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Abstract: In this study, we obtain the scalar and matrix exponential functions through a series of quaternion-

valued functions on time scales. A sufficient and necessary condition is established to guarantee that the

induced matrix is real-valued for the complex adjoint matrix of a quaternion matrix. Moreover, the Cauchy

matrices and Liouville formulas for the quaternion homogeneous and nonhomogeneous impulsive dynamic

equations are given and proved. Based on it, the existence, uniqueness, and expressions of their solutions are

also obtained, including their scalar and matrix forms. Since the quaternion algebra is noncommutative, many

concepts and properties of the non-quaternion impulsive dynamic equations are ineffective, we provide several

examples and counterexamples on various time scales to illustrate the effectiveness of our results.
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1 Introduction

In 1843, Hamilton initiated the concept of quaternions that extends the complex numbers to four-

dimensional space [1]. Quaternions are 4-vectors, whose multiplication is determined by a noncommu-

tative division algebra. Let the quaternions �= ( ) ∈q q q q q, , ,0 1 2 3
4 be

= + + +q q q i q j q k,0 1 2 3

where �∈q q q q, , ,0 1 2 3 and i, j, and k satisfy the following multiplication:

= = = − = − = = − = = − =i j k jk kj i ki ik j ij ji k1, , , .2 2 2

In the real-world applications, quaternions are superior to the real-valued vectors in description of the

phenomena in physics and life sciences [2]. In fact, there exists the quaternionic differential equation

structure in many research fields such as differential geometry, fluid mechanics, attitude dynamics, and

quantum mechanics, and many interesting phenomena under the quaternionic background have attracted

many researchers [3–7]. To the best of our knowledge, there are few research results on the theory of

quaternion dynamic equations on time scales [8].

To study the dynamic equations on hybrid domains, in 1988, Stefan Hilger introduced the theory of

time scales, which provides an effective way to unify various hybrid domain analysis and has recently
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received a lot of attention [9,10]. The non-quaternion dynamic equations and applications on time scales in

various fields were well studied, and many results were obtained [11–14]. It is well known that a time scale � is

an arbitrary nonempty closed subset of the reals, by choosing the time scale to be the set of real numbers, the

general results yields the results concerning the different types of dynamic equations, for example, let � �= ,

then the dynamic equations will turn into differential equations, if � �= h , then the same results yield a result

for difference equations with h-step. However, since there are many other time scales compared with real

numbers and integers such as the quantum time scale � �= q , the hybrid domains � � �= { } ∪ { }h q , etc., one

can obtain a much more general result by using the theory of time scales.

On the other hand, the impulsive dynamic equations play a vital role in describing the

natural phenomena with sudden changes; it is a hot topic of the research of impulsive dynamic systems

since the instantaneous change caused by impulses has a very significant meaning in explaining and

mastering the change rule of the object. Due to this reason, there have been many literature in this

field [15–18].

Nevertheless, there are no research results related to the Cauchy matrix and Liouville formula for the

theory of quaternion impulsive dynamic equations on time scales, which will lead to many difficulties in

studying the quaternion impulsive dynamic equations on complex hybrid domains. To fill this gap, in

Sections 3 and 4, the Cauchy matrices and Liouville formulas for the quaternion homogeneous and

nonhomogeneous impulsive dynamic equations are derived; based on them, the existence, uniqueness,

and expressions of their solutions are also obtained for their scalar form and matrix form, respectively. In

each section, several concrete examples and counter examples are provided to analyze the feasibility of

our obtained results.

2 Preliminaries

We denote the space of quaternion by � . For any �= + + + ∈q x x i x j x k0 1 2 3 , the conjugate, the real part,

and the imaginary part of q are, respectively, as follows:

= − − − ( ) = ( ) = + +q x x i x j x k q x q x i x j x k¯ , , .0 1 2 3 0 1 2 3R I

The quaternion multiplication is a simple noncommutative division algebra, but the real and quaternion is

commutable, i.e., if �∈t and �∈q , then tq = qt. Besides,

= + + + = | | = =
| |

( ) = ( )−qq x x x x q qh hq q
q

q
qp pq¯ , ,

¯
, .0

2
1
2

2
2

3
2 2 1

2
R R

Similar to Definition 5.18 from [9], we can also introduce the following definition of quaternion-valued

matrix exponential function.

Definition 2.1. Let � �→f : , we define the exponential function ef(t,t0) by the solution of the initial value

problem:

( ) = ( ) ( ) ( ) =x t f t x t x t, 1.Δ
0

Also, let � �→ ×A: n n, the matrix exponential function eA(t,t0) is defined by the solution of the initial

value problem:

( ) = ( ) ( ) ( ) =X t A t X t X t I, ,Δ
0

where I is the n × n identity matrix.
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Definition 2.2. For � �→ ×A: n n, where A(t) = [ars(t)]n×n, 1 ≤ r, s ≤ n, if every ars(t) is rd-continuous, then

A is said to be rd-continuous quaternion-valued matrix, the collection of all such matrix functions is

denoted by � rd.

Definition 2.3. [19] For every quaternion function matrix �∈A rd, it can be expressed uniquely in the

form of:

�( ) = ( ( )) + ( ( )) ( ( )) ( ( )) ∈ ×A t A t A t j A t A t, where , .n n
1 2 1 2C C C C

Hence, we can define � �→× ×: n n n nG by

( ( )) = ( ( )) ( ( ))
− ( ( )) ( ( ))

A t
A t A t

A t A t
,

1 2

2 1

G
C C

C C











where ( ( ))A tG is called the complex adjoint function matrix of the quaternion function matrix A(t).

Denote ( ( ))A tH by

( ( )) = [ ( ( )) ( ( )) + ( ( )) ( ( ))]A t A t A t A t A t .1 1 2 2H C C C C

Remark 2.1. For �∈A rd, let A(t) = A0(t) + A1(t)i + A2(t)j + A3(t)k, where � �→ ×A :n
n n

0
, n0 = 0, 1, 2, 3, by

Definition 2.3 the following hold:

( ( )) ( ( )) = ( ) ( ) + ( ) ( ) + [ ( ) ( ) − ( ) ( )]
( ( )) ( ( )) = ( ) ( ) + ( ) ( ) + [ ( ) ( ) − ( ) ( )]
A t A t A t A t A t A t A t A t A t A t i

A t A t A t A t A t A t A t A t A t A t i

,

.

1 1 0 0 1 1 0 1 1 0

2 2 2 2 3 3 2 3 3 2

C C

C C

Hence, �( (⋅)) ∈ ×A n nH . Moreover, �( (⋅)) ∈ ×A n nH if and only if

( ) ( ) − ( ) ( ) + ( ) ( ) − ( ) ( ) =A t A t A t A t A t A t A t A t 0.0 1 1 0 2 3 3 2 (2.1)

Example 2.1. For some �∈t0 , let

( ) = + +
+ +

+ +
A t

i i
i

i i

i
j

1 2

1 3

1 3

1
.0





















Hence,

( ( )) ( ( )) = + +
+
− −
− =

+ +
−

( ( )) ( ( )) = + + − −
− = + −

−

A t A t
i i

i
i i

i

i i

i

A t A t
i i

i

i i

i

i i

i

1 2

1 3

1 2

1 3

4 10 2

4 12
,

1 3

1

1 3

1

5 5

1 4
.

1 0 1 0

2 0 2 0

C C

C C



























































Therefore,

�( ( )) = + +
− ∈ ×A t

i i

i

9 2 15

5 16 2
.0

2 2H










Definition 2.4. [8] For any �∈A rd and �( (⋅)) ∈ ×A n nH , we define the determinant of the quaternion

function matrix by:

( ) = [ ( ( ))]A t A tddet : det .H
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Remark 2.2. According to Example 2.1, ( (⋅))AH cannot be always a real-valued matrix. Hence, the

condition �( (⋅)) ∈ ×A n nH in Definition 2.4 is necessarily required.

Remark 2.3. If � �→ ×A: n n, then ddet A(t) = det A(t) det A(t).

We introduce the notation ��= { ∈ ( (⋅)) ∈ }×A A:rd
n nD H .

For any �(⋅) = [ (⋅)] ∈× ×A arh n n
n n and � �→a x, :rh , let

( ) = ( ) + ( ) + ( ) + ( ) ( ) = ( ) + ( ) + ( ) + ( )a t a t a t i a t j a t k x t x t x t i x t j x t k, ,rh rh rh rh rh0 1 2 3 0 1 2 3

where � �→a x, :rhs s and 1 ≤ r, h ≤ n, s = 0, 1, 2, 3. Define

∑ ∑ ∑‖ ( )‖ = ( ) ‖ ( )‖ = ( )
= = =

A t a t x t x t, .

r h

n

s

rhs

s

s

, 1 0

3

0

3

Definition 2.5. [8] Let f(t) = f0(t) + f1(t)i + f2(t)j + f3(t)k and � �→f :r be rd-continuous for each r = 0, 1, 2, 3,

the integral of the function f(t) is defined as follows:

∫ ∫ ∫ ∫ ∫( ) = ( ) + ( ) + ( ) + ( )f τ τ f τ τ i f τ τ j f τ τ k f τ τΔ Δ Δ Δ Δ ,

t

t

t

t

t

t

t

t

t

t

0 1 2 3

0 0 0 0 0

where i, j, and k are the quaternion imaginary units.

Definition 2.6. [19] Let �(⋅) = [ (⋅)] ∈×A arh n n rd and � �→a :rh , where 1 ≤ r, h ≤ n, the integral of the

matrix function A(t) is defined as follows:

∫ ∫( ) = ( )A τ τ a τ τΔ Δ .

t

t

t

t

sr

0 0













3 Quaternion scalar impulsive dynamic equation

Now, we consider the impulsive dynamic equations on a time scale as follows:


( ) = ( ) ( ) + ( ) ≠
( ) = ( ) =

x t f t x t h t t t

x t m x t t t

, ,

Δ , ,

n

n n

Δ



(3.1)

where � �→f : , �∈mn , �∈tn ,  ( ) = ( ( )) − ( )+x t x σ t x tΔ .

Remark 3.1. In (3.1), if tn is the right-dense point, then  ( ) = ( ) − ( )+x t x t x tΔ ; if tn is the right-scattered

point, then  ( ) = ( ( )) − ( )x t x σ t x tΔ .

