),a

DoslD0.0 000,00 = (B ).
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This linear operator is invertible, hence the implicit function theorem gives us the
existence of (a, 3) so that

. 1 ~2
z= F(jaya&:v(I?)‘) = mf(ﬂ(y,aa )‘)ayao,aa )‘) + % + 0(593) + O(E)
Because we need it for the second part, we will give the asymptotics of « and (3

w.r.t. (y,a):

atma) = (1) +00wal)

T

and
_ *fzy *fza 2
By, a,\) = o )vt a+O([[(y,a)[")-
Define now
-1

2 y = —F = — .

( 9) y (07 y7 67 a/’ A) a(y’ a, )\)f(/@(y7 a/) A)’y7 07 a7 A) + O(E)
We can use § as new y coordinate, locally near (y,e,a) = (0,0,0). In this form, we

find

. 1
=7+ 552 + O(33) 4+ 0(x).
This finishes the first part of the lemma. The second part is more elaborate. Let

y = ¢(7,¢,a,\) be the implicit solution of (29), then

. F
:g: 7587(03:%53&’A)g(x7y357a7>‘) .
dy y=0(5,,0,\)
So,
o OF _
G(x7y757a7)‘) = _8_y(07¢707a7)‘)g(ax + 5,(]5,0,04,)\) + 0(5)
We can calculate %—1; (remembering that %(ﬁ(y, a,A),y,0,a,\) =0):
oF -1 Ja
8_y(0’y’0’a’)\) = mf(ﬁ(y’a7>\)7y70,a)5—y(%a7)\)
10f
- A A).
+ a ay(ﬁ(yvaw )7ya07a7 )
So,
oF
a_y(0707070a)‘) = fa:xfy
From this last property easily follow the expressions for both G(0,0,0,0,A) and
%(0, 0,0,0,A) as claimed in the lemma. Let us now focus on %(07 0,0,0,A):
oG
%(05 07 07 0? )‘) - gOC()\)
op op ¢
- Jzzx z |\ o \Y 7)‘ . \Y 7)\ a \UY 7)‘
oty (3 (Go0.00 + 50,0052 0,0.0,)

0
+gy8ff(0,0,0,/\) +ga> ,

where C()\) is some function of which the value is irrelevant in view of proving the
lemma, since under the assumptions of Theorem M ¢, = 0). If we find the value
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of g—f, we can put all pieces together. It can be readily checked from formula (29)
that )
a _F 07 07 07 07 >\
—¢(0,0,0,>\):——g;( ) __Ja
da O_y(()’O’O’O’)\) fy
We conclude:
oG Joa | Jay fa fa
_0,0703();)‘ :‘%C)‘ 7fmrf <gz 7_+_y_ —9y7 +t9a -
Ja ¢ )= @O = ey \ 0= 2 5~ 907,
Elaborating this expression yields a proof of the lemma. ([

Corollary 6.2. Under the assumptions of Theorem [, the family of vector fields
Xe,a,n 18 locally C*°-equivalent to

. i = —y+i2?+23F (2, y,8,a) +2eFoa(z,y,E, ),
(30) £,a,\ "

y = 5(a+:v+G>\(:v,y,s,a))
with F1 x, Fox and G\ C* functions and

G(z,y.€,a,7) = O(e,, [(z,a) %),
and where the O notation is uniform in A.

