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CATANESE-CILIBERTO SURFACES OF FIBER GENUS THREE
WITH UNIQUE SINGULAR FIBER
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Abstract. In this paper, we study a minimal surface of general type withpg = q = 1,
K2
S

= 3 which we call a Catanese-Ciliberto surface. The Albanese map of this surface gives
a fibration of curves over an elliptic curve. For an arbitrary elliptic curveE, we obtain the
Catanese-Ciliberto surface which satisfies Alb(S) ∼= E, has no(−2)-curves and has a unique
singular fiber. Furthermore, we show that the number of the isomorphism classes satisfying
these conditions is four ifE has no automorphism of complex multiplication type.

0. Introduction. Let S be a minimal algebraic surface of general type overC. A
proper surjective morphismf : S → C from an algebraic surfaceS to a non-singular algebraic
curveC is called afibration of curves of genusg if fibers of f are connected and the genus
of the generic fiber isg. It is important to study the structures of the fibrations for surfaces of
general type. For instance, Horikawa studied surfaces with fibrations of curves of genus two
[5, 6].

We setpg (S) = dimH 2(S,OS) andq(S) = dimH 1(S,OS). LetK2
S be the self inter-

section number of the canonical divisorKS of S. In this paper, we are interested in the case
pg (S) = q(S) = 1 andK2

S = 3. If q(S) = 1, then the Albanese mapa : S → Alb(S) gives a
fibration of curves over the elliptic curveE = Alb(S). Let g be the genus of a general fiber
of a. Catanese and Ciliberto studied this surface in [2, 3] and showed that the genusg is two
or three.

DEFINITION. Let S be a minimal algebraic surface of general type overC. S is called
aCatanese-Ciliberto surface ifS satisfiespg = q = 1 andK2

S = 3.

We also denote byKS the invertible sheaf associated to the divisorKS . In the case
g = 3, Catanese and Ciliberto showed that the direct imageV = a∗KS/E of the relative
canonical sheafKS/E = KS ⊗OS

(a∗Ω1
E)

∨ ∼= KS is an indecomposable vector bundle of
rank three and degree one over the elliptic curveE. Therefore, there exists a pointP ∈ E

such that detV ∼= OE(P ). Let p : PE(a∗KS) → E be theP2-bundle associated witha∗KS
andω : S → PE(a∗KS) the relative canonical map. They obtained the following theorem.

THEOREM 0.1 (Catanese-Ciliberto [3, Theorem 3.1]).Let S, a,E, g, P, p and ω be
as above, and H the tautological divisor of PE(a∗KS), i.e., it satisfies p∗OPE(a∗KS)(H) ∼=
a∗KS . If g = 3, then we have:
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(i) the relative canonical map ω is a morphism;
(ii) ω(S) is isomorphic to the canonical model of S; and
(iii) ω(S) is a member of the complete linear system |4H − p∗P |, where p∗P is the

divisor p−1P .

Let V be an indecomposable vector bundle of rank three and degree one over an elliptic
curveE. The P2-bundlePE(V ) is uniquely determined up to an isomorphism, sinceV is
uniquely determined up to tensor product with a line bundle of degree 0 by Atiyah [1]. We set
PE = PE(V ). LetH be the tautological divisor ofPE . When(E, V ) is equal to(E, α∗KS) in
Theorem 0.1, the imageω(S) of S is a relative quartic hypersurface inPE which has at worst
rational double points as singularities by Theorem 0.1 (ii). Conversely, it is easy to verify that
the minimal modelS of a memberS′ ∈ |4H −p∗P | which has at worst rational double points
is a Catanese-Ciliberto surface withg = 3.

For an algebraic varietyZ, we denote byχtop(Z) the Euler number ofZ. Let T be a
surface with a fibrationf : T → C of curves of genusg over a curveC and with at worst
rational double points. We setTP = f−1(P ) for P ∈ C. The Euler number of the non-
singular modelT ∗ of T is given by

χtop(T
∗) = (2 − 2g)χtop(C)+

∑
P∈C

(χtop(TP )+ 2g − 2)+
∑

Q∈SingT

r(Q) ,(1)

wherer(Q) is the number of exceptional irreducible curves of a singular pointQ of T .
Let S′ ∈ |4H − p∗P | be a surface which has at worst rational double points. We apply

the equality (1) to the surfaceS′ with the fibrationp|S ′ : S′ → E of curves over the elliptic
curveE. Let S∗ be the minimal model ofS′ andS′

P the fiber ofp|S ′ at P ∈ E. Since
g = 3, χtop(E) = 0 andχtop(S

∗) = 9, we obtain∑
P∈E

(χtop(S
′
P )+ 4)+

∑
Q∈S ′

r(Q) = 9(2)

by the equality (1). Note thatχtop(S
′
P ) + 4 is non-negative and is zero for a non-singular

fiber. We callχtop(S
′
P ) + 4 the Euler contribution of a singular fiberS′

P andr(Q) the Euler
contribution of a rational double pointQ.

BecauseS′ has a fibration over a non-singular curve, every singular point ofS′ is con-
tained in a singular fiber ofS′. Therefore, the equality (2) implies thatS′ has at least one
singular fiber ofS′ and the number of singular fibers is less than or equal to nine.

It seems that, for a general Catanese-Ciliberto surface, singular fibers ofa have one node.
In this case, this fibraton has nine singular fibers. Conversely, Catanese-Ciliberto surfaces
with a unique singular fiber are most special. We know by the argument of monodromies that,
if a surface with a fibration of curves overP1 has a singular fiber, then it has another singular
fiber. On the other hand, there may exist a surface over an elliptic curve with a unique singular
fiber.

DEFINITION. Let S be a Catanese-Ciliberto surface. IfS has a unique singular fiber
and satisfiesg = 3 andS ∼= ω(S), we call it aCatanese-Ciliberto surface of type I.
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In this paper, we show the following theorem.

THEOREM 0.2. For an arbitrary elliptic curve E, there exists a Catanese-Ciliberto
surface S of type I which satisfies Alb(S) ∼= E. If E has an automorphism of complex multi-
plication type, then there exist exactly two isomorphism classes of such surfaces. Otherwise,
they have exactly four isomorphism classes.

We show the existence of non-singular surfacesS′ ∈ |4H −p∗P | with a unique singular
fiber by giving the defining equations in theP2-bundlePE. SinceV is indecomposable, we
cannot take a global homogeneous coordinate system onPE . In order to describe the defining
equation, we employ the following method which was used by Takahashi [9].

Letϕ be an isogeny of degree three from an elliptic curveẼ toE. According to Atiyah [1]
and Oda [8], the inverse imageϕ∗V of V by ϕ decomposes into the direct sumL1 ⊕L2 ⊕L3

of three line bundlesLi (i = 1,2,3). Then we can take the natural unramified morphism
Φ : PẼ(ϕ

∗V ) → PE of degree three induced byϕ. In order to describe a minimal canoni-
cal surfaceT ⊂ PE with c2

1(T ) = 3pg (T ) andq(T ) = 1, Takahashi obtained the defining
equation ofΦ−1(T ) ⊂ PẼ(ϕ

∗V ) = PẼ(L1 ⊕ L2 ⊕ L3) which is invariant under the action
of Z/3Z. We apply this method to the Catanese-Ciliberto surfaces withg = 3. The inverse
imageΦ−1(S′) is a relative quartic hypersurface in theP2-bundle associated with a direct sum
of three line bundles over an elliptic curve. Hence, it is much easier to describe the defining
equation of a subvariety inPẼ(ϕ

∗V ). In Section 1, we explain Takahashi’s method and give
an explicit general form of the defining equation of the surfaceΦ−1(S′). In Section 2, we
show the existence of non-singular surfacesS′ ∈ |4H − p∗P | with a unique singular fiber by
using the defining equations obtained in Section 1. In Section 3, we consider all non-singular
surfacesS′ ∈ |4H − p∗P | with a unique singular fiber. In Section 4, we consider the isomor-
phism classes of these surfaces. In order to find the number of isomorphism classes of these
surfaces, we give the defining equations of these inPE instead of doing it inPẼ .

By using Proposition 2.8, Lemmas 3.4, 4.7, 4.8 and 4.9, we complete the proof of Theo-
rem 0.2.

1. The defining equation in the P2-bundle. LetE be an elliptic curve with the zero
element 0E. It is well-known that there exists an indecomposable vector bundle of rank three
and degree one overE (see [1]). We fix an indecomposable vector bundleV of rank three and
degree one overE with detV ∼= OE(0E). Letp : PE = PE(V ) = Proj(

⊕
m Symm V ) → E

be theP2-bundle associated withV overE. We denote byH the tautological divisor with
p∗OPE (H)

∼= V . We are going to consider the Catanese-Ciliberto surfaces withg = 3,
which has the imageS′ in PE .

For any pointP ∈ E, we define the automorphismTP : E → E by TP (Q) = Q + P

and callTP the translation of E by P . PE is isomorphic to the 3-fold symmetric prod-
uct E(3) which is the quotient ofE3 by the natural action of the symmetric groupS3 (cf.
[1, p. 451]). An automorphismh of E induces the automorphismh(3) of E(3) defined by
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h(3)(P1, P2, P3) = (h(P1), h(P2), h(P3)). So a translationTP of E induces an automor-
phism of the set of linearly equivalent classes which are algebraically equivalent tomH +nF
(m, n ∈ Z). Using the following proposition, we see that there exists one-to-one correspon-
dence between the isomorphism classes of Catanese-Ciliberto surfaces withg = 3 and the
isomorphism classes of surfaces in the complete linear system|4H − p∗0E| with at worst
rational double points.

PROPOSITION 1.1 (Catanese-Ciliberto [3, Proposition 1.5]).Let E,PE, p,H be as
above and F an algebraically equivalence class of a fiber of p. Then the group of transla-
tions ofE acts transitively on the set of all linearly equivalent classes which are algebraically
equivalent to a divisor in PE if the divisor is not a multiple of 3H − F .

In order to obtain the defining equation ofS′ ∈ |4H − p∗0E|, we employ the result of
Oda [8] as Takahashi used it in [9].

1.1. The isogeny of an elliptic curve with degree three. We first recall the following
theorem.

THEOREM 1.2 ([1, 8], [9, Theorem 2.4]). For integers r, d, let EE(r, d) be the set of
isomorphism classes of indecomposable vector bundles of rank r and degree d over E. Let
ϕ : Ẽ → E be an isogeny of degree r .

If gcd(r, d) = 1, then the map

{L ∈ Pic(Ẽ) | degL = d} −→ EE(r, d)

∈ ∈

L � → ϕ∗L

is surjective. Denote G = kerϕ. Then we obtain

ϕ∗ϕ∗L ∼=
⊕
σ∈G

T ∗
σ L .

Let Ẽ be an elliptic curve with zero element 0Ẽ andϕ : Ẽ → E an isogeny of degree
three. Applying Theorem 1.2 to the case wherer = 3 andd = 1, V = ϕ∗OẼ(0Ẽ) is an
indecomposable bundle of rank three and degree one. Since we haveϕ∗OẼ = OE⊕M⊕M⊗2

for a line bundleM such thatM⊗3 ∼= OE , we have detϕ∗OẼ
∼= OE. Furthermore, since

detϕ∗OẼ(0Ẽ)
∼= detϕ∗OẼ ⊗OE

OE(ϕ(0Ẽ)), we have detϕ∗OẼ(0Ẽ)
∼= OE(0E).

We seto = 0Ẽ. Let o′ be a point inẼ of order three. Denote byo′′ the sum ofo′ and
o′ with respect to the group law of̃E. For anyQ ∈ Ẽ, we denote byQ′ andQ′′ the points
To′(Q) andTo′′(Q), respectively. We denote by[o] the divisoro+ o′ + o′′ of degree three on
Ẽ.

If we setG = kerϕ = {o, o′, o′′}, then we know

ϕ∗V ∼= OẼ(o)⊕ OẼ(o
′)⊕ OẼ(o

′′) .



CATANESE-CILIBERTO SURFACES 37

We setṼ = ϕ∗V . Let p̃ : PẼ = PẼ(Ṽ ) → Ẽ andp : PE(V ) → E be theP2-
bundles associated with̃V andV , respectively. LetH̃ be the tautological divisor ofPẼ with
p̃∗O(H̃ ) ∼= Ṽ .

Let Y be an algebraic variety andg : Y → E a morphism. By [4, II, Proposition 7.12],
giving a morphismf : Y → PE such thatg = p ◦ f is equivalent to giving a line bundleL
overY and a surjective map of sheaves onY , g∗V → L. The surjective map corresponding
to f is given by pulling back the natural surjective mapp∗V → OPE (H).

Since there exists the natural surjective mapp̃∗ϕ∗V ∼= p̃∗Ṽ → OPẼ (H̃ ), the isogeny
ϕ induces the unramified morphismΦ : PẼ → PE of degree three. Consider the following
commutative diagram:

PẼ = PẼ(Ṽ )
Φ−−→ PE(V ) = PE .

p̃

�
�p

Ẽ
ϕ−−−−−−−−−−−−→ E

Then we have

Φ∗OPE (4H − p∗0E) ∼= OP
Ẽ
(4H̃ − p̃∗[o]) .

The defining polynomial of the inverse image of a surfaceS′ ∈ |4H − p∗0E| by Φ is the
element ofH 0(PẼ ,OPẼ (4H̃ − p̃∗[o])). However, not every member ofH 0(PẼ ,OPẼ (4H̃ −
p̃∗[o])) gives the inverse imageΦ∗S′ of S′ in |4H −p∗0E |. The elementso, o′, o′′ ofG oper-
ate onH 0(PẼ ,OP

Ẽ
(4H̃ − p̃∗[o])) as idP

Ẽ
, T ∗

o′, T ∗
o′′ . LetH 0(PẼ,OP

Ẽ
(4H̃ − p̃∗[o]))G beG-

invariant subspace ofH 0(PẼ ,OPẼ (4H̃−p̃∗[o])). Set U = {div(Ψ ) |Ψ ∈H 0(PẼ ,OPẼ (4H̃−
p̃∗[o]))G \ {0}}. Takahashi [9] showed the following.

LEMMA 1.3 (Takahashi [9, Lemma 3.23]).In the above notation, we have

U = Φ∗|4H − p∗0E| .
This lemma implies thatΦ∗ω(S) ∈ U for an arbitrary Catanese-Ciliberto surfaceS with

g = 3. Let S̃ be a member ofU with at worst rational double points. SinceΨ is étale,
S̃/G ⊂ PE has at worst rational double points. Furthermore, it is easy to see that the minimal
modelS of the surfacẽS/G is the Catanese-Ciliberto surface withg = 3 and Alb(S) ∼= E.
So there exist one-to-one correspondences between isomorphism classes of surfaces with at
worst rational double points in the complete linear system|4H − p∗0E | and such surfaces in
U ⊂ |4H̃ − p̃∗[o]|.

