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Abstract
Generalization of fractional differential operators was subjected to an intense debate
in the last few years in order to contribute to a deep understanding of the behavior of
complex systems with memory effect. In this article, a Caputo-type modification of
Hadamard fractional derivatives is introduced. The properties of the modified
derivatives are studied.
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1 Introduction
The fractional calculus which is as old as the usual calculus is the generalization of differ-
entiation and integration of integer order to arbitrary ones.
In the last  years or so, there has been an important development of the field of

fractional calculus as it has been applied to many fields of science. It was pointed out
that fractional derivatives and integrals are more convenient for describing real materi-
als, and some physical problems were treated by using derivatives of non-integer orders
[, , –, ].
Several authors found interesting results when they used the fractional calculus in con-

trol theory [, , ].
Maybe the most well-known fractional integral is the one developed by Riemann and

Liouville and based on the generalization of the usual Riemann integral
∫ x
a f (t)dt.

The left Riemann-Liouville fractional integral and the right Riemann-Liouville frac-
tional integral are defined respectively by

aIαf (x) =


�(α)

∫ x

a
(x – τ )α–f (τ )dτ , ()

Iαb f (x) =


�(α)

∫ b

x
(τ – x)α–f (τ )dτ , ()

where α > , n– < α < n. Here and in the following,�(α) represents theGamma function.
The left Riemann-Liouville fractional derivative is defined by

aDαf (x) =


�(n – α)

(
d
dx

)n ∫ x

a
(x – τ )n–α–f (τ )dτ . ()
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The right Riemann-Liouville fractional derivative is defined by

Dα
b f (x) =


�(n – α)

(
–
d
dx

)n ∫ b

x
(τ – x)n–α–f (τ )dτ . ()

The fractional derivative of a constant takes the form

aDαC = C
(x – a)–α

�( – α)
()

and the fractional derivative of a power of t has the following form:

aDα(x – a)β =
�(α + )(x – a)β–α

�(β – α + )
, ()

for β > –, α ≥ .
Although the definition of the Riemann-Liouville type () played a significant role in the

development of the theory of fractional calculus, real world problems require fractional
derivatives which contain physically interpretable initial conditions f (a), f ′(a), . . . [, ]. To
overcome such problems, Caputo proposed the following definitions of the left and right
fractional derivatives respectively:

C
a D

αf (x) =


�(n – α)

∫ x

a
(x – τ )n–α–

(
d
dτ

)n

f (τ )dτ , ()

and

CDα
b f (x) =


�(n – α)

∫ b

x
(τ – x)n–α–

(
–

d
dτ

)n

f (τ )dτ , ()

where α represents the order of the derivative such that n –  < α < n. By definition the
Caputo fractional derivative of a constant is zero.
The Riemann-Liouville fractional derivatives and Caputo fractional derivatives are con-

nected with each other by the following relations:

C
a D

αf (x) = aDα

(
f (x) –

n–∑
k=

f (k)(a)
�(k – α + )

(x – a)k–α

)
, ()

CDα
b f (x) =Dα

b

(
f (x) –

n–∑
k=

(–)kf (k)(b)
�(k – α + )

(b – x)k–α

)
. ()

Riemann-Liouville fractional derivative is formally a fractional power ( d
dx )

α of the differ-
entiation d

dx and is invariant with respect to translation on the whole axis []. Hadamard
[] suggested a fractional power of the form (x d

dx )
α . This fractional derivative is invari-

ant with respect to dilation on the whole axis. The Hadamard approach to the fractional
integral was based on the generalization of the nth integral

aJ n(x) =
∫ x

a

dt
t

∫ t

a

dt
t

· · ·
∫ tn–

a
f (tn)

dtn
tn

=


(n – )!