Proof. Take G as in Lemma From the assumptions of Theorem H we know
that %—5(0,0,0,0,)\) > 0. By rescaling £ with a positive factor, we may assume
that %—g = —1. We also know that %—5(0, 0,0,0,)) # 0. By rescaling the a-space
with a nonzero factor, we may assume that this derivative is 1. This proves the
corollary. O

Let us now check Assumptions 1-6 for the normal form (B0). The first as-
sumption—the existence of a critical curve—is guaranteed by the implicit function
theorem:

1
Yy — 5952 + x?’FL)\(x,y, 0,0) = 0.

Clearly, there is a unique solution in the neighbourhood of (x,y) = (0,0). Here,
the curve is a graph y = ¢(z) = 322 + O(23). Looking at the linear part of (30),

we find, for € = 0,
r+0(z?) —-1+0(2?)
0 0 '
The eigenspace transverse to the curve of singularities v has eigenvalue z, so for
x < 0 we have attraction, and for x > 0 there is repulsion.
Assumption 2 can be checked as follows: Substituting y = ¢(x) in 1y leads to
the slow dynamics
d)/(x)x/ =+ Gk(fv ¢($), 0, 0)
Since ¢/(z) = z + O(x?), we find
¥ =1+ 0(2).

The slow dynamics ensures movement from the attracting to the repelling part of
the critical curve.

To look at Assumption 3, we need to blow up the family of vector fields. We use
a rescaling in the parameter space:
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The parameter A will serve as regular breaking parameter, but we come to that
later. In terms of these new parameters, the vector field yields

(31) T = -y + %272 + 273_[%1’)\(.’15, Y, v, A) + $U2F2,A(337977)7 A)7
g = vV (wA+x+Gy(z,y,0,A).

The blow up formulas for blowing up the origin are
T =uzr,y = u2y,v = uv.

In the phase directional rescaling chart, we look at the directional chart 7 = 1, and
find (after dividing through ) a family

1w (TA+T + O(u)),
—303 (TA+T+ O(u)),
= —1417% - J70% (VA +72) + O(u).

8- <l -
I

The preimage of the attracting part v_ is represented by {T = —v/2+0(u),7 = 0},
which is normally hyperbolically attracting with eigenvalue T < 0. Similarly, the
preimage of the repelling part will be normally hyperbolic up to the end point Pj.

To check the connection assumption (Assumption 5), we look in the family rescal-
ing chart v = 1. Here, the family of vector fields is equivalent to

{

The invariant line § = %EQ — 1 is a curve without singularities, connecting P_ to

= 7+ 37+ O(u),
A+7Z+O0(u).

< g
Il

P,. To verify that Py is indeed a part of this line, one needs to look at § = %fz -1
in the phase directional rescaling coordinates; there, this curve is represented by
{7% = 2% +1),u = 0}. In any case, Assumption 5 is verified.

Assumption 6 can be checked easily in this case. This is because the unperturbed
vector field is Hamiltonian in the family rescaling chart, with integrating factor

0(T,7) = exp(—7).

Using Proposition [5.7], the parameter A is a regular breaking parameter if

[+ 70 £o,
r

where I' is the heteroclinic connection 7 = %32 — 1. The integral can be explicitly
evaluated.

This proves the first part of Theorem [l The next lemma deals with the second
part of the proof of Theorem [4

Lemma 6.3. There exist formal power series

a= i an(A)e™, j= i Yn(z, A)e™
n=0 n=0

so that y, is smooth in a uniform neighbourhood of x = 0, and so that ¥ is formally
invariant under (B0).

Proof. For the sake of readibility, we drop the dependence on A in the notation.
Let us first start by making an observation. Let w(z, z,¢,a) be a smooth function

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



CANARD SOLUTIONS AT NON-GENERIC TURNING POINTS 2323

in the neighbourhood of the origin. Then we can define
o0
w(z, z,e,a) = Z wy,(x) 2" k2 g
|k|=0

where k = (k1, k2, k3) is a multi-index and the functions wy, are defined in a uniform
neighbourhood € of x = 0. If we have formal power series z = 2 (w.r.t. €) where
the coefficients are also defined in €2, and if we have a formal power series a = a,
then we assert that w(z, 2, €, @) makes sense, and is a formal power series where the
coefficients are defined in the same neighbourhood 2, i.e. the neighbourhood does
not shrink. This is true, provided that 2 and & have no terms in €°.

