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ABSTRACT: We present two alternative proofs for the cancellation mechanism in the U(1)
symmetric pseudo-Nambu-Goldstone-Boson Dark Matter (pNGB DM) model. They help
us to have a better understanding of the mechanism from multi-angle, and inspire us to
propose some interesting generalizations. In the first proof, we revisit the non-linear repre-
sentation method and rephrase the argument with the interaction eigenstates. In this pic-
ture, the phase mode (DM) can only have a trilinear interaction with a derivative-squared
acting on the radial mode when the DM is on-shell. Thus, the DM-quark scattering gener-
ated by a mass mixing between the radial mode and the Higgs boson vanishes in the limit
of zero-momentum transfer. Using the same method, we can easily generalize the model
to an SO(N) model with general soft-breaking structures. In particular, we study the soft-
breaking cubic terms and identify those terms which preserve the cancellation mechanism
for the DM candidate. In our discussion of the second method, we find that the cancella-
tion relies on the special structure of mass terms and interactions of the mediators. This
condition can be straightforwardly generalized to the vector-portal models. We provide two
examples of the vector-portal case where the first one is an SU(2); x U(1)y x U(1) y model
and the second one is an SU(2); x U(1)y x U(1)z_; x U(1)y model. In the first model
the vector mediators are the Z, boson and a new U(1)x gauge boson X,, while in the
second model the mediators are the U(1)z_; and U(1)y gauge bosons. The cancellation
mechanism works in both models when there are no generic kinetic mixing terms for the
gauge bosons. Once the generic kinetic mixing terms are included, the first model requires
a fine-tuning of the mixing parameter to avoid the stringent direct detection bound, while
the second model can naturally circumvent it.
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1 Introduction

Cosmological and astrophysical observations indicate that the energy of the universe con-
sists of substantial cold Dark Matter (DM) [1], which cannot be explained by the Standard
Model (SM) of particle physics. By far the most attractive candidate of DM is the Weakly
Interacting Massive Particles (WIMPs), which couple to the SM particles with a strength
similar to the weak interaction. The WIMP models are interesting not only because they
can naturally explain the data of DM relic abundance by the thermal production mecha-
nism, but also because they may be detected in terrestrial experiments. In recent years,
there are many underground dark matter direct detection experiments, e.g., XENONI1T [2],
LUX [3], and PandaX-4T [4], searching for signals of DM-nuclei scattering. However, there
is still a null result from all these experiments even the detection sensitivity has been im-
proved by successive upgrades. The absence of direct detection signal can be explained by
a super weak interaction between the dark sector and the SM, but then it is hard to obtain
the observed relic density of DM by the well-studied freeze-out production framework.

In recent years, the pseudo-Nambu-Goldstone-Boson (pNGB) dark matter models,
which naturally predict a suppressed direct detection signal, have drawn much attention.
The model was firstly established in ref. [5], where a cancellation mechanism of Higgs portal
DM-nuclei scattering is found in their template model. The cancellation mechanism is based
on a soft broken global U(1) symmetry and the pNGB property of the DM candidate. It is
found that DM-nuclei scattering processes happen in the t-channel mediated by two Higgs
bosons and their amplitudes cancel automatically in the zero-momentum transfer limit. On



the other hand, since the DM pair annihilation processes are mainly through the s-channel
which is not suppressed in general, the correct relic density can be easily achieved as in
the usual WIMPs scheme. Because of this nice property, many works have followed up the
model and studied it in different aspects. For example, many papers have discussed various
phenomenologies of the model [6-23]. In refs. [24-27], the UV completion and its impact
on phenomenology have been studied. The cancellation mechanism is also generalized to
2HDM+pNGB DM [28-30], O(N)/O(N-1) model [31], and SU(N) model [32].

In this work, we are going to revisit the pNGB DM model and discuss two simple
methods for proving the cancellation mechanism. In the first proof, we will revisit the non-
linear representation which has been considered in ref. [31]. We will rephrase the argument
in a way that the cancellation becomes obvious.! Using the non-linear representation can
help us to generalize the model in different ways. For example, extending the symmetry
to SO(N) is straightforward in this picture. In ref. [31], the SO(N) with masses degenerate
PNGBs has been studied, so we will focus on more general soft-breaking structures including
non-degenerate spectrum and also the soft-breaking cubic terms. We find that with certain
conditions, some cubic terms can preserve the cancellation for the DM candidate.

In the second proof, we use the linear representation and show that the combination of
the CP-even scalars coupling to DM can be redefined as a new scalar boson with no mass
mixing to the SM Higgs boson. Instead, a kinetic mixing between them is generated and it
is the only portal connecting SM fermions to the DM. The suppression of the cross section
is then caused by the fact that the kinetic mixing terms of the mediators are effectively
negligible in the t-channel DM-quarks scattering processes.

Inspired by the second proof, we generalize the cancellation mechanism to the vector-
portal cases. It is well known that if the DM is a Dirac fermion (or complex scalar) which
couples to the gauge boson, the gauge boson mediated DM-nucleon scattering cross section
will be too large to accommodate the current direct detection bounds. Therefore, finding
a mechanism that can naturally generate a small direct detection cross section without
suppressing the DM annihilation cross section is phenomenologically interesting. We will
establish two template models to illustrate how the mechanism works. In the first model,
we introduce a new gauge boson from a U(1)yx symmetry and show that the DM-quark
scattering mediated by Z,, and ZZL bosons cancel in the zero-momentum transfer limit.
However, the cancellation is violated if there is a generic kinetic mixing between the U(1)y
and the U(1) x gauge bosons. In our second model, we propose a U(1) 53_; xU(1) y extension
in which cancellation occurs between the two new gauge bosons. We find that, even if the
generic kinetic mixing term violates the cancellation, the direct detection bound can still
be circumvented since the mixing can be naturally small in this case if it originates from
2-loop corrections.

This paper is organized as follows. In section 2, we establish our two proofs of the
cancellation mechanism for the Higgs-portal model and introduce the SO(N) generaliza-
tion. In section 3, we discuss the cancellation mechanism for vector-portal models and

'n ref. [9], the non-linear representation of S was also mentioned and a dim-6 derivative operator was
obtained by integrating the heavy radial mode. In our proof, we will keep the radial mode. The same proof
was also presented in ref. [33].



provide two examples. Finally, our conclusions are given in section 4. For the reader’s
convenience, we briefly review the original proof of the cancellation mechanism given in
ref. [5] in appendix A. In appendix B, we briefly introduce a UV origin of a spurion field,
Kijk, Which is presented in section 2.

