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Abst r act

CATEGORI CAL METHODS

I N GRADED RI NGTHEORY

ANGEL DEL Rí o *

A l a memor i a de Per e Menal

Let Gbe a gr oup, R a G- gr aded r i ng and X a r i ght G- set . We
st udy f unct or s bet ween cat egor i es of modul es gr aded by G- set s,
cont i nui ng t he wor k of [ M] . As an appl i cat i on we obt ai n gener -
al i zat i ons of Cohen- Mont gomer y Dual i t y Theor ems by cat egor i -
cal met hods . Then we st udy when some f unct or s i nt r oduced i n

[ M] ( whi ch gener al i ze some f unct or s ocur r i ng i n [ D1] , [ D2] and

[ NRV] ) ar e separ abl e . Fi nal l y we obt ai n an appl i cat i on t o t he
st udy of t he weak di mensi on of a gr oup gr aded r i ng .

I nt r oduct i on and Not at i on

The st udy of gr oup- gr aded r i ngs has been t he gr ound f or t he r esear ch

of many aut hor s l ast year s . Di f f er ent met hods have been el abor at ed t o

i nvest i gat e pr oper t i es of t hese r i ngs . One of t he most successf ul t ool s

i s t hat gi ven by Cohen- Mont gomer y Dual i t y Theor ems [ CM] . Fur t her -

mor e, some cat egor i cal met hods have been i nt r oduced by ot her aut hor s

whi ch have been ver y usef ul . For i nst ant e t he st udy of separ abl e f unc-

t or s, i nt r oduced i n [ NVV] , has caused ni ce t heor ems i n t he f i el d .

Qui t e of t en t he met hods i nvent ed have been i nt r oduced i n t he par t i c-

ul ar case when t he gr adi ng gr oup i s f i ni t e . Thi s i s t he case of t he t wo

met hods ment i oned above . Then some ef f or t s have pr oduced di f f er ent

appr oaches t o t he gener al case . See [ Q] , [ B1] , [ B2] , [ AN] and [ NRV]

f or some ext ensi ons of Cohen- Mont gomer y Dual i t y Theor em and [ Ra]

f or separ abl e f unct or s .

I n [ NRV] t he aut hor s i nt r oduce a cat egor y gr - ( R, X, G) associ at ed

t o a G- gr aded r i ng R ( Gbei ng a gr oup) and a r i ght G- set X. The most

* Par t i al l y suppor t ed by CI CYT P1390- 0300 .
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i mpor t ant exampl e appear s when X i s t he set G/ H of r i ght H- coset s .
Thi s cat egor y appear s t o be usef ul i n t he st udy of t he r i ng R.

Let Gand G' be t wo gr oups, Ra G- gr aded r i ng, R' a G' - gr aded r i ng,
X a r i ght G- set and X' a r i ght G' - set . I n [ M] covar i ant adj oi nt f unct or s
bet ween t he cat egor i es gr - ( R, X, G) and gr - ( R' , X' , G' ) ar e st udi ed,
gener al i zi ng some r esul t s of [ Rí 2] .

Let p : R ~ R' be a r i ng homomor phi sm,

	

: X - > X' a map and

y : G - - > G' a gr oup homomor phi smand assume t hat f or ever y g E Gand
x E X, p( Rg) C

R, ( s) and «x) y( g) = «xg) . Associ at ed t o T = ( p, ~, y)
t her e i s a pai r of adj oi nt f unct or s T* = gr - ( R, X, G) - - - > gr - ( R' , X' , G' )
and T* : gr - ( R' , X' , G' ) - i gr - ( R, X, G) f or whi ch many f unct or s
occur r i ng i n Gr aded Cl i f f or d Theor y ( cf . [ D1] , [ D2] , [ GN] , [ NV2] ) as
wel l as i nduced and coi nduced f unct or s ( cf . [ MN] ) ar e par t i cul ar cases .

Af t er some def i ni t i ons and not at i ons we r ecal l i n Sect i on 1 r esul t s
of [ M] on covar i ant adj oi nt f unct or s and poi nt out some si mi l ar f aca
on cont r avar i ant adj oi nt f unct or s whi ch ext end some r esul t s of [ MR] .
We f i ni sh Sect i on 1 wi t h some appl i cat i ons t o t he f unct or s T* and T*
associ at ed t o a cont ext T = ( p, ~, y) as i n t he pr evi ous par agr aph .

The r esul t s of Sect i on 1 set up t he f r amewor k t o gi ve a descr i pt i on
of al l t he equi val ences and Mor i t a dual i t i es ( i n t he sense of Col by- Ful l er
[ CF] ) bet ween cat egor i es of t he t ype gr - ( R, X, G) usi ng si mi l ar met hods
as i n [ Rí 2] and [ MR] . Thi s i s done wi t hout pr oof s i n Sect i on 2 .

I n Sect i on 3 we appl y t he t ool s of Sect i on 1 t o ext end Cohen-
Mont gomer y Dual i t y Theor ems t o our set t i ng by usi ng cat egor i cal met h-
ods . Namel y, we show how t he cat egor y gr - ( R, X, G) can be seen as
t he f ul l subcat egor y of a cat egor y of r i ght modul es gener at ed by an
i deal . Then we pr ove new ver si ons of Cohen- Mont gomer y Dual i t y Theo-
r ems f or act i ons and coact i ons . Al l t he pr evi ous ver si ons of t her e Dual i t y
Theor ems can be obt ai ned as par t i cul ar cases . Fur t her mor e, some equi v-
al ences of cat egor i es ar e gi ven whi ch wi l l be usef ul i n appl i cat i ons .

Sect i on 4 i s devot ed t o st udy when T* and T* ar e separ abl e .

	

We
gi ve some ar i t hmet i cal t est s f or t he mat t er . When R= R' and p i s t he
i dent i t y map on R, T* and 7* ar e i somor phi c t o t he f unct or s T, and SI
i nt r oduced i n [ NRV] and, i n t hi s case, T~ i s al ways separ abl e whi l e t he
t est of separ abi l i t y f or SI can be si mpl i f i ed .

We f i ni sh t he paper wi t h an appl i cat i on t o t he weak di mensi on of a
gr oup gr aded r i ng .

The aut hor woul d l i ke t o expr ess hi s gr at i t ude t o Cl audi a Meni ni f or
her ver y i nt er est i ng suggest i ons .

Al l r i ngs ar e supposed t o be associ at i ve wi t h uni t and al l modul es ar e
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uni t al .

For a r i ng R, mod- R wi l l denot e t he cat egor y of r i ght R- modul es and
R- mod t he cat egor y of l ef t R- modul es .

The not at i on MR ( r esp . RM) wi l l be used t o emphasi ze t hat Mi s a
r i ght ( r esp . l ef t ) R- modul e .

I n t he sequel G wi l l st and f or a mul t i pl i cat i ve gr oup and R = ® Rg
gEG

f or a G- gr aded r i ng . The uni t of G wi l l be denot ed by e whi l e 1 wi l l

denot e t he uni t of R.

Let X be a r i ght ( r esp . l ef t ) G- set . For any g E G and any x E X, xg
( r esp . gx) denot es t he act i on of g on x .

Fol l owi ng t he not at i on i nt r oduced i n [ NRV] , gr - ( R, X, G) wi l l de-
not e t he cat egor y of X- gr aded r i ght R- modul e . That i s, t he obj ect s of
gr - ( R, X, G) ar e r i ght R- modul es Mwi t h a decomposi t i on i nt o ad-
di t i ve subgr oups M= ® Mx such t hat f or ever y g E G and ever y

XEX
x E X, Mx Rg C Mxg . Gi ven M, N obj ect s i n gr - ( R, X, G) , t he set of
mor phi sms f r om Mt o N i n gr - ( R, X, G) i s

Homgr _( R, X, G) ( M, N) _

= { f E HOMR( M, N) 1 f ( Mx) C Nx f or ever y x E X} .

Si mi l ar l y, i f X i s a l ef t G- set t hen ( G, X, R) - gr wi l l denot e t he

cat egor y of X- gr aded l ef t R- modul es . I f ME ( G, X, R) - gr and x E X,

t hen t he x - t h component of Mwi l l be denot e by x M.

I f Gi s consi der ed as a r i ght G- set by r egul ar act i on, t hen gr - ( R, G, G)
i s j ust gr - R. I f X i s a si ngl et on, t hen gr - ( R, X, G) i s mod- R.

Let H be a subgr oup of G and consi der G act i og on G/ H = { Hal a E
G} by ( Ha) g = Hag, t hen gr - ( R, G/ H, G) i s denot ed by gr - ( R, G/ H) .

Gi ven ME gr - ( R, X, G) ( r esp . ME ( G, X, R) - gr ) , m E Mand
x E X, mx ( r esp . xm) wi l l denot e t he x - t h homogeneous component
of m. That i s, mx i s def i ned by m= Y: mx wi t h mx E Mx f or ever y

x EX
x E X. I f F i s a subset of X, t hen MF = ® Mx and mF =

	

mx .
" EF

	

XEF
The suppor t of an X- gr aded r i ght R- modul e i s def i ned t o be t he set

Supp( M) _ { x E XI Mx =/ ' 0} . Al so t he suppor t of m E Mi s t he set
Supp( m) _ { x E XI mx =, A 0} .

When we r ef er t o t he suppor t or t he homogeneous component of degr ee
g E G of R ( or of an el ement of R) we wi l l consi der R as a G- gr aded
r i ght ( or l ef t ) R- modul e .

I f X i s a r i ght G- set t hen X has a canoni cal st r uct ur e of l ef t G- set as
f ol l ows : For any g E G, x E X, gx = xg - 1 . We wi l l r ef er t o bot h r i ght
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and l ef t act i on wi t hout speci f i c ment i on on t he si de when i t i s cl ear f r om
t he cont ext .

Gi ven ME gr - R and x E X, t he x - t h suspensi on of Mi s def i ned
as t he X- gr aded r i ght R- modul e M( x) whi ch i s equal t o M as r i ght
R- modul e wi t h t he gr adi ng M( x) y =

	

® M9 . I f ME R - gr , X i s a
Z=y

l ef t G- set and x E X, t hen t he x - t h suspensi on of Mi s t he X- gr aded
l ef t R- modul e ( x) M whi ch i s equal t o Mas a l ef t R- modul e wi t h t he
X- gr adi ng y ( x) M= ® M9 .

9x=y

1 . Adj oi nt f unct or s

Thr oughout t hi s sect i on G and G' wi l l be t wo gr oups, X a r i ght G- set
and X' a r i ght G' - set . Mor eover R wi l l be a G- gr aded r i ng and R' a
G' - gr aded r i ng .

I n t hi s f i r st sect i on we wi l l gi ve an expl i ci t descr i pt i on of t he covar i ant
f unct or s bet ween gr - ( R, X, G) and gr - ( R' , X' , G' ) and t he cont r avar i -
ant f unct or s bet ween ( G, X, R) - gr and gr - ( R' , X' , G' ) . Thi s descr i p-
t i on has been obt ai ned i n [ Rí 2] , f or t he covar i ant case, when X = G
and X' = G' wi t h r egul ar act i on, and gener al i zed f or ar bi t r ar y G- set s i n
[ M] . For t he cont r avar i ant case, when X = Gand X' = G' , see [ MR] .

I n t he l ast par t of t he sect i on we consi der some i nst ant es of adj oi nt
f unct or s i nt r oduced i n [ M] .

Def i ni t i on .

	

Gi ven M E gr - ( R, X, G) and N E ( G, X, R) - gr ,
n

MORNwi l l denot e t he addi t i ve subgr oup of MORNgener at ed by t he
el ement s of t he f or mm®n wher e x E X, mE M. and n E : N.

n
Lemma 1 . 1 . ( a) R( x) ®R N- ~N f or ever y NE ( G, X, R) - gr .

Mor eover t hi s i somor phi sm i s nat ur al i n bot h var i abl es .

( b) Let { Mi l i E I } be a f ami l y of obj ect s i n gr - ( R, X, G) and NE

( G, X, R) - gr , t hen ( ®Mi ) ®RN- ® ( Mi OR N) .
¡ EI

	

¡ EI

Pr oof . ( a) Let D : R( x) ®R N- - > Nbe t he canoni cal i somor phi sm. I f
r E Ry n R( x) y and n E y N t hen xg = y and hence x = gy . Ther ef or e

n
~D( r ®n) = r n E xN. Thus 4) ( R( x) ®R N) C , N. On t he ot her hand, i f_

n
n E , N, t hen n = ob( 1 ®n) and 1 ®n E R( x) ORNbecause 1 E R( x) , , .

( b) St r ai ght f or war d .

Def i ni t i on . Let Z be a G- G' - set . A Z- gr aded R- R' - bi modul e i s an
R- R' - bi modul eMwi t h a Z- gr adi ng, M= G) Mz such t hat Rg Mz R' , C_

ZEZ
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gzg , f or ever y g E G, z E Z and g' E G' .

The set Xx X' has a canoni cal st r uct ur e of G- G' - set gi ven by :

g ( x, x' ) g' = ( gx, x' g' )

	

( g E G, x E X, x' E X' , g' E G' ) .

Let P =

	

®

	

P( x, x, ) be an Xx X' - gr aded R- R' - bi modul e .
( x, x' ) EX xX,

For ever y x E X, xP =

	

®

	

P( x x , ) i s a submodul e of PR, and
x' EX'

( xP) x , = P( x, x, ) ( x' E X' ) def i nes an X' - gr adi ng i n x P such t hat

xP E gr - ( R' , X' , G' ) . Mor eover P i s t he copr oduct of t he f ami l y

{ x Pl x E X} i n gr - ( R' , X' , G' ) .

Si mi l ar l y f or ever y x' E X' , Px, =

	

® P( x, x' ) E ( G, X, R) - gr and P
x

i s t he copr oduct of { Px , j x' E X' } i n ( G, X, R) - gr .

We ar e goi ng t o def i ne t hr ee f unct or s associ at ed t o t he Xx X' - gr aded

R- R' - bi modul e P.

n

The f unct or - ®RP : gr - ( R, X, G) - - > gr - ( R' , X' , G' ) .
n

I t associ at es t o ME gr - ( R, X, G) t he r i ght R' - modul e ( - ®RP) ( M) _
n

M®R P, consi der ad as a submodul e of ( M®R P) R, wi t h t he X' - gr adi ng
n

	

n
M®R P) x , = M®R Px ' ( x' E X' ) .

n

The f unct or - ®RP associ at es t o f E Hom9r _( R, X, G) ( M, N) t he map
n

f ®RP : m®pH. Í ( m) ®p-

The f unct or H( PR, , - ) : gr - ( R' , X' , G' ) - gr - ( R, X, G) .

I t associ at es t o ME gr - ( R' , X' , G' ) t he r i ght R- modul e

H( PR, , M) =

= { f E Homgr _( R, , X' , G) ( P, M) l . f ( x P) = 0 f or al most al l x E X}

consi der ad as a submodul e of HOMR, ( P, M) R wi t h t he X- gr adi ng :

H( PR, , M) x =

={ f EHomgr _( R, , X' , G' ) ( PM) 1f ( uP) =0 f or al l yeX- { x} } ( x E X) .

The f unct or H( PR, - ) associ at es t o f E Homgr _( R, , X, , G, ) ( M' , N' ) ,

t he map H( PR, , f ) : H( PR, , M) - H( PR, , N) gi ven by : H( PR, , f ) ( W) _

f o cp f or al l cp E H( PR, , M) .
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The f unct or H( - , RP) : ( G, X, R) - gr - + gr - ( R' , X' , G' ) .

