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A mathematical analogy between paraxial optics with two circular polarizations of light in a defocusing Kerr
medium with positive dispersion, binary Bose–Einstein condensates of cold atoms in the phase separation
regime, and hydrodynamics of two immiscible compressible liquids can help in theoretical search for
unknown three-dimensional coherent optical structures. In this work, transversely trapped (by a smooth pro-
file of the refractive index) light beams are considered and new numerical examples are presented, including
a “floating drop,” a precessing longitudinal optical vortex with an inhomogeneous profile of filling with the
second component, and the combination of a drop and a vortex filament. Filled vortices that are perpendic-
ular to the beam axis and propagate at large distances have also been simulated.
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INTRODUCTION

As known, equations of paraxial optics describing
the propagation of two interacting circular polariza-
tions of light in a dielectric medium with Kerr nonlin-
earity [1–4] in the completely defocusing case are
mathematically equivalent to the coupled Gross–
Pitaevskii equations for a binary Bose–Einstein con-
densate in the spatial phase separation regime [5–11].
In turn, the behavior of Bose–Einstein condensates at
relatively large scales in many respects corresponds to
classical hydrodynamics. A number of phenomena
similar to the behavior of classical immiscible liquids
were theoretically revealed in the physics of ultracold
gas mixtures. In particular, the effective surface ten-
sion [8, 12] is responsible for “capillary” phenomena
such as bubble dynamics [13], analogs of classical
hydrodynamic instabilities (Kelvin–Helmholtz [14–
16], Rayleigh–Taylor [17–19], and Plateau–Rayleigh
[20]), parametric instability of capillary waves at the
interface [21, 22], complex textures in rotating binary
condensates [23–25], three-dimensional topological
structures [26–29], capillary buoyancy of droplets in
trapped immiscible Bose–Einstein condensates [30],
and vortices with a filled core [7, 31–38]. Many of
these phenomena should occur in nonlinear optics,
but some of them have not yet been observed in optical
laboratories. However, at least domains of polarization
of light have been known for a long time (see [39, 40]
for counterpropagating waves and [41–45] for codi-
rectional waves).

The concept of surface tension allows the qualita-
tive analysis of many such structures, which is partic-
ularly valuable for three-dimensional configurations.
This concept corresponds to the regime of extremely
strong nonlinearity and is sometimes an indispensable
tool for study besides the hydrodynamic approxima-
tion. In this work, using recent achievements in the
field of cold gases and the common intuitive under-
standing of the properties of capillarity based on daily
practice, some important aspects of filled optical vor-
tices, which are known two-component objects, were
examined [43–47]. Furthermore, three likely novel
capillary structures in transversely trapped optical
beams—simple f loating drop, precessing f loating drop
with longitudinal vortex filaments attached to it, and
filled vortices perpendicular to the beam axis—are
“constructed” numerically.

MODEL
A fundamentally insignificant difference of optics

from hydrodynamics is that the evolutionary variable
in optics is usually the distance ζ along the beam axis
rather than the time t, and the “delayed” time τ = t –
ζ/  serves as the third “spatial” coordinate. For this
reason, some effort is sometimes required to realize
the four-dimensional picture of a phenomenon. In
particular, this remark concerns the motion of quan-
tized vortices, which can have different orientations in
the  space.
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We consider a dielectric medium with an isotropic
dispersion relation of linear optical waves

 and with defocusing Kerr nonlinear-
ity. Let the dispersion of the group velocity be anoma-
lous (i.e.,  in a certain range). We fix the car-
rier frequency ω, the corresponding wavenumber ,
and the second derivative . We also assume that the
part of the permittivity linear in the electric field in the
spatial region of interest is slightly inhomogeneous
and has an approximately parabolic two-dimensional
profile at the frequency ω:

(1)
where  is a small dimensionless parameter,

 is the relatively large length parameter (char-
acteristic width of the light beam), and κ is the coeffi-
cient specifying the transverse geometric anisotropy of
such a smooth waveguide (for certainty, ). A sim-
ilar medium was considered, e.g., in [48] (for one
polarization of light).