Lemma 3.1. Let ∫ ∫( ) = ( ) ( )F t f τ g η η τΔ Δ
t

t

t

τ

0 0

and �∈t0 be fixed, where � �→f g, : , then � �→F: is

differentiable at t with

∫( ) = ( ) ( )F t f t g η ηΔ .

t

t

Δ

0
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Moreover, if ∫ ∫ ∫( ) = ( ) ( )… ( ) …− −R t f η f η f η η η ηΔ Δ Δ
t

t

n t

η

n t

η

n n1 1 1 1

n

0 0 0

2
, then

∫ ∫( ) = ( ) ( )… ( ) …− −R t f t f η f η η ηΔ Δ .

t

t

n

t

η

n
Δ

1 1 1 1

0 0

2

(3.2)

Proof. For the right-scattered point �∈t , the Δ-derivative of F(t) can be calculated as follows:

∫ ∫

∫ ∫ ∫ ∫

∫ ∫

∫ ∫ ∫ ∫ ∫

( ) =
( ) ( ) − ( ) ( )

( )

=
( ) ( )

( )

=
( ) + ( ) + ( ) + ( ) ( )

( )

= [ ( ) + ( ) + ( ) + ( )] ( ) = ( ) ( )

( )

( )

( ) ( ) ( ) ( )

F t

f τ g η η τ f τ g η η τ

μ t

f τ τ g η η

μ t

f τ τ i f τ τ j f τ τ k f τ τ g η η

μ t

f t if t jf t kf t g η η f t g η η

Δ Δ Δ Δ

Δ Δ

Δ Δ Δ Δ Δ

Δ Δ .

Δ t

σ t

t

τ

t

t

t

τ

t

σ t

t

τ

t

σ t

t

σ t

t

σ t

t

σ t

t

τ

t

t

t

t

0 1 2 3

0 1 2 3

0 0 0 0

0

0

0 0













For the right-dense point �∈t , the derivative of F(t) is obvious. Similar to the above calculation, by taking

F(t) = R(t), we can obtain (3.2). The proof is complete. □

Now, consider the following homogeneous linear dynamic equations:

( ) = ( ) ( )
( ) =

x t f t x t

x t x

,

,

Δ

0
⁎

0





(3.3)

where � �→f : is rd-continuous, �∈x0 , �∈t0⁎ .

Lemma 3.2. For (3.3), if f is uniformly bounded on � , i.e., there exists some constant Mf > 0, such that

‖ ( )‖ ≤f t Mf for all �∈t , then the solution x(t) of the initial value problem of (3.3) is rd-continuous and given by

∑( ) = + ( )
=

∞
x t c t x1 ,

n

n

1

0











where

∫ ∫ ∫( ) = ( ) ( )… ( ) …− −c t f t f t f t t t tΔ Δ Δ .n

t

t

n

t

t

n

t

t

n n1 1 1 1

n

0
⁎

0
⁎

0
⁎

2

Proof. Let h be constant with h > 0. For ≤ < +t t t h0
⁎

0
⁎ , we have

∫ ∫ ∫‖ ‖ ≤ … … = ( ) ≤ ( − )
!
=
!−c M M M t t t M h t t M

t t

n
M

h

n
Δ Δ Δ , .n

t

t

f

t

t

f

t

t

f n n f
n

n f
n

n

f
n

n

1 1 0
⁎ 0

⁎
n

0
⁎

0
⁎

0
⁎

2
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By the Weierstrass theorem, the series ∑ =
∞

!Mn f
n h

n1

n

is convergent (say it is convergent to �∈ +a ), which

implies that the series {∑ }=
∞

cn n1
is uniformly convergent on � .

Next, we show that the function x(t) is rd-continuous. For the right-dense �∈tr , ∀ >ε 0, there exists

( ) = / >δ ε ε aM 0f , such that − < ( )t t δ εr , we have

∫ ∫ ∫∑

∑ ∑ ∑

‖ ( ) − ( )‖ = ( ) ( )… ( ) …

≤ | − | ( − )
( − )!

≤ ( ) ( − )
( − )!

≤
( − )!

<

=

∞

− −

=

∞ −

=

∞ −

=

∞
−

−

x t x t f t f t f t t t t x

M t t
t t

n
δ ε M

t t

n

ε

aM
M M

h

n
ε

Δ Δ Δ

1 1 1
.

r

n
t

t

n

t

t

n

t

t

n n

n

f
n

r

n

n

f
n

n

f
f

n

f
n

n

1

1 1 1 1 0

1

0
⁎ 1

1

0
⁎ 1

1

1
1

r

n

0
⁎

0
⁎

2

Thus, x(tr) is continuous at right-dense. Moreover, since the function f(t) is rd-continuous, it follows that

x(t) has the finite left-side limit at a left-dense point. Therefore, x(t) is rd-continuous.

On the other hand, by Lemma 3.1, we can get ( ) = ( ) ( )−c t f t c tn
Δ

n 1 , and hence, ( ) = + ∑ ( )=
∞

x t x c t xn n0 1 0 is

Δ-differentiable with

∑( ) = ( ) ( )
=

∞

−x t f t c t x ,Δ

n

n

1

1 0

where c0 = 1, hence ( ) = ( ) ( )x t f t x tΔ . Therefore, the function series ( ) = + ∑ =
∞

x t x c xn n0 1 0 is a solution of

(3.3), according to the continuation theorem of solutions for dynamic equations, x(t) is a solution for (3.3)

on � . Furthermore, we assume that x1 and x2 are two solutions of (3.3), then

∫ ∫‖ ( ) − ( )‖ ≤ ‖ ( )‖‖ ( ) − ( )‖ ≤ ‖ ( ) − ( )‖x t x t f τ x τ x τ τ M x τ x τ τΔ Δ .

t

t

t

t

1 2 1 2 1 2

0 0

By Corollary 6.7 from [9] (Bellman inequality on time scale), we can get ‖ ( ) − ( )‖ =x t x t 01 2 . Therefore, the

solution of (3.3) is unique. The proof is complete. □

Theorem 3.1. Let � �→f : be rd-continuous on � and (3.3) with the initial condition ( ) =x t 10
⁎ has the

solution with the exponential form as follows:

∫ ∫ ∫∑( ) = + ( ) ( )… ( ) …
=

∞

− −e t t f τ f τ f τ τ τ τ, 1 Δ Δ Δ .f

n
t

t

n

t

τ

n

t

τ

n n0
⁎

1

1 1 1 1

n

0
⁎

0
⁎

0
⁎

2

Proof. Let

∫ ∫ ∫∑( ) = ( ) ( )… ( ) …
=

∞

− −C t f τ f τ f τ τ τ τΔ Δ Δn

n
t

t

n

t

τ

n

t

τ

n n

1

1 1 1 1

n

0
⁎

0
⁎

0
⁎

2

for n ≥ 1, by Lemma 3.1, we can get

( ) = ( ) ( )−C t f t C t .n
Δ

n 1

By Lemma 3.1, we can get + ∑ ( )=
∞

C t1 n n1
is a unique solution of (3.3) with ( ) =x t 10

⁎ . Hence, by Definition

2.1, we obtain

∫ ∫ ∫∑( ) = + ( ) ( )… ( ) …
=

∞

− −e t t f τ f τ f τ τ τ τ, 1 Δ Δ Δ .f

n t

t

n
t

τ

n
t

τ

n n0
⁎

1

1 1 1 1

n

0
⁎

0
⁎

0
⁎

2

The proof is complete. □
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Remark 3.2. From Theorem 3.1, for any � �→f : and �∈s t, , we can easily obtain (i) ef(t,t) = 1;

(ii) ef (σ(t),s) − ef (t,s) = μ(t)f(t)ef (t,s); and (iii) ef (t,s) ≠ ef (s,t).

Now, consider the homogeneous linear impulsive dynamic equations as follows:

 �

( ) = ( ) ( ) ≠
( ) = ( ) = ∈
( ) =

x t f t x t t t

Δ x t m x t t t n

x t x

, ,

, , ,

,

n

n n

Δ

0
⁎

0









(3.4)

where
�

∈ { … } ⊂ ( )t t t t t t, , , ,n n1 2 0
⁎

0
, for >t t0

⁎, � �→f : , �∈mn ,  ( ) = ( ( )) − ( )+x t x σ t x tΔ .

Lemma 3.3. The solution of (3.4) can be given as

∑

∑ ∏ ∑

∑ ∏ ∑

∑ ∏ ∑ ( )

( ) =

+ ≤ < ( )

+ ( + ) + ( ) ≤ < ( ) < ≤

+ ( + ) + = ( ) < ≤

+ ( + ) + <

=

∞
+

=

∞

= − =

∞

−
+ +

=

∞

= =

∞
+

=

∞

+
= =

∞
+

x t

c x t t σ t

c m C x σ t t σ t s n

c m C x t σ t s n

c m C x σ t t

1 , ,

1 1 1 , , 1 ,

1 1 1 , , 1 ,

1 1 1 , ,

r

p

r

s p

v s

v

l

v l s s

r

s p

v s

v

l

v l s

r

n p

v n

v

l

v l n

1

1, 0 0
⁎

1

1

,

1

1

1

, 0 1 0

1

,

1

1

, 0 0

1

1,

1

1

, 00

0

0







































































































where ∫ ∫ ∫= ( ) ( )… ( ) …
( ) ( )

−
( )

−
−
+

−
+

−
+

c f τ f τ f τ τ τ τΔ Δ Δs r

σ t

t

r

σ t

τ

r

σ t

τ

r r, 1 1 1 1

s s

r

s1 1 1

2

and Cs,r = Cs,r(ts), 1 < s ≤ n0.

