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Abstract: Cardiovascular diseases (CVDs) remain the leading cause of death worldwide, according
to recent reports from the World Health Organization (WHO). This fact encourages research into
the cardiovascular system (CVS) from multiple and different points of view than those given by the
medical perspective, highlighting among them the computational and mathematical models that
involve experiments much simpler and less expensive to be performed in comparison with in vivo
or in vitro heart experiments. However, the CVS is a complex system that needs multidisciplinary
knowledge to describe its dynamic models, which help to predict cardiovascular events in patients
with heart failure, myocardial or valvular heart disease, so it remains an active area of research.
Firstly, this paper presents a novel electrical model of the CVS that extends the classic Windkessel
models to the left common carotid artery motivated by the need to have a more complete model
from a medical point of view for validation purposes, as well as to describe other cardiovascular
phenomena in this area, such as atherosclerosis, one of the main risk factors for CVDs. The model
is validated by clinical indices and experimental data obtained from clinical trials performed on a
pig. Secondly, as a first step, the goodness of a fractional-order behavior of this model is discussed to
characterize different heart diseases through pressure–volume (PV) loops. Unlike other models, it
allows us to modify not only the topology, parameters or number of model elements, but also the
dynamic by tuning a single parameter, the characteristic differentiation order; consequently, it is
expected to provide a valuable insight into this complex system and to support the development of
clinical decision systems for CVDs.

Keywords: cardiovascular system; electrical model; experimental validation; fractional model; heart
diseases; pressure–volume loops

1. Introduction

Cardiovascular diseases (CVDs) remain the leading cause of death worldwide, accor-
ding to recent reports from the World Health Organization (WHO). Moreover, its upward
trend over the last thirty years continues to increase for almost all countries [1]. In 2019,
over 18 million people died from CVDs, which represents 32% of all global deaths; more
specifically, 85% of them were due to heart attack and stroke [2]. This fact has encouraged
research into cardiovascular system (CVS) models, where experiments involving computa-
tional and mathematical models are much simpler and less expensive to be performed in
comparison with in vivo or in vitro experiments.

The CVS is a relatively complex system that needs knowledge from several branches
of physics and chemistry to understand all its behavior, which has led to the development
of models or simulators, in greater or lesser detail, to achieve a global understanding of its
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operation. In this respect, numerous models have been proposed and approached from
different perspectives, such as from the study of neuroregulation mechanisms, gas exchange
or the hemodynamics of the system; however, the latter approach has always received
greater attention due to its possible physiological or clinical applications [3,4]. For such
an approach, the main methodologies used are: (1) lumped parameter models, which
describe, in a simplified manner, the predominant behavior of each of the components
involved in the CVS [3,5–9]; (2) distributed parameter models, describing the CVS by one,
two or three dimensions based on finite element software [10–12]; or (3) modeling from
a hydraulic approach [13–15]. Especially, the three dimensional distributed parameter
models have received a great deal of attention in recent decades as a result of the increase
in computing power, but these models are more complex and focus on partial vascular
zones, and consequently they need longer simulation time and simpler models to define
their boundary conditions [16–19].

The models offer the possibility to diagnose or predict the behavior of the CVS when a
patient suffers a cardiovascular dysfunction or pathology [20–24], or to study the perfor-
mance of auxiliary devices [3,25,26]. This reduces the diagnostic time for certain pathologies
or research time of functional evaluation of devices under development, while reducing
animal experimentation. Nevertheless, the existing models have use limitations in clinical
practice due to both their physical and computational complexities. Modeling of patholo-
gies, or even medical assistance devices, usually requires to modify numerous parameters
of the model, which are strongly related to each other, making it necessary sometimes to
perform new validations. This fact makes the models with a great number of parameters
undesirable for real applications. In this regard, lumped parameter models offer an ad-
vantage over the others, demonstrating a higher accuracy to execution time ratio, which is
suitable for real-time simulations and applications [27,28]. Despite this, lumped models
are reduced to describe the main arteries of the CVS [3,5,9,22] or the entire circulatory
system [29], complicating the study of certain vascular areas due to a greater number of
parameters. This is the case of the carotid artery, for which there are no studies that model
its behavior simply and accurately. In spite of this, it is one of the main arteries affected by
stenosis according to clinical studies [30].

In what CVD modeling concerns, it is mainly based on the development of new models
or the adjustment of numerous parameters to describe a dysfunction or disease accurately.
New models require the inclusion of new terms for a better description of the dynamic
system or, in the case of parameter adjustment, they can achieve a dynamic similar to the
desired one but do not describe it in an accurate way, although it has the advantage of
not incorporating new terms. When the CVS suffers a disease, such as stenosis, not only
the vessel presents an obstruction, but the calcification of the lumen also has an impact
on the elastance, among other properties; therefore, a disease implies an alteration of the
system properties, which leads the system to exhibit a different behavior and not only a
modification of the resistance or flow capacity. In this regard, fractional calculus can be
an adequate tool to describe CVDs. Fractional calculus is a branch of mathematics that
deals with non-integer- order derivatives and integrals, and has emerged as an efficient and
powerful mathematical tool not only for accurate modeling of many complex phenomena
that can be found in several fields of science and engineering, but also for obtaining
adequate exploitable models with few parameters [31,32]. Notably, numerous studies have
shown that fractional calculus provides a better description of the viscoelastic behavior of
the arterial vessel [33–38], as well as for modeling of pathologies, such as tumors [39,40].