Keeping this property in mind, we write y = ¢o(x, a) + z, where y = ¢o(z,a)
is the graph of the curve of singularities of the unperturbed vector field (¢ = 0)
(the existence of ¢¢ follows from the implicit function theorem). In the search of a
formal expansion of z, its constant term will be 0. The formula for & yields

& =—2z420(¢e).
As for Z, we get
¢ =19 — ¢p(x)(z +20(e))
=c(a+2+0( 2 |(x,0)*) — ¢o(x)(—2 + 20(e)).
Knowing that ¢(z) = = + O(z?), we find

{:'U = —z+4+20(g,a),
¢ o= ¢p(x)ztelata+ Oz |(za)]?).

Solutions satisfy the differential equation:
d
(32 (—z+20(a) T = 0h(@)z +e(a+ 3+ O, 2| (w,0) ).

Assume that 2 = > 7 | 2, (z)e" is known up to order € and a is known up to order

e"~1. Look now at the coefficient of order " of the above equation. Remembering
that 2 = O(e) and a = O(e), observe that the coefficient of order e"*? of terms like

32, 23, €2, £2a, etc. are functions in z, 21, ..., 2,,a1,...,a,—1. Hence, the term in
e"*1 in the left-hand side of (32) is a function
dz dz, dz
Fo(x, 21, o 2ny —— ooy ——3 A1y e ooy Gy cH,(x,a,)—.
n( 1 n dl‘ dl’ 1 n 1) + n( n) d.%
Similarly, the right-hand side of [82)) is of the form
dz dz
&0(2)2ns1 + an + Gp(z, 21, - -, 20, PERREE d—;,al, ey Op1)
for some function G,. Assuming that z1, ..., z, and ai, ..., a,_1 are already
known, looking at the e"** level in ([B2)) yields an equation
~ dzy , ~
F,(z) +zH,(z, an)% = ¢p(2)2n11 + an + G (2).

From the above equation, one can find a unique a,, by reducing the equation to
x = 0, and once a, is known, the equation becomes

¢0(2)zn11 = O(x).
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From this equation, a smooth z,,1 can be found, since ¢{(z) = = + O(x?). This
process is a recursion to find unique a and 2 as formal power series in €. The final
step will define g:

§=ox,a)+2,
which still will be a formal power series, with coefficients smooth in a uniform
neighbourhood of z = 0. O

7. PROOF OF THEOREM

Under the conditions of Theorem [l we can explicitly calculate the optimal
weights for the blow up and check the conditions for Theorem [II Let us first
rewrite the vector field in some normal form:

Lemma 7.1. Under the conditions of Theorem [, X. o x is locally C™ conjugate
to

¢ [ =yt aF(ny.e a0,
Ay = eG(n,y,ea,)),
with F(x,0,0,0,\) = O(x2"). Furthermore,
1| fu fa 2.
(i) F(0,0,0,a,)\) = (f fwfm)a+0(a),
(i) G(,0,0,0,)) = (srie fy 225 ) 271 + O(™");
) G(0,0,0,a,)) = (—a Jvte|)a+0(a?),

9y Ga

(iii

1/(2n—1)
witha—(f%) .

Proof. The proof is straightforward. Apply the transformation
I = ax, :g: 70‘f(oay,€aav>‘)

for some well-chosen number «. If « is nonzero, then we can use (Z,7) locally as
new variables, since we know that f, # 0. Let us calculate the new vector field:

. 1 ~
'% = af(aj) y7€7a’ A) = af(07 y7 57 a’ A) + O(j) = _g + F(:f;’ g’ 67 a)
for some function F = O(&). The terms of O(#) can be specified a bit more:

from the conditions of Theorem [0l we get (using the notation introduced in the
announcement of this theorem)