Proof. By Lemma 3.2, for ≤ < ( )+t t σ t0
⁎

1 , we have

∫ ∫ ∫∑( ) = + = ( ) ( )… ( ) …
=

∞

− −x t x c x c f τ f τ f τ τ τ τ, Δ Δ Δ .

r

r r

t

t

r

t

τ

r

t

τ

r r0

1

1 0 1, 1 1 1 1

r

0
⁎

0
⁎

0
⁎

2

Furthermore, ( ( )) − ( ) = ( )+x σ t x t m x t1 1 1 1 , so ( ( )) = ( + ) ( )+x σ t m x t11 1 1 . Then, for any 1 < s ≤ n0 and

( ) ≤ < ( )−
+ +σ t t σ ts s1 , we can obtain

∫ ∫ ∫

∑( ) = + ( ) ( ) ( ) = ( ( ))

( ) = ( ) ( )… ( ) …

=

∞

−
+

−
+

−
+

( )
( )

−

( )

−

−
+ −

+

−
+

x t c t x t x t x s t

c t f τ f τ f τ τ τ τ

1 , where ,

Δ Δ Δ .

r

sr
σ

s
s

s s

s r

σ t

t

r
σ t

τ

r

σ t

τ

r r

1

1 1 1

, 1 1 1 1

s
s

r

s1

1

1

2











Hence, for ≥ ( )+t σ tn0 , by repeating the same iteration process above, we have

∫ ∫ ∫

∫ ∫ ∫

∑ ( ( ))

∑ ∏ ∑

( ) = + ( ) ( )… ( ) …

= + ( ) ( )… ( ) … ( + ) +

( ) ( ) ( )

( ) ( ) ( )

=

∞

− −
+

=

∞

− −
= =

∞

+ + +

+ + +

x t f τ f τ f τ τ τ τ x σ t

f τ f τ f τ τ τ τ m C x

1 Δ Δ Δ

1 Δ Δ Δ 1 1 ,

r
σ t

t

r

σ t

τ

r

σ t

τ

r r n

r
σ t

t

r

σ t

τ

r

σ t

τ

r r

s n

s

r

s r

1

1 1 1 1

1

1 1 1 1

1

1

, 0

n n

r

n

n n

r

n

0 0 0

2

0

0 0 0

2

0





































so the solution of (3.4) given by Lemma 3.3 is obtained. This completes the proof. □
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Now, consider the nonhomogeneous linear dynamic equation as follows:

( ) = ( ) ( ) + ( )
( ) =

x t f t x t h t

x t x ,

Δ

0
⁎

0





(3.5)

where � �→f h, : , �∈x0 , �∈t0⁎ .

Lemma 3.4. The solution of (3.5) is given by

∫( ) = ( ) + ( ( )) ( )x t e t t x e t σ τ h τ τ, , Δ .f

t

t

f0
⁎

0

0
⁎

Moreover, x(t) can be given as

∫ ∫ ∫

∫ ∫ ∫ ∫

∑

∑

( ) = + ( ) ( )… ( ) …

+ + ( ) ( )… ( ) … ( )

=

∞

− −

=

∞

( ) ( )

−

( )

−

x t f τ f τ f τ τ τ τ x

f τ f τ f τ τ τ τ h τ τ

1 Δ Δ Δ

1 Δ Δ Δ Δ .

n
t

t

n

t

τ

n

t

τ

n n

t

t

n
σ τ

t

n

σ τ

τ

n

σ τ

τ

n n

1

1 1 1 1 0

1

1 1 1 1

n

n

0
⁎

0
⁎

0
⁎

2

0
⁎

2





















Proof. For =t t0
⁎, it is obvious that ∫( ) = ( ) + ( ( )) ( ) =x t e t t x e t σ τ h τ τ x, , Δf

t

t

f0
⁎

0
⁎

0
⁎

0 0
⁎

0
0
⁎

0
⁎

. Moreover,

∫ ∫

∫ ∫

∫ ∫

∫

( ) ( ) = ( ( ) ) + ( ( ) ( )) ( ) − ( ) + ( ( )) ( )

= ( ( ) ) − ( ) + ( ( ) ( )) ( ) − ( ( )) ( )

= ( ) ( ) ( ) + ( ( ) ( )) ( ) + [ ( ( ) ( )) − ( ( ))] ( )

= ( ) ( ) ( ) + ( ) ( ( ) ( )) ( ) + ( ) ( ) ( ( )) ( )

= [ ( ) ( ) + ( )] ( )

( )

( )

( )

μ t x t e σ t t x e σ t σ τ h τ τ e t t x e t σ τ h τ τ

e σ t t x e t t x e σ t σ τ h τ τ e t σ τ h τ τ

μ t f t e t t x e σ t σ τ h τ τ e σ t σ τ e t σ τ h τ τ

μ t f t e t t x μ t e σ t σ t h t μ t f t e t σ τ h τ τ

f t x t h t μ t

, , Δ , , Δ

, , , Δ , Δ

, , Δ , , Δ

, , , Δ

.

f

t

σ t

f f

t

t

f

f f

t

σ t

f

t

t

f

f

t

σ t

f

t

t

f f

f f

t

t

f

Δ
0
⁎

0 0
⁎

0

0
⁎

0 0
⁎

0

0
⁎

0

0
⁎

0

0
⁎

0
⁎

0
⁎

0
⁎

0
⁎

0
⁎

0
⁎

Moreover, by Theorem 3.1, we can obtain the desired results. The proof is complete. □

Next, we consider the nonhomogeneous impulsive dynamic equation as follows:

 �

( ) = ( ) ( ) + ( ) ≠
( ) = ( ) = ∈
( ) =

x t f t x t h t t t

x t m x t t t n

x t x

, ,

Δ , , ,

,

n

n n

Δ

0
⁎

0









(3.6)

where � �→f h, : , ∈ { … } ∈ [ ]t t t t t t, , , ,n n1 2 0
⁎

0
, �∈ [ ]t a b, and �+ ≠ ∈m m1 0,n n .
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Theorem 3.2. The solution of (3.6) is given by

∫

∫

∫

∑

∑ ∏ ∑ ∏

∏ ∑∏

( ( )) ∏ ∑ ∏ ( )

( )

=

+ + ( ( )) ( ) ≤ < ( )

+ ( + ) + ( + ) ( + ) + ( + )

+ ( ( )) ( ) ( ) ≤ < ( ) < ≤

( + ) + ( + ) ( + ) + ( + ) = ( ) < ≤

( + ) + ( + ) ( + ) + +

+ ( ( )) ( ) >
( )

=

∞
+

=

∞

= − =

−

= −

+

− − −

( )
−
+ +

= =

−

=

+

− −
+

+

= =

−

=

+

− −

+

−
+

+

Ψ

c x e t σ τ h τ Δτ t t σ t

c m u m u m h m h

e t σ τ h τ τ σ t t σ t s n

m u m u m h m h t σ t s n

e t σ t m u m u m h m h

e t σ τ h τ Δτ t σ t

1 , , ,

1 1 1 1 1

, Δ , , 1 ,

1 1 1 1 , , 1 ,

, 1 1 1 1

, , ,

f h

r

r

t

t

f

w

s w

v s

v v

l

s

k s

l

k k l l s s

σ t

t

f s s

v s

v v

l

s

k s

l

k k l l s s s

f n

v n

v v

l

n

k n

l

k k l l n n

σ t

t

f n

,

1

1, 0 0
⁎

1

1

,

1

1

2

2

1

1

1 1 2

1 0

1

2

1 1

1 1 0

1

1

1 1

1 1

s

n

0
⁎

1

0

0

0

0

0 0

0

0










































































where

∫

∫

∑ ∑= + + ( ( )) ( ) = + < ≤

= ( ( )) ( ) ≤ ≤

=

∞

=

∞

−

( )−+

u C x e t σ τ h τ Δτ u C v n

h e t σ τ h τ τ l n

1 , , 1 , 1 ,

, Δ , 2 .

n

n

t

t

f v

p

v p

l

σ t

t

f

1

1

1, 0

1

, 0

1 0

l

l

0
⁎

1

1











Proof. For ≤ < ( )+t t σ t0
⁎

1 , we have

∫

∫ ∫ ∫

∑( ) = + + ( ( )) ( )

= ( ) ( )… ( ) …

=

∞

− −

x t c x e t σ τ h τ τ

c f τ f τ f τ τ τ τ

1 , Δ ,

Δ Δ Δ .

r

r

t

t

f

r

t

t

r

t

τ

r

t

τ

r r

1

1

1, 0

1, 1 1 1 1

r

0
⁎

1

0
⁎

0
⁎

0
⁎

2













Furthermore, ( ( )) − ( ) = ( )+x σ t x t m x t1 1 1 1 , so ( ( )) = ( + ) ( )+x σ t m x t11 1 1 , for 1 < s ≤ n0, ( ) ≤ < ( )−
+ +σ t t σ ts s1

∫

∫

∑

∑

( ) = + ( ) + ( ( )) ( )

= + ( + ) ( ) + ( ( )) ( )

=

∞

−
+

( )

=

∞

− −

( )

−
+

−
+

x t c x t e t σ τ h τ τ

c m x t e t σ τ h τ τ

1 , Δ

1 1 , Δ ,

r

s r
σ

s

σ t

t

f

r

s r s s

σ t

t

f

1

, 1

1

, 1 1

s

s

1

1

























where

∫ ∫ ∫= ( ) ( )… ( ) …
( ) ( )

−

( )

−

−
+

−
+

−
+

c f τ f τ f τ τ τ τΔ Δ Δ ,s r

σ t

t

r

σ t

τ

r

σ t

τ

r r, 1 1 1 1

s s

r

s1 1 1

2
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for 1 < s ≤ n0, we have

∫∑( ) = ( + ) ( ) = ( + ) + ( ) + ( ( )) ( )+

=

∞

−
+

( )− +
x t m x t m C x t e t σ τ h τ τ1 1 1 , Δ ,σ

s s s s

r

s r
σ

s

σ t

t

f

1

, 1

s

s

1























where

∫ ∫ ∫= ( ) ( )… ( ) …
( ) ( )

−

( )

−

−
+

−
+

−
+

C f τ f τ f τ τ τ τΔ Δ Δ .s r

σ t

t

r

σ t

τ

r

σ t

τ

r r, 1 1 1 1

s

s

s

r

s1 1 1

2

For > ( )+t σ tn0 ,

∫ ∫ ∫∑ ( ( ))( ) = + ( )… ( ) … + ( ( )) ( )
( ) ( ) ( )=

∞
+

+ + +

x t f τ f τ τ τ x σ t e t σ τ h τ τ1 Δ Δ , Δ .