Given this motivation, the contributions of this paper are twofold. Firstly, a novel
electrical model of the CVS is presented. It extends the classical Windkessel model of
four elements to the left common carotid artery, motivated by the need to have a more
complete model from a medical point of view for validation purposes, as well as to describe
other cardiovascular phenomena in this area, such as atherosclerosis, one of the main risk
factors for CVDs. This model is validated with experimental data obtained from clinical
trials performed on a pig and clinical indices. Secondly, a new approach is introduced for
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CVD modeling based on fractional calculus. To do so, the CVS is analyzed as a complete
fractional dynamic system; i.e., the relationship between pressure and flow for arteries or
chambers is described with fractional behavior. In this sense, a general model is created,
able to describe hemodynamic change due to pathologies, such as loss of elasticity or
contractile capacity and not only due to vessel occlusion or valve or heart dysfunction.
Specifically, the case of aortic valve stenosis will be discussed describing the proposed
model with fractional dynamics and how the order of the system allows us to describe the
CVS from a healthy state to a severe degree of stenosis. As an advantage for pathology
modeling, the model parameters can be identified and validated for the healthy state and
remain constant, with only slight variations as in the real system. Preliminary results of
this work can be found in [41,42].

The paper is organized as follows. The functioning of the CVS is briefly explained
in Section 2. Section 3 justifies the use of electrical analogies for the description of CVS
and describes the CVS model. Section 4 compares and validates the presented model with
clinical indices and experimental data. Section 5 provides a discussion of how fractional
calculus may be an adequate tool for CVD modeling. Finally, conclusions and future works
are drawn in Section 6.

2. Cardiovascular System

This section is devoted to the description of the CVS from a functional point of view,
with special attention to the carotid artery. The cardiac cycle is explained through the
left ventricular pressure–volume (PV) loops, diagrams that also allow the identification of
dysfunctions affecting the CVS. Finally, the most frequent valve pathologies are briefly des-
cribed.

2.1. Anatomy and Physiology of the CVS

The CVS can be simply described as a distribution network of blood vessels that
supplies blood to all the parts of a body thanks to the heart, which performs as a pump.
The path followed by the blood is a closed loop, starting in the heart, continuing through
the arteries, passing through the capillaries, where the exchange of substances takes place
and returning to the heart via the veins. From a functional point of view, the distribution
network is divided into two stages: (1) systemic circulation, which transports the oxygen
and substances; and (2) pulmonary circulation, which is responsible for the oxygenation of
the blood [43].

The heart, responsible for pumping the blood, is composed of a double atria-ventricle
chamber, where the ventricle is the pump and the atria is a preloaded chamber. The com-
pression or contraction of the ventricle generates the necessary pressure to inject blood
through the arteries. Specifically, the right side pumps the blood into the pulmonary artery,
which carries it to the lungs, and then it returns to the left side that pumps it again to the
rest of the body. It should be noted that the blood only flows in one way because one-way
valves are situated between the chambers to prevent reflux, called atrioventricular valves,
and at the output of the ventricles, called semilunar valves.

Regarding the systemic circulation, it begins in the ascending aorta, branching into
smaller arteries until it reaches the capillaries, covering the entire body. The main branches
are: (1) right and left subclavian arteries, supplying blood to the thorax, head, neck,
shoulder and arms; (2) right and left common carotid arteries, carrying blood to the head
and neck; and (3) descendent aorta, which continues to the abdominal aorta. Finally,
the return path is composed of veins that converge in the vena cava, which ends in the
heart. Within the systemic circulation, the carotid arteries stand out for their high incidence
of strokes [44].

2.2. Cardiac Cycle and Pressure–Volume Loops

The contraction of the heart is a result of a succession of electrical and mechanical
phenomena that occur during a heartbeat, known as the cardiac cycle [43]. The cardiac
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cycle is divided into two alternate phases: diastole (dilation period) and systole (contraction
period), arranged and simplified in four stages. The cardiac cycle starts with the chambers
relaxed and the ventricles partially loaded, and proceeds as follows:

(1) The first stage is the atrial systole and ventricular diastole, in which the atrium
contracts, filling the ventricles;

(2) The second stage is atrial diastole and the beginning of ventricular systole, which
means that the atrium relaxes until the next cardiac cycle while the ventricles contract and
the atrioventricular valves close, increasing the pressure but not achieving enough pressure
to open the semilunar valves;

(3) The third stage is the end of ventricular systole, when ventricle pressure rises until
it exceeds arterial pressure, opening the semilunar valves and ejecting the blood into the
pulmonary and systemic circulation;

(4) The last stage is the ventricular and atrial diastole, when the pressure in ventricles
decreases rapidly and all the chambers are passively loaded due to their relaxation. Then,
a new cycle starts with the atrial systole.

A graphical way to describe and characterize the cardiac cycle is by means of a left
ventricle PV loop, which represents the left ventricular pressure (LVP) versus the left
ventricular volume (LVV) throughout the four stages, allowing us to identify changes in
heart function, such as preload and afterload factors and contractility of the heart [45].
Another advantage of PV loops is that they allow rapid detection of CVDs, such as heart
failure, myocardial and valve diseases. An example of a PV loop is shown in Figure 1,
where the different stages of a cardiac cycle corresponding to the left ventricle (LV) are
represented from a thermodynamic point of view:

(1) Passive filling (referred to as A-B);
(2) Isovolumetric contraction (denoted as B-C);
(3) Ejection (C-D);
(4) Isovolumetric relaxation (D-A) [46].

Furthermore, these diagrams also provide information on a wide range of variables, such
as those listed in Table 1.

0 50 100 150 200

0

50

100

150

Figure 1. Example of PV loop and parameters that can be measured. The meaning of acronyms are
detailed in Table 1. Image adapted from [46,47].
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Table 1. Parameters measured from PV loops. Data extracted from [46].

Abbreviation Parameter Meaning

EDV End-diastolic volume Left ventricular volume in diastole.
ESV End-systolic volume Left ventricular volume in systole.

ESPVR End-systolic PV relationship Maximal pressure of left ventricle.
EDPVR End-diastolic PV relationship Left ventricular pressure in diastole.

Ees End-systolic elastance Peak chamber elastance during a beat.
Ea Effective arterial elastance Relates EDP and EDV to ESV.
SV Stroke volume The difference between ESV and EDV.
SW Stroke work The area within the loop.
PE Potential energy The area within the loop and ESPVR.

PVA Pressure–volume area Sum of SW and potential energy PE.
ME Mechanical efficiency The ratio between SW and PVA.

