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In this investigation, we analyze the magnetohydrodynamic (MHD) three-dimensional
(3D) flow of Casson fluid over a stretching sheet using non-Darcy porous medium with heat
source/sink. We also consider the Cattaneo-Christov heat flux and Joule effect. The govern-
ing partial differential equations (PDEs) are transformed into ordinary differential equations
(ODEs) using suitable transformations and solved by using the shooting technique. The effects
of the non-dimensional governing parameters on velocity and temperature profiles are discussed
with the graphs. Also, the skin friction coefficient and Nusselt number are discussed through
tables. We also validate our results with the ones already available in the literature. It is found
that the obtained results are in excellent agreement with the existing studies under some special
cases. Our analysis reveals that the thermal relaxation parameter reduces the temperature field
for the Newtonian and non-Newtonian fluid cases. It is also found that the temperature profile
is decreased in the Newtonian fluid case when compared with the non-Newtonian fluid case.

Key words: MHD; Casson fluid; non-Darcy flow; Cattaneo-Christov heat flux, 3D; stretching
sheet; Joule effect.

1. Introduction

The boundary layer flow of a non-Newtonian incompressible fluid over a stret-
ching sheet has various engineering and manufacturing industry applications
such as extrusion of a polymer sheet from a dye, paper production, drawing of
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plastic film, etc. Khan et al. [1] studied the homogeneous-heterogeneous reac-
tion of Casson fluid. Solution for time fraction free convective flow of Casson
fluid with Wright function was discussed by Ali et al. [2]. Prasad et al. [3]
considered the flow of post-stenosis dilatations effects on the couple stress fluid
through stenosed arteries. Raju and Sandeep [4] studied the MHD Casson
slip flow over a moving wedge with heat source and sink. A 3D Casson fluid
flow over a stretching surface with convective boundary condition was investi-
gated by Mahanta and Shaw [5]. Mernone et al. [6] studied a mathemat-
ical model of the peristaltic flow of a Casson fluid. Nadeem et al. [7] consid-
ered the 3D MHD flow of Casson fluid over a stretching sheet with a porous
medium. Han et al. [8] analyzed the heat transfer and flow of viscoelastic fluid
using the Cattaneo-Christov heat flux model and concluded that non-Fourier’s
heat flux controls the flow. The influence of the Cattaneo-Christov heat flux
model on the flow of variable thermal conductivity was discussed by Hayat

et al. [9]. Straughan [10] studied the Cattaneo-Christov model with thermal
convection. Imtiaz et al. [11] dealt with analysis of thermal relaxation time
in the third grade fluid flow, they analyzed thermal relaxation time by using
the Cattaneo-Christov heat flux model and discussed effects of chemical reac-
tion. Raju et al. [12] discussed the MHD Casson fluid past a moving wedge
filled with gyrotactic microorganisms. Ciarletta and Straughan [13] ana-
lyzed the Cattaneo-Christov equations for structural stability and uniqueness.
The Cattaneo-Christov heat conduction model applied to an incompressible fluid
was discussed by Tibullo and Zampoli [14], and the uniqueness of such a so-
lution was proven. Raju and Sandeep [15] studied the 3D unsteady flow of
Casson-Carreau fluid over a stretching sheet.