r
σ t

t

r

σ t

τ

r n

σ t

t

f

1

1 1

n n n0 0

2

0

0













By repeating the iteration process above, we can obtain

∫

∫

∫

∫ ∫

∫

∫

∫

∫ ∫

∫

∫

∫ ∫

∑

∑ ∏ ∑ ∑

∑ ∏ ∑

∏ ∑ ∑

∑∏ ∑

∑

∏ ∑ ∑

∑ ∏ ∑

( )

=

+ + ( ( )) ( ) ≤ ≤ ( )

+ ( + ) + × ( + ) + + ( ( )) ( )

+ ( + ) + ( + ) ( ( )) ( )

+ ( + ) ( ( )) ( ) + ( ( )) ( )

( ) ≤ < ( ) < ≤

( + ) + ( + ) + + ( ( )) ( )

+ ( + ) + ( + ) ( ( )) ( )

+ ( + ) ( ( )) ( ) = ( ) < ≤

+ ( )… ( ) …

× ( + ) + ( + ) + + ( ) ( ( ))

+ ( + ) + ( + ) ( ( )) ( )

+ + ( ( )) ( ) + ( ( )) ( ) >

( ) ( )

( )

=

∞
+

=

∞

= − =

∞

=

∞

=

−

= −

+

=

∞

−

( ) ( )

−
+ +

= =

∞

=

∞

=

−

=

+

=

∞

( )

+

=

∞

= =

∞

=

∞

=

−

=

+

=

∞

−
+

−+

−

−+

=
+

−+

+ +

−
+

−+
+

Ψ

c x e t σ τ h τ Δτ t t σ t

c m C m C x e t σ τ h τ τ

m C m e t σ τ h τ τ

m e t σ τ h τ Δτ e t σ τ h τ τ

σ t t σ t s n

m C m C x e t σ τ h τ τ

m C m e t σ τ h τ τ

m e t σ τ h τ τ t σ t s n

f τ f τ τ τ

m C m C x h τ e t σ τ τ

m C m e t σ τ h τ τ

m e t σ τ h τ τ e t σ τ h τ τ t t

1 , , ,

1 1 1 1 1 , Δ

1 1 1 , Δ

1 , , Δ ,

, 1 ,

1 1 1 1 , Δ

1 1 1 , Δ

1 , Δ , , 1 ,

1 Δ Δ

1 1 1 1 , Δ

1 1 1 , Δ

1 , Δ , Δ , ,

f h

r

r

t

t

f

w

s w

v s

v

p

v p

n

n

t

t

f

l

s

k s

l

k

d

k d l

σ t

t

f

s

σ t

t

f

σ t

t

f

s s

v s

v

p

v p

n

n

t

t

f

l

s

k s

l

k

d

k d l

σ t

t

f

s

σ t

t

f s

w
σ t

t

w

σ t

τ

w

v n

v

p

v p

n

n

t

t

f

l

n

k n

l

k

d

k d l

σ t

t

f

n

σ t

t

f

σ t

t

f n

,

1

1, 0 0
⁎

1

1

,

1

2

1

, 1

1

1, 0

2

2

1

1

1

,

1

1 0

2

1

, 1

1

1, 0

2

1 1

1

,

0

1

1 1

2

1

, 1

1

1, 0

2

1 1

1

,

l

l

s

s

s

l

l

s

s

n n

l

l

n

n

n

0
⁎

0
⁎

1

1

2

1

1

0
⁎

1

1

1

0 0

2

0
0
⁎

1

0

0

1

0

0 1

0

0

0
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where

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

= ( )… ( ) … = ( )… ( ) …

= ( )… ( ) … = ( )… ( ) …

( ) ( )

( ) ( )

−
+

−
+

−
+

−
+

C f τ f τ Δτ Δτ C f τ f τ τ τ

c f τ f τ Δτ Δτ c f τ f τ τ τ

, Δ Δ ,

, Δ Δ ,

r

t

t

r

t

τ

r s r

σ t

t

r

σ t

τ

r

r

t

t

r

t

τ

r s r

σ t

t

r

σ t

τ

r

1, 1 1 , 1 1

1, 1 1 , 1 1

s

s

s

s s

0
⁎

1

0
⁎

2

1 1

2

0
⁎

0
⁎

2

1 1

2

and 1 < s ≤ n0. The proof is complete. □

Example 3.1. By Theorem 3.2, let � �= h̃, >h̃ 0, for 1 < s ≤ n0, we can get

∏

∏ ∑

=

> − ( )

( − ) = − ( )

( − ) ( ( ) + ) < − ( )

−

=

−

=

−

=

− ( ) −( − )

−
−

−

c

r
t σ t

h

h f t qh r
t σ t

h

h f t qh f σ t vh r
t σ t

h

0,
˜

,

˜ ˜ ˜ ,
˜

,

˜ ˜ ˜ ˜ ,
˜

;

s r

s

r

q

r
s

r

q

r

v

t σ t

h
r

s
s

,

1

˜ 1

1

˜ 1

1

0

˜
2

1
1

s 1

















∏

∏ ∑

=

> − ( )

( − ) = − ( )

( − ) ( ( ) + ) < − ( )

−

=

−

=

−

=

− ( ) −( − )

−
−

−

C

r
t σ t

h

h f t vh r
t σ t

h

h f t qh f σ t vh r
t σ t

h

0,
˜

,

˜ ˜ ,
˜

,

˜ ˜ ˜ ˜ ,
˜

;

s r

s s

r

v

r

s
s s

r

q

r

s

v

t σ t

h
r

s
s s

,

1

1

1

˜ 1

1

0

˜
2

1
1

s s 1

















∏

∏ ∑

=

> −

( − ) = −

( − ) ( + ) < −

=

=

−

=

− −( − )

c

r
t t

h

h f t qh r
t t

h

h f t qh f t vh r
t t

h

0,
˜

,

˜ ˜ ˜ ,
˜

,

˜ ˜ ˜ ˜ ,
˜

;

r

r

q

r

r

q

r

v

t t

h
r

1,

0
⁎

˜ 1

0
⁎

˜ 1

1

0

˜
2

0
⁎ 0

⁎

0
⁎

















∏

∏ ∑

=

> −

( − ) = −

( − ) ( + ) < −

=

=

−

=

− −( − )

C

r
t t

h

h f t qh r
t t

h

h f t qh f t vh r
t t

h

0,
˜

,

˜ ˜ ˜ ,
˜

,

˜ ˜ ˜ ˜ ,
˜

.

r

r

q

n

r

q

n

v

t t

h
r

1,

1 0
⁎

˜ 1

1
1 0

⁎

˜ 1

1

1

0

2

0
⁎ 1 0

⁎
1 0

⁎

















By Theorem 3.2, we can obtain the solution of (3.6) under the time scale �h̃.
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Example 3.2. For (3.6), let � �= q 0, where q > 1, we can get

∏

∏ ∑

=

> − ( )

( − ) = − ( )

( − ) [ ( ) ] ( ) < − ( )

−

( + )
=

−

−

( − )
=

−

=

− ( ) −( − )

− −
−

−

c

r
t σ t

q

q t

q

f
t

q
r

t σ t

q

q t

q

f
t

q
f σ t q σ t q n

t σ t

q

0,
ln ln

ln
,

1
,

ln ln

ln
,

1
,

ln ln

ln
;

s r

s

r r

r r
v

r

v

s

r r

r r
v

r

v
l

t σ t

q
r

s
l

s
l s

,

1

1

2 1

1

1

1

2 1

1

0

ln ln

ln
2

1 1
1

s 1





































∏

∏ ∑

=

> − ( )

( − ) = − ( )

( − ) [ ( ) ] ( ) < − ( )

−

( + )
=

−

−

( − )
=

−

=

− ( ) −( − )

− −
−

−

C

r
t σ t

q

q t

q

f
t

q
r

t σ t

q

q t

q

f
t

q
f σ t q σ t q r

t σ t

q

0,
ln ln

ln
,

1
,

ln ln

ln
,

1
,

ln ln

ln
;

s r

s s

r
s
r

r r
v

r
s

v

s s

r
s
r

r r
v

r
s

v
l

t σ t

q
r

s
l

s
l s s

,

1

1

2 1

1

1

1

2 1

1

0

ln ln

ln
2

1 1
1

s s 1





































∏

∏ ∑

=

> −

( − ) = −

( − ) [ ] < −

( + )
=

−

( − )
=

−

=

− −( − )

c

r
t t

q

q t

q

f
t

q
r

t t

q

q t

q

f
t

q
f t q t q r

t t

q

0,
ln ln

ln
,

1
,

ln ln

ln
,

1
,

ln ln

ln
;

r

r r

r r
v

n

v

r r

r r
v

r

v
l

t t

q
r

l l

1,

0
⁎

1

2 1

0
⁎

1

1

2 1

1

0

ln ln

ln
2

0
⁎

0
⁎ 0

⁎

0
⁎






































∏

∏ ∑

=

> −

( − ) = −

( − ) ( ) < −

( + )
=

−

( − )
=

−

=

− −( − )

C

r
t t

q

q t

q

f
t

q
r

t t

q

q t

q

f
t

q
f t q t q r

t t

q

0,
ln ln

ln
,

1
,

ln ln

ln
,

1
,

ln ln

ln
.

r

r r

r r
v

r

v

r r

r r
v

r

i
k

t t

q
r

l l

1,

1 0
⁎

1

1

2 1

1 1 0
⁎

1
1

1

2 1

1
1

0

ln ln

ln
2

0
⁎

0
⁎ 1 0

⁎

1 0
⁎






































By Theorem 3.2, we can obtain the solution of (3.6) under the time scale �q 0.

Let � �= , 1 ≤ s ≤ n0, r ≥ 1, it easily follows that

∫ ∫ ∫

∫ ∫ ∫

= ( ) ( )… ( ) …

= ( ) ( )… ( ) …

− −

− −

− − −

− − −

c f τ f τ f τ τ τ τ

C f τ f τ f τ τ τ τ

d d d ,

d d d .

s r

t

t

r

t

τ

r

t

τ

r r

s r

t

t

r

t

τ

r

t

τ

r r

, 1 1 1 1

, 1 1 1 1

s s

r

s

s

s

s

r

s

1 1 1

2

1 1 1

2

364  Zhien Li and Chao Wang



Example 3.3. Let � �= +, consider the following impulsive discrete dynamic equation:


( ) = ( ) ( ) + ( ) ≠ −
( ) = ( ) = = −
( ) =

x t f t x t h t t n

x t m x t t t n

x

, 3 1,

Δ , 3 1,

1 1,

Δ

n n









(3.7)

where i, j, and k are the quaternion imaginary units, �∈mn , f(t) = 1 + ti, h(t) = 2 + tj, mn = n − 1,

( ) = ( ( )) − ( )Δx t x σ t x t˜ .

