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CASTELNUOVO-MUMFORD REGULARITY AND DEGREES
OF GENERATORS OF GRADED SUBMODULES

MARKUS BRODMANN

ABSTRACT. We extend the regularity criterion of Bayer-Stillman for a
graded ideal a of a polynomial ring K[x] := K[x,...,%y] over an in-
finite field K to the situation of a graded submodule M of a finitely
generated graded module U over a Noetherian homogeneous ring R =
@n>0Rn, whose base ring Ro has infinite residue fields. If Ro is Ar-
tinian, we construct a polynomial P ¢ Q[x], depending only on the
Hilbert polynomial of U, such that reg(M) < P(max{d(M),reg(U) +
1}), where d(M) is the generating degree of M. This extends the regu-
larity bound of Bayer-Mumford for a graded ideal a C K[x] over a field
K to the pair M C U.

1. Introduction

Let R = @, Rn be a Noetherian homogeneous ring (so that R is No-
graded with R = Ro[R;]) and let M # 0 be a finitely generated graded
R-module. For i € No and n € N let Hp, (M), denote the n-th graded
component of the i-th local cohomology module H§+ (M) of M with respect
to the irrelevant ideal Ry = @, ., Rn of R. The (Castelnuovo-Mumford)
reqularity reg(M) of M is defined by

(1.1) reg(M) :=inf{m € Z | Hp, (M), =0 VieNy Vn>m}.

The generating degree d(M) of M is “the largest degree of a minimal homo-
geneous generator of M”; thus

(1.2) d(M) =inf{m € Z | M is generated by homogeneous
elements of degree < m}

The principal aim of this paper is to derive a (polynomial) upper bound on
reg(M) in terms of d(M) and reg(U), where M is a graded submodule of a
finitely generated graded R-module U.
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Upper bounds on reg(M) in terms of other invariants of M are of funda-
mental significance in algebraic geometry, commutative algebra and compu-
tational algebraic geometry (cf. [3]).

In the theory of Hilbert and Picard schemes one is led to bound the regu-
larity of a graded submodule M of a graded free module F' over a polynomial
ring in terms of the Hilbert polynomial of M, the generating degree and the
rank of F' (cf. [13], [14], [15], [22]).

On the other hand, if the base ring Ry is Artinian, reg(M) and various
other cohomological invariants of M may be bounded in terms of the diagonal
values lengthRO(H}é+(M)_i) (i = 0,1,...) of cohomology (cf. [5], [6], [7]).
Closely related to these bounds of diagonal type is the vanishing or non-
vanishing of the graded components H }é+ (M),,, which is completely governed
by a few simple combinatorial conditions if Ry is semilocal and of dimension
<1 (cf. [4]).

If R = K|[xq,...,%,] =: K[X] is a polynomial ring over a field, reg(M) has
a “syzygetic” description: namely, if --- — F} — Fy — M — 0 is a minimal
free resolution of M, then

(1.3) reg(M) = sup{d(F;) —i | i > 0}.

So, in the polynomial ring case, reg(M) gives an upper bound on the gen-
erating degrees of the syzygies of M and hence is of crucial significance for
the classical problem of “the finitely many steps” (cf. [16], [17]). Expressed in
modern terminology, reg(M) governs the computational complexity of calcu-
lating the syzygies of the finitely generated graded K|[x]-module M (cf. [9]).
In case R is not a polynomial ring, the “syzygetic” regularity (i.e., the term on
the right hand side of equation (1.3)) may exceed the cohomological regularity
reg(M) and in fact even become infinite.

Let us recall that the problem of “the finitely many steps” consists in con-
structing, in a predictable number of steps, a minimal graded free resolution
of M from a minimal graded free presentation F; — Fy — M — 0. This
problem can be solved as the regularity reg(M) of a graded submodule M of
the free module K[x]® * can be bounded in terms of 7, s and the generating
degree d(M) of M. This was essentially shown by Hermann [17] using ideas of
Hentzelt-Noether [16]. (Note that the bounds calculated by Hermann are not
correct; for correctly calculated bounds see [19], for example.) In the same
spirit, Bayer and Mumford [1] showed that for a graded ideal a C K|x]| one
has the bound

(1.4) reg(a) < (2d(a))" .

In [5] we extended this bound by showing that for a graded submodule M C
K[x]® ¢ one has

(1.5) reg(M) < s (2d(M))",



REGULARITY OF SUBMODULES 751

where the numbers e, are defined recursively by eg =0, and e, :=e,_1 -7+ 1
Sequence A002627]). It also should be noted that the bounds given in (1.4)
and (1.5) still appear to be rather far from being sharp: namely, if Char(K) =
0 one has reg(a) < (2d(a))? " (cf. [11], [12]), and by the examples of Mayr
and Meyer [21] this latter bound is close to being best possible.

One basic aim of this paper is to extend the regularity bounds of (1.4) and
(1.5) to a much more general situation. Namely, we consider an arbitrary
finitely generated graded module U over a Noetherian homogeneous ring R =
P,,~¢ Rn with Artinian base ring Ry. Then we show (cf. Theorem 5.7):

(1.6)  There is a polynomial P € Q[x] (of degree dim(U)!) which depends
only on the Hilbert polynomial P of U, such that for each graded
submodule M C U we have reg(M) < P(max{d(M),reg(U) + 1}).