∫ t

a

(
log

x
t

)n–

f (t)
dt
t
. ()
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The left and right Hadamard fractional integrals of order α ∈ C, R(α) >  are respec-
tively defined by

aJ αy(x) =


�(α)

∫ x

a

(
log

x
t

)α–

y(t)
dt
t
, ()

J α
b y(x) =


�(α)

∫ b

x

(
log

t
x

)α–

y(t)
dt
t
. ()

The corresponding left and right sided Hadamard fractional derivatives are

aDαy(x) = δn
(
aJ n–αy

)
(x) =

(
x
d
dx

)n 
�(n – α)

∫ x

a

(
log

x
t

)n–α–

y(t)
dt
t
, ()

and

Dα
b y(x) = (–δ)n

(
J n–α
b y

)
(x) =

(
–x

d
dx

)n 
�(n – α)

∫ b

t

(
log

t
x

)n–α–

y(t)
dt
t
, ()

where δ = x d
dx , δ

y(x) = y(x), α ∈C,R(α)≥ .
In [–], the authors contributed to the development of the theory of Hadamard-

type fractional calculus. However, this calculus is still studied less than that of Riemann-
Liouville.
The question arises here is whether we can modify the Hadamard fractional derivatives

so that the derivatives of a constant is  and these derivatives contain physically inter-
pretable initial conditions similar to the ones in Caputo fractional derivatives.
The main goal of this article is to define the Caputo-type modification of the Hadamard

fractional derivatives and present properties of such derivatives.

2 Caputo-type Hadamard fractional derivatives
Let R(α) ≥  and n = [R(α)] + . If y(x) ∈ ACn

δ [a,b], where  < a < b < ∞ and ACn
δ [a,b] =

{g : [a,b] → C : δn–g(x) ∈ AC[a,b], δ = x d
dx }. We define the Caputo-type modification of

left- and right-sided Hadamard fractional derivatives respectively as follows:

C
aDαy(x) = aDα

[
y(t) –

n–∑
k=

δky(a)
k!

(
log

t
a

)k
]
(x), ()

and

CDα
b y(x) =Dα

b

[
y(t) –

n–∑
k=

(–)kδky(b)
k!

(
log

b
t

)k
]
(x). ()

In particular, if  <R(α) < , we have

C
aDαy(x) = aDα

[
y(t) – y(a)

]
(x), ()

and

CDα
b y(x) =Dα

b
[
y(t) – y(b)

]
(x). ()
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Theorem . Let R(α) ≥  and n = [R(α)] + . If y(x) ∈ ACn
δ [a,b], where  < a < b < ∞.

Then C
aDαy(x) and CDα

b y(x) exist everywhere on [a,b] and
(i) if α /∈N, CaDαy(x) can be represented by

C
aDαy(x) =


�(n – α)

∫ x

a

(
log

x
t

)n–α–

δny(t)
dt
t
= aJ n–αδny(x), ()

and CDα
b y(x) can be represented by

CDα
b y(x) =

(–)n

�(n – α)

∫ b

x

(
log

t
x

)n–α–

δny(t)
dt
t
= (–)nJ n–α

b δny(x), ()

(ii) if α ∈N, then

C
aDαy(x) = δny(x), CDα

b y(x) = (–)nδny(x). ()

In particular,

C
aDy(x) = CD

by(x) = y(x). ()

Proof Let α /∈N. Using the definition of left Hadamard fractional derivative () and ap-
plying integrating by parts formula u = y(t) –

∑n–
k=

δky(a)
k! (log t

a )
k and dv = (log x

t )
n–α– dt

t in
(), one gets

C
aDαy(x) =

(
x
d
dx

)n
{[

–


n – α

(
log

x
t

)n–α
(
y(t) –

n–∑
k=

δky(a)
k!

(
log

t
a

)k
)]∣∣∣∣∣

x

a

+


n – α

∫ x

a

(
log

x
t

)n–α
[
δy(t) –

n–∑
k=

δky(a)
k!

(
log

t
a

)k
]
dt
t

}

=
(
x
d
dx

)n– ∫ x

a

(
log

x
t

)n–α
[
δy(t) –

n–∑
k=

δky(a)
k!