Proof. For any �∈t , t is right-scattered, therefore

∫( ) = ( ) + [( + ) ( ) + + ] = + +

( ) = [ + ( − ) ] ( − ) + + ( − ) ≠
( ) = ( − ) =

x x τi x τj τ i j

x t t i x t t j t n

x t nx t t n

2 1 1 1 2 Δ 4 ,

2 1 1 2 1 , 3 ,

1 , 3 .

1

2

By Theorem 3.2, for n ≥ 1 we can obtain:

∫ ∫ ∫

∫

∫ ∫

= + ( + ) + ( + ) ( + ) = [ + ( + ) ][ + ]

= ( + ( ))

= ( + ( )) + ( + ( ))

= ( + + ) ( ) + ( + )
= [ + ( + ) ][ + ] + [ + ( + ) ]

+

+ +

+

+

+

+

u τi τ τi ηi η τ n i ni

h e n σ τ τ

e n σ τ τ e n σ τ τ

e n n h n h n

n i nj n j

1 1 Δ 1 1 Δ Δ 2 3 1 2 3 ,

3 2, Δ

3 2, Δ 3 2, Δ

3 2,3 1 3 3 1

2 3 1 2 3 2 3 1 .

n

n

n

n

n

n

τ

n

n

n

f

n

n

f

n

n

f

f

1

3

3 2

3

3 2

3

3

3 2

3

3 1

3 1

3 2

Furthermore, the solution of (3.7) is given by

∏ ∑ ∏=

=
+ + =
( + ) ( ) + + =
( + ) ( ) + + =

! [ + ( − ) ][ + ( − ) ]( + + ) + !
( − )!

[ + ( − ) ]

× [ + ( − ) ]{[ + ( − ) ] + [ + ( − ) ][ + ( − ) ]}
+ {[ + ( − ) ] + [ + ( − ) ][ + ( − ) ]} = ≥
[ + ] ( ) + + = +
[ + ( + ) ][ + ] ( ) + [ + ( + ) ]( + )
+ + ( + ) = +

= =

−

=

+

Ψ

t

i j t

i x j t

i x j t

n s i s i i j
n

r
s i

s i r j r i r j

n n j n i n j t n n

ni x n nj t n

n i ni x n n i nj

n j t n

1, 1,

4 , 2, 3,

2 4 3 2 4 , 4,

2 5 4 2 5 , 5,

2 3 2 2 3 1 4
1

2 3 2

2 3 1 2 3 2 2 3 2 2 3 3

2 3 2 2 3 2 2 3 3 , 3 , 2

2 3 3 2 3 , 3 1,

2 3 1 2 3 3 2 3 1 2 3

2 3 1 , 3 2. □

f h s n r

n

s n

r

,

2

2

1 1























Remark 3.3. Considering the following quaternion ∇-dynamic equations:

( ) = ( ) ( ) + ( ) ≠
∇ ( ) = ( ) =
∇x t f t x t h t t t

x t m x t t t

, ,

, ,

n

n n





where � �→f : , �∈mn , �∈tn , ∇ ( ) = ( ) − ( )−x t x t x tρ , the initial value is ( ) =x t x0
⁎

0, let < <−t tn n 10
…< <t t1 0

⁎;

thus, the solution Ψf h, is given by
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∫

∫

∫ ∫

∫

∑

∑ ∑ ∑ ∏

∑ ∑∏

∑ ∏ ∑ ∏

( )

+ + ( ( )) ( )∇ ( ) < ≤

+ ( − ) + ( − ) ( − )

+ ( − ) } + ( ( )) ( )∇ ( ) < ≤ ( ) < ≤

( − ) + ( − ) ( − ) + ( − ) = ( ) < ≤

+ ( )… ( )∇ …∇ ( − ) + ( − )

× ( − ) + ( − ) } + ( ( )) ( )∇ <

( ) ( )

( )

=

∞
−

=

∞

= − =

−

= −

+

+ −

− −

( )

−
−
−

= =

−

=

+

− −
−

=

∞

= =

−

=

+

− −
−

−
−

− −

−

Ψ

c x e t ρ τ h τ τ ρ t t t

c m u m u m h

m h e t ρ τ h τ τ ρ t t ρ t s n

m u m u m h m h t ρ t s n

f τ f τ τ τ m u m u

m h m h e t ρ τ h τ τ t ρ t

1 , , ,

1 1 1 1

1 , , , 1 ,

1 1 1 1 , , 1 ,

1 1 1

1 1 , , ,

f h

r

r

t

t

f

w

s w

v s

v v

l

s

k s

l

k k l l

s s

ρ t

t

f s s

v

s

v v

l

s

k s

l

k k l l s s s

w
ρ t

t

w

ρ t

τ

w

v n

v v

l

n

k n

l

k k

l l n n

ρ t

t

f n

,

1

1, 0 1 0
⁎

1

,

1

1

2

2

1

1

1 1

1 2 1 0

1 2

1 1

1 1 0

1

1 1

1

2

1 1

1 1

s

n n

n

0
⁎

1

0 0

2

0

0

0

0 0

0

0















































































where 1 < s ≤ n0,

∫ ∫

∫ ∫

∫ ∫

∫ ∫

∫

∫

∑

∑

= ( )… ( )∇ …∇

= ( )… ( )∇ …∇

= ( )… ( )∇ …∇

= ( )… ( )∇ …∇

= + + ( ( )) ( )∇

= + = ( ( )) ( )∇

( ) ( )

( ) ( )

=

∞

=

∞

−

( )

−
−

−
−

−
−

−
−

−
+

C f τ f τ τ τ

C f τ f τ τ τ

c f τ f τ τ τ

c f τ f τ τ τ

u C x e t ρ τ h τ τ

u C h e t ρ τ h τ τ

,

,

,

,

1 , , ,

1 , , .

r

t

t

r

t

τ

r

s r

ρ t

t

r

ρ t

τ

r

r

t

t

r

t

τ

r

s r

ρ t

t

r

ρ t

τ

r

n

n

t

t

f

v

p

v p l

ρ t

t

f

1, 1 1

, 1 1

1, 1 1

, 1 1

1

1

1, 0

1

, 1

s

s

s

s s

l

l

0
⁎

1

0
⁎

2

1 1

2

0
⁎

0
⁎

2

1 1

2

0
⁎

1

1











4 Quaternion matrix impulsive dynamic equation

Now, consider the impulsive dynamic matrix equation as follows:


( ) = ( ) ( ) + ( ) ≠
( ) = ( ) =

X t A t X t F t t t

Δ X t B X t t t

, ,

, ,

Δ
h

h h





(4.1)

where � �→ ×A F, : n n, �∈Bh , �∈th ,  ( ) = ( ( )) − ( )+ΔX t X σ t X t , �∈h . The initial value problem

�( ) = ∈ ×X t X .n n
0
⁎

0
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Remark 4.1. In (4.1), if th is the right-dense point, then  ( ) = ( ) − ( )+ΔX t X t X t ; if th is the right-scattered

point, then  ( ) = ( ( )) − ( )ΔX t X σ t X t .

Lemma 4.1. Let � �→ ×A B, : n n, ∫ ∫( ) = ( ) ( )Q t A τ B η η τΔ Δ

t

t

s

τ

0

, and �∈t0 be fixed, then Q(t) is differentiable

at t with

∫( ) = ( ) ( )Q t A t B η ηΔ .Δ

t

t

0

Moreover, if ∫ ∫ ∫( ) = ( ) ( )… ( ) …− −P t A τ A τ A τ τ τ τΔ Δ Δ
t

t

n
t

τ

n
t

τ

n n1 1 1

n

0 0 0

2

, then

∫ ∫( ) = ( ) ( )… ( ) …− −P t A t A τ A τ τ τΔ Δ .

t

t

n

t

τ

n
Δ

1 1 1 1

0 0

2

(4.2)

Proof. By Lemma 3.1, we can obtain

∫ ∫ ∫∑ ∑( ) ( ) = ( ) ( )
= =

a τ a τ τ τ a t a τ τΔ Δ Δ .

s

n

t

t

rs

t

τ

sl

s

n

rs

t

t

sl

1

2 1 1 2

Δ

1

1 1

0 0

2

0













For the right-scatted point �∈t , the Δ-derivative of F(t) can be calculated as follows:

∫

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

∫ ∫ ∫

∫

( ) =
( ) ( ) − ( ) ( )

( )

=
( ) ( ) − ( ) ( )

( )

=

( ) − ( ) ( )

( )

=
( ) ( ) ( )

( )

= ( ) ( )

( )

( )

( )

Q t

A τ B η η τ A τ B η η τ

μ t

A τ τ B η η A τ τ B η η

μ t

A τ τ A τ τ B η η

μ t

μ t A t B η η

μ t

A t B η η

Δ Δ Δ Δ

Δ Δ Δ Δ

Δ Δ Δ

Δ

Δ .

t

σ t

s

τ

t

t

s

τ

t

σ t

s

τ

t

t

s

τ

t

σ t

t

t

s

τ

s

t

s

t

Δ 0 0

0 0

0 0













For the right-dense point �∈t , the derivative of F(t) is obvious. Similar to the above calculation, by taking

P(t) = Q(t), we can get (4.2). The proof is complete. □

Now, we consider the homogenous linear dynamic equation as follows:

( ) = ( ) ( )
( ) =

X t A t X t

X t X

,

,

Δ

0
⁎

0





(4.3)

where �∈A rd, �∈ ×X n n
0 , and �∈t0⁎ .
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Lemma 4.2. For (4.3), if A(t) is uniformly bounded on � , i.e., there exists some constant MA > 0, such that

‖ ( )‖ ≤A t MA for any �∈t , then the solution of (4.3) is given as follows:

∑( ) = + ( )
=

∞
X t I g t X ,

n

n

1

0











where ∫ ∫ ∫( ) = ( ) ( )… ( ) …− −g t A τ A τ A τ τ τ τΔ Δn
t

t

n
t

τ

n
t

τ

n n1 1 1 1

n

0
⁎

0
⁎

0
⁎

2

.