I t associ at es t o ME ( G, X, R) - gr , t he r i ght R' - modul e

H( M, RP) =

_ { f E Hor r kG, X, R) - gr ( M, P) I f ( M) CPF f or some f i ni t e subset F CX' }

consi der ed as a submodul e of HOMR( M, P) R, wi t h t he X' - gr adi ng :

H( M, RP) . , , _ { f E Hom( G, X, R) _ gr ( M, P) I f ( m) C P. , }

	

( x' E X1 ) .

The f unct or H( - , RP) associ at es t o f E Hom( G, X, R) - gr ( M, N) , t he
map H( f , RP) : H( N, RP) - HR( M, P) , gi ven by : H( f , RP%P) = ( P° . f
f or al l co E H( N, RP) .

I t i s l ef t t o t he r eader t o check t hat t he above t hr ee f unct or s ar e
n

wel l def i ned .

	

Si mi l ar l y t her e ar e t wo covar i ant f unct or s P ®R' -
( G' , X' , R' ) - gr - ( G, X, R) - gr and H( RP, - ) : ( G, X, R) - gr - ~
( G' , X' , R' ) - gr and a cont r avar i ant f unct or H( - , PR, ) : gr - ( R' , X' , G' )
( G, X, R) - gr .

I f C i s a cat egor y, t hen C° P wi l l denot e t he dual cat egor y .

Let F : C - * D and G : D - - - > C be t wo cont r avar i ant f unct or s . Then
we can consi der F : C - > D' P and G : D° P - - > C as covar i ant f unct or s . We
say t hat ( F, G) i s a pai r of adj oi nt cont r avar i ant f unct or s on t he r i ght i f
F : C - - > D° P i s l ef t adj oi nt of G : D° P - - > C.

Pr oposi t i on 1 . 2 . Let P be an R- R' - gr aded bi modul e .
n

( a) [ M] The f unct or - ®RP i s l ef t adj oi nt of H( PR, , - ) .
( b) ( H( - , RP) , H( - , PR, ) ) i s a pai r of adj oi nt cont r avar i ant f unct or s

on t he r i ght .

Pr oof . See [ M] f or ( a) . I n [ MR] t her e i s a pr oof of ( b) i n t he par t i cul ar
case G= X and G' = X' wi t h r egul ar act i ons . The same met hod wor ks
i n t he gener al case .

For ever y r E R l et Ar : R - > R be t he l ef t mul t i pl i cat i on- by- r map
and Xr : R - + R t he r i ght mul t i pl i cat i on- by- r map . The f ol l owi ng l emma
i s obvi ous :

Lemma 1 . 3 . Let r E Rg and x E X. Then

( a) Ar E Homgr _( R, X, G) ( R( x) , R( gx) ) .
( b) Xr E Hom( G, X, R) - gr ( ( gx) R, ( x) R) .
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Def i ni t i on 1 . 4 .

	

Let F : gr - ( R, X, G) - - > gr - ( R' , X' , G' ) be a

covar i ant f unct or . The X x X' - gr aded R- R' - bi modul e associ at ed t o F

i s t he r i ght R' - modul e P = ® F( R( x) ) wi t h t he f ol l owi ng st r uct ur e of
xEX

l ef t R- modul e :

and t he X x X' - gr adi ng :

and t he X x X' - gr adi ng

r p = [ F( A, ) ] ( p)

	

( r E Rg , p E F( R( x) ) )

P( x, x, )
= F( R( x) ) x ,

	

( x E X, x' E X' ) .

Let now F : ( G, X, R) - gr - - > gr - ( R' , X' , G' ) be a cont r avar i ant f unc-

t or . The X x X' - gr aded R- R' - bi modul e associ at ed t o F i s t he r i ght R' -
modul e P = ® F( ( x) R) wi t h t he f ol l owi ng st r uct ur e of l ef t R- modul e

XEX

r p = [ F( Xr ) ] ( P)

	

( r E R9, p E F( ( x) R) ) )

P( x, x, )
= F( ( x) R) x ,

	

( x E X, x' E X' ) .

Lemma 1 . 5 . Let ME ( G, X, R) - gr . Then Hom( G, X, R) _ g r ( ( x) R, M)

x Mand t hi s i somor phi sm i s nat ur al i n each var i abl e .

Pr oof .: For any mE Ml et Xr zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA� , : R - - > Mbe t he r i ght - mul t i pl i cat i on-

by- r map . For ever y mE M, Xm E Hom( G, X, R) _ gr ( ( x) R, RM) i f and

onl y i f mE xM. Mor eover , f or ever y f E Hom( G, X, R) - gr ( R( x) , P) , f -

Xf ( I ) . Ther ef or e t he map m~- 4 Xn, i s an i somor phi sm bet ween x Mand

Hom( G, X, R) - gr ( ( xR, M) . The nat ur al l i t y i s l ef t t o t he r eader .

Now we ar e r eady t o descr i be al l covar i ant and cont r avar i ant f unct or s

bet ween cat egor i es of modul es gr aded by G- set s .

Pr oposi t i on 1 . 6 .

	

( a) [ M] F : gr - ( R, X, G) - - > gr - ( R' , X' , G' )
i s a l ef t adj oi nt f unct or i f and onl y : i f t her e exi st s an X x X' - gr aded

n
R- R' - bi modul e P such t hat F - - ORP . Mor eover , i n t hi s case P i s

i somor phi c t o t he X x X' - gr aded R- R' - bi modul e associ at ed t o F .

( b) F : gr - ( R' , X' , G' ) - gr - ( R, X, G) i s a r i ght adj oi nt f unct or
i f and onl y i f t her e exi st s an X x X' - gr aded R- R' - bi modul e P such t hat
F - H( PR, , - ) .

( c) F : ( G, X, R) - gr - gr - ( R' , X' , G' )
° P i s a l ef t adj oi nt f unct or

i f and onl y i f t her e exi st s an X x X' - gr aded R- R' - bi modul e P such t hat
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F - H( - , RP) . Mor eover , i n t hi s case, P i s i somor phi c t o t he Xx X' -
gr aded R- R' - bi modul e associ at ed t o F.

Pr oof . ( a) and ( b) have been pr oved i n [ M] . For a pr oof of ( c) , an
ar gument as i n t he pr oof of Pr oposi t i on 2 . 1 of [ MR] wor ks, by usi ng
Lemma 1 . 5 .

Now we f ocus our at t ent i on en some par t i cul ar f unct or s i nt r oduced i n
[ M] . Some exampl es of t hese f unct or s can be f ound i n [ D1] , [ D2] , [ NRV]
and [ MN] .

Let p : R - - - > R' be a homomor phi sm of r i ngs,

	

: X - > X' a map
and , y : G - - > G' a gr oup homomor phi sm. Assume t hat t he f ol l owi ng
condi t i ons hol d :

p( Rs) C R7( s)

	

~( xg) = ~( x) - Y( g)

	

( x E X, g E G) .

Set T = ( p, 1, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA" y) ( see [ M] ) . For any ME gr - ( R, X, G) , l et T* ( M) =
M®RR' and f or ever y x' E X' , l et T* ( M) , , , , be t he addi t i ve subgr oup of
T* ( M) gener at ed by t he el ement s of t he f or m m( 9 r ' wi t h mE Mx , , r E
R9, and «x) g' = x' .

For ever y f E Homgr _( R, X, G) ( M, N) set T* ( f ) = f ®R' : T* ( M) - ~
T* ( N) .

Pr oposi t i on 1 . 7 . Let T = ( p, ~, "y) and T* as aboye .

	

The f ol l owi ng
asser t i ons hol d :

( a) T*

	

def i nes

	

a

	

l ef t

	

adj oi nt f unct or f r om gr - ( R, X, G)

	

t o
gr - ( R' , X' , G' ) .

( b) The r i ght adj oi nt f unct or of T* i s i somor phi c t o t he f unct or T*
gr - ( R' , X' , G' ) - gr - ( R, X, G) gi ven as f ol l ows :

T* ( M' ) =

	

® T* ( M' ) x

	

( M' E 9r - ( R~, X' , G~»
XEX

wher e t he map m' H m' x i s an i somor phi sm of addi t i ve gr oups
f r om

MÍ ( x)
t o T* ( M' ) x and t he st r uct ur e of r i ght R- modul e on

T* ( M) i s gi ven by t he f ol l owi ng r ul e :

( m' x ) r = ( m' p( r ) ) x g

	

( m' E M' , r E Rg ) .

I f f EHomgr _( R' , X' , G1) ( M' , N' ) and m' c M' t hen T* ( f ) ( m' x ) =

f ( m' ) x .
( c) T* i s a l ef t adj oi nt f unct or .
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Pr oof . ( a) Cl ear l y T* ( M) = E T* ( M) and T* ( M) , , R9, C_T* ( M) ~, g, ,
x' EX'

f or ever y x' E X' and g' E G' .

Let P =

	

® R' ( ~( x) ) E gr - ( R' , X' , G' ) .

	

For any x E X, l et u x
XEX

R' ( ~( x) )

	

P be t he canoni cal monomor phi sm.

P becomes an X x X' gr aded R- R' - bi modul e af t er t he f ol l owi ng r ul es :

r u x ( r ' ) = ugx ( r r ' )

	

( g E G, r E Gg , r ' E R' , x E X)

P( x, x, ) = R' ( «x) ) . ,

	

( x E X, x' E X' ) .

Fur t her mor e, f or ever y ME gr - ( R, X, G) , t he map

A

Om : T* ( M) - >M®xP

m( 9 r ' v- - - >
XEX

For any M' E gr - ( R' , X' , G' ) we def i ne

mx ®ux( r ' )

i s an i somor phi smof r i ght R' - modul es and f or ever y x' EX' , OM( T* ( M) x, )
A

= M®RPx , . Ther ef or e, T* ( M) =

	

® T*
( M) x , and hence T* def i nes

~~Ex~

a f unct or f r om gr - ( R, X, G) t o gr - ( R' , X' , G' ) . Mor eover T* i s a l ef t
A

adj oi nt , because T* - - ®RP.

( b) For ever y M' E gr - ( R' , X' , G' ) ,

H( PR, , M' ) = x ( D Homgr _( R, , X, , G, ) GP, M' )

_
X
® Homgr _( R, , X, , G, ) ( R' ( «x) ) , M' ) = j ®1V1~, ( X) .

Usi ng t hi s i somor phi sm i t i s st r ai ght f or war d t o see t hat H( PR, , - )

T* and ( b) f ol l ows f r om Pr oposi t i on 1 . 2 .

( c) Let Q be t he X' x X- gr aded R' - R- bi modul e associ at ed t o T* .

A

- Pm, : M' ®R' Q - > T* ( M, )

m' ®q H ( m' q) x

	

( mE Mx, , q E Q

Then 4) M, i s bi j ect i ve and ~D def i nes an i somor phi sm of f unct or s be-
A

t ween - ®R, Q and T* . Ther ef or e T* i s a l ef t adj oi nt and H( QR, - ) i s
i t s r i ght adj oi nt .
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Lemma 1 . 8 . Let T= ( p, ~, y) as aboye and assume t hat R' = R and

p i s t he i dent i t y map . Consi der X' as a r i ght G- set by x' g = x' - y( g) ( x' E
X' , g E G) . Then

( a) gr - ( R, X' , G' ) = gr - ( R, X' , G) .

( b) T* = S* and T* = S* wher e S = ( 1 R, ~, 1G) .

Pr oof : ( a) Cl ear l y an ME gr - ( R, X' , G' ) i s an obj ect of gr -
( R, X' , G) because f or ever y x' E X' , Mx, Rg C Mx, R, ( g) C Mx, 7( g)

_

Mx, 9 .

	

-

On t he ot her hand, l et ME gr - ( R, X' , G) . Let g' E G' and 0 =, / = r E
Rg` I f g E SUPPR( r ) , t hen r g = p( r g ) E R, , ( g ) . Thus r g = ( r g) , y ( g ) . I f

y( g) =, b g' , t hen

0 = r 7( g) _

	

>

	

( r h) - y( . ) -

	

~,

	

r h-

hESupPR( r ) n7 - 1 ( y( g) ) hES- PPR( r ) n- r - ( 7( g) )

Ther ef or e r g = 0. Thus SuppR( r ) C - y- ' ( g) . Let now x' E X' . Then
Mx , r = Mx ,

	

r ,

	

r g C

	

E,

	

Mx , g =

	

r _

	

Mx' - y( g) = MX' g, .
9ESupp R( r ) gESupp, ( r ) 9ESUPPR( r )

( b) I s obvi ous .

Let Rbe a G- gr aded r i ng and ~ : X - - - > X' a mor phi sm of r i ght G-
set s . I f T = ( 1R, ~, 1G) , t hen t he f unct or s T* and T* ar e t he f unct or s TI

and SI def i ned i n [ NRV] . I n [ NRV] t he aut hor s pr eve t hat i f f or ever y

x' E X' , ~ - 1 ( x' ) i s f i ni t e, t hen SI i s l ef t adj oi nt of TI . But t he conver se
i s al so t r ue as t he f ol l owi ng pr oposi t i on shows .

Pr oposi t i on 1. 9 . Let R be a G- gr aded r i ng and ~ : X - - > X' a mor -
phi sm of r i ght G- set s . Let F be t he r i ght adj oi nt f unct or of 51 . F i s
a l ef t adj oi nt f unct or i f and onl y i f f or ever y x' E X' , j ' ( x' ) i s f i ni t e .
Mor eover , i n t hi s case F i s i somor phi c t o TI .

Pr oof : Let Q be t he X' x X- gr aded R- R- bi modul e associ at ed t e SC .

By Pr oposi t i on 1 . 6, SI = - ®RQ and F - H( QR, - ) .

Assume t hat ~- 1 ( x' ) i s f i ni t e f or ever y x' E X' . For each
ME gr - ( R, X, G) , l et

Mm : H( QR, M) - TI ( M)

mm( f ) =

	

1, ( f ( 1x) ) x

	

( f E H( QR' M) x' ) -
I ( x) =x'

The cl ai m f ol l ows by pr ovi ng t hat p, : H( QR, - )

	

TI i s a f unct or i al
i somor phi sm. Thi s i s l ef t t o t he r eader .
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Conver sel y, i f H( QR, - ) i s a l ef t adj oi nt f unct or , t hen i t pr eser ves di -
r ect sums . Let x' E X' . Consi der t he f unct or ( - ) x' : gr - ( R' , X' , G' ) - >

mod - R. whi ch associ at es t o M' E gr - ( R' , X' , G' ) t he r i ght Ré- modul e
M. ' , and t o f E Homgr _( R' , X' , G' ) ( M' , N' ) t he map f x' : m' H f ( m, x, ) .
Thi s f unct or pr eser ves di r ect sums and hence Homgr _( R, X, G) ( x' Q, - )
( - ) x, o H( QR, - ) pr eser ves di r ect sums t oo .

	

Thi s i mpl i es t hat x' Q=

Sf ( R' ( x' ) ) i s f i ni t el y gener at ed ( cf . [ S] ) .

