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Abstract

All self-respecting nonlinear scientists know self-organization when they see it: except when we disagree.
For this reason, if no other, it is important to put some mathematical spine into our floppy intuitive notion
of self-organization. Only a few measures of self-organization have been proposed; none can be adopted in
good intellectual conscience.

To find a decent formalization of self-organization, we need to pin down what we mean by organization.
The best answer is that the organization of a process is its causal architecture — its internal, possibly
hidden, causal states and their interconnections. Computational mechanics is a method for inferring causal
architecture — represented by a mathematical object called the ǫ-machine — from observed behavior. The
ǫ-machine captures all patterns in the process which have any predictive power, so computational mechanics
is also a method for pattern discovery. In this work, I develop computational mechanics for four increasingly
sophisticated types of process — memoryless transducers, time series, transducers with memory, and cellular
automata. In each case I prove the optimality and uniqueness of the ǫ-machine’s representation of the causal
architecture, and give reliable algorithms for pattern discovery.

The ǫ-machine is the organization of the process, or at least of the part of it which is relevant to our
measurements. It leads to a natural measure of the statistical complexity of processes, namely the amount
of information needed to specify the state of the ǫ-machine. Self-organization is a self-generated increase
in statistical complexity. This fulfills various hunches which have been advanced in the literature, seems to
accord with people’s intuitions, and is both mathematically precise and operational.
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Chapter 1

Introduction

This is a book about causal architecture, pattern discovery, complexity and self-organization. Those are
vague, even grandiose themes. You may well doubt that I have anything worthwhile to say about any of
them, let alone all of them; if I found a book with this title (by someone else!), I’d be skeptical myself. Still,
by the end I hope to have convinced you that there is an optimal method for discovering causal patterns in
data, that it gives us a natural and satisfying measure of complexity, and that it at least might give us an
operational test for self-organization.

Let me try to unpack that a little. The problem of trying to determine causal relations from observations is
very ancient, as are objections that no such thing is possible1. Similarly ancient is the problem of discovering
patterns in the natural world, and of doing so reliably, without fooling ourselves. Even the notion of self-
organization (though not that name) is very old, being clearly articulated by Descartes at the beginning of
the scientific revolution. And similarly for complexity. All of these problems can be, and often are, phrased
in vague, suggestive ways which hint at connections to each other. But phrased that way, they hint at
connections to everything under the sun, and much else beyond. What I intend to do here is show that the
notion of causal architecture can be made precise; that the inference of causal architecture is a special case
of pattern discovery, which is also precise; and that a particular method of discovering causal patterns is
optimal. The rest will follow more or less naturally from this.

But first I should say a little bit about self-organization, and why it’s worth explicating.

1.1 Self-Organization

Set a child alone with a heap of Legos, and in an hour the Legos are probably a lot more ordered than they
were at the start. Their organization has increased, but in a pretty unmysterious and, to us, uninteresting
way: the kid organized them. On the other hand, there are some things which will organize without this
kind of outside intervention, which self-organize. (Compare Figure 1.1 with Figure 1.2.)

There is a long tradition of interest in self-organizing processes (see Section 1.5 below); in recent decades,
as the poet (Sterling 1985) says, “the march of science became a headlong stampede.” This has obscured
the fact that we do not have anything like a theory of self-organization, not even an unambiguous test for
it. The point of this book is not to provide a full-fledged theory of self-organization but, more modestly, to
formalize the concept in a way which leads to practical tests.

Currently, the state of the art for testing whether or not a process is self-organizing boils down to “I know
it when I see it.” This may be acceptable to artists and Supreme Court Justices, but it cannot satisfy those
who fondly imagine their trades to be exact sciences. Moreover, there are likely to be many cases where
my intuition conflicts with yours; this is notoriously the case with art, despite the fact that Homo sapiens

1For some of the earliest history of the problem of causation, see Kogan (1985) and his sources, ibn Rushd (Averroës)
(1180–1185/1954) and al Ghazali (1100/1997).
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Figure 1.1: Pattern formed by diffusion-limited aggregation (Vicsek 1989; Barabási and Stanley 1995;
D’Souza and Margolus 1999). At each time-step, particles (pale dots) perform independent random walks; if
one of them hits the aggregate (dark mass), it stops moving and joins the aggregate. This image (made on
a CAM 8 computer) shows a pattern formed on a 1024× 1024 grid, starting with a single aggregate particle
at the center and an initial density of free particles of 0.20, after about 1.7 · 104 time-steps. This cellular
automaton (Chapter 8) models many natural self-organizing processes (Ball 1999, ch. 5).
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Figure 1.2: Detail from Japanese maple leaves stitched together to make a a floating chain; the next day it
became a hole; supported underneath by a woven briar ring, by Andy Goldsworthy (1990).

has been exposed to it since the Old Stone Age2. Given that self-organization is a recent concept, and one
whose careful use hasn’t been under a lot of cultural selection pressure, what’s surprising is not that there
are controversies over whether, e.g., turbulent flows or ecological successions are self-organizing, but that we
have any agreement at all about what self-organizes.