With respect to the factors affecting the functioning of the heart, the preload factors
refer to the level of distension of the ventricle during diastole, and are proportional to
end-diastolic volume (EDV) [43,48]. According to Frank–Starling’s law, an increase in
ventricular preload leads to an increment of stroke volume (SV), which implies an increase
in EDV and the opening pressure of the semilunar valves. These effects are shown in
Figure 2a. An increase in preload is associated to an increment in physical exercise and
acceleration of heart rate (HR), while an occlusion of the veins or hemorrhages produce a
reduction in preload.

The afterload is related to end-systolic volume (ESV), although preload factors and
inotropy also affect it. ESV is the pressure that the ventricle must exert in order to open the
semilunar valves and propel the blood. In the PV loops, an increase in afterload involves a
reduction in SV and an increment in ESV, which also leads to an increase in the EDV (see
Figure 2b). The increase in afterload is usually caused by an increased systemic resistance
due to damage of the semilunar valves, stenosis or obstructions in the circulation, as well
as a loss of elasticity in the aortic artery.

With respect to inotropy, understood as the capacity of the ventricles to contract,
a rise of this factor implies a higher slope of the end-systolic PV relationship (ESPVR)
line, represented in Figure 2c. This variation allows to have a higher SV and reduces EDV
and ESV. Reduced ability to contract is observed as a consequence of a prolonged state of
hypoxia, hyponatremia or hypercapnia.
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Figure 2. Effects on PV diagrams due to changes in: (a) preload, (b) afterload, and (c) inotropy on left ventricular.
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Figure 2. Effects on left ventricular PV diagrams due to changes in: (a) preload; (b) afterload;
(c) inotropy.

2.3. Valve Pathologies

The most common valve pathologies are related to the aortic valve and mitral valve,
and, in both cases, involve the narrowing of the valve (stenosis) and a defect in the closure.

Stenosis in aortic valve refers to the narrowing of the valve during systole, which can
be caused by a congenital abnormality of the valve or progressive calcium buildup on the
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valve cups due to age [49]. Conversely, a defect in the closure of the aortic valve leads to
a leakage backward into the LV during diastole, and is called aortic valve regurgitation,
with similar causes as aortic valve stenosis. In both pathologies, a hypertrophy in the LV
appears due to the thickening of the LV muscle to undertake the stress, which causes an
increase in LV pressure.

Aortic valve pathologies lead to PV loops with higher amplitude and displaced to the
right with respect to the healthy case [46,50,51], as illustrated in Figure 3a,b. The displace-
ment of the loop to the right implies higher values of EDV, ESV and SV, also raising the
area within the loop (SW). As SW is higher, the pressure–volume area (PVA) also increases,
as it is the sum of SW and potential energy (PE).

With respect to the mitral valve, the pathologies are similar, considering that the
leakage is produced during systole from the LV to the left atria (LA). Figure 3c shows that
patients with mitral valve stenosis present similar PV loops as a healthy patient, which
indicates that this pathology does not affect (to a large extent) the functioning of the LV.
On the other hand, patients with mitral valve regurgitation (Figure 3d) present wider PV
loops, increasing the afterload and preload and higher amplitude. The shape is slightly
different from the healthy case.

Pathology

Control

Pathology

Control

PathologyControl

Pathology

Control

(a) (b)

(c) (d)

Figure 3. Left ventricular PV loops of different valve pathologies: (a) aortic valve stenosis; (b) aortic
valve regurgitation; (c) mitral valve stenosis; (d) mitral valve regurgitation.

3. Description of the CVS Model

This section explains the equivalences between the electrical and hydrodynamic in-
dices, allowing us to model the CVS from an electrical point of view. Once the relationships
and equivalences between an electrical circuit and the behavior described by a segment of
the CVS have been established, the modeling of such a system, as well as the contractile
behavior of the heart, are addressed.

3.1. Electrical Equivalences

In order to describe the CVS using a zero dimension (0-D) global parameter model,
it is firstly required to understand how it is possible to transfer the fluid dynamics of an
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environment to a discrete system, such as electrical circuits. The key concept is to analyze
the CVS through segments or compartments, that means defining the relationship between
their output and input, which can be calculated either empirically or theoretically.

Applying the Navier–Stokes equations to a blood vessel segment and taking into
account the considerations given in [19,52], it is possible to define the relationship between
pressure and flow within the segment as:

Kcl
dp̂
dt

+ q2 − q1 = 0

ρl
A

dq̂
dt

+
ρKRl

A2 q̂ + p2 − p1 = 0 (1)

where p̂ and q̂ are the average segment pressure and flow rate, respectively, p1 and p2 and
q1 and q2 are the pressures and the flow rate at the inlet and outlet, respectively, A denotes
the average section of the blood vessel, l is the length of the segment, ρ is the density of the
blood, and Kc and KR are variables dependent on the elastic properties of the blood vessel
and the viscosity of the blood (see [4,19] for more information).

The system of Equations (1) implies that the flow and pressure of the segment consi-
dered is limited by the boundary conditions (q1,2 and p1,2). However, the 0-D model
does not have boundary conditions, since there is no continuous dependence on space,
but rather an input/output relationship; therefore, to solve such a system of equations,
it is necessary to establish initial conditions (p0 = p1 and q0 = q1) and also to make
the following simplifications: p̂ ≈ p2 y q̂ ≈ q1. These assumptions, which are valid for
relatively short blood vessel segments, result in a 0-D global parameter model [19].

Equations of this type are found in the analysis of resistor–inductor–capacitor (RLC)
electrical circuits, which demonstrate the same dynamics [4]. This is shown analyzing the
circuit depicted in Figure 4, whose dynamics is defined by the following relationships:

C
dV2

dt
+ I2 − I1 = 0

L
dI1

dt
+ RI1 + V2 −V1 = 0 (2)

V1

I1

V2I2

L R

C

Figure 4. Lumped electrical model equivalent to a short blood vessel segment.