Proof. Let h be constant with h > 0. For ≤ < +t t t h0
⁎

0
⁎ we have

∫ ∫ ∫‖ ( )‖ ≤ … …

= ( ) ≤ ( − )
!
=
!

−g t M M M t t t

M h t t M
t t

n
M

h

n

Δ Δ Δ

, .

n

t

t

A

t

t

A

t

t

A n n

A
n

n A
n

n

A
n

n

1 1

0
⁎ 0

⁎

n

0
⁎

0
⁎

0
⁎

2

By the Weierstrass theorem, the series ∑ =
∞

!Mn A
n h

n1

n

is convergent (say it is convergent to �∈ +a ), which

implies that the series {∑ ( )}=
∞

g tn n1
is uniformly convergent on � .

Next, we show that the function �∈X rd. For the right-dense point �∈tr , ∀ >ε 0, there exists

( ) = / >δ ε ε aM 0f , such that | − | < ( )t t δ εr , we have

∫ ∫ ∫∑

∑ ∑

∑

‖ ( ) − ( )‖ = ( ) ( )… ( ) …

≤ − ( − )
( − )!

≤ ( ) ( − )
( − )!

≤
( − )!

<

=

∞

− −

=

∞ −

=

∞ −

=

∞
−

−

X t X t A t A t A t t t t x

M t t
t t

n
δ ε M

t t

n

ε

aM
M M

h

n
ε

Δ Δ Δ

1 1

1
.

r

n
t

t

n

t

t

n

t

t

n n

n

A
n

r

n

n

A
n

n

A
A

n

A
n

n

1

1 1 1 1 0

1

0
⁎ 1

1

0
⁎ 1

1

1
1

r

n

0
⁎

0
⁎

2

Thus, X(tr) is continuous at right-dense. Moreover, since the function �∈A rd, it follows that A(t) has the

finite left-side limit at a left-dense point. Therefore, �∈X rd.

On the other hand, by Lemma 4.1, we can get ( ) = ( ) ( )−g t A t g tn
Δ

n 1 , and hence, ( ) = ( + ∑ ( ))=
∞

X t I g t Xn n1 0

is Δ-differentiable with

∑( ) = ( ) ( )
=

∞

−X t A t g t X ,Δ

n

n

1

1 0

where g0(t) = I, hence XΔ(t) = A(t)X(t). Therefore, the function series ( ) = ( + ∑ ( ))=
∞

X t I g t Xn n1 0 is a solution

of (4.3); according to the continuation theorem of solutions for dynamic equations, X(t) is a solution for

(4.3) on � . Furthermore, we assume that X1 and X2 are two solutions of (4.3), then

∫

∫

‖ ( ) − ( )‖ ≤ ‖ ( )‖‖ ( ) − ( )‖

≤ ‖ ( ) − ( )‖

X t X t A τ X τ X τ τ

M X τ X τ τ

Δ

Δ .

t

t

A

t

t

1 2 1 2

1 2

0

0

By Corollary 6.7 from [9] (Bellman inequality on time scale), we can get ‖X1(t) − X2(t)‖ = 0. Therefore, the

solution of (4.3) is unique. The proof is complete. □
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Theorem 4.1. For (4.3), if for X0 = I, there exists a unique matrix solution of (4.3), then the generalized

exponential function ( )e t t,A 0
⁎ can be given by

∫ ∫ ∫∑( ) = + ( ) ( )… ( ) …
=

∞

− −e t t I A τ A τ A τ τ τ τ, Δ Δ Δ .A

n
t

t

n

t

τ

n

t

τ

n n0
⁎

1

1 1 1

n

0
⁎

0
⁎

0
⁎

2

Proof. Let

∫ ∫ ∫= ( ) ( )… ( ) …− −g A τ A τ A τ τ τ τΔ Δ Δ ,n

t

t

n

t

τ

n

t

τ

n n1 1 1

n

0
⁎

0
⁎

0
⁎

2

for n ≥ 1. By Lemma 4.1, we can obtain

∫ ∫= ( ) ( )… ( ) … = ( )− − −g A t A τ A τ τ τ A t gΔ Δ .n
Δ

t

t

n

t

τ

n n1 1 1 1

0
⁎

0
⁎

2

By Lemma 4.2, we can obtain the series + ∑ =
∞

I gn n1
is a unique solution of (4.3) with ( ) =X t I0

⁎ . Therefore,

by Definition 2.1 we can get

∫ ∫ ∫∑( ) = + ( ) ( )… ( ) …
=

∞

− −e t t I A τ A τ A τ τ τ τ, Δ Δ Δ .A

n
t

t

n

t

τ

n

t

τ

n n0
⁎

1

1 1 1

n

0
⁎

0
⁎

0
⁎

2

This completes the proof. □

Now, we consider the following nonhomogeneous linear dynamic equations:

( ) = ( ) ( ) + ( )
( ) =

X t A t X t F t

X t X

,

,

Δ

0
⁎

0





(4.4)

where �∈A F, rd, �∈ ×X n n
0 .

Lemma 4.3. The solution of (4.4) can be given by

∫( ) = ( ) + ( ( )) ( )X t e t t X e t σ τ F τ τ, , Δ .A

t

t

A0
⁎

0

0
⁎

Moreover, X(t) can be given as

∫ ∫ ∫ ∫ ∫∑ ∑( ) = + ( )… ( ) … + + ( )… ( ) … ( )
=

∞

=

∞

( ) ( )

X t I A τ A τ τ τ X I A τ A τ τ τ F τ τΔ Δ Δ Δ Δ .

n
t

t

n

t

τ

n

t

t

n
σ τ

t

n

σ τ

τ

n

1

1 1 0

1

1 1

0
⁎

0
⁎

2

0
⁎

2























Proof. For =t t0
⁎, it is obvious ∫( ) = ( ) + ( ( )) ( ) =X t e t t X e t σ τ F τ τ X, , ΔA

t

t

A0
⁎

0
⁎

0
⁎

0 0
⁎

0
0
⁎

0
⁎

. �∈A F, rd, by Lemma

4.2, we can obtain

∫ ∫ ∫ ∫∑( ) = + ( ) ( )… ( ) … + ( ( )) ( )
=

∞

− −X t I A τ A τ A τ τ τ τ X e t σ τ F τ τΔ Δ Δ , Δ .

n
t

t

n

t

τ

n

t

τ

n n

t

t

A

1

1 1 1 1 0

0
⁎

0
⁎

0

0
⁎

2

0
⁎
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is uniformly convergent on � and �∈X rd. Moreover,

∫ ∫

∫ ∫

∫ ∫

∫

( ) ( ) = ( ( ) ) + ( ( ) ( )) ( ) − ( ) + ( ( )) ( )

= ( ( ) ) − ( ) + ( ( ) ( )) ( ) − ( ( )) ( )

= ( ) ( ) ( ) + ( ( ) ( )) ( ) + [ ( ( ) ( )) − ( ( ))] ( )

= ( ) ( ) ( ) + ( ) ( ( ) ( )) ( ) + ( ) ( ) ( ( )) ( )

= [ ( ) ( ) + ( )] ( )

( )

( )

( )

μ t X t e σ t t x e σ t σ τ F τ τ e t t x e t σ τ F τ τ

e σ t t x e t t x e σ t σ τ F τ τ e t σ τ F τ τ

μ t A t e t t x e σ t σ τ F τ τ e σ t σ τ e t σ τ F τ τ

μ t A t e t t x μ t e σ t σ t F t μ t A t e t σ τ h τ τ

A t x t F t μ t

, , Δ , , Δ

, , , Δ , Δ

, , Δ , , Δ

, , , Δ

.

Δ
A

t

σ t

A A

t

t

A

A A

t

σ t

A

t

t

A

A

t

σ t

A

t

t

A A

A A

t

t

A

0
⁎

0 0
⁎

0

0
⁎

0 0
⁎

0

0
⁎

0

0
⁎

0

0
⁎

0
⁎

0
⁎

0
⁎

0
⁎

0
⁎

0
⁎

Furthermore, by Lemma 4.1, we can obtain the desired results. The proof is complete. □

Theorem 4.2. For (4.1), if any compact interval �[ ]a b, contains only a finite number of points th, and for all

�∈h , the matrices I + Bh are nonsingular, then the solution of (4.1) can be given by

∑

∏ ∑ ∏

∑ ∏ ∑ ∏

=

+ + ≤ < ( )

( + ) + ( + ) ( + ) + ( + ) = ( )

+ ( + ) + ( + ) ( + ) + ( + ) + ( ) ≤ < ( )

=

∞
+

= −
+

=

−

= −

+

+ + ( ) ( − )

=

∞

= −
+

=

−

= −

+

+ + ( ) ( − )
+

+
+

Ψ

I g X f t t σ t

I B U I B U I B f I B f t σ t

I g I B U I B U I B f I B f f σ t t σ t

, ,

, ,

, .