1.2. Defining equation ofΦ∗S′. LetPẼ , H̃ , p̃, o, o
′, o′′,G,U be as in Section 1.1. As

we saw in Section 1.1, Catanese-Ciliberto surfaces withg = 3 correspond to surfaces with at
worst rational double points inU . We describe explicitly the elements ofH 0(P

Ẽ
,OP

Ẽ
(4H̃ −

p̃∗[o]))G which define surfaces inU . Let (X : Y : Z) be a homogeneous coordinate system
of P2. We embed the elliptic curvẽE in P2 such that it satisfies the equalityY 2Z = X(X −
Z)(X − λZ) for λ in C \ {0,1} ando = (0 : 1 : 0). Let (α : β : 1) be the coordinate ofo′.
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Since the order ofo′ is three, we haveo′′ = (α : −β : 1), β �= 0 and the equality

3α4 − 4(λ+ 1)α3 + 6α2λ− λ2 = 0 .(3)

Sincep̃∗OP
Ẽ
(H̃ ) = OẼ(o) ⊕ OẼ(o

′) ⊕ OẼ(o
′′), we have dimH 0(PẼ ,OP

Ẽ
(H̃ )) = 3. Let

Z0, Z1 andZ2 be the elements ofH 0(PẼ ,OPẼ (H̃ )) = H 0(Ẽ,OẼ(o)⊕ OẼ(o
′) ⊕ OẼ(o

′′))
which correspond to 1 ofH 0(Ẽ,OẼ (o)), H

0(Ẽ,OẼ (o
′)) andH 0(Ẽ,OẼ (o

′′)), respectively.
Then we haveZ1 = T ∗

o′′Z0 andZ2 = T ∗
o′Z0. We set a complex numberµ by µ = 3α2 −

2(λ+ 1)α + λ and rational functionsf, g andh by

f = X − αZ

Z
, g = 4β2(X − αZ)

2β(Y − βZ)− µ(X − αZ)
, h = 4β2(X − αZ)

−2β(Y + βZ)− µ(X − αZ)
.

Thenf is an element ofH 0(Ẽ,OẼ(3o − [o])) and we haveg = T ∗
o′′f andh = T ∗

o′f . The
following lemma is essentially due to Takahashi [9].

LEMMA 1.4 (Takahashi [9, p. 286]).We define five sections of H 0(PẼ,OPẼ (4H̃ −
p̃∗[o]))G as

Ψ1 = fZ4
0 + gZ4

1 + hZ4
2 ,

Ψ2 = Z0Z1Z2(Z0 + Z1 + Z2) ,

Ψ3 = gZ0Z
3
1 + hZ1Z

3
2 + fZ3

0Z2 ,

Ψ4 = hZ0Z
3
2 + fZ3

0Z1 + gZ3
1Z2 ,

Ψ5 = ghZ2
1Z

2
2 + f hZ2

0Z
2
2 + f gZ2

0Z
2
1 .

Then {Ψ1, Ψ2, Ψ3, Ψ4, Ψ5} is a basis of H 0(PẼ ,OP
Ẽ
(4H̃ − p̃∗[o]))G.

PROOF. Let Ψ be an element ofH 0(P
Ẽ
,OP

Ẽ
(4H̃ − p̃∗[o]))G. SinceΨ ∈ H 0(P

Ẽ
,

OP
Ẽ
(4H̃ − p̃∗[o])),Ψ can be written as

Ψ =
∑
i,j,k≥0
i+j+k=4

ψijkZ
i
0Z

j
1Z

k
2 , ψijk ∈ H 0(Ẽ,OẼ (io+ jo′ + ko′′ − [o])) .

Since we have

T ∗
o′′Ψ =

∑
i,j,k≥0
i+j+k=4

T ∗
o′′ψijkZi1Z

j

2Z
k
0 ,

we see thatΨ ∈ H 0(PẼ ,OP
Ẽ
(4H̃ − p̃∗[o]))G if and only if ψijk = T ∗

o′′ψjki for all integers

i, j, k ≥ 0 with i+j+k = 4. We haveψ400 ∈ H 0(Ẽ,OẼ(4o−[o])) and dimH 0(Ẽ,OẼ(4o−
[o])) = 1. Sincef is a non-zero element ofH 0(Ẽ,OẼ(4o − [o])), we can writeψ400 =
a1f (a1 ∈ C). Since we haveg = T ∗

o′′f, h = T ∗
o′′g, we obtain conditionsψ040 = a1g and
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ψ004 = a1h. Similarly, we obtain the conditions

ψ211 = ψ121 = ψ112 = a2 ,

ψ301 = a3f , ψ130 = a3g , ψ013 = a3h ,

ψ310 = a4f , ψ031 = a4g , ψ103 = a4h ,

ψ220 = a5f g , ψ202 = a5f h , ψ022 = a5gh ,

whereai ∈ C for i = 2,3,4,5. Therefore, we can write

Ψ = a1(f Z
4
0 + gZ4

1+hZ4
2)+a2Z0Z1Z2(Z0+Z1+Z2)+a3(gZ0Z

3
1+hZ1Z

3
2+fZ3

0Z2)

+ a4(hZ0Z
3
2 + fZ3

0Z1 + gZ3
1Z2)+ a5(ghZ2

1Z
2
2 + f hZ2

0Z
2
2 + f gZ2

0Z
2
1) . �

REMARK 1.5. By an easy calculation, we havef gh = −4β2.

REMARK 1.6. LetS̃ be a member inU which has at worst rational double points. The
minimal modelS∗ of S̃ satisfiespg (S

∗) = 3, q(S∗) = 1,K2
S∗ = 9 andχtop(S

∗) = 27 by [9,
Proposition 2.3]. Let̃SP be the fiber ofp̃ atP ∈ Ẽ. Applying the equality (1) tõp|S̃ : S̃ → Ẽ,
we obtain the equality ∑

P∈E
(χtop(S̃P )+ 4)+

∑
Q∈S̃

r(Q) = 27.(4)

For any member̃S in U , G acts onS̃ without fixed point. So we obtain the unramified
morphismΦ|

S̃
: S̃ → S̃/G of degree three. Let(S̃/G)Q be the fiber ofS̃/G atQ ∈ E. If

P ∈ Ẽ satisfiesϕ(P ) = Q, then the three fibers̃SP , S̃P ′ , S̃P ′′ are isomorphic to(S̃/G)Q.
Furthermore, the threeanalytic local ringsO an

S̃,P
,O an

S̃,P ′ ,O an
S̃,P ′′ are isomorphic toO an

S̃/G,Q
.

Thus, in order to find the Catanese-Ciliberto surfaceS of type I, it suffices to find a non-
singular member̃S in U which only has three singular fibers.

REMARK 1.7. We assume thatS̃ ∈ U is defined byΨ ∈ H 0(PẼ,OPẼ (4H̃ − p̃∗[o])).
Let Uo ⊂ Ẽ be a neighborhood ofo. Set t = X/Y , which is a parameter of̃E at Uo.
Sets = Z/Y andu = t3/s = 1 + (λ+ 1)t2 − λt4u−1. We may write

f = X − αZ

Z
= t − αs

s
= t − αu−1t3

u−1t3
= u− αt2

t2

= 1 + (λ+ 1 − α)t2 + (higher terms)

t2
,

g = 4β2(ut − αt3)

2β(u− βt3)− µ(ut − αt3)
= 2βt + µt2 + (higher terms) ,

h = 4β2(ut − αt3)

−2β(u+ βt3)− µ(ut − αt3)
= −2βt + µt2 + (higher terms) .

SinceZ0 ∈ H 0(PẼ ,OẼ(H̃ − F̃o)), (Z′
0 : Z1 : Z2) = (t−1Z0 : Z1 : Z2) is a relative

homogeneous coordinate system ofp̃−1(Uo). Thus, the neighborhood̃p−1(Uo) of the fiber
of S̃ at o is defined byt−1Ψ (tZ′

0, Z1, Z2) = 0. The sectionsΨ1, Ψ2, Ψ3, Ψ4, Ψ5 are written
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ato as follows:

t−1Ψ1(tZ
′
0, Z1, Z2) = 2β(Z4

1 − Z4
2)+ t (Z′

0
4 + µZ4

1 + µZ4
2)+ (higher terms) ,

t−1Ψ2(tZ
′
0, Z1, Z2) = Z′

0Z1Z2(Z1 + Z2)+ tZ′
0
2
Z1Z2 ,

t−1Ψ3(tZ
′
0, Z1, Z2) = Z′

0
3
Z2 − 2βZ1Z

3
2 + (µZ1Z

3
2 + 2βZ′

0Z
3
1)t + (higher terms) ,

t−1Ψ4(tZ
′
0, Z1, Z2) = Z′

0
3
Z1 + 2βZ3

1Z2 + (µZ3
1Z2 − 2βZ′

0Z
3
2)t + (higher terms) ,

t−1Ψ5(tZ
′
0, Z1, Z2) = 2βZ′

0
2
(Z2

1 − Z2
2)+ (µZ′

0
2
Z2

2 + µZ′
0
2
Z2

1 − 4β2Z2
1Z

2
2)t

+ (higher terms) .

In particular, the defining polynomial of the fiber ato is given by the constant term with
respect tot. Furthermore, the defining polynomials ato′ ando′′ are essentially equal to that
of o. Actually, they are permutations of indices.

2. Surface with unique singular fiber. As we saw in the previous section, the prob-
lem to find a non-singular surfaceS′ ∈ |4H − F0

Ẽ
| with a unique singular fiber is reduced to

finding a non-singular surfacẽS in U with only three singular fibers.
2.1. The Euler contribution of a quartic curve. In our construction of surfaces, we

have to consider the families of quartic curves in a projective plane. We know from the equal-
ity (4) that, if there exists a non-singular surface inU with only three singular fibers, then the
Euler contribution of each singular fiber is nine. So by calculating the Euler number of sin-
gular quartic curves, we determine singular fibers of a non-singular surface inU which only
has three singular fibers. LetF be an irreducible reduced quartic curve inP2. We assume that
F has a singular pointP . In order to calculate the Euler number of singular quartic curves,
we first describe the classification of singular points ofF . LetmP be the multiplicity ofF
atP andsP the number of irreducible branches atP . Let ν : F̃ → F be the normalization
morphism ofF . SetδP = lengthν∗OF̃ ,P /OF,P . In Table 1, we list the types of singularities
of irreducible reduced quartic curves in terms ofmP , sP andδP (cf. [7, p. 123]). Letχtop(F )

be the Euler number ofF . The possibilities of the triple(mP , sP , δP ) are classified into nine
types in Table 1. The possibilities of singularities and the Euler number of an irreducible
quartic curve are classified in Table 2.

Let Q be a non-reduced or reducible quartic curve. If we know the multiplicities of
irreducible components ofQ and their configurations, we can calculate the Euler number of
Q. We see this in Table 3. In Table 3,Li represent distinct lines andDi represent distinct
conics.A1 represents a non-singular cubic curve.A2 andA3 represent a cubic curve with
a nodeo2 and that with a cuspc2, respectively. In Table 3, coefficients ofLi andDi are
multiplicities of them. We setLi∩Lj = {xij }, Li∩Dj = {y(k)ij }k=1,2, Li∩Aj = {z(k)ij }k=1,2,3

andDi ∩Dj = {w(k)ij }k=1,2,3,4.

In Table 3, the conditiony(1)i1 = y
(2)
i1 means thatLi is the tangent line ofD1 at y(1)11 .

The conditionz(1)1j = z
(2)
1j means thatL1 is the tangent line ofAj at a non-singular pointz(1)1j .
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TABLE 1. Singularities of quartics.

Type mP sP δP

O2 2 2 1

C2 2 1 1

O ′
2 2 2 2

O ′′
2 2 2 3

O3 3 3 3

C′
2 2 1 2

C′′
2 2 1 3

C3 3 1 3

CO 3 2 3

TABLE 2. Irreducible and reduced quartics.

Number of singularities Type of singularities Genus ofF̃ χtop(F )

1 C′′
2 0 2

C3

O ′′
2 1

CO

O3 0

2 C′
2, C2 2

O2, C
′
2 1

O ′
2, C2

O2,O
′
2 0

3 C2, C2, C2 2

C2, C2,O2 1

C2,O2,O2 0

O2,O2,O2 −1

1 C′
2 1 0

O ′
2 −1

2 C2, C2 0

C2,O2 −1

O2,O2 −2

1 C2 2 −2

O2 −3
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TABLE 3. Non-reduced or reducible quaritics.

Components ofQ Intersection points χtop(Q)

(1) L1, L2, L3, L4 xij are distinct points. 2

(2) 4L1 2

(3) L1, L2, L3, L4 x12 = x13 = x23. x12, x14, x24 andx34 are distinct points. 3

(4) L1, L2,2L3 xij are distinct points. 3

(5) L1, 3L2 xij are distinct points. 3

(6) 2L1,2L2 3

(7) L1, L2,2L3 x12 = x13 = x23. 4

(8) L1, L2, L3, L4 x12 = x13 = x14 = x23 = x24 = x34. 5

(9) L1, L2,D1 y
(k)
i1 are distinct points. 1

(10) 2L1,D1 y
(k)
11 are distinct points. 2

(11) L1, L2,D1 y
(1)
11 = y

(2)
11 . y(1)11 andy(k)21 are distinct points. 2

(12) L1, L2,D1 y
(1)
11 = y

(1)
21 . y(1)11 andy(2)

i1 are distinct points. 2

(13) L1, L2,D1 y
(1)
11 = y

(2)
11 , y

(1)
21 = y

(2)
21 . y(1)11 andy(1)21 are distinct points. 3

(14) L1, L2,D1 y
(1)
11 = y

(2)
11 = y

(1)
21 . y(1)11 andy2

12 are distinct points. 3

(15) 2L1,D1 y
(1)
11 = y

(2)
11 . 3

(16) L1, A1 z
(k)
11 are distinct points. −1

(17) L1, A1 z
(1)
11 = z

(2)
11 . z(1)11 andz(3)11 are distinct points. 0

(18) L1, A1 z
(1)
11 = z

(2)
11 = z

(3)
11 . 1

(19) L1, A2 z
(k)
12 are distinct points. 0

(20) L1, A2 z
(1)
12 = z

(2)
12 . z(1)12 , z

(3)
12 ando2 are distinct points. 1

(21) L1, A2 z
(1)
12 = z

(2)
12 = o2. z(3)12 ando2 are distinct points. 1

(22) L1, A2 z
(1)
12 = z

(2)
12 = z

(3)
12 . z(1)12 ando2 are distinct points. 2

(23) L1, A2 z
(1)
12 = z

(2)
12 = z

(3)
12 = o2. 2

(24) L1, A3 z
(k)
13 are distinct points. 1

(25) L1, A3 z
(1)
13 = z

(2)
13 . z(1)13 , z

(3)
13 andc2 are distinct points. 2

(26) L1, A3 z
(1)
13 = z

(2)
13 = c2. z(3)13 andc2 are distinct points. 2

(27) L1, A3 z
(1)
13 = z

(2)
13 = z

(3)
13 . z(1)13 andc2 are distinct points. 3

(28) L1, A3 z
(1)
13 = z

(2)
13 = z

(3)
13 = c2. 3

(29) D1,D2 w
(k)
12 are distinct points. 2

(30) D1,D2 w
(1)
12 = w

(2)
12 . w(1)12 , w

(3)
12 andw(4)12 are distinct points. 1

(31) D1,D2 w
(1)
12 = w

(2)
12 , w

(3)
12 = w

(4)
12 . w(1)12 andw(3)12 are distinct points. 2

(32) 2D1 2
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The conditionz(1)1j = z
(2)
1j = z

(3)
1j means thatL1 is the tangent line ofAj at a flex pointz(1)1j

of Aj . The conditionz(1)12 = z
(2)
12 = o2 means thatL1 intersectsA2 at o2. The condition

z
(1)
12 = z

(2)
12 = z

(3)
12 = o2 means thatL1 is tangent toA2 at o2. The conditionz(1)13 = z

(2)
13 = c2

means thatL1 intersectsA3 at c2. The conditionz(1)13 = z
(2)
13 = z

(3)
13 = c2 means thatL1 is

tangent toA3 at c2. The conditionw(i)12 = w
(i+1)
12 means thatD1 andD2 have the common

tangent line at a pointw(i)12. To help to understand Table 3, we describe in Figure 1 the figures
corresponding to the curves.

