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ABSTRACT. It is shown that the disconjugate equation (1) Lx = (1/8,)(d/df)
“ (1/Ba-1) -+ - (d/d) (1/B)(d/dt) (x/Bo) = 0, a < t < b, where B, > 0, and (2) B, € C(a, )),
can be written in essentially unique canonical forms so that f* 8,dt = oo (f, Bidt = o0)
for 1 < i < n— 1. From this it follows easily that (1) has solutions x,, ..., x, which are
positive in (a, b) near b(a) and satisfy lim,,- x;(r) /x; () = 0 (lim,—,+ x:(£)/x;() = o0) for
1 £ i <j £ n. Necessary and sufficient conditions are given for (1) to have solutions
s +os Yo such that lim,_y-pi(0) /(1) = lim,_5e;(0) /y:(e) = 0 for 1 < i <j < n. Using
different methods, P. Hartman, A. Yu. Levin and D. Willett have investigated the existence
of fundamental systems for (1) with these properties under assumptions which imply the
stronger condition (2') 8; € C*)(a,b).

1. Introduction. A linear differential equation
(1.1) Lx = x®+ fi()xeD+ .-+ f(O)x =0

is said to be normal on an interval I if f, € C(I), 1 < i < n, and disconjugate on
I if it has no nontrivial solution with more than n — 1 zeros (counting multipli-
cities) on 1. Polya [6] showed that if (1.1) is normal and disconjugate on [a, b),
then it can be written as

1d 1 dldx
(1-2) Lx=E°d;El:°"EEEFO—O, a<t<b,
where
(1.3) B € Cab), B;>0 0LiLn

Recently, Levin [5, Corollary 2.1] showed that if (1.1) is normal on (a, b), then it
is disconjugate there if and only if it has a representation (1.2) which satisfies
(1.3). (Levin actually assumed f;, ..., f, to be locally integrable, rather than
continuous, in (g, b).)

Hartman [2}, [3], [4] and Levin [5] independently showed that a disconjugate
equation has fundamental systems, which Hartman called principal systems and
Levin called hierarchical fundamental systems, with properties not exhibited by
fundamental systems of other linear equations. We say that solutions x;, ..., x,
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320 W. F. TRENCH

of (1.2) form a principal system for (1.2) on (a, b] if they are positive on some
interval (d, b) and

im0 1<i<j<n

b x;(t)
or a principal system for (1.2) on [a, b) if they are positive on some interval (g, c)
and
. xi(t) . .
A\ Y < <n
rl—lglxj(t) 00 1<i<j<n

If {x, ..., x,} is a principal system for (1.2) on both (a, ] and [a, b), we call it a
fundamental principal system for (1.2) on [a, b] (see Willett [8]).

Hartman [2], [3], [4], Levin [5] and Willett [7], [8] have demonstrated the
existence of principal systems for (1.1). (The work of Hartman and Levin is also
discussed by Coppel [1].) Willett [8] obtained necessary and sufficient conditions
for (1.1) to have fundamental principal systems on [a, b]. These investigations
depend on the properties of Wronskians formed from solutions of (1.1). We use
a different approach which applies to a larger class of equations; namely, those
of the form (1.2) with (1.3) replaced by

(1.4) Bi€ C(@ab), B>0 0<i<n

A function x is a solution of such an equation if the derivatives indicated in (1.2)
exist and satisfy (1.2). If we define

x 1 / .
(1.5) Lyx = By’ Lix = E(L'-Ix)’ 1<j<n
then Lx = L,x; hence (1.2) is equivalent to the system

£}=Bj+|£j+la 0<j<n-2
£ =0,

with §; = L;x, and therefore the usual existence and uniqueness theorems for
linear equations apply to (1.2).
We shall write the operator L in (1.2) as

1d 1 dld -
1.6
(.6) Budt By dt Byt By’

and denote the class of such operators that satisfy (1.4) by D(a, b). In §2 we show
that an operator L in D(a, b) can be written in certain canonical forms, and use
this to prove that (1.2) has principal systems on (a, b] and [a, b). We also give
necessary and sufficient conditions for (1.2) to have fundamental principal
systems on [a, b].
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GENERAL DISCONJUGATE EQUATIONS 321
Throughout this paper c is a fixed point in (a, b) and n > 2.

2. Canonical forms and principal systems. The following notation of Willett
provides a convenient way to represent solutions of (1.2).
If a;, a3, ... are continuous on (a, b), define

=1,
I3
I(ts;05...,0) = j; N L (A ssay, .. )dN,  j 21
The functions

(2'1) xj(’) = BO(’)I'-I(I)C; BI’ s ’Bj-l)’ 1 S .’ S n,

are solutions of (1.2), and repeated application of Rolle’s theorem shows that a
nontrivial linear combination of x,, ..., x, (1 < k < n) cannot have more than
k — 1 zeros in (a, b). This implies that {x,, ..., x,} is a fundamental system for
(1.2) and (1.2) is disconjugate on (a, b).