(
log

t
a

)k
]
dt
t

= · · · = x
d
dx


�(n – α)

∫ x

a

(
log

x
t

)n–α–(
δn–y(t) – δn–y(a)

)dt
t
.

Performing once more the integration by parts with the same choice of dv, one gets equa-
tion (). () is proved in a similar way. Now, when α = n we have

C
aDny(x) = aDn

[
y(t) –

n–∑
k=

δky(a)
k!

(
log

t
a

)k
]
(x).

That is

y(x) = aJ nC
aDny(x) +

n–∑
k=

δky(a)
k!

(
log

x
a

)k

=


(n – )!

∫ x

a

(
log

x
t

)n–
C
aDny(t)

dt
t
+

n–∑
k=

δky(a)
k!

(
log

x
a

)k

.

http://www.advancesindifferenceequations.com/content/2012/1/142


Jarad et al. Advances in Difference Equations 2012, 2012:142 Page 5 of 8
http://www.advancesindifferenceequations.com/content/2012/1/142

From Lemma . in [], one derives C
aDαy(x) = δny(x). The second formula in () can be

proved likewise. �

Theorem . Let R(α) ≥  and n = [R(α)] + . If y(x) ∈ Cn
δ [a,b], where  < a < b < ∞.

Then C
aDαy(x) and CDα

b y(x) are continuous on [a,b] and
(i) if α /∈N, CaDαy(x) and CDα

b y(x) can be represented by () and () respectively and

C
aDαy(a) = , CDα

b y(b) = , ()

(ii) if α ∈N, then the formulas in () hold.

Proof The representations () and () are proved like in Theorem .. The continuity
of C

aDαy(x) and CDα
b y(x) results from their representations and Lemma . in [] with

f (t) = δny(t), γ =  and α replaced by n – α. The identities in () hold since

∣∣C
aDαy(x)

∣∣ ≤ ‖δny‖C
|�(n – α)|(n –R(α))

(
log

x
a

)n–R(α)

, ()

∣∣CDα
b y(x)

∣∣ ≤ ‖δny‖C
|�(n – α)|(n –R(α))

(
log

b
x

)n–R(α)

. ()

When α ∈ N, the first formula in () holds as a result of Lemma . in []. The second
formula can be proved likewise. �

Corollary . LetR(α)≥  and n = [R(α)] + .
(i) If α /∈N, then C

aDα is bounded from the space Cn
δ [a,b] to the space

Ca[a,b] = {f ∈ C[a,b] s.t f (a) = } and CDα
b is bounded from the space Cn

δ [a,b] to the
space Cb[a,b] = {f ∈ C[a,b] s.t f (b) = } and

∥∥C
aDαy

∥∥
Ca

≤ (log b
a )

n–R(α)

|�(n – α)|(n –R(α))
‖y‖Cn

δ
, ()

∥∥CDα
b y

∥∥
Cb

≤ (log b
a )

n–R(α)

|�(n – α)|(n –R(α))
‖y‖Cn

δ
. ()

(ii) If α = n ∈N, then C
aDn and CDn

b are bounded from Cn
δ [a,b] to C[a,b] and

∥∥C
aDny

∥∥
C ≤ ‖y‖Cn

δ
,

∥∥CDn
by

∥∥
C ≤ ‖y‖Cn

δ
. ()

Proof () and () follow from the estimates () and () keeping inmind that ‖δny‖C ≤
‖y‖Cn

δ
(see formula .. in [] when γ = ). The estimates in () are straightforward.

�

C
aDα and CDα

b provide operations inverse to aJ α and J α
b respectively for R(α) 	=  or

α ∈ N. But it is not the case forR(α) ∈N andR(α) 	= .