From Tables 2 and 3, we see 0≤ χtop(F ) + 4 ≤ 9 for any quartic curveF . The
equality (4) implies that, if there exists a non-singular memberS̃ in U with only three singular
fibersS̃P , S̃P ′ , S̃P ′′ , then these are four lines intersecting at one point. Tables 2 and 3 imply
the following important lemma.

LEMMA 2.1. Let S be a Catanese-Ciliberto surface with g = 3. Then singular fibers
of the Albanese map a : S → Alb(S) =: E are reduced.

PROOF. It suffices to show that a singular fiber ofS′ ∈ |4H − F0E | with at worst ra-
tional double points is reduced. We assume thatS′

P is a singular fiber. LetUP ⊂ E be a
neighborhood andt a local parameter ofE atUP . Let (X0 : X1 : X2) be a relative homo-
geneous coordinate ofp−1(UP ). The defining polynomial ofS′ at P is written byΨ =∑∞
i=0 t

iψi(X0,X1,X2), whereψi are homogeneous polynomial inX0,X1,X2 of degree
four. Since∂tΨ |t=0 = ψ1(X0,X1,X2), singular points ofS′ satisfyψ1(X0,X1,X2) = 0.
Let F1 ⊂ P2 be the curve defined byψ1. SupposeS′

P is not reduced. Then any point in a
non-reduced irreducible component ofS′

P is a singular point ofS′
P . By using Bézout’s theo-

rem, a non-reduced irreducible component ofS′
P intersectsF1. In particular,S′ is singular at

this point ofS′
P . We consider two cases as follows.

(i) The case thatS′
P contains a lineL with the multiplicity greater than or equal to two.

If L intersectsF1 atQ, then we can write the local equation ofS′ atQ as follows:

Ψ = l2
∑

0≤i+j≤2

aij l
iyj + t

∑
0≤i+j≤4

bij l
iyj + t2

∑
0≤i+j≤4

cij l
iyj + (higher terms)

(aij , bij , cij ∈ C, (a00, a01, a02) �= (0,0,0), b00 = 0) ,

where (l, y) is an inhomogeneous coordinate system ofA2 such thatL is defined by
the equationl = 0. SinceQ is a rational double point ofS′, we haver(Q) ≥ 1. We show
that the sum of the Euler contributions of the rational double points ofS′ is at least four in
any cases.

If L intersectsF1 at four points, then the sum of the Euler contributions of the rational
double points ofS′ is at least four. LetmQ(L,F1) be the local intersection number ofL and
F1 atQ. First assume thatmQ(L,F1) = 2 or 3. Then we can assumeb01 = 0. By blow-
ing upΨ at the point satisfyingt = l = y = 0 (l = l1y, t = t1y), we obtain the defining
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FIGURE 1. Figures corresponding to curves in Table 3. Numbers with the bold curves are the multiplicities.

polynomials of the proper transform and exceptional curves as follows:

Ψ ′ = l21

∑
0≤i+j≤2

aij l
i
1y
i+j+t1

∑
1≤i+j≤4

bij l
i
1y
i+j−1+t21

∑
0≤i+j≤4

cij l
i
1y
i+j+y(higher terms),

Ψ ′|y=0 = a00l
2
1 + b10l1t1 + c00t

2
1 .
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Since we have

∂t1Ψ
′|y=0 = b10l1 + 2c00t1 ,

∂l1Ψ
′|y=0 = 2a00l1 + b10t1 ,

∂yΨ
′|y=0 = (a10l1 + a01)l

2
1 + (b20l

2
1 + b11l1 + b02)t1 + (c01 + c10l1)t

2
1 + (higher terms),

the surface defined byΨ ′ = 0 has a singular point att1 = l1 = 0 and we haver(Q) ≥
3. SinceS′

P has another rational double point, the sum of the Euler contributions of the
rational double points ofS′ is at least four in this case. In the case wheremP (L,F1) = 4,
we can show thatr(Q) ≥ 4 in a similar manner as in the previous case. Hence, we obtain∑
Q r(Q) ≥ 4. Furthermore, from Table 3, the Euler contribution of a non-reduced quartic

curve which contains a multiple line is at least six. It contradicts the fact that the sum of the
Euler contributions is nine. Hence,S′

P does not contain a line with the multiplicity greater
than one.

(ii) The case thatS′
P consists of a conicD with the multiplicity two. IfD intersects

F1 atQ, thenQ is a rational double point ofS′, i.e., r(Q) ≥ 1. If D intersectsF1 at eight
points, then the sum of the Euler contributions of the rational double points ofS′ is at least
eight. Furthermore, we know the Euler contribution ofS′

P is two by Table 3. It contradicts the
fact that the sum of the Euler contributions is nine. We can show thatS′

P does not consist of
a conic with the multiplicity two similarly as in the case (i). �

2.2. Defining equations of the Catanese-Ciliberto surfaces with unique singular fiber I.
Let S̃i be the surface defined byΨi = 0 in PẼ for i = 1,2, . . . ,5. We observe these surfaces
first. The first part of Theorem 0.2 is proved by the following example.

EXAMPLE 2.2. The defining polynomial of the fiber ofS̃1 at o is Ψ1(o) = 2β(Z4
1 −

Z4
2). The equationΨ1(o) = 0 defines the curve which consists of four lines intersecting at

one point. The fibers ato′ ando′′ are isomorphic to the fiber ato. Since we have

∂Z0Ψ1 = 4fZ3
0 , ∂Z1Ψ1 = 4gZ3

1 , ∂Z2Ψ1 = 4hZ3
2

andf, g andh are non-zero regular oñE \ {o, o′, o′′}, other fibers are non-singular. IfS̃1 has
singular points, then one of them is contained in the singular fiber ato. However, since the
local defining polynomial of̃S1 ato is

t−1Ψ1(tZ
′
0, Z1, Z2) = 2β(Z4

1 − Z4
2)+ t (Z′

0
4 + µZ4

1 + µZ4
2)+ (higher terms) ,

S̃1 is non-singular. Hence, we obtain the Catanese-Ciliberto surfaceS1 = S̃1/G of type I.

EXAMPLE 2.3. Since almost all fibers of̃S2 consists of four lines,S2 = S̃2/G is not
normal. In particular, it is not a Catanese-Ciliberto surface.

EXAMPLE 2.4. The defining polynomial of the fiber of̃S3 at o is Ψ3(o) =
Z2(−2βZ1Z

2
2 + Z3

0). Sinceβ is not zero, the fiber of̃S3 at o is the union of a cuspidal
cubic curve and the tangent line at the cusp. Since there exists no point ofS̃3 satisfying the
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equations

∂Z0Ψ3 = gZ3
1 + 3fZ2

0Z2 = 0 , ∂Z1Ψ3 = hZ3
2 + 3gZ0Z

2
1 = 0 ,

∂Z2Ψ3 = fZ3
0 + 3hZ1Z

2
2 = 0 ,

S̃3 has no other singular fibers. Because the local defining polynomial ofS̃3 ato is

t−1Ψ3(tZ
′
0, Z1, Z2) = −2βZ1Z

3
2 + Z′

0
3
Z2 + (2βZ′

0Z
3
1 + µZ1Z

3
2)t + (higher terms) ,

S̃3 has a rational double point of typeA2 at(o, (0 : 1 : 0)). Hence, it has the same singularities
overo′ ando′′.

We define the involutionι : Ẽ → Ẽ of the elliptic curveẼ by ι(P ) = −P . This in-
volution is lifted to those ofPẼ andOPẼ (H̃ ) so thatZ0, Z1, Z2 are mapped toZ0, Z2, Z1,
respectively. We denote this involution byῑ.

REMARK 2.5. We see thatι∗f = f, ι∗g = h andι∗h = g. By these equalities, the
automorphism̄ι induces an isomorphism̄ι|S̃4

: S̃4
∼→ S̃3 of divisors ofPẼ .

EXAMPLE 2.6. Since all fibers of̃S5 have singular points(0 : 0 : 1), (0 : 1 : 0),
(1 : 0 : 0), S5 = S̃5/G is not a Catanese-Ciliberto surface.

The automorphism̄ι induces an involution of̃S1. Let S̃ ∈ U be a surface with at most
rational double points defined byΨ = ∑5

i=1 aiΨi ∈ H 0(PẼ ,OP
Ẽ
(4H̃ − p̃∗[o]))G. In the

following remark, we note some properties ofS̃ ∈ U with an involution which need later.

REMARK 2.7. If we assumea3 = a4, thenῑ|S̃ gives an automorphism of̃S with order
two, because we haveῑ∗Ψi = Ψi (i = 1,2,5) andῑ∗Ψ3 = Ψ4, ῑ

∗Ψ4 = Ψ3.
(i) Each of fibers ato, o′ ando′′ contains a line. The fiber ato contains the line defined

byZ1 + Z2 = 0. Hence, these fibers are reducible singular quartic curves.
(ii) We assume that̃SP has a singular pointQ = (q0 : q1 : q2) for a pointP on

Ẽ \ {o, o′, o′′}. Let Ψ (P) be the defining polynomial of the fiber ofS̃ atP . Since we have
f (P ) = f (−P), g(P ) = h(−P) andh(P ) = g(−P), we obtainΨ (P)(Z0, Z1, Z2) =
Ψ (−P )(Z0, Z2, Z1). Therefore,S̃−P has a singular point(q0 : q2 : q1).

(iii) Let γ1, γ2, γ3 ∈ Ẽ be points of order two. If̃SP is a singular fiber, theñSP ′ , S̃P ′′ ,
S̃−P , S̃−P ′ and S̃−P ′′ are also singular fibers since the groupG of order three is acting on
S̃. SetΓ = {o, o′, o′′, γ1, γ

′
1, γ

′′
1 , γ2, γ

′
2, γ

′′
2 , γ3, γ

′
3, γ

′′
3 }. If P ∈ Ẽ \ Γ , the number of

elements of the set{P,P ′, P ′′,−P,−P ′,−P ′′} is six, i.e.,S̃ has six singular fibers which
are isomorphic to each other.

(iv) Similarly, if S̃ has a singular point in the fiber atP ∈ Ẽ \ Γ , thenS̃ has five other
singular points. Moreover, these analyticlocal rings are isomorphic to each other.

As we saw in Example 2.2,S1 = S̃1/G is the Catanese-Ciliberto surface of type I. The
following proposition implies that there are at most three other possibilities for eachE.
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PROPOSITION 2.8. For an arbitrary elliptic curve E, let S be a Catanese-Ciliberto
surface of type I with Alb(S) ∼= E. Let ϕ : Ẽ → E be an isogeny of degree three and ζ1, ζ2, ζ3
the cubic roots of −2β. Then the pull-back of S by the unramified finite morphism Φ : PẼ →
PE of degree three induced by ϕ is defined by one of the four equations Ψ1, Ψζ1, Ψζ2, Ψζ3,

where

Ψ1 = fZ4
0 + gZ4

1 + hZ4
2 = 0 ,

Ψζ = fZ4
0 + gZ4

1 + hZ4
2 − 12ζ 2Z0Z1Z2(Z0 + Z1 + Z2)

+ 4(gZ0Z
3
1 + hZ1Z

3
2 + fZ3

0Z2)+ 4(hZ0Z
3
2 + fZ3

0Z1 + gZ3
1Z2)

− 6ζ−2(ghZ2
1Z

2
2 + f hZ2

0Z
2
2 + f gZ2

0Z
2
1) = 0 for ζ = ζ1, ζ2, ζ3 .

PROOF. Let S̃ be a non-singular surface inU with only three singular fibers. We prove
thatS̃ is defined byΨ1 = 0 orΨζ = 0 for a cubic rootζ of −2β. LetΨ be defining equation
of S̃ in PẼ . ThenΨ can be written as

Ψ = a1(fZ
4
0 + gZ4

1 + hZ4
2)+ a2Z0Z1Z2(Z0 + Z1 + Z2)

+ a3(gZ0Z
3
1 + hZ1Z

3
2 + fZ3

0Z2)+ a4(hZ0Z
3
2 + fZ3

0Z1 + gZ3
1Z2)

+ a5(ghZ2
1Z

2
2 + f hZ2

0Z
2
2 + f gZ2

0Z
2
1) .

A singular fiber ofS̃ consists of four lines intersecting at one point. We assume thatS̃ has a
singular fiber atP ∈ Ẽ andS̃P consists of four lines intersecting at a pointQ = (q0 : q1 : q2).