L’Hospital’s rule shows that (2.1) defines a principal system for (1.2) on (a, b] if

22) [ Bat=c, 1<j<n-1,
while the functions

(23) z(0) = )7 B - j(t.c; By, ... Bay)y 1 <<,

form a principal system for (1.2) on [a, b) if
(2.49) Lp,d:=oo, 1<j<n—-1.

However, a given representation of an operator in D(a, b) may fail to satisfy
either (2.2) or (2.4). For example, the operator defined by Lx = x” — x’ is in
D(—00, 0), and can be represented as

d ,d d-
& FEaT

which satisfies neither (2.2) nor (2.4). Nevertheless, L can be rewritten as

L=¢-

d _d_d_

L=z 'z a0

which satisfies (2.2), or as

,d d.,d-
L=e e‘ etdte"

which satisfies (2.4).
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322 W. F. TRENCH

Theorem 1. Any operator L in D(a, b) has a representation (1.6) which satisfies
(2.2). and this requirement determines By, ..., B, up to positive multiplicative
constants with product 1. The same statement is true with (2.2) replaced by (2.4).

We shall say that L is in canonical form at b if (2.2) holds, or in canonical form
at a if (2.4) holds.

It is convenient to prove Theorem 1 by means of a series of lemmas and
corollaries, as follows.

Lemma 1. If

1dld-

(2:5) M=+—+>+
Ldrgdrg

is in D(a, b), with ® & dt < o, then M can be rewritten as
1dld -

206 = e o —— —— —

26) M npdtmy dtmo

so that f® ndt = oo, with

m=tf b m=5(f 8a)

M= fzj;b §dr.

Proof. Straightforward evaluation of Mx, with M as defined by (2.6), shows
that (2.5) and (2.6) define the same operator.

Lemma 2. If
yoldldid:
T madt py dt y dt pg
is in D(a, b), with
@7 fbn,dt= o and fbp,zdt< o0,

then N can be rewritten as

1dldild:
8 N dndind

where the v, are in C(a, b) and positive, and f® v,dt = o0,i = 1, 2.
Proof. By applying the device of Lemma 1 to p,, we obtain

l1dldld-
9 N =5 @5 din iy
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GENERAL DISCONJUGATE EQUATIONS 323
with
(a) Vo = Mo»

®) b= m [ man
© &= m( f’mdf)_z,

. b
@ = mar

Now f? #,dt = oo; hence, if f® # dt = o, then we are finished, with », = 7,
0<i<3If f5%dt < o, we apply the device of Lemma 1 to #, in (2.9) to
obtain (2.8) with

(2.10)

. (. e, \?
"o=1'oj; ¥, dr, v,=v,(£ v,d*r) ,

b
v = sz; Vld‘f, vy = »3.

Now [ ndt = 0. Let a < t, < #, < b; then integration by parts of

= [ 50 f* )

in conjunction with (2.10(b)) and (2.10(c)), yields

L}

f:: vodt = (j;bpqd‘r)-l(_];bfﬁd‘r) .

Therefore, (2.7) implies that f% »,dt = 0. This completes the proof of Lemma 2.

Lemmas 1 and 2 also hold with f? and f® replaced everywhere by f, and f;.
With these same substitutions, the proof of the assertions in Theorem 1
concerning the point @ can be obtained from the proof of the assertions
concerning b; therefore, we present only the latter.

Proof of Theorem 1 (existence). The proof is by induction. Lemmas 1 and 2
imply existence for n = 2 and n = 3. Suppose n > 4 and existence has been
established for any (n — 1)st order operator in D(a, b). Then any nth order
operator in D(a, b) can be written as

+f: wmat.

L=gas, " adadgs

with

@.11) [fad=c, 1<j<n-2

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



324 W. F. TRENCH

If f* &, dt = oo, then L is already in canonical form at b and there is nothing
to prove. If f° a,_;dt < o0, we construct a sequence of representations

Lmqaas anaw

with @jp = @, 0 < j < n,and, fori > 1:
(a) Qji = Qjji—ys j#n"‘i“‘l,n"iorn-i-l,
b
®) Qpeitli = Op—it],i-1 j; Qi AT,

2.12) , -2
(C) Qpiy = an—i.i-l( j; an—iJ—ld‘r) ’

b
@ Opi-1i = Cp—i-1,i-1 ]; Oy AT

This process terminates at the ith step if

for all jin {l,...,n—1}. If 0 < i < n— 2, then (2.11), (2.12) and Lemma 2
imply that (2.13) holds for all suchj with the possible exceptionof j = n — i — 1;
hence, the process terminates when i is such that f® a,_;_,,df = o0, or when
i = n — 1, whichever occurs first. If it terminates with i = r, we take 8, = a;, in
(1.6). This completes the induction and the existence proof.

Coupled with the earlier discussion of (2.1) and (2.3), this existence theorem
yields the following corollary.

Corollary 1. If L is in D(a, b), then (1.2) has principal systems on (a, b] and [a, b).

