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Abstract:
The spontaneous capillary imbibition of confined nanopores is investigated using an
analytical model that includes the slip effect, wettability and effective viscosity at the water
surface interface. The results show that the effective viscosity of confined water is larger
than that of bulk water and decreases with diameter and wettability. The effective slip length
is negative for a contact angle of 0◦, and the effective slip length is positive and increases
with diameter. The results of the presented model show that the capillary imbibition length
for nanoconfined water can vary up to 0.389-1.033 times that determined by the Lucas-
Washburn equation with no-slip boundary conditions for nanopores due to the effective
viscosity and slippage with various dimensions and contact angles. The enhancement
increases with diameter and contact angle. These results elucidate the confined movement
through nanopores, which can be used to understand fracturing-fluid flow in the nanopores
of shale reservoir formations.

1. Introduction
Capillary-dominated Shale formations typically have very

small nanoscale channels (Cipolla, 2009; Loucks et al., 2012;
Wang and Rahman, 2016), and horizontal well drilling accom-
panied by multistage slickwater fracturing is the key technol-
ogy unlocking shale gas resources (Zeng and Guo, 2016; Zeng
et al., 2018). The backflow of fracturing fluid is the last step in
the hydraulic fracturing process, and several investigators have
pointed out that less than 50% of the injected fracturing fluid
can be recovered (Alkouh, 2014; Ghanbari and Dehghanpour,
2016). The remaining water is trapped in the fracture network
and taken up into the confined nanopores through spontaneous
imbibition, which is regarded as the main cause of low water
recovery (Abgrall and Nguyen, 2008; Birdsell et al., 2015;
Falk et al., 2014). Improving our understanding of the fluid
flow behavior in nanoscale pores is critical to optimizing shale
gas recovery in unconventional reservoirs (Akbarabadi et al.,
2017).

Due to the importance of spontaneous imbibition (SI) in
many practical problems, several investigators have carefully
addressed this phenomenon. Lucas-Washburn (LW) (Lucas,
1918; Washburn, 1921) established the classical SI solution
for the capillary-driven penetration of liquids into uniform

cross-section curl capillary tubes. Several investigators applied
the LW equation to investigate water imbibition directly (Be-
navente et al., 2002; Yang et al., 2004; Wang and Rahman,
2016). For practical purposes, a geometry correction factor is
incorporated for the fluid imbibed by noncylindrical capillaries
and the capillary radius is replaced with an effective capillary
radius in the LW equation ( Benavente et al., 2002; Mortensen
et al., 2005; Cai et al., 2012). Overall, these investigations
provide deep insights into the fluid complex flow phenomena
of macropores.

However, the aforementioned research is based on funda-
mental assumptions of continuum fluid mechanics and no-slip
boundary conditions during fluid dynamic flow (Yang et al.,
2004). When fluid flow is scaled down to the nanopore size,
fluid-surface interactions lead to a velocity “jump” at the walls
(Müller et al., 2008; Sedghi et al., 2014). In the nanoscale
pores of shale, it is evident that the boundary condition
without the slip effect is no longer valid (Cottin-Bizonne
et al., 2003; Holt et al., 2006). Furthermore, the confined
water flow exhibits a dramatic change in viscosity compared
with that of bulk water (Li et al., 2007). The confined water
effective viscosity in the wall area is larger than that of bulk
water (Feibelman, 2013) in hydrophilic nanopores because
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substantial water epitaxial ordering is induced and some fluid
layers adhere onto the walls (Thompson and Robbins, 1990).
For confined water flow in hydrophobic nanopores, water
molecules can effectively slide on the walls (Vinogradova
et al., 2009), and the no-slip boundary assumption breaks
down (Wu et al., 2017). Furthermore, the confined water flow
behavior is mainly determined by the water and nanopore wall
interactions, which are substantially different from those in
microscale pore flow (Nair et al., 2012; Lorenz and Zewail,
2014). The water/wall interaction occurs at the molecular level
and can be represented by true slip, while water intermolecular
interactions due to water/water interfaces result from water
near the walls, and varying viscosities can be expressed by
the apparent viscosity (Wu et al., 2017).

Fortunately, for similar primary flow mechanisms in
nanoscale and microscale channels, the continuum fluid me-
chanics description is still valid for modeling confined water
flow in nanopores (Thomas and Mcgaughey, 2009) by mod-
ifying the fluid-wall interactive effect (Falk et al., 2014), in-
cluding different boundary conditions (Heinbuch and Fischer,
1989; Müller et al., 2008; Thomas and Mcgaughey, 2008b)
and the dramatic variation in effective viscosity caused by the
water and nanopore wall interaction (Klein and Kumacheva,
1995; Scatena et al., 2001; Abgrall and Nguyen, 2008).