(i) The case thatP is other thano, o′ ando′′. SinceΨ is G-invariant,S̃P ′ and S̃P ′′
are also quartic curves which consist of four lines intersecting at one point. We may assume
q2 = 1 by replacingP by P ′ or P ′′, if necessary. Denotef = f (P ), g = g(P ) and
h = h(P ). SincemQ(S̃P ) = 4,Q satisfies the following equations:

∂Z0∂Z0∂Z0Ψ (P) = 6a3f + 24a1f q0 + 6a4f q1 = 0 ,(5)

∂Z0∂Z0∂Z1Ψ (P) = 2a2 + 6a4f q0 + 4a5f gq1 = 0 ,(6)

∂Z0∂Z0∂Z2Ψ (P) = 4a5f h+ 6a3f q0 + 2a2q1 = 0 ,(7)

∂Z0∂Z1∂Z1Ψ (P) = 2a2 + 4a5f gq0 + 6a3gq1 = 0 ,(8)

∂Z0∂Z1∂Z2Ψ (P) = 2a2 + 2a2q0 + 2a2q1 = 0 ,(9)

∂Z0∂Z2∂Z2Ψ (P) = 6a4h+ 4a5f hq0 + 2a2q1 = 0 ,(10)

∂Z1∂Z1∂Z1Ψ (P) = 6a4g + 6a3gq0 + 24a1gq1 = 0 ,(11)

∂Z1∂Z1∂Z2Ψ (P) = 4a5gh+ 2a2q0 + 6a4gq1 = 0 ,(12)

∂Z1∂Z2∂Z2Ψ (P) = 6a3h+ 4a5ghq1 + 2a2q0 = 0 .(13)

From (9), we obtaina2 = 0 or 1+ q0 + q1 = 0.
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(i1) The casea2 = 0. From (6), (7), (8), (10), (12) and (13), we obtain conditions

2a5gq1 + 3a4q0 = 0 ,(14)

2a5h+ 3a3q0 = 0 ,(15)

2a5f q0 + 3a3q1 = 0 ,(16)

2a5f q0 + 3a4 = 0 ,(17)

2a5h+ 3a4q1 = 0 ,(18)

2a5gq1 + 3a3 = 0 .(19)

If we assumea3 = 0, a4 = 0 or a5 = 0, then we obtain conditionsa3 = a4 = a5 = 0 and
Ψ = Ψ1. Thus we supposea3, a4, a5 �= 0, so we obtainq0 = −2a5h/3a3, q1 = −2a5h/3a4.
From (14), (16), (17) and (19), we have

3a2
4 + 2a3a5g = 0 ,(20)

3a2
3 + 2a4a5f = 0 ,(21)

3a3a4 + 4a2
5f h = 0 ,(22)

3a3a4 + 4a2
5gh = 0 .(23)

By taking the difference(22) − (23), we obtain the conditionf = g. Therefore, we obtain
the conditiona3

4 − a3
3 = 0 from (20)× a4 − (21)× a3. Thena4 is equal toa3 orωa3, where

ω ∈ C satisfiesω3 = 1, ω �= 1. If a3 = a4, thenS̃ has a singular fiber ato according to
Remark 2.7(i). This contradicts the fact thatS̃ has only three singular fibers. Ifa4 = ωa3,
then we haveq1 = ω2q0. From (5), (11), (21) and (22), we have the following equations:

6a3f + 24a1f q0 + 6a3f q0 = 0 ,(24)

6a3ωf + 6a3f q0 + 24a1ω
2f q0 = 0 ,(25)

3a2
3 + 2ωa3a5f = 0 ,(26)

3a2
3ω + 4a2

5f h = 0 .(27)

By considering(24)×ω2 − (25), we haveq0 = ω2 andq1 = ω. On the other hand, we obtain
conditionsω2a3 − 2a5h = 0 andq0 = −ω2/3 from (26) × ω − (27). So (5)–(13) have no
common solutions for(q0, q1), i.e., the casea2 = 0 does not occur.

(i2) The case 1+ q0 + q1 = 0. From (5) and (11), we have

a3 + 4a1q0 − a4q0 − a4 = 0 ,(28)

a4 + a3q0 − 4a1q0 − 4a1 = 0 .(29)

If a3 = 4a1 or a4 = 4a1 holds, then we havea3 = a4 by (28) and (29). TheñSo is a
singular fiber by Remark 2.7(i). It contradicts the fact thatS̃ has only three singular fibers.
Therefore, we haveq0 = (a4 −a3)/(4a1 −a4) = (4a1 −a4)/(a3 −4a1) andq1 = −q0 −1 =
(a3 − 4a1)/(4a1 − a4). Hence, we haveq0q1 = 1. By q0q1 = 1 and 1+ q0 + q1 = 0, we
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obtain(q0, q1) = (ω, ω2). We get the following equations by (6), (8), (7), (12), (10) and
(13):

a2 + 3a4fω + 2a5f gω2 = 0 , a2 + 2a5f gω + 3a3gω2 = 0 ,

2a5fh+ 3a3fω + a2ω
2 = 0 , 2a5gh + a2ω + 3a4gω2 = 0 ,

3a4h+ 2a5f hω + a2ω
2 = 0, 3a3h+ 2a5ghω2 + a2ω = 0 .

We set the matrix

M =




1 0 3fω 2f gω2

1 3gω2 0 2f gω
ω2 3fω 0 2fh
ω 0 3gω2 2gh
ω2 0 3h 2fhω
ω 3h 0 2ghω2



.

LetMijkl be the determinant of the matrix consisting ofi, j, k, l-rows ofM. If rankM = 4,
i.e., ifMijkl �= 0 for some(i, j, k, l), then we obtaina2 = a3 = a4 = a5 = 0.

By an easy calculation, we have

M1234 = 18(f − g)f g(f ω + gω2 + h) ,(30)

M1256= 18(g − f )h(ghω + fhω2 + f g) ,(31)

M1356 = 18(f − h)f h(f ω + gω2 + h) .(32)

If all of them are zero, thenf = g = h. Sinceg(P ) = h(P ), P is a point of order two, i.e.,
P is one of the points(0 : 0 : 1), (1 : 0 : 1) and(λ : 0 : 1). If we assumeP = (0 : 0 : 1), then
we obtain 3α2 − 4(λ+ 1)α + 5λ = 0 fromf (P ) = g(P ). Since this and(3) are not satisfied
simultaneously,P is not(0 : 0 : 1).

Similarly,P is neither(1 : 0 : 1) nor (λ : 0 : 1). Thus,f (P ) = g(P ) = h(P ) does not
occur. One of (30), (31) and (32) is not zero, hence, we havea2 = a3 = a4 = a5 = 0, i.e.,
S̃ = S̃1. Then this is not the case by Example 2.2. Hence, 1+ q0 + q1 = 0 is also impossible.
Thus, case (i) does not occur.

(ii) The case thatP coincides with one ofo, o′ ando′′. As we saw in the Section 1.2,
we may assume thatP = o. By Remark 1.7, the defining equation ofS̃o can be written as

Ψ (o) = 2βa1(Z
4
1 − Z4

2)+ a2Z
′
0Z1Z2(Z1 + Z2)+ a3Z2(−2βZ1Z

2
2 + Z′

0
3
)

+ a4Z1(2βZ2
1Z2 + Z′

0
3
)− 2βa5Z

′
0
2
(Z2

2 − Z2
1) = 0 .
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SincemQ(S̃o) = 4,Q satisfies the following equations:

∂Z0∂Z0∂Z0Ψ (P) = 6a4q1 + 6a3q2 = 0 ,(33)

∂Z0∂Z0∂Z1Ψ (P) = 6a4q0 + 8a5q1β = 0 ,(34)

∂Z0∂Z0∂Z2Ψ (P) = 6a3q0 − 8a5q2β = 0 ,(35)

∂Z0∂Z1∂Z1Ψ (P) = 2a2q2 + 8a5q0β = 0 ,(36)

∂Z0∂Z1∂Z2Ψ (P) = 2a2q1 + 2a2q2 = 0 ,(37)

∂Z0∂Z2∂Z2Ψ (P) = 2a2q1 − 8a5q0β = 0 ,(38)

∂Z1∂Z1∂Z1Ψ (P) = 48a1q1β + 12a4q2β = 0 ,(39)

∂Z1∂Z1∂Z2Ψ (P) = 2a2q0 + 12a4q1β = 0 ,(40)

∂Z1∂Z2∂Z2Ψ (P) = 2a2q0 − 12a3q2β = 0 ,(41)

∂Z2∂Z2∂Z2Ψ (P) = −12a3q1β − 48a1q2β = 0 .(42)

From (37), we havea2 = 0 orq1 + q2 = 0.
(ii 1) The casea2 = 0. We easily obtaina3 = a4 = a5 = 0 by (33)–(42), i.e.,

Ψ = a1Ψ1. ThenS̃ = S̃1 covers the Catanese-Ciliberto surfaceS1 in Example 2.2.
(ii 2) The caseq1 + q2 = 0. If we assumeq1 = q2 = 0, then we obtaina2 = a3 =

a4 = a5 = 0. Hence, we can assume−q1 = q2 = 1. By (33)–(42), we obtain conditions

a3 = a4 = 4a1 , 3a1q0 − a5β = 0 ,

2a2 + 8a5q0β = 0 , a2q0 − 24a1β = 0 .

If a1 = 0, then we havea2 = a3 = a4 = a5 = 0. So we may assumea1 = 1. Therefore,
we obtaina5 = 3q0β

−1, a2 = −12q2
0 andq3

0 = −2β. Sinceβ �= 0, the equationζ 3 = −2β
has three distinct solutions. Thus,S̃ is defined byΨ1 = 0 orΨζ = 0 for a cubic rootζ of
−2β. �

REMARK 2.9. Let S̃ζ be a surface defined byΨζ for a cubic rootζ of −2β. We set
Sζ = S̃ζ /G. In the proof of Proposition 2.8, we saw thatSζ has the singular fiber ato which
consists of four lines intersecting at the point(o, (ζ : −1 : 1)). If S̃ζ has a singular point in the
fiber ato, then it must be this point. Hence, we have the equation∂tΨζ (o, (ζ : −1 : 1)) = 0.
It is easy to see that∂tΨζ (o, (ζ : −1 : 1)) = 27ζ 4 − 18µ. If λ �∈ {0,1}, then there exists no
common solution of equations 3ζ 4−2(3α2 −2(λ+1)α+λ) = 0, ζ 3+2β = 0, β2 −α(α−
1)(α − λ) and (3). Thus,̃Sζ have no singular points on the fibers ofS̃ζ ato, o′ ando′′.

3. Smoothness of the three surfaces. Let S̃1 be the surface defined byΨ1 = 0 and
S̃ζ the surface defined byΨζ = 0 in Remark 2.9. Sinceζ is a cubic root of−2β, there are
three choices forζ . We setS1 = S̃1/G andSζ = S̃ζ /G. We already know thatS1 is the non-
singular surface in Example 2.2. In this section, we show thatSζ is non-singular. It suffices
to show thatS̃ζ is non-singular. We first show the following lemma.
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LEMMA 3.1. Let S̃ be the surface defined by Ψ = ∑5
i=1 aiΨi = 0 in PẼ . Then S̃ is

reduced. Furthermore, S̃ is reducible if and only if Ψ satisfies a1 = a3 = a4 and a5 = 0.

PROOF. If S̃ is reducible or non-reduced, then we can writeS̃ = T1 + T2 by non-zero
effective divisorsT1 andT2. We assume thatTi are in|miH + p̃∗Di | with Di ∈ Div(Ẽ) and
degDi = ni for i = 1,2, and we assumem1 ≤ m2. The complete linear system|mH + p̃∗D|
with degD = n contains an effective member if and only if:

(a) m > 0,m+ n > 0;
(b) m > 0,m+ n = 0,OẼ(D)

∼= OẼ(−io− jo′ − ko′′) (i + j + k = m, i, j, k ≥ 0);
or

(c) m = 0, n > 0.
In particular, we havemi ≥ 0 andmi+ni ≥ 0. SinceS̃ ∈ |4H̃−p̃∗[o]|, we havem1+m2 = 4,
andOẼ(D1 + D2) ∼= OẼ(−[o]). Hence, we haven1 + n2 = −3. Sincen1 ≤ 0 implies
n2 ≥ −3, there are three possibilities, i.e., (i)m1 = 2, n1 < 0, (ii) m1 = 0 and (iii)m1 = 1.

(i) SinceS̃ isG-invariant,T ∗
o′T1 andT ∗

o′′T1 are also components ofS̃. If T1 is notG-
invariant, then we havem1 = 0,1. Thus,T1 isG-invariant, i.e.,T ∗

o′D1 is linearly equivalent
to D1. Hence, we haven1 ≡ 0 (mod 3). Fromm1 + n1 ≥ 0, we obtain−2 ≤ n1 < 0. It
contradicts the conditionn1 ≡ 0 (mod 3).

(ii) Sincen1 > 0, m2 = 4, n2 = −n1 − 3 andm2 + n2 = −n1 + 1 ≥ 0, we have
n1 = 1 andn2 = −4. SinceT1 = p̃∗D1 is notG-invariant,p̃∗T ∗

o′D1 andp̃∗T ∗
o′′D1 are also

components of̃S. Hence, the divisor̃S−p̃∗(D1+T ∗
o′D1+T ∗

o′′D1)which is linearly equivalent

to 4H̃−p̃∗[o]−p̃∗(D1+T ∗
o′D1+T ∗

o′′D1)must be effective. However, 4̃H−p̃∗[o]−p̃∗(D1+
T ∗
o′D1 + T ∗

o′′D1) satisfies none of the conditions (a), (b) and (c).
(iii) Since n1 ≥ −1 ,m2 = 3, n2 = −n1 − 3 andm2 + n2 = −n1 ≥ 0, we have

n1 = −1 or 0.
(iii 1) The casen1 = −1. SinceT1 is an effective divisor,D1 is linearly equivalent to

−o,−o′ or −o′′. In this case, the components ofS̃ are linearly equivalent tõH − F̃o, H̃ −
F̃o′, H̃ − F̃o′′ andH̃ . It is easy to see that aG-invariant surface which is linearly equivalent to
H̃ is defined byZ0+Z1+Z2 = 0. Therefore,Ψ is divisible byZ0, Z1, Z2 andZ0+Z1+Z2.
It is easy to seea1 = a3 = a4 = a5 = 0, i.e.,Ψ = Ψ2.

(iii 2) The casen1 = 0. If T1 is notG-invariant, then we havẽS− (T1 +T ∗
o′T1 +T ∗

o′′T1)

is linearly equivalent toH̃ − p̃∗[o]. However,T1 is G-invariant sinceH̃ − p̃∗[o] satisfies
none of (a), (b) and (c). SoT2 is alsoG-invariant. Similarly as in Lemma 1.4, we see that
fZ3

0 + gZ3
1 +hZ3

2 is a section ofH 0(PẼ ,OP
Ẽ
(3H̃ − p̃∗[o]))G. Thus, we haveΨ = a1(Z0 +

Z1 + Z2)(f Z
3
0 + gZ3

1 + hZ3
2), i.e.,a1 = a3 = a4 anda5 = 0. �

By Lemma 3.1,̃Sζ defined byΨζ is irreducible and reduced. SinceΨζ = Ψ1−12ζ 2Ψ2+
4(Ψ3 + Ψ4) − 6ζ−2Ψ5, S̃ζ has a non-trivial automorphism of order two. Letγi andΓ be as
in Remark 2.7. By Remark 2.7(iii), if̃S has a singular fiber at a point iñE \ Γ , thenS̃ has
five other singular fibers. If̃S has a singular fiber at a point inΓ , thenS̃ is two other singular
fibers.
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In order to prove the smoothness ofS̃ζ , we consider the fiber at a point inΓ . We already
know that fibers ofS̃ζ at o, o′ ando′′ consist of four lines intersecting at one point and do
not contain singularities of̃Sζ . ForP ∈ Γ \ {o, o′, o′′}, the set{P,P ′, P ′′,−P,−P ′,−P ′′}
contains a point of order two. So we prove that all of the fibers ofS̃ζ at points with order
two are non-singular in the following lemma. By this lemma, all the fibers at points inΓ are
non-singular.

