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Although all standard equity indexes have a zero weight in cash, managers running

index-tracking portfolios often find that maintaining a positive cash holding is

cost-efficient. This practice saves significantly on transaction costs because temporary

cash inflows and outflows can be absorbed into the cash inventory. In this paper, a

mean-variance framework is used to analyze the cash management problem for an

index-tracking portfolio. The theoretical model is based on passive index tracking, but it

has implications for any portfolio manager with an equity benchmark and random cash

inflows and outflows.

A positive cash position has two disadvantages for
an index-tracking portfolio (a portfolio designed

to mimic the retum on an equity index). First, equity
indexes have a zero weight in cash, so a tracking
portfolio with a positive weight will suffer from
tracking error because of the mismatch in the cash
weight. Second, the risk-free retum is lower than the
expected retum on equities, so on average, a tracking
portfolio with a positive cash holding will underper-
form the index portfolio.

The advantage of a positive cash position is that
it lowers expected transaction costs. The per dollar
transaction costs of equities are much higher than
those of cash instruments. Time variation in cash
inflows and outflows (e.g., from dividends, rights
issues, new subscriptions, and fund redemptions)
generates large equity transaction costs unless the
manager holds a positive cash position on average.

The model presented in this article solves for the
optimal cash-management policy of an index-track-
ing portfolio using a mean-variance framework. A
portfolio manager's cost function at each date is as-
sumed to be a linear combination of tracking error
variance, current transaction costs, and the expected
retum on the portfolio. The tracking portfolio is sub-
ject to random cash inflows or outflows at each date.
The manager chooses a cash inventory policy to
minimize the discounted sum of expected cost over
time.

The optimal cash-management policy has a sim-
ple form. The portfolio's cash weight as a proportion
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of portfolio value has a:n upper limit. If a cash inflow
causes the cash weight to rise above this bound, the
manager uses the extra cash to buy equities, forcing
the cash weight back to the upper limit. Between the
upper limit and zero, the cash weight is allowed to
vary without any induced trading of equities. Be-
cause we assume that the manager cannot borrow,
the manager's lower limit on the cash weight is zero.
If a cash outflow causes the cash weight to fall tem-
porarily below zero, the manager sells enough equi-
ties to push the weight back to zero.

This theoretical mctdel is strictly applicable only
to the case of an equity manager using a passive
index-tracking strategy. We believe, however, that
the model has relevance for any portfolio manager
using an equity or fixed-income benchmark and hav-
ing random cash inflows and outflows. As long as
the manager's chosen strategy involves reasonably
low turnover, and the manager does not hold cash
for market-timing reasons, then otir model should
give a useful approximation to the optimal cash pol-
icy.

CASH-MANAGEMEm' PROBLEM
Consider the problem of a manager attempting to
track an equity index using a combination of cash
and the equity index. The equity index has a zero
position in cash, and the manager could guarantee
exact tracking by setting the cash component of the
portfoUo to zero. The manager chooses to maintain a
positive cash balance, however, to lov/er the transac-
tion costs associated with frequently buying and sell-
ing the equity index in response to temporary cash
inflows and outflows.

We assume that the cash inflows and outflows to
the portfolio (dividends, rights offerings, fund re-
demptions, new fund subscriptions) are randomly
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distributed through time and proportional to the
total value of the portfolio. Let (Ot denote the chosen
cash weight at time t, and let dt denote the cash inflow
(a negative value of dt denotes a cash outflow). Trans-
actions in the cash accoimt are costless, whereas
transactions in the equity index are costly. The pro-
portional transaction cost is the same for buying and
selling of the index, and therefore, the time t transac-
tion cost is c I rff -*- cof -1 - o)( I, where I • I denotes the
absolute value and c is the proportional transaction
cost on trading in the equity index. We assume that
the manager is restricted from borrowing, so the
chosen cash weight, cof, cannot be negative.

Let K denote the expected retum to the equity
index in excess of the retum to the risk-free asset. The
decrease in expected retum from holding a portfolio
with cash weight cof (rather than holding the index
portfolio) is lot K. Let Oe denote the variance of the
retum of the equity index; the tracking-error vari-
ance of a portfolio with cash weight O); is (Ht <5e

We assume that the manager's cost function at
time t, Ut, is a linear combination of the portfolio's
tracking-error variance, transaction costs, and ex-
pected excess retum; that is,

w((0,^o)f_i) = 0), Tt + > . c o / a / -f c ld , + CO, _ ^ - ( o , I .

The coefficient X captures the manager's risk aver-
sion to tracking error.