Nowadays, research on energy transfer has become a significant issue for in-
dustries and designing of materials. As a result, several authors have studied
various types of mechanisms to improve the energy transfer. Among those me-
chanisms are Cattaneo-Christov heat flux, convective conditions, Fourier’s flux,
Joule heating, etc. Here, we briefly discuss some of those studies [16–31]. The in-
fluence of wall properties, heat transfer and slip conditions on MHD peristaltic
transport was discussed by Srinivas et al. [16]. Sivasankaran and Ho [17]
considered MHD convection effect of temperature-dependent properties on wa-
ter near its density maximum in a square cavity. The MHD mixed convection
flow of micropolar liquid due to nonlinear stretching surface with convective con-
dition was discussed by Waqas et al. [18]. Hsiao [19] studied an MHD mixed
convective heat transfer problem of a viscoelastic fluid past a wedge with porous
suction or injection. Srinivas and Kothandapani [20] discussed the effect of
heat and mass transfer on MHD peristaltic flow through a porous space with
compliant walls. Thermal radiation effects on MHD micropolar fluid flow over
a stretching sheet with variable thermal conductivity [21] were discussed by Mah-
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moud. Ishak et al. [22] considered the MHD mixed convection stagnation point
flow towards a vertical surface towards a vertical sheet immersed in a micropolar
fluid. Ferrofluid fluid flow of a stagnation point of a stretching surface discussed
by Prasad et al. [23]. Tamoor et al. [24] investigated the Newtonian the MHD
flow of Casson liquid over a stretched cylinder moving with linear velocity. The
MHD flow in the presence of non-uniform heat source/sink with thermal radia-
tion was discussed by Upadhya et al. [25]. The authors [26–31] considered the
non-Fourier’s heat flux convective conditions with 2D and 3D flow with various
physical boundary conditions.

Motivated by the above studies, in this investigation we explore the MHD
3D Casson fluid past a stretched sheet with heat source or sink. In the cur-
rent work, it is of particular interest to examine the Cattaneo-Christov heat
flux model. Governing non-linear momentum and energy equations are trans-
formed into dimensionless forms and are solved numerically by the Runge-Kutta
shooting scheme.

2. Mathematical formation

We consider an incompressible 3D Casson fluid past a stretching sheet with
heat generation or absorption. To improve heat transport phenomena, we also
consider the Cattaneo-Christov heat flux and Joule heating. It is assumed that
the sheet is stretched along the xy-plane, while the fluid is placed along the z-axis.
Moreover, it is assumed that the constant magnetic field is applied normal to
the fluid flow, and the induced magnetic field is assumed to be negligible. Here
we assumed that the sheet has stretched with the linear velocities u = ax and
v = by along the xy-plane, respectively. The boundary layer equations of 3D

Fig. 1. Flow geometry.
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incompressible Casson fluid are stated as follows (see Nadeem et al. [7] and
Prasad et al. [23]):
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where u, v, and w denote the velocities in the x-, y-, and z-direction, respectively.
β is the Casson fluid parameter, σ is the electrical conductivity, ρ is the fluid
density, k is the permeability coefficient, g is the acceleration due to gravity,
βT is the thermal expansion coefficient, λ1 is thermal relaxation coefficient, α is
the thermal diffusivity and Q0 is heat generation parameter. The associated
boundary conditions of Eqs (2.2), (2.3), and (2.4) are as follows:
with boundary condition:

(2.5)
u = uw = ax, v = vw(x) = by, kf

∂T

∂z
= −hf (T − Tw), at z = 0,

u → 0, v → 0, T → T∞ at z → ∞.
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In the above equation, a and b are positive constants with time inverse unit
(i.e. 1/s) associated with stretching velocities along x- and y-direction, respec-
tively,

(2.6)
ζ = (a/υ)0.5z, θ(ζ) =
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,

u = axf ′, v = byg′, w = −(aυ)0.5(f + cg).

By using Eq. (2.6), Eqs (2.1)–(2.4) are transformed into
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and the transformed boundary conditions are

(2.10)
f = 0, f ′ = 1, g = 0, g′ = 1, θ′ = −Bi(1− θ), at η = 0,

f ′ = 0, g′ = 0, θ = 0, as → ∞,

M = σB2
0/ρa is the magnetic field, K = k20/ρa is the porosity, F = Cbuw/a

√
K is

the non-Darcy flow, Ec = u2w/Cp (Tw − T∞) is the Eckert number, λ = gβTuw/ρa
is thermal buoyancy, δ = λa/ρ is the thermal relaxation, Pr = µcp/k is the
Prandtl number, QH = Q0/ρa is the heat source or sink, and Bi = hf/kfa is
the Biot number.