2 Two proofs for the cancellation mechanism

First of all, let us briefly review the basic ideas proposed in ref. [5]. The model proposed
therein consists of the SM plus an extension with a complex scalar S. A global U(1)
symmetry of S is spontaneously broken by its non-zero vacuum expectation value (VEV),
and thus a Goldstone boson emerges. The Goldstone boson acquires a mass if the U(1)
symmetry is softly broken. To be precise, the potential of the SM Higgs field H and the
scalar S is given by

V = 2| HP? = 2SI + A H|* + As|S|* + 2Asn|H || ?

_/'57,52 2 *2
(57 +57), (2.1)

The first line of eq. (2.1) respects the U(1l) symmetry, while the second line is a soft-
breaking term. The SM gauge symmetry and the global U(1) symmetry are spontaneously
broken by the VEVs of H and S, respectively. In the unitary gauge, we can write H and
S as

0 vs + 8+ iy
H={ |, §=2"2T1% 2.2
<f> V2 =2

The CP-even component s will mix with h, while the CP-odd component y is a pseudo-
Nambu-Goldstone Boson (pNGB) playing the role of a DM candidate. The masses of (h, s)
and y can be easily obtained by finding the stationary point of the potential and the results
are shown as follows

2202 2Agpvv
M2 = ., = . 2.3
even (2)\51{11'08 2)\5’03 Mx = Hs (2.3)

The mass matrix of (h, s) can be diagonalized by an orthogonal matrix O as Mgiag =
OM?

even

through the t-channel mediated by h; and hy as shown in figure 1(a). It has been proved

OT', while the mass eigenstate is (hy, h2) = (h, s)OT. The x-quark scattering is

by ref. [5] that the amplitude of this process vanishes in the zero-momentum transfer limit
(t — 0), since there is a cancellation between the two diagrams corresponding to the h
and ho mediators.

Although the x-quark scattering is suppressed due to the cancellation, the annihilation
cross section for x pairs is not suppressed since x +x — f + f is through the s-channel and
the s variable is not necessarily small compared to the masses of the mediators. Therefore
this model can easily fit the relic density data and avoid the stringent direct detection
bound at the same time.

In the following subsections, we are going to introduce two methods to prove the
cancellation mechanism for DM-quark scattering and discuss some possible generalizations.
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Figure 1. The three different points of view for the same DM-f (SM fermions) scattering process.
Plot (a) represents two diagrams with different mass-eigenstate mediators which give rise to a
miraculous cancellation. Plot (b) is the diagrammatic representation of our first proof, while Plot
(c) is the perspective of our second proof.

2.1 The first proof

In this subsection, we revisit the non-linear representation proof of the cancellation mech-
anism in the U(1) model [9], and rephrase it in a more simpler way.? This leads us to a
better understanding of the cancellation mechanism, and helps us to generalize the model.
In the non-linear representation, the complex singlet S is written as

Vs + 8 ;x

Yo e'vs (2.4)

where s is a scalar that mixes with the h, while x is the DM candidate. Substituting

S =

eq. (2.4) into the potential, we find that the only terms involving x come from the soft-
breaking terms:

12 2
Veoft = —%(vs + 3)2 cos (;:)

2 2 2
HE o 2s s 2x
= ——= 1+—+=|1-—=+... 2.5

where we have expanded the cosine function up to order x2 in the second line. We read
off the mass squared of the pNGB x as

and find that there is a sy? trilinear coupling,
2
L _ My 2
£5X2 —_— /US SX 3 (27)

arising from the potential. In the non-linear picture, the kinetic term of S consists not only
of the kinetic terms of s and x, but also includes derivative interactions. To be precise, the

kinetic term is
Lyin = (8u5’)*0“5’

1 1 s 152

= 2(8u5)2 + 5(8@()2 + (auX)Q + ivfg(auX)z . (2.8)

Us

2This proof is also mentioned in ref. [33].



We see that the third term is another source of sx? trilinear coupling, which can be rewritten
it in equivalent form as

s
Lgi)2 = *(8/0()2
= vl {8M l:S)(a‘uX - %(8‘“8)){2 + %(828)X2 - sxf)Qx} . (2.9)

The first term is a total derivative and can be dropped in the action. Combining eqs. (2.7)
and (2.9), the full sy? trilinear interaction is

1

s
Loz = 5 (9%s)x? — U—Sx(82 + mi)x . (2.10)

S
The first term contributes a coupling proportional to the momentum squared of the s field,
while the second term vanishes when Y is on-shell. To the tree level, the y-quark scattering
can only be mediated by the s boson which mixes with the Higgs field h (see figure 1(b)).
We expect that the amplitude must be proportional to ¢t = (p; — k1)? as

Mo () s cizsnen) o (T b)), (201)

vs ) t —m? —m3 v

which vanishes when ¢t — 0.
Note that, if we include following soft breaking terms,

it = —#1(S + 8%) — k2| SIP(S + 5%) — K3(S® + (5)°) (2.12)
1 \/éﬁ? \/é 2 1 \/i/{z{’ 3\/§ 25 )
— 5 [ s + 7(’432 + 9/@3)”5 X + 5 21}5 + T(KQ —+ 9%3)’1}8 /U—SX + ... ,

which involving odd numbers of S, the cancellation property is not preserved in general,
unless K123 satisfy?

o %(Iig + 9r3)v2 . (2.13)
However, the linear term S + S*, the cubic terms |S|?(S + S*), and S% + (S*)? usually
have different origins. The |S|2S operator is a cubic term generated by a spurion with 1
unit of U(1) charge, while the S operator is a cubic term generated by a spurion with 3
units of charge. Although the linear term and the |S|?S term has the same charge, their
cancellation requires a special relation between k1 and kg as k37 = kov2/2, if k3 is set to
be 0. This is a blind-spot of direct detection due to an accidental relation between two
unrelated parameters, however, it is not satisfied in a general case. There is no symmetry
or fundamental principle to guarantee the relation (2.13). Therefore, if we want the can-
cellation property to be obtained automatically, it is better to forbid the linear and cubic
terms by assuming a Zs symmetry with § — —S.
There is a more general soft-breaking potential which includes a term as kyg|H|?(S +

S*), but it can be removed if we shift S by a constant S — S+ sg, where s) = —kpgs/2\sH-

3In ref. [34], the cancellation condition for the cubic terms had been discussed.