- 1 T
F(l‘,0,0,0,)\) = wa”"w

so that F(%,0,0,0,)) = % + O(7?"*1), and con-

Foan \1/@n—1)
Choose a = ((2;_1)!>
clude:
. :L,Qn
= 7:g+ %‘F‘iF(fiagaEvaa)‘)a
with F(%,0,0,0,\) = O(x?"). This finishes the first part of the lemma. The

second part is more elborate. Let y = ¢(7g,£,a,A) be the implicit solution of
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:’j = af(O, Y,&,a, A)a then

oF 0*F
%(0,0,0,0,A) - %(0,0,0,0,)\)
f >*f 99
= 5oa 0-0:0.0.2) + 55-(0,0,0,0, ) 52(0,0,0, )
0
:fza‘i’fzyg(o,ovoa)‘)

From § = —af(0,6(7,¢,a,\),&,a, A), we obtain f, + f, 5 9¢ £(0,0,0,A) =0, and hence
oF

%(0707 0, 0, /\) = f_y(f:cafy - f;zyfa)-
Let us now concentrate on §: § = eG(&,§,¢,a, \), with
1
G('iv ga g, a, A) = _ag_z(07 ¢(g7 g, a, )‘)a g, a, A).9(5537 ¢(g7 g, a, )‘)a g, a, A)
Hence,
G(2,0,0,0,\) = —af, (1:8000)\) 1 —— f £+O(g§2”)
o v T S CTRV] |

Finally, it is easy to calculate that

oG f
—-(0,0,0,0,A) = —af, (g > = a(gyfa — gafy)-
9a y | Gy fy y Yy
This finishes the proof. (I

Corollary 7.2. Under the assumptions of Theorem [, the family of vector fields
Xe.an @8 locally C*°-equivalent to

33 Xous: T = —y+ 5 +xF1(:v Y, E,a, N,
(33) A { ) = (C’a+x2”1+G1(xy,5a)\)),

with Fy(z,0,0,0,\) = O(z*), and G1(z,y,¢,a,\) = O(x®",a?,y,€). The constant
C may depend on A\, and the reqular breaking condition in Theorem Bl is translated

to
C#@(OOOO)\)

Proof. Take F and G as in Lemma [Tl From the assumptions of Theorem [ we

know that the coefficient (aﬁb Ty é’”j"‘l;,) is strictly positive; hence by rescaling

€ with this the positive factor (az" s fy 92;" 1; ), we reduce the coefficient of z27~1
in G to +1. The coefficient of a in G will change to
fy fa _
(70[ gz Ja |) - aQn 1(2n — 1)! fy fa
n - e 9y Ga | *
(a2n 2fy (921; 1;!) fyng !
Since a?"~! = f,2n/(2n — 1)!, the coefficient of a in G equals
C:= _Sem g .
fyg12"_1 v Jo
The regular breaking condition in Theorem [ states that this coefficient C' cannot
be equal to fi ’ fyy f“ which is exactly the coefficient in a of F. O
y x za
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Let us now check Assumptions 1-6 for the normal form B3]). The first as-
sumption—the existence of a critical curve—is guaranteed by the implicit function
theorem: we search y in terms of x so that

1

Yy — %:52” + xFi(z,y,0,0,)\) = 0.
Clearly, there is a unique graph solution in the neighbourhood of (z,y) = (0,0).
Here, the curve is a graph y = ¢(z) = ﬁx% + O(z®*+1) (to see this, remember
that Fi(2,0,0,0,\) = O(z?")). Looking at the linear part of ([B3), we find, for
e=0,

< 1,27171 +O(ﬂ§2n) 71+O(.’£) )

0 0 '

The eigenspace transverse to the curve of singularities v has a negative eigenvalue
for < 0, so there we have attraction, and for = > 0 there is repulsion.

To look at Assumption 3, we need to blow up the family of vector fields. We use
a rescaling in the parameter space

a=v""1tA, =0

The parameter A will serve as regular breaking parameter, but we come to that
later. We then blow the origin, as follows:

T = uZT,y = u>"Y,v = ul.