LEMMA 3.2. Let S̃ζ be the surface defined by Ψζ = 0 in Remark 2.9 and P ∈ Ẽ a
point of order two. The fiber of S̃ζ at P is non-singular.

PROOF. The order ofP ∈ Ẽ is one or two if and only ifP is zero of the rational
function g − h. Let (S̃ζ )P be the fiber ofS̃ζ at P andΨζ (P ) the defining polynomial of
(S̃ζ )P . We denotef (P ) andg(P ) = h(P ) simply by f andg, respectively. Suppose that
(S̃ζ )P have a singular pointQ. ThenQ is a common zero of the following equations:

∂Z0Ψζ (P ) = 4fZ3
0 − 12ζ 2Z1Z2(2Z0 + Z1 + Z2)+ 4g(Z3

1 + Z3
2)

+ 12fZ2
0(Z1 + Z2)− 12f gζ−2Z0(Z

2
1 + Z2

2) = 0 ,
(43)

∂Z1Ψζ (P ) = 4fZ3
0 − 12ζ 2Z0Z2(Z0 + 2Z1 + Z2)+ 4g(Z3

1 + Z3
2)

+ 12gZ2
1(Z0 + Z2)− 12gζ−2Z1(f Z

2
0 + gZ2

2) = 0 ,
(44)

∂Z2Ψζ (P ) = 4fZ3
0 − 12ζ 2Z0Z1(Z0 + Z1 + 2Z2)+ 4g(Z3

1 + Z3
2)

+ 12gZ2
2(Z0 + Z1)− 12gζ−2Z2(f Z

2
0 + gZ2

1) = 0 .
(45)

By taking the difference(44)− (45), we obtain the condition

12ζ−2g(ζ 2 + g)(Z1 − Z2)(ζ
2g−1Z0 + Z1)(ζ

2g−1Z0 + Z2) = 0 .

Therefore,Q is a solution of (i)ζ 2 + g = 0, (ii) Z1 = Z2, (iii) ζ 2g−1Z0 + Z1 = 0 or
(iv) ζ 2g−1Z0 + Z2 = 0.

(i) The caseg = −ζ 2. Sincef gh = −ζ 6 by Remark 1.5, we obtainf = g = h =
−ζ 2. However, as we saw in the proof of Proposition 2.8,f (P ) = g(P ) = h(P ) does not
occur. Hence, we obtaing �= −ζ 2.

(ii) The caseZ1 = Z2. Since(P, (1 : 0 : 0)) is not contained iñSζ , we can write
Q = (Z0 : 1 : 1). By substituting 1 forZ1 andZ2 in (43) and (44), we obtain the following
equations:

4fZ3
0 − 24ζ 2(Z0 + 1)+ 8g + 24fZ2

0 − 24f gζ−2Z0 = 0 ,(46)

4fZ3
0 − 12ζ 2Z0(Z0 + 3)+ 8g + 12g(Z0 + 1)− 12gζ−2(fZ2

0 + g) = 0 .(47)

The resultant of the left-hand sides of (46) and (47) with respect toZ0 isg−6(g+ζ 2)2(−g+
2ζ 2)3. SinceQ is a common solution of (46) and (47), we haveg−6(g+ζ 2)2(−g+2ζ 2)3 = 0.
So we haveg = h = 2ζ 2 andf = −ζ 2/4 = −g/8. We can show that there exists no point
P ∈ Ẽ which satisfies−8f (P ) = g(P ) = h(P ) similarly as we proved that there exists no
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pointP ∈ Ẽ satisfyingf (P ) = g(P ) = h(P ) in the proof of Proposition 2.8. Thus, we have
Z1 �= Z2.

(iii) The caseζ 2g−1Z0 + Z1 = 0. By replacingZ0 of (43) and (44) with−ζ−2gZ1,
Q is a solution of the following equations:

8gZ3
1 + 24gZ2

1Z2 − 24ζ 2Z2
1Z2 − 24ζ 2Z1Z

2
2 + 4gZ3

2 − 24ζ 2Z3
1 = 0 ,(48)

20gZ3
1 − 12g2ζ−2Z2

1Z2 − 12g2ζ−2Z3
1 − 12g2ζ−2Z1Z

2
2 + 36gZ2

1Z2

+ 12gZ1Z
2
2 + 4gZ3

2 = 0 .
(49)

Since the resultant of (48) and (49) with respect toZ2 is zero, we obtain the condition
(g + ζ 2)(−g + 2ζ 2)Z1 = 0. If Z1 = 0, then we haveZ0 = Z1 = Z2 = 0. Thus, we have
ζ 2g−1Z0 + Z1 �= 0.

(iv) We can showζ 2g−1Z0+Z2 �= 0 in the same way. Sinceg +ζ 2 �= 0 andg −2ζ 2 �=
0, (43), (44) and (45) have no common zero. So(S̃ζ )P is non-singular. �

Next we show that̃Sζ is normal.

LEMMA 3.3. Let S̃ζ be as in Lemma 3.2. Then S̃ζ is normal.

PROOF. Since the algebraic surfacẽSζ is defined by one equationΨζ = 0 in the non-
singular varietyPẼ , it suffices to show that the codimension of the singular locus SingS̃ζ is at
least two. If there exists an irreducible componentD of SingS̃ζ with dimD = 1, thenπ̃ (D)
is either a point or an elliptic curvẽE. However, we know that̃Sζ has non-singular fibers. So
we can assume thatπ̃(D) is a pointR ∈ Ẽ. By Lemma 3.2, the order ofR is not two. Let
(S̃ζ )R be the fiber ofS̃ζ atR ∈ Ẽ andΨζ (R) the defining polynomial of(S̃ζ )R. Then(S̃ζ )R
contains a multiple line or a multiple conic.

(i) The case that(S̃ζ )R contains a line whose multiplicity is at least two. We denote
f = f (R), g = g(R) andh = h(R), for simplicity. In this case,(S̃ζ )R is written as follows:

Ψζ (R) = (b0Z0 + b1Z1 + b2Z2)
2(c0Z

2
0 + c1Z0Z1 + c2Z0Z2 + c3Z

2
1 + c4Z1Z2 + c5Z

2
2).

By comparing this with the expression ofΨζ (R) in Proposition 2.8, we obtain the following
equations:

b2
0c0 − f = 0 ,(50)

2b0b1c0 + b2
0c1 − 4f = 0 ,(51)

2b0b2c0 + b2
0c2 − 4f = 0 ,(52)

b2
1c0 + 2b0b1c1 + b2

0c3 + 6ζ−2f g = 0 ,(53)

2b1b2c0 + 2b0b2c1 + 2b0b1c2 + b2
0c4 + 12ζ 2 = 0 ,(54)

b2
2c0 + 2b0b2c2 + b2

0c5 + 6ζ−2f h = 0 ,(55)

b2
1c1 + 2b0b1c3 − 4g = 0 ,(56)

2b1b2c1 + b2
1c2 + 2b0b2c3 + 2b0b1c4 + 12ζ 2 = 0 ,(57)
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b2
2c1 + 2b1b2c2 + 2b0b2c4 + 2b0b1c5 + 12ζ 2 = 0 ,(58)

b2
2c2 + 2b0b2c5 − 4h = 0 ,(59)

b2
1c3 − g = 0,(60)

2b1b2c3 + b2
1c4 − 4g = 0 ,(61)

b2
2c4 + 2b1b2c5 − 4h = 0 ,(62)

b2
2c5 − h = 0 .(63)

Sincef �= 0, we can assumeb0 = 1. By (50)–(55), we see thatc0, . . . , c5 are poly-
nomials inb1, b2. Furthermore, by (56)–(63), we obtain the following conditions onb1 and
b2.

−12b2
1f + 4b3

1f − 4g − 12b1f gζ−2 = 0 ,(64)

−12b2
1f − 24b1b2f + 12b2

1b2f − 12b2f gζ−2 + 12ζ 2 − 24b1ζ
2 = 0 ,(65)

−24b1b2f − 12b2
2f + 12b1b

2
2f − 12b1fhζ

−2 + 12ζ 2 − 24b2ζ
2 = 0 ,(66)

−12b2
2f + 4b3

2f − 4h− 12b2fhζ
−2 = 0 ,(67)

−8b3
1f + 3b4

1f − g − 6b2
1f gζ−2 = 0 ,(68)

−8b3
1f − 24b2

1b2f + 12b3
1b2f − 4g − 12b1b2f gζ−2 − 12b2

1ζ
2 = 0 ,(69)

−24b1b
2
2f − 8b3

2f + 12b1b
3
2f − 4h− 12b1b2fhζ

−2 − 12b2
2ζ

2 = 0 ,(70)

−8b3
2f + 3b4

2f − h− 6b2
2fhζ

−2 = 0 .(71)

By taking the differencesb1 × (65)− (69) andb2 × (66)− (70), we have

−4b3
1f + 4g + 12b1ζ

2 − 12b2
1ζ

2 = 0 ,(72)

−4b3
2f + 4h+ 12b2ζ

2 − 12b2
2ζ

2 = 0 .(73)

The resultant of(64) + c × (68) (c ∈ C) and (72) with respect tob1 is written as polynomial
in c and vanishes for anyc ∈ C. Hence all coefficients of this polynomial are zero.

f 2g2 + 2f 2gh + 3f g2h+ 2f gh2 + g2h2 − 6f ghζ 2 − 6f gζ 4

− 3fhζ 4 − 6ghζ 4 = 0 ,
(74)

− 3f 2g2 − 8f 2gh− 10f g2h− 6f gh2 − 3g2h2 − f 2hζ 2 + 16f ghζ 2 + 19f gζ 4

+ 8f hζ 4 + 18ghζ 4 = 0 .
(75)

Similarly, by taking the resultant of(67)+ c× (71) (c ∈ C) and (73) with respect tob2,
we obtain the following equations:

2f 2gh+ 2f g2h+ f 2h2 + 3f gh2 + g2h2 − 6f ghζ 2 − 3f gζ 4

− 6fhζ 4 − 6ghζ 4 = 0 ,
(76)
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− 8f 2gh− 6f g2h− 3f 2h2 − 10f gh2 − 3g2h2 − f 2gζ 2 + 16f ghζ 2 + 8f gζ 4

+ 19fhζ 4 + 18ghζ 4 = 0 .
(77)

By computing the differences(74)− (76) and(75)− (77), we have

−f (g − h)(f g + fh+ gh− 3ζ 4) = 0 ,

f (g − h)(3f g + 3fh+ 4gh− f ζ 2 − 11ζ 4) = 0 .

Because the order ofR is not two,g − h �= 0 and we have

f g + f h+ gh− 3ζ 4 = 0 ,

3f g + 3fh+ 4gh− f ζ 2 − 11ζ 4 = 0 .

However, if these equations hold, then we haveg = h by an easy calculation because we have
f gh = −4β2 = −ζ 6. Hence, this case does not occur.

(ii) The case that(S̃ζ )R contains a conic whose multiplicity is two. In this case,Ψζ (R)

can be written as

Ψζ (R) = (b0Z
2
0 + b1Z0Z1 + b2Z0Z2 + b3Z

2
1 + b4Z1Z2 + b5Z

2
2)

2 .

By comparing coefficients ofΨζ (R), we obtain the following equations:

b2
0 − f = 0 ,(78)

2b0b1 − 4f = 0 ,(79)

2b0b2 − 4f = 0 ,(80)

b2
1 + 2b0b3 + 6ζ−2f g = 0 ,(81)

2b1b2 + 2b0b4 + 12ζ 2 = 0 ,(82)

b2
2 + 2b0b5 + 6ζ−2f h = 0 ,(83)

2b1b3 − 4g = 0 ,(84)

2b2b5 − 4h = 0 .(85)

By computing (78)–(82), we obtain the conditions

b1 = 2b0 , b2 = 2b0 , b3 = −2b0 − 3ζ−2gb0 ,

b4 = (4 + 6ζ 2/f )b0 , b5 = −2b0 − 3ζ−2hb0 .

By (84) and (85), we obtain the following equalities:

(−2 − 3ζ−2g)b2
0 − g = 0 ,(86)

(−2 − 3ζ−2h)b2
0 − h = 0 .(87)

Here we getg = h which contradicts our assumption. Thus, the lemma is proved. �

By using Lemma 3.3, we will show thatS̃ζ is non-singular.

LEMMA 3.4. The surface S̃ζ defined for a cubic root ζ of −2β in Remark 2.9 is non-
singular.
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PROOF. SinceS̃ζ is normal, singular points of̃Sζ are isolated. Letν : S∗
ζ → S̃ζ be the

minimal resolution. Letpg (S̃ζ , P ) be the geometric genus of(S̃ζ , P ). Then, by the Leray
spectral sequence, we have

χ(OS̃ζ
)− χ(OS∗

ζ
) =

∑
P∈SingS̃ζ

pg (S̃ζ , P ) .(88)

If S̃ζ has a singular point, theñSζ has two other singular points since the cyclic group of
order three acts on it freely. Therefore, the right-hand side of (88) is a positive multiple of
three.

We haveκ(S∗
ζ ) ≥ 1, sinceS∗

ζ has a fibration of curves of genus three over an elliptic
curve. In particular,χ(OS∗

ζ
) ≥ 0. By [9, Proposition 2.3], we knowχ(OS̃ζ

) = 3. Hence, the
left-hand side of (88) is at most three. Therefore, if there exist singular points which are not
rational double points oñSζ , then these singular points areminimal elliptic singular points
and the number of them is three. By Remark 2.7(iv), ifS̃ζ has a singular point in the fiber
atP ∈ Ẽ \ Γ , thenS̃ζ has six singular points. Since thereexist only three minimal elliptic
singular points onS̃ζ , these points are mapped intoΓ and one of these singular points is
contained in a fiber at a point with order two.

However, we already know that a fiber at a point with order two is non-singular. Thus,
S̃ζ has at worst rational double points. Becausethe sum of the Euler contributions is 27,
S̃ζ does not have other singular fibers and rational double points. Hence, we see thatS̃ζ is
non-singular. �

We showed that̃S1 andS̃ζ are non-singular in Example 2.2 and Lemma 3.4. We know
that, for a given elliptic curveE, there exist almost four isomorphism classes of the Catanese-
Ciliberto surfaces of type I withE ∼= Alb(S).

4. Isomorphic classes of surfaces. In this section, we consider the number of iso-
morphism classes of Catanese-Ciliberto surfacesS of type I with Alb(S) ∼= E for a givenE.
In order to count the number, we use the defining equations of these surfaces inPE.