Let a =

	

1: ( l
x

) r x = 0 wi t h r x E R. For ever y y E X, ay =
«x) =x'

( l x) ( r _ ( r x) g) = 0 . Ther ef or e, we can assume, wi t hout l oss of
«x) =x , x9=y
gener al i t y, t hat t her e exi st s y E Y such t hat f or ever y g E Supp( r x ) , xg -
y . Thus ( E r x) y = a y = 0 and hence

	

r _ r x = 0 . But r x has
1( x) =x'

degr ee x i n ( y) R. We concl ude t hat r x = 0 f or ever y x E X. Ther ef or e
t he sum E 1 x Ri s di r ect .

XEX
On t he ot her hand, i f r E R9 n Q( x' , x) , t hen x' g = «x) . Ther ef or e

r x = 1x 9- 1 r . We concl ude t hat x' Q =

	

®

	

1 x R. Si nce x' Q i s f i ni t el y
~( x) =x'

gener at ed, t he sum i s f i ni t e, Le . ~ - 1 ( x' ) i s f i ni t e .

2 . Equi val ent es and Mor i t a dual i t i es

Pr oposi t i ons 1 . 2 and 1 . 6 set up t he f r amewor k t o gi ve a descr i pt i on
of al l t he equi val ent es and Mor i t a dual i t i es ( i n t he sense of Col by- Ful l er
[ CF] ) bet ween cat egor i es of modul es gr aded by G- set s . Thi s sect i on i s

dedi cat ed t o pr esent t hat descr i pt i on . Si nce t he met hods ar e si mi l ar t o

t hose gi ven i n [ Rí 2] and [ MR] we shal l ski p t he pr oof s .

Let R be t he X x X- gr aded R- R- bi modul e associ at ed t o t he i dent i t y

f unct or i n gr - ( R, G, X) .

Let P be an X x X' - gr aded R- R' - bi modul e and Qan X' x X" - gr aded
n

	

n
R' - R" - bi modul e . Then P®R' Qi s a subbi modul e of P®RQand ( P®R'

n
Q) ( x, x" ) = xP ®R Qx" ( x E X, x" E X" ) def i nes an X x X" - gr adi ng

on RP ®R' QR" . Fur t her mor e t he f unct or s ( - ®R' Q) o ( - ORP) and
n n

- OR ( P ®R' Q) ar e i somor phi c .

Pr oposi t i on 2 . 1 . The f ol l owi ng asser t i ons ar e equi val ent :

( a)

	

The cat egor i es gr - ( R, X, G) and gr - ( R' , X' , G' ) ar e equi val ent .

( b) Ther e ar e an X x X' - gr aded R- R' - bi modul e P and an X' x X-

gr aded R' - R- bi modul e Q such t hat R= P®R
n

' Qand R= Q®n RP

as bi gr aded bi modul es .
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n

	

n
Mor eover , i f P and Q ar e as i n ( b) , t hen - ®RP and - ®R, Q ar e

i nver se equi val ent es of cat egor i es .

Cor ol l ar y 2. 2 . ( a) The cat egor i es gr - ( R, X, G) and gr - ( R' , X' , G' )
ar e equi val ent i f and onl y i f t he cat egor i es ( G, X, R) - gr and
( G' , X' , R' ) - gr ar e equi val ent .

( b) Let P be an X x X' - gr aded R- R' - bi modul e .

	

- ®
n

R P
gr - ( R, X, G)

	

- gr - ( R' , X' , G' ) i s an equi val ent e i f and onl y i f
n

P®R' - : ( G' , X' , R' ) - gr - > ( G, X, R) - gr i s an equi val ent e .

Def i ni t i on . Let P be an X x X' - gr aded R- R' - bi modul e and Q an
X x X" - gr aded R- R" - bi modul e . We def i ne

H( RP, RQ) = H( RP, Q) n H( P, RQ) -

I f we Consi der HOMR( P, Q) as an R' - R" - bi modul e by

( r ' f r " ) ( p) = f ( pr ' ) r "

	

( f E HOMR( P, Q) , p E P, r ' E R' , r " E R" )

t hen HR( P, Q) i s a subbi modul e of R, HOMR( P Q) R" , and i t i s an
X' x X" - gr aded R' - R" - bi modul e wi t h t he f ol l owi ng gr adi ng :

H( RP, RQ) ( . ' , x11) = ~, H( RP, Q) n H( P, RQ) . zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA�

	

( x' E X' , x " E X" ) .

Si mi l ar l y, i f P i s an X' x X- gr aded R' - R- bi modul e and Qi s an X" x X-
gr aded R" - R- bi modul e, t hen H( PR , QR) = H( PR , Q) n I I ( P, QR) has a
nat ur al st r uct ur e of X" x X' - gr aded R" - R' - bi modul e .

Let P be an Xx X' - gr aded R- R' - bi modul e . Consi der t he f ol l owi ng
map :

XP : R' - H( RP, RP)

X' ( r ) ( p) = ( pr ~) y ,	 ( r ' E R' ( x' ) y , , p E P)

XP i s a homomor phi sm of X' x X' - gr aded R' x R' - bi modul es .

Si mi l ar l y t her e i s an X x X- gr aded homomor phi smof R- R- bi modul es

AP : R - > H( PR, , PR, )

XP( r ) ( p) = x( r p)

	

( r E R( x) , p EP) .

Theor em2. 3 . Let P be an X x X' - gr aded R- R' - bi modul e . The f ol -
l owi ng condi t i ons ar e equi val ent :

n
( a)

	

The f unct or - ®R P : gr - ( R, X, G) - + gr - ( R' , X' , G' ) i s an
equi val ent e of cat egor i es .
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( b)

	

The f unct or H( PR, , - ) : gr - ( R' , X' , G" ) - - - > gr - ( R, X, G) i s an
equi val ence of cat egor i es .

( c) PR,

	

i s a pr oj ect i ve gener at or i n gr - ( R' , X' , G' ) , AP

	

:

	

R

H( PR, , PR, ) i s an i somor phi sm and f or ever y x E X, xPR, i s
f i ni t el y gener at ed.

( d) RP i s a pr oj ect i ve gener at or i n ( G, X, R) - gr , XF

H( RP, RP) i s an i somor phi sm and, f or ever y x' E X' , RP, ' i s
f i ni t el y gener at ed .

Let A be a r i ng and G a gr oup . For any G- gr adi ng i n A, t he cat egor y
mod- A can be seen as a cat egor y of X- gr aded r i ght A- modul es wher e X
i s a si ngl et on . Last t heor em yi el ds t o t he f ol l owi ng t wo cor ol l ar i es .

Cor ol l ar y 2 . 4 . Let R be a G- gr aded r i ng, X a r i ght G- set and A a

r i ng . The f ol l owi ng ar e equi val ent .

( a) gr - ( R, X, G) i s equi val ent t o mod- A .
( b) ( G, X, R) - gr i s equi val ent t o A- mod .
( c) Ther e exi st s a f i ni t el y gener at ed pr oj ect i ve gener at or P i n

gr - ( R, X, G) such t hat A i s i somor phi c t o Endgr _( R, X, G) ( P) .
( d) Ther e exi st s a f i ni t e subset F of X such t hat U =

	

® R( x) i s
xEF

a gener at or of gr - ( R, X, G) and End g r _( R, X, G) ( U) i s Mor i t a
equi val ent t o A .

Cor ol l ar y 2 . 5 . Let R be a G- gr aded r i ng and X a r i ght G- set . The
f ol l owi ng ar e equi val ent .

( a)

	

Ther e exi st s a r i ng A such t hat gr - ( R, X, G) i s equi val ent t o
mod- A .

( b)

	

Ther e exi st s a r i ng A such t hat ( G, X, R) - gr i s equi val ent t o
A- mod .

( c) gr - ( R, X, G) has a f i ni t el y gener at ed ( pr oj ect i ve) gener at or .

( d) Ther e exi st s a f i ni t e subset F of X such t hat ® R( x) i s a gener -
XEF

at ar of gr - ( R, X, G) .

Exampl e 2 . 6 . Consi der T = ( p, , ~) as i n Sect i on 1 . The f unct or
n

T* i s i somor phi c t o - ®R P wher e P =

	

® R' ( ~( x) ) ( see t he pr oof
x EX

of Pr oposi t i on 1 . 7) . Si nce f or ever y x E X, xPR, = R' ( «x) ) i s f i ni t el y
gener at ed and pr oj ect i ve, T* i s an equi val ence i f and onl y i f PR, gener at es
gr - ( R' , X' , G' ) and \ P : R- - > H( PR, , PR, ) i s an i somor phi sm. We cl ai m
t hat T* - - ®RR' : gr - ( R, X, G) - - - > gr - ( R' , X' , G' ) i s an equi val ence
i f and onl y i f t he f ol l owi ng condi t i ons hol d

( a) p i s an i somor phi sm bet ween R and

	

®

	

Rg' , .
I - Wg' nI - ( I ) V!
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( b) For ever y x' E X' t her e exi st s r ' E R' , , r 2 E R' ,

	

r ' E1 9 1	 92 n

R' ' , ; s' E R9, _ 1 , s2 E R9,

	

ñ E R9, _ 1 , such t hat x' g2 E
1

	

2
n

I m( ~) f or ever y i = 1, 2, . . . , n and Er i si = 1 .

Pr oof . I f r ' E R' and x E X, t hen r ' x wi l l denot e r ' consi der ed i n

R' ( «x) ) .

Assume T* i s an equi val ence .

	

Then AP : R - > H( PR, , PR, ) i s
an i smor phi sm and PR, i s a gener at or . Let r E Ker ( p) . For ever y
p E P, [ AP( r x) ] ( p) = x( r p) = x( p( r ) p) = 0 . Thus r x E Ker ( AP) = 0 .
Ther ef or e p i s i nj ect i ve . I f r E Rg and x E X, t hen p( r ) E R. y ( g ) and

~( x) -y( g) = «xg) . Ther ef or e p( R) C

	

®

	

R' , . On t he ot her
i m( c) g, ni m( 1) 5, ~! g

hand, l et r ' E R' g , and x, y E X such t hat ~( x) g' _ ( y) . Consi der t he

f ol l owi ng homomor phi sm of r i ght R' - modul es

L : P- >P

( r ' s' ) x

	

i f z = y
L( s ) =

	

0

	

i f z7~ x

	

( S ER' , zeX) .

Pl ai nl y L E H( PR' , PR' ) ( x, y) , t hus t her e exi st s r E R( x) y such t hat

L = AP( r x) . But r ' x = L( 1Y) = AP( r ) ( l y ) = x( p( r ) x ) = p( r ) x . Thi s
pr oves ( a) .

Let x' E X' .

	

Si nce PR, _

	

® R' ( ~( x) ) i s a gener at or of
xEX

gr - ( R' , X' , G' ) , t hen { R' ( ~( x) ) 1x

	

E

	

X} i s a set of gener at or s of
gr - ( R' , X' , G' ) .

	

Ther ef or e t her e exi st xi , x2, . . . , xn E X and an X' -
n

gr aded epi mor phi sm ® R' ( j ( xi ) ) - R' ( x' ) .

	

Thus t her e exi st r i E
i =l

R, ( x/ ) , ( x1) 5 r 2 E R' ( x' ) I ( x2) , . . . . r '

	

E R' ( x' ) j ( xn. ) . and sí E R' Wxi ) ) x' ,
n

s2 E R' ( ~( x2) ) x' , . . . , sñ E R' ( ~( xn) ) x' such t hat ~r i si = 1 . I f we r e-

pl ace t he si ' s and t he r i ' s by i t s homogeneous component e we can assume
t he t hey ar e homogeneous . Mor eover , i f we t ake t he homogeneous com-
ponent of degr ee 1 we may assume t hat r i and si have i nver se degr ees
and i f r i has degr ee gi , t hen x' gi = ~( xi ) . Thi s pr oves ( b) .

Conver sel y, assume t hat ( a) and ( b) hol d . Si nce AP i s an Xx X- gr aded
homomor phi sm, t o pr ove t hat i t i s i nj ect i ve i t i s enought t o pr ove t hat
i f 0 : ~ r E R( x) y = P( x, y) , t hen AP

( r x) : 7~ 0 . But xg = y f or ever y

g E Supp( r ) . Ther ef or e r l y =

	

Y:

	

r gy = r x . Thus [ AP( r x) ] ( 1Y) _
9ESupp( r )

x ( r l y) = x ( r x) =, I = 0 . Because AP i s X x X- gr aded, t o pr ove t hat i t i s
sur j ect i ve i t i s enough t o see t hat H( PR' , PR' ) ( x y ) C I m( AP) f or ever y
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( x, y) E X x X. Let f E H( PR, , PR, ) ( x, y) and r ' = f ( 1 y) E R' ( ~( x) ) g( y) .

For ever y g' E Supp( r ' ) , ~( x) g' = j ( y) . Ther ef or e, by ( a) t her e exi st s
r g , E R( x) y such t hat p( r g, ) = r 9, . Then i t i s easy t o see t hat f = \ ' ( r )
wher e r =

	

r g ~ .
g' ESupp( r ' )

Let x' E X' .

	

Let r i , si and gi ( i = 1, 2, . . . , n) as i n ( b) .

	

Let L
n

	

n
®R' ( x' gi )

	

-

	

R' ( x' ) gi ven by L( a' , a' , . . . . a'

	

_

	

l : r ' a' .

	

L i s an
=I

	

z=1
homomor phi sm of X' - gr aded modul es and 1 = L( r i ) r 2, . . . , r ñ) .

	

But

x' gi E I m( 1) . Ther ef or e { R' ( «x) ) I x E X} i s a set of gener at or s of

gr - ( R' , X' , G' ) . Ther ef or e PR, i s a gener at or of gr - ( R' , X' , G' ) . Thi s

f i ni sh t he pr oof . i

Exampl e 2 . 7 . As a par t i cul ar case of Exampl e 2 . 6, l et Rbe a G-

gr aded r i ng, X a r i ght G- set , x E X and Gx t he st abi l i zer of x i n G.

Consi der Y = { x} as a r i ght Gx - set . Set T = ( p, ~, - y) wher e p : RG. - - >

R, ~ : Y - X and - y : H - + G ar e i ncl usi on maps .

I n t hi s case condi t i on ( a) i n t he above exampl e al ways hol ds . On t he

ot her hand gr - ( RH, Y, H) = mod- RH and t he f unct or T* i s i somor phi c

t o t he f unct or ( - ) x whi ch associ at es ME gr - ( R, X, G) t o Mx and act s

on mor phi sms by r est r i ct i ng on t he domai ns . I n t hi s si t uat i on t he r esul t

pr oved i n l ast exampl e t r ansl at es i nt o :

The f ol l owi ng condi t i ons ar e equi val ent :

( a) - ORcx R : mod - RG. - - - > gr - ( R, X, G) i s an equi val ent e .
( b) ( - ) x i s an equi val ent e .
( c) R( x) i s a gener at or i n gr - ( R, X, G) .

( d) For ever y y E Y, R, : - l x = Rx- , y * Ry - l x ( wher e Rx - ,
y =

	

® Rg) .
x9=y

Not i ce t hat condi t i on ( d) i mpl i es t hat G act s t r ansi t i vel y on X.

When X = Gwi t h r egul ar r i ght act i on, t he above equi val ent condi -

t i ons do not depend on x . Namel y, i f R( g) i s a gener at or i n gr - R, t hen
f or ever y x E G, R( x) i s a gener at or t oo . Gr aded r i ngs sat i sf yi ng t hese
condi t i on ar e t he st r ongl y gr aded r i ngs . When X i s not Gt he si t uat i on
i s not so symmet r i c, as t he f ol l owi ng exampl e shows .