By analogy to an electrical circuit, current represents blood flow, while pressure
corresponds to voltage. Likewise, from the sets of Equations (1) and (2) it is possible
to establish the equivalence of the electrical components with the variables that define
the characteristics of the blood vessel considered as follows: the resistances emulate the
opposition of vessel to flow due to viscosity and variation in the diameter of the vessels;
the inductance shows the inertial effects that the blood flow experiences as a result of flow
variations; and the capacitor represents the conservative term of the principle of mass
conservation due to the elasticity of the blood vessels. Assuming that the blood behaves
similar to a Newtonian fluid, i.e., a flow developed under a constant pressure gradient,
the following definitions of the equivalent electrical components can be written [19]:

R =
8πµl

A2 , L =
ρl
A

, C =
3πr3l
2Eh

,

where µ is the viscosity of the blood, E is the Young modulus and h and r are the thickness
and the radius of the vessel, respectively.
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3.2. Model

The model on which this work is focused is based on the Windkessel model proposed
in [53,54] and the modifications suggested in [3,8,55]. Moreover, this work presents a model
that extends the model of [3] to the left common carotid artery. The choice of this kind of
artery is motivated by the need to have a more complete model from a medical point of
view for validation purposes, as well as to describe other cardiovascular phenomena in
this area, such as atherosclerosis, one of the main risk factors for CVDs [30]. It should be
also noted that the whole model has been defined based on the anatomic structure of the
circulatory system, respecting the criteria used in [54] for the definition of the four element
Windkessel model. Then, the equivalent electrical circuit of the CVS and left common
carotid artery is shown in Figure 5, where a clear differentiation is made between the
systemic circulation dynamic and left carotid dynamic.

The cardiovascular model focuses mainly on the left chambers of the heart, assu-
ming that the right ventricle and the pulmonary circulation act correctly and, hence, they
are omitted. Resistance to flow from the descending aorta through the capillary vessels,
venous and pulmonary circulation to reach the left atrium is identified through the resistors
that feedback the electrical system: RS denotes the systemic resistance, whereas RSLC
represents the resistance from the left common carotid. The contractile capacity of the
heart is modeled by the variable capacitor, C(t), whose capacitance is the inverse of the LV
elastance (E(t)). The last term defines the elasticity of the heart as a function of the pressure
that it supports, according to the Frank–Starling’s law. A more detailed description is
provided in Section 3.3. The aortic and mitral valves are modeled as ideal diodes, DA
and DM, in series with a resistance, RA and RM, respectively. However, to achieve a more
accurate response, the capacitor CA is added to the first valve, which reflects the elasticity
of ascending aorta and models the pressure variation due to the open–close operation of
the aortic valve. The rest of elements, which are based on the Windkessel model and the
anatomical distribution of the circulatory system, model the elasticity, inertia and resistance
of the descending aorta (CS, L and RC) and the left common carotid artery (CLC and LLC).
These elements, in combination with RS and RSLC, define the afterload factors.

Left common carotid artery

RSLC

RC

CSCAC(t)CR

DM

RS

RM RADA AoP(t)LAP(t) LVP(t) L AP(t)

F(t)

x1x2 x4 x3

x5
RLC

CLC

LLC
LCP(t)

LCF(t)

x6

x7

Cardiovascular Model

Figure 5. Electrical model equivalent to the CVS with extension to left common carotid artery.

With respect to the dynamics of the CVS, it is described choosing as state variables
the ones listed in Table 2 (they correspond to those indicated in Figure 5), and applying
Kirchhoffs’ laws to the electric circuit, except for the state x1, which depends on the working
mode of the diodes, the contractile capacity of the heart C(t). The diodes allow to define
the behavior of heart valves and give the system its non-linear character. The combination
of the conduction state of the diodes allows us to describe the four stages of the cardiac
cycle, establishing four different equivalent electrical circuits for each stage and, therefore,
a set of linear differential equations. This implies a different analysis of the circuit for each
of the stages of the cardiac cycle. To overcome this drawback, the diodes are described
as a ramp function, d(x), with which the system can be described by a single definition
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throughout the entire cardiac cycle. Taking into account these considerations, the complete
model can be expressed as:

ẋ1 =
1

C(t)
(
− Ċ(t)x1 +

1
RM

d(x1 − x2)−
1

RA
d(x4 − x1)

)

ẋ2 =
1

CR

( 1
RS

d(x3 − x2) +
1

RSLC
(x6 − x2)−

1
RM

d(x2 − x1)
)

ẋ3 =
1

CS

(
x5 − x7 −

1
RS

d(x3 − x2)
)

ẋ4 =
1

CA

( 1
RA

d(x4 − x1)− x5
)

ẋ5 =
1
L
(

x4 − x3 − RCx5
)

ẋ6 =
1

CLC

( 1
RSLC

(x2 − x6) + x7
)

ẋ7 =
1

LLC

(
x3 − x6 − RLCx7

)

(3)

Table 2. State variables of the cardiovascular model.

Variable Abbreviation Clinical Meaning (Unit)

x1(t) LVP(t) Left ventricular pressure (mmHg).
x2(t) LAP(t) Left atrial pressure (mmHg).
x3(t) AP(t) Descending aorta pressure (mmHg).
x4(t) AoP(t) Ascending aorta pressure (mmHg).
x5(t) F(t) Total flow (mL/s).
x6(t) LCP(t) Left common carotid artery pressure (mmHg).
x7(t) LCF(t) Carotid artery flow rate (mL/s).

The detailed analysis of the electrical circuit in Figure 5 can be found in Appendix A.
It should be remarked that the above model defines an autonomous switched time-varying
system over different phases within the cardiac cycle.

3.3. Elastance

The elastance represents the state of contraction of the LV, relating the pressure and
volumes of the LV according to the Frank–Starling’s law, which is defined as [3,56]:

E(t) =
LVP(t)

LVV(t)−V0
, (4)

where LVV(t) is the left ventricular volume, whereas V0 is the reference volume that
corresponds to the theoretical ventricular volume at zero pressure.