Lemma . LetR(α) > , n = [R(α)] +  and y ∈ C[a,b].
(i) IfR(α) 	=  or α ∈N, then

C
aDα

(
aJ αy

)
(x) = y(x), CDα

b
(
J α
b y

)
(x) = y(x). ()
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(ii) IfR(α) ∈N andR(α) 	=  then

C
aDα

(
aJ αy

)
(x) = y(x) – aJ α+–ny(a)

�(n – α)

(
log

x
a

)n–α

, ()

CDα
b
(
J α
b y

)
(x) = y(x) –

J α+–n
b y(b)
�(n – α)

(
log

b
x

)n–α

. ()

Proof From (), we have

C
aDα

(
aJ αy

)
(x) = aDα

(
aJ αy

)
(x) –

n–∑
k=

δk(aJ αy)(a)
k!

(
log

x
a

)k

. ()

From properties . and . in [], we have aDα(aJ αy)(x) = y(x) and δk(aJ αy)(x) =
aJ α–ky(x). It is easy to verify that

∣∣aJ α–ky(x)
∣∣ ≤ ‖y‖C

|�(α – k)|(R(α) – k)

(
log

x
a

)R(α)–k

, k = , , . . . ,n – , ()

from which we conclude that aJ α–ky(a) = , and thus the first identity in () holds. The
second identity is proved analogously.
If α = m + iβ , m ∈ N, β 	= , then n = m +  ≥  and δk(aJ αy)(x) = aJ α–ky(x), k =

, , . . . ,m –  and similar to () we have

∣∣aJ α–ky(x)
∣∣ ≤ ‖y‖C

|�(α – k)|(m – k)

(
log

x
a

)m–k

, k = , , . . . ,m – . ()

Thus we have aJ α–ky(a) = , k = , , . . . ,n –  and hence () holds. () can be proved
similarly. �

Lemma . Let y ∈ ACn
δ [a,b] or Cn

δ [a,b] and α ∈C. Then

aJ α
(C
aDα

)
y(x) = y(x) –

n–∑
k=

δky(a)
k!

(
log

x
a

)k

, ()

J α
b

(CDα
b
)
y(x) = y(x) –

n–∑
k=

δky(b)
k!

(
log

b
x

)k

. ()

Proof () and () follow from the identities C
aDαy(x) = aJ n–αy(x) and CDα

b y(x) =
J n–α
b y(x) respectively. �

The Caputomodifications of the left and right Hadamard fractional derivatives have the
same properties .. and ... in [] but they are different from the ones in ...

Property . LetR(α)≥ , n = [R(α)] +  andR(β) > . Then

C
aDα

(
log

x
a

)β–

=
�(β)

�(β – α)

(
log

x
a

)β–α–

, R(β) > n, ()
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CDα
b

(
log

b
x

)β–

=
�(β)

�(β – α)

(
log

b
x

)β–α–

, R(β) > n, ()

C
aDα

(
log

x
a

)k

= , CDα
b

(
log

b
x

)k

= , k = , , . . . ,n – . ()

In particular, one has

C
aDα = , CDα

b  = . ()

Caputo-Hadamard fractional derivatives can also be defined on the positive half axis
R

+ by replacing a by  in formula () and b by ∞ in formula () provided that y(x) ∈
ACn

δ (R+) (or Cn
δ (R+)). Thus one has

CDα
+y(x) =


�(n – α)

∫ x



(
log

x
t

)n–α–

δny(t)
dt
t
, ()

CDα
–y(x) =

(–)n

�(n – α)

∫ ∞

x

(
log

t
x

)n–α–

δny(t)
dt
t
. ()

TheMellin transforms of the Caputo modifications of the left and right Hadamard frac-
tional derivatives are the same as Mellin transforms of the left and right Hadamard frac-
tional derivatives .. and .. in [].

Lemma . LetR(α) >  and y(x) be such that the Mellin transforms (My)(s), (Mδny)(s)
exist for s ∈C.

(i) IfR(s) < , then

(
MCDα

+y
)
(s) = (–s)α(My)(s). ()

(ii) IfR(s) > , then

(
MCDα

–y
)
(s) = sα(My)(s). ()

Proof () follows from Lemma . and formula .. in []

(
MCDα

+y
)
(s) =

(
MJ n–α

+ δny
)
(s) = (–s)α–n

(
Mδny

)
= (–s)α(My). ()

() can be proved similarly. �
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