Exampl e 2 . 8 . Let A be a r i ng and Ba pr oper over r i ng such t hat t he

i ncl usi on map j : A - - > B spl i t s as a mor phi sm of A - A- bi modul es, Le .

t her e i s an A- A- bi modul e homomor phi smE : A - - > A such t hat Eoj = 1A .

Let G be t he per mut at i on gr oup on t her e el ement s . Let a E G be a

t r ansposi t i on and b E Ga 3- cycl e . Let K be t he subgr oup of Ggener at ed

by b and H t he subgr oup of Ggener at ed by a .
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Let M= A x B x B consi der ad as an A- A- bi modul e . I f we def i ne

b( x, y, z) _ ( E( z) , e( x) , E( y) )

	

( x, y, z) E M
( x, y, z) b = ( E( y) , e ( z) , E( x) ) }

t hen Mbecomes an A[ K] x A[ K] - bi modul e . Consi der R = A[ K] n M
t he t r i vi al ext ensi on of A[ K] by M. The el ement s of Rar e pai r s ( a, m)
wi t h a E A[ K] and mE Mwi t h t he r i ng st r uct ur e gi ven by

( a, m) + ( / 3, n) = ( a + 0, m+ n)

	

a ~3 E A[ K] , m, n E M.
( a, m) ( ~3, n) = ( ap, an + m, 3)

	

}

Consi der i n R t he f ol l owi ng G- gr adi ng :

Re = A x 0

	

Rb = Ab x 0

	

Rbz = Ab 2 x 0
Ra =Ox( AxOx0) Rab=Ox( OxBx0) Rabz=0x( Ox0xB) .

Let X be t he set of r i ght H- coset s and consi der G act i ng on X by
r i ght t r ansl at i on . Let x = H and y = Hb . Then

Rx - . x = RH = RHb ' Rb - 1 H = Rx - 1
Y ' Ry - 1 x

Ry - l x . Rx- l y = Rb- 1H - RHb = [ Ab2 x ( 0 x B x 0) ] [ Ab x ( 0 x B x 0) ] =

=Ax( 0x0xA) =/ ~ Ax( 0x0xB) =Rb- 1Hb=Ry - l y .

Ther ef or e, by Exampl e 2 . 7, R( x) i s a gener at or i n gr - ( R, X, G) whi l e
R( y) i s not .

I n [ CF] t he aut hor s ext end t he concept of Mor i t a dual i t y t o
Gr ot hendi eck cat egor i es . Let ( F : C - - > D, G : D - > C) be a pai r of
adj oi nt f unct or s on t he r i ght . Let us denot e by Q : l e - - > GF and
T : 1D - - - > FG t he uni t s of t he adj onct i on ( t hey can be i nt er pr et ed as
uni t and couni t of a pai r of covar i ant f unct or s) . Let

Re = { C E Cl ac i s an i somor phi sm}

RD = { D E Di QD i s an i somor phi sm} .

Then F and G i nduce a dual i t y bet ween Re and RD.

We say t hat t he pai r ( F, G) i s a Mor i t a Dual i t y i f F and G ar e exact
and t he subcat egor i es Re and RD cont ai n a set of gener at or s of C and D,
r espect i vel y, and bot h ar e cl osed under subobj ect s and quot i ent obj ect s .

I n [ AW] t he aut hor s def i ne an al t er nat i va ver si on of Mor i t a dual i t y
f or Gr ot hendi eck cat egor i es whi ch i s not equi val ent t o t he Col by- Fl zl l er ' s
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one i n gener al but i t i s so i n t he case of cat egor i es of modul es gr aded by

G- set s ( see [ GG] ) .

Not e t hat i f ( F, G) i s a Mor i t a dual i t y, t hen Rc and RD ar e cl osed
under f i ni t e copr oduct s, t her ef or e RC and RE> cont ai n any f i ni t el y gen-
er at ed obj ect of C and D, r espect i vel y .

Let P be i s a X x X' - gr aded R- R' - bi modul e . Let u : I gr _( R, X, G) - >
A

	

A
H( PR, , - ) o ( - ®RP) and e : ( - ®R P) o H( PR, , - ) , 1gr _( R, , X, , G, )

At he uni t and t he couni t of t he adj onct i on pai r ( H( PR, , - ) , ( - ®RP) )

and o, : 1( G, X, R) - g, - - > H( - , PR, ) o H( - , RP) and T : l gr _( R' , X' , G)

H( - , RP) o H( - , PR, ) t he uni t and couni t of t he adj onct i on pai r

( H( - , RP) , H( - , PR, ) ) .

An obj ect ME ( G, X, R) - gr ( r esp . N E gr - ( R' , X' , G' ) ) i s sai d t o

be P- r ef l exi ve i f omt ( r esp . T, v) i s an i somor phi sm.

Lemma 2 . 9 . Let P an Xx X' - gr aded R- R' - bi modul e . The f ol l owi ng

ar e equi val ent :

( a) AP : R - > H( PR, , PR, ) ( r esp . X'

	

H( RP, RP) i s an) i s an

i somor phi sm.

( b) For ever y x E X ( r esp . x' E X' ) , uR( ~)
( r esp . cR, ( X, ) ) i s an

i somor phi sm.

( c) For ever y x E X ( r esp . x' E X' ) , ( x) R ( r esp . R' ( x' ) ) i s P-

r ef l exi ve .

P i s sai d t o be f ai t hf ul l y bal anced i f bot h Ap and XP ar e i somor phi sms .

Theor em 2 . 10 . Let P be an X x X' - gr aded R- R' - bi modul e . The

f ol l owi ng condi t i ons ar e equi val ent :

( a) ( H( - , RP) , H( - , PR, ) )

	

def i ne

	

a

	

Mor i t a

	

dual i t y

	

bet ween

( G, X, R) - gr and gr - ( R' , X' , G' ) .

( b) For ever y x E X and x' E X' , ever y gr aded quot i ent of

( x) R, R' ( x' ) , , P and P. , , i s P- r ef l exi ve .

( c) P i s gr aded f ai t hf ul l y bal anced, { P, , , j x' E X' } i s a set of i nj ect i ve

cogener at or s i n t he cat egor y ( G, X, R) - gr and { x P¡ x E X} i s a

set of i nj ect i ve cogener at or s i n t he cat egor y gr - ( R' , X' , G' ) .

3 . Dual i t y Theor ems

The mai n goal of t hi s sect i on i s t o ext end t he Dual i t y Theor ems of

Cohen and Mont gomer y [ CM] t o our set t i ng . Ther e ar e ot her al t er nat i ve

ext ensi ons whi ch can be f ound i n [ Q] , [ B1] , [ B2] and [ AN] ( see al so [ A] ) .
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The or i gi nal i t y of our met hods i s t hat t hey ar e pur el y cat egor i cal . We
gi ve some equi val ences of cat egor i es whi ch wi l l be usef ul i n appl i cat i ons .

Let R be a G- gr aded r i ng and X a l ef t G- set . X wi l l be consi der ed as
a r i ght G- set by xg = g - l x ( x E X, g E G) .

Let P = ® R( x) . For ever y x E X l et u x : R( x) - - > P be t he
xEX

canoni cal monomor phi sm and 7r x : P - > R( x) t he canoni cal pr oj ect i on .
P becomes an X x X- gr aded R- R- bi modul e by

and t he X x X- gr adi ng

r ux ( a) s = ugx ( r as)

	

( r ERg , a, s E R)

P( x, y) = ux( R( x) y)

	

( x, y E X) .

Mor eover RP and PR ar e f ai t hf ul modul es .

Not e t hat P i s t he X x X- gr aded R- R- bi modul e associ at ed t o t he
i dent i t y f unct or i n gr - ( R, X, G) . ( See Def i ni t i on 1 . 4) .

Gi ven x, y E X we wr i t e Rxy- , _

	

Rg . Al so i f r E R, t hen r xy- 1
x=gy

wi l l denot e E r g . Not e t hat Rxy - i ( r esp . r xy - i ) i s bot h t he component
x=gy

of degr ee x of ( y) R ( r esp . of r consi der ed i n ( y) R) and t he component
of degr ee y of R( x) ( r esp . of r i n R( x) ) .

Remar k . Let FCMX( R) be t he r i ng of á, l l f i ni t e col umn squar e X-
mat r i ces wi t h ent r i es i n R. Si nce RP i s f r ee and { u x ( 1) 1 x E X} i s a basi s
of RP, t hen t he map

End( RP) - - - > FCMX( R)

f HMf

( bei ng Mf t he squar e X- mat r i x havi ng 7r y f ux ( 1) at t he ( x, y) - t h
ent r y) i s a r i ng i somor phi sm. Mor eover , i t i s qui t e easy t o see t hat
, P( Endg, _( R, X, G) ( P) ) = { a E FCMX( R) j f or ever y x, y E X, t he
( x, y) - t h ent r y bel ongs t o Rxy - i } . Thus ( D gi ves a mat r i ci al descr i pt i on
of ( Endgr _( R, X, G) ( P) - Thi s mat r i ci al descr i pt i on has been obt ai ned by
T . Al bú [ A] f or t he par t i cul ar case X = G.

Let S = Endg, _( R, X, G) ( P) . I f we consi der S t r i vi al l y gr aded by G' =
{ e} and X' = G' as a l ef t G' - set , t hen P i s nat ur al l y an X' x X- gr aded
S- R- bi modul e .

Si nce P i s an X x X- gr aded R- R- bi modul e, t hen t hen map r ~- 4 Ar

whi ch associ at es t o an el ement r E R t he l ef t mul t i pl i cat i on- by- r map
i n P i s a r i ng mmomor phi sm A : R - > S. Si nce RP i s f ai t hf ul , A i s
i nj ect i ve . Not e t hat f or ever y r E Rxy - 1, 7r yA, ux = Ar : R( x) - - > R( y) .

Let I = H( RP, P) . Cl ear l y I = { n E S1 au x = 0 f or al most al l x E X} .
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Lemma 3 . 1 . I i s an S- R- bi submodul e of S and i t i s i somor phi c t o

SPR-

Pr oof : Let cp : P - > S be t he addi t i ve homomor phi sm gi ven by

W( u x ( r ) ) u y = u . A, xy _1

	

( r E R, x, y E X) .

Not e t hat f or ever y x, y E X, u . , A, , y _ 1 = Ar x y _ 1 uy .

Let a E S, r E R and x, y, z E X.

	

Then 7r y W( au x ( r ) ) uz =

7Fy( E Wuw7r waux( r ) ) uz = 7r yW( uy 71y au x( r ) ) u z = ~1( 7r yau~( r »yy- i ' I f
WEX

g E G, t hen r g E R( x) xg , t her ef or e 7r y au x ( r g ) E R( y) xg . Thus

( 7r y au x( r ) ) yz - 1= r 7F Y c¿u x ( r g) =7r y cau x ( r xz - 1) . Then 7r yW( au x ( r ) ) u z =
xg=z

Aar y au~( r . ~- 1) = 7r y au x í \ r yy . - 1 = 7r y a( p( u x ( r ) ) u z . We concl ude t hat f or

ever y x E X, r E R and a E S, W( au x ( r ) ) = acp( u x ( r ) ) and hence cp i s
S- l i near .

Let now r , s E R, x, y E X. Then cp( u x ( r ) s) u y = W( ux ( r s) ) uy =

uxA( r s) x _1 . I 3ut ( r s) xy - 1 =

	

r xw- l 3wx- - 1 . Thus ~o( ux ( r ) s) uy
y

EX- ¡

UXAr x, 1 Aswy- 1 = ~ W( ux( r ) ) u. As wy _1 = W( ux( r ) ) r - Uwñswy_1 =

WEX

cp ( u x ( r ) ) r A, _ , , - 1 u y wcp( u x ( r ) ) Asu y . Ther ef or e W( ux ( r ) s)

	

W( u x ( r ) ) s,
WEX

t hat i s, cp i s an homomor phi sm of r i ght R- modul es .

Let p = E ux( r x) be an el ement of Ker ( W) . Then f or al l x, y E X, 0 =

XEX

7r xcp( P) uy = ux . \ ( r . ) . y_1 . Thus r x = E ( r x) xy- 1 = 0 . We concl ude t hat
yEX

cp i s i nj ect i ve .

Let r E R and x E X. Then f or ever y y E X, W( ux ( r ) ) u y = 0 unl ess

x E Supp( r ) y . Ther ef or e cp( P) C I .

Fi nal l y, l et a E I . For ever y x E X l et r x = E 7r x au y ( 1) . Si nce
yEX

uy ( I ) E R( y) y , 7r x cau y ( 1) E R( x) y and hence ( r x) xy- 1 = 7r xau y ( 1) . Let

p = r _ ux( r x) . Then, f or ever y y E Y, W( p) u, ( r ' ) = E ux( ( r x) xy- 1r ' ) =
XEX

	

xcX

ux ( 7r x au y ( 1) r ' ) = au y ( r ' ) . Thus ~o( p) = a . We concl ude t hat
xeX

cp( P) = I . a

For ever y subset F of X l et pF E S gi ven by PF ( m) = r _ ux 7r x ( M) .

xEF

Pl ai nl y PFPF' = PFnF' , f or ever y t wo subset F and F of X. Ther ef or e,

PF i s an i dempot ent f or ever y subset F of X. Mor eover PF +PX- F = 1
f or ever y F CX.
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For ever y x E X l et px = p{ x } ( = u x 7r x ) . { p . , I x E X} i s a set of
or t hogonal i dempot ent s of S. For ever y subset F of X, PF E I i f and
onl y i f F i s f i ni t e .

Lemma 3 . 2 .

	

( a) Let a E S, a E I i f and onl y i f t her e exi st s a f i ni t e
subset F of X such t hat a = apF .

( b) I i s i dempot ent .

( c) sI = ® Spx and Sp x = Rpx f or ever y x E X.
xEX

Pr oof .. Let a E I . Ther e exi st s a f i ni t e subset F os X such t hat
au x = 0 f or al l x E X- F. Then a = apF . Thi s pr oves ( a) and ( b) .

The sum E Sp x i s di r ect because { px l x E X} i s a set of or t hogonal
xEX

i dempot ent s . Mor eover , f or ever y x E X and a E S, apx = Ar px wher e
r = 1: 7r y aux ( 1) . I ndeed, l et m E P, t hen apx( m) = au x 7r x ( m) =

yEX

UY7Fy( aux( 1) ) 7r x( m) - ~, uy r yx- 1 7r x m =

	

u y Ar yx- 1 ( 7r x ( m	 -

yEX

	

yEX

	

yEX

Ar yx _l ux 7Fx( M) = Ar px( M) . zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA" .

yEX

Gi ven a l ef t A- modul e M, t hen Gen( AM) denot es t he f ul l subcat egor y
of A- mod f or med by t he r i ght A- modul es gener at ed by AM. Next Lemma
i s obvi ous .

Lemma 3 . 3 . Let I be an i dempot ent l ef t i deal of a r i ng A .

	

Then
Gen( AI ) = { ME A- mod JI M = M} .