The definition of elastance was addressed in different studies [57–59], where they tried
to adjust it empirically to a standard function. In particular, most of them agree that the
definition can be normalized and scaled between the points of maximum and minimum
functioning of the LV as:

EH(t) = (Emax − Emin)En(tn) + Emin, (5)

where Emax and Emin are constants related to ESV, EDV and ESPVR, and En(tn) is the
normalized elastance, with tn = t/Tmax, Tmax = 0.2 + 0.15tc, being tc = 60/HR the
time period of the heart cycle. In certain pathologies, the elastance can have the same
morphology for a healthy or sick heart [60]. Then, for some cardiac conditions, the elastance
model (5) is modified to E(t) = δEH(t), with 0 ≤ δ ≤ 1, where lower values of δ represent
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CVDs (the more severe the disease, the lower the value of δ), whereas δ = 1 corresponds to
the healthy state.

This work focuses in the definition for elastance provided by [57], which describes it
for a healthy person as:

En(tn) = C




(
tn
B

)αE

1 +
(

tn
B

)αE





 1

1 +
(

tn
A

)βE


 (6)

and whose waveforms are depicted in Figure 6. The first term in the brackets describes the
ascending part of the curve and the second one, the descending part. The parameter C is
the amplitude of elastance, related to the maximum arterial pressure, αE and βE denote the
ascending and descending slopes through the LV relaxation time, respectively, and A and
B are constants to define the relative appearance of each curve within the heart period.

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

2

Figure 6. Elastance according to Stergiopulos’s work [57]. The parameters used are shown in Table 3.

4. Validation of the CVS Model

This section presents the validations of the above-described CVS model from different
points of view. Firstly, the model is validated in terms of both the main hemodynamic
indices and the waveform of the main variables in Table 2, comparing the results in a healthy
state (nominal condition) with the collected in the bibliography and with experimental
data, respectively. Secondly, the consistency of the model is addressed by evaluating the
response to variations in the preload and afterload factors. The values of the parameters
involved in the CVS for the different simulations are included in Table 3.

4.1. Clinical Parameters and Experimental Waveforms

Next, the model is validated comparing the hemodynamic parameters resulting from
the model simulation and those collected in the clinical literature, as well as from experi-
mental data. Hence, this first validation allows us to conclude whether the model provides
reasonable and coherent results. Secondly, cardiovascular waveforms corresponding to
simulated and experimental data are compared to confirm whether the dynamics is correct.

As for the experimental data, they were obtained from a clinical trial performed on a
pig, due to its similarities with human anatomy and hemodynamics. For data collection,
the animal was under sedation during the whole process and catheterization methods were
used to measure the variables listed in Table 2, with the exception of flow rate, which was
measured indirectly by means of cardiac output and the carotid artery flow rate because the
specific instrumentation for such measurement was not available. In order to improve the
reproducibility of the data and reduce signal noise at the post-processing step, the pressure
signals and the cardiac output were collected ten and five times, respectively. To make the
experimental data usable, they were previously filtered and, then, synchronized, since all
the signals were not collected at the same time, taking for the analysis the mean of the ten
repetitions. Data were collected with a sample time of 4 ms.
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Table 3. Values of the parameters of the CVS model for validation purposes.

Parameter Value Physiological Meaning

Resistors

RS 1 Total peripheral resistance
RSLC 10 Left common carotid peripheral resistance
RM 0.005 Mitral valve resistance
RA 0.001 Aortic valve resistance
RC 0.0398 Characteristic resistance
RLC 10 Left common carotid resistance

Capacitors

CR 8.8 Left atrial compliance
CS 1.33 Systemic compliance
CA 0.08 Aortic compliance
CLC 0.09 Left common carotid

Inductors

L 0.0005 Inertia of blood in aorta
LLC 0.03 Inertia of blood in left common carotid

Left ventricle

Emax 2 Maximum volume in diastole
Emin 0.06 Minimum volume in diastole
V0 10 Reference volume at zero pressure (mL)
HR 75 Heart rate (bpm)

Elastance

A 1.17 Shape parameter
B 0.7 Shape parameter
C 1.55 Amplitude
αE 1.9 Ascending slope of the LV relaxation time
βE 21.9 Descending slope of the LV relaxation time

On the one hand, the main indices used in the literature to describe the hemodynamic
status of a patient are listed in Table 4, as well as their range of acceptable values according
to the clinical literature [61]. The table also contains the values obtained from the model
simulation and the experiments. It can be seen that the indices corresponding to both
the model and the experiments are close, consistent and within the range suggested in
the literature.

On the other hand, cardiovascular waveforms of the model and the experiments are
shown in Figure 7 for a healthy state with the HR given in Table 3. As can be observed,
waveforms are consistent as explained next. The systolic LAP coincides with the diastolic
LVP. In the case of the model response, the behavior is close to the ideal case. The ascending
aorta pressure (AoP) is delayed with respect to LVP as a consequence of the opening and
closure of the aortic valve and the propagation of the pressure wave along the artery. In the
model, the delay is lower because the AoP is modeled close to the aortic valve, whereas in
experiments the pressure sensor was relatively far away from it, the wave propagation time
is longer and, consequently, the delay between the LVP and the AoP increases. The same
behavior is observed in the left common carotid pressure (LCP); however, small differences
can be noticed: the simulated waveforms magnify the pressure fluctuation, especially in the
ascending aorta and the LCP, in contrast to the experimental one, where these fluctuations
are smoother and the AoP is higher during the systole contraction. It is important to remark
that these discrepancies are strongly related to the point at the pressure was measured,
obtaining greater or lesser delay and variation in pressure. Likewise, the contraction time
is longer in the experimental data.

Regarding the pressure and flow waveforms in the left common carotid artery, the main
characteristics that are observed are the following: (1) a time lag with respect to LVP; (2)
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a slight increase in pressure; (3) a greater dicrotic wave; (4) a negative flow and a second
impulse of blood in ventricular diastole. Again, the differences between the experimental
and simulated data are mainly due to the point at which the pressure was measured.