In the phase directional rescaling chart, we look at the directional chart 3 = 1, and
find (after dividing through u?"~1) a family

o = =uv?" (CO" A+ T+ O(u)),
5 — _%627%&-1 (CﬁQn_lA—kun_l + O(u)) )
T = —14 57"+ DAT — 5=z (Co*" 1A+ 72> 1) + O(u),
with
oF,
D =—=(0,0,0,0,)).
aa ( s Uy Uy Uy )
The preimage of the attracting part v_ is represented by {Z = — %/2n+ O(u),v =
0}, which is normally hyperbolically attracting, with eigenvalue —z*"~!. Similarly,

the preimage of the repelling part will be normally hyperbolicly repelling up to the
end point P;.

To check the connection assumption (Assumption 5), we look in the family rescal-
ing chart v = 1. Here, the family of vector fields is equivalent to

T = —-J+ 52"+ DTA+O(u),
7 = CA+7Z" 1 +0(u).
The invariant line § = if% — 1 is a curve without singularities, connecting P_ to

P,. To verify that Py is indeed a part of this line, one needs to look at 57 = %f% -1
in the phase directional rescaling coordinates; there, this curve is represented by
{@?" = 2n(v*" 4+ 1),u = 0}. In any case, Assumption 5 is verified.

Assumption 6 can be easily checked in this case. This is because the unperturbed
vector field is Hamiltonian in the family rescaling chart, with integrating factor

0(z,y) = exp(—Y).
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Using Proposition 5.7, the parameter A is a regular breaking parameter if
1
/ <C(—y+ —7°") — Dx2”> 0(z,y) # 0,
T 2n

where I' is the heteroclinic connection 7 = %f% — 1. The integral can be explicitly

evaluated:
o0

/F (C(—§+ LEQ”) - D52”> 0(z,7) = (C — D)e/ exp(—s>" /2n)ds,

2n oo

where e is the Euler number. Hence, the regular breaking condition is satisfied
provided C # D.
This proves Theorem

8. EXAMPLES

The examples in this section are not meant to describe general classes of vector
fields, but are aimed at illustrating in a rather unexpected way the theorems.

8.1. C'! canard solutions. Consider
X 4
Xea: 9 0 7 y—%j—axz,
’ y = ela—1%).

According to Theorem Bl and Theorem [Il there exist manifolds of canard solutions
that are C*° in the blow up space. Also the control curves related to C* boundary
conditions ¥ and ¥, are C* in €!/%. We show here that these manifolds can be
blown down in a C! way, but not in a C? way, although the control curve itself will
be smooth. Indeed, first notice that

4

y = % — (14 2)e + O(e?),a = O(e)

is a graph that is formally invariant w.r.t. X, 4, up to order O(e). Let us try to
extend this to an expansion

$4

y= (1+2%)e + yo(2)e? + O(e?), a = aye+ O(e%).
Expressing the formal invariance of this new expansion quickly yields
a1 — 2z
vlo) = =

Hence, no choice of (a1, y2) exists so that the formal invariance is true up to order
O(£?) and so that y, is continuous at the origin.

But there is one more interesting observation to be made about this family of
vector fields: for a = 0, the vector field X, , has a symmetry {z — —z,t —
—t}. This means that if the two curves ¥_ and ¥; in Theorem [I] are chosen
symmetrically with respect to the y-axis, then the control curve will be situated at
{a = 0}! As a consequence, all control curves will be flat to a = 0. Combine this
with the knowledge that the control curves are smooth in €'/#, and we can conclude
that each choice of control curve a = A(e) will be C* in ¢!