Theor em 3 . 4 . The pai r of adj oi nt f unct or s ( G, X, R) - gr
F

AE
H( SF, - )

S- mod, def i nes an equi val ent e of cat egor i es bet ween ( G, X, R) - gr and
Gen( sI ) .

n
Pr oof .. Let T = POR- and H = H( SP, - ) . Let u be t he uni t of t he

adj unct i on pai r ( T, H) and c t he couni t . Let us r emar k t hat u and c ar e
gi ven by :

uM : M- - > HT( M)

	

( ME ( G, X, R) - gr )

[ UM( m) ] ( P) = E M. o, , p

	

( m E M, p E P)
xEX

cN : TH( N) - - - > N

	

( N E mod- S)

cl v ( . f ®p) = . f ( p)

	

( x E X, p E xP . f E H( Ps, N) x

For ever y ME ( G, X, R) - gr , um i s not hi ng but t he composi t i on of
n

t he f ol l owi ng canoni cal i somor phi sms : M= ® P( x) ®RM( see Lemma
XEX
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A

	

A
1 . 1) = I P ®R M= Hom( sI , P ®RM) = HT( M) . Ther ef or e umi s an
i somor phi sm.

Let now N E S- mod . Let WN : TH( N) - - - > I N be t he composi t i on
A

of t he f ol l owi ng canoni cal i somor phi sms :

	

cON : P ®R Hom( SI , N)
A

® R( x) ®R Hom( s I , N) - Hom( SI , N) = I N.

	

Then t he f ol l owi ng
XEX
di agr am i s commut at i ve :

I N

wher e j i s t he i ncl usi on map .

1
TH( N) - - - - - > TH( N)

N

CN

Thus CN i s an i somor phi sm i f and onl y i f N= I N. Now Lemma 3 . 3
appl i es .

Remar k . Theor em 3 . 4 i mpl i es [ CM, Theor em 2 . 2] and [ NRV, The-

or em 2 . 13] .

Recal l t hat a r i ng A ( not necessar i l y wi t h uni t ) i s sai d t o have l ocal

uni t s i f f or ever y f i ni t e subset F of A t her e exi st s an i dempot ent e of A
such t hat F E eAe . We wi l l say t hat a l ef t i deal I of S has l ocal uni t s i f
i t has l ocal uni t s when i t i s consi der ed as a r i ng wi t hout uni t .

Lemma 3 . 5 . Let A be a r i ng and I a l ef t i deal of A whi ch has l ocal

uni t s . Let B a subr i ng of A whi ch cont ai ns I . The r est r i ct i on of scal ar
f unct or i nduces an equi val ent e bet ween Gen( AI ) and Gen( BI ) .

Pr oof .. Let F : A- mod , B- mod be t he r est r i ct i on of scal ar s f unct or .
F i s obvi ousl y f ai t hf ul . Let M, N E Gen( AI ) and f E HOMB( M, N) . Let
mE Mand a E A. Let e be an i dempot ent i n I such t hat em= m. Then
f ( am) = f ( aem) = ae f ( em) = a f ( m) . Ther ef or e f E HOMA( M, N) and
hence F i s f ul l .

Let now ME Gen( BI ) . For ever y mE Mand a E A l et am= ( ae) m
wher e e i s an i dempot ent i n I such t hat m= em. Thi s def i ni t i on does
not depend on t he choi ce of e because i f em = m= e' m t her e exi st s

e" i dempot ent i n I such t hat e, e' E e" Ae" . Thus ( ae) m = ( ae" ) em =

( ae" ) m = ( ae" ) e' m = ( ae' ) m. Thi s gi ves a st r uct ur e of l ef t A- modul e

on Mand F( M) = M. a
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n
Cor ol l ar y 3 . 6 . For ever y subr i ng A of S whi ch cont ai ns I , P ®R-

( G, X, R) - gr - - - > A- mod def i nes an equi val ent e of cat egor i es bet ween
( G, X, R) - , gr and Gen( AI ) .

Remar k . Last cor ol l ar y gener al i zes [ A, Theor em 2 . 5] .

Let G, X, R, P and S as above . Let H be a gr oup and assume t hat X
has an st r uct ur e of G- H- set . Let END( PR) H = { a E End( PR) I ca( Px ) C_

P, H f or ever y x E X} . END( PR) i s a subr i ng of End( PR) .

For ever y h E H l et END( PR) h = { a E End( PR) i a( P. ) C Pxh- l
f or ever y x E X} . For ever y h, h' E H, END( RP) h - END( RP) h' C

END( RP) hh' . Ther ef or e END( RP) H = r END( RP) h i s a subr i ng of
hEH

END( RP) H.

Mor eover f or ever y h E H t he homomor phi sm h : P - P gi ven by
hu x = uxh- I ( x E X) bel ongs t o END( PR) h and hh' = hh' f or ever y
h, h' E H. Ther ef or e END( RP) H i s an H- Cl i f f or d syst em.

Lemma 3 . 7 . The sum 1: END( RP) h i s di r ect i f and onl y i f H act s
hEH

f r eel y on X. I n t hi s case END( RP) i s a skew gr oup r i ng over H wi t h
under gr ound r i ng S.

Pr oof . Let h E H and 0 : 7~ a E END( RP) h n r _ END( RP) h' . Let
h' s, ! h

x E X such t hat au x qÉ 0 . Then aux( 1) ~, 0 . Let y E X such t hat
7r y cau x ( 1) : ~ 0 . Si nce u x ( 1) E P. , t hen 7r y caux ( 1) E R( y) xh- - . Let
g E Supp( 7r y caux ( 1) ) . Then xh - 1 =g - ' y . Let hl , h2, . . . , h, , E H- { h} ,
and al E END( RP) h l , a2 E END( RP) h2, . . . ' al E END( RP) h, , such

n

t hat a = Y' a¡ . Let i = 1, 2, . . . , n such t hat ai ux ( 1) =A 0 . By r epeat i ng
4- 1

t he same ar gument , one has t hat xh2 1 = g - 1 y = xh- 1 . Thus X i s not
a f r ee l ef t H- set .

Conver sel y, assume, t hat t he sum E END( RP) h i s di r ect . Let x E X
hEH

and h E Hsuch t hat xh = x . Then 0 : 7~ Px E END( RP) e n END( PR) h - 1

and hence h = e .

Let X be an G- H- set . Consi der t he f ol l owi ng r el at i on of equi val ent e
on X:

x- y~yExH.

Then X/ H = { xHI x E X} i s t he set of equi val ent cl asses of X by t he
r el at i on of equi val ent e - . G act s on X/ H by g( xH) = gxH. The map
1 : x HxH i s a homomor phi sm of r i ght G- set .



CATEGORI CAL METHODS I N GRADED RI NG THEORY

	

51 1

Let X be a set and I an i deal . By FMX( I ) we wi l l denot e t he set of

al l squar e X- mat r i ces over I havi ng al most al l ent r i es equal t o zer o .

Theor em 3 . 8 . Let H and G be t wo gr oups, X an G- H- set and R

a G- gr aded r i ng . Let P = ® R( x) and U =

	

®

	

R( C) . Let A =
. EG CEXI H

END( PR) H, S = Endgr - ( R, X1H, G) ( U) , J = { a E Al a( R( x) ) = 0 f or

al most al l x E X} and I = { a E Sj a( R( C) ) = 0 f or al most al l C E

X/ H} .

Ther e exi st s an i somor phi sm - P : A - > FCMH( S) such t hat ~D( J) _

FMH( I ) .

Pr oof . Let 1 : X - X/ H be t he map whi ch associ at es t o x E X t he

cl ass xH. Set Q =TI ( P) .

Pl ai nl y Q = ® R( xH) = U( H) . Ther ef or e t her e i s a canoni cal
. EX

i somor phi sm <D : End( G, Xf , R) - gr ( Q) - FCMH( End( G, Xf , R) - gr ( U) )
such t hat 4>( K) = FM( I ) bei ng K = { n E End( G, Xf , R) - gr ( Q) l uxa =

0 f or al most al l x E X} . The t heor em f ol l ows by r eal i zi ng t hat

End( G, XI H, R) - 9, ( Q) = END( RP) H and hence J = K.

Remar k . Last t heor em i mpl i es [ CM, Theor em 3 . 5] , [ B2, Theor em

2 . 2] and [ NRV, Cor ol l ar y 2 . 2] .

Lemma 3 . 9 . Let A be a r i ng and X a set . Let B = MX ( A) be t he

f i ni t e r ow and col umn mat r i x r i ng over R i ndexed by X. Let x E X and

P, t he X x X mat r i x havi ng 1 at t he ( x, x) - t h ent r y and zer os el sewher e .

The f unct or Hom( BBp x , - ) def i nes an equi val ent e of cat egor i es bet ween

Gen( BBp x ) and A- mod .

Pr oof . Let P = Bp, , . BP i s f i ni t el y gener at ed and pr oj ect i ve and

End( BP) i s i somor phi c t o A. I t onl y r emai ns t o pr ove t hat BP gener at es

each of - i t s submodul es and appl y [ F, Theor em 2 . 6 and Lemma 2 . 2] .

Let Mbe a submodul e of BP. For any y E X l et My = { a ( y, x) l a E

M} . I f y, z E X and a E M, t hen ( e, z, ya) ( z, x) = a( y, x) , ez, y bei ng t he

X x X- mat r i x havi ng 1 at t he ( z, y) - ent r y and zer os el sewher e . Ther ef or e,

My = Mz, t hat i s, N = My does not depend on y E X.

Let M' = { a E P¡ a( y, x) E N f or al l y E X} . We cl ai m t hat M= M' .

The i ncl usi on MC_ M' i s cl ear . Let a E M' . For ever y y E X t her e

exi st s , Qy E Msuch t hat a ( y, x) = 0y ( y, x) . Then a =

	

p y , úy E M.
a( y, x) 540

For ever y a E N l et á be t he X x X mat r i x havi ng a at t he ( x, x) - t h

ent r y and zer os el sewher e. Let f a : P - > Mbe t he r i ght mul t i pl i cat i on
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by á map . Then, f or ever y a E M, a =

	

E

	

f a( y, . ) ( e( y . ) ) . Ther ef or e
a( y, X) 5, ~o

Mi s gener at ed by BP.

Cor ol l ar y 3 . 10 . Wi t h t he same hypot hesi s and not at i on t han Theo-
r em 2 . 8, t he cat egor i es Gen( AJ) and Gen( SI ) ar e equi val ent .

Pr oof . Let B = FCMH( S) and C = MH( S) . Let P = Cpe bei ng pe

t he Hx H- mat r i x havi ng 1 E S at t he ( e, e) - posi t i on and zer os el sewher e .

By Lemma 3 . 9, F = Hom( CP, - ) : Gen( cP) - > S- mod i s an equi va-
l ence of cat egor i es . Let Q= FMX( J) p, Then F( Q) - I and hence F
i nduces an equi val ence of cat egor i es bet ween Gen( cQ) and Gen( sI ) .

Let K = FMH( I ) . K i s i somor phi c t o Q( H) as a l ef t C- modul e .
Ther ef or e Gen( cK) = Gen( cQ) .

By Lemma 3 . 5 Gen( CK) i s equi val ent t o Gen( BK) .

Now, by usi ng t he i somor phi sm D of Theor em 3 . 8, we have t hat
Gen( BK) i s equi val ent t o Gen( AJ) .

We concl ude t hat Gen( BJ) i s equi val ent t o Gen( sI ) .

We f i ni sh t hi s sect i on wi t h a ver si on of Cohen- Mont gomer y Dual i t y
Theor em f or act i ons .

Theor em 3 . 11 . Let R * G be a cr ossed pr oduct and H a subgr oup
of G. Let P =

	

®

	

R( C) .

	

Then End gr _( R, G/ H) ( P) i s i somor phi c t o
CEG/ H

FCMG/ H( R * H) .

Pr oof - For ever y g E G t her e i s a uni t g i n R * G of degr ee g .
Then, f or ever y g E G and ever y C E G/ H, l ef t mul t i pl i cat i on by g
i s a gr aded i somor phi sm bet ween R( C) and R( gC) . Ther ef or e P
R( H) ( G1H) i n ( G/ H, R) - gr and hence Endgr _( R, G/ H) ( P) i s i somor phi c
t o FCMG/ H( Endgr _( R, G/ H) ( R( H) ) . Fi nal l y, Endgr _( R, G/ H) ( R( H) )
R * H, by Lemma 1 . 5 .

4 . Separ abl e f unct or s

Separ abl e f unct or s have been i nt r oduced i n [ NVV] and st udi es i n
[ NVV] and [ Ra] . Let us r ecal l t he def i ni t i on .

Def i ni t i on . Let F : C - D be a f unct or bet ween t wo ar bi t r ar y
cat egor i es C and D. F i s sai d t o be separ abl e i f f or any t wo obj ect s
C, C' E C, t her e i s a map cp = WC, C, : HomD( FC, FC) - > HomC( C, C)
such t hat :

SF1 . For al l f E Homc ( C, C' ) , cp( Ff ) = f .
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SF2 . For ever y commut at i ve di agr am i n Dof t he t ype

h
FC FC2

F( f )
JJJ

	

JJJ
F( 9)

k
FCi ; FCZ

t he f ol l owi ng di agr am i n C i s al so commut at i ve

w( h)
C1 > C2

C

19

'2

I n t hi s sect i on we f i r st r ecal l a f undament al t heor emof Raf ael [ Ra] on

adj oi nt separ abl e f unct or s . Then we st udy condi t i ons f or t he f unct or s T*

and T* , def i ned i n Sect i on 1, t o be separ abl e . When R = R' and p i s t he

i dent i t y map on R, t hen T* i s al ways separ abl e whi l e t he separ abi l i t y

" t est f or T* can be si mpl i f i ed .

I n [ Ra] t he aut hor s gi ve a compl et e char act er i zat i on of separ abl e ad-

j oi nt f unct or s i n t er ms of t he uni t and couni t of t he adj unct i on . Expl i ci t l y

t hey obt ai n t he f ol l owi ng r esul t :

Theor em 4 . 1 [ Ra] . Let F : C - - > D and G : D - > C be f unct or s such

t hat F i s l ef t adj oi nt of G. Let u : l e - > GF be t he uni t and c : FG- 1D
t he couni t of t he adj unct i on .

( a) F i s separ abl e i f and onl y i f u spl i t s ( ¡ . e .

	

Ther e exi st s a nat ur al

t r ansf or mat i on e : GF - > l e such t hat ec o uc = l c f or ever y

C E C) .
( b) G i s separ abl e i f and onl y i f c cospl i t s ( i . e . Ther e exi st s a nat ur al

t r ansf or mat i on p : 1D - > FG such t hat CD O PD = 1D f or ever y

DED) .

For t he sake of compl et eness we gi ve a pr oof di f f er ent f r om t he one

gi ven i n [ Ra] .

Pr oo£ By dual i t y i t i s enough t o pr ove ( a) .

Assume t hat F i s separ abl e . For ever y C, C E C l et

W= WC, c, : HomE>( FC, FC' ) - + Homc( C, C' )

be a map sat i sf yi ng SF1 and SF2 .
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For ever y C E C, set EC = W( CFC) E Homc( GF( C) , C) .