4.1. A transition function of an indecomposable bundle. LetE be an elliptic curve
andV an indecomposable bundle of rank three with detV ∼= OE(o). In order to describe the
defining equations of canonical models of Catanese-Ciliberto surfaces inPE(V ), we describe
a transition function system ofV .

We embed the elliptic curveE in P2 so that it satisfies the equalityY 2Z = X(X −
Z)(X−λZ) for λ ∈ C \ {0,1} ando = (0 : 1 : 0). Now we recall the following lemma which
we need.

LEMMA 4.1 (Atiyah [1, Lemma 16]). Let r and d be positive integers. Let V ′ be an
indecomposable bundle of rank r and degree d over E. Then there exists an indecomposable
bundle of rank r+d and degree d overE, unique up to an isomorphisms, given by an extension

0 → O⊕s
E → V → V ′ → 0 .
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By the above lemma, there exists a unique indecomposable bundleV2,1 of rank two and
degree one overE satisfying the extension 0→ OE → V2,1 → OE(o) → 0. Moreover, we
see that there exists a unique indecomposable bundleV of rank three and degree one overE
satisfying the extension 0→ OE → V → V2,1 → 0. Note that the determinant line bundle
of the above vector bundleV is equal toOE(o).

Let UY = {(q0 : q1 : q2) ∈ E | q1 �= 0}, UZ = {(q0 : q1 : q2) ∈ E | q2 �= 0} and
UYZ = UY ∩UZ. Let r1, r2 andr3 be the points inE of order two. ThenUY = E \ {r1, r2, r3}
andUZ = E \ {o}. We describe a transition matrix ofV at UYZ for bases{Y0, Y1, Y2} of
V |UY and{Z0, Z1, Z2} of V |UZ as follows. Note thatZi in this section are not equal to those
in Section 3. Sett = X/Y . Then t is regular onUY and has zero of order one ato. So
a transition function ofOE(o) atUYZ is given by{t−1}. SinceV2,1 is given by a non-zero
element ofH 1(E,Hom(OE(o),OE)), a transition matrix ofV2,1 atUYZ is given by(

1 0
t−2 t−1

)
.

Furthermore, sinceV is given by a non-zero element ofH 1(E,Hom(V2,1,OE)), a tran-
sition matrix ofV atUYZ is given by

Y0
Y1
Y2


 =


 1 0 0
t−1 1 0
0 t−2 t−1





Z0
Z1
Z2


 .(89)

4.2. The defining equations inPE(V ). In this section, we give defining polynomi-
als of Catanese-Ciliberto surfaces which are elements ofH 0(PE(V ),OPE(V )(4H − Fo)).
Since we haveH 0(PE(V ),OPE(V )(4H − Fo)) ∼= H 0(E,Sym4V ⊗ OE(−o)), it suffices
to give elements ofH 0(E,Sym4V ⊗ OE(−o)). By the previous section, we haveV |UY =⊕

i=0,1,2OUY Yi andV |UZ = ⊕
i=0,1,2OUZZi with the relation (89). Then we have

H 0(UY ,Sym4V ⊗ OE(−o)) =
⊕

i+j+k=4

OE(−o)(UY ) Y i0Y j1 Y k2 ,

H 0(UZ,Sym4V ⊗ OE(−o)) =
⊕

i+j+k=4

OE(UZ) Z
i
0Z

j

1Z
k
2 .

The sectionsY i0Y
j

1 Y
k
2 andZi0Z

j

1Z
k
2 satisfy the relation onUY ∩ UZ as follows:

Y i0Y
j
1 Y

k
2 = (Z0)

i(t−2Z0 + Z1)
j (t−2Z1 + t−1Z2)

k .

We give an explicit basis of the vector spaceH 0(PE(V ),OPE(V )(4H − Fo)) in the following
lemma.

LEMMA 4.2. Let E, λ,UZ,Z0, Z1 and Z2 be as above. Set x = X/Z and y = Y/Z.
Then H 0(PE(V ),OPE(V )(4H − Fo)) has a basis {F1, F2, F3, F4, F5} defined by

F1 = 5λ2Z4
0 + 8λyZ3

0Z1 + 8λxZ3
0Z2 + (4(λ+ 1)x2 − 2(2λ2 + λ+ 2)x − 2λ(λ+ 1))Z2

0Z
2
1

+ 8(λ+ 1)yZ2
0Z1Z2 + (4(λ+ 1)x − 6λ)Z2

0Z
2
2 + (−3x2 + 2(λ+ 1)x + (λ− 1)2)Z4

1

− 8yZ3
1Z2 + (−6x + 2(λ+ 1))Z2

1Z
2
2 + Z4

2 ,
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F2 = (−3λ2x + 4λ2(λ+ 1))Z4
0 + 8λ2Z3

0Z2 + (2λx2 − 2λ(λ+ 1)x − 4λ2)Z2
0Z

2
1

+ 4λyZ2
0Z1Z2 + 2λxZ2

0Z
2
2 + (x3 − 2(λ+ 1)x2 + (λ+ 1)2x)Z4

1

+ (4y(x − 1)− 4λy)Z3
1Z2 + (6x2 − 6(λ+ 1)x + 4λ)Z2

1Z
2
2 + 4yZ1Z

3
2 + xZ4

2 ,

F3 = −λxZ4
0 − 2(λ+ 1)yZ3

0Z1 + (−2(λ+ 1)x + 3λ)Z3
0Z2

+ (−3x2 + (λ+ 1)x + 2(λ2 − λ+ 1))Z2
0Z

2
1 − 6yZ2

0Z1Z2 + (−3x + 2(λ+ 1))Z2
0Z

2
2

− 2yZ0Z
3
1 + (−3x + (λ+ 1))Z0Z

2
1Z2 + Z0Z

3
2 ,

F4 = −λ2Z4
0 − λyZ3

0Z1 − λxZ3
0Z2 + (−λx + λ(λ+ 1))Z2

0Z
2
1 + λZ2

0Z
2
2

+ (xy − (λ+ 1)y)Z0Z
3
1 + (3x2 − 3(λ+ 1)x + 2λ)Z0Z

2
1Z2 + 3yZ0Z1Z

2
2 + xZ0Z

3
2 ,

F5 = −λ2yZ4
0 + (−4λ2x + 2λ2(λ+ 1))Z3

0Z1 + 6λy(x − (λ+ 1))Z2
0Z

2
1

+ (4(λ+ 1)x3 − 4(2λ2 + λ+ 2)x2 + 2(2λ3 + λ2 + λ+ 2)x − 2(λ− 1)2λ)Z0Z
3
1

+ 12λ(x − λ)(x − 1)Z2
0Z1Z2 + 6λyZ2

0Z
2
2 + 12y((λ+ 1)x − (λ2 + 1))Z0Z

2
1Z2

+ (12(λ+ 1)x2 − 12(λ2 + λ+ 1)x + 6λ(λ+ 1))Z0Z1Z
2
2 + 4(λ+ 1)yZ0Z

3
2

+ y(3x2 − 2(λ+ 1)x − (λ− 1)2)Z4
1 + 12(x3 − (λ+ 1)x2 + λx)Z3

1Z2

+ (18xy − 6(λ+ 1)y)Z2
1Z

2
2 + (12x2 − 8(λ+ 1)x + 4λ)Z1Z

3
2 + 3yZ4

2 .

PROOF. Let γ be an element ofH 0(E,Sym4V ⊗ OE(−o)). Thenγ |UY andγ |UZ are
written as

γ |UY = α400Y
4
0 + α310Y

3
0Y1 + α301Y

3
0Y2 + α220Y

2
0Y

2
1 + α211Y

2
0Y1Y2

+ α202Y
2
0Y

2
2 + α130Y0Y

3
1 + α121Y0Y

2
1Y2 + α112Y0Y1Y

2
2 + α103Y0Y

3
2

+ α040Y
4
1 + α031Y

3
1Y2 + α022Y

2
1Y

2
2 + α013Y1Y

3
2 + α004Y

4
2 ,

γ |UZ = β400Z
4
0 + β310Z

3
0Z1 + β301Z

3
0Z2 + β220Z

2
0Z

2
1 + β211Z

2
0Z1Z2

+ β202Z
2
0Z

2
2 + β130Z0Z

3
1 + β121Z0Z

2
1Z2 + β112Z0Z1Z

2
2 + β103Z0Z

3
2

+ β040Z
4
1 + β031Z

3
1Z2 + β022Z

2
1Z

2
2 + β013Z1Z

3
2 + β004Z

4
2 ,

whereαijk andβijk are inOE(−o)(UY ) andOE(UZ), respectively.
Since(γ |UY )|UY∩UZ = (γ |UZ)|UY∩UZ , we have the following relations of the coeffi-

cients.

α004 = t4β004,(90)

α013 = t3β013− 4t2β004,(91)

α022 = t2β022− 3tβ013 + 6β004,(92)

α031 = tβ031 − 2β022 + 3t−1β013 − 4t−2β004,(93)

α040 = β040− t−1β031 + t−2β022− t−3β013+ t−4β004,(94)
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α103 = t3β103− t2β013 + 4tβ004,(95)

α112 = t2β112− 3tβ103 − 2tβ022 + 6β013− 12t−1β004,(96)

α121 = tβ121 − 2β112 + 3t−1β103 − 3β031 + 6t−1β022 − 9t−2β013+ 12t−3β004,(97)

α130 = β130− t−1β121+ t−2β112− t−3β103− 4t−1β040+ 4t−2β031− 4t−3β022

+ 4t−4β013− 4t−5β004,
(98)

α202 = t2β202− tβ130+ 3β103+ β022− 3t−1β013 + 6t−2β004,(99)

α211 = tβ211− 2β202− 2β121+ 4t−1β112− 6t−2β103+ 3t−1β031 − 6t−2β022

+ 9t−3β013− 12t−4β004,
(100)

α220 = β220− t−1β211+ tβ−2β202− 3t−1β103 + 3t−2β121− 3t−3β112

+ 3t−4β103+ 6t−2β040− 6t−3β031+ 6t−4β022 − 6t−5β013+ 6t−6β004,
(101)

α301 = tβ301− β211+ 2t−1β202+ t−1β121− 2t−2β112+ 3t−3β103 − t−2β031

+ 2t−3β022− 3t−4β013+ 4t−5β004,
(102)

α310 = β310− t−1β301− 2t−1β220+ 2t−2β211− 2t−3β202+ 3t−2β130

− 3t−3β121+ 3t−4β112− 3t−3β103− 4t−3β040+ 4t−4β031

− 4t−5β022+ 4t−6β013− 4t−7β004,

(103)

α400 = β400− t−1β310+ t−2β301+ t−2β220− t−3β211+ t−4β202− t−3β130

+ t−4β121− t−5β112+ t−6β103+ t−4β040− t−5β031+ t−6β022

− t−7β013+ t−8β004.

(104)

Let vo be the valuation of the local ringOE,o. Sinceαijk is in OE(−o)(UY ), we ob-
tain vo(αijk) ≥ 1. Hence, by (90) andvo(t) = 1, we havevo(β004) ≥ −3, i.e.,β004 ∈
H 0(E,OE(3o)). By (91), we have

vo(t
3β013) ≥ min{vo(α013), vo(t

2)+ vo(β004)} ≥ −1 .

Thus, we obtainvo(β013) ≥ −4, i.e.,β013 ∈ H 0(E,OE(4o)). Similarly, we obtainβijk ∈
H 0(E,OE((3 + j)o)). Since{1, x, y, x2, xy, x3, x2y} is aC-basis ofH 0(E,OE(7o)), βijk
can be written as follows:

β004 = a0 + a1x + a2y ,

β013 = b0 + b1x + b2y + b3x
2 ,

β022 = c0 + c1x + c2y + c3x
2 + c4xy ,

β031 = d0 + d1x + d2y + d3x
2 + d4xy + d5x

3 ,

β040 = e0 + e1x + e2y + e3x
2 + e4xy + e5x

3 + e6x
2y ,
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β103 = f0 + f1x + f2y ,

β112 = g0 + g1x + g2y + g3x
2 ,

β121 = h0 + h1x + h2y + h3x
2 + h4xy ,

β130 = i0 + i1x + i2y + i3x
2 + i4xy + i5x

3 ,

β202 = j0 + j1x + j2y ,

β211 = k0 + k1x + k2y + k3x
2 ,

β220 = l0 + l1x + l2y + l3x
2 + l4xy ,

β301 = m0 +m1x +m2y ,

β310 = n0 + n1x + n2y + n3x
2 ,

β400 = p0 + p1x + p2y ,

wherea0, a1, . . . , p1, p2 are inC. Sinceαijk has zero ato, by these equations and (90)–(104),
we obtain relations of the complex numbersa0, a1, . . . , p1, p2. By the equality (91), we have

α013 = t−1(b3u
2 − 4a1u)+ (b2 − 4a1)u+ (higher term) .

Sinceν0(α013) ≥ 1, we obtain conditionsb3 = 4a2 andb2 = 4a1. By these equalities and
(92), we have

α022 = t−3((c4 − 12a2)u
2 + 6a2u)+ t−2(c3u

2 − 6a1u)+ t−1(c2u− 3b1u)

+ (c1u+ 6a0)+ (higher term).

Sinceνo(α022) ≥ 1, we obtainc4 = 6a2 andc3 = 6a1. By these equalities andu = 1 + (λ+
1)t2 − λt4u−1, we have

α022 = −6a2t
−1((λ+ 1)u− λt2)+ 6a1((λ+ 1)u− λt2)+ t−1(c2u− 3b1u)

+ (c1u+ 6a0)+ (higher term)

= t−1(−6a2(λ+ 1)u+ c2u− 3b1u)+ (6a1(λ+ 1)u+ c1u+ 6a0)+ (higher term) .