If in addition dim(U) = dim(R) and d(M) + reg(M) < reg(U) + 1, we may
replace P by a polynomial P* € Q[x] such that the bounds of (1.5) hold with
R=K[x]and U = K[x]® .

In [1], the bound (1.4) is deduced using the regularity criterion of Bayer-
Stillman (cf. [2]). In fact, it turns out that the bound (1.4), and its extension
(1.5), may be deduced without using this criterion (cf. [5]). Nevertheless,
our proof of the bound (1.5) (resp. its extension (1.6)) is closely related to
the regularity criterion of Bayer-Stillman, as both rely on the technique of
(saturated) filter-regular sequences of linear forms. In Section 3 we give a
criterion—in terms of such sequences—for detecting whether a graded sub-
module M of a finitely generated graded module U over a homogeneous Noe-
therian ring R = @, Ry is m-regular (cf. Theorem 3.8). If the base ring Ry
has infinite residue fields, our criterion extends the corresponding criterion of
Bayer-Stillman for a graded ideal a C K[x] to the case of a graded submodule
M C U (cf. Theorem 4.7).

Acknowledgement. We thank the referee for his suggestions and for re-
ferring us to [23].

2. Some preliminaries

In this section we recall a few generalities on graded rings and graded mod-
ules. We use Ny (resp. N) to denote the set of non-negative (resp. positive)
integers.

2.1. DEFINITION AND REMARK.

(A) By a homogeneous ring we mean a (commutative unitary) No-graded
ring R = @,,~ Rn, which is generated over its base ring Ry by linear forms,
so that R = Ro[R]. Keep in mind that the No-graded ring R = @,>, R»
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is homogeneous and Noetherian if and only if Ry is Noetherian and there are
finitely many linear forms fo,..., f € Ry such that R = Ro[fo, ..., fr]-

(B) If R =@D,,~( Rn is an Ny-graded ring, we denote by R, the irrelevant
ideal of R, i.e., Ry := P,,~o Bn- Recall that R is homogeneous if and only if
R, is generated by linear forms, and thus if and only if Ry = R; - R.

(C) If R = &p,,~o Ry is an Ny-graded ring, we use Proj(R) to denote the
projective spectrum_ of R, i.e., the set of all graded primes p C R with R, ¢ p.

2.2. DEFINITION.
(A) Let R = P,,~( R be an No-graded ring and let 7' = @, T be a
graded R-module. We define the beginning and the end of T, respectively, by

beg(T) :=inf{n € Z | T, # 0}, end(T) :=sup{n € Z|T,, # 0},
where “inf” and “sup” are formed in Z U {+oo} with the convention that
inf@ = oo and sup = —oo.

(B) Let R and T be as in part (A) and let m € Z. We define the m-th left-

truncation and the m-th right-truncation of T, respectively, as the following
Rp-submodules of T

Tom = @ To; Tem:i= @ T,.

n>m n<m

As R is Ny-graded, T>,, is a (graded) R-submodule of 7.
(C) Let R and T be as above. We denote the generating degree of T by
d(T), so that
d(T):=inf{m e Z | T =T<,, - R},

where “inf” is formed under the same convention as in part (A).

2.3. DEFINITION AND REMARK (cf. [8]).

(A) Let R = @,,~, Rn be a homogeneous Noetherian ring and let M =
D,.cz My, be a graded R-module. Then, for each i € Ny, the i-th local coho-
mology module H}é+ (M) of M with respect to the irrelevant ideal Ry of R
carries a natural grading. For all n € Z we use H}i%+ (M), to denote the n-th
graded component of Hf3+(M).

(B) Let R=@,,~o Rn and M = @, ., M, be as in part (A), but assume
in addition that the R-module M is finitely generated. Then, for all i € Ny
and all n € Z, the Ryp-module H}'2+ (M),, is finitely generated and vanishes
for all n > 0. Moreover, H}‘%+ (M) vanishes for all ¢ > dim(M). So, for each
k € Ny we may define the (Castelnuovo-Mumford) reqularity of M at and
above level k by

reg® (M) := sup{end <H}§+ (M)) +i|i>k},

and obtain regt(M) € Z U {—o0}.
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(C) Let R and M be as in part (B). The (Castelnuovo-Mumford) regularity
of M is defined as (cf. (1.1))

reg(M) = reg”(M),

where reg” (M) is defined as in part (B). It is important to keep in mind that
the generating degree and the regularity of M are related by the inequality
(ct. [8, 15.3.1])
d(M) < reg(M).
(D) Let R and M be as in part (B) and let £ € N;m € Z. Then the
following equivalence is known to hold (cf. [8, 15.2.5]):

reg"(M) <m < Hp (M)y_iy1=0 Vi>k

If regh (M) < m we say that M is m-regular at and above level k. If reg(M) <
m, i.e., if M is m-regular at and above level 0, we say that M is m-regular.

2.4. REMARK (Replacement argument). Let R = €p,,~, R, be a homoge-
neous Noetherian ring and let R be a Noetherian faithfully flat Rg-algebra.
Let M be a finitely generated graded R-module and N C M a graded sub-
module. Then by faithful flatness and the graded flat base change property
of local cohomology [8, 15.2.3]) we may replace M and N by R ®g, M resp.
R{, ®pg, N whenever we wish to prove a statement on regularities and gener-
ating degrees of M and N.