Fi r st we pr ove t hat E : GF - - > l c i s a nat ur al t r ansf or mat i on . I ndeed,
l et f E Homc( C, C' ) , t hen t he di agr am

FGF( f )
FGFC

	

1

FGFC'

FC F( f ) FC

i s commut at i ve, because c i s a nat ur al t r ansf or mat i on . Ther ef or e t he
f ol l owi ng di agr am i s al so commut at i ve :

GF( f )
GFC - ) GFC

C
f

C
/

Now we pr ove t hat Ecuc = l c f or ever y C E C. I ndeed, t he wel l
known f or mul a CFC o F( uc) = 1F ,c i mpl i es t he commut at i vi t y of t he
f ol l owi ng di agr am

F( uc)
FC - FGFC

F( 1c)
FC 1 FC

and SF2 i mpl i es t he commut at i vi t y of t he f ol l owi ng di agr am:

C

	

U~ GFC

C

Conver sel y, l et E : GF - - > l c be a nat ur al t r ansf or mat i on sat i sf yi ng
E o u = 1 . For any C, C' E C l et co : HomD( FC, FC' ) - + Homc( C, C)
gi ven by W( f ) = EC, o G( f ) ° uc .

I f f E Homc( C, C' ) , t hen W( Ff ) = Ec, GF( f ) uc = Ec, uc f = f .

On t he ot her hand, i f t he f ol l owi ng di agr ami n D i s commut at i ve

h
FC1 -	 FC2

F( f ) 1

	

y
I F( 9)

k
FCi - FC2
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t hen t he di agr am
w( h)

Cl CZ

f

W( k)
G1 %CZ

9

i s al so commut at i ve because g o co( h) = g o EGZ o G( h) o uc, = ec2 o

GF( g) oG( h) ouc, =EC, oG( F( g) oh) ouc, = EC, oG( k) oGF( f ) ouc, =
2

	

2

EC,
o G( k) o uGl o f = ~o( k) o f .

Theor em 4 . 1 can be used t o gi ve a si mpl e cr i t er i on on when a r i ght
adj oi nt f unct or of t he f or m G: gr - ( R, X, G) - > D i s separ abl e, f or Dan
addi t i ve cat egor y . Next pr oposi t i on was i nspi r ed f r omPr oposi t i on 2 . 2 i n
[ Ra] .

Pr oposi t i on 4. 2 . Let C be a f ul l subcat egor y of gr - ( R, X, G) such

t hat R( x) ECf or ever y x E X. Let G: C- > D be a r i ght adj oi nt f unct or ,

F a l ef t adj oi nt of Gand c : FG- + l c t he couni t of t he adj onct i on . The

f ol l owi ng condi t i ons ar e equi val ent :

( a) Gi s separ abl e .

( b) For any x E X t her e exi st s mx E FG( R( x) ) x sat i sf yi ng t he f ol -

l owi ng t wo condi t i ons :

( 1) For any x E X, CR( x) ( mx) = 1 .

( 2) For any x E X, g E G and r E R9 , FG( A, ) ( mxg ) _

mx r ( wher e A, - E Hom9, _( RX, G) ( R( xg) , R( x) ) i s t he l ef t

mul t i pl i cat i on- by- r map) .

Pr oof . Assume f i r st t hat Gi s separ abl e . By Theor em4 . 1, t her e exi st s

a nat ur al t r ansf or mat i on g, : l e - > FG such t hat c o p, = 1 . By Lemma

1 . 5 f or ever y x E X t her e exi st s mx E FG( R( x) ) such t hat pR( x) = Am. .

Then CR( x) ( mx) _ ( CR( x) 0PR( x) ) ( 1) = l . On t he ot her hand, i f r E R9 ,

t hen f or ever y x E X t he f ol l owi ng di agr am

R( xg)
wR' x9>,

FG( R( xg) )

-
FG( a, )

R( x)

	

FG( R( x) )
11R( x)

i s commut at i ve .

	

Ther ef or e FG( A, ) ( mxg) = [ FG( A, ) o PR( xg) ] ( 1) _

[ PR( x) o Ad ( I ) = mxr .



516

	

A . DEL Rí o

Let now { mx E FG( x) ) x I x E X} be a syst em of el ement s sat i sf yi ng

condi t i ons ( 1) and ( 2) . For ever y N E gr - ( R, X, G) def i ne PN : N

FG( N) by PN( n) = FG( An) ( mx) i f n E Nx and ext end PN t o N by

l i near i t y .

pm i s R- l i near because i f n E Nx and r E Rg , t hen M( nr ) _

FG( Anr ) ( mx9) =FG( An) FG( A, ) ( mx9) =FG( , \ n) ( mxr ) =FG( , \ nXmx) r =

hN( n) r .

Now we pr ove t hat t i i s a nat ur al t r ansf or mat i on . Let f E Hon) g, _( Rx, G)

( N, N' ) and n E Nx . Then

[ FG( f ) o MN] ( n) = FG( f o An) ( mx) = FG( Af (n) ) ( r nx ) =

= PN' ( f ( n) ) = ( PN' o f ) ( n) .

Fi nal l y, i f N E C and n E Nx , t hen ( CN o p, N) ( n) = [ CN o

FG( An) ] ( mx) = [ An O CR( x) 1( mx) = \ n( 1) = n.

Thus, appl yi ng Theor em 4 . 1 we concl ude t hat Gi s separ abl e .

For t he r est of t hi s sect i on we consi der t he f ol l owi ng si t uat i on : Let
T = ( p, ~, y) wher e p : R - > R' i s a r i ng homomor phi sm, ~ : X - - > X'
i s a map, y : G- - > G' i s a gr oup homomor phi sm, Ri s a G- gr aded r i ng,
R' i s a G' - gr aded r i ng, X i s a r i ght G- set , X' i s a r i ght G' - set and t he
f ol l owi ng condi t i ons hol d :

p( Rg) = Ry( s)

	

~( xg) = ~( x) y( g)

	

( g E G, x E X) .

Let T* and T* be t he f unct or s def i ned i n Sect i on 1 . We ar e goi ng t o
st udy when T* and T* ar e separ abl e .

Pr oposi t i on 4. 3 . Let T = ( p, , y) as abone.

	

The f ol l owi ng condi -

t i ons ar e equi val ent :

( 1) T* i s separ abl e .

( 2) For ever y x E X t her e i s Ex E Homgr _( R, x, G) ( T* ( R' ( «x) ) , R( x) )

such t hat .

( a) For ever y x E X, Ex ( 1' ) = 1 .

( b) For ever y x, y E X, g E G, r E Rg and r ' E R' ( ~( xg) ) g( y) ,

Ex( ( p( r ) r ' ) y) = r Ex9( ( r ' ) y) .

Pr oof .. Fi r st l et us not e t hat t he uni t u of t he adj unct i on pai r ( T* , T, , )
i s gi ven by :

uyl : M- - - > T* T* ( M)

	

( ME gr - ( R, X, G) )

m~- > E( m: , ; ( 9 1) x ( mE M) :

xEX
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On t he ot her hand t he canoni cal i somor phi sm R' - - > ROR R' i nduces
an i somor phi sm Ox : R' ( «x) ) - - > T* ( R( x) ) f or ever y x E X.

( 1) =~> ( 2) Assume t hat T* i s separ abl e . By Theor em 4 . 1 t her e exi st s a
nat ur al t r ansf or mat i on E : T* T* - - > 1 gr - ( R, X, G) such t hat Emo uM=1m

f or ever y ME gr - ( R, X, G) .

For ever y x E X l et Ex = ER( x ) oT* ( 0, , ) . We ar e goi ng t o see t hat

{ E, , I x E X} sat i sf i es condi t i ons ( a) and ( b) .

ex ( 1, ) = -- R( . ) « 1 ( 9 1) x ) = [ ER( x) o UR( x) 1( 1 ) = 1 .

Let now g, h E G, r E Rg and r ' E R' ( ~( xg) ) , ( y) . Let Ar : R - > R be

t he l ef t mul t i pl i cat i on by r map and Ap( r ) : R' - > R' l ef t mul t i pl i cat i on
by p( r ) . By Lemma 1 . 3, one has

Ar E Homgr _( R, X, G) ( R( xg) , R( x) )

Ap( r ) E HOmgr _( R' X' G' ) ( R' ( «xg) ) , R' ( ~( x) ) ) .

Fur t her mor e t he f ol l owi ng di agr am i s commut at i ve

T. ( Wxg)

	

ER( xg)

T* ( R' ( «xg) ) ) - T* T* ( R( xg) )

	

R( xg)

T, ( w( , ) ) 1

	

1T. T' ( a, - )

T*
( 0 . ) ER( x)

T* ( R' ( ~( x) ) )

	

T* T* ( R( x) ) > R( x)

Ther ef or e, Ex( ( p( r ) r ~) y) = [ ER( x) o T* ( Ox) ] ( ( Ap( r ) ( r ' ) ) y) = [ ER( x) o

T* ( Ox) 1( [ Z* ( AP( r ) ) ] ( ( r ' ) y) = [ Ar o Exg] ( ( r ' ) 9) = r Exg( ( r ' ) y) .

( 2) =: > ( 1) Assume t hat f or ever y x E X t her e exi st s Ex E

Hom( G, X, R) - gr ( T* ( R' ( ~( x) ) ) , R( x) ) sat i sf yi ng condi t i ons ( a) and ( b) .

For ever y M E gr - ( R, X, G) l et EM : T* T* ( M) - > M be t he ho-

momor phi sm gi ven by EM( ( m ® r ' ) y) = mEx ( r ' y ) whenever m E Mx

and r ' E R' ( ~( x) ) , ( y) and ext ended by l i near i t y . Not e t hat Em

def i ned . I ndeed, l et m E Mx , r E Rg and r ' E R' ( «xg) ) j ( y) .
EM( mr ®r ' ) = mr Exg( r ` ) =

mex( ( p( r ) r ' ) y) = Em( ( m( 9 r r ' ) y) .

l t i s an easy exer ci se t o check t hat EmEHomgr - ( R, X, G) ( T* T * ( M) , M) .

Mor eover , f or ever y mE Mx, [ emoum] ( m) = EM( ( m( 91) x) = M, - X( 1x) =

m. I t onl y r emai ns t o pr ove t hat E i s a nat ur al t r ansf or mat i on f r omT* T*

t o l gr - ( R, X, G) and appl y Theor em 4 . 1 .

Let f E Homg r - ( R, X, G) ( MI N) , m E Mx and r ' E R' ( ~( x) ) , ( y) .

Then [ EN o T* T* ( f ) ] / ( ¡ ( m ®r ' ) y ) = EN( ( f ( m) ®r ' ) y ) = f ( m) E. ( r ' y) _

f ( MEx( r ' y) ) = f ( EM¡ l l m0 r ' ) y ) ) = [ f ° EM[ ¡ ¡ l \ m

	

r ' ) y) .

i s wel l
Then
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Pr oposi t i on 4. 4 . Let T = ( p, 1, - y) as abone .

	

The f ol l owi ng condi -

t i ons ar e equi val ent :

( a) T* i s separ abl e .

( 2) Ther e exi st s a syst em

_ { ( a( x' , i ) , b( x , , i ) , x( x ,
, i ) ) E R9, , , i ) x

R( g~~ , ~>x
XI X, E X' ,

sat i sf yi ng t he f ol l owi ng condi t i ons .

i =1, 2, . . . , mx, }

( 1) For ever y x' E X' and i = 1, 2, . . . . mx , , x' g( x , i ) = I ( x( x" 2) ) .

my
( 2) For ever y x' E X' , ~a( x,

i ) b( x, , i )
= 1 .

( 3) For ever y r ' E R9, , and ever y x' E X' , t he f ol l owi ng equal i t y

hol ds i n T* ( R' ( x' ) ) ®R R' .

mx ,

	

mx , 9 ,

Da( x , i ) ) x( =' , i )
0 ( b( x , , i ) ) r = E ( r ' a( x' g' i ) ) x( x' s' ~a)

® ( b( g' x' , i ) )
.

Pr oof . Fi r st l et us r emar k t hat t he couni t c : T* T* - > 1 of t he adj unc-
t i on pai r ( T* , T* ) i s gi ven by :

cN : T* ( N) ®R R' - - - - - - > N

	

( N E gr - ( R' , X' , G' ) )
CN( nx ®r ' ) = nr '

	

( r ' E R' , n E Nj ( x) ) .

( a) ==> ( b) Assume t hat T* i s separ abl e . By Pr oposi t i on 4. 2, f or ever y
x' E X' t her e exi st s Kx , E ( T. ( R' ( x' ) ) ®R R' ) x , such t hat

( 1) CR' ( x' ) ( K- ' )
= 1-

( 2) For any x' E X' , g' E G' and r ' E Rg, , T* T* ( , \ T) ( Kx' g' ) = Kx' r .

nx
Each Kx , can be expr essed as

	

( a( x" i ) ) x( =' , i ) ( 90~x, , i ) wher e a( x, , i ) and
i - 1

, Q( x, , i )
ar e homogeneous f or ever y possi bl e x' and i . For ever y possi bl e x'

and i , l et g( x , , i ) be t he degr ee of a( x , , i ) and h( x , , i ) t he degr ee of ~3( x, , i ) .
Then x' g( x

t i )
_ J( x( x, , ?) ) and «x( x, , i ) ) h( x, á)

= x' .

Let

	

_ { ( a( x, , i ) 1 b( x, , i ) ,
x( x, i ) ) I x'

E X' , i = 1, 2, . . . . mx } be t he sys-

t emwhi ch r esul t s by el i mi nat i ng i n t he syst em { ( af x , , i ) 5 P( x , , i ) , x( x ,
, i ) ) I X, E

X' , i

	

=

	

1, 2. . . . nx , }

	

any

	

upl a

	

{ a( x , , i ) , 0( x' , i ) , x( x, , i ) )

	

such

	

t hat

g( x, , i ) h( x, i ) : ~ e . Pl ai nl y 5- sat i sf i es ( 1) .
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Si nce 1 = cR, ( x, ) ( Kx, ) = L~a( x, , i ) N( x, , i ) , t hen t he homogeneous com-

ponent of degr ee e of t hi s el ement i s equal t o 1 . But t hi s homogeneous

component i s j ust

	

a .. , i ) b1 x , i ) . Thus E sat i sf i es ( 2) .
i =I

Consi der G' as a r i ght G- set by : g' g = g' y( g) ( g E G, g' E G' ) . Con-

si der i n M=T. ( R' ( x' ) ) t he f ol l owi ng G' - gr adi ng : A t ypi cal el ement r ' x

i nT* ( R' ( x' %has degr eeg' E G' i f r ' E R9, . Pl ai nl yM E gr - ( R, G' , G) .

Let S = ( p, 1c, , y) . Then S* ( M) = M®R R' E gr - ( R' , G' , G' ) wher e

G' i s consi der ed as a r i ght G' - set by r egul ar act i on .

Gi ven r ' E R9, and x' E X' , t hen A =

	

( a' x , i ) ) x ( - ' , i ) ®
~( x, ' i ) r ' _

i - I
n x , 9 ,

Kx , r = T* T* ( r ' ) Kx, g, _

	

( r ' al x, g, , i ) ) X( - ' 9' ' ¡ ) ®, 3( x, 9, , i ) . Consi der A as
i - I

an el ement of S* ( M) . For ever y i = 1, 2, . . . . nx,

( r ' a/ x ' ,
) Xw1¡ )

	

E S* ( M) ,

	

,
( i )

	

( ~ , z)

	

g g( x, , i ) h( x" i )

( a' ,

	

) x( x' 9' M

	

~3' , , r ' E S* ( M) ,

	

,
( g" ¡ )x

	

®

	

( ~ 9 , i )

	

g( x, , , ) h( x, , ) g

E( i a( x,

	

x( x, i ) ®b(
i
x , i ) r

i
= A9 =	 ( r i a( i x, g,

	

x( - Y i )
®aii ) )

	

~

	

i ) )

	

( x, g, i ) .

i =1

	

i =1

Thi s pr oves ( 3) f or ~.