A F

p

p

r s

r r

v

s

l s

v

l l v v s s s

p

s p

r s

r r

v

s

l s

v

l l v v s s s s s

,

1

0, 0 0 0
⁎

1

1

0

1

1

2

1

1

1 1 1

1

,

1

0

1

1

2

1

1

1 1 1 1
















































Proof. Let

∫ ∫ ∫

∫ ∫ ∫

∫ ∫ ∫

∫ ∫ ∫

= ( ) ( )… ( ) …

= ( ) ( )… ( ) …

= ( ) ( )… ( ) …

= ( ) ( )… ( ) …

( ) ( )

−

( )

−

( ) ( )

−

( )

−

− −

− −

+

g A τ A τ A τ τ τ τ

G A τ A τ A τ τ τ τ

g A τ A τ A τ τ τ τ

G A τ A τ A τ τ τ τ

Δ Δ Δ ,

Δ Δ Δ ,

Δ Δ Δ ,

Δ Δ Δ ,

s r

σ t

t

r

σ t

τ

r

σ t

τ

r r

s r

σ t

t

r

σ t

τ

r

σ t

τ

r r

r

t

t

r

t

τ

r

t

τ

r r

r

t

t

r

t

τ

r

t

τ

r r

, 1 1 1 1

, 1 1 1 1

0, 1 1 1 1

0, 1 1 1 1

s s

r

s

s

s

s

r

s

r

r

2

1 2

0
⁎

0
⁎

0
⁎

2

0
⁎

1

0
⁎

0
⁎

2

where r, s ≥ 1. By Lemmas 4.1, 4.2, and 4.3, we can obtain

∫

∫

∑

∑

( ) = + + ( ( )) ( ) ≤ < ( )

( ) = ( + ) ( ) = ( )

( ) = + ( ( )) + ( ( )) ( ) ( ) ≤ < ( )

=

∞
+

+

=

∞

− −

( )
−
+ +

−

X t I g e t σ τ F τ τ t t σ t

X t I B X t t σ t

X t I g X σ t e t σ τ F τ Δτ σ t t σ t

, Δ , ,

, ,

, , .

q

q

t

t

A

s s s

v

s v s

σ t

t

A s s

1

,0 0
⁎

1

1

1, 1 1

s

0
⁎

1





































370  Zhien Li and Chao Wang



Let

∫ ∫

∫ ∫

∑ ∑

= ( ( )) ( ) = ( ( )) ( ) ≥

= ( ( )) ( ) = ( ( )) ( )

= + ≥ = + +

( )

( )

( )

( )

=

∞

=

∞

( )

+ +

+

f e t σ τ F τ τ f e t σ τ F τ τ s

f e t σ τ F τ τ f e t σ τ F τ τ

U I G s U I G X f

, Δ , , Δ , 1,

, Δ , , Δ ,

, 1, .

s

σ t

t

A s

σ t

t

A

t

t

A

t

t

A

s

p

s p

p

p

0 0

1

, 0

1

0, 0 0

s s

s 1

0
⁎

0
⁎

1











Thus, the solution of (4.1) can be given by

∑

∏ ∑ ∏

∑ ∏ ∑ ∏

=

+ + ≤ < ( )

( + ) + ( + ) ( + ) + ( + ) = ( )

+ ( + ) + ( + ) ( + ) + ( + ) + ( ) ≤ < ( )

=

∞
+

= −
+

=

−

= −

+

+ + ( ) ( − )

=

∞

= −
+

=

−

= −

+

+ + ( ) ( − )
+

+
+

Ψ

I g X f t t σ t

I B U I B U I B f I B f t σ t

I g I B U I B U I B f I B f f σ t t σ t

, ,

, ,

, .

A F

p

p

r s

r r

v

s

l s

v

l l v v s s s

p

s p

r s

r r

v

s

l s

v

l l v v s s s s s

,

1

0, 0 0 0
⁎

1

1

0

1

1

2

1

1

1 1 1

1

,

1

0

1

1

2

1

1

1 1 1 1
















































The proof is complete. □

Remark 4.2. The Cauchy matrix of (4.1) is as follows:

∏ ( )[ ( ) ( )]

∑ ∏

( ) ∏

∑ ∏

( ) ( ( ) ) ( )

( ) =

( ) + ( ) ∈ ( ]
( ( ))( + )[ ( ) + ( )] + ( ( )) < ≤ < ≤
( )( + ) [ ( ( ) ) + ( ( ) )] + ( ) < ≤ < ≤

( ( )) ( + ) ( ( )) + +

+ ( + ) ( ( ))( + ) ( ( ))

+ ( + ) ( ( ))} + ( ( )) < ≤ < < ≤

( + ) ( ( ) )( + ) [ ( ( ) ) + ( ( ) )]

+ ( + ) ( ( ) )( + ) ( ( ) )

+ + } + < ≤ < < ≤

−
+ +

− +
+ − + +

− +

+

=

+

−
+

= +

−

=

+

−
+

−

−
+

− +

=

−
− +

+ − + +

= +

−

=

− +
+ − +

+

+
+ − +

W t z

U t z F t z t z t t

U t σ t I B U t z F t z F t σ t t z t t t

U t t I B U σ t z F σ t z F t t t t t z t

U t σ t I B U t σ t I B U t z F t z

I B U t σ t I B F t σ t

I B F t σ t F t σ t t z t t t t

U t t I B U σ t t I B U σ t z F σ t z

I B U σ t t I B F σ t t

I B F σ t t F t t t t t t z t

,

, , , , , ,

, , , , , ,

, , , , , ,

, , , ,

, ,

, , , ,

, , , ,

, ,

, , , ,

F s s

s s s F s F s s s s

s s s F s F s s s s

s

l s

s

l l l s s F s

v s

s

l s

v

l l l v F v v

s F s s F s s s s s

s

l s

s

v v v s s F s

v s

s

l s

v

l l l v F v v

s F s s F s s s s s

1

1 1

1
1 1

1

1

1

1 1

1 1

1 1 1

1

1
1

1

1

1

1
1

1
1

1 1 1

1

1 1 1

1

1 1

1

1

1 1

1 1 1 1 1 1













































where ∫ ∫( ) = + ∑ ( )… ( ) …=
∞

U t z I A τ A τ τ τ, Δ Δn z

t

n
z

τ

n1 1 1

2







, ∫( ) = ( ( )) ( )F t z e t σ τ F τ τ, , ΔF

z

t

A , that is

( ) = ( ( ) ) = [ + ] ( )
( ( )) = ( )[ + ]
( ) = ( ) ( ) ( ( )) + ( ) ∈ [ ( ) ]

+

+ −

+ +
+

W t t I W σ t z I B W t s

W z σ t W z t I B

W t z A t X t X σ t F t t σ t t

, , , , ,

, , ,

, , , .

s s s

s s s

Δ
s s s

1

1
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Remark 4.3. The system


( ) = ( ) ( ) + ( ) ≠
( ) = ( ) =

X t A t X t F t t t

X t X t B t t

, ,

Δ , ,

Δ
h

h h





(4.5)

where � �→ ×A F, : n n, �∈Bh , �∈th ,  ( ) = ( ( )) − ( )+X t X σ t X tΔ , �∈h . The initial value is �( ) = ∈X t X0
⁎

0 .

For <t t0
⁎, the solution of (4.5) can be given by

∫

∑

∏ ∏ ∑ ∏ ∏

∑ ∏ ∏ ∑ ∏ ∏
=

+ + ≤ < ( )

( + ) + ( + )+ ( + ) = ( )

+ ( + ) + ( + ) + ( + )

+ ( ) ( ) ≤ < ( )

=

∞
+

=
−
= =

−

= −

+

( )
= +

( − )

=

∞

=
−
= =

−

= −

+

( )
= +

( − )

( )

+
+

Ψ

I g X f t t σ t

U I B U f I B f I B t σ t

g U I B U f I B f I B

F τ τ σ t t σ t

, ,

, ,

1

Δ , ,

A F

p

p

l

s

s l

v

s

v

p

s

w s

p

w p

r p

s

r s s s

n

s n

l

s

s l

v

s

v

p

s

w s

p

w p

r p

s

r s s

σ t

t

s s

,

1

0, 0 0 0
⁎

1

1 1 0

2

1

1

1

1

1

,

1 1 0

2

1

1

1

1

1

s





















































where gs,n, Us, f0, and f(r) are defined in Theorem 4.2.

Example 4.1. For the system (4.1), when � �= h̃, >h̃ 0, for s ≥ 1, we obtain

∏

∏ ∑

=

> − ( )

( − ) = − ( )

( − ) ( ( ) + ) < − ( )

=

=

−

=

− ( ) −( − )

g

r
t σ t

h

h A t qh r
t σ t

h

h A t qh A σ t vh r
t σ t

h

0,
˜

,

˜ ˜ ˜ ,
˜

,

˜ ˜ ˜ ˜ ,
˜

;

s r

s

r

q

r
s

r

q

r

v

t σ t

h
r

s
s

, ˜ 1

˜ 1

1

0

˜
2

s

















∏

∏ ∑

=

> − ( )

( − ) = − ( )

( − ) ( ( ) + ) < − ( )

+

=
+

+

=

−

+
=

− ( ) −( − )
+

+

G

r
t σ t

h

h A t vh r
t σ t

h

h A t qh A σ t vh r
t σ t

h

0,
˜

,

˜ ˜ ,
˜

,

˜ ˜ ˜ ˜ ,
˜

;

s r

s s

r

v

r

s
s s

r

q

r

s

v

t σ t

h
r

s
s s

,

1

1

1
1

˜ 1

1

1

0

˜
2

1

s s1

















∏

∏ ∑

=

> −

( − ) = −

( − ) ( + ) < −

=

=

=

=

− −( − )

g

r
t t

h

h A t qh r
t t

h

h A t qh A t vh r
t t

h

0,
˜

,

˜ ˜ ˜ ,
˜

,

˜ ˜ ˜ ˜ ,
˜

;

r

r

q

r

r

q

r

v

t t

h
r

0,

0
⁎

˜ 1

0
⁎

˜ 1

1

0

˜
2

0
⁎ 0

⁎

0
⁎
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∏

∏ ∑

=

> −

( − ) = −

( − ) ( + ) < −

=

=

−

=

− −( − )

G

r
t t

h

h A t qh r
t t

h

h A t qh A t vh r
t t

h

0,
˜

,

˜ ˜ ˜ ,
˜

,

˜ ˜ ˜ ˜ ,
˜

.

r

r

q

n

r

q

n

v

t t

h
r

0,

1 0
⁎

˜ 1

1
1 0

⁎

˜ 1

1

1

0

˜
2

0
1 0

⁎

1 0

















By Theorem 4.2, we can obtain the solution of (4.1) on the time scale �h̃.