Below, the optical beam with both circular polar-
izations is considered. In terms of the appropriate
dimensionless variables, the system of equations for
slow complex envelopes  corresponding
to the right and left circular polarizations of light has
the form

(2)

where  is the three-dimensional
Laplace operator in the  “coordinate” space.
These equations are easily derived by analogy with the
section “Self-focusing” in L.D. Landau and E.M. Lif-
shitz, Electrodynamics of Continuous Media (Perga-
mon, Oxford, 1984). To this end, the expression for
the electric field in terms of circular polarizations

(3)
should be substituted into the formula

(4)
the remaining algebra should be performed (taking
into account the second time derivative), and the fol-
lowing rescaling should be done: ,

, , and A1, 2 =

.
It is noteworthy that the corresponding equations

obtained in the basis of linearly or elliptically polarized
waves will include additional terms with four-wave
mixing, which is less convenient for analysis. Nonlin-
earity is defocusing if α and β are negative. The cross-
phase modulation parameter  depends
on the material; in a typical case, it is 2. The defocus-
ing character of nonlinearity and the condition of
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strong cross repulsion  imply the phase separa-
tion regime. In other words, domains with opposite
circular polarizations are spontaneously formed at
intensities of light  in the  space at
scales  [41–45]. The initial stage of this pro-
cess is often a specific modulation instability of states
with linear or elliptic polarization. The geometric
shape of these domains changes generally with
increasing ζ, which corresponds to time evolution in
hydrodynamics. The thickness  of domain
walls in this case is about the inverse typical amplitude
and the surface tension is .

The effective external potential  in Eqs. (2) is
proportional to the deviation  of the permittivity
from a constant value taken with the minus sign. In our
case,

(5)

Inhomogeneity  is necessary for the transverse con-
finement of the optical beam undergoing diffraction
and nonlinear defocusing. The refractive index can
generally depend on ζ, but this dependence should be
sufficiently weak for the physical applicability of the
approximation under consideration. For the validity of
analogy with optics in the case of Bose–Einstein con-
densates, the potential of the trap should depend on
no more than two Cartesian space coordinates and
possibly on the time. Below, we focus on the purely
two-dimensional potential “valley” given by Eq. (5).
In “equilibrium,” when the functions A1 and A2 are
independent of ζ, the length of the light beam in the
variable τ is thus infinite. This property implies that
possible two-dimensional solutions (independent of τ)
should be unstable because a stable longitudinal
domain wall can hardly be realized in this situation;
domains with transverse walls alternating along the
τ axis seem more realistic. At the same time, the incre-
ment of longitudinal instability will be very small for
long-wavelength (i.e., low-frequency) perturbations,
and their amplitudes will increase strongly only at
fairly large ζ values when many events occur in two-
dimensional dynamics.

The parameter μ (in the theory of Bose–Einstein
condensates, it is the dimensionless chemical poten-
tial) will characterize the level of nonlinearity of the
background state of the optical field ( ). It is
assumed to be large enough for the transverse dimen-
sion of the beam  to be much larger than
the characteristic thickness of domain walls w and the
core ξ of quantized vortices: . At the
same time, overly high powers can be undesirable in
practice. For this reason, the moderate value 
is used in numerical examples.

The parameter ν should be small to ensure the
applicability of the quasimonochromatic approxima-
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Fig. 1. (Color online) Numerical example of the light
beam with the f loating drop at the variable ζ = 300. Color
represents the total normalized density ρ1 + ρ2 =

 (a) in the cross section of the beam by the τ =
0 plane and (b) in the longitudinal section of the beam by
the y = 0 plane.

+ μ1 2( )/I I
tion because the characteristic width of vortices and
domain walls in the initial dimensional variables is
estimated as  in the transverse

coordinates and as  in the time coor-
dinate. Therefore, (anomalous) dispersion should not
be too weak to ensure the condition .