The couplings, 12, u%, ;/SQ, K3, also change respectively, and the cancellation conditions,
in terms of the new couplings, are the same as the discussion above.

The non-linear representation is useful for generalizing this model. We easily see that
the cancellation mechanism still works if the model is extended with more Higgs doublets
which are neutral with respect to the global U(1). For example, the 2HDM [28] and NHDM
extensions do not violate the cancellation since these Higgs fields only couple to the radial
mode s. A more interesting generalization is to consider a global SO(N) symmetry which is
spontaneously broken to SO(N-1). The SO(N) is also softly broken so that the Goldstone
bosons can acquire masses.

We will consider an SO(N) model consisting of a real scalar field ® which is in the
fundamental representation of the SO(N) group. To simplify things as much as possible at
the beginning, we first consider a Lagrangian without soft-breaking cubic terms,

L = (D,H)'D'H + p*|H> = N H|*
+(8,8)T0"® — T M?® — \p(D7 D)% — 22\ pro| H* (BT D) (2.14)
where M? is an arbitrary symmetric NxN real matrix. We can rotate ® by an orthogonal

transformation to a convenient basis, P = O®, such that the mass matrix 2 = OM2?07
is diagonal. Assuming that the diagonal matrix /% takes the form

ﬂ2 = dlag{ml /”‘d)vm2 M(j)?)mzZ _:ug‘)?--'am?\/—l _M3$7_M§)}7 (215)

where all the m? and p? % are positive quantities.* The SO(N) symmetry is spontaneously
broken due to the negative mass-squared parameters, while the m? are soft-breaking masses.
Note that in ref. [31], all the m? are assumed to be equal so that the remnant symmetry
is exactly SO(N-1). In our setup, we are considering a more general situation in which the
soft-breaking terms also break the SO(N-1) symmetry. Using the new basis, the Lagrangian
can be rewritten as

L = (D,H)'D'H + | H> = X\ H|*
+(0u®)T 0D + pd (DT D) — Ap (T D)% — 2\ 0| H* (7 @)

—oT D . (2.16)

The last term of eq. (2.16) is a diagonal soft-breaking mass term which gives masses to the
Goldstone bosons. In this case, the ® field can be parametrized as

0

S _ vt (xéT@) | vero (s
P = exp | ¢ =

) (2.17)

1

4The eigenvalues can always be written in this form if at least one of them is negative. In this case, we
can choose the minimal one to be the fpi and express all the others as m? — ,ui.



where a = 1,2,..., N — 1 indicate the broken generators given by

00... — 00...0 00 ...0
S L e e L T A ke ,
AR o T 00 "+ —i
i0...0 0—i...0 0. i 0

and x® are pNGBs which play the role of multi-component DM. The minimization condi-
tions of the potential are

,ui = )\qﬂli + /\Hqﬂ)2, MQ =\’ + )\Hqﬂ)é, (2.18)

and these will determine the VEVs in terms of the model parameters. The mass matrix
for (h, ¢) is given by

2202 2\ U
M?, = 2] . 2.19
h.¢ (2)\H¢UU¢ 2)\@21(% ( )

The kinetic term of ® can be computed by expanding the exponential function and keeping
the leading terms up to the quadratic of x? as follows,

X/ vg
2
X" /vg
= Upt+ : a b e
§—tet? : +O00*x"X%) - (2-20)
\/§ N-1
X vg

1—x%"/(2v3)
Substituting eq. (2.20) into the kinetic term, we obtain

(vg + ¢)?

202

1
»Ckin = *auﬁba'uﬁz) +
2 %

> (0uxXM) ("X + ... . (2.21)
a
The soft-breaking mass terms can also be computed by the expansion and the result is

+ ¢)? ;
L >~ OS2 (2.22)
¢ a

It is now easy to show that the masses of the pNGBs x% are my, while the trilinear
interactions of x% and ¢ are

IEDS

a

00 = 30 Lt (2.23)
2’U¢ A ’U¢ @ ' '

Once we read off the Feynman rules in momentum space, the first term of eq. (2.23) is
proportional to the momentum squared of ¢, while the second term vanishes when x% is
on-shell. Since the pNGBs can only communicate with the SM fermions through ¢ which
is mixing with h, the amplitude of the x%quark scattering vanishes in the zero-momentum



transfer limit. Note that when N is an even number, the model is equivalent to the SU(N/2)
generalization which has been discussed previously in ref. [32].

We can now try to add some soft-breaking cubic terms to eq. (2.16) and see how they
affect our results. Without loss of generality, these terms can be written,

Loz = —Hijkéi&)jék , (2.24)
where 4,5,k = 1,2,..., N represent the indices of the fundamental representation, while
Kiji are real parameters with 1 unit of mass dimension. Using the expansion given by
eq. (2.20), we can analyze these terms separately for different components, as follows

e The mbﬁ)aébéé (;f/t(pg /{abcx X x¢ terms include trilinear interactions among the

pNGBs. They can be Categorlzed to the following three types:

1. If 4 = b = ¢, then x% cannot be a DM candidate since this interaction leads to
DM decay.

2. Ifa=5b £ ¢, x% is a viable DM candidate, since it is protected by Z, parity
x* — —x% while x¢ is unstable and thus can not be DM. In this case, the
x®* DM still enjoys the cancellation mechanism since x¢ does not mix with the
radial mode or the Higgs boson h to leading order.”

3. If @ # b # ¢ all y fields are stable DM candidates, unless one of them has a
mass larger than the sum of the other two, in which case it will decay into the
lighter states. The stability of DM can also be guaranteed by introducing a
Zy X Zo symmetry. We can let x?, XE being odd under the first Zs, while let
XB, x¢ being odd under the second Z,.

e The m&BNCi)déi’(i)N (;f/tfg Ko XX [ - Xéxé/(%;) + -] terms lead to mass

mixing between % and x°, and in addition their trilinear interactions with the radial
mode. When we add only these terms to the model, they definitely violate the
cancellation mechanism for y% and XI; , since the trilinear coupling from the potential
term can no longer cancel the contribution from the kinetic term. Moreover, once the
full mass matrix of x% and Xi’ has a negative eigenvalue, the vacuum we have chosen
is not stable anymore.

o The kayn®4(OV)2 ~ (Q‘f/g(ﬁ) kanN X1 — s x%x /(2@5)) + ---]? terms contain tad-

poles of %, which means we have chosen a wrong vacuum configuration. In this case,
a more complicated formulation of the vacuum is required, which is beyond the scope
of this work but worth studying in the future.