1.2 Formalizing an Intuitive Notion

Most of our notions are intuitive, unformalized, and vague. This suits us well enough, most of the time,
and arguably some degree of vagueness is inevitable. Still, from time to time we want to make a notion
less vague, less intuitive and more explicit, more amenable to examination and reasoning — to formalize it.
That’s the case here: we want to make “self-organizing” a formal concept and no longer just an intuitive
one. In essence, we want a definition, “x is self-organizing iff x is . . . ,” followed by a list of individually
necessary and jointly sufficient conditions.

Now, it’s not as though “self-organizing” has some inner essence which such a definition tries to capture.
(If it did, we’d be in less need of formalization!) Rather, the goal is to replace a squishy notion with a
more rigid one which can do the same work, and more besides. As the usual authorities in the matter of
formalizing intuitions (Quine 1961) insist, the goal is that the formal notion match the intuitive one in all the
easy cases; resolve the hard ones in ways which don’t make us boggle; and let us frame simple and fruitful
generalizations. This is of a piece with the art of definition in mathematics generally, nicely put by Spivak
(1965, p. 104):

Stokes’ theorem shares three important attributes with many fully evolved theorems:

2As the poet (Kipling 1940) warns us, “But the Devil whoops, as he whooped of old: ‘It’s clever, but is it Art?”’ Of course,
we want things which aren’t clever, or art . . . .
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1. It is trivial.

2. It is trivial because the terms appearing in it have been properly defined.

3. It has significant consequences.

Well, not quite all of a piece: we want a concept which applies to real physical systems, too, so we want
to be able to decide whether it applies using just experimental data, or, in a pinch, models not too far
abstracted from data. And the simple, fruitful generalizations will have to wait for someone else, or at least
some other book.

1.3 The Strategy

The notion of self-organization does not yield to frontal assault. We need (as it were) to tunnel under its
walls of confusion and then take it from within; and to do that, we need tunnels, and tunneling machinery.
Less metaphorically, I plan to convince you that we should represent the causal architecture of processes
using one particular kind of mathematical object. I will also convince you that these representations can
be discovered from data — that the pattern discovery problem is soluble. I am going to do this four times
over, for four different and increasingly sophisticated kinds of processes: memoryless transducers, time series,
transducers with memory, and cellular automata.

Having reduced you to a suggestible state by proving optimality theorems, it will be fairly easy to convince
you that the causal architecture of a process is its organization. And then the trick will be turned, because
there is a natural quantitative measure of the complexity of the causal architecture, i.e., of the organization
of the process.

A word about the math. I aim at a moderate degree of rigor throughout — but as two wise men have
remarked, “One man’s rigor is another man’s mortis” (Bohren and Albrecht 1998). My ideal has been to
keep to about the level of rigor of Shannon (1948)3. In some places (like Appendix B.3), I’m closer to the
onset of mortis. No result on which anything else depends should have an invalid proof. There are places,
naturally, where I am not even trying to be rigorous, but merely plausible, or even “physical,” but it should
be clear from context where those are.

1.4 A Summary

The outline of the book is as follows.
This chapter closes with a section sketching, very briefly, the histories of the idea of self-organization,

of methods of pattern discovery, and of computational mechanics. Chapter 2 discusses previous proposals
for how to measure organization, which leads to a more general discussion of how to measure complexity
and how to define and describe patterns. I conclude that chapter by rejecting all but one of the previous
proposals for quantifying self-organization, and giving a list of desiderata that any approach to patterns
should fulfill. Readers who wish to go straight to the science may skip both Section 1.5 and Chapter 2,
except for Section 2.3.5.

The rest of the book develops the only approach to patterns I know of which meets all those require-
ments, namely the method of computational mechanics developed by Jim Crutchfield and his minions, one
of which I have the honor to be. Chapter 3 builds up computational mechanics in the simplest setting, that
of causal relationships which depend only on the present value of measured variables, or memoryless trans-
duction (Shalizi and Crutchfield 2000b). This is where I introduce one of the key concepts of computational
mechanics, that of causal states (first defined by Crutchfield and Young (1989)), and show that they are the
unique, optimal, minimal predictors of the transduction process.

3Of course, a mathematician might say that that’s not rigorous at all, but this is supposed to be physics, and I would be
extremely happy if annoyance at my style led people to re-do this work with all the bells, σ-algebras, whistles, categories and
gongs.
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Chapter 4 extends the approach to the more sophisticated setting of time series and (classical) stochastic
processes. Here I introduce the other key concept of computational mechanics, that of the ǫ-machine, which
shows the structure of connections over time between causal states. Using the ǫ-machine, we see that the
causal states always form a Markov process. This is satisfying ideologically, and has interesting information-
theoretic and ergodic consequences. While ǫ-machines themselves date back to Crutchfield and Young (1989),
the methods of proof and results presented here follow Crutchfield and Shalizi (1999) and especially Shalizi
and Crutchfield (2001).