Distinctive measures of practical attention are the skin friction coefficient
and local Nusselt number which are defined as
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Using the non-dimensional variables, we obtain
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3. Results and discussion

To validate the physical model, the numerical solutions for the dimensionless
velocity and temperature as well as the local Nusselt number and friction factor
coefficients are presented using graphs and tables for various values of physical
parameters for both the Newtonian and non-Newtonian flow cases. For numerical
solutions, we have chosen the non-dimensional parameter values Bi = 0.3, Gr =
0.1, K = 0.5, β = 0.5, γ = 0.2, QH = 0.1, λ = 0.2, M = 0.2, δ = 0.1, Pr = 0.72,
Ec = 0.2. These numeric values are used throughout the entire study apart from
the variations in the corresponding figures and tables. In this study, the graphs
with solid and dashed lines indicate the Newtonian and non-Newtonian flow
cases, respectively.

Figures 2–17 demonstrate the variations of velocity, temperature and concen-
tration profiles for different values of K, QH , γ, M , λ, Ec, and Bi. The effects of
Biot number on the velocity and temperature profiles are shown in Figs 2–4. It is
clear that the higher values of Bi improve the velocity profiles as well as temper-
ature profiles. It is interesting to mention that the influence of Bi is strong in the
non-Newtonian flow compared with the Newtonian flow. Due to the domination
of viscosity in the flow we observed a mixed performance in the temperature
field in the presence of the non-Newtonian flow case. The effects of Eckert num-
ber on the velocity and temperature profiles are shown in Figs 5–7. It is clear
that the higher values of Ec improve the velocity profiles as well as temperature
profiles. It is interesting to mention that the influence of Ec is higher in the non-
Newtonian flow compared with the Newtonian flow. Due to the domination of
viscosity in the flow we observed a mixed performance in the temperature field
in the presence of the non-Newtonian flow case. The effect of β on the velocity
and temperature profiles is shown in Figs 6 and 7. It is noticed that an increasing
β tends to decrease the temperature and improves the velocity fields. Generally,

Fig. 2. Influence of Bi on f ′(ς).
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Fig. 3. Influence of Bi on g′(ς).

Fig. 4. Influence of Bi on θ(ς).

Fig. 5. Influence of Ec on θ(ς).
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Fig. 6. Influence of Ec on f ′(ς).

Fig. 7. Influence of Ec on g′(ς).

Fig. 8. Influence of β on f ′(ς).
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Fig. 9. Influence of β on g′(ς).

Fig. 10. Influence of QH on f ′(ς).

Fig. 11. Influence of QH on g′(ς).
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Fig. 12. Influence of QH on θ(ς).

Fig. 13. Influence of δ on f ′(ς).

Fig. 14. Influence of δ on g′(ς).
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Fig. 15. Influence of δ on θ(ς).

Fig. 16. Influence of M on g′(ς).

Fig. 17. Influence of M on θ(ς).
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increasing values of β make the neighboring particles move faster and this helps
to improve the velocity fields and depreciate the temperature field. The effect
of heat sources on velocity and temperature profile is shown in Figs 8–10. It is
clear that the higher values QH improve the velocity profiles as well as tem-
perature profiles. It is wort mentioning that the influence of QH is high in the
non-Newtonian flow compared with the Newtonian flow. Due to the domination
of viscosity nature in the flow we have seen a mixed performance in the temper-
ature field in the presence of the non-Newtonian flow case. The effect of δ on the
velocity and temperature profiles is shown in Figs 11–13. It is noticed that an
increasingδ tends to decrease the temperature and improves the velocity fields.
Generally, increasing values of δ make the neighboring particles move faster; this
helps to improve the velocity fields and depreciate the temperature field. The
effect of M velocity and temperature profile is shown in Figs 14 and 15. It is
clear that an increasing M tends to decreases the temperature and improves
the velocity fields. Generally, increasing values of M make the neighboring par-
ticles move faster; this helps to improve the velocity fields and depreciate the
temperature field.

Table 1 displays the impact of various thermophysical governing parameters
(Bi, Ec, β, QH , δ, and M) on the local Nusselt number and friction factor
coefficient for the Newtonian and non-Newtonian flow cases. The rate of heat

Table 1. Numerical results of various values of thermophysical parameters on the skin friction
coefficient and Nusselt number for the Newtonian and non-Newtonian fluid cases.