~ 3 A A
o The kynn(®V)3 ~ %HNNN(l — XCXC/(%;))?’ terms generate extra mass terms
and trilinear interactions for each pNGB. If these terms are added individually, the
cancellation mechanism is violated for all pNGBs.

®Note that x° does mix with the radial mode at the 1-loop level. Therefore, it can give rise to a non-
vanishing x*-quark scattering amplitude even in the ¢t = 0 limit. However, such an effect can be naturally
small since it is suppressed by a loop factor.



« A special combination 3ks5n PPN + RNNN(QDN)?’, with kaan = %HZNNN, cancels
the extra quadratic of xy* and, therefore, the cancellation still works for .

On the other hand, the symmetric tensor k;;, can be separated into two parts which
might originates from different sources. One is a spurion x; in the fundamental represen-
tation, so that s;j; can be written as w;j, = ki, + K0 + krd;;. The other source of
Kijk is a spurion in a symmetric three-index irreducible representation of SO(N), which is
denoted as &;j, with conditions /%ijkéij = E;ijkéjk = Eijkéik = 0. In principle, we should
not expect the coefficients of operators originating from these two different sources to be
related. Note that, in the first case, only the xx component is permitted to be non-zero,
otherwise the vacuum configuration is incorrectly chosen. However, the ky component
leads to a violation of the cancellation mechanism for all the pNGBs, so this case will not
be considered in this work.

In the original U(1) (or SO(2)) model, only a single pPNGB appears so no ﬁdgé‘i)&(i)é(i)é
term can be added without violating the cancellation. Although it can include a term such
as %(@1)2@2 + (@2)3, which preserves the cancellation,® as we have mentioned, it requires
an unnatural combination of the two unrelated terms from different sources. The simplest
model allowing nal;éé@égéé terms is the SO(3) model which contains two pNGBs. To
find out the most general cubic terms naturally preserving the cancellation, we consider
the scenario in which k;;, stems from a spurion in an irreducible symmetric three-index
representation of SO(3). The resulting cubic terms can be parametrized as

—Lgs = +i111(")? + 3R1220" (D) — (111 + Fazo) (D7)
+38112(D1)2D? + oo (D?) — (112 + Fiazo) DH(D?)? (2.25)
+37113(P1)2 D3 + Bfigas (D203 — (R113 + Kaos)(P?)3 4 6R123D1 023 .
Note that independent degrees of freedom of &;;, is seven, which match the number of

dimensions for the symmetric three-index representation. We assume that the chosen
vacuum is stable, so that following conditions should be satisfied

K111 + R122 = K112 + Koo = 0, (2.26)

otherwise tadpole terms of pNGBs will be generated. If we require that at least one pNGB
particle, x', is a stable DM candidate, following conditions should also be satisfied

R111 = K122 = R123 = 0. (2.27)

Finally, if we want the cancellation mechanism to work for x!, we requires

- 1.
Riig = —gRazs, (2.28)
Substituting these conditions into eq. (2.25) and expanding in series of X%, we obtain the
explicit expression for the cubic terms,
oy ~ oy ~q, 2
—Lgs = F112[303(®1)% — (9?)%] + Razs {—@3(@1)2 +303(0%)% — 3
_ (Wt 9)?
2\/51)2

5Tn the formulation of U(1) symmetry with the complex scalar S, this term is just the case that letting
K1 = K2 + 9k3 = 0 in eq. (2.12).

(<i>3)3] (2.29)

{%112[3(X1)2X2 — (x®)?] + Fans [—gvi + 4”¢(X2)2} +... } .




Note that the condition eq. (2.27) can be naturally satisfied if we assume a Z5 symmetry
under which ®! is odd. On the other hand, the condition eq. (2.28) is not automatically
satisfied in the most general case. However, a special case that K113 = Ro93 = 0, can be
naturally satisfied by assuming a Z symmetry under which ®3 is odd. In this case, the Zs
symmetry is spontaneously broken by the VEV of ®3, so that eq. (2.28) can still be slightly
violated at loop-level. We expect that the loop-level violation is small and does not lead to
significant effect in the direct detection process. If we further assume that K110 = K99 = 0,
then x? can also be a stable DM particle, but it does not preserve the cancellation unless
R113 and Fa93 also vanish. In conclusion, the SO(3) model is the minimal model which can
include some soft-breaking cubic terms without violating the cancellation mechanism for
the DM candidates

Finally we want to make some comments on the second condition in eq. (2.26), which is
R112+ k920 = 0. As a low energy effective theory, we just assume this condition by hand, for
the consistency of the chosen vacuum. However, a non-vanishing %112 which respects this
condition can also be automatically generated if we consider a UV completion of the spurion
Kijk. We assume that all the soft-breaking terms coming from a single real scalar field,
Kji, which is in an irreducible symmetric 3-index representation of the SO(3) symmetry.
The Kj, field can couple to the ®’ field through following renormalizable potential terms,

Vico = A (a)p Kijn® @08 4+ X2 ()2 Kijr K7 " @0 + X )2 (g2 Simm &t K™ K07
+)\(K)3(I>KiijﬂmKlkm‘I)i + )\/(K)3(I,e’fjlpé“kquiijlmanq(I)i
+)\/(/K)3¢€ijk5lqujlnKkmngpq)i ’ (230)

where €51, is the Levi-Civita symbol. When Kj;;, acquires a non-trivial VEV, (Kjji) =
Rijk/ Ak (9)3, the first term in eq. (2.30) generates the cubic term given in eq. (2.24). The
second and third terms generate soft-breaking masses AMZ-Qj, while the terms in the second
and third lines generate soft-breaking linear terms for ®*. If only Kj12 and Ko99 have
non-zero VEV, (K112) = —(K222) = k/Ag(a)s (see appendix B for more details about the
vacuum configuration), we can check that all the linear soft-breaking terms vanish, while

the soft-breaking mass matrix of ®° is

2022 2
(AK(<1>)3)2
212 ()2
2 2RE)A(2)2 .2
AM;; = Creay)” " ’ (2.31)

2N oo
— E)T(®)Z 2

(AK(<1>)3)

which is consistent with the structure of eq. (2.15). Therefore, we have found a UV comple-
tion of the soft-breaking cubic term for the SO(3) model, in which a pNGB DM candidate
can preserve the cancellation property.