The next three chapters build on the computational mechanics of time series. Chapter 5 describes a new
procedure for reconstructing the causal states and the ǫ-machine of a time series from data, with a number of
advantages over prior methods (Klinkner and Shalizi 2001). Chapter 6 compares and contrasts computational
mechanics with a bunch of other, better-known ways of dealing with time series and their complexity (Shalizi
and Crutchfield 2001). Chapter 7 shows how to build ǫ-machines for stochastic transducers with memory,
by treating such transducers as coupled time-series (Shalizi and Crutchfield 2000a).

Chapter 8 introduces cellular automata, first in a very informal way, then in a more formal way which
makes clear that they are dynamical systems, in two different ways, and much like any other bunch of maps,
with all the modern conveniences (attractors, basins of attraction, etc.). Then, in Chapter 9 I discuss a
very useful set of tools that developed by Crutchfield and Hanson to deal with the dynamics of spatial
configurations in CA, using the notion of a “regular language” from computer science. These tools let us
decompose one-dimensional CA configurations into extended domains and localized particles. The domains
are regions of space and time which are, in a precise sense, doing next to nothing; the particles are propagating
disturbances in (or between) the domains. Following Hordijk, Shalizi and Crutchfield (2001), I use the tools
to prove a limit on how many ways the particles in a given CA can interact, and since the particles are what
the CA computes with, this also limits the CA’s computational power.

The domain-and-particle tools amount to a kind of purely spatial computational mechanics, and they
employ a set of spatial causal states. For technical reasons, spatial computational mechanics only applied
to one-dimensional cellular automata (or 1+1D, to field theorists), a restriction known as the 2D bummer
(Feldman). A fully spatio-temporal computational mechanics, like a spatial computational mechanics for
higher dimensions, seemed out of reach for the longest time. (Life would be easier if the universe consisted
of a single point (Calvino 1965/1968, ch. 4).) Chapter 10 explains what the difficulties were, shows how to
overcome them so as to define local causal states for each point in space-time, and shows that the causal states
of spatial computational mechanics are also spatio-temporal causal states (Shalizi, Haslinger and Crutchfield
2001).

The last chapter summarizes everything that’s been done in the book, for the benefit of those who
only read introductions and conclusions. I proceed to define emergence and self-organization, following
Crutchfield (1994a, Crutchfield (1994b) with some technical refinements, and an illustrative back-of-the-
envelope calculation. Then I list some unsolved problems and desirable extensions of the mathematical
foundation of computational mechanics. I close by throwing out suggestions for things to examine with
these tools, developed in our group at SFI, some vague, grandiose ideas about learning, and prophecy that
stock-market quants will go the way of Lancashire weavers. Some of this material is frankly speculative, but
I hope by that point you’ll be so overwhelmed that you’ll accept anything I say — that is, that you’ll be
swayed by the intrinsic merits of my arguments.

A couple of appendices follow, to remind you about mathematical tools (information theory, conditional
measures, formal languages, etc.) you probably forgot how to use before I was out of diapers, and to hold
more peripheral bits of math which would clog up the main chapters.

The key chapters, which should form a coherent sequence, are 3, 4, 7 and 10. The last two are partially
independent of each other, but if you’re interested in the spatial-process material in Chapter 10, you should
probably read Chapter 9 as well.
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1.5 Historical Sketch

[Consider] what would happen in a new world, if God were now to create somewhere in the
imaginary spaces matter sufficient to compose one, and were to agitate variously and confusedly
the different parts of this matter, so that there resulted a chaos as disordered as the poets ever
feigned, and after that did nothing more than lend his ordinary concurrence to nature, and allow
her to act in accordance with the laws which He had established . . . . I showed how the greatest
part of the matter of this chaos must, in accordance with these laws, dispose and arrange itself in
such a way as to present the appearance of heavens; how in the meantime some of its parts must
compose an earth and some planets and comets, and others a sun and fixed stars. . . . I came
next to speak of the earth in particular, and to show how . . . the mountains, seas, fountains,
and rivers might naturally be formed in it, and the metals produced in the mines, and the plants
grow in the fields and in general, how all the bodies which are commonly denominated mixed or
composite might be generated . . . [S]o that even although He had from the beginning given it no
other form than that of chaos, provided only He had established certain laws of nature, and had
lent it His concurrence to enable it to act as it is wont to do, it may be believed, without discredit
to the miracle of creation, that, in this way alone, things purely material might, in course of time,
have become such as we observe them at present; and their nature is much more easily conceived
when they are beheld coming in this manner gradually into existence, than when they are only
considered as produced at once in a finished and perfect state.
Rene Descartes (1637, part 5)

This section consists of a few brief remarks on the invention and use of the idea of self-organization, so
readers who just want to go straight to the science can skip it. If you’re of the opposite inclination, and want
more details, there is, alas, no decent history of self-organization for me to point you to. In the unlikely event
that historians of science read these pages, I should like to bring this little-needed gap to their attention4.