Thus, we obtain the relations−6a2(λ+ 1)+ c2 − 3b1 = 0 and 6a1(λ + 1)+ c1 + 6a0 = 0.
Similarly, we obtain the following relations:

b3 = 4a2 , b2 = 4a1 , b1 = −8a2(λ+ 1)

3
, b0 = 4a2λ

3
, c4 = 6a2 , c3 = 6a1,

c2 = −2a2(λ+ 1) , c1 = −6a0 − 6a1(λ+ 1) , c0 = 2(a0(λ+ 1)+ 2a1λ) ,

d5 = 4a2 , d4 = 4a1 , d3 = −4a2(λ+ 1) , d2 = −4(2a0 + a1(λ+ 1)) ,

d1 = 4a2λ , d0 = 0 , e6 = a2 , e5 = a1 , e4 = −2a2(λ+ 1)

3
,

e3 = −3a0 − 2a1(λ+ 1) , e2 = −a2(λ− 1)2

3
, e1 = (λ+ 1)(2a0 + a1(λ+ 1)) ,

e0 = a0(λ− 1)2 , f2 = 4a2(λ+ 1)

3
, g3 = 4a2(λ+ 1), g2 = 3f1 ,
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g1 = −4a2(λ
2 + λ+ 1) , g0 = 2a2λ(λ+ 1) , h4 = 4a2(λ+ 1) , h3 = 3f1 ,

h2 = −4a2(λ
2 + 1) , h1 = −3(f0 + (λ+ 1)f1) , h0 = f0(λ+ 1)+ 2f1λ ,

i5 = 4a2(λ+ 1)

3
, i4 = f1 , i3 = −4a2(2λ2 + λ+ 2)

3
, i2 = −2f0 − f1(λ+ 1) ,

i1 = 2a2(2λ3 + λ2 + λ+ 2)

3
, i0 = −2a2λ(λ − 1)2

3
, j2 = 2a2λ ,

j1 = −3f0 + 2a1λ+ 4a0(λ+ 1) , j0 = (−6a0 + f1)λ+ 2f0(λ+ 1) , k3 = 4a2λ ,

k2 = −6f0 + 4a1λ+ 8a0(λ+ 1) , k1 = −4a2λ(λ + 1) , k0 = 4a2λ
2 , l4 = 2a2λ ,

l3 = −3f0 + 2a1λ+ 4a0(λ+ 1) , l2 = −2a2λ(λ+ 1) ,

l1 = f0(λ+ 1)− 2a2(2λ
2 + λ+ 2)− λ(f1 + 2a1(λ+ 1)) ,

l0 = 2f0(λ
2 − λ+ 1)+ λ(f1(λ+ 1)− 4a1λ− 2a0(λ+ 1)) ,

m2 = 0 , m1 = (8a0 − f1)λ− 2f0(λ+ 1) , m0 = λ(3f0 + 8a1λ) , n3 = 0 ,

n2 = (8a0 − f1)λ− 2f0(λ+ 1) , n1 = −4a2λ
2

3
, n0 = 2a2λ

2(λ+ 1)

3
, p2 = −a2λ

2

3
,

p1 = −λ(f0 + 3a1λ) , p0 = λ2(5a0 − f1 + 4a1(λ+ 1)) .

By the above relations, we see thatb1, b2, . . . , e5, e6, f2, g0, g1, . . . , p1, p2 are the linear
combinations ofa0, a1, a2, f0, f1 with coefficients inC. So,βijk are the linear combinations
of a0, a1, a2, f0, f1 with coefficients in rational functions ofE. By replacingβijk in γ |UZ with
such linear combinations ofa0, a1, a2, f0 andf1, any elementγ ∈ H 0(PE(V ),OPE(V )(4H−
Fo)) is represented as

γ =
∑
i,j,k≥0
i+j+k=4

βijkZ
i
0Z

j
1Z

k
2

= a0F1 + a1F2 + f0F3 + f1F4 + a2

3
F5 .

Hence, the vector spaceH 0(PE(V ),OPE(V )(4H − Fo)) is generated byF1, . . . , F5. By [3,
Theorem 1.17], we see that the dimension ofH 0(PE(V ),OPE(V )(4H −Fo)) is five. Thus, the
vector spaceH 0(PE(V ),OPE(V )(4H − Fo)) has a basis{F1, F2, F3, F4, F5}. �

REMARK 4.3. LetS be a Catanese-Ciliberto surface defined byF = ∑5
i=1 siFi . Let

F(o) be the defining polynomial of the fiber ofS at o. Then it is easy to see thatF(o) =
t−1F(Y0,−t−1Y0 + Y1, t

−2Y0 − t−1Y1 + tY2)|t=0. By a calculation, we obtain

F(o) = s1(8λ2Y 3
0Y1 + 4λ(λ+ 1)Y 3

0Y2 + 12λY0Y
2
1Y2 + 8(λ+ 1)Y0Y1Y

2
2 + 4Y0Y

3
2 )

+ s2(4λ2(λ+ 1)Y 3
0Y1 + 8λ2Y 3

0Y2 − 4λ2Y0Y
3
1 + 4λY0Y1Y

2
2 )

+ s3(−λ(λ+ 1)Y 3
0Y1−2(λ2 − λ+ 1)Y 3

0Y2−λY0Y
3
1 −2(λ+ 1)Y0Y

2
1Y2−3Y0Y1Y

2
2 )

+ s4(−2λ2Y 3
0Y1 − λ(λ+ 1)Y 3

0Y2 − λY0Y
2
1Y2 + Y0Y

3
2 )

+ s5(λ
2(λ− 1)2Y 4

0 − λ2Y 4
1 + 6λY 2

1Y
2
2 + 4(λ+ 1)Y1Y

3
2 + 3Y 4

2 ) .
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4.3. Defining equations of the Catanese-Ciliberto surfaces with unique singular fiber II.
In Section 2.2, we obtained the defining equations of the unramified triple coverings of the
Catanese-Ciliberto surfaces. These were given asG-invariant global sections ofOPẼ (4H̃ −
p̃∗[o]). The defining equations of Catanese-Ciliberto surfaces are elements ofH 0(PE(V ),
OPE(V )(4H − p∗o)). Hence, by Lemma 4.2, it is described asF = ∑5

i=1 siFi . First, let us
mention a result which we need later.

LEMMA 4.4. Let π : V → E be an indecomposable bundle of rank three and degree
one. Then the group Aut(V ) of automorphisms Φ∗ of V satisfying Φ∗ ◦ π = π is isomorphic
to C∗.

PROOF. Let Yi andZi be as in the previous section. LetΦ∗ be an automorphism ofV
such thatΦ∗ ◦ π = π . SinceZ0 (= Y0) is a unique global section ofV up to multiplications
of complex numbers, we haveΦ∗Z0 = cZ0 andΦ∗Y0 = cY0, wherec ∈ C∗. SinceΦ∗Zi
(resp.Φ∗Yj ) is contained inV (UZ) (resp.V (UY )), we can write

Φ∗Y1 = α1,0Y0 + α1,1Y1 + α1,2Y2 ,

Φ∗Y2 = α2,0Y0 + α2,1Y1 + α2,2Y2 ,

Φ∗Z1 = β1,0Z0 + β1,1Z1 + β1,2Z2 ,

Φ∗Z2 = β2,0Z0 + β2,1Z1 + β2,2Z2 ,

whereαi,j andβi,j are inOE(UY ) andOE(UZ), respectively. SinceY1 = t−1Z0 + Z1 and
Y2 = t−2Z1 + t−1Z2, by the transition relation (89), we obtain

Φ∗Yi = αi,0Y0 + αi,1Y1 + αi,2Y2

= (αi,0 + t−1αi,1)Z0 + (αi,1 + t−2αi,2)Z1 + t−1αi,2Z2 .

Also, by (89), we have

Φ∗Y1 = t−1Φ∗Z0 +Φ∗Z1

= (ct−1 + β1,0)Z0 + β1,1Z1 + β1,2Z2 ,

Φ∗Y2 = t−2Φ∗Z1 + t−1Φ∗Z2

=
2∑
j=0

(t−2β1,j + t−1β2,j )Zj .

Hence, by comparing coefficients ofZ0, Z1 andZ2 for Φ∗Y1 andΦ∗Y2, we obtain the fol-
lowing relations.

α1,0 + t−1α1,1 = ct−1 + β1,0 ,(105)

α1,1 + t−2α1,2 = β1,1 ,(106)

t−1α1,2 = β1,2 ,(107)

α2,0 + t−1α2,1 = t−2β1,0 + t−1β2,0 ,(108)

α2,1 + t−2α2,2 = t−2β1,1 + t−1β2,1 ,(109)
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t−1α2,2 = t−2β1,2 + t−1β2,2 .(110)

Sinceα1,2 is regular ato ∈ UY , we see thatβ1,2 ∈ H 0(E,OE(o)) = C by the equality
(107). Ifβ1,2 �= 0, thenvo(α1,1) = vo(β1,1 − t−1β1,2) = −1. So we obtainβ1,2 = α1,2 = 0.
By the equalityα1,1 = β1,1, we haveβ1,1 ∈ H 0(E,OE(o)) = C. Similarly, by equalities
(105)–(110), we obtain the following relations:

α1,2 = β1,2 = α1,0 = β1,0 = α2,1 = β2,1 = α2,0 = β2,0 = 0 ,

α1,1 = β1,1 = α2,2 = β2,2 = c ,

i.e., we haveΦ∗Z1 = cZ1 andΦ∗Z2 = cZ2, i.e.,Φ∗ is the multiplication of the constant
c. �

Now we give the defining equations of these surfaces inPE .

LEMMA 4.5. Let λ be a complex number in C \ {0,1} and E ⊂ P2 the elliptic curve
defined by the equation Y 2Z = X(X − Z)(X − λZ) and Dλ(T ) the quartic polynomial
λ2T 4 − 6λT 2 − 4(λ + 1)T − 3 with the variable T . Let ξ be a complex number satisfying
the equality Dλ(ξ) = λ2ξ4 − 6λξ2 − 4(λ+ 1)ξ − 3 = 0. Let Lλ(ξ) be the matrix defined as
follows:

Lλ(ξ) =


−8λ2ξ−4λ(λ+1) −4λ2(λ+1)ξ−8λ2 λ(λ+ 1)ξ+2(λ2−λ+1) 2λ2ξ+λ(λ+1)
−12λ 12λ2ξ 3λξ+2(λ+1) λ

−12λξ−8(λ+1) −4λ 2(λ+1)ξ+ 3 λξ

8(λ+1)ξ+12 4λξ −3ξ 3


 .

Let (s1, s2, s3, s4) be a non-zero vector with Lλ(ξ) t(s1, s2, s3, s4) = 0. Then we obtain the
following.

(i) For every λ ∈ C \ {0,1}, the quartic equation Dλ(T ) = 0 has four distinct so-
lutions. The rank of Lλ(ξ) is three for any λ ∈ C \ {0,1} and ξ satisfying the equality
Dλ(ξ) = 0. In particular, There exist four choices of (s1, s2, s3, s4) up to multiplications of
complex numbers for each λ ∈ C \ {0,1}.

(ii) The equations
∑4
i=1 siFi = 0 define Catanese-Ciliberto surfaces S of type I with

Alb(S) ∼= E. Conversely, a Catanese-Ciliberto surface of type I with Alb(S) ∼= E is defined
by one of four equations

∑4
i=1 siFi = 0.

PROOF. Let S be a Catanese-Ciliberto surface of type I with Alb(S) ∼= E. We use the
notation such asι, ῑ andPẼ in Section 2. By Proposition 2.8 and Remark 2.7, the unramified
triple coveringS̃ of S has an automorphism obtained by restricting an automorphismῑ of
PẼ which commutes with the involutionι of the elliptic curveẼ. Moreover, the defining
equation ofS̃ in PẼ is ῑ∗-invariant. SinceG = {o, o′, o′′} acts onPẼ as translations and we
haveι ◦ To′ = To′′ ◦ ι and S̃/G = S, S has an automorphism obtained by restricting an
automorphism ofPE which commutes with the involution of the elliptic curveE.
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Let ι2 be the involution ofE and ι2 an automorphism ofPE defined byι2∗Z0 =
Z0, ι2

∗Z1 = −Z1 andι2∗Z2 = Z2. Then, by the propertiesι∗2x = x, ι∗2y = −y, it is clear
thatι2 commutes withι2. By Lemma 4.4, an automorphism ofPE which commutes withι2 is
equal toι2.

LetF = ∑5
i=1 siFi be the defining equation ofS. Sinceι2∗Z0 = Z0, ι2

∗Z1 = −Z1 and
ι2

∗Z2 = Z2, we haveι2∗F5 = −F5 andι2∗Fi = Fi for i = 1,2,3,4.
SinceS is ι2-invariant, we havecF = ι2

∗F = ∑4
i=1 siFi − s5F5 for c ∈ C∗, i.e., we get

s5 = 0.
By Proposition 2.8, the unique singular fiber ofS is at the pointo. By Remark 4.3, the

defining equation of the fiber ofS ato is written as follows:

F(o) = s1(8λ
2Y 3

0Y1 + 4λ(λ+ 1)Y 3
0Y2 + 12λY0Y

2
1Y2 + 8(λ+ 1)Y0Y1Y

2
2 + 4Y0Y

3
2 )

+ s2(4λ2(λ+ 1)Y 3
0Y1 + 8λ2Y 3

0Y2 − 4λ2Y0Y
3
1 + 4λY0Y1Y

2
2 )

+ s3(−λ(λ+ 1)Y 3
0Y1−2(λ2 − λ+ 1)Y 3

0Y2−λY0Y
3
1 − 2(λ+ 1)Y0Y

2
1Y2−3Y0Y1Y

2
2 )

+ s4(−2λ2Y 3
0Y1 − λ(λ + 1)Y 3

0Y2 − λY0Y
2
1Y2 + Y0Y

3
2 ) .

Moreover, this fiber is a quartic curve which consists of four lines intersecting at a point. One
of these four lines is defined byY0 = 0. SetF̄ = F(o)/Y0. Then the equation̄F = 0 defines
a cubic curve with a triple point on the lineY0 = 0. Thus, there exists a point satisfying the
following linear relations ins1, s2, s3, s4:

∂Y0∂Y0F̄ |Y0=0 = −2((−8λ2Y1 − 4λ(λ+ 1)Y 2
2 )s1 + (−4λ2(λ+ 1)Y1 − 8λ2Y2)s2

+ (λ(λ+ 1)Y1 + 2(λ2 − λ+ 1)Y2)s3 + (2λ2Y1 + (λ+ 1)Y2)s4) = 0 ,

∂Y1∂Y1F̄ |Y0=0 = 2(12λY2s1 − 12λ2Y1s2 − (3λY1 + 2(λ+ 1)Y2)s3 − λY2s4) = 0 ,

∂Y1∂Y2F̄ |Y0=0 = 2((12λY1+8(λ+ 1)Y2)s1 + 4λY2s2−(2(λ+ 1)Y1 + 3Y2)s3−λY1s4) = 0 ,

∂Y2∂Y2F̄ |Y0=0 = 2((8(λ+ 1)Y1 + 12Y2)s1 + 4λY1s2 − 3Y1s3 + 3Y2s4) = 0 .

By using the matrixLλ of the coefficients, we write these equalities as
t(∂Y0∂Y0F̄ , ∂Y1∂Y1F̄ , ∂Y1∂Y2F̄ , ∂Y2∂Y2F̄ )|Y0=0 = Lλ

t(s1, s2, s3, s4) = 0 .

The determinant of the matrixLλ is calculated to be

− 192(λ− 1)2λ2(λ2Y 4
1 − 6λY 2

1Y
2
2 − 4(λ+ 1)Y1Y

3
2 − 3Y 4

2 )

= −192(λ− 1)2λ2Dλ(Y1/Y2)Y
4
2 .