In the case that &113 x (K113) # 0, the linear term induced by the KK K® coupling
is usually non-vanishing, so that our previous discussion which only included the cubic
term of ®' was incomplete. Since the situation is much more complicated, we leave it for
future research.
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2.2 The second proof

In our second proof of the cancellation mechanism, we use the linear representation eq. (2.2).
The mass term and trilinear couplings from the potential are given by

1
—L D Agv?h? + 2Xgpvvshs + )\sv§52 + imix2

+Asrvhx? + Agvssx?, (2.32)
which can be written in the following quadratic form

1 2

)\2
LD ()\H — SH)UW +
As

1
s (Asgvh + Agvgs)® + §mix

+(Asvh + Asvss)x? . (2.33)

We then find that the combination of h and s that couples to the y appears as a quadratic
form in the potential. If we define a new scalar, ¢ = (Aggvh + Agvss)/Asvs, and rewrite
the Lagrangian in terms of h and ¢ as

2
Lo 1[1 + (ASH“> }auhaﬂm %ama% _ASHYy o

2 AgUs AsUs
Aer ) 2,2 2.2 1 o5 9 2

— (A — Z2H ) 02h? — Agviep? — SMIX” — Asuspx”, (2.34)
AS 2

we see that the mass terms are already diagonalized in this form. On the other hand, the
kinetic terms are not canonical anymore and there is also a kinetic mixing term between
h and ¢ generated in this basis. We can treat the kinetic mixing term as an interacting
vertex which is endowed with a value

ASHV 2
1
AsUs

igh¢q2 =— (2.35)
where ¢* is the momentum of ¢. The propagators of h and ¢ can be read off from their
non-canonical kinetic and mass terms as
i )

5o Dnlq) oh (2.36)

D q = ——— = ————
¢( ) q2_m¢ th2_mh

where &, = 1 4+ (Asgv/Asvs)?, mi = 2\gv? and m} = 2(Ay — A%y /As)v?. Note that in
this form the SM fermions only couple to the h field, while the DM x only couples to the
¢ field. The only portal connecting these two sectors is the kinetic mixing vertex whose
strength is proportional to the momentum squared of the mediator, which is just the ¢
variable (see figure 1(c)). Therefore we see that the amplitude of the y-quark scattering,

. . i ASHV i .mq>—
— (2iAsus - ¢ ™M) Gk L@
iM (st)t—mg,( "Asvs >§ht—m%< " wlka)ulpz) + (2:37)

vanishes in the t — 0 limit.
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The lesson we can learn from the second proof is that the cancellation mechanism
relies on the special structures in the masses and interactions of the scalar mediators. The
condition of the cancellation is that the combination of the mediators that appears in the
trilinear coupling with the DM has no mass mixing with the SM Higgs boson h. This
inspires us to look for the same structure in the vector-portal models. When the gauge
symmetry is spontaneously broken by the Higgs mechanism, the masses of the gauge boson
are generated by the gauge interaction of the Higgs field. If the representation of gauge
symmetries for the DM field is the same as the a new Higgs field, which breaks some new
gauge groups, then DM field will couple to the new gauge bosons with the same combination
of mediators as the new Higgs field. Therefore, the cancellation in the vector-portal models
can be achieved by the same method as in the Higgs-portal models. In the following section,
we give two examples of the cancellation mechanism in vector-portal models in details.

3 Cancellation mechanism in the vector-portal models

3.1 The SU(2); X U(1)y x U(1)x model

Firstly, we consider a simple extension of the SM with a gauged U(1) x symmetry as a toy
model for illustrating the vector-portal cancellation mechanism. In our setup, besides the
SM Higgs doublet H, we introduce a new Higgs field ® and a Dirac fermion DM field, ¥
which are both in the representation (2, 1/2, 1) of the gauge symmetry SU(2); x U(1)y x
U(1) y. The covariant derivatives of H, ®, and ¥ are given by

_ -
D = |, i [“M T 24 T 7 (3.1)
# H aWy 9 7 HY )’ '

L \/i ZCW M
[ A geew 7 X QWJ | +
D&— g i eAp + 55y 4n T 9x Xy 72 ¢ 3.9
S IWi g o0 |7 (3:2)
_ V2 2oy Zn + XX ] |
[ A geew 7 X QWJ | +
DU = |9 AT ey Zu T IXRu V2 X 3.3
1 - M_Z gWH_ g X ) ()
I ) 2w Zn F 9x X ] |

where gy is the gauge coupling of U(1)x. The x field, which is the neutral component of
W, is the DM candidate. After H and ® acquire their VEVs, defined as

@) ey
V2 V2

the SU(2), x U(1)y x U(1) y gauge symmetries are spontaneously broken and both the Z,,

(H) (3.4)

and X, boson become massive. The masses terms of the neutral gauge bosons are

1/ gup )2 1 ( gug )2
—Lyp==|"—Z — | —Z X . 3.5
" 2(20W #) o ey Sr T IXVRN (3:3)
The mass matrix of the gauge field (Z,, X,) can be read off as follows,

9> (vp+v3) ggxvi
2 _ 4c? 2cw

Mg o QQXVIT/JE, 2 92 (36)
2cw Ix Y
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Figure 2. Plots (a) and (b) represent two different points of view of the DM-f (SM fermion)
scattering through the vector-portal. In Plot (a), the mediators Z and Z' are mass cigenstats, and
their amplitudes cancel each others miraculously. In Plot (b), there is only one diagram whose
mediator involves a mixing between the V, and Z,, fields.

It can be diagonalized by an orthogonal transformation U as Miag =UM, g2U T while the
mass eigenstate is (ZAu, ZA;L) = (Z,, X,)UT. The mass of the VVMi boson is just

2 2
_ It (3.7)

mw = 9 5

and we can define v = /v? + v(% ~ 246.22 GeV as the SM VEV of the Higgs field. It
constrains the values of vp,, vy to be vy, v4 < v. The gauge interactions of the DM candidate
x are given by

_ g TN, — 9 T ZH e
Ly = (20WZ,LL+9XX;A) X7 = <2CW : gx) U (ZI) X7"x (3:8)

The diagram of x-f (SM fermion) scattering is shown in figure 2(a), and its corresponding
amplitude can be computed as

gwfq“q”
. _ . g T, . t—m? 1
iIM = Ux(kl)’y'u’u,x(pl)l <2CW ’ QX) U (—7,) 4 gw}_q,ugu U <0>
0 2
t—m?,
Xiﬂf(kg)iG;fof(pg) , (3.9)
o 52— k2
where G;ff = ggff’y” - ggfffy”fyf’. In the limit ¢* = (grlnT]\Z +...,p1 — k1) — 0 and

t = ¢*> — 0, the amplitude becomes

S
. ._ g m2 1) _
iM = —ity (k1) yuuy (p1) <2CW ; 9X> ur ( Oz ! ) U <O> U,f(kQ)GfoUf(pQ)
mZ/

= ity (k1) (1) g (k2) G 7 (po) <2cgw gX) (Mg)~! <l>
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Figure 3. The leading diagram of the x — f scattering when there is a generic kinetic mixing term
for the gauge fields.