1.5.1 Origins of the Concept

While the notion of spontaneous, dynamically-produced organization is very old5, it only crystallized into
the term “self-organization” in the years after the Second World War, in circles connected with cybernetics
and computing machinery (Yovits and Cameron 1960; Von Foerester and Zopf Jr 1962). The first appearance
of the term seems to be in a 1947 paper by W. Ross Ashby6.

Remarkably, Ashby gave a pretty clear explanation of what he meant by “organization”: to paraphrase,
the organization of a system was the functional dependence of its future state on its present state and its
current external inputs, if any. That is, if the state space is S and the input space is I, the organization
of the system is the function f : S × I 7→ S which gives the new state. Ashby understood a system to be
self-organizing if it changed its own organization, rather than being rewired by an external agency. How is
that possible?

4The historical remarks in Prigogine’s popular books (Prigogine 1980; Prigogine and Stegners 1979/1984) are at best badly
informed, at worst tendentious. Krohn, Küppers and Nowotny (1990) is highly unreliable scientifically and historically.

5The first articulation of the concept I have found is that by Descartes, in the epigraph to this section. (See also Descartes
1664.) It subsequently played an important, if subterranean, role in European culture, in naturalistic philosophy (Vartanian
1953), in associationist psychology (Hume 1739) and in political and economic liberalism (Mayr 1986). Before the early modern
period, naturalistic philosophies seem to have relied on “time and chance” explanations of organization, along the lines of the
ancient atomists. But these are matters for another time, and another book.

6Most sources which say anything about the origins of the term, attribute it to Farley and Clark (1954), but this is plainly
wrong — the latter cite Ashby. As to Ashby himself, he was a British psychiatrist who in the 1940s independently arrived
at many of the ideas which Norbert Wiener bundled as “cybernetics,” and was active in the cybernetics movement after the
war. He is a seriously underappreciated figure in the pre-history of the sciences of complexity. Not only is there no biography
of him, but he isn’t even mentioned in the standard historical reference works, and there’s one sentence on him in Heims’s
The Cybernetics Group (1991). See, however, Ashby’s books (1956, 1960), Wiener (1954), and the obituary notice by Conant
(1974).
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Ashby’s ingenious answer is that it is not. Organization is invariant. It may be, however, that the function
f is well-approximated by another function g in a certain region of the state space and by a different function
h in another region. If the dynamics then drive the system from the first region to the second, we will see
an apparent change in the organization, from g to h, though the true, underlying dynamics remains the
same. (Ashby elaborated on this argument in his 1962 paper. For suggestive remarks on the importance of
thresholds in this process, see Ashby (1960).)

At the end of the day, the concepts of organization and self-organization we will emerge with will be quite
similar, verbally, to Ashby’s. There are three reasons why this book doesn’t end right here. The first is that
Ashby’s ideas about what constitutes self-organization have been pretty thoroughly ignored by everyone else
who’s used the idea. The second is that they don’t go far enough: they don’t let us distinguish changes that
lead to more organization from those which lead to less, or even from those which are neutral with respect
to how organized the process looks. The third is that, while the wordy version of organization, in my sense,
will be very close to Ashby’s, the math will be pretty different, much more rigorous, and will resolve the
second problem, of distinguishing increases in organization from simple changes.

1.5.2 Uses of the Concept

After its introduction, the main incubators of self-organization were physics, computer science, and the
nebulous, ill-fated enterprise of “systems theory”. In the physical sciences it was extensively applied, from
the 1970s onwards, to pattern formation and spontaneous symmetry breaking (Nicolis and Prigogine 1977)
and to cooperative phenomena (Haken 1977). To put it kindly, the real value of these early works was
inspiring the production of theories which actually explain things (Manneville 1990; Cross and Hohenberg
1993; Ball 1999). The work of Eigen and Schuster (1979) and of Winfree (1980) were notable exceptions to
this rule, since they were both early and genuinely explanatory.

Some (Klimontovich 1990/1991) have claimed that the transition from lamellar to turbulent flow is an
instance of self-organization; others have just as vigorously denied this; there has been no resolution of the
controversy, and no means of resolving it (Frisch 1995). More recently, there has been great interest in the
idea that some systems can self-organize into critical states (Bak, Tang and Weisenfield 1987; Jensen 1998).
Some people make very grand claims indeed for this idea (Bak 1996); others contend that it hasn’t been
demonstrated to apply to a single natural or even experimental system. In any case, the dispute does nothing
to clarify what “self-organized” means.