This model is easy to apply in practice. Most of
the required inputs are standard ones, familiar .to any
investment manager running an index-tracking
fund. The investment manager must decide on the
parameter X, based on the chosen trade-off between
tracking-error variance and transaction cost. The ex-
pected excess retum to the market index, n, deter-
mines the expected "cash drag" from under-
weighting equities in favor of cash. The volatility
of the equity index, <Te , determines how much track-
ing-error variance is generated by a given amount of
underweighting of equities. The only input that is not
completely standard is the forecasting model for the
random cash inflows and outflows to the portfolio.
If we assume that these random shocks are normally
distributed, then they are characterized by a mean
\id and variance ad • These two parameters can be
calibrated by estimating the per period average cash
inflow into the account and the per period volatility
of this cash inflow.

Let r denote the manager's intertemporal dis-
count rate. For simplicity, this rate can be set equal to
the risk-free interest rate. The manager's objective is
to choose a cash-management policy that minimizes
the discounted sum of expected cost over an infinite
planning horizon. Let V(cof) denote this discotinted
sum, given the current cash weight, (Of, and given
that the manager uses the optimal policy in the fu-
ture. The discounted sum of expected cost is

V (to,) = 5^ exp (-rs) £ [u (w, _ i) I to, ],

s =1

where exp(*) denotes the exponential function. De-
termining the optimal cash policy is a stationary
discounted dynamic-programming problem. The
next section describes a solution to this problem for
a continuous-time model with normally distributed
cash inflows.

In a related paper, we derived a simple and easily
implemented solution to the cash-management
problem for the special case of a continuous-time
model with constant parameters.-' Here, without go-
ing through the technical derivation, we briefly de-
scribe the key results from that paper and present the
formula for the optimal cash policy.

Let a unit of time be fixed; we set one unit of time
equal to one year. We let the length of the time period
in the discrete-time model approach zero while hold-
ing the underlying parameters of the model constant.
The discrete time period in the model is Af long, so
that there are I/At time periods a year. The stock
index has per period mean excess retum oinAt and
per period retum variance of Ce At. The manager's
time discount rate is rAt. The random cash inflow, dt,
is an independently and identically distributed nor-
mal random variable with mean \idtA and variance
OtTAf. If time is divided very finely (i.e., Af is very
small), then we may approximate the value function,
V(cof+i), using a Taylor series expansion around (ot,
giving

V (CO,) + (to, +1 - a\) V [to,)

(1)

The optimal cash-management policy has a simple
form. The cash position has an upper limit, denoted
by L. If cot -1 H- rff > I , then the manager decreases the
cash position to L. The manager increases the cash
weight only if an - I -i- dt < 0, in which case the
manager increases the cash weight to 0. If 0 < cot -1 -i-
dt < L, then the manager does not rebalance. The
optimization problem simplifies to finding the opti-
mal value for L. The second-order approximation (1)
generates a second-order differential equation defin-
ing V. Solving this differential equahon subject to
the appropriate boundary conditions and then opti-
mizing gives the following implicit equation for L:

A. exp(B- L) + (C + D- L). exp(£- L) + F* L» exp(G« L) = 0.(2)

The coefficients A, B, C, D, E, F, and G are functions
of the model parameters shown below. To simplify
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notation, define 2 =
The values of A through G are given by

A = (:c-z)[(^o//r)(2(i^/r)-4-Tt/r-c]-2X,O(. It
R — y — 7

C = (a:-t-2)tc-(^a//f)(2!J^/r) + 7t/r]-t-2Xa//r
D = X + 2

F = 2 J

For any particular values of the model parameters,
K |id, CTrf ̂ / CTe^, c, r, and ;u. Equation (2) can be solved
for L. Once the optimal L is found, it is also possible
to solve for the expected portfolio turnover associ-
ated with L.

Table 1 shows optimal cash inventory policies
and associated expected annual turnover under a
variety of assumptions about the parameters. We
chose ^ = 10, r := 4 percent, JT = 6 percent, Ge = 20
percent, \Xd = 0, and Od = 10 percent as the base case
values of the parameters. Each panel of the table
shows the solution as we perturbed one of the pa-
rameters above and below its base case value. We
tried to cover what we believed to be a "reasonable
range" of values; the perturbation values are not

always symmetric around the base case value.
For each of the parameters, the optimal policy

varies in the intuitively reasonable direction as the
parameter value varies. In particular, the upper limit
on cash increases as the proportional transaction cost
increases, cash inflow volatility increases, expected
cash inflow decreases, equity risk premium de-
creases, market index volatility decreases, and the
risk-aversion parameter decreases. Figure 1 graphs
the upper limit on cash and expected turnover over
the same range of para n:\eter values as in Table 1, but
with a finer grid between values (the range between
the high and the low in Table 1 is divided into 100
equally spaced points).