= - <de,5(i]\492)> ax(kl)’Yuux(Pl)ﬂf(kZ)G%ffuf(m)

g g2 02 99XV, .

L X% T2 .

% (zcw ’ 9X> g9x 3 g*(0102) <0> =0, (3.10)
- 2CW W

which implies a suppressed direct detection signal. The cancellation mechanism in this case
can also be proved by the second method we used for the Higgs-portal model. Note that
the structures of the gauge interaction and the mass terms are similar to the Higgs-portal
model. We can define a vector V), = (¢Z,/(2cw) + gx X,.)/9x, and rewrite the Lagrangian
in terms of Z, and V), as

1 92 9 1 2
LD —— |1+ —5 5 (O“Z,, — OVZ#) — Z(OMV,, — &,V#)

4 40%,ng
+—I (0., — 8,V (02" — 0" 2"
dew gx
+> Flay s + 9557 ) f 2+ 9x X XV - (3.11)
7

The second line of eq. (3.11) is a kinetic mixing term for V,, and Z,,, which can be treated as
an interacting vertex in terms of the momentum of V),. Since the standard model fermions
do not couple to the V), field, while the dark matter x only couples to V},, their scattering
can only be induced by the kinetic mixing vertex (see the diagram shown in figure 2(b)),
which vanishes in the zero-momentum transfer limit.”

So far, the cancellation mechanism seems to work well for the vector-portal model.
However, the cancellation is violated if the model includes a generic kinetic mixing between
the B, and the X, fields in the original Lagrangian, i.e.,

1 1
4 4

where s¢ = sine is a parameter characterizing the kinetic mixing. When we rewrite the

LD —=BuB" — —X,, X" — %BWX‘“’, (3.12)

Lagrangian using V,,, this term leads to a kinetic mixing between the V,, and the photon
field A,

Lo - SEZW A VY (3.13)

"In the (Z,, V) basis, the form of eq. (3.11) matches the structure of eq. (B1) in appendix B of ref. [35],
which have shown a proof for the cancellation.
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which can induce a new diagram in the y-quark scattering mediated by the photon. See
the diagram shown in figure 3. The amplitude can be computed as

. - —i(gpp — q:lg,,) _ iy
iM ~ igxty (k1 )v"w (p1) s —[—iscew (tg” — ¢°¢° )] ——
t —my, t
x(iQe) x tp(kz)y ug(p2). (3.14)

Since the photon is massless, it has a pole at ¢> = t = 0 and therefore leads to a non-
vanishing amplitude when taking ¢* — 0. Although the amplitude is suppressed by the
small kinetic mixing parameter s, it is still too large to accommodate the direct detection
measurement since the process is mediated by the vector boson V,, whose mass is smaller
than the weak scale. The lightness of V, is due to the fact that gngé should be much
smaller than ¢g?v? otherwise the p parameter will significantly deviate from 1. We use the
fact that v4 < v and assume that gx is not too large, so that my ~ gxvg should be smaller
than mz. The x-proton cross section corresponding to figure 3 process is

mym3 ’ 100 Gev')* 2
TVp px [ CWIXF ) 28 x 107 em? x [ ——— <s> . (3.15)

m(my +myp) my, Vg 9x

0746 cm?, for m,, ~ 1TeV [4],

Comparing to the current direct detection bound, o,y ~ 4x 1
the kinetic mixing must be fine-tuned such that (s./gx) < 107%, in order to avoid the
stringent direct detection bound. It is unnatural to have such a small kinetic mixing
because, in principle, this term can be generated by ¥ and ® loops (see figure 4). It is easy

to estimate the 1-loop correction of the kinetic mixing as

g9 p W

If we consider that in some higher energy scale u ~ Ayy, there is a UV completion of the

model such that s. vanishes, then in the low energy regime the kinetic mixing parameter
is generated as

gslt A
% -0.004 x In (UV> . (3.17)
9x my

If the logarithm is of order unity, the order of magnitude for |s./gx|is 1073 ~ 1072, which is
much larger than its upper bound implied by the direct detection data. On the other hand,
if there is a generic kinetic mixing parameter, SEO), and we require a (s/f/gx) < 107* in low
energy scale, (sgo) /gx) should be fine-tuned to cancel out the loops-induced contribution,
which is at least an order of magnitude larger than (s!%/gx). In conclusion, if we want
this model to avoid the stringent direct detection constraint, we need to tolerate some

fine-tunings of the kinetic mixing parameter.

3.2 The SU(2); x U(1)y x U(1)p_; X U(1) x model

If we look at the argument for why the cross section suppression fails in the previous
model, the main subtlety is that the VEV vy is constrained to be small since it serves as

~15 —
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Figure 4. The 1-loop corrections of the B,, X*" terms.

a part of the SU(2)y x U(1)y symmetry breaking. This inspires us to find other vector-
portal models that suffer from stringent direct detection bound, and to consider whether
the cancellation mechanism is able to work in these cases. A potential candidate is the
U(1)5_, extension of SM [36-40]. In this case, all SM fermions are assigned U(1);_,
charges equal to their baryon or lepton numbers. Three right-handed neutrinos are added
to ensure the gauge symmetries are free from anomalies, which as bonus, generate the
neutrino masses at the same time. We also introduce a Dirac fermionic DM, y, which
is charged under the U(1)p_;. The gauge boson of the U(1)z_, model, Z}, can be a
mediator generating the DM-quark scattering processes. Since these processes are vector
mediated, the cross sections will be large and, thus, direct detection will place a stringent
bound on the mass scale of Zj,. Using the results from ref. [41], the DM-nucleon scattering
cross section, mediated by ZL, is