Also, if the two boundary curves ¥_ and > are not chosen “symmetrically” (X_
is not inside the backward saturation of ¥ with respect to X, o, or equivalently
Y, is not inside the forward saturation of ¥_ w.r.t. X, o), then the control curve
cannot be analytic, even if we know that the vector field and the boundary curves
are analytic.
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8.2. Normal crossing of lines of singularities. Consider the scalar o.d.e.

d
el = g4 g2

dx

and the associated vector field

y+eF(x,y,¢e,a,N)

v & =5
Ny = ata™ Yt eF(z,y,ea,0),

with £ a C* function in the neighbourhood of (z,y,¢,a) = (0,0,0,0). Fore =a =
0, we have a crossing of the lines of singularities: x =0 and y = 0. Along x = 0, it
would not be possible to satisfy the regular passage property, but along y = 0, it
will be, so we will define y = 0 as the critical curve.

Observe that along y = 0, for < 0 the critical curve is attracting, and for z > 0
the critical curve is repelling. Given a point p on the attracting part of the critical
curve, then the regular passage assumption (Assumption 2) is trivially satisfied,
since £ = € > 0. To check the remaining assumptions, we blow up the origin:

e=0v"a=0""14, z = u’T,y = uy,v = ul.
In the phase-directional rescaling chart 7 = 41, we find (after dividing by u*"~2)
= %u?‘*”,
~Lgintl

< 2 2
Il

= " TA+ 7 - 30V + O(u).

Clearly, Assumption 3 is satisfied, and due to the absence of singularities outside
uv = 0 Assumption 4 also holds. Look now in the family rescaling chart v = 1:

{

Clearly, for A = 0 there is a connection § = 0 connecting P_ to Py, and on
this connection, no singularities appear. This shows that Assumption 5 is satisfied.
Finally, in order to check Assumption 6, one needs to calculate an integrating factor.
One readily checks that

0(z,0) = exp (/0 sznlds) = exp (—z°"/2n) .

T

= 1,
A+7 g 4 O(u).

< 8-
\

Using Proposition 5.7 A is a regular breaking parameter because

/y_ouo.

The control curve A = A(u) in original coordinates is a curve
a(s) _ €(4n71)/4nA(€1/4n).

where A is smooth in its argument. If n > 1, then generally, a(e) will not be C*
in . If n = 1, then one can prove the existence of a formally invariant expansion,
and using Theorem ] the smoothness in € can be shown.
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APPENDIX

Proposition A.1. Let g be a positive (not necessarily strictly positive) C*-function
on VW x A, where V is a compact interval in R, W is a set of singular parameters
(part of a finitely dimensional vector space), and A is a set of reqular parameters
(part of a finitely dimensional vector space). Define for a fixed yo € V, and for all

Y > Yo
(y,e,\) :=e < /y ds ) eeW,AeA
w\Y, &, =eXp | — T\ | o ) .
Y Yo g(S,E,)\)

Assume for y1 > yo that (y1,€0,A) is in the closure of the domain of w. If
(a) 9(87607 )\) = O,VS S [y07y1]7
(b) orif g(s,e0,A) is only zero in the end point s = y1 and not in [yo,y1[, and
Zf g_g(y15607)‘) = O}
then the function w can be extended in a C* way to (yi,c0,)\), and in this point w
and all its derivatives (up to order k) are zero.

Proof. We will first treat case (a), and then tell how to adapt the proof for case
(b). We claim that it suffices to prove that

w(y, e, )

P1) for all N € N: k.2 ek BT
(P1) (v.6)—(y1.€0) 9(y, €, )N

(P2) for all K, M € N:

b

KM Y ds M
lim w(y, e, A JELA / > =0,
(y,E)**(yl,Eo) (y )g(y ) ( Yo 9(8757)\)1(

and where the convergence is uniform in A\. Note that the limits can only be taken
in the closure of the set of points (y, e, A) where w(y, €, A) is defined properly. Note
also that we do not claim anything for y = yg; indeed this point is excluded in the
formulation of the proposition. In fact, w is in general not even C' in the point
(yo, €0, )\).

The proof of properties (P1) and (P2) will be carried out in two lemma’s, but
here we will show that those two properties are sufficient to prove the proposition.