The essential uniqueness of the canonical forms is a consequence of the
following lemma, which was stated without proof by Levin [5, p. 59] for
disconjugate equations of the form (1.1). The lemma follows directly from the
properties of principal systems.

Lemma 3. If {x,,...,x,} and { y,, . ..,y,} are principal systems for (1.2) on (a, b}
([a, b))s then

i n
Ji = > a;; X; (}’1 = 2 aij)9
Jj=1 J=i

where the {a;;} are constants and a; > 0.

Corollary 2. If{x,,...,x,} and{ », .. .,y,} are fundamental principal systems for
(1.2) on [a, b), then x; = N;y;, 1 < i < n, where A, ..., A, are positive constants.
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GENERAL DISCONJUGATE EQUATIONS 325

Corollary 3. Let L in (1.6) be in canonical form at b, suppose Ly, . .., L,., are as
defined by (1.5), and let { y,, . . .,y,} be a principal system for (1.2) on (a, b]. Then:

(@) Ly; =0, 1<j<i
(2.19)
(b) Ly = p; (= positive constant), 0<i<n-1.

Proof. If x; is as defined by (2.1), then (2.14) holds with p, = 1. Hence, the
conclusion follows from Lemma 3.

An analogous result is valid if { ;,...,,} is a principal system for (1.2) on
[a, b).

Proof of Theorem 1 (essential uniqueness). Suppose (1.6) and

1d 1 dld -
2.15 ==L ... Z_Z_
@15) L a, dt a,_, dt ay dt ay

are both canonical forms for L at b. Then
yj(t) = o), (t,c;y, ... ’aj-l)’ 1<j<n,

defines a principal system for (1.2) on (a, b}, and (2.14b) yields
(2.16) Loyt c;en,...,05) =p;, 0<Lj<n-1,

with Ly, ..., L, as defined by (1.5). Suppose it is known that

(2.17) oy = pofo, o = (Pl/Po)Bn ey Qi) = (pj-l/pj—z)ﬁj-la

for some j, 2 < j < n — 1. (Direct computation with (2.16) verifies (2.17) for
J = 2.) Then, from (2.16),

P = pj-leBO(’)!i(t’C;Bl’ oo ’.Bj—haj) = pj—laj/ﬂj’

which yields (2.17) with j replaced by j + 1. Thus, by induction, (2.17) holds for
Jj = n, and (2.15) can be rewritten as

(2.18) L= 1141 d1d-

Pn-1 @y dt B,y dt By dr By
Now define

Xp4) = BO(t)ln(lv c Bl’ cee ’:Bn)'

From (1.2), Lx,,, = 1, while from (2.18), Lx,,; = (1/p,-1)B./a,; hence a,
= fB,/pn-1, Which completes the proof.

Although (1.2) always has principal systems on (@, b] and [a, b), the next
theorem shows that it may fail to have a fundamental principal system on [a, b].
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326 W. F. TRENCH

Theorem 2. Suppose the operator L in (1.6) is in canonical form at b. Then (1.2)
has a fundamental principal system on [a, b) if and only if

(2.19) j;p,.d:<oo, 1<i<n-1.

Proof. For sufficiency, observe that (2.19) implies that the integrals in

(2‘20) xj(’) = BO(’)I'—I(t’a; Bl’ e ’Bj—l)’ a < t < b,

exist for 1 < j < n, and that these functions form a fundamental system for (1.2)
on [a, b). For necessity, suppose { y,, . ..,),} is a fundamental principal system
for (1.2) on [a, b]. From Lemma 3,

@21) yz(t)=ﬁo(t)j_él bt BreeBo), 1<i<m

for suitable constants {a;}. In particular, y; = a,, By, and therefore

0 = lim 29 — g1 tim (e + @ hc5 ).

i~a* y(£)
Since ay, # 0, this implies that (g, c; 8,) exists, which confirms (2.19) forj = 1,
and completes the proof if » = 2. Now suppose n > 2 and the desired
conclusion holds for all operators in D(a, b) of order n — 1. Since (2.14(a))
implies that { y;,...,-1} is a fundamental principal system on [a, b] for the
equation

_1d1  dldx _
¢2) Leix =g dfs  aRdRk~ "

it follows from the induction assumption that (2.19) holds with » replaced by
n — 1 and therefore that x;, ..., x,_;, as defined for 1 < j < n—1 by (2.20),
also form a fundamental principal system for (2.22) on [a, b]. Therefore, from
Corollary 2,

I () = Y Bo() L—x (8,03 By - - -, Ba-2)-

This, together with (2.21) and repeated application of L'Hospital’s rule, yields

o (@0 . i
0= ‘1_1’1'3 yn—l(‘) - An-lll_l}‘m,(an.»-l + aMIl(t’c’ Bn-l))’
which implies that J(a,c; B,-1) exists. This confirms (2.19) and completes the

induction.
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GENERAL DISCONJUGATE EQUATIONS 327

It can be shown in the same way that if (1.6) is in canonical form at a, then
(1.2) has a fundamental principal system on [a, 5] if and only if

f"p,.dz<oo, 1<i<n—1.
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