To sum up, the model results are consistent with hemodynamic parameters obtained
from the literature and experimental data, concluding that the proposed model is valid
and provides results comparable with medical data; however, a larger study with a greater
number of tests would allow more accurate results to be obtained.

Table 4. Hemodynamic parameters: comparison between values from literature, proposed model
and experiments.

Heart Rate Systolic Arterial Diastolic Arterial Mean Arterial Cardiac Output
Pressure Pressure Pressure Pressure CO

Data from (mmHg) (mmHg) (mmHg) (L/s) (mL/beat)

Literature 50–90 90–140 60–90 70–105 4–8
Model 68 112 77 92 5.90
Experiments 67–70 89 62 68 3.18

Stroke Volume Systolic Diastolic Max Min Systolic Diastolic
SV LVP LVP LVV LVV LAP LAP

Data from (mmHg) (mmHg) (mL) (mL) (mmHg) (mmHg) (mmHg)

Literature 60–100 100–140 4–15 77–195 19–72 ∼12 ∼12
Model 78.71 117 7 137 67 12 7
Experiments 46.83 82 9 − − 16 10.5
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Figure 7. Hemodynamic waveforms of the CVS model (3) compared with experimental data. Experi-
mental data are available in the Supplementary material.

4.2. Preload and Afterload Dynamics

The second method of model validation consists of modifying the components that
are related with pre and afterload factors. If the model behaves as expected, the ESPVR
determined by Emax must be maintained for the different conditions, despite the changes
for pre and afterload.

To check this feature, a total of eight pre and afterload conditions, four of each,
have been performed and represented in Figure 8 using PV loops. Figure 8a shows the
behavior of the model when variations in preload conditions are introduced, in particular by
modifying the value of the mitral valve resistance, RM. The obtained dynamics corresponds
with that explained in Section 2: a reduction in the EDV and a slight reduction in the
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opening and closure pressures of the semilunar valves is observed. On the other hand,
the variation of afterload conditions through the parameter RS, shown in Figure 8b, results
in a reduction in the ejection volume and an increase in the opening and closure pressures
of the semilunar valves.
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Figure 8. PV diagrams for different pre and afterload conditions: (a) variation of preload conditions through RM, and (b) variation of 
afterload conditions through RS.
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Finally, it should be noted that the ESPVR, the line joining the V0 and ESV points,
shows the same slope under all conditions, and its value is consistent with the characteristics
of the LV (Emax and V0); therefore, the results confirm the validity of the model to reproduce
the dynamics of the CVS and the behavior of the LV under different conditions.

5. Discussion: Modeling of Pathologies

Heart failure is one of the most frequent causes of death in the western world. Im-
provements in understanding this organ and, by extension, the CVS, may lead to new
diagnosis and treatment options for CVDs. As such, this area of research is critical for
reducing casualty rates in potentially treatable situations.

In order to study possible CVDs, it is expected that CVS models allow us to simulate
and reproduce different kinds of pathologies, including, for example, heart or valve dys-
functions, as well as artery narrowing or occlusion. Among them, this work focuses on
valve pathologies, specifically on aortic valve stenosis and regurgitation. The simulation
of such pathologies can be achieved by the variation of a large number of parameters,
such as elastance, HR and others, which implies a high challenge in terms of estimating
the adequate values of these parameters as they need experimental data to be validated.
Nevertheless, valve stenosis also involves a variation in the dynamics of some elements
of the CVS, and it should not be reflected as a simple lumen obstruction or a modification
of parameters of the CVS model. Due to this, the behavior of the real system should be
reflected on the model, which can be achieved by the application of fractional calculus,
providing a modification in the dynamics of certain elements of the model that could exhibit
anomalous behavior. In this way, several properties of these elements, such as the diameter
and the elasticity of the vessels, can be modified at the same time. Thus, fractional calculus
can help to increase the accuracy of the proposed model and simplify disease modeling.

In this regard, a new approach to CVD modeling based on fractional calculus is pre-
sented. The model described in Section 3 is analyzed from the point of view of a system with
fractional dynamics, resulting in a system whose dynamics can be modified with a single
parameter to describe different conditions, but without changing the rest of its parameters,
which have been already validated. As a first step in CVD modeling, the model analysis
have been focused on a disease affecting LA compliance, describing the relation between
LA volume (LAV) and LA pressure (LAP). Such an anomalous behavior is represented by a
fractional relationship between the pressure and flow in the chambers. In the following,
the fractional-order model is implemented and simulated in the MATLAB®/ Simulink
environment to study how the fractional order could allow to model different pathologies.
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5.1. Fractional-Order Model

A dysfunction or anomalous behavior of the CVS is expected to be described by a
fractional model, which can be defined in the form:

Dαz = f (z) (7)

where Dα is the fractional operator of order α ∈ <+, 0 < α < 2, based on Caputo’s
definition [62], z ∈ <N is a state vector, f (z) ∈ <N is a function vector that models the
dynamic of states, and N ∈ ℵ is the number of states.

In the following, the fractional model is focused on LA compliance, which corresponds
to state x2 and is mainly described by the capacitor CR in the electrical equivalent circuit.
An anomalous operation of this element is modeled as a fractional impedance, and its
dynamics is also governed by Ohm’s law but applying a fractional operator, as follows:

I2 = CRDαx2,

where the differentiation order α allows to describe a fractance, whose behavior varies from
a resistor to a capacitor, which, in medical terms, could reflect variation on the volume
capacity or the elasticity of LA. Replacing the above fractional behavior on the model
described in Section 3 and detailed in Appendix A, the differential equation corresponding
to state x2 is rewritten as:

Dαx2 =
1

CR

( 1
RS

d(x3 − x2) +
1

RSLC
(x6 − x2)−

1
RM

d(x2 − x1)
)

,

while the rest of equations of the CVS model keeps unchanged. The completed model is
detailed in Appendix B, where it is also considered that any compliance element may be
subject to anomalous behavior.