To that end, calculate all first-order derivatives of w, in the points (y, e, A) where
w is defined:

ow -1

—(y, e, \) =w(y, e, \) ——,

dy W6 4) = wly )g(y7 £,\)

ow Y g—g(s,e,)\)
%(y7€7A)_w(y757A)LO g(S €, )\)2
ow v g?,\ (5,6,A)

(e ) = wly. e ) / s

Observing these three equations, one finds that applying a general differential op-
erator D to w results in

Fii(y,e,\) (Y Gij(s,e,N\)
A )\ J\Yr <> AGEESS) d
y)E ZU} y7€ H g(y,€7>\)N” ” g(S7E7>\)KiJ‘ S,

with Ny, K;; € N, Fy; and G; are functions of class C*F=IPl and where the sum
and products are ﬁmte In order to prove that Dw(y,e,\) — 0 as € — &g, it is

sufficient to prove that each summand of the above expression tends to zero. By
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raising these expressions to some power, we can distribute the effect of w(y,e, \)
among all types of factors, and we find the following two conditions:

: w(y’ 57 )\)F(yﬂsﬂ A)
a) for all N € N: lim
( ) (y,6)—(y1,€0) g(y’&)\)N
(b) for all K, M € N:

=0;

y M
G(s,e,N) ds) _0

i \ AV EM
im w(y,e,\)g(y, €, ) ( g(s,e, K

(y,€)—(y1,€0) Yo

(the factor g% is included in (b) because we want to do so, and we can: we simply
need to increase the NV in (a)). Since F' and G are at least C°, these properties are
true once the two properties (P1) and (P2) are satisfied.

The remainder of the section involves the proof of (P1) and (P2). Let us start
with
Lemma A.2 (Under condition (a) in Proposition [Ad]). For all K > 0 there exists
a neighbourhood V' of € = g such that

/yL>_K( — o) log g(y,, \)
” g(S,€,>\) el Yy Yo ga\y, &, )

for all y € [yo,y1], N € A and € € V (only for those € where w is defined).
Proof. Let

Fien = [

Yo

ds
s e |
gen W w)logg(y,e )

Then F(yo,e,A) = 0, so it remains to prove that %—z(y, g,A) >0 for all y € [yo, y1]-
In short notation, we have

oF 1 Ky — 0
OF _ 1| Kioggs KW =99
dy g g Oy
1 0
== (1+Kglogg+K(y—yo)—g> .
g Ay
The mapping u — wulogu tends to zero in the origin, so for ¢ small enough, we
may assume that glogg > —%. Furthermore, since also g—z tends to zero, we may
assume that for € small enough, g—g > —m Applying these inequalities to
the equation above, we find
OF 1 -1 -1
—(y,6,0) > ———= <1+K—+ Y — Yo K7>~
oy 5N 2 e U e H R R
As y —yo < y1 — yo, we have %(y,s,)\) > 39(;)&’)\) > 0. O

Corollary A.3. For all N € N and for all intervals [yo + 0, y1] on the y-azis (with
0 > 0), there exists a neighbourhood V' of € = eg such that

w(ya &, /\) < g(y, €, )\)N+1,

forally € [yo+6,y1], A € A and e € V (only for those ¢ where w is defined). This
proves property (P1) in case (a).
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Proof. Apply Lemma [A2 with K = %, and find

N+1

w(y,&,\) < g(y,e,\)72 Y.

The corollary follows from the facts that %y > (N +1) and, for € small enough,
g(y,e, \) < 1. O

For the proof of (P2), define

Yy
Fly,e,) = w(y, e, \) /M gy, e, )< /

Yo

ds
g(s,8, )K"
Lemma A.4. For all v > 0, there exists a neighbourhood V' of € = €¢ such that
F(y,e,\) <v,

for all y € [yo,y1], A € A and e € V' (only for those € where w is defined). This
proves property (P2) in case (a).