1 TeV 4
oSy ~ 1.2 x 10740 ( ° ) cm?, (3.18)
mz [ (VngB-L)

where n is the B-L charge of xy. For a DM mass of around 1TeV, current bounds
from XENONIT [2], LUX [3], and PandaX-4T [4] are O‘>S<£V < 107% c¢m?, which implies
my /(v/ngs—1) 2, 20TeV. For a comparison, the LEP bound on my /gp_p is about
6.9 TeV [42-44], while the bound from LHC run-2 [45, 46] is about my//gp_1, 2 20 TeV

~y

(10 TeV) for my = 4TeV (5TeV) [44, 47], respectively. If the B-L charge of the dark mat-
ter is n ~ O(1), the direct detection constraints can be stronger than the ones from current
collider experiments. Moreover, if we consider the relic abundance of the DM, which can
be estimated as [41]

214 x107 GeV™!
(ov)a ;! /G- Mpy

2\ 2 2

1 4my Iz,
2 + 2

my, my,

then, using the bound my//(v/ngp—r) 2 20 TeV from direct detection, we find that

4m2\* 12, | (1 Tev”
Qxh2227><[<1— TZ*)JF Z ( AN (3.20)

Qh?

~1.7x107%

1TV (mz/(Vags—r)\'
(mx> ( ZlTeVBL> » (3:19)

2
mz, mz, my
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To be consistent with the current cosmological observation [1], the DM mass must be very
close to the resonance (2m, =~ mgys), which is unnatural if this must occur simply as a
coincidence.

The situation is very different if we consider that there is an extra U(1) , gauge sym-
metry and the cancellation mechanism is applied. The gauge symmetry is now SU(2); x
U(1)y x U(l)g_ x U(1)x. A Dirac fermion in the representation x ~ (1,0,nyng,ny)
is introduced to be the DM candidate, while two complex scalar fields in representation
®; ~ (1,0,1,0), @3 ~ (1,0,n4, 1) are also introduced to break the gauge symmetries. The
Lagrangian is now given by

1 1 :
LD —CuC" = 21X, XM + (D, ®1)'D,®; + (D, ®2)'D,®s + xilDx, (3.21)

where the covariant derivatives are defined as,

Duq)l = (8# - igB—LCu)(I)ly (3.22)
DH(I)Q = [8u — i(n¢gB—LC,u + ng“)](I)g, (3.23)
D,uX = [8M — mx(mﬁngLCu + ngu)]X. (3.24)

Note that the charges of y and ®5 are chosen such that their couplings to the gauge fields
are the same up to a factor n,. It is worth emphasizing that this structure is one of
the conditions for the cancellation mechanism. Once ®; and ®o acquire non-zero VEV,
(®1) = v1/v2 and (®3) = vo/V/2, both U(1)5_; and U(1)y are spontaneously broken,
and thus the gauge fields ), and X, become massive. The mass terms and the gauge
interactions are given by

2

92 9
g5 v v _
BL1@&“+§0%M%ﬂh+gﬁ&f+nmﬁwmwa¢QrﬂmXﬁ-@2®

LD 5

Now, as in the previous model, we can define a vector field, V,, = X, + (nggp—1./9x)Cy,
and rewrite the Lagrangian in terms of V,, and C), as

o MM o o Ly ey Me9BLy o
— T 7 +7 g _Z Hv +27 nv

9% gx

2 2
9B_1LV1

2,2

+ C,.CH + %V”V“ + 1y gx XV XV - (3.26)
Since the DM x only couples to V},, while SM fermions only couple to Wy, By, and C,,, the
only way for the dark sector to communicate with the SM is through the kinetic mixing
between V,, and C,, which vanishes in the zero-momentum transfer limit. On the other
hand, the annihilation cross section of x is not suppressed, since it involves the s-channel
processes and the total energy of the incoming dark matter pairs can be comparable to the
vector masses. Now the observed relic abundance of DM can be satisfied without assuming
that the mass of x is near the resonance, because mz:/(,/nynggp-r) is no longer con-
strained by direct detection. Since the present work concerns the cancellation mechanism,
we leave a detailed discussion of the phenomenologies of this model for future research.
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Figure 5. The 2-loop corrections for the B, X*” term.

Finally, we note that in principle, we should also include generic kinetic mixing terms
among the B,,, €, and X, fields. The kinetic mixing between C), and X, does not violate
the cancellation mechanism because it only changes the coefficient of the kinetic terms for
C}, and V,,, which are unimportant for the direct detection. The C,, B*” mixing does not
violate the cancellation, to the leading order, since the DM only couples to V},. The kinetic
mixing term B, X#*" can lead to a non-vanishing y-nucleon scattering cross section even in
the limit ¢* — 0. However, if we assume that the magnitudes of the kinetic mixing terms
are of the same order as their leading loops corrections, the B, X* term can be naturally
small since its leading corrections come from 2-loop diagrams, as shown in figure 5 . Even
in other scenarios, in which some SM fields are charged under the U(1) symmetry,® and
one-loop corrections for B, X*” can be generated, the direct detection constraint can still
be satisfied, since a mixing with s ~ 1072 is small enough for a TeV-scale V,, mediator.

4 Conclusion

In this work, we discussed two methods for proving the cancellation mechanism for the
Higgs-portal DM-quark scattering in the pNGB dark matter model. In the first proof,
we used the non-linear representation of the complex singlet S, where the phase mode
plays the role of the pNGB DM. We showed that the trilinear coupling between the on-
shell pNGB DM x and the radial mode s is proportional to the momentum-squared of s
field, which vanishes in the limit of zero-momentum transfer. Since the y field can only
communicate with the quarks through the mixing between s and the Higgs field h, the
amplitude of the DM-quark scattering is suppressed by a small ¢ variable. We can easily
generalize the model to inlcude the 2HDM or NHDM extension since all Higgs doublets can
only couple to the pNGB x through a mixing with the radial mode s. In addition, based
on the non-linear representation we can easily generalize the model to the softly broken
SO(N) cases and prove that the cancellation mechanism still works as well. We also found
that in the SO(N) model, some soft-breaking cubic terms can be added without violating
the cancellation mechanism for the DM.

In our second proof, we find that the combination of the CP-even scalars, which
presents in the trilinear coupling with the pNGB DM, can be redefined as a new scalar field
¢ which does not couple to the SM fermions. In this picture, the masses of h and ¢ are
diagonalized while the kinetic terms of the Higgs bosons are not canonically normalized. A

8Note that the up and down quarks should not be U(1) y charged otherwise the cancellation is violated.
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kinetic mixing between ¢ and h also appears which is the only portal connecting the DM
field to the SM fermions. Since the Higgs bosons only behave as mediators of the t-channel
scattering, both their kinetic terms and mixing term vanish in the zero-momentum transfer
limit, so that there is no communication between the dark and SM sectors to leading order.