For notation and terminology from commutative algebra that has not been
explained here we refer to [10] and [20].

3. Filter-regular sequences and regularity

Let R = @,,~, Rn be a homogeneous Noetherian ring, let U be a finitely
generated graded R-module and let M C U be a graded submodule. Let
m € Z and let fy,...,f, € Ry be a sequence of linear forms. We prove a
criterion for the property that M is m-regular and f1,..., f, form a saturated
filter-regular sequence with respect to U/M.

We briefly recall the notion of filter-regular sequence.

3.1. REMINDER AND REMARK (cf. [8, Chapt. 18]).

(A) Let R@,,~oRn be a homogeneous Noetherian ring and let T' =
D,.cz T be a finitely generated and graded R-module. A homogeneous ele-
ment f € R is said to be (Ry—) filter-reqular (or almost-regular) with respect
to T if it is a non-zero divisor with respect to T/ HI%+ (T"). This is equivalent
to saying that f avoids all elements p € Assg(T) N Proj(R). Clearly, f is
filter-regular with respect to 7' if and only if the annihilator 0 i fof finT

is contained in H%Jr (T'), and thus if and only if end(0 ; f) < o0.
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(B) Let R and T be as in part (A). A sequence of homogeneous ele-
ments f1,...,fr € R is called a filter-reqular (or almost-reqular) sequence
with respect to T if f; is filter-regular with respect to T/ 23;11 f;T for all
i € {1,...,r}. If in addition fi,...,f. € Ry, we call the sequence a filter-
reqular sequence of linear forms. If W C H%Jr (T) is a graded submodule, a
sequence f1, ..., f of homogeneous elements in R is filter-regular with respect
to T if and only if it is filter-regular with respect to T/W.

3.2. LEMMA. Let R = @nZO R,, be a homogeneous Noetherian ring, let
T =, c,Tn be a finitely generated graded R-module, let f1,..., f. € Ry be
a filter-regular sequence with respect to T and let i € {0,...,r}. Then:

(a) reg (T/ 23:1 ij) <reg(T).
(b) end (HJiz+ (T)) +1 < end (H%+ (T/ 22‘:1 ij)).
Proof. (a) This follows from [8, (18.3.11)].

(b) The case ¢ = 0 is obvious. So, let i > 0. As fs,..., f, is a filter-regular
sequence with respect to 7'/ f1T', by induction

end (Hliil (T/flT)) +i—1<end H%+ T/ijT =:e.
j=1

Let T :=T/H% (T). Then the graded epimorphism
Hy N(T/NhT) - Hg N(T/[iT)
shows that end(H}il (T/fiT)) +1i—1 < e. But now the exact sequences
Hig T/ T — Hp, (T)n 25 Hiy (T
and the vanishing of Hli%+ (T),, for all n>> 0 imply
end (H};t+ (T)) < end (H}il (T/ flT))) —1<e—i.
In view of the graded isomorphism Hlih (T) = Hjh (T) we get our claim. [

In order to formulate and prove the announced regularity criterion we in-
troduce the notion of a saturated filter-regular sequence.

3.3. DEFINITION AND REMARK.
(A) Let R =@, 50 n and T' = @,,c; T be as in 3.1. A filter-regular
sequence fi,..., f, with respect to T is saturated if f1,...,f, € R4 and
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T/ E;:1 f;T is an R -torsion module. This is equivalent to saying that

ji:f}BTQ-R+-§

Jj=1

0 T/ #T
j=1

or that

J0 . T)+ Ry = (OIZ%T)-F;ij.

(B) As a consequence of this definition (cf. [8, 2.1.9)), if fi,...,fr € R is
a saturated filter-regular sequence with respect to 7', then there are natural
isomorphisms Hy, (T') 2 H{;, (T) for all i € No. Hence, in this situation
we have H}';€+ (T) =0 for all i > r.

3.4. PROPOSITION. Let R = @nZO R,, be a homogeneous Noetherian ring,

let T = @D, c; Tn be a finitely generated graded R-module, let fi,..., fr € Ry
and let m € Z. Then the following statements are equivalent:

(i) reg(T) < m and f1,..., fr is a saturated filter-regular sequence with
respect to T

(ii) end [ O E fil <m forallie{l,...,r} and
T/Y T
end (T/ > ij) <m.