Proof. 1t is sufficient that we prove
oF
F(yo,e,A\) <wv and <F(y,£,)\)>u = a—y(y,s,/\)<0>.

The first statement is obvious, since F'(yg, e, A) = 0. To prove the second statement,
assume F(y,e,A) > v. Then (write ¢’ for g—z):

oF ym (1 K/ 1 K—1 // 1 k1
- — - — 4K — -
oy " Mg? gk TR gk 9 gk

-1 K¢
— /M (_ + _9) (wl/MgK/ng)
Mg g

F

1

s Since we also know that

Taking € small enough, we may assume that ¢’ <
w is bounded by 1, we have

8F<1—i(1—1>§1 v

By — Mg 2 - 2Mg’
As g gets smaller, %—5 will become negative. O

These lemmas prove properties (P1) and (P2) in the case (a) of Proposition [A1]
and it was already pointed out that this is enough in view of proving Proposition
[A1l Let us now adapt the proof to the case (b). A key element in the proofs of
the lemmas was the fact that g and ¢’ becomes zero. In the case (b), we do not
have this property uniformly in [y, y1], but only in the end point y;. We will need
to be more careful:

Lemma A.5. If we define F(y,e,\) := ;:) g(s",l;A) + K(y — yo)logg(y,e, A), then

there exists a & €]yo, y1[ and a neighbourhood V' of ¢ = €g such that for ally € [0, y1],
F(y,e,A\) > F(d,¢, N),
for all X € A and e € V (only for those € where w is defined.)

Proof. Completely similar to the proof of Lemma O
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Corollary A.6. For all N € N there exists a neighbourhood V of e = eg, a C > 0
and a § €]yo, y1[ such that

w(y, e, \) < Cg(y, e, )V,

for ally € [6,y1], for all X € A and € € V' (only for those € where w is defined).
This proves property (P1) in case (b).

Proof. Apply the lemma to K = %, where 0 is an arbitrary small number. There

exists a 0 € [yo, y1[ such that for all y € [8, y1],
w(y,e,\) < g(y, e, \)EO=W) (5,6, A)KO=v0)(5, ¢, \).
So for y > max{d,yo + 6},
wy, e, \) < g(y,e, )V T1g(8,e,\) KOy (5,6, \).

Since ¢(0,0, ) # 0, we find that it can be bounded away from zero, which proves
the corollary. O

The proof of (P2) in case (b) is completely similar as in case (a), by replacing
Yo by a & close enough to y;. O

A slight generalization is needed. The results of Proposition [A1] remain true if
not g(y, e, \), but eVg(y, e, \) is a C*-function for some N > 0:

Proposition A.7. Let g be a positive (not necessarily strictly positive) C°-function
on V. x W x A, where V' is a compact interval in R, W = [0,e0[ is a set of singular
parameters, and A is a set of reqular parameters (part of a finitely dimensional
vector space). Assume that eV g is a CF-function for some N > 0. Define for a
fized yo € V, and for all y > yo,

w(y,e,A) ep( /y ds ) ceeW,Ael
PSR = ex - W\ | ) .
Yo g(S,E,)\)

Assume foryr > yo that (y1,0,\) is in the closure of the domain of w. If g(s,0,\) =
0,Ys € [yo,y1], then the function w can be extended in a C* way to (y1,0,)), and
in this point w and all its derivatives (up to order k) are zero.

Proof. The setting is similar to the setting in Proposition [AIl and the proof can
be copied after a slight change: next to the properties (P1) and (P2), we have to
prove additionally

(P3) wly,e,\) =0@EY), VYN >o0.

Let us explain why: to show that the properties (P1) and (P2) are sufficient to prove
the smoothness in Proposition [A 1], we replaced all differentials of g by constants—
this is possible since all differentials are CY. Here, we have to replace the differentials
by C/eN | hence (P3) is needed. The proof of (P3) is trivial since g < K¢ for some

constant K > 0, and thus w(y, e, ) < exp(—4z2). O
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