A comprehensive literature survey was performed for in-
vestigations of fluid transport mechanisms (Zhang et al., 1996;
Benavente et al., 2002; Cai et al., 2014; Schmid et al., 2016;
Zhang and Sheng, 2017; Xiao et al., 2018). To the best of our
knowledge, however, no study has focused on simultaneously
incorporating the slip effect, wettability, viscosity and pore size
to study the mechanisms of nanofluid spontaneous imbibition
at the nanoscale. Here, we present an analytical model for
confined water imbibition in nanopores that simultaneously
considers the boundary slip, wettability, effective viscosity,
nanopore dimension and capillary force. This model can
be used to quantitatively describe the imbibition length of
confined water, which provides a useful approach for modeling
confined water flow in the nanopores of shale formations.

2. Mathematical models

2.1 Hagen-Poiseuille flow equations

The capillary model is applied to simulate the water
imbibed in matrix pores during shale formation hydraulic
fracturing treatment as shown in Fig. 1.

The driving process of SI is determined by the surface
energy and resisted by viscous forces. The ultralow perme-
ability and water uptake by shale formations are quite slow;
therefore, inertial forces can be neglected, which reduces
the N-S to the Stokes equation (Wang and Rahman, 2016).
Considering the no-slip boundary conditions and the steady-
state incompressible and laminar flow situation, the velocity
profile in a capillary with radius r can be written as follows
(Benavente et al., 2002):
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Fig. 1. Laminar flow in a circular tube schematic diagram.

where µ is the fluid viscosity, mPa·s; r is the distance mea-
sured from an arbitrary point along the radius of the circular
capillary to the capillary center, m; u is the incompressible
fluid flow velocity, m/s; and d p/dx is the pressure gradient
along the capillary, MPa/m.

Rearranging Eq. (1) can obtain the following:

d2u
dr2 +

1
r

du
dr
− 1

µ

d p
dx

= 0 (2)

By integrating Eq. (1), the following can be obtained:

u =
1

4µ

d p
dx

r2 +Alnr+B (3)

where A and B are dimensionless intermediate variables.
The maximum velocity is at the center of the circle, while

the velocity gradient is 0. When the fluid is subjected to a no-
slip condition at the boundary, the boundary conditions can be
expressed as Eq. (4): {

r = 0, du
dr = 0

r = R,u = 0
(4)

where R is the capillary radius, m.
Inserting Eq. (4) into Eq. (3), the circular capillary velocity

distribution can be written as follows:

u =
1

4µ

∆p
L
(R2− r2) (5)

where ∆p is the pressure drop along the capillary, MPa; and
L is the capillary tube length, m.

The flux is obtained by integrating the velocity distribution
over the flow area:

q =
∫ R

0

1
4µ

∆p
L
(R2− r2)2πrdr =

πR4

8µ

∆p
L

=
πd4

128µ

∆p
L

(6)

where q is the flux rate, m3/s; d is the circular capillary
diameter, m; and d = 2R.

Eq. (6) is the Hagen-Poiseuille flow equation, which is
valid for a straight capillary tube of circular cross-section
under no-slip boundary conditions.

The average velocity in a circular capillary can be written
as follows:

ū =
q

πR2 =
R2

8µ

∆p
L

(7)

where ū is the incompressible fluid average velocity, m/s.
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Fig. 2. Schematic diagram of the slip length correction in the external
boundary condition.

2.2 Hagen-Poiseuille flow equation with the slip
effect

The slip effect that exists at walls can have important
implications on the boundary layer flow in fluid mechanics
(Voronov et al., 2006). When the confined fluid flow occurs
in nano-capillary channels, the continuum fluid mechanics
description in the Navier-Stokes Eq. (1) is still valid, while the
external boundary conditions in Eq. (4) should be modified
by Navier boundary conditions (Kalyon, 2005; Dimitrov et
al., 2007; Thomas and Mcgaughey, 2008b; Ortiz-Young et al.,
2013), and they are characterized by the slip length Ls shown
in Fig. 2. The modified boundary conditions are expressed in
Eq. (8). {

r = 0, du
dr (r = R+Ls) = 0

r = R,us =−Ls
∂u
∂ r |r=R

(8)

where Ls is the fluid slip length at the liquid/solid boundary,
m.

