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Résumé. — L’étalement d’un liquide sur une surface solide est modifié si celle-ci présente des
cannelures. Nous étudions le profil d’un liquide mouillant qui monte & partir d’un réservoir le long
d’un mur vertical comportant une cannelure semi-circulaire. Le profil d’équilibre ainsi que la
dynamique d’invasion du liquide dans la cannelure sont calculés.

Abstract. — The presence of grooves on solid surfaces modifies the spreading of liquids. We study
the profile of a wetting fluid climbing from a reservoir onto a vertical wall with a semi-circular
groove. The equilibrium profile and the dynamics of penetration of the liquid inside the groove
are calculated.

1. The model.

The penetration of a fluid into a capillary structure is of considerable importance in a wide
range of technological applications (e.g., imhibition in porous media). Since the original
studies of Lucas [1] and Washburn [2], a considerable amount of experimental and theoretical
work has been devoted to study the flow in capillary tubes [3]. Others geometries have also
been considered. In particular, wetting in a corner [4] and the flow along a dihedral [5] have
been studied in detail.

Recent experiments [6] seem to indicate that the dynamics of the fluid ascension along a
vertical fiber is drastically affected by the presence of grooves on the surface of the fiber. As a
first step towards the understanding of the experimental system, we consider the following
model problem : a wetting fluid in contact with a vertical wall with a semi-circular vertical
groove (Fig. 1). Long-range forces (Van der Waals, electrostatic), though important in many
cases, will be neglected throughout this paper.

In the absence of the groove, the liquid forms a macroscopic meniscus of height
V2 k1 all along the vertical wall (x ~is the capillary length : k~' = \/y/pg where yand p
are, respectively, the liquid surface tension and density). Since the edges of the groove are
sharp, it is reasonable to assume that outside the groove this meniscus remains unperturbed.
Inside the groove of radius R, the liquid rise is due to surface tension effects. At height z
(above the macroscopic meniscus), the liquid forms a sickle-shape lunula characterized by its
free surface radius of curvature r, thickness e, and area 3 (Fig. 2). Note that the liquid is
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Fig. 1. — Capillary rise of a liquid into a vertical semi-circular groove.
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Fig. 2. — Horizontal cut of a groove of radius R at a height z above the macroscopic meniscus. The
liquid forms a sickle-shape lunula of thickness e and area 3 (shaded area). r is the lunula free surface
radius of curvature.

assumed to be trapped on the groove edges for any value of e. For a wetting fluid, this
trapping is indeed consistent with the Gibbs’ condition [7] for the contact line equilibrium at a
solid edge. However, in the case of partial wetting, i.e., for a non zero contact angle 6, there

exists a critical thickness e, = R (1 - 51—4_9- +1tg 6 ) of the lunula below which the anchorage

is not possible any more. The lunula thickness e and area X are related to its radius r by the
following expressions :

e=R(1~%+ (%)2-1> (1.a)

Z=R2(%_<£)2Arcsin (§>+ (%)2—1). (1.b)

Expanding r around R, r = R(1 + ¢£) with £ <1, the above expressions can be simplified :

e =RV2e (2.2)

whereas for e>1:

)l -
(
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In the lubrication approximation [8], the mean upward velocity U at height z is given by :
U 9 (1

Z = 2= 3

'fle2 pg+yaz(r> 3

where 7 is the liquid viscosity (numerical factors have been neglected). The first term on the
right hand side represents the gravitational pressure gradient while the second is the pressure
gradient due to the curvature of the interface. Another relation is provided by the
conservation equation :

35 3
4+ (UD)=0. 0

Combining equations (3) and (4) with (2.a) we get for e <1

4
95:3 g_pe3+1£_% . (5)
a 3z \ 7m n R30z

The initial conditions for ¢ = 0 are :

e(z,t=0)=R for z=0
e(z,t =0)=0 for z=0.

Equation (5) with the above initial conditions describes how the capillary rise takes place in

the groove.
Introducing the dimensionless variables
é=¢e/R;i=z/h;t=t/T 6)
with
(2Ll
h—<pg)R i (1.2)
and
h? h?
T = =, (7.b)
(2)n 7R
n

(where V* = y /7 is a characteristic velocity), equation (5) can be rewritten as the following
dimensionless equation :

§g=iA(é3+é43‘i). ®
ot 0z
Therefore, 7 is the time scale of the problem.

Before investigating the dynamics of penetration (Sect. 3), we consider in the next section
the equilibrium state of the system.

2. Statics.

At equilibrium, the upward velocity U of the liquid is equal to zero and the radius of curvature
r is related to the vertical coordinate z by (see Eq. (3)):

| )
—=«'z. 9
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The above relation expresses the balance between the capillary and the gravitational
pressures. By setting r = R in equation (9), one finds that the ultimate height of the
macroscopic contact line inside the groove is given by h (Eq. (7.a)). It is worth noting that this
final height corresponds to half the macroscopic height reached by a wetting fluid in a thin
capillary of radius R (Jurin’s law) [9]. Combining equations (1.a) and (9) one obtains the
equilibrium profile e = e (z) of the liquid inside the groove (the subscript s stands for static).
In particular, (see Egs. (2a) and (2b)), for z — h, the profile is given by :

e,~R 2(1-%) (z=~h) (10)
whereas for z - 0 :
1z
es=R<1—§E) (z=~0). (1)

For z = h, the slope % deduced from (10) is infinite. This is in contradiction with our

hypothesis of total wetting. The source of the problem is the following : in equation (3), the
vertical curvature of the interface has been neglected. Near z = A, this curvature becomes
important and does ensure a zero slope. To estimate the size of the region near
z = h where the neglected curvature plays an important role, we calculate from (10) the value
z* of z where :

3%,/ 9%z
(1 + (3e,/0z)°F"?