The optimal policj/ is particularly sensitive to the
proportional transaction cost, c, and the cash inflow
volatility, o,i. It is moderately sensitive to the ex-
pected average cash inflow, \id, and the equity risk
premium, 71. It is less sensitive to the risk-aversion
parameter, X,, and the volatility of the equity index, ae
at least over a range of parameter values that we
consider "reasonable."

Table 1. Optimal Casti Policies and the Associated Expected Turnover

Base case: c = 1 % , y^ = \i,ad = \Q%, K - 6%, c, - 2 0 % , X = lO,r = 4 %

Cash
Limit (%)

4.84

Expected
Annual

Turnover (%)

20.71

Perturbed cases: Same values as in the base case, except as shown

Cash

Limit(%)

Expected

Annual

Turnover (%)

c = 0.1%

1.70 58.77

Md = -10%

5.64 19.63

Od = 1 %

0.56 1.77

n = 0

7.23 13.89

a, - 10%

5.46 18.34

X = 0

5.79 17.32

Cash

Limit (%)

Expected
Annual

Turnover (%)

c = 0.5%

3.56 28.11

\id = -5%

5.21 19.66

Od = 5 %

2.61 9.61

n = 5%

5.10 19.65

Ge = 15%

5.16 19.43

k = 5

5.21 19.22

Cash

Limit (%)

Expected
Annual

Turnover (%)

c = 5%

9.55 10.54

Hd = 5%

4.51 22.58

ad =15%

6.84 32.95

Tt = 10%

4.06 24.66

0^ = 40%

3.78 26.51

k = 15

4.56 21.96

Cash

Limit (%)

Expected

Annuat

Turnover (%)

c = 10%

12.65 7.99

\ij = 10%

4.22 25.10

Cd = 2 0 %

8.68 46.12

K = 20%

3.04 32.88

Ce = 50%

3.40 29.44

>. = 40

3.78 26.51
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Figure 1. Optimal Cash Limit and Expected Turnover for Varying Parameter Values
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APPLYING THE CASH-MANAGEMEhTT

MODEL WrTHOUT FULL REPUCATION
The cash-management model assumes that within
the equity component of the tracking portfolio, the
manager exactly mimics the index weights, a strat-
egy known as full replication. In some situations,
such as tracking standard equity indexes in devel-
oped capital markets, full replication is the most
common procedure. In other situations, for example,
index tracking in emerging markets, many managers
choose to weight individual equities differently from
the index weights. For instance, many emerging mar-
ket managers limit the number of assets in the track-
ing portfolio to 15 to 30 securities, although the actual
index consists of 300 or more securities.

We are not able to solve the cash-management
problem with complete generality in the absence of
full replication. The dynamic optimization problem
becomes very complex. Our dynamic model has one
choice variable, which is the proportion of the port-
folio in cash. Suppose that the equity index portfolio
has n individual securities. Without full replication,
the number of choice variables increases to «: the
proportions of the portfolio in cash and in each of the
equity securities, minus 1. The structure of the opti-

mization problem becomes very complicated; the
behavior of each individual security through time
affects the optimal dynamic portfolio weight for
every other security, including but not limited to the
cash weight.

Take as given the problem of choosing a basket
of equities to optimally track the index. Our model,
with slight modifications, can then be used to solve
the problem of mixing this preselected equity port-
foUo with an optimal proportion of cash. The defini-
tions of the inputs to the model change, but the basic
form of the optimization problem is the same.

As before, let (Ot denote the proportion of the
portfolio in cash and (1 - (at) denote the proportion
in the chosen equity portfolio (not necessarily the
index portfolio). Let p denote the correlation between
the chosen equity portfolio and the index portfolio.
The chosen equity portfolio and the index portfoUo
are assumed to have equal retum variance, Oe , and
equal expected excess retum, n. Note that the ex-
pected excess retum to the tracking portfoUo with
cash w^eight mt is (as before) (1 - cOf) Jt. It is easy to
show that the tracking-error variance is lOe (1 - cof H-
po)/ - p + (Of̂ ). The term 2a^ (1 - p) in the tracking-
error variance can be omitted from the mir\imization
problem because it does not depend upon (0( and
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therefore does not affect the optimization over (at. We
assume, as before, that there is a proportional trans-
action cost of e for buying or selling the equity port-
foUo. The cost function is the same as in the case of
full replication. Collecting the expressions for each of
the terms and inserting them into the cost function
gives