Within computer science, the primary applications have been to learning (Selfridge 1959; Yovits and
Cameron 1960), especially unsupervised learning (Hinton and Sejnowski 1999) and memory (Kohonen 1984;
Kohonen 2001); to adaptation (Holland 1992; Farmer, Lapedes, Packard and Wendroff 1986); and to “emer-
gent” or distributed computation (Forrest 1990; Resnick 1994; Crutchfield and Mitchell 1995). More recently,
self-organization has begun to feature in economics (Schelling 1978; Krugman 1996; Shalizi 1996b), and in
ecology (Arthur 1990), complete with the now-expected disputes about whether certain processes (such as
the succession of plant communities) are self-organizing.

In the 1980s, self-organization became one of the ideas, models and techniques bundled together as the
“sciences of complexity” (Pagels 1988) — for good reason, as we’ll see when we get to the connection between
complexity and organization (Chapter 2). This bundle has been remarkably good at getting itself adopted
by at least some researchers in essentially every science, so the idea of self-organization is now used in a huge
range of disciplines (see, e.g., Ortoleva 1994), though often not very well (again see, e.g., Ortoleva 1994).

1.5.3 History of Pattern Discovery and Computational Mechanics

I’ll close this chapter with a few brief remarks on the histories of pattern discovery and computational
mechanics. For more on these matters, especially on techniques akin to computational mechanics, see
Shalizi and Crutchfield (2000c) and Chapter 6 below. It might even be a good idea to read this section after
reading Chapters 2–4.

The ideal of algorithmic pattern discovery — of automatically constructing a model directly from data,
without prior assumptions as to the form of the model — has been the goal, sometimes more or less obscured,
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of much work in computer science on unsupervised learning. It was very plainly part of the motivation of
(Hebb 1949) when he founded the field of unsupervised learning. For reasons which would take too long to
go into, however, machine learning changed directions, to become a study of how (in essence) to find the
best model from within a given, pre-specified class of models, rather than building a model from the data.
Techniques of system identification in control theory (Stengel 1994) are similarly limited.

In the 1970s, however, statisticians and information theorists (Akaike 1998; Rissanen 1978; Rissanen 1989)
developed model-selection and model-identification techniques which sought to balance accuracy against
complexity, defining both information-theoretically. Every stochastic model assigns a certain probability
(technically, the likelihood) to a given body of data. The classical statistical technique of maximum likelihood
(Cramér 1945) is simple to select that model from the class of those considered admissible which makes the
data most likely. A fundamental result in information theory says that the optimal (minimal mean) length
for the bit-string encoding a given signal is proportional to the negative logarithm of the probability of the
signal. Maximum likelihood thus corresponds to minimizing the length of the bit string needed to encode the
data. The minimum description-length principle of Jorma Rissanen says to pick the model which minimizes
the sum of this bit string, plus the length of the bit string needed to specify the model from within the class
of admissible models. This not only generalizes maximum likelihood, it generalizes algorithmic information
— by letting us use stochastic models, it lets us describe random process very concisely. This was not yet
pattern discovery, however, since the model class often had to be tightly constrained for tractability.

The first sustained effort at what we may reasonable call pattern discovery instead came from statistical
physics and nonlinear dynamics. In the early 1980s, dynamicists (Packard, Crutchfield, Farmer and Shaw
1980; Takens 1981) developed techniques for automatically identifying, up to a diffeomorphism, a the attrac-
tor of a smooth dynamical system from a time-series of one of its coordinates. Despite occasional abuses, this
method, variously known as “attractor reconstruction,” “delay embedding,” “geometry from a time series,”
etc., has become the single most valuable tool in experimental dynamics (Kantz and Schreiber 1997).

It was on this background that, in 1986, Peter Grassberger proposed his “true measure complexity,”
identifying the complexity of a dynamical system with the information needed to specify the state of its
optimal predictor. He did not, however, give any indication of how such a predictor and its states might be
found, nor even what “optimal prediction,” in this sense, might mean. Simultaneously and independently,
“geometry from a time series” evolved into “equations of motion from a data series” (Crutchfield and McNa-
mara 1987; Timmer, Rust, Horbelt and Voss 2000). In this method, each small region of the state-space had
a vector field of specified functional form fitted to it. The fitting was calculated to preserve the predictive
information in the data series, as well as satisfying whatever smoothness constraints were imposed.