Proof. “(i) = (ii)”: Assume that condition (i) holds. Then 3.2(a) shows
that

k

k
end H%+ T/ijT <reg T/ijT <reg(T)<m
j=1 j=1

for all k € {1,...,7}. As f; is filter-regular with respect to T'/ Z;;ll T, we
obtain

i—1
end | 0 : fil| <end | HY (T/> £T) | <m, Vie{l,...,r}.
< /T 4T ) " ; ’

As the sequence f1,..., f, is saturated, we have

T/ HT=Hy, T/ T
j=1

Jj=1

and hence obtain end(7'/ > 7_, f;T) < m.
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“(ii) = (i)”: Assume that condition (ii) holds. As end(0 : fi) <
T/Y520 65T
oo fori=1,...,r, it follows that the sequence f1,..., f. is filter-regular with
respect to T. As end(T/ 25:1 fiT) < oo, this sequence is saturated. In
particular, we have Hf%+ (T) =0 for all i > r (cf. 3.3(B)). If we apply 3.2(b)
with ¢ = 1,...,r we obtain reg(T) < m. O

3.5. COROLLARY. Let R= @, -, R, be a homogeneous Noetherian ring,
let m € Z and let U be a finitely generated graded R-module such that reg(U) <
m. Let M C U be a graded submodule and let fy,...,f. € Ry. Then the
following statements are equivalent:

(i) reg(M) <m and f1,..., fr is a saturated filter-reqular sequence with
respect to U/M .

(ii) ((M+zj.;11 ij) : fi>2m - (M+§:j;11 ij)>m for all i €

{1,...,7r} and (M+Z;=1 ij) =Usp.

>m

Proof. Let T := U/M. Then the graded exact sequence 0 — M —
U — T — 0 shows that reg(M) < max{reg(U),reg(T) + 1} and reg(T) <
max{reg(U),reg(M) — 1} (cf. [8, 15.2.15]). So, 3.4(i) is equivalent to 3.5(i).
The equivalence of 3.4(ii) and 3.5(ii) is immediate. O

The announced regularity criterion turns the criterion 3.5 into a “persis-
tency result”, in which the comparison of graded components in all degrees
> m which appears in statement 3.5 (ii) is replaced by a comparison in degree
m. To prove this, we use the following lemma:

3.6. LEMMA. Let R =@, -, R, be a homogeneous Noetherian ring. Let
U be a finitely generated graded R-module, let m € Z, and let M,N C U
be two graded submodules such that d(M),d(N) < m and reg(M + N) < m.
Then d(M N N) <m.

Proof. Write R as a graded homomorphic image of a polynomial ring
Ro[x] = Ro[xo,.-.,X,] and observe that neither the generating degree nor
the regularity of a finitely generated graded R-module V' change their val-
ues if we consider V' as an Ry[x]-module. Therefore we may assume that
R = Ry[x] is a polynomial ring. We can now proceed as in the proof of [5,
2.4], where our result was shown for the special case when R is a polynomial
ring over a field. Namely, as d(M),d(N) < m, there are graded epimorphisms
m:F —- M — 0and p: G - N — 0 in which F and G are graded free
R-modules of finite rank with d(F),d(G) < m. As reg(R) = 0 we thus obtain
reg(F @ G) < m. The graded short exact sequence

0—>Ker(7r+g)—>F@Gﬂ—>+gM—|—N—>0
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yields that reg(Ker(m + g)) < m and thus d(Ker(m + 9)) < m (cf. 2.3(C)).
Now the commutative diagram

M@N o:=idy; +idn M+N

Tﬂ@ 0 Tﬂ-ira

FG —— FPHG
shows that (7 @D o)(Ker(m + 0)) = Ker(o) and thus d(Ker(c)) < m. In view
of the graded isomorphism M N N = Ker(o) our claim follows. O

3.7. LEMMA. Let R = @,,-, R, be a homogeneous Noetherian ring and
let m € Z. Let U be a finitely generated graded R-module, let M C U be a
graded submodule and let f € Ry be filter-reqular with respect to U. Assume
that d(M),reg(U),reg(M + fU) < m. Then d(M G ) <m.

Proof. As d(fU) < d(U)+1 <reg(U)+1 < m+ 1, Lemma 3.6 implies
that d(M N fU) <m+1. Since M N fU = f(M 5 f), we have a graded short

exact sequence
0~>(OUf)H(MUf)H(MﬂfU)(l)HO

As f is filter-regular with respect to U, we have (0 G f)C HIO%+ (U) and hence
A0 ; £) < end(0 ; f) < end (Hf, (U)) < reg(U) < m.
Now, the above exact sequence yields d(M G f) <m. O
We are now ready to formulate and prove the main result of this section.

3.8. THEOREM. Let R = @, -, Rn be a homogeneous Noetherian ring
and let m € Z. Let U be a finitely generated graded R-module, let M C U be
a graded submodule, let f1,..., fr € Ry be filter-reqular elements with respect
to U and assume that reg(U) < m and d(M) < m. Then the following
statements are equivalent:

(i) reg(M) <m and f1,..., fr is a saturated filter-reqular sequence with
respect to U/M .

() (M+X2n0) o ) = (M+SpU)  for all i e
{1,...,r} and (M+Z;=1 ij)m =Upn.

Proof. “(i) = (ii)”: This is clear by 3.5.

“(ii) = (i)”: We proceed by induction on r. First, let r = 1. By statement
(ii) we have (M + f1U)y, = Up. As d(U) < reg(U) < m, it follows that
(M + f1U)>m = Usm, and hence end(U/(M + f1U)) < m. In view of the



758 MARKUS BRODMANN

graded short exact sequence 0 — (M + f1U) - U — U/(M + f1U) — 0 it
follows that reg(M + f1U) < m. By Lemma 3.7 we get d(M & fi) < m.