Inserting Eq. (8) into Eq. (3), the velocity distribution
equation is obtained:

u =
1

4µ

d p
dx

(r2−R2−2RLs) =
1

4µ

∆p
L
(R2 +2RLs− r2) (9)

Integrating Eq. (9), we obtain the flow flux considering the
slip effect.

q =
∫ R

0

1
4µ

∆p
L
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=
πR4

8µ
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L
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Eq. (10) is the slip-modified Hagen-Poiseuille flow rate
formula, which is in accordance with the formula derived by
Holt et al (2006). By setting Ls = 0, the no-slip condition
Hagen-Poiseuille flow rate equation can be obtained (Salwen
et al., 1980; Cai et al., 2014).

The average velocity in a circular capillary that considers
the slip can be written as follows:

ū =
q

πR2 =
R2

8µ

∆p
L

(
1+

4Ls

R

)
(11)

When setting Ls to zero, Eq. (11) can be reduced to the
average velocity of the incompressible fluid in the capillary
without the slip length effect as shown in Eq. (7).

For fluid flow in confined nanopores, the fluid properties
are influenced by the fluid/fluid and wall/fluid interactions
at the wall boundary. Hence, a precise description of the
phenomena taking place at these interfaces becomes important
(Sofos et al., 2012). Here, we focused on addressing the
determination of the effective slippage length and the confined
nanochannel fluid viscosity.

2.2.1 Effective slippage length determination

Confined channel liquid-wall interactions are strongly in-
fluenced by the stationary solid surface morphology and phys-
ical and chemical features (Cottinbizonne et al., 2003), which
are determined by the boundary wall wettability at low shear
rates (Maali et al., 2008). True slip represents fluid molecules
effectively sliding on walls, which occurs at a molecular level
and can be calculated by the contact angle for a given liquid
under given conditions (Granick et al., 2003; Huang et al.,
2008).

Ls =
C

(cosθ +1)2 (12)

where C is a constant, m, which is 0.41 as determined by
a molecular dynamics (MD) simulation (Huang et al., 2008);
and θ is the contact angle, ◦.

The viscosity of confined water near walls varies dramat-
ically from that of bulk water, which induces apparent slip
at water/water interfaces (R. Jay Mashl et al., 2015). For real
applications, the confined fluid slip length considering true and
apparent slip effects should be replaced by the effective slip
length Lse (Wu et al., 2017).

Lse = Lsa +Ls =

(
µ∞

µd
−1
)(

d
8
+Ls

)
+Ls (13)

where Lse is the effective slip length, m; Lsa is the apparent
slip length, m; µ∞ is the bulk fluid viscosity, Pa·s; and µd is
the confined fluid effective viscosity, Pa·s.

Eq. (13) shows that the effective slip length relies on
the wall wettability, fluid viscosity, and capillary dimension
(Thomas and Mcgaughey, 2008b).

2.2.2 Confined nanofluid flow viscosity

When confined liquid flows in nano-sized pores, the fluid
viscosity near the pore wall is no longer accurately described
by the core flow fluid viscosity (Fradin et al., 2000; Bocquet
and Tabeling, 2014). The effective viscosity is determined by
the viscosity of the core flow fluid and interface area, which
can be written as follows (Thomas and Mcgaughey, 2008b;
Shaat, 2017):

µd = µi
Aid

Atd
+µ∞

(
1− Aid

Atd

)
(14)

where µi is the fluid viscosity in the interface region, Pa·s; Aid
is the area of the interface region, m2, Aid = π[(d/2)2−(d/2−
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dc)
2] ; dc is the confined fluid critical thickness, m, for which

the value can be set as 0.7 nm on the basis of experiments and
MD simulations (Werder et al., 2001; Thomas and Mcgaughey,
2008a); µ∞ is the bulk fluid viscosity, Pa·s; and Atd is the total
cross-sectional area, m2, Atd = π(d/2)2 .

The interface region water viscosity is also strongly influ-
enced by the fluid-wall interaction, which can be represented
as follows (Raviv et al., 2001):

µi

µ∞

=−0.018θ +3.25 (15)

From Eq. (15), it is clear that the interface region fluid
viscosity varies dramatically with the contact angle (Petravic
and Harrowell, 2009; Haria et al., 2012). Eq. (16) is applied to
determine the bulk water viscosity (Laliberté, 2007), which is
valid for temperatures from 273.15 K to 423.15 K (Herington,
1977).

µ∞ =
(T −273.15)+246

[0.05594(T −273.15)+5.842](T −273.15)+137.37
(16)

where T is the temperature of bulk water, K.