The crucial step to computational mechanics was to realize that a “pattern basis” (Crutchfield and Hanson
1993b) could be constructed directly from the data, and that it would give the optimal predictor, as well as
the equations of motion. This step was taken more than a decade ago by Crutchfield and Young (1989), who
introduced the essential concepts of time-series computational mechanics. Since then, their ideas have been
used to analyze many aspects of dynamical systems, such as intrinsic computation (a concept introduced
by Crutchfield; Crutchfield and Young 1990), multifractal fluctuation statistics (Young and Crutchfield
1993), the automatic construction of Markov partitions for sofic systems (Perry and Binder 1999), stochastic
resonance (Witt, Neiman and Kurths 1997) and hidden Markov models (Upper 1997). This part of the
theory has been successfully applied to real-world data, from the dripping faucet experiment (Gonçalves,
Pinto, Sartorelli and de Oliveira 1998), and from atmospheric turbulence (Palmer, Fairall and Brewer 2000).
Feldman and Crutchfield (1998a) extended the theory to equilibrium spin systems. Crutchfield and Hanson
(1993b) extended it to such spatial processes as cellular automata. The spatial version of the theory has been
used to understand emergent phenomena in cellular automata (Hanson and Crutchfield 1997) and, perhaps
most importantly, evolved spatial computation (Crutchfield and Mitchell 1995).
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Chapter 2

Measuring Pattern, Complexity and

Organization

2.1 Organization

Organized matter is ubiquitous in the natural world, and there is even a branch of physics which studies it:
statistical mechanics. But that field has no coherent, principled way of describing, detecting or quantifying
the many different kinds of organization found in nature. Statistical mechanics has a good measure of one
kind of disorder in thermodynamic entropy, and many people think this will do the job. For instance,
Wolfram (1983) and Klimontovich (1990/1991) are among the handful of physicists who are explicit about
what they mean by “self-organizing,” and both identify it with “decreasing entropy”. But thermodynamic
entropy fails as a measure of organization in many ways. The most basic problem is that it doesn’t distinguish
between the many different kinds of organization matter can exhibit. Just in equilibrium, a very partial list
would include:

• Dilute homogeneous gases;

• Crystals, with many different sorts of symmetry;

• Quasicrystals;

• Low Tc superconductors;

• High Tc superconductors;

• The long-range order of ferromagnets;

• The different long-range order of antiferromagnets;

• The short-range order and long-range disorder of amorphous solids (Zallen 1983) and spin glasses
(Fischer and Hertz 1988);

• The partial positional and orientational orders of the many different liquid crystal phases (Collings
1990; de Gennes and Prost 1993);

• The very intricate structures formed by amphiphilic molecules in solution (Gompper and Schick 1994).

Now, statistical mechanics does have a procedure for classifying and quantifying these kinds of order.
It goes like this (Sethna 1991). A theorist guesses an order parameter, informed by some mixture of what
worked in other problems, experimental findings, dubious symmetry arguments and luck. She then further
guesses an expansion for the free energy of the system in powers of this order parameter. Finally, if she
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is very lucky, she not only extracts some quantitative predictions from that expansion, but persuades an
experimentalist to test them, at which point they are most likely found to be wrong, and the whole cycle
starts over. It is a remarkable testimony to the insight, skill and tenacity of condensed matter theorists,
not to mention their sheer numbers, that this works anywhere near as well as it has (Forster 1975; Yeomans
1992; Chaikin and Lubensky 1995).

Despite oft-expressed hopes to the contrary (by Prigogine (1980), Haken (1977), etc.), the ideal of ex-
panding the free energy, or some other Lyapunov functional, in powers of an order parameter fails completely
outside of equilibrium (Anderson and Stein 1987; Cross and Hohenberg 1993). This is not to say that the
idea of broken symmetry isn’t useful in understanding pattern formation, nor that there aren’t some tech-
niques (such as “phase equations”) which apply to a wide range of pattern-forming systems, and look a bit
like what we’re used to in equilibrium (Manneville 1990; Cross and Hohenberg 1993). But it is to say that
matters are even more ad hoc, and there is even less reason to think that current techniques are universally
applicable. Nobody, for instance, expects to be able to find an order-parameter-type theory of turbulence,
though it’s obvious to visual inspection (Van Dyke 1982) that turbulent flows do have a significant degree
of organization, which seems to involve vorticity (Chorin 1994).

Going on beyond conventional condensed matter physics, it is hard to see how any serious case could be
made for taking thermodynamic entropy as a measure of biological order, though some very great scientists
(most notably, Schrödinger) have done so without, it appears, a second thought. Biological systems are
open, so what matters, even from the perspective of energetics, is free energy or some other thermodynamic
potential, not entropy as such. Worse, there are many biological processes which everyone agrees lead to
more organization which are driven by increases in entropy (Fox 1988). Fundamentally, as Medawar (1982,
p. 224) nicely put it, “biological order is not, or not merely, unmixedupness.” Indeed, he goes on to say that
(p. 226)

In my opinion the audacious attempt to reveal the formal equivalence of the ideas of biological
organisation and of thermodynamic order, of non-randomness and information must be judged
to have failed. We still seek a theory of order in its most interesting and important form, that
which is represented by the complex functional and structural integration of living organisms.

The only thing wrong with this passage is that, as we’ve just seen, we don’t even have a good theory of
organization for substances in thermodynamic equilibrium!