Realistic parameters seem to be  and
, which constitutes about 30 wavelengths

(then, about five wavelengths in the thickness of vorti-
ces and domain walls). The characteristic distance
along the beam  is about a thousand wavelengths,
i.e., about a millimeter. The ζ interval of several hun-
dred units corresponds to tens of centimeters. The sys-
tem under consideration is in principle similar to
graded-index multimode optical fibers, although light
beams in the latter case are narrower, only a few wave-
lengths (see, e.g., [49–53] and references therein). A
more important difference is the defocusing character
of nonlinearity in our case, whereas conventional opti-
cal fibers are made of materials with focusing nonlin-
earity. For this reason, a fast experimental test of pre-
dictions of the developed theory is hardly possible
because special efforts are required to fabricate a sam-
ple with the necessary properties. It is important that
the defocusing Kerr dielectric with anomalous disper-
sion and a smooth profile of the refractive index is not
fundamentally forbidden (see, e.g., [48]). Since
numerical solutions for such systems are very interest-
ing, these theoretical results need serious attention.

NUMERICAL METHOD

The system of Eqs. (2) was solved numerically in
the cubic region  with periodic bound-
ary conditions in variables  by the second-order
Fourier method with a split step in the variable ζ. The
accuracy of calculations was controlled by the conser-
vation of the Hamiltonian of the system to the sixth
decimal place. Nearly steady states at  were pre-
pared by the imaginary-time propagation method. In
other words, i was replaced by –1 on the left-hand
sides of Eqs. (2) and this dissipative dynamics was cal-
culated in a certain finite pseudotime interval. In this
case, a certain positive correction  was added to the
chemical potential of the second component. This
correction and bare profiles of both wave amplitudes
were selected using the trial-and-error method to
obtain the desired “mass” of the second component.
This dissipative procedure strongly suppressed hard
excitations, whereas soft degrees of freedom of interest
remained unrelaxed. After that, the calculation of con-
servative system (2) began.

Several substantial numerical examples are given
below.
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FLOATING DROP
We begin with the simplest case where almost the

entire beam (with the transverse anisotropy parameter
) consists of the first component where a drop

of the second component f loats (see Fig. 1, where the
domain wall is seen as a dip of the total intensity).
Quantized vortices are absent. Imaginary-time relax-
ation at the stage of preparation of the initial state leads
to a nearly static initial configuration. The shape of the
drop slightly oscillates with the conditional “time” ζ.
Such a behavior is intuitively clear because we deal
with a natural mechanical system where the minimum
of the potential energy is reached at given total masses
of both components and small oscillations near this
minimum occur. However, an overly massive drop is
unstable and, as a result, the drop fills the entire sec-
tion of the beam in a certain part of it (such a simple
quasi-one-dimensional structure is not shown here).

LONGITUDINAL VORTEX WITH 
INHOMOGENEOUS FILLING

Very interesting numerical solutions are obtained if
the confining potential is axisymmetric ( ) and

κ2 = 2

κ = 1
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Fig. 2. (Color online) Light beam with the precessing vor-
tex–soliton complex at  and ζ = 228: (a) the cross
section of the beam by the  plane, (b) the cross sec-
tion of the beam by the τ = 2π plane, and (c) the longitu-
dinal section of the beam by the x = 0 plane.

κ = 1
τ = 0
a longitudinally oriented (single) optical vortex with a
filled core is located at a small distance from the beam
axis at . In the presence of small initial inhomo-
geneity, the so-called sausage instability is developed;
it is caused by surface tension and results in the forma-
tion of a spindle-shaped bubble with attached input
and output vortex filaments (this phenomenon was
discussed in [36]). In the case of a moderate amount
of the second component, the formation and decay of
the bubble can be repeated several times. In this case,
the vortex precesses about the beam axis. The vortex
with a sufficiently appropriate inhomogeneous filling

ζ = 0
JETP LETTERS  Vol. 117  No. 4  2023
can immediately be initiated; in this case, the bubble
approximately keeps its shape, rotating about the
beam axis (see video [54], where the dynamics of the
conditional surface determining the core of the vortex
is shown; color corresponds to the x coordinate).
Thus, the sausage instability is saturated and a pre-
cessing three-dimensional vortex–soliton complex is
formed, exemplified in Fig. 2. It is seen that the length
of the second component along the beam is finite: it is
entirely “extruded” by the surface tension from the
remaining part of the vortex to the bubble. Since this
complex in the numerical experiment expands to hun-
dreds of units in the variable  and is held under
“unsteady” perturbations, it is assumingly stable.
However, this problem requires further study. This
example is a nontrivial generalization of the structure
previously known for a uniform medium (without the
confining external potential) [43–47].