This new description of the CVS with fractional dynamics makes up a more complete
model that allows to describe, not only a healthy state, but also different pathologies and
diseases. In this sense, it is not necessary to describe a new topology or parameters of the
models, but rather the dynamic by tunning the differentiation order. As we see in the CVS,
its elements remain constant with only slight variations, and it is the functionality of the
heart, the ventricle or the valves, among others, that is affected.

5.2. Results

For the analysis of CVD modeling, PV loops are used, because a decrease in the
capacity of the LA is shown when the LA dilates and its contractility decreases, leading to
changes in LA preload and afterload [63,64]. Moreover, it has been demonstrated that LA
and LV functions are strongly related, i.e., one is influenced by the other during the cardiac
cycle, so changes in LA function can be reflected in PV loops.

The results for values α ∈ (0, 1], depicted in Figure 9a, show that the ESPVR line
remains constant for every value of α, and thus, the contractility is not affected. The after-
load and preload increase due to wider and higher loops, respectively. Table 5 shows the
obtained values of the parameters indicated in Table 1, representing α = 1 the healthy case.
Taking into account these results, the values of EDV and ESV increase as the order of the
model decreases, as well as the SV. The indices SW, PE, PVA and ME increase in the same
way as SV for all the models. For a better comprehension, the error rate between the healthy
and the pathological cases, in percentage, has been included in Table 5 in brackets. For va-
lues of α ∈ [1, 2), the model reflects a similar behavior: contractility capacity is maintained,
whereas SV increases; however, an increase in pressure in the ESV is also observed. This
increase in pressure may be associated with valve or artery occlusion; therefore, the degree
of obstruction can be related to the fractional order, where severe states are described with
values close to 1.
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Figure 9. PV loops for state variable x2 with fractional behavior considering: (a) 0 < α2 ≤ 1, and (b) 1 ≤ α2 < 2.
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Figure 9. PV loops for state variable x2 with fractional behavior considering: (a) 0 < α ≤ 1;
(b) 1 ≤ α < 2.

As of the results, the behavior of fractional-order model with α ∈ (0, 1] shows sim-
ilarities with patients with aortic valve stenosis or aortic valve regurgitation [46,49–51].
Changes in afterload can be distinguished, related to damage in the valves, stenosis or
obstructions in the circulation, as well as a loss of elasticity in the aortic artery, as explained
in Section 2.

Table 5. Measurements from PV loops of the electrical model with different fractional-order deriva-
tives, considering only x2 (extracted from Figure 9). The case α = 1 corresponds to a healthy patient.

Model Order SV (mL) SW (J/beat) PE (J/beat) PVA (J/beat) ME (%)

Healthy α = 1 77.69 1.03 0.38 1.42 72.92

α < 1

α = 0.8 92.01 (18.43%) 1.34 (29.12%) 0.45 (17.27%) 1.79 (25.91%) 74.78 (2.54%)
α = 0.6 108.62 (39.81%) 1.70 (64.14%) 0.52 (37.25%) 2.23 (56.86%) 76.30 (4.63%)
α = 0.4 121.08 (55.85%) 2.00 (92.73%) 0.59 (53.21%) 2.59 (82.03%) 77.21 (5.87%)
α = 0.3 156.01 (100.81%) 2.89 (178.77%) 0.76 (98.46%) 3.66 (157.03%) 79.09 (8.45%)

α > 1

α = 1.9 85.57 (10.14%) 1.19 (15.22%) 0.42 (9.51%) 1.62 (13.67%) 73.91 (1.35%)
α = 1.8 102.88 (32.42%) 1.54 (48.52%) 0.49 (29.06%) 2.04 (43.23%) 75.60 (3.67%)
α = 1.7 127.03 (63.50%) 2.14 (106.18%) 0.62 (61.81%) 2.76 (94.17%) 77.43 (6.18%)
α = 1.6 163.27 (110.15%) 3.13 (201.88%) 0.83 (115.01%) 3.96 (178.36%) 79.08 (8.44%)

6. Conclusions

The complexity of the cardiovascular system (CVS) has led to the use of equivalent
models, most of them with electrical components, that allow us to emulate the behavior of
cardiovascular diseases (CVDs) through the modification of numerous parameters, making
it possible to perform experiments in a much simpler and less expensive way compared to
in vivo or in vitro heart experiments.

This work has presented a novel electrical model of the CVS that extends the classic
Windkessel models to the left common carotid artery motivated by the need to have a
more complete model from a medical point of view for validation purposes, as well as to
describe other cardiovascular phenomena in this area, such as atherosclerosis, one of the
main risk factors for CVDs. The extended CVS model was validated using the main clinical
indices, and the cardiovascular waveform was compared with experimental data obtained
from clinical trials performed on a pig. Likewise, the model showed consistency despite
variations in the preload and afterload factors.

On the other hand, as opposed to the traditional approach to CVD modeling based on
the development of new models or the adjustment of a wide range of parameters to describe
different types of diseases, a completely new perspective was discussed considering that
the system has a fractional dynamics. Focusing on the left atria (LA) with a fractional
dynamic with order between (0, 2), the results shown hemodynamics similar to those of
patients with aortic valve stenosis and aortic valve regurgitation as the order of the model
decreases. Thus, it was demonstrated that a fractional calculus approach to model the CVS
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allows us to describe a healthy state and CVD at the same time by modifying only the order
of the model, where a change of order implies a variation of the system properties.