If attempts to deal with organization and structure by physicists have been disappointing, at least there
have been some which are worthy of the name. The literature on biological organization (Lotka 1924;
Needham 1936; Needham 1943a; Needham 1943b; Lwoff 1962; Miller 1978; Peacocke 1983; Mittenthal and
Baskin 1992; Harrison 1993) consists not so much of theories, as of expressions of more or less intense desires
for theories, and more or less clear suggestions for what such theories ought to do — or else they’re really not
about biological organization at all, but, say, recycled physical chemistry (Peacocke 1983; Harrison 1993).
(The work of Fontana and Buss (1994) is a welcome exception.) The best that can be hoped for from this
quarter is an array of problems, counter-examples and suggestions, which is not to be sneezed at, but not
enough either. In fact, those of us who work on computational mechanics suspect that it could be the basis
of a theory of biological order; but that’s yet another expression of desire, and not even a suggestion so much
as a hint.

Outside biology, attempts to get a grip on what “organization” might or should mean are even fewer,
and of even lower quality. There is a large literature in economics and sociology on organization, some of
which is quite interesting (March and Simon 1993; Arrow 1974; Williamson 1975; Simon 1991). But here
“organization” means something like “collection of people with explicitly designated roles and relations of
authority”, and is contrasted with informal groupings such as “institutions” (Schelling 1978; Elster 1989a;
Elster 1989b; Eggertsson 1990; Young 1998; Shalizi 1998b; Shalizi 1999), though both are organized.

Bennett (1985, 1986, 1990), apparently in despair, suggested defining “complexity” as whatever increases
whenever something self-organizes. The problem with this, as Bennett himself realized, is that it’s not at all
clear when something self-organizes! But perhaps we can turn this around: for something to self-organize,
it must become more complex. Is it possible to come up with a measure of complexity?
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Figure 2.1: Generic complexity vs. disorder curve.

2.2 Complexity Measures, or, the History of One-Humped Curves

It is altogether too easy to come up with complexity measures. An on-line database of them (Edmonds
1997) contains 386 entries, despite not having been updated since 1997, and was surely not comprehensive
even then. Every few months seems to produce another paper proposing yet another measure of complexity,
generally a quantity which can’t be computed for anything you’d actually care to know about, if at all.
These quantities are almost never related to any other variable, so they form no part of any theory telling
us when or how things get complex, and are usually just quantification for its own sweet sake.

The first and still classic measure of complexity is Kolmogorov’s, which is (roughly) the shortest computer
program capable of generating a given string. This quantity is in general uncomputable, in the sense that
there is simply no algorithm which can calculate it. This comes from a result in computer science known as
the halting problem, which in turn is a disguised form of Gödel’s theorem, and so is a barrier that will not
be overturned any time soon. Moreover, the Kolmogorov complexity is maximized by random strings, so it’s
really telling us what’s random, not what’s complex, and it’s gradually come to be called the “algorithmic
information.” It plays a very important role in every discussion of measuring complexity: in a pious act of
homage to our intellectual ancestors, it is solemnly taken out, exhibited, and solemnly put away as useless
for any practical application.1

So we don’t want to conflate complexity with randomness, while at the same time we don’t want to
say that things which are completely uniform and orderly are complex either. Complex and interesting
stuff should be some place “in the middle”. This is conventionally illustrated by a drawing like Figure 2.1.
The first such curves to appear in the literature seems to have been the “complexity-entropy diagrams”
of Crutchfield and Young (1989). One is reminded of kudzu, which was introduced as a useful plant, and
became a weed only through thoughtless replication.

There are an immense number of ways of cooking up curves which look like that, especially since you’re
free to choose what you mean by “disorder,” i.e., what you put on the x axis. A remarkably common
prescription is to multiply “disorder” by “one minus disorder,” which of course gives a one-humped curve
right away (Lopez-Ruiz, Mancini and Calbet 1995; Shiner, Davison and Landsberg 1999). There are two

1I perform this ritual in Section 2.3.2 below, with citations.
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problems with all such measures. The first is that they don’t really agree with us about what things are
complex (Solé and Luque 1999; Crutchfield, Feldman and Shalizi 2000a; Binder and Perry 2000). The second
is that they are, to use a term introduced by Feldman and Crutchfield (1998b), over-universal, failing to
distinguish between structurally distinct kinds of organization which just so happen to have the same amount
of disorder. In other words, they really don’t tell us anything about structure or organization or pattern at
all; they just give us a number, which we may admire at our leisure.

It would be nice to have a measure of complexity that gave us a one-humped curve, but only if we can
do it without cheating, without putting the hump in by hand. And the complexity measure had better not
be over-universal — it must distinguish between different kinds of organization; between different patterns.

So how do patterns work?