2.2.3 Capillary SI equation

(1) Capillary force
For a circular capillary tube, the Young-Laplace equation

is used to determine the capillary pressure, which is also
validated and applicable to a nano capillary (Liu and Cao,
2016), such as in Eq. (17):

pc =
4σ cosθ

d
(17)

where pc is the capillary pressure, Pa; σ is the liquid-gas
interface surface tension, N/m.

Considering that the capillary pressure is the only SI
pressure, inserting Eqs. (13)-(17) into Eq. (10) yields the
SI flow rate equation under the influence of slip, effective
viscosity and capillary force.

qs =
∫ r

0

1
4µd

∆p
L
(R2 +2RLse− r2)2πrdr

=
πd3

32µd

σ cosθ

L

(
1+

4Lse

R

) (18)

where qs is the capillary flow rate considering the slippage
effect and the effective viscosity, m3/s.

(2) SI length equation under capillary force
In view of the material balance principle, the flow rate must

equal the rate of the total pore volume imbibed (Washburn,
1921; Benavente et al., 2002; Cai et al., 2014).

qs =
πd2

4
dL
dt

(19)

where t is the imbibition time, min.
Considering that Eq. (19) equals Eq. (18), the time param-

eter is integrated and substituted into the boundary condition,

so that when t = 0, L = 0. The circular capillary spontaneous
length can be obtained:

Lsed =

√
dσ cosθ

4µd

(
1+

8Lse

d

)√
t (20)

where Lsed is the capillary imbibition length with time con-
sidering the slippage effect and effective viscosity, m.

The SI model presented in Eq. (20) is sufficiently general,
which considers the slip effect and effective viscosity at the
same time.

3. Model validation and application

3.1 Comparison with the LW equation

Under the assumption of the no-slip boundary condition,
Washburn (1921) applied Poiseuille’s law to derive the follow-
ing:

L∞ =

√
dσ cosθ

4µ∞

√
t (21)

where L∞ is the fluid SI length, m.
Eq. (21) is a special case of Eq. (20), setting Lse = 0, µd

= µ∞, and Eq. (20) reduces to the LW model.
Dividing Eq. (20) by Eq. (21) gives the capillary spon-

taneous length increment considering the slip and effective
viscosity.

ε =
Lsed

L∞

=

√
µ∞

µd

(
1+

8Lse

d

)
(22)

Eq. (22) shows the high sensitivity of ε to µd and Lse.

3.2 Model application

Most shale gas formations are completely hydrophilic or
partially hydrophilic (Ruppert et al., 2013); hence, we choose
contact angles that vary within the range of 0◦ to 90◦. The
other basic calculation factors are as follows: T = 25 ◦C, dc
= 0.7 nm, C = 0.41, σ = 50 mN/m and imbibition time = 60
min.

Fig. 3 shows the plots of effective viscosity and bulk
viscosity versus pore diameters ranging from 2 nm to 20
nm under different contact angles. The value of the water
effective viscosity is always larger than that of bulk water.
The bulk viscosity is clearly independent of diameter, while
the effective viscosity decreases dramatically with diameter
to coincide with the bulk fluid viscosity. Our results agree
with those of Shah (Shah, 2010), who found that the water
viscosity in a 2 nm diameter capillary under a contact angle of
0◦ is elevated by approximately 205% and the enhancement
decreases rapidly as the pore size increases. Shah attributed
the enhanced apparent viscosity to an increase in the ordering
of polar water molecules near the pore wall where a highly
viscous boundary layer exists (Shah, 2010).
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Fig. 3. Effective viscosity and bulk viscosity versus pore diameter.

Fig. 4. Apparent/effective slip length variation with diameter for different
contact angles.

Although these interactions exist in large pores, they have
little influence on the fluid properties. The reason is that
for confined water, the effective viscosity is determined by
a weighted average of the bulk water and the interface water
viscosity; hence, the effective viscosities are lower than those
of narrow pores because more fluid molecules exist in the
wider pore central region, resulting in a substantially decreased
viscosity (Shaat, 2017).

Furthermore, a dramatic variance in the effective viscosity
is observed for different contact angles, especially for smaller
pore sizes, which comprehensively reflects the fluid and fluid-
wall interactive effects. Due to the high effective viscosity
for the smaller contact angle due to the more hydrophilic
capillary, the fluid contact layer behaves as a solid layer (Din
and Michaelides, 1997).

The slip length has a profound effect on the confined
imbibition in nanoscale pores; therefore, precise quantification
of the fluid slip effect becomes very important. There are three
different slip lengths that reflect the water-wall interaction
(true slip Ls), the water-water interaction (apparent slip Lsa)
and the interactions between the former two (effective slip
Lse).