We obtain the matrixLλ(ξ) by replacingY1 andY2 by ξ and 1. Then(s1, s2, s3, s4) satisfies
Lλ(ξ)

t(s1, s2, s3, s4) = 0 if (0 : ξ : 1) is the triple point of the cubic curvēF = 0. Hence,
the defining equationF = ∑4

i=1 siFi of S satisfiesLλ(ξ) t(s1, s2, s3, s4) = 0, whereξ is a
solution of the equationDλ(T ) = 0.

Furthermore, the equationDλ(T ) = 0 in T does not have multiple solutions. Thus,
the number of solutions ofDλ(T ) = 0 is four. By an easy calculation, we see that the rank
of Lλ(ξ) is three. So a vector(s1, s2, s3, s4) is determined uniquely up to multiplications of
complex numbers forλ ∈ C \ {0,1} andξ ∈ C satisfying the equalityDλ(ξ) = 0.
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Conversely, we assume thatξ and (s1, s2, s3, s4) satisfy equalitiesDλ(ξ) = 0 and
Lλ(ξ)

t(s1, s2, s3, s4) = 0. Then the surfaceS defined by
∑4
i=1 siFi = 0 has a fiber with

a quadruple point. Therefore, we have only to show thatS is non-singular. Since the unrami-
fied triple covering ofS has three singular fibers with a quadruple point, this is isomorphic to
S̃1 or S̃ζ . Note thatS̃1 andS̃ζ are as in Section 2. By Example 2.2 and Lemma 3.4,S̃1 andS̃ζ
are non-singular. Hence,S is non-singular, i.e.,S is the Catanese-Ciliberto surface of type I.
Therefore, we complete the proof. �

4.4. Completion of the proof of Theorem 0.2. Lets(ξ) = (s(ξ)1, s(ξ)2, s(ξ)3, s(ξ)4)

be a non-zero vector satisfyingLλ(ξ) ts(ξ) = 0 for each solutionξ of the equationDλ(ξ) =
λ2ξ4−6λξ2−4(λ+1)ξ−3 = 0. SetFξ = ∑4

i=1 s(ξ)iFi . We know that the surfaceSξ defined
by Fξ = 0 in PE(V ) is a Catanese-Ciliberto surface of type I. Hence, it suffices to consider
the isomorphic classes among the four surfacesSξ . Set CCIλ = {Sξ | ξ ∈ C,Dλ(ξ) = 0}.

LEMMA 4.6. Let ξ1 and ξ2 be solutions of Dλ(T ) = 0. If there exists an isomorphism
Φ : Sξ1 → Sξ2, then Φ induces an automorphism ϕ of E with ϕ(o) = o, and Φ is the
restriction of an automorphism of PE which commutes with ϕ.

PROOF. Since Alb(Sξ1) = Alb(Sξ2) = E, Φ induces an automorphismϕ : E → E by
the universality of the Albanese maps. Since each ofSξ1 andSξ2 has a unique singular fiber at
o, we haveϕ(o) = o.

Let iξj : Sξj ↪→ PE be the natural closed immersion forj = 1,2. By the adjunction
formula, we haveiξj

∗OPE (H)
∼= KSξj sinceSξj andKPE are linearly equivalent to 4H − Fo

and−3H + Fo, respectively. In other words,iξj is the relative canonical map ofSξj . Since

Φ is an isomorphism fromSξ1 to Sξ2, we have an isomorphismΦ∗KSξ2
∼→ KSξ1 . Hence, we

have an isomorphismϕ∗(p|Sξ2 )∗KSξ2
∼→ (p|Sξ1 )∗Φ∗KSξ2

∼→ (p|Sξ1 )∗KSξ1 which we denote

by Φ̄∗. By [4, II, Proposition 7.12],Φ̄∗ induces the automorphism̄Φ of PE satisfying the
following commutative diagram:

PE = PE((p|Sξ1 )∗KSξ1 )
Φ̄−−→ PE((p|Sξ2 )∗KSξ2 ) = PE .

iξ1

�
�iξ2

Sξ1
Φ−−−−−−−−−−−−−−−−−−−→ Sξ2

p|Sξ1
� �p|Sξ2

E
ϕ−−−−−−−−−−−−−−−−−−−→ E

Note that(p|Sξj )∗KSξj coincide with an indecomposable bundleV of rank three and
degree one with detV ∼= OE(o) by the construction ofSξj . �

By the above lemma, we have the following consequence.

LEMMA 4.7. If E has no automorphism of complex multiplication type, then there
exist no isomorphisms among the four surfaces in CCIλ.
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PROOF. Let ξ1 andξ2 be solutions ofDλ(T ) = 0. It suffices to showξ1 = ξ2 if there
exists an isomorphismΦ : Sξ1 → Sξ2. It is easy to see thats(ξ1)1, s(ξ2)1 �= 0. We can
assume thats(ξ1)1 = s(ξ2)1 = 1. By Lemma 4.6,Φ is the restriction of an automorphism
Φ̄ of PE which commutes with an automorphismϕ of E leavingo fixed. SinceΦ̄ gives an
isomorphism fromSξ1 to Sξ2, we haveFξ1 = cΦ̄∗Fξ2 (c ∈ C∗), where we also denote bȳΦ∗
the automorphism of Sym4V induced byΦ̄∗.

SinceE has no automorphism of complex multiplication type,ϕ is equal to idE or ι2,
whereι2 is the involution ofE.

If ϕ = idE, by Lemma 4.4, we see that̄Φ∗Z0 = dZ0, Φ̄
∗Z1 = dZ1 andΦ̄∗Z2 = dZ2

for d ∈ C∗. Therefore, we havēΦ∗Fi = d4Fi for i = 1,2,3,4,5. We obtainFξ1 =
cΦ̄∗Fξ2 = cd4Fξ2. By the assumptions(ξ1)1 = s(ξ2)1 = 1, we havecd4 = 1 ands(ξ1)i =
s(ξ2)i for i = 1,2,3,4. Thus, we haveξ1 = ξ2 if ϕ = idE .

We consider the case whereϕ = ι2. Let ι2 be an automorphism ofPE as in the proof
of Lemma 4.5. By Lemma 4.4, we see thatΦ̄ = ι2, i.e., Φ̄∗Z0 = dZ0, Φ̄

∗Z1 = −dZ1

andΦ̄∗Z2 = dZ2 for d ∈ C∗. Therefore, we havēΦ∗F5 = −d4F5 andΦ̄∗Fi = d4Fi for
i = 1,2,3,4. We obtainFξ1 = cΦ̄∗Fξ2 = cd4Fξ2. �

Now, we consider the case where the Albanese torusE has an automorphism of complex
multiplication type. SinceE is defined by the equationY 2Z = X(X−Z)(X− λZ), we have
to consider the cases whereλ = −1 andλ = (1 + √−3)/2. First we consider the case
λ = −1.

LEMMA 4.8. Assume that λ = −1. Then, there exist four solutions ±ξ0,±ξ1 of the
equality D−1(T ) = 0, and there exist isomorphisms Sξ0 ∼= S−ξ0 and Sξ1 ∼= S−ξ1, while Sξ0
and Sξ1 are not isomorphic.

PROOF. First, we describe(s(ξ)1 : s(ξ)2 : s(ξ)3 : s(ξ)4) for a solutionξ of the equation
D−1(T ) = 0. By substituting−1 for λ of Lλ(ξ) in Lemma 4.5, we get

L−1(ξ) =




−8ξ −8 6 2ξ
12 12ξ −3ξ −1
12ξ 4 3 −ξ
12 −4ξ −3ξ 3


 .

From this matrix, we have

(s(ξ)1 : s(ξ)2 : s(ξ)3 : s(ξ)4) = (3(ξ2 − 1) : 6ξ : −4ξ(ξ2 − 1) : 24ξ2) ,

i.e.,Fξ = 3(ξ2 − 1)F1 + 6ξF2 − 4ξ(ξ2 − 1)F4 + 24ξ2F5.
Let {ξ0,−ξ0, ξ1,−ξ1} be the set of solutions ofD−1(T ) = T 4 + 6T 2 − 3 = 0. We use

the notation as in Lemma 4.6. By Lemma 4.6, ifSξ0 is isomorphic to another surfaceSξ , then
there exists a unique automorphism̄Φ of PE which commutes with an automorphismϕ of E
leavingo fixed such thatΦ̄∗F(ξ0) = cF (ξ) for c ∈ C∗.

Let ι4 : E → E be the automorphism ofE with ι∗4(X/Z) = −X/Z and ι∗4(Y/Z) =√−1Y/Z. Then we see that the order ofι4 is four and the group of automorphisms ofE is
equal to the set{idE, ι2, ι4, ι4 ◦ ι2}.
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In the cases whereϕ = idE andϕ = ι2, we see thatΦ̄∗F(ξ0) = cF (ξ0) for c ∈ C∗
similarly as in the proof of Lemma 4.7.

We consider the case whereϕ = ι4. Let ι4 be the automorphism ofPE defined by
ι4

∗Z0 = Z0, ι4
∗Z1 = −√−1Z1 andι4∗Z2 = −Z2. Then, by the propertiesι∗4x = −x, ι∗4y =√−1y, it is clear thatι4 commutes withι4. By Lemma 4.4, an automorphism ofPE which

commutes withι4 is equal toι4, i.e.,Φ̄ = ι4. We obtain the following equalities:

ι4
∗F1 = F1 , ι4

∗F2 = −F2 , ι4
∗F3 = −F3 ,

ι4
∗F4 = F4 , ι4

∗F5 = √−1F5 .

Therefore, we have

ι4
∗Fξ0 = {3((−ξ0)2 − 1)F1 + 6(−ξ0)F2 − 4(−ξ0)((−ξ0)2 − 1)F4 + 24(−ξ0)2F5} ,

i.e., ι4∗Fξ0 = F−ξ0. Hence,Sξ0 andS−ξ0 are isomorphic to each other.
In the case whereϕ = ι2 ◦ ι4, we see thatΦ̄ = ι2 ◦ ι4. Since ι2∗Fξ0 = Fξ0 and

ι4
∗Fξ0 = F−ξ0, we obtainΦ̄∗Fξ0 = F−ξ0.

By the above argument, for any automorphismϕ of E leavingo fixed, we haveΦ̄∗F(ξ0)
= F(ξ0) orF(−ξ0). Thus,Sξ0 is not isomorphic toSξ1 andS−ξ1. �

Next, we consider the caseλ = (1 + √−3)/2.

LEMMA 4.9. Assume that λ = (1 + √−3)/2. Then ξ0 = λ − 2 is a solution of the
equation Dλ(T ) = 0, and Sξ0 is not isomorphic to the other elements of CCIλ. Let ξ1, ξ2, ξ3
be the other solutions. Then Sξ1, Sξ2 and Sξ3 are mutually isomorphic.

PROOF. We use the notation as in Lemma 4.6. Letι6 be the automorphism ofE with
ι∗6(X/Z) = −λ(X/Z − 1), ι∗6(Y/Z) = −Y/Z. Let ι6 be the automorphism ofPE defined
by ι6∗Z0 = Z0, ι6

∗Z1 = −λ2Z1 and ι6∗Z2 = −λ(Z0 + Z2). Then, by the properties
ι∗6x = −λ(x − 1), ι∗6y = −y, it is clear thatι6 commutes withι6. By Lemma 4.4, an
automorphism ofPE which commutes withι6 is equal toι6, i.e.,Φ̄ = ι6. By these properties,
we obtain the following equalities:

ι6
∗F1 = (−λF1 − 4λF3) , ι6

∗F2 = −λ2(F1 − F2 + 4F3 − 4F4) ,

ι6
∗F3 = F3 , ι6

∗F4 = λ(F3 − F4) , ι6
∗F5 = λF5 .

We will find ι6-invariant surfacesSξ in CCIλ. If Sξ is ι6-invariant, then there exists a
complex numberc �= 0 such thatc

∑4
i=1 s(ξ)iFi = ∑4

i=1 s(ξ)i ι6
∗Fi . Then we have


−λ− c −(λ− 1) 0 0

0 (λ− 1)− c 0 0
−4λ −4(λ− 1) 1 − c λ

0 4(λ− 1) 0 −λ− c






s(ξ)1
s(ξ)2
s(ξ)3
s(ξ)4


 = 0 .

From this equality, we know that either the equality

(s(ξ)1, s(ξ)2, s(ξ)3, s(ξ)4) = (s(ξ)1,0,−
√−3λ2(4s(ξ)1 − s(ξ)4)/3, s(ξ)4)(111)
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or the equality

(s(ξ)1, s(ξ)2, s(ξ)3, s(ξ)4) = (
√−3λ2s(ξ)2, s(ξ)2,4λs(ξ)2/3,−4

√−3λ2s(ξ)2/3)(112)

is satisfied.
Since (s(ξ)1, s(ξ)2, s(ξ)3, s(ξ)4) satisfies the conditionLλ t(s(ξ)1, s(ξ)2, s(ξ)3,

s(ξ)4) = 0, we have

(−12λξ − 8(λ+ 1))s(ξ)1 − 4λs(ξ)2 + (2(λ+ 1)ξ + 3)s(ξ)3 + λξs(ξ)4 = 0 .

If (112) is satisfied, then the left-hand side is equal to−16ξs(ξ)2/
√−3 by the equality

λ3 = −1. This is impossible sinceξ �= 0 ands(ξ)2 �= 0. Hence, (112) is not satisfied.
We consider the case (111) next. By the conditionLλ

t(s(ξ)1, s(ξ)2, s(ξ)3, s(ξ)4) = 0, it
is easy to see that(s(ξ)1 : s(ξ)2 : s(ξ)3 : s(ξ)4) = (3 : 0 : 4

√−3λ2 : 24) andξ = ξ0 = λ−2.
Therefore,Sξ0 is ι6-invariant andSξ1, Sξ2 andSξ3 are notι6-invariant.

By Lemma 4.6, ifSξ0 is isomorphic toSξi , then there exists the automorphism̄Φ of
PE which commutes with an automorphismϕ of E leavingo fixed such thatΦ̄(Sξi ) = Sξ0.
However,Φ̄(Sξ0) = Sξ0 sinceΦ̄ = ι6

i for somei. Thus,Sξ0 is not isomorphic to every
Sξi (i = 1,2,3).

We assume thats(ξi)1 = 1 for i = 1,2,3. SinceFξ1 �= cι6
∗Fξ1 for everyc ∈ C∗, we can

assume thatι6∗Fξ1 = cFξ2 for c ∈ C∗. SinceFξ2 �= dι6
∗Fξ2 for everyd ∈ C, ι6∗Fξ2 coincides

with dFξ1 or dFξ3 for d ∈ C∗. If we assume thatι6∗Fξ2 = dFξ1, then we haveFξ3 = eι6
∗Fξ3

for e ∈ C. This contradicts thatFξ3 is not ι6-invariant. Hence, we haveι6∗Fξ2 = dFξ3 for
d ∈ C∗. Thus,Sξ1, Sξ2 andSξ3 are isomorphic to each other. �
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