( b) ==> ( a) Let

= i ( a( x , , i ) , b
l ( x

, , i ) , x( x' , i ) ) E R9í x, , ~)
x

R' ( g, ( x
, 2) )

_1
x XI X, E X' ,

i =1, 2, . . . , nx, }

be a syst emsat i sf yi ng ( 1) , ( 2) and ( 3) .
mx ,

For al l x' E X' , l et Kx , = 1: ( ax, , i ) xx' , i ®bx, , i . Then CR, ( x, ) ( KX, ) _
i - I

mx,

	

mx , s ,

ax, , i b~, , i = 1 and f or ever y r ' ER9, , T* T* ( AT, ) ( Kx, g, ) =r _ ( r ' a' g, , i ~=' 9' . i
i =1

	

i =1

) xx, a

	

'

	

'

	

, i
a' , i

	

ax , i

	

®a x, i r =Kx r .
i =1

By Pr oposi t i on 4 . 2, we concl uded t hat T* i s separ abl e.
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I n t he pr oof of l ast Pr oposi t i on, we have consi der ed G' as a r i ght G-
set by g' g = g' y( g) ( g E G, G' E G' ) . Act ual l y we can consi der G' as a
G- G- set by put t i ng gg' = y( g) g' .

For ever y x' E X' , t he r i ght R- modul e T* ( R' ( x' ) ) becomes an obj ect
of gr - ( R, G' , G) by assi gni ng degr ee g' t o

r ' x
whenever r ' E R' , wi t h

x, g, = «x) .
We can consi der X as a l ef t G- set by gx = xg - 1 ( g E G, x E X) .

Si mi l ar l y X' can be consi der ed as a l ef t G' - set .

Mor eover y( g) ~( x) = «gx) f or ever y g E G and x E X. Ther ef or e, we
can def i ne t wo f unct or s To = R' ®R- : ( G, X, R) - gr - > ( G' , X' , R' ) - gr
and To : ( G' , X' , R' ) - gr - - > ( G, X, R) - gr whi ch ar e t he l ef t hand
ver si ons of T* and T* . By symmet r y, f or ever y x' E X' , To( ( x' ) R' ) i s an
obj ect of ( G, G' , R) - gr by assi gni ng degr ee g' t o

r ' x
whenever r ' E R9,

wi t h g' x' = «x) .
Set S = ( p, 1G' , y) . For ever y x' E X' , S* ( T* ( R' ( x' ) ) ) = T* ( R' ( x' ) ) ®R

R' E gr - ( R' , G' , G' ) =gr - R' and S' ( To( ( x' ) R' ) ) E ( G' , G' , R' ) - gr =
R- gr .

Lemma 4 . 5 . For ever y x' E X' and ever y g' E G' , S* ( T* ( R' ( x' ) ) ) g,

i s i somor phi c t o 9, So( To( ( g' x' ) R' ) ) .

Pr oof . Let ~D : S* ( T* ( R' ( x' ) ) ) 9, - > g, So( ( g' x' ) ( R' ) ) t he homomor -
phi sm gi ven by - P ( a` ®b' ) = a' ®b' x ( x E X, a' E RQ, , b' E RT, , wi t h
x' Q' = ~( x) and o, ' T' = g' ) and ext ended by l i near i t y .

i s wel l def i ned . I ndeed, l et a' E Rá, b' E R. , , , r E Rg and assume
t hat u' y( g) ,r ' = g' and x' v' = j ( x) . Then P( ( a' ) xr ( 9b' ) = ~b( ( a' p( r ) ) xg®
b' ) = a' p( r ) ® ( b' ) xg = a l ® r ( bl ) s

- ' x
= a' o ( p( r ) b' )

x
= - D( a' x ®p( r ) b) .

And i b i s obvi ousl y an i somor phi sm.

Pr oposi t i on 4 . 6 . Let T = ( p, ~, y) as above . T* i s separ abl e i f and
onl y i f To i s separ abl e .

Pr oof . By l ef t - r i ght symmet r y, To i s separ abl e i f and onl y i f t her e
exi st s a syst em

{ ( al x , , i ) , b( x , , j ) , x( x , , Z) ) E R( h~x, , ~>) - 1
x Rh ( x, t i ) x XI X' E X' ,

i =1, 2, . . . , mx, }

sat i sf yi ng t he f ol l owi ng condi t i ons .

( 1' ) For ever y x' E X' and i = 1, 2, . . . , mx , , h ( x , i ) x' _

	

( x( x, , i ) ) .
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m"
( 2' ) For ever y x' E X' ,

	

a( ' x, a. )
b' ( ,

a_1

	

~ i ) = 1 .

( 3' ) For ever y r ' E R' , and ever y y' E X' , t he f ol l owi ng equal i t y hol ds
i n R' ORTo( ( x' ) R' )

Mh ' y ,

	

my ,

®b'

	

' ) X( h/ b' , t i )

	

1 1

	

® ( b~

	

) xvi , ia( h, y, i )

	

(

	

( h , y , i ) r

	

=

	

r
a ( y' , i )

	

( y' , i )

	

'
- - I

	

i - I

Assume t hat T* i s separ abl e . Then t her e exi st s a syst em

_ { ( a( x , , i ) , b
' s

, , i , ) , x ( x' , i ) ) E R9 (, . , ,
i )

x R' 9( 5
. ~) ) _1

x XI X' E X' ,

i =1, 2, . . . , mx, }

sat i sf yi ng condi t i ons ( 1) , ( 2) and ( 3) of Pr oposi t i on 4 . 4 . For ever y x' E

X' and ever y i = 1, 2, . . . , mx, l et
h( x, , i )

_ ( g' x, , i ) ) - 1 . Then

_ { ( a( x" i ) , b
l ( x

,
, i , ) , x ( x , , i ) ) E R( h( . , , t i »- 1

x Rh~ - , , t i ) x XI X' E X' ,

i =1, 2, . . , mx, }

sat i sf i es condi t i ons ( 1' ) and ( 2' ) . On t he ot her hand, l et r ' E Rh, and

y' E X. Set g' = h' - 1 and x' = h' y' . By assumpt i on t he f ol l owi ng

equal i t y hol ds i n T. ( R( x' ) ) OR R' .

M. ,

	

7r i y , h,

a( x, i , )

	

( x , i ) r

	

r a( x' ( x' h' , i )
i =1

	

i - 1

and t hi s el ement has degr ee h' when we vi ew T* ( R( x' ) ) OR R' as

S* ( T* ( R( x' ) ) ) . Ther ef or e, by usi ng t he i somor phi smof Lemma 4 . 5, t he

f ol l owi ng equal i t y hol ds i n R' ( 9RTo( ( y' ) R' )

a(

	

® bl

	

' ) x( h' y' , t i )

	

' l

	

® ( b'

	

) x
h' y' , i )

	

(
( h' y, , i ) r

	

= ~r a y' , i )

	

( y' , i )
i =l

	

i =1

We concl ude t hat To i s separ abl e .

Let us consi der now t he par t i cul ar case when R = R' and p i s t he
i dent i t y map of R. By Lemma 1 . 8, i n or der t o st udy T* and T* we can
assume t hat G= G' and , y i s t he i dent i t y map of G. I n t hat case T* = T~

and T* = 51 .
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Cor ol l ar y 4 . 7 . Let Rbe a G- gr aded r i ng and

	

: X - > X' a mor phi sm
of r i ght G- set s . The f unct or TI i s separ abl e .

Pr oof . For ever y x E X l et Ex : SI ( R( l ; ( x) ) - - ~ R( x) gi ven by Ex( r y
) =

r y ( wher e t he y - t h component of r i s comput ed i n R( x) ) . Pl ai nl y Ex
sat i sf i es condi t i on ( a) of Pr oposi t i on 4 . 3 . On t he ot her hand, i f x, y C-

X, g E G, r E Rg and r ' E R( j ( x) ) e( y) , t hen E. , ( ( r r ' ) y) = ( r r ' ) y =
( r r ' ) h =

	

r ( r ' ) g - l h = r r _ r h = r Exg ( r '
y ) . Now Pr oposi t i on

xh=y xh=y xgh=y
4 . 3 appl i es .

Cor ol l ar y 4 . 8 . Let T = ( p, 1, y) as abone. I f R i s a di r ect summand
of R' as R- R- bi modul es, t hen T* i s separ abl e .

Pr oof - Consi der t he f ol l owi ng commut at i ve di agr am of f unct or s

T-
gr - ( R, X, G)

	

~; gr - ( R' , X' , G' )

UR1

	

1 UR,

- ®RR'
mod - R

	

- >

	

mod - R'

wher e UR and UR, ar e t he f unct or whi ch f or get t he gr adi ng . Let Y be
a si ngl et on and Consi der Gact i ng en Y. Let cp : X - > Y be t he onl y
possi bl e map . Then mod- R = gr - ( R, Y, G) and UR = T. . Ther ef or e
UR i s separ abl e .

By Pr oposi t i on 1 . 3 of [ NVV] , - OR R' i s separ abl e . Thus UR, o T* _
( - ORR' ) oUR i s separ abl e and hence T* i s separ abl e ( see [ NVV, Lemma
1 . 11 . a

Cor ol l ar y 4 . 9 . Let R be a G- gr aded r i ng and t ` : X - - > X' a mor phi sm
of r i ght G- set s . The f ol l owi ng condi t i ons ar e equi val ent :

( a) SI i s separ abl e .
( b) For ever y x E X t her e exi st s ax E Re such t hat :

( SS1) For ever y x' E X' , t he set { x E ~- 1 ( x' ) I ax 7~ 0} i s f i ni t e and

( SS2) For ever y r E Rg and X E X, axr = r axg .

Pr oof .. ( a) => ( b) Assume t hat SI i s separ abl e . Let

{ ( a( x' , j ) , b( x' , i ) , x( x' , i ) ) E Rs( - , , ¡ )
x R( g( x, , , »_1 x Xi x' E X' ,

i =1, 2, . . . , mx}
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be a syst em sat i sf yi ng condi t i ons ( 1) , ( 2) and ( 3) of Pr oposi t i on 4 . 4( b) .
For any x E X l et

I f we f i x an x' E X' , t hen f or ever y x E ~- 1( x' ) , ax = 0, unl ess
x E { x ( x , j ) ( g( x, , z) ) - 1 l i = 1, 2, . . . , my , } . Ther ef or e, a' = 0 f or al most al l

x E I - 1 ( x' ) .
mx ,

Mor eover , f or a f i xed x' E X' ,

	

r _

	

ax =

	

a( . , , ¡ ) b( x, , Z) = 1 . Not e
1( x) =x' á=1

t hat t hi s i mpl i es t hat ~ has t o be sur j ect i ve .

On t he ot her hand, i f we i dent i f y T* ( R( x' ) ) OR Rwi t h T* ( R( x' ) ) by
t he canoni cal i somor phi sm, t hen f or ever y r E R9)

ax = j : { a( j ( x) , i ) b( j ( x) , i ) l a = 1, 2, . . . , mj ( x) , x( j ( x) , 2) = xg( x, , j ) } .

R

The l ef t hand t er m i n t he pr evi ous expr essi on i s

mx , s

C =

	

( r a( x , i ) )
x

( x
,
gMb( x ,

g i )

i =1

mx , s

mx ,

r a( x' g, i ) ) x( x'
9, i ) b( x ,

g i ) _ Y' ( a( x , á) ) x( x' , a) b( x, i ) r .

z=1

i
( r a( x, g, i ) b( x, g, 2) ) x( x' s, i ) ( g( x' s, i ) ) =

i =1

	

1( x) =x, g

Ar gui ng i n a si mi l ar way we obt ai n t he f ol l owi ng expr essi on f or t he
r i ght hand t er m i n ( * ) .

' , á) xx' , i sx' , i r =

	

1: ( ax ) x r =

	

( axr ) xg .

2=1

	

«x) =x' 1( x) =x'

Ther ef or e ( r axg) xg = Cxg = Rxg = ( axr ) x9 and hence r axg = axr f or

ever y x E X.

( b) => ( a) Let { axl a E A} be a syst em sat i sf yi ng condi t i ons ( SS 1) and
( SS2) of ( b) . For ever y x' E X' and any x E j - 1 ( x' ) , l et a( x , x ) = ax

and b( x , , x ) = 1 .

	

Then t he syst em { ( a( x, x ) , b( x , , x) , x) j x' E X' , x E

j - 1 ( x' ) , ax

	

0} sat i sf i es condi t i ons ( 1) , ( 2) and ( 3) of Pr oposi t i on

4 . 4( b) . I ndeed, condi t i ons ( 1) and ( 2) ar e obvi ous . Let now 0 : 7~ r E Rg .
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( a( . , , 2) ) 2 ®b( . , , x) r =

	

1:

	

a' ' r

	

a' r xg

aE1 - 1 ( x' )

	

XE1- 1 ( x' ) aEC- 1 ( a' )

=

	

1:

	

( r a x
g)

xg =

	

E

	

( r ay) y =

XE1- 1 ( X' ) YE1- ' ( X' g)

( r a( x, g, s) ) x ®b( x, g, x) .
XE1- 1 ( x' 9)

Pr oposi t i on 4 . 4 appl i es t o f i ni sh t he pr oof .

Def i ni t i on . Let ~ : X - 4 X' be a mor phi sm of r i ght G- set s . A ~-
separ abi l i t y syst em i n a G- gr aded r i ng R i s a syst em { axl x E X} of
el ement s i n Re sat i sf yi ng condi t i ons ( SS1) and ( SS2) of Cor ol l ar y 4 . 9 .

Remar ks . ( 1) Not e t hat i f X =- G, X' i s a si ngl et on and

	

: G- ~- > X'
i s t he uni que possi bl e map, t hen R has a I - separ abi l i t y syst em i f and
onl y i f R has a separ abi l i t y syst em i n t he sense of [ Ra] .

( 2) Let

	

: X I X' be a mor phi sm of r i ght G- set s and R a G- gr aded
r i ng .

( a) I f SI i s separ abl e ( or equi val ent l y, i f R has a I - separ abi l i t y sys-
t em) , t hen ~ i s epi c .

( b) I f 1 i s epi c and f or ever y x' E X' , ~- 1 ( x' ) i s f i ni t e wi t h or der
i nver t i bl e i n R, t hen ax = 1~- 1( 1( x) ) 1- 1 i s a ~- separ abi l i t y syst em
whenever l ~~- 1( x' ) 1 i s const ant i n each or bi t of X' .

( c) Assume t hat ~ i s epi c . For ever y or bi t Y i n X l et ~Y : Y - ; ~( Y)

be t he r est r i ct i on of ~ t o Y. R has a ~- separ abi l i t y syst emi f and
onl y i f i t has a ~Y- separ abi l i t y syst em f or ever y or bi t Y of X.
Namel y, i f f or ever y or bi t Y i n X, { ay ¡ y E Y} i s a ~Y- separ abi l i t y
syst em f or R, t hen { af x E X} i s a ~- separ abi l i t y syst em f or R.

5 . Weak di mensi on

Let G be a gr oup, H a subgr oup of G and R a G- gr aded r i ng .