By statement (ii), we have (M G f1)m = Mp,; it follows that (M G fi)om =

M>,,. From the implication “(ii) == (i)” of Corollary 3.5 we get reg(M) < m
and that f; constitutes a saturated filter-regular sequence with respect to
U/M.

Now, let r > 1 and assume that statement (ii) holds. As d(f1U) < d(U) +
1 <reg(U)+1 < m, we have d(M + f1U) < m. Applying induction to the
graded submodule M + f1U C U and the sequence fo, ..., f,. € Ry, we see that
reg(M + f1U) < m and that fs,..., f. is a saturated filter-regular sequence
with respect to U/(M + f1U). Hence, by 3.5 we have

i—1 i—1
M+ [U| i =M+ fiU
j=1 j=1

>m >m

for all i € {2,...,r} and (M +>°7_, fiU)>m = Usm. By 3.7 we also have
d(M G fi) <m. As (M G fi)m = My, and d(M) < m, it follows that

(M G f1)>m = M>,,. Now, another application of 3.5 gives statement (i). O

4. Extending the regularity criterion of Bayer-Stillman

Let K[x] = K[xo,...,X¢t] be a polynomial ring over an infinite field K and
let a C K[x]| be a graded ideal. Let m € N. In [2, 1.10] Bayer and Stillman
proved that a is m-regular if and only if there is a sequence of linear forms
f1,..., fr € K[x]1 such that statement (ii) of Theorem 3.8 holds with M = a
and U = K[x]. The aim of this section is to extend this regularity criterion
of Bayer-Stillman to a situation nearly as general as that in 3.8. To do so,
we obviously need the existence of saturated filter-regular sequences of linear
forms with respect to arbitrary finitely generated modules over the considered
homogeneous Noetherian ring R = @, -, R,. To ensure that such sequences
exist, we shall subject the base ring Rg to an appropriate condition.

4.1. DEFINITION AND REMARK.

(A) A Ring Ry is said to have infinite residue fields if the field Ry/mg is
infinite for each my € Max(Ry) or, equivalently, if Ry/po is an infinite domain
for each py € Spec(Ry).

(B) Clearly, if f : Ry — R{, is a homomorphism of rings and Ry has infinite
residue fields, then Ry also has infinite residue fields. In particular, Ry has
infinite residue fields if it contains an infinite field.

4.2. LEMMA. Let R= 69"20 R, be a homogeneous Noetherian ring such
that Rg has infinite residue fields and let Q C Proj(R) be a finite set. Then

Rl f(z quQ q.



REGULARITY OF SUBMODULES 759

Proof. We may assume that 9 # (). For my € Max(Ry) set Q(mg) :={q €
Q] qgN Ry C mp}. Clearly, there is a finite set M C Max(Rp) such that
Q(mg) # 0 for each mp € M and Q = UJ,,,, g Q(mo). For each mg € M and
each q € Q(my) it follows by Nakayama that gqNR1+moR1 & Ry. So, as Q(mg)
is finite and Ro/my is infinite, there is some vm, € R1\ Uzeq(mg) (a1 +moR1).
For each my € M we find some element am, € ([N, enn (mo} M0)\mo. With
V= ngeM (myUm, it follows that

S Rl\ U U (q1 +m0R1) = Rl\ U q. O

moeM qeQ(mp) qgeN

4.3. LEMMA. Let R =@, Rn be a homogeneous Noetherian ring such
that Ry has infinite residue fields and let P C Proj(R) be a finite set. Let
reNandlet T = @, ., T, be a finitely generated graded R-module. Then
there is a sequence (fi)ien C R1\U,ep P such that fi,..., f; is a filter-regular
sequence with respect to T for each v € N.

Proof. If we apply 4.2 with Q := P N Ass(T) N Proj(R) we get an ele-
ment fi € Ri\Ugepp which is filter-regular with respect to 7. Using this
observation, a sequence (f;);en of the requested type is easily constructed by
induction. O

Hence, if the base ring Ry has infinite residue fields, filter-regular sequence
of arbitrary length and consisting of linear forms exist. The existence of
saturated filter-regular sequences now follows easily.

4.4. LEMMA. Let R = @, -, R, be a homogeneous Noetherian ring and
let T be a finitely generated graded R-module. Let (fi)ien C R4 be a sequence
such that f1,..., fr is a filter-reqular sequence with respect to T for eachr € N.
Then there is some rqg € N such that the filter-reqular sequence fi,..., fr is
saturated for each r > rg.

Proof. If, for some r € N, the filter-regular sequence fi,..., f, is non-
saturated, f,4+1 avoids some member of Assg(T/ Y ;_, f;T), so that f41 ¢
>.i_i fiR, and hence >/, fiR & St fiR. As R is Noetherian, we obtain
our claim. O

The possible values of the number ry in Lemma 4.4 can easily be bounded.
In order to do so, let us recall some notion.

4.5. DEFINITION. The arithmetic rank ara(a) of an ideal a of a Noetherian
ring R is defined as the minimal number of elements in R which generate an
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ideal that is radically equal to a; thus

ara(a) :=min{ r € Ng | Jaq,...,a, € R:

zr: aiR = \/a_
i=1

4.6. LEMMA. Let R = @,,~, R, be a homogeneous Noetherian ring, let
T be a finitely generated graded R-module and let f1,. .., f. € Ry be a filter-
regqular sequence with respect to T'. Then:

(a) If the filter-reqular sequence fi,...,f. is saturated, then r >
ara((R/(0 ; 1)),

(b) If r > dim(T), the filter-reqular sequence f1,..., f. is saturated.