It should be mentioned that, if a certain longitudi-
nal “velocity” u is assigned to the second component
at  (multiplying  by , which really
means a small reduction of the frequency of the sec-
ond component), the soliton becomes moving and the
entire structure becomes slightly twisted (see video
[55]).

FLOATING DROP WITH ATTACHED
VORTEX FILAMENTS

The scenario of evolution at the quite large filling
of the initial vortex is different. In this case, a massive
lemon-shaped bubble is formed on the vortex and,
then, its precession becomes unstable. The bubble
floats to the surface of the beam and is transformed to
a f loating drop with two empty vortex filaments
attached to it. After transient processes, the system
again undergoes almost stationary precession about
the beam axis (see video [56]). The corresponding
example is shown in Fig. 3. Such a complex solution
obviously cannot be obtained by any existing analyti-
cal methods. However, being constructed numeri-
cally, this solution seems natural and convincing.

TRANSVERSE VORTICES WITH FILLING

Finally, we examine the possibility that vortices in
the general case can be oriented arbitrarily in the

 space, in particular, across the beam. The cal-
culations showed that such transverse configurations
are long-lived. Figure 4 presents the situation with two
opposite transverse vortices; the second vortex is nec-
essary to satisfy the periodic boundary condition in
the variable τ. One of the vortices is filled and the sec-
ond is almost empty. The distance between the vorti-
ces in this numerical experiment was periodically var-
ied but without their close approach (see video [57]).
Moreover, since the center of masses of the second
component was first above the  plane, slow

ζ

ζ = 0 2A τexp( )iu

τ( , , )x y

= 0y



296 RUBAN

Fig. 3. (Color online) Precessing f loating drop with
attached vortex filaments at  and ζ = 253: (a) the
cross section of the beam by the  plane, (b) the cross
section of the beam by the τ = 2π plane, and (c) the longi-
tudinal section of the beam by the x = 0 plane.

κ = 1
τ = 0

Fig. 4. (Color online) System of two transverse vortices at

. The positive and negative vortices are oriented
along the y axis and their cores differ in the amount of the
trapped second component. The longitudinal section of
the beam by the x = 0 plane at ζ = (a) 291 and (b) 300.

κ2 = 2
vibrations of the second component along the y axis
occur in the process of propagation. These vertical
vibrations are seen in Fig. 4.

Dynamics in the presence of a larger number of
such vortices has not yet been simulated because this
simulation would require a sufficiently long computa-
tional region in the variable τ. This problem remains
for future studies.

It is interesting to note that a sequence of such
transverse vortices can carry information because the
filling of each vortex holds for a long time and can be
used for encoding. It is still unclear whether this prop-
erty can be used in practice.

CONCLUSIONS

To summarize, the concept of surface tension has
been applied to nonlinear and unsteady optical beams
with both circular polarizations. A number of new sig-
nificantly three-dimensional combined coherent
structures caused by phase separation have been
found.

This field of research seems quite promising
because almost any reasonable initial configuration
leads to interesting subsequent dynamics. In particu-
lar, the simulation of the interaction of two floating
drops coupled by a vortex filament, as well as the con-
sideration of the dynamics of polarization domains in
the presence of transverse vortices against a signifi-
cantly nonparabolic background intensity profile
[e.g., in the two-well potential ], remains for
the future.

It is noteworthy that the interaction between
two polarizations leads to interesting structures in sys-

( , )V x y
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tems with more complex nonlinearity as well (see, e.g.,
[58, 59]).

A certain time is required to verify whether the pre-
dicted solutions will be implemented experimentally.
As mentioned above, this is hardly possible with exist-
ing samples, and appropriate experimental materials
should be prepared from the “beginning.”
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