Example 4.2. For the system (4.1), when � �= q 0, where q > 1, for �∈r s, we can get

∏

∏ ∑

=

> − ( )

( − ) = − ( )

( − ) ( ( ) ) ( ) < − ( )

( + )
=

−

( − )
=

−

=

− ( ) −( − )

g

r
t σ t

q

q t

q

A
t

q
r

t σ t

q

q t

q

A
t

q
A σ t q σ t q n

t σ t

q

0,
ln ln

ln
,

1
,

ln ln

ln
,

1
,

ln ln

ln
;

s r

s

r r

r r
v

r

v

s

r r

r r
v

r

v
l

t σ t

q
r

s
l

s
l s

,

1

2 1

1

1

2 1

1

0

ln ln

ln
2

s





































∏

∏ ∑

=

> − ( )

( − ) = − ( )

( − ) ( ( ) ) ( ) < − ( )

+

+
( + )

=

+ +

+
−

( − )
=

−
+

=

− ( ) −( − )
+

+

G

r
t σ t

q

q t

q

A
t

q
r

t σ t

q

q t

q

A
t

q
A σ t q σ t q r

t σ t

q

0,
ln ln

ln
,

1
,

ln ln

ln
,

1
,

ln ln

ln
;

s r

s s

r
s
r

r r
v

r
s

v

s s

r
s
r

r r
v

r
m

v
l

t σ t

q
r

s
l

s
l s s

,

1

1

1

2 1

1 1

1
1

1

2 1

1
1

0

ln ln

ln
2

1

s s1





































∏

∏ ∑

=

> −

( − ) = −

( − ) ( ) < −

( + )
=

−

( − )
=

−
− −( − )

g

r
t t

q

q t

q

A
t

q
r

t t

q

q t

q

A
t

q
A t q t q r

t t

q

0,
ln ln

ln
,

1
,

ln ln

ln
,

1
,

ln ln

ln
;

r

r r

r r
v

n

v

r r

r r
v

r

v

t t

q
r

l l

0,

0
⁎

1

2 1

0
⁎

1

1

2 1

1

0

ln ln

ln
2

0
⁎

0
⁎ 0

⁎

0
⁎






































∏

∏ ∑

=

> −

( − ) = −

( − ) ( ) < −

( + )
=

−

( − )
=

−

=

− −( − )

G

r
t t

q

q t

q

A
t

q
r

t t

q

q t

q

A
t

q
A t q t q r

t t

q

0,
ln ln

ln
,

1
,

ln ln

ln
,

1
,

ln ln

ln
.

r

r r

r r
v

r

v

r r

r r
v

r

i
k

t t

q
r

l l

0,

1 0
⁎

1

1

2 1

1 1 0
⁎

1
1

1

2 1

1
1

0

ln ln

ln
2

0
⁎

0
⁎ 1 0

⁎

1 0
⁎
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By Theorem 4.2, we can obtain the solution of (4.1) on the time scale �q 0.

Let � �= , s ≥ 0, r ≥ 1, we can obtain

∫ ∫ ∫

∫ ∫ ∫

= ( ) ( )… ( ) …

= ( ) ( )… ( ) …

− −

− −

+

g A τ A τ A τ τ τ τ

G A τ A τ A τ τ τ τ

d d d ,

d d d .

s r

t

t

r

t

τ

r

t

τ

r r

s r

t

t

r

t

τ

r

t

τ

r r

, 1 1 1 1

, 1 1 1 1

s s

r

s

s

s

s

r

s

2

1 2

The following theorem can be obtained immediately by Remark 2.3 and Theorem 4.2.

Theorem 4.3. If ∈ΨA F, D, then the Liouville formula of the quaternion impulsive dynamic equations (4.1)

can be given by ddetΨA,F.

Proof. By Definition 2.4, Remark 2.3, and Theorem 4.2, the result is obvious. □

Theorem 4.4. Let X(·) = [xrh(·)]n×n, � �→x :rh , where 1 ≤ r, h ≤ n, and X(t) is a solution of (4.1). If A(t), F(t),

Bn, and X0 are diagonal matrices, then the Liouville formula of (4.1) can be given as

∏( ) =
=

X t xddet .

v

n

vv

1

H

Proof. For any � �→x: , we can obtain �( (⋅)) ∈xH . On the other hand, if A(t), F(t), Bn, and X0 are

diagonal matrices, then the solution X(t) is a diagonal matrix. Hence, we can obtain

( ( )) = ( ( )) ( ( )) + ( ( )) ( ( ))= [ ( ( ))] ×X t X t X t X t X t x t ,rh n n1 1 2 2H C C C C H

where 1 ≤ r, h ≤ n, for r ≠ h, ( ( )) =x t 0rhH ; for r = h, �( ( )) ∈x trhH . Therefore,

∏( ) =
=

X t xddet .

v

n

vv

1

H

This completes the proof. □

Example 4.3. Let � �= , consider the Liouville formula of the following dynamic equations:


( ) = ( ) ( ) + ( ) ≠
( ) = ( ) =
( ) =

X t A t x t F t t n

X t B t t n

X X

, 3 ,

Δ , 3 ,

1 ,

Δ

n

0









(4.6)

where

( ) = ( ) =
+ + (− ) + (− )

+ + (− ) + (− )
A t F t

t j

t i

1 1

2
1 0

0
1 1

2
1

,

t
t

t
t



















=
− +

− +
=B

t

t
X

1
3

1

0 1
3

,
2 0

0 1
.n 0





























374  Zhien Li and Chao Wang



By Theorem 4.2, for s ≥ 0, we can get

= ( + ) + ( + ) = ( + ) ( + ) = ≥G A s A s G A s A s G r3 1 3 2 , 3 2 3 1 , 0, 3.s s s r,1 ,2 ,

Hence, we have

�= + ( + ) + ( + ) + ( + ) ( + ) = [ + ( + )][ + ( + )] ∈ ×U I A s A s A s A s I A s I A s3 1 3 2 3 2 3 1 3 2 3 1 .s
2 2

Moreover,

∫

∫ ∫

= ( + ( ))

= ( + ( )) + ( + ( ))

= ( + + ) ( + ) + ( + )
= [ + ( + )] ( + ) + ( + )
= [ + ( + )][ + ( + )] −
= −

( )

+

+

+

+

+

+

f e s σ τ τ

e s σ τ τ e s σ τ τ

e s s F s F s

I A s F s F s

I A s I A s I

U I

3 3, Δ

3 3, Δ 3 3, Δ

3 3, 3 2 3 1 3 2

3 2 3 1 3 2

3 2 3 1

.

s

s

s

A

s

s

A

s

s

A

A

s

3 1

3 3

3 1

3 2

3 2

3 3

For �∈ ×Us
2 2, we have �∈( ) ×f s

2 2. By Theorem 4.2, when = ( )+t σ ts , we can obtain

∏ ∑ ∏( ) = ( + ) + ( + ) ( + ) + ( + )
= −

+
=

−

= −

+

+ + ( ) ( − )X t I B U I B U I B f I B f .

r s

r r

v

s

l s

v

l l v v s s

1

0

1

1

2

1

1

1 1 1

Thus, �∈ ×X 2 2, hence for t = tA, where �∈ { + ∈ }t n n n1, 3 , 3 1:A , the Liouville formula of (4.6) can be

given by ddet X(t).

Example 4.4. Let � �= q , for q > 1, consider the Liouville formula of the impulsive dynamic equations as

follows:

( ) = ( ) ( ) + ( ) ≠ =
( ) = ( ) = =
( )=

−

−
X t A t X t F t t t q

ΔX t B t t t q

X X

, ,

˜ , ,

2 ,

Δ
n

n

n n
n

3 1

3 1

0









(4.7)

where

( ) = ( ) = + (− )

− + (− )

−(− )

−(− )
A t F t

t

tq j

tq i

1 1 1 0

0 2 1

,

t
q

t
q

ln

ln
1 1

2

ln

ln
1 1

2

t
q

t
q

ln
ln

ln
ln



















= + =B
t t

t t
X

3

3
,

3 0

0 4
.n 2 0





















By the definition of the function matrix A(t), we can obtain

( ) = + (− )

− + (− )
−

−(− )

−(− )
A q q

q q j

q q i

1 1 0

0 2 1

,n n
n n

n n

3 3
3 3

1 1

2

3 3
1 1

2

n

n

3

3

















Quaternion impulsive dynamic equations on time scales  375



( ) = + (− )

− + (− )
+ − −

+ + −(− )

+ + −(− )

+

+A q q
q q j

q q i

1 1 0

0 2 1

.n n
n n

n n

3 1 3 1
3 1 3 1

1 1

2

3 1 3 1
1 1

2

n

n

3 1

3 1

















Therefore, we can get �( ) + ( ) ∈+ + ×q A q q A qn n n n3 3 3 1 3 1 2 2. Hence, for any �∈n , we have

∫ ∫ ∫= + ( ) + ( ) ( )

= + ( ) ( ) + ( ) ( ) + ( ) ( ) ( ) ( )
= [ + ( ) ( )][ + ( ) ( )]

+ + +

+ +

+ +

U I A τ τ A τ A τ τ τ

I A q μ q A q μ q A q μ q A q μ q

I A q μ q I A q μ q

Δ Δ Δ

.

n

q

q

q

q

q

τ

n n n n n n n n

n n n n

1 1

3 3 3 3 1 3 1 3 1 3 3

3 1 3 1 3 3

n

n

n

n

n3

3 2

3

3 2

3

Thus, �∈ ×Un
2 2. On the other hand,

�

∫= ( ( )) ( )

= [ + ( ) ( )] ( ) ( ) + ( ) ( )
= − ∈

( ) +

+ + + +

×

+

f e q σ τ F τ τ

I A q μ q F q μ q F q μ q

U I

, Δ

.

n

q

q

A
n

n n n n n n

n

3 2

3 1 3 1 3 3 3 1 3 1

2 2

n

n

3

3 2

Therefore, �∈ ×Un
2 2, and for (4.7), we can obtain �∈( ) ×B f X, ,n n 0

2 2. By Theorem 4.2, when t = σ(tn), we have

∏ ∑ ∏( ) = ( + ) + ( + ) ( + ) + ( + )
= −

+
=

−

= −

+

+ + ( ) ( − )X t I B U I B U I B f I B f .

r s

r r

v

s

l s

v

l l v v s s

1

0

1

1

2

1

1

1 1 1

Hence, for t = tA, where tA ∈ {2,tn,σ(tn)}, we have �∈ ×X 2 2; thus, the Liouville formula of (4.7) can be given by

ddetX(t) = detX(t)detX(t).
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