Our future works will focus on: (1) performing a more detailed study to identify other
possible pathologies; (2) applying fractional-order derivatives to other state variables; and
(3) validating the pathology models with experimental data.
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ESPVR End-systolic PV relationship
EDPVR End-diastolic PV relationship
Ees End-systolic elastance
Ea Effective arterial elastance
SV Stroke volume
SW Stroke work
PE Potential energy
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LA Left atria
LA Left atria volume
LVP Left ventricular pressure
LVV Left ventricular volume
HR Heart rate
LAP Left atrial pressure
AP Descending aorta pressure
AoP Ascending aorta pressure
F Total flow
LCP Left common carotid artery pressure
LCF Left common carotid artery flow rate

Appendix A. Integer-Order CVS Model

The mathematical description of the circuit is obtained applying the Kirchoff’s circuit
law to the electrical circuit depicted in Figure 5 and taking the state variables given in
Table 3. With respect to diodes, their behavior is defined by the ramp function:

d(x) =

{
x, if x ≥ 0
0, if x < 0

(A1)

Then, the dynamic equations of the model are obtained as follows. The state x1 is
described recalling the Frank–Starling’s law, which states that:

E(t) =
LVP(t)

LVV(t)−V0

where LVV(t) =
∫
(IM − IA)dt is the charge in the capacitor, being IM and IA the currents

through the mitral diode DM and the aortic diode DA, respectively. Therefore, the state x1
is defined as:

x1 = E(t)
( ∫

(IM − IA)dt−V0

)

Deriving the terms on both sides of the equality and recalling that E(t) = 1/C(t) and
Ė(t) = −Ċ(t)/C2(t), the differential equation for x1 can be written as:

ẋ1 = Ė(t)
( ∫

(Im − Ia)dt−V0

)
+ E(t)

d
dt

∫
(IM − IA)dt

ẋ1 =
1

C(t)

(
− Ċ(t)x1 +

1
RM

d(x1 − x2)−
1

RA
d(x4 − x1)

)
(A2)

Applying the Kirchoff’s first law to CR capacitor, it results that

IS = I2 + IM

where IS, I2 and IM are the currents through the systemic resistance and return from left
common carotid, the capacitor CR and the mitral diode DM, respectively. Using the Ohm’s
law, the currents are expressed as a function of voltage:

1
RS

(x2 − x3) +
1

RSLC
(x2 − x3) = CR ẋ2 +

1
RM

d(x1 − x2)

Solving for ẋ2, it obtains:

ẋ2 =
1

CR

( 1
RS

d(x3 − x2) +
1

RSLC
(x6 − x2)−

1
RM

d(x2 − x1)
)

(A3)
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Similarly, the application of Kirchoff’s first law to the x3 node allows obtaining:

x5 = x7 +
1

RS
(x3 − x2) + I3

where I3 is the current through the capacitor CS. Using the Ohm’s law for I3 and solving
for ẋ3, it results that:

ẋ3 =
1

CS

(
x5 − x7 −

1
RS

d(x3 − x2)
)

(A4)

Doing the same analysis for capacitor CA, the sum of currents is:

IA = I4 + x5

where I4 is the current through CA. Applying the Ohm’s law and solving for ẋ4:

ẋ4 =
1

CA

( 1
RA

d(x4 − x1)− x5

)
(A5)

For the differential equation of x5, the Kirchoff’s second law is employed in the
x4 − x5 − x3 mesh, formulating:

x4 = Lẋ5 + RCx5 + x3

Solving for ẋ5, the dynamic of the state is defined by:

ẋ5 =
1
L
(
x4 − x3 − RCx5

)

Recalling again the Kirchoff’s first law for the node x6, the currents involved are:

x7 −
1

RSLC
(x6 − x2)− I6 = 0

where I6 is the current through capacitor CLC. Applying the Ohm’s law and solving for ẋ6,
it is obtained:

ẋ6 =
1

CLC

( 1
RSLC

(x2 − x6) + x7

)
(A6)

Finally, the differential equation for the state x7 is solved using the Kirchoff’s second
law for the x3 − x6 − x7 mesh:

x3 = LLC ẋ7 + RLCx7 + x6

Solving for ẋ7, the state equation for ẋ7 is defined by:

ẋ7 =
1

LLC

(
x3 − x6 − RLCx7

)
(A7)

Appendix B. Non-Integer-Order CVS Model

The analysis of the non-integer-order model of the CVS is also developed applying
the Kirchoff’s law to the circuit (see Figure 5), but taking into account that differential
equations use the fractional operator of order αi, i.e., each dynamic element is replaced by
a fractional element. As in the integer-order case, the non-integer differential equations can
be obtained as follows.

The state x1 is described according to Frank–Starling’s law (4). In its fractional version,
the left ventricular volume is defined as LVV(t) = D−α1(IM − IA)dt. Deriving both sides
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of the Equation (4) and recalling that E(t) = 1/C(t) and Dα1 E(t) = −
(
Dα1 C(t)

)
/C2(t),

the state x1 is defined as:

Dα1 x1 = Dα1 E(t)
(
D−α1(IM − IA)−V0

)
+ E(t)Dα1D−α1(IM − IA)

Dα1 x1 =
1

C(t)

(
−
(
Dα1 C(t)

)
x1 +

1
RM

d(x1 − x2)−
1

RA
d(x4 − x1)

)
(A8)

With respect to the differential equation for x2, applying the Kirchoff’s first law to
fratance CR and the Ohm’s law, the currents are expressed as a function of voltage by:

1
RS

(x2 − x3) +
1

RSLC
(x2 − x3) = CRDα2 x2 +

1
RM

d(x1 − x2)

Solving the previous equation for Dα2 x2, it is obtained:

Dα2 x2 =
1

CR

( 1
RS

d(x3 − x2) +
1

RSLC
(x6 − x2)−

1
RM

d(x2 − x1)
)

(A9)

The rest of states of the model can be determined in a similar way as for x2. Then, the
completed model is:

Dα1 x1 =
1

C(t)

(
−
(

Dα1 C(t)
)
x1 +

1
RM

d(x1 − x2)−
1

RA
d(x4 − x1)

)

Dα2 x2 =
1

CR

( 1
RS

d(x3 − x2) +
1

RSLC
(x6 − x2)−

1
RM

d(x2 − x1)
)

Dα3 x3 =
1

CS

(
x5 − x7 −

1
RS

d(x3 − x2)
)

Dα4 x4 =
1

CA

( 1
RA

d(x4 − x1)− x5

)

Dα5 x5 =
1
L

(
x4 − x3 − RCx5

)

Dα6 x6 =
1

CLC

( 1
RSLC

(x2 − x6) + x7

)

Dα7 x7 =
1

LLC

(
x3 − x6 − RLCx7

)
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