(¢) If Ry is Artinian, then the filter-reqular sequence f1,..., f, is satu-
rated if and only if r > dim(T).

Proof. (a) This is clear by 3.3(A).
(b) Assume that the sequence fi,..., f. is not saturated, so that

f0 . T)+ Ry 2 (OéT)—i-j;ij.

Then there is a prime p € Var((0 i T)+>5_, fiR)\ Var(Ry). Thus fi/1,
.., fr/1 € pR, is a regular sequence with respect to T, (cf. [8, 18.3.8]),
so that r < depth(7}) < dim(T,). As p & po + Ry € Spec(R), we have
dim(T}) < dim(T") and hence get r < dim(T).
(c) As Rg is Artinian, we have dim(R/(0 B T)) = ara((R/(0 i T))+). Now,
the result follows by statements (a) and (b). O

Next, we give the announced extension of the regularity criterion of Bayer-
Stillman.

4.7. THEOREM. Let R = @, R, be a homogeneous Noetherian ring
such that Ry has infinite residue fields. Let m € Z, let U be a finitely gen-
erated graded R-module and let M C U be a graded submodule. Assume that
reg(U) < m and d(M) < m. Then the following statements are equivalent:

(i) reg(M) < m.
(ii) There are elements f1,..., fr € Ry which are filter-reqular with respect
to U and such that

i—1 i—1
M+Y U shi]o= M+Y fU Vie{l,...,r}
j=1 j=1

m m
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and

M+ fiU| =Un.
j=1

m

Proof. “(ii) = (i)”: This is clear by Theorem 3.8.

“(i) = (ii)”: Applying 4.3 with P = Assr(U) N Proj(R) and keeping
in mind 4.4, we get a saturated filter-regular sequence fi,..., f, € R; with
respect to U/M such that each f; is filter-regular with respect to U. The
result now follows by Theorem 3.8. O

4.8. REMARK. Let K[x] = K[xy,...,Xt] be a polynomial ring over an
infinite field K, let m,s € N, let U := K[x]® * and let M C U be a graded
submodule with d(M) < m. As reg(U) = 0 and U is torsion-free, it fol-
lows from 4.7 that reg(M) < m if and only there are generic linear forms
fi,..., fr € K[x]1\{0} such that the conditions 4.7 (ii) hold. This is precisely
what is shown in [18, 1.10]. Choosing s = 1, we get the regularity criterion of
Bayer-Stillman.

5. Extending the regularity bound of Bayer-Mumford

Let K[x] = K|[xo,...,%X:] be a polynomial ring over a field K and let
a C K[x] be a graded ideal. In [1, 3.8] Bayer and Mumford showed that
reg(a) < (2d(a))™. Our aim is to extend this bound to the case where K[x]
is replaced by an arbitrary finitely generated graded module U over a homo-
geneous Noetherian ring R = @, R, with Artinian base ring Ry and a is
replaced by a graded submodule M of U.

5.1. NOTATION AND REMARK.

(A) Let Ry be an Artinian ring and let V' be a finitely generated Rp-module.
We use {(V) = £g,(V) to denote the length of V.

(B) Let Rp and V be as in part (A). Let my, ..., m; be the different maximal
ideals of Ry, let x be an indeterminate and set

. -1
f = (Ro[x]\ UmiRo[xO Ro[x].
i=1

Then clearly Rj is a faithfully flat Artinian extension ring of Ry with the
different maximal ideals m, = m;R{ (i = 1,...,t). Moreover, we have
Cry (Ry @R, V) = LRy (V). As Ry/mi = Ro/my(x) for all i € {1,...,t}, the
ring Rj has infinite residue fields.

5.2. LEMMA. Let R =@, -, R, be a homogeneous Noetherian ring such
that Ry is Artinian, let U be a finitely generated graded R-module, let M C U
be a graded submodule and let f € Ry be filter-regular with respect to U and
U/M. Let k € Z be such that d(M),reg(M + fU),reg(U) +1 < k. Then
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(a) end(H}éJr(M)) +i <k foralli#]1.
(b) end(Hp, (M)) < €(Ux) +k — 1.

Proof. Let T := U/M. The short exact sequence 0 — (M + fU) —
U — T/fT — 0 shows that reg(T/fT) < max{reg(U),reg(M + fU) — 1} <
k—1. As f € Ry is filter-regular with respect to T, it follows that reg!(T) <
reg(T/fT) < k—1 (ct. [8, 18.3.11]), and the graded short exact sequence 0 —
M — U — T — 0 implies reg?(M) < max{reg?(U),reg!(T) + 1} < k (cf. [8,
15.2.15]) and hence emd(H}'2+ (M))+i < kforalli>2. As end(H%+(M)) <
end(H%+ (U)) <reg(U) < k, we obtain statement (a).