-1

(R~ ! being the horizontal curvature of the interface at height /). For typical values of R and
k~!': R~1pum and k!~ 1 mm, one finds :

z* —4
1-Z =10t (12)

Thus, the neglected vertical curvature leads to a departure of the real profile from (10) only in
the immediate vicinity of h (see Eq. 12). We now investigate how the equilibrium state
calculated in this section is reached by the system.

3. Dynamics.

3.1 CAPILLARY RISE IN THE ABSENCE OF GRAVITY. — In the absence of gravity (g =0),
equation (5) leads to a nonlinear diffusion equation :

22 (pe%) 13)
ot 4 oz
with a thickness-dependent diffusion coefficient :
D(é)=¢é". (14)

As can be checked, equation (13) admits solutions where é(Z, ) depends only on the single
variable :

y=2‘/\/5- (15)
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For this case, equation (13) becomes
d?’(y) 5 _de(y)
O +5Y &y =0. (16)

Since the transport of the fluid is very slow at small thickness (D (¢) — 0 for é — 0), the profile
é(y) is limited to an interval (y = 0, y = yg) [10]. (The exact value of yp can be determined by
numerical integration of Eq. (16)). This type of profile is called « hypodiffusive » [11].
Assuming a power law behavior for é(y) near y = yg, one finds, using equation (16) :

e() =cOp-yy a7

where ¢ is a numerical constant. Going back to the variable é and f we see that :
— the maximal height Z; reached by the fluid follows a diffusion law :

2@ = ye Vi (18)
— the shape of the front near () is given by
é(z;1)=ct B(zp(t) - 2)¥. (19)

Note that the results found in this section may be used as well to describe the flow in an
horizontal semi-circular groove.

3.2 CAPILLARY RISE UNDER GRAVITY. — The capillary rise under gravity is governed by the
full differential equation (8). In order to solve this equation in the asymptotic regime (i.e.

nearby equilibrium), we assume the existence of a crossover point A(#) such that (see Fig. 3) :

— for z < A(f), the profile has already reached its equilibrium shape given by equations
(10) and (11).
— for 2 > A(t), gravity is negligible and the profile is given by equation (19).

This crossover point A(f) can be determined by setting
&(2 = A()) =&z = A() ;1) (20)

where the right hand side corresponds to the zero gravity solution (Sect. 3.1). Using equations
(10) and (19) one obtains :

. 4 1 12
A(t)=<1— ¢ >+-c2(-—‘——+1) . (21)
4\/1-: 2 \16i \/f

; N
| A 21z

Fig. 3. — Profile of the liquid inside the groove at time 7 (full line). For 2z < A(t), the profile has already
reached its equilibrium shape (broken line) while for 7 > A(f) gravity is negligible and the profile is
given by equation (19).
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Since gravity has been assumed to be negligible at the profile tip, the evolution of
Zp follows a diffusion law (see Sect. 3.1):

20 = ye i 22)

Using equations (21) and (22) we find that
(a) the velocity of A(f) is larger than the velocity of Zp(¢)

(b) the two points A(f) and Zp(¢) join up at Z =1 for { = 1.

YF

A<£=12) =z‘F(£=lz) =1.
YE YE

The fluid ascension stops when A(f) overtakes Zp(f), i.e. at time { = 1/y2. Due to the
neglected curvature in equation (3), our description ceases to be valid when &,(z = A(f))
becomes smaller than é&,(Z = 2*) ~ 10~ 2 (see the discussion in Sect. 3).

N

4. Conclusions.

In this paper, an analysis of the capillary rise of a wetting liquid into a vertical semi-circular
groove engraved on a wall has been presented. Due to surface tension effects, the fluid rises
inside the groove far above the macroscopic meniscus. We have shown in particular that :

— The ultimate height reached by the liquid inside the groove is given by A = «x ~2/R. This
height equals half the height reached by a liquid in a close cylindrical capillary of the same
radius [9].

— During the fluid ascension, the profile tip follows a diffusion law.

— Typical equilibration time is given by :

= (V*R kL.

We note that this equilibration time 7is of the same order of magnitude as the equilibration
time in a close cylindrical capillary of radius R [12].
Several extensions of the present work are clearly needed :

— towards grooves of varius geometries ;
— towards the incorporation of van der Walls forces.

To our knowledge, quantitative experimental results on the capillary rise in grooves are not
available at the present time. Such experiments would require grooves of well controlled
geometries. Various optical methods (e.g., ellipsometry) may be used to check the
predictions presented in this work.
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