Fig. 4 shows that the Lse. value varies with the contact
angle for different diameters. Experimental studies revealed

Fig. 5. Enhancement ε variation with diameter for different contact angles.

that the near-wall fluid density is oscillatory and that the
maximum local density is affected by the wall-fluid interaction
potential (Chan and Horn, 1985). As a result, several molecular
layers are adsorbed and fixed on the solid surface. Under the
strong wall-fluid interaction (for a small contact angle), the
effective boundary is located at the high viscosity region edge
(Din and Michaelides, 1997), implying that immobile layers
exist at the wall (Chan and Horn, 1985). The relation decreases
as the contact angle increases.

Fig. 4 also reveals that the effective slip increases as the
contact angle increases because the interaction strength of the
fluid atoms is stronger than the fluid-wall effect, which causes
the fluid to recede from the wall and results in a greater slip
length, which enhances the slip effect (Kannam et al., 2011).

Fig. 5 shows the imbibition length enhancement ε versus
nanopore diameter for the ten studied diameters. For compar-
ison, we also provide the enhancement corresponding to dif-
ferent contact angles. The enhancement ε varies dramatically
for smaller nanopores than for larger nanopores, where large
surface effects and slip length effects reduce the imbibition
length. For larger diameters, the core fluid area increases and
the enhancement factor varies more smoothly than for smaller
diameters.

A relatively small decrease in the enhancement ε from
0.994-1.033 can occur for water confined in nanopores with
a contact angle of 90◦ due to the smaller interactive influence
than at other contact angles, which has been validated by many
investigators (Granick, 1991; Thompson and Troian, 1997).
For contact angles of 0◦, 30◦ and 60◦, the enhancement ε

increased by a factor of 0.389-0.894 as the diameter increased
from 2 to 20 nm. These differences may arise from the water
and nanopore wall interaction strength, which is determined
by the water-wall contact angle (Voronov et al., 2006; Shannon
et al., 2008).

3.2.1 Imbibition length variation with pore size for different
imbibition times

Fig. 6 shows the imbibition length L of moving water as
a function of t1/2 for the four diameters of 20 nm, 14 nm, 8
nm and 2 nm. There is a perfect linear relation between L and
t1/2, and the slopes of the lines are 0.4052, 0.318, 0.2108 and
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Fig. 6. Imbibition length versus the square root of time for different pore
sizes with θ = 30◦.

0.0731 for pore diameters of 20 nm, 14 nm, 8 nm and 2
nm, respectively. The plotted lines imply that the imbibition
length increases as the diameter increases, meaning that during
shale gas hydraulic fracturing, the water imbeds into larger
pores more easily than into smaller pores, which is validated
by a previous study (Hsu et al., 2014). Fig. 6 also reveals
that the imbibition length would decrease when slip effect is
considered, which is consistent with Fig. 4.

3.2.2 Imbibition length variation with contact angle for different
imbibition times

Fig. 7 shows the imbibition length L of moving water as
a function of t1/2 for contact angles of 0◦, 30◦, 60◦, and 90◦.
There is a perfect linear relation between L and t1/2, and the
slopes of the lines are 0.0645, 0.0731, 0.0746 and 0.0012 for
contact angles of 60◦, 30◦, 0◦ and 90◦, respectively. The plot-
ted lines imply that the imbibition length was comprehensively
influenced by the slip effect and capillary pressure. A smaller
contact angle implies that the liquid molecules adhere to the
wall, while a larger capillary pressure is the dominant influence
on the imbibition length. Compared to the results in Fig. 6,
the pore size has a profound effect on the imbibition length.

4. Conclusions
(1) Spontaneous imbibition is an important component in

studying shale formation hydraulic fracturing. The relative
contribution of the effective viscosity and slip length during
the imbibition phenomenon needs to be considered during
this process. The interrelationships among the viscosity of
nanoconfined water, the interface slippage and the wettability
of the confining surfaces were carefully investigated.

(2) The results of the presented model show that the
capillary imbibition length of nanoconfined water can vary
up to 0.389-1.033 times that determined by the LW equation
with no-slip boundary conditions for nanopores due to the
effective viscosity and slippage with various dimensions and
contact angles. The enhancement increases with the diameter
and decreases with the contact angle. These results elucidate
the confined movement through nanopores, which can be used
to understand the low fracturing fluid recovery of shale reserv-

Fig. 7. Imbibition length versus the square root of time for different contact
angles with d = 2 nm.

oir formations.
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