It remains to prove statement (b). In view of the graded short exact se-
quence 0 - M — U — T — 0 and since end(H}h(U)) <reg(U)—-1<k-—1,
it suffices to show that end(H?{Jr (T)) < L(Uy) + k — 1. We have seen above
that reg(T/fT) < k—1. So, if we apply cohomology to the graded short exact

sequence 0 — T/(0 H ) EN T(1) = (T/fT)(1) — 0 we get isomorphisms
Hy (T/(0 B e = Hg (T)pi1, Vn>k—1

If we apply cohomology to the graded short exact sequence 0 — (0 5 f)—
T —-T/0 i f) — 0 and keep in mind that (0 i f) C H}%+ (T) (cf. 3.1(A)),
we thus get exact sequences

0— (0 B Fn— Hg (T) = Hy (T)pi1 — 0, Vn>k—1.

By 3.7 we have d(0 H f) <d(M G f) <k, so that 7, becomes an isomorphism
for all m > n, provided 7, is an isomorphism for some n > k. From this it
follows that the length ((Hp, (T'),) of the Ro-module Hp, (T), is strictly
decreasing as a function of n in the range n > k until its value becomes 0.
This implies that end(H?z+ (1)) < E(H),O%+ (M) +k—1. As H%Jr (T is a
subquotient of the Ryp-module Uy we get end(H?%Jr (1) <eUy)+k-1. 0O

5.3. LEMMA. Let R =@, -, R, be a homogeneous Noetherian ring such
that Ry is Artinian and dim(R)_: 1. Let U be a finitely generated and graded
R-module and let M C U be a graded submodule. Let k € Z be such that
d(M) +reg(R) and reg(U) +1 < k. Then reg(M) < k.

Proof. Applying the replacement argument 2.4 with R{j defined as in 5.1(B),
we may assume that Ry has infinite residue fields. As end(H?{Jr(M ) <
end(Hy, (U)) < k and Hy, (M) = 0 for all ¢ > 1, it remains to show that
end(H}l%+ (M)) < k—1. Choosing P = Assg(R) N Proj(R) we conclude by
4.3 that there is a linear form f € R; which is at the same time filter-regular
with respect to U and with respect to R. As f is filter-regular with respect
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to U, we have end(0 & f) < end(H%Jr(U)) < k. Therefore, the multiplication

map f : U, — Up41 is injective for all n > k. As dim(R) = 1 and f € Ry
avoids all minimal primes of R, we have Ry C /Rf and R is a finitely gen-
erated graded module over its subring Ro[f]. In particular, by the graded
base ring independence of local cohomology, reg(R) does not change if we
consider R as an Ry[f]-module. We then obtain d(R) < reg(R) < k — d(M),
so that R,+1 = fR,, for all n > k — d(M). Hence for each n > k we obtain
M1 = Ry_aony+1Maony = fRa—aonyMaouy = fMn. As f 2 Uy — Upia
is injective for all n > k, it follows that (M,11 ¥ f) = M, for all such

n. From this we see that end(0 U/:M f) < k. As nf € R,, it follows that

end(H%+(U /M)) < k. If we apply cohomology to the graded exact sequence
0— M —U — U/M — 0 and keep in mind that end(H}%Jr (U)) <reg(U) < k,
we obtain indeed end(Hp, (M)) < k. O

In order to formulate our main result, we introduce some notation.

5.4. DEFINITION AND REMARK.

(A) Let P be the set of all polynomials P € Q[x] with the property that
P(n) € Ny for all integers n > 0. For P € P, let AP € P denote the difference
polynomial P(x) — P(x — 1) of P.

(B) For P € P we define a polynomial P* = P*(x) recursively by

“(x) = X, if deg(P) <0,
| (AP)*(x) + P((AP)*(x)), if deg(P) > 0.

It is easy to see that P* € P whenever P € P.
(C) Now, let s € N and r € Ng. Then clearly s(*I") € P and A [s(*}")]

T

s(TTY). We write Fro(s, x) = [s(xj")]*, so that Fy(s,x) = x and F,.(s,x) =

F._1(s,x) + S(F”*l(ﬁ’x)‘”) for all » > 0. This means that F,.(s,x) is as in [5,
2.5 (A)]. In particular, we have (cf. [5, 2.5 (B)])

Fo(s,t) < s (2t)", Vs,t €N,

where the numbers e, are defined inductively by
eg:=0and e, :=7-€,._1+ 1 for r > 0.

(D) Also, for each P € P we recursively define a polynomial PeP by

_ X, if P =0,
Feo= {(T )60+ PUBP)(). it P#0.

It is easy to see that P(k) > P*(k) for all k > 0.

Finally let us recall a few facts about Hilbert polynomials.
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5.5. REMINDER.

(A) Let R = @,,~( Rn be a homogeneous Noetherian ring such that Ry
is Artinian and let M = @,.cz, M., be a finitely generated graded R-module.
We denote the Hilbert polynomial of M by Py, so that (cf. [8, Chap. 17])

Pyr(n) = €(M,) Vn > reg(M).
(B) Also, if f € Ry is filter regular with respect to M, we have short exact

sequences 0 — M, _1 EN M, — (M/fM), — 0 for all n > 0 and these yield
If R}, is defined as in 5.1(B), then in the notation of 2.4(B) we have

PR{)@RUM:PM'

5.6. LEMMA. Let R@, -, R, be a homogeneous Noetherian ring such that
Ry is Artinian. Let U be a finitely generated graded R-module with Hilbert
polynomial Py =: P and let k € Z be such that reg(U) < k. Then:

(a) k < (AP)*(k) < P*(k).
(b) k < (AP)(k) < P(k).