With one change to the definitions of the inputs,
the optimization problem has the same structure as
in the case of fuU replication. Simply replacing K with
n* = n + 2X{1 - p)Oe , the same model as before can
be used to solve for the optimal cash-management
policy. Table 2 shows the results with the correlation
coefficient, p, set equal to 1.0 (the base case), 0.98,
0.90, 0.80, and 0.70. The imperfect correlation be-
tween the equity-only part of the portfoUo and the
index portfoUo lowers the optimal cash limit. The
expected turnover is also shown, but it does not
include the turnover that is, in practice, necessary to
maintain the tracking performance of the equity-only
part of the portfolio. The model assumes that the
manager can maintain a fixed correlation of the eq-
uity portfoUo and the index portfoUo without any
turnover.

In the case of active strategies, in which the man-
ager dynamicaUy varies the components of the eq-
uity portfoUo for stock selection purposes or the
equity/cash mix for market-timing purposes, the
cash-management model does not strictly apply.
Nevertheless, an active manager can view the model
as a useful first approximation to determining the
correct cash holding. Solving for the truly optimal
cash-management poUcy associated with an active

equity portfoUo strategy goes beyond the scope of
this article.

SUMMARY
The two disadvantages of a positive cash holding for
an index-tracking manager are that it increases track-
ing error, and because cash has a lower expected
retum than equities, it reduces the expected retum of
the portfoHo. The one advantage of a positive cash
holding is that it reduces the transaction costs gener-
ated by transitory cash inflows and outflows to the
portfolio. We used a mean-variance objective func-
tion to balance these three influences (tracking error,
expected retum, and transaction cost) in order to
analyze the optimal cash poUcy.

The optimal cash policy has a simple form. The
cash weight as a proportion of portfoUo value has an
upper limit. If the portfoUo's cash weight drifts above
this upper limit, the manager buys more of the equity
index and so forces the cash weight back down to the
upper limit. As long as the cash weight stays between
this maximum and zeio, the manager does not rebal-
ance the position. If the cash weight falls below zero,
the manager is forced to sell some of the holding in
the equity index to a\'oid violating a no-borrowing
constraint.

Our cash-management model is strictly applica-
ble only to a manager running a passive index-track-
ing strategy, but we believe that our findings are of
some relevance for any portfoUo manager measured
against an equity benchmark, using a reasonably low
turnover strategy and not holding cash for market-
timing purposes.

Table 2. Optimal Cash Policies and Expected Turnover vwth imperfect Tracking

Base case: p =

Cash

Limit {%)

4.84

Perturbed cases

Cash

Limit {%)

4.48

,C = l%,\14 =

Expected

Annual

Turnover (%)

20.71

D, Od = 10%, 7t= 6%, Op = 20%, X=\0,r = 4°

: Same values as in the base case, except as shown

Expected
Annual

Turnover (%)

0.98

22.35

Cash

Limit (%)

P =

3.55

Expected

Annual
Turnover (%)

0.90

28.19

Cash

Limit (%)

P =

2.92

Expected

Annual

Turnover (%)

0.80

34.32

Cash

Limit (7o)

P =

2.53

Expected

Annual

Turnover (%)

0.70

39.60
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NOTES

1. To simplily the model, we assume that the transaction costs are
paid separately by the manager as a "fee" from external in-
come, TTiey appear in the manager's objective function but do
not directly decrease the value of the assets under manage-
ment

2. We are assuming that the index fund manager suffers from the
lower retum associated with cash but does not benefit from the
lower risk associated with holding cash rather than holding the
index portfolio. Our mode! assumes that the manager is judged
on his retum performance relative to the equity index and that
the performance benchmark is not adjusted downward if the
manager chooses to hold more cash.

3. See Hayne Leiand and Gregory Connor, "Optimal Cash Man-
agement for Investment Funds," Working Paper no. 244, Insti-
tute of BusinKs and Economic Research, University of Califor-

nia, Berkeley (1995).
4. See Stanley R. Pliska, "Index Arbitrage: Choosing Mirumum

Variance Basket Trading Opportunities," Options: Recent Ad-

vances in Theory and Practice, Stewart Hodges, ed., Manchester:

Manchester University Press (1990), for one model of how to

construct an index-tracking portfolio using only a subset of the

equities in the index. Pliska assumes that transaction costs are

zero and that the chosen subset of equities is given exo-

genously.

5. We would like to thank Ian Buckley, Lucie Chaumeton, and

Ross Curds for excellent research assistance, and Fischer Black,

Ron Kahn, and John Remmert for helpful discussions. Any

remaining errors or omissions are our responsibility.
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