Let G/ Hbe t he -set of l ef t H- coset s and cOH : G - - - > G/ H t he canoni cal
pr oj ect i on . I n or der t o si mpl i f y t he not at i on l et us denot e by TH and SH

t he f unct or s T, , H : R- gr ~ ( R, G/ H) - gr and S' PH : ( G/ H, R) - gr - ~
R- gr r espect i vel y .

For a ( gr aded) r i ng ( gr . ) w . di m( R) wi l l denot e t he ( gr aded) weak di -
mensi on of R. Si mi l ar l y, f or a R- modul e, f . d . ( M) wi l l denot e t he f l at
di mensi on of M. Recal l t hat , f or a gr aded modul e RM, t he gr aded f l at
di mensi on coi nci des wi t h t he f l at di mensi on ( see e . g . [ NV1] ) .

Next t heor em ext ends Theor em 7 i n [ Rí l ] and gi ves an appr oach t o
answer Quest i on 2 i n t he same paper .
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Theor em 5 . 1 . Let R be a G- gr aded r i ng . Assume t hat f or ever y

f i ni t el y gener at ed subgr oup H of G t he f unct or SH i s separ abl e . Then

gr . w. di m( R) = w. di m( R) .

Remar k . Not e t hat i f Si , i s separ abl e, t hen t he H- gr aded r i ng R( H) =

® Rh has a separ abi l i t y syst em ( i n t he sense of [ Ra] ) . I ndeed, SH i s
ghEH
separ abl e i f and onl y i f Rhas a ~OH- separ abi l i t y syst em. But i f { x g l g E

G} i s a WH- separ abi l i t y syst em, t hen { x h j h E H} i s a separ abi l i t y syst em

f or R( H) .

The conver se i s not t r ue i n gener al as t he f ol l owi ng exampl e shows .

Exampl e. Let K be a f i el d of char act er i st i c 2 . Let G= Z2 x Z2 and

H t he subgr oup of Ggener at ed by ( 1, 1) . Consi der t he r i ng Rof t he

R( H) . But Rhas not a WH- separ abi l i t y syst em. I ndeed, i f { a g I g E G} i s

0 1 0
0

	

0

	

0 ) a( 0, 0)

0 0 0

0 1

0 0

0 0

0 0 1

0 0 0 ) a( 0' 0) .

0 0 0

a WH- separ abi l i t y syst em, t hen a( 1, 0)

0 0 1

and a( 0, 1)

	

0

	

0

	

0

( 0 0 0

a( 0, 1) and 1 = a( 0, 1) + a( 1, 0) = 2a( 1, 0 ) = 0.

0

0

0

Ther ef or e a( 1, 0 ) = a( 0, 0) _

Lemma 5. 2 . Let RP be a pr oj ect i ve - l ef t R- modul e and M

	

E

Gen( RP) .

	

Then RM i s pr oj ect i ve i f and onl y i f i t i s pr oj ect i ve i n t he

cat egor y Gen( RP) .

Pr oof - Let f : K, L be a homomor phi sm i n t he cat egor y Gen( RP) .

I f f i s sur j ect i ve, t hen f i s an epi mor phi sm i n t he cat egor y Gen( RP) .

mat r i ces of t he f or m

gi ven by :

a

0

0

b

a

0

c

0 1 wi t h ent r i es i n K. Rhas a G- gr adi ng

a

a 0 0

R( 0, 0) =

( 0

0 a 0 l a E K =, R( 1, 1) 0

0 a

0 K 0 0 0 K

R( 1, 0) =

( 0

0 0 0 , R( 0, 1) = ( 0 0 0

)

0 0 0 0 0

1 0 0

Then { a( 0, 0) = 0 1 0 1 =, a( I , 1) 0} i s a separ abi l i t y syst em f or

0 0 1
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Conver sel y, i f f i s an epi mor phi sm i n t he cat egor y Gen( RP) and C i s
t he coker nel of f , t hen t he canoni cal pr oj ect i on p : L - - > C i s al so a
homomor phi sm i n Gen( RP) such t hat p o f = 0 . Thus C = 0, t hi s
i mpl i es t hat f i s sur j ect i ve .

Si nce RME Gen( RP) , t hen t her e exi st s an epi mor phi smf : P( ' ) - > M
whi ch i s an epi mor phi sm bot h i n Gen( RP) and R- mod . Thus RM i s
si mul t aneousl y pr oj ect i ve i n R- mod and Gen( RP) .

Let C be a Gr ot hendi eck cat egor y . Recal l t hat an obj ect F i n C i s
sai d t o be f l at i f f or ever y f i ni t el y pr esent ed obj ect Mi n C and ever y
epi mor phi sm f : N - - > F, t he cor r espondent homomor phi sm of abel i an
gr oups Homc( M, f ) : Homc( M, N) - - - > HomD( M, F) i s an epi mor phi sm
( see e . g. [ Po] ) .

When I i s an i dempot ent l ef t i deal of a r i ng R, t hen Gen( RI ) i s a
Gr ot hendi eck cat egor y ( see e . g. [ W] ) because i t i s cl osed under submod-
ul es . Of cour se, a l ef t i deal wi t h l ocal uni t s i s an i dempot ent i deal .

Pr oposi t i on 5 . 3 . Let I be a l ef t i deal of R wi t h l ocal uni t s .

	

Then,
an obj ect F i n Gen( RI ) i s f l at i n t hi s cat egor y i f and onl y i f i t i s f l at as
a l ef t R- modul e .

Pr oof - Si nce Gen( RI ) i s cl osed under subobj ect s, t he f i ni t el y gener -
at ed ( r esp. f i ni t el y pr esent ed) obj ect s of Gen( RI ) ar e j ust t he f i ni t el y
gener at ed ( r esp. f i ni t el y pr esent ed) l ef t R- modul es gener at ed by RI .
Mor eover , as we have r emar ked i n t he pr oof of t he pr evi ous l emma t he
epi mor phi sms i n Gen( RI ) ar e t he epi mor phi sms i n R- mod bet ween ob-
j ect s i n Gen( RI ) . Ther ef or e t he necessar y condi t i on i s obvi ous .

Let now F be a f l at obj ect i n Gen( RI ) . Fi r st we wi l l see t hat f or
ever y i dempot ent e E I , eF i s f l at as a l ef t eRe- modul e . Consi der Re as
an R - eRe- bi modul e and t he f unct or s H= Hom( RRe, - ) : R- mod
eRe- mod and T = eR ®eRe - : eRe- mod - R- Mod . Let ¡ t : I eRe- mod - ~
HT and e : TI I

	

1R- mod be t he uni t and t he couni t of t he adj oi nt pai r
( T, H) .

Let Mbe a f i ni t el y pr esent ed l ef t eRe- modul e and f : M- - > eF a
homomor phi sm of l ef t eRe- modul es, t hen T( M) i s a f i ni t el y pr esent ed
l ef t R- modul e i n Gen( RI ) . Let p : I ( X) - F be an epi mor phi sm. By
f l at ness of F i n Gen( RI ) t her e exi st s g : T( M) - > I ( X) such t hat p o g =
EF, o T( f ) . Si nce Re ®, R, Mi s f i ni t el y gener at ed, t her e exi st s Y C_ X
f i ni t e such t hat I m( g) C_ I ( Y) and hence t her e exi st g' : T( M) - > I ( Y)
and p' : I ( Y) - - - > F such t hat p' o f = EF o T( f ) . Appl yi ng t he f unct or
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H, one has a commut at i ve di agr am

f

- 1 HT( M)

HT( f ) 1

H( 9, ) . H( I ( Y) ) - ( eR) ( Y)

1 H( p)

Fe

	

l ¿Fe

) HTH( F)

	

H( F

)

)

	

H( F)

but pX i s an i somor phi sm f or ever y X E eRe- mod . On t he ot her hand

H( - - F) - PH( F) = 1H( F) . Thus f f act or s t hr ought eR, ( Re) ( Y) whi ch i s

pr oj ect i ve and f i ni t el y gener at ed and hence f f act or s t hr oughout a f i ni t e

pr oduct of copi es of eRe . Thi s pr oof t hat eReeF i s f i at .

Now we pr ove t hat RF i s f i at . Let J be a r i ght i deal of R and assume
n

t hat r _ r l ml = 0 f or ml , m2, . . - , M, E F and r l , r 2, . . . . r n E J .

	

Let
i =1

e be an i dempot ent i n I such t hat eml = ml f or ever y i = 1, 2, . . . . n .
n

	

n

	

n

	

n

Then

	

r l ®ml =

	

r l ®eml =

	

r l e ®eml . Ther ef or e

	

r l e ( 9 eml
i =1 i =1

	

i =1

	

i =1

bel ongs t o t he ker nel of t he canoni cal Je ®eRe eF - eRe, whi ch i s

i nj ect i ve . Ther ef or e i t i s 0 i n Je ( DeRe eF and hence i t i s 0 i n J ORF.

Lemma 5 . 4 . Let ~ : X - - > X' be a mor phi smof l ef t G- set s and assume

t hat G aet s f r eel y on X. For ever y x' E X' , Sj ( ( x' ) R) i s ásomor phi c t o

®

	

( x) R . Ther ef or e SI pr eser ves pr oj ect i vi t y .
I ( x) =x'

Pr oof .. For ever y x E j - 1( x' ) set f x : ( x) R , S£( ( x' ) R) gi ven by :

f x ( r ) = r y i f r E y ( x) R. Not e t hat i f r E R9 and gx = y t hen gx' =

j ( y) and hence r E ¿( y) ( x' ) R. I f r E Rg and s E Rh, t hen f x ( r s) =

( r s) g hx = r ( s) hx = r f x ( s) . Thus f x i s a homomor phi sm of l ef t R-

modul es and i t i s obvi ousl y gr aded . Ther ef or e t her e i s an homomor phi sm

f :

	

®

	

( x) R - - - > Sj ( ( x' ) R) such t hat f r est r i ct ed t o ( x) R i s equal t o

f x f or ever y x E - 1 ( x' ) .

Now we show t hat f i s bi j ect i ve . Let E r x E Ker ( f ) wher e r x E ( x) R.

xEX

Si nce f i s a gr aded homomor phi sm, t hen Ey ( r x) E Ker ( f ) f or any
xEX

y E X. I f g E Supp( y( r x) ) ( 1 Supp( y( r x», t hen gx = y = gx' , t her ef or e

x = x' . Thus 0 = f ( E y( r x) ) = ( E y( r x) ) y and hence y ( r x) = 0 f or
xEX xEX

ever y x, y E X. Thi s pr oof t hat f i s i nj ect i ve . On t he ot her hand, i f

r y E S, ( ( x' ) R) y, t hen r E g( y ) ( x' ) R. Ther ef or e, gx' = «y) f or ever y

g E Supp( r ) . For ever y g E G, l et xg = g - l y . Then r g E y ( x 9 ) R and

f xy ( r g) = ( r s) y . t hus f (

	

r x9 ) = r y .
9EG
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Now i f P E ( G, X' , R) - gr i s pr oj ect i ve, t hen i t i s a di r ect summand
of copi es of modul es of t he f or m ( x' ) R f or some x' E X' . Si nce SI
pr eser ves di r ect sums, SI ( P) i s i somor phi c t o a di r ect summand of a
di r ect sum of modul es of t he f or m ( x) R f or some x E X. Ther ef or e
SI ( P) i s pr oj ect i ve .

Let R be a G- gr aded r i ng . Let P = r _ R( g) . For ever y g E G l et
gEG

U9 : R( g) - P

t he canoni cal monomor phi sm. Consi der P as an G x G- gr aded R- R-
bi modul e as i n Sect i on 2 . For ever y subgr oup H of G, we wi l l consi der
Gas an G- H- set . We wi l l use t he f ol l owi ng not at i on :

AH = END( PR) H

JH = { a E AH1 aux = 0 f or al most al l g E G}

UH =

	

®

	

R( C) consi der ed as an G/ H x G/ H- gr aded bi modul e as
CEG/ H

i n Sect i on 2 .

SH = End gr _( R, G/ H) ( U)

I H = { a E SHl auc = 0 f or al most al l C E G/ H} .

Lemma 5 . 5 . JH i s pr oj ect i ve as a l ef t AH- modul e .

Pr oof . Act ual l y JH = ® AHPg .
gEG

Pr oof of Theor em 5 . 1 :

Fi r st i t i s wel l known t hat gr . w. di m( R) < w. di m( R) ( see e . g . [ NV1] ) .
Assume t hat gr . w. di m( R) <_ n . Let H be a f i ni t el y gener at ed sub-

gr oup of G and ME ( G/ H, R) - gr . Let

. . . ~P2~p, - ~PO~

be a pr oj ect i ve r esol ut i on i n ( G/ I I , R) - gr . Then by Lemma 5 . 4

. . . . ~
Sr r ( P2) SH~f 2>

11
S~>

Po
SH( . f o)>

i s a pr oj ect i ve r esol ut i on i n R- gr . Ther ef or e, Ker ( SH( f zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA� , _1) ) i s f l at
( bei ng f _1 = 0 : M- 0) . But Ker ( SH( f n_ z ) ) = SH( Ker ( f , , _1) ) and
SH i s separ abl e, t her ef or e Ker ( f , , _ 1 ) i s f i at . Thus f or ever y M E
( G/ H, R) - gr , f d( M) < n .

Let B = END( RP) H. Then JH = { ca E Bj uga = 0 f or al most al l
g E G] } . By Theor em 3 . 4 ( G/ H, R) - gr i s equi val ent t o Gen( SH ( I H) ) .



CATEGORI CAL METHODS I N GRADED RI NG THEORY

	

529

By Cor ol l ar y 3 . 10, Gen( B( JH) ) i s equi val ent t o Gen( sH ( I H) ) . Fi nal l y, by

Lemma 3 . 5 Gen( B( JH) ) i s equi val ent t o Gen( AH ( JH) ) . Thus f d( M) < n

f or al l ME Gen ( AH ( JH) ) .

For ever y subgr oup Hof G, I G i s i somor phi c t o ( I H) ( G1H) as a r i ght

AH- modul e . Thus Gen( AH( I G) AH) = Gen( AH( I H) ) .
Let ME Gen( AG( JG) ) and

. . . - , P2-
f 2

- - > p, -
f l > Pa f o > M- - - , 0

a pr oj ect i ve r esol ut i on of Msuch t hat P, , , E Gen( AG ( JG) ) f or ever y n >

0 . Not e t hat such a pr oj ect i ve r esol ut i on exi st s because Gen( AG( JG) )
i s cl osed under submodul es and A, , ( JG) i s pr oj ect i ve ( see Lemma 5 . 5) .

Si nce AH( AG) i s pr oj ect i ve and r est r i ct i on of scal ar s sends modul es i n

Gen( AG ( JG) ) t o modul es i n Gen( AH( JG) ) , t hen AH Ker ( f zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA� , - 1) i s f i at .

But AG i s t he di r ect l i mi t of t he AH' s wher e H r uns on t he f i ni t el y

gener at ed subgr oups of G. Ther ef or e AH Ker ( f , , _1) i s f í at and hence

f d( AGM) < n f or ever y ME Gen( A, ( JG) ) .
Now by usi ng t he equi val ent e Gen( AG( JG) AG)

= Gen( BG J) of Lemma

3 . 5 one has t hat f d( BGM) < n f or ever y ME Gen( BG( JG) ) . And usi ng

t he equi val ent e Gen( BG( JG) ) = Gen( SGI G) = R- mod of Cor ol l ar y 3 . 10

f or G= X= Hone has t hat w. di m( R) < n.
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