Proof. In view of 2.4 and 5.5 (B) we may assume that Ry has infinite
residue fields. We now proceed by induction on deg(P). If P = 0, we have
P* = P = (AP)* = (AP) = x, and our claims are obvious. If deg(P) = 0, we
have P* = (AP)* = (HD) —xand P = x+P(x). As P is a positive constant,
our claims follow. Let deg(P) > 0. As Ry has infinite residue fields, there is
a linear form f € Ry which is filter regular with respect to U. In particular,
we have AP = Py/sy (cf. 5.5(B)) and reg(U/fU) < k (cf. 3.2(a)). So, by
induction we have k < (AP)*(k) and k < (;\Vf’)(k) In particular (cf. 5.5(A)),
P((AP)*(k)) = LUap) ) 2 0 and P((AP)(k)) = (U zp)x)) = 0. Now,
both claims follow from the definitions of P* and P. 0

We now prove the main result of this section.

5.7. THEOREM. Let R = €,,~, Rn be a homogeneous Noetherian ring
such that Ry is Artinian . Let U be a finitely generated graded R-module with
Hilbert polynomial Py =: P and let M C U be a graded submodule. Let k € Z
and assume that reg(U) < k.

(a) If d(M) < k, then reg(M) < P(k).
(b) If dim(R) = dim(U) and d(M) + reg(R) < k, then reg(M) < P*(k).

Proof. In view of 2.4 and the last observation made in 5.5(B), we may
assume that Ry has infinite residue fields. We proceed by induction on dim(U).
If dim(U) < 0 we have P = 0 and reg(M) = end(H%+ (M)) < end(H%+ ) =
reg(U) < k = 0*(k) = 0(k), which proves both claims in this case. Now,
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let dim(U) > 0. For the remainder of the proof, we treat the two claims
separately.

(a) If we apply 4.3 with P := Assgr(U/M) N Proj(R), we find a linear form
f € Ry which is filter-regular with respect to U and U/M. As dim(U) > 0, f
avoids all minimal members of Assg(U), so that dim(U/fU) = dim(U) — 1.
By 3.2(a) we have reg(U/fU) < reg(U) < k. Clearly, d(M + fU)/fU) <
d(M) < k. By 5.5(B) we also have AP = Py/;y. Now, by induction
we have reg((M + fU)/fU) < (AP)(k). As (0 L U) C HY, (U) and in
view of the graded isomorphism fU = (U/(0 G N(=1) we get reg(fU) =
reg(U/(0 G f) +1 < reg(U)+1 < k, and hence reg(fU) < (AP)(k)

(cf. 5.6(b)). The exact sequence 0 — fU — (M + fU) — (M + fU)/fU — 0
yields reg(M + fU) < (AP)(k) =: m. If we keep in mind that k < m we
get m < P(m) (cf. 5.6(b)) and £(U,,) = P(m) (cf. 5.5(A)). So, applying
5.2 with m instead of k and observing 5.6(b), we get cnd(H}é+ (M) +1i <
m = (AP)(k) < P(k) for all i # 1 and end(H}lh(M)) +1 < Pim)+m=
P((AP)(k)) + (AP)(k) = P(k). Therefore reg(M) < P(k).

(b) Assume first that dim(U) = 1 and hence dim(R) = 1. Then 5.3 and
5.6(a) show that reg(M) < k < P*(k). So, let dim(U) > 1. Now apply
4.3 with P = (Assg(U/M) U Assg(R)) N Proj(R) to obtain a linear form
f € Ry which is filter-regular with respect to each of U,U/M and R. As in
the proof of statement (a) we now get dim(R/fR) = dim(U/fU) = dim(U) —
1,reg(U/fU) < k and d((M + fU)/fU) +reg(R/fR) < k. Again, by 5.5(B)
we have AP = Py /sy Thus, by induction we obtain reg((M + fU)/fU) <
(AP)*(k). We can now complete the proof literally in the same way as that
of statement (a) if we replace (AP) by (AP)* and P by P*. O

[

5.8. COROLLARY. Let Ro[x] = Ro[xo,--.,Xr] be a polynomial ring over
an Artinian ring Ry. Let w € N and let M C Ry [5]69 Y be a graded submodule.
Then

reg(M) < (¢(Ro)w)r(2d(M))",
where e, is defined as in 5.4(C).

Proof. If d(M) = 0, there is a graded isomorphism M = My ®g, Ro[x],
so that reg(M) = 0. Therefore we may assume that d(M) > 0. Let R :=
Ro[x], U := Ro[x]® ™. Then reg(U) = reg(R) = 0, dim(R) = dim(U) = r
and the fact that Py = ((Ro)w(*!") yield the result, in view of 5.7(b) and

r

5.4(C). O

5.9. REMARK. If in 5.8 we let Ry = K be a field, we obtain the bound
given in [5, 2.7]. If we assume in addition w = 1, we get the bound of Bayer-
Mumford [1, 3.8].
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