Bi Ec QH δ M

√
Rex Cfx

√
Rex Cfy NuxRe

−1/2
x

F = 0 F = 0.2 F = 0 F = 0.2 F = 0 F = 0.2

0.1 −2.854077 −2.790527 −2.854077 −2.790527 0.608577 0.609444

0.2 −2.992621 −2.931528 −2.992621 −2.931528 1.604808 1.607563

0.3 −3.257933 −3.201625 −3.257933 −3.201625 3.513826 3.521987

0.1 −2.928671 −2.863968 −2.928671 −2.863968 1.496625 1.498569

0.2 −2.995842 −2.933026 −2.995842 −2.933026 1.603694 1.606636

0.3 −3.062394 −3.001286 −3.062394 −3.001286 1.707088 1.710934

−0.1 −2.285371 −2.202230 −2.285371 −2.202230 0.265850 0.263871

0 −1.977179 −1.882867 −1.977179 −1.882867 −0.381569 −0.386893

0.1 −1.900484 −1.803124 −1.900484 −1.803124 −0.545610 −0.552071

0.1 −2.966075 −2.903026 −2.966075 −2.903026 1.685199 1.689376

0.3 −2.901503 −2.836196 −2.901503 −2.836196 1.529119 1.530739

0.5 −2.833342 −2.765299 −2.833342 −2.765299 1.362069 1.360108

0.5 −3.134383 −3.074783 −3.134383 −3.074782 1.394788 1.398329

1.0 −3.484827 −3.431805 −3.484827 −3.431805 1.611914 1.617069

1.5 −3.790626 −3.742272 −3.790626 −3.742272 1.797771 1.803954
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transfer increases with rising values of Bi, Ec, and QH , and the Newtonian fluid
case has higher heat transfer rate than the non-Newtonian fluid case. The heat
transfer rate is decreased with higher values of β, δ, and M . The friction factor is
improved with QH and δ and reduced with Bi, Ec, and M . It is also interesting to
mention that the friction factor coefficient is higher in the non-Newtonian fluid
case. In Table 2, we compare the current solutions with already exiting studies
under limited cases. We find that good agreement with those solutions.

Table 2. Comparison of the present results with published literature for skin friction
coefficients when QH = Bi = δ = Pr = K = F = Ec = 0.

β M

λ = 0 λ = 0.5

Nadeem
et al. [7]
Cfx

Present
results
Cfx

Nadeem
et al. [7]
Cfx

Nadeem
et al. [7]
Cfy

Present
results
Cfx

Present
results
Cfy

1 −1.4142 −1.4142 −1.5459 −0.6579 −1.5459 −0.6579

5 0 −1.0954 −1.0952 −1.1974 −0.5096 −1.1980 −0.5096

∞ −1.0049 −1.0050 −1.0932 −0.4653 −1.0932 −0.4653

1 −4.6904 −4.6904 −4.7263 −2.3276 −4.7263 −2.3275

5 10 −3.6331 −3.6330 −3.6610 −1.8030 −3.6610 −1.8030

∞ −3.3165 −3.3165 −3.3420 −1.6459 −3.3420 −1.6459

1 −14.2127 −14.2170 −14.2244 −7.1004 −14.2240 −7.1004

5 100 −11.0091 −11.0091 −11.0182 −5.5000 −11.0170 −5.4998

∞ −10.0490 −10.0491 −10.0580 −5.0208 −10.0581 −5.02078

4. Conclusion

The hydromagnetic boundary layer 3D flow of Casson fluid past a stretch-
ing sheet embedded in a non-Darcy porous medium with the Cattaneo-Christov
heat flux and Joule heating effect was numerically examined. The effects of var-
ious thermophysical parameters on the entire flow structure and the thermal
boundary layer were obtained and discussed graphically and quantitatively. It
was found that the thermal relaxation parameter reduces the temperature field
for the Newtonian and non-Newtonian fluid cases, and the temperature profile
is smaller in the Newtonian fluid case compared with the non-Newtonian fluid
case. Some profiles showed asymptotic behavior due to the dominance of Joule
heating and thermal convective conditions in the flow.
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