Inspired by this second proof, we generalized the cancellation mechanism to include
vector-portal models. In our first example, we considered a Dirac fermion electroweak dou-
blet whose neutral component is the DM candidate. It is well known that the Z,, boson
mediated DM-nucleon scattering cross section is too large to accommodate the current di-
rect detection bound. To solve this problem, we introduced a new gauged U(1) x symmetry
and proved that the amplitude induced by the new gauge boson X, mediator can automat-
ically cancel the amplitude induced by Z,, boson. However, the cancellation is violated if a
generic kinetic mixing term for the gauge bosons is included. The kinetic mixing parameter
also needs to be fine-tuned in order to avoid the stringent direct detection bound.

In our second example, we considered a gauged U(1)z_; x U(1)y extension model
and found that the cancellation mechanism works very well in this case. The kinetic
mixing term which violates the cancellation is small if we assume that it has the same
order of magnitude as its quantum correction, which is at the 2-loops level. Even if this is
generated by 1-loop diagram, the resulting DM-nucleon cross section can still satisfy the
current experimental bound since the vector mediator in this case can be as heavy as 1 TeV.
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A Review of the cancellation mechanism for pPNGB DM

The couplings relevant to the x-nucleon scattering are the trilinear couplings as

1 1
Ehx2 = QghXQhX2 + 595)(2 SX2 ) (Al)

where gp,2 = 2Agpv, and g,,2 = 2Agvs. We can rotate them in to the mass eigenstates of
CP-even scalars using an orthogonal matrix, O, and write them in the following way:

1
Loz = Sx2(@hsaro, 2050,)07 (™1 (A.2)
2 ha
On the other hand, the Yukawa coupling between the Higgs and the SM fermions is given by
my = mys = 1
Lyuw=—Y —Lhff= —fof<h1,h2>0<> : (A:3)
i i 0
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Therefore, we can plot the t-channel Feynman diagrams (see figure 1(a)) for x +q — x +¢
scattering, mediated by h; and ho, and compute the amplitude as

: > 0 —im
M= i(QASHU,Z/\SvS)OT (tml ) 2) 0] <1> ( ” q> uq(p2)uq(ka) - (A.4)

0 — 0

t—m3j
In the zero-momentum transfer limit (¢ — 0), it is easy to demonstrate that the amplitude
vanishes. The proof given in ref. [5] is summarized as follows

19 1
iM = —i(2\smv, 2\s0,)OT ("6? 1) 0 <0> (”f) i1 (p2)utg (k)
mj

= _i(QASHU,QASUs)OT(Mgiag)_IO <(1)> (nf) aq(m)uq(k&)

= —i(2Asm0, 20505 (M2 ) (3) (™) i pa)ug 02 (A5)

—i 20502 —2Xgpvvg\ (1) (Mg -
= 7det(M (2)\SHU72)\SU3) <—2)\SHU’U 2)\502 0 (1;1) uq(pg)uq(/{Q) =0.

even)
Therefore, the cross section of the y-nucleon scattering is suppressed by the very small
momentum transfer of the cold dark matter.

B Vacuum configuration of the K;;; field

Let Ky, (i,7,k = 1,2,3) be a field in the traceless (Kijkdjk = 0) symmetric 3-index
representation of SO(3) symmetry. Since this representation is equivalent to the 7-plet of
SU(2), we can relate Kjj; field to the 7-plet real scalar field which has been studied in
ref. [48]. We denote the 7-plet field as Xa,asasa4a506 i this work (which is denoted as
®@;jkimn in ref. [48]), where a123456 = 1,2 are indices of the fundamental representation
of SU(2), and they are totally symmetric by definition. The relation between X and K is

given by
K = Xaysasarasase™ (07) 7 (07) 0% (o) (B.1)
where el = ¢22 =0, ¢!? = —¢2! = 1. The vacuum configuration that (Kj12) = —(Kag2) #
0 and all other VEVs vanishing, can be translated into the VEVs of X fields as
<X111111> — <X222222> ?é 07 (B2)
and VEVs of all other components of X fields are 0. Another convenient notation of the
7-plet is the vector form, X! (I =1,2,...,7), which relates to the tensor form as follows
A®) x 111111
A®R) V6Xx 111112
, A X VIBX 111122
r_ - o | = 1 111222
* V2 XA(—U V2 _\/5%)2(112222 7 (:5)
A2 V6.X 122222
A(-3) _ X222222

°In ref. [48], the 7-plet of SU(2). does not acquire any non-zero VEV, and the neutral component field
is treated as a DM candidate.
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where (A@)* = A(=Q) The vacuum eq. (B.2) now becomes
(A®) = A8y = 1A g (B.4)
V2
We should check whether this vacuum configuration can be obtained from the potential of
X. The potential is given by

)\/
Vx = —p% (XTX) + ax (XTX)2 + 4—;(

(XTSUX)(XTSUX), (B.5)
where S¥ = {T%,T?}/Q — 46, and T% (i = 1,2, 3) are generators of SU(2) for 7-plet (find
more details of the generators in ref. [48]). The explicit expression of the Ny term in the

potential is a little bit lengthy, so we only present the terms involving at least quadratic
of A®):

!/

Ty XTSX)(XTSVX) = Ny [;; ]A<3>)4 (B.6)
_ (g (20) 4 2 ja0P - 2 (mf) a®)? +...}

We assume the vacuum configuration eq. (B.4) and define A®) = [¢3 — i(va + a3)]/V/2,
then substitute it into the potential. Finally, we can find the minimum of the potential is
given by

25
—pk + Axv3 + @/\fxvg, =0, (B.7)

while the mass spectrum of the scalar fields are

m?% = mQA(Q) = O, (B8)

m(213 = 2)\XU§, mQA@ = —g—g)\'xvg, mQNU = —%Z)\,X’U% ) (B.9)
We can see that there are three massless NGBs, which is due to fact that the SO(3)
symmetry is completely broken by the vacuum. These NGBs can be absorbed by gauge
fields if we gauge the SO(3) symmetry. The masses of ag, A and AD fields imply that
the vacuum is stable only when Ax > 0, and Xy < 0. In conclusion, for some proper
values of the parameters, the vacuum configuration that (Kj12) = —(K222) # 0 can be
automatically obtained.
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