2.3 Patterns

These ambiguities, redundancies, and deficiencies recall those attributed by Dr. Franz Kuhn to
a certain Chinese encyclopedia entitled Celestial Emporium of Benevolent Knowledge. On those
remote pages it is written that animals are divided into (a) those that belong to the Emperor,
(b) embalmed ones, (c) those that are trained, (d) suckling pigs, (e) mermaids, (f) fabulous ones,
(g) stray dogs, (h) those that are included in this classification, (i) those that tremble as if they
were mad, (j) innumerable ones, (k) those drawn with a very fine camel’s hair brush, (l) others,
(m) those that have just broken a flower vase, (n) those that resemble flies from a distance.
— J. L. Borges (1964, p. 103), “The Analytical Language of John Wilkins”

The passage illustrates the profound gulf between patterns, and classifications derived from patterns,
that are appropriate to the world and help us to understand it and those patterns which, while perhaps just
as legitimate as logical entities, are not at all informative. What makes the Celestial Emporium’s scheme
inherently unsatisfactory, and not just strange, is that it tells us nothing about animals. We want to find
patterns in a process that “divide it at the joints, as nature directs, not breaking any limbs in half as a bad
carver might” (Plato, Phaedrus, 265D). (Cf. Crutchfield (1992).)

I’m not talking, here, about pattern formation. I’m not even talking about pattern recognition as a
practical matter as found in, say, neuropsychology (Luria 1973), psychophysics and perception (Graham
1989), cognitive ethology (Shettleworth 1998), computer programming (Tou and Gonzalez 1974; Ripley
1996), or signal and image processing (Banks 1990; Lim 1990). Instead, I’m asking what patterns are and
how patterns should be represented. I want pattern discovery, not pattern recognition.

Most of what work there is on what patterns are has been philosophical; the part of it worth bothering
with is tied to mathematical logic. Within this, I distinguish two strands. One uses (highly) abstract algebra
and the theory of relations; the other, the theory of algorithms and effective procedures.

The general idea, in both approaches, is that some object O has a pattern P — O has a pattern
“represented”, “described”, “captured”, and so on by P — if and only if we can use P to predict or compress
O. The ability to predict implies the ability to compress, but not vice versa, so I’ll stick to prediction. The
algebraic and algorithmic strands differ mainly on how to represent P itself.

I should emphasize here that “pattern” in this sense implies a kind of regularity, structure, symmetry,
organization, and so on. Ordinary usage sometimes accepts, for example, speaking about the “pattern” of
pixels in a particular slice of between-channels video snow; but I’ll always call that the configuration of pixels.

2.3.1 Algebraic Patterns

Although the problem of pattern discovery appears early, in Plato’s Meno for example, perhaps the first
attempt to make the notion of “pattern” mathematically rigorous was that of Whitehead and Russell in
Principia Mathematica. They viewed patterns as properties, not of sets, but of relations within or between
sets, and accordingly they work out an elaborate relation-arithmetic (Whitehead and Russell 1925–27, vol. II,
part IV; cf. Russell 1920, ch. 5–6). This starts by defining the relation-number of a relation between two sets
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as the class of all the relations that are equivalent to it under one-to-one, onto mappings of the two sets. In
this framework relations share a common pattern or structure if they have the same relation-number. For
instance, all square lattices have similar structure since their elements share the same neighborhood relation;
as do all hexagonal lattices. Hexagonal and square lattices, however, exhibit different patterns since they
have non-isomorphic neighborhood relations — i.e., since they have different relation-numbers. Less work
has been done on this than they — especially Russell (1948) — had hoped.

A more recent attempt at developing an algebraic approach to patterns builds on semi-group theory and
its Krohn-Rhodes decomposition theorem. Rhodes (1971) discusses a range of applications of this approach
to patterns. Along these lines, Rhodes and Nehaniv have tried to apply semi-group complexity theory to
biological evolution (Nehaniv and Rhodes 1997). They suggest that the complexity of a biological structure
can be measured by the number of subgroups in the decomposition of an automaton that describes the
structure.

Yet another algebraic approach has been developed by Grenander and co-workers, primarily for pattern
recognition (Grenander 1996). Essentially, this is a matter of trying to invent a minimal set of generators
and bonds for the pattern in question. Generators can adjoin each other, in a suitable n-dimensional space,
only if their bonds are compatible. Each pair of compatible bonds specifies at once a binary algebraic
operation and an observable element of the configuration built out of the generators. (The construction in
Appendix B.2, linking an algebraic operation with concatenations of strings, is analogous in a rough way,
as are the “observable operator models” of Jaeger (2000).) Probabilities can be attached to these bonds;
these are postulated to be such as to give a Gibbs distribution over entire configurations. Grenander and
his colleagues have used these methods to characterize, inter alia, several biological phenomena (Grenander,
Chow and Keenan 1991; Grenander and Manbeck 1993). While the theory we’ll end up with in chapters 4
and 10 could be phrased in terms of generators and bonds, we give a constructive procedure for making them
(unlike the trial-and-error approach of Grenander), and our Gibbs distributions are derived, not postulated.

2.3.2 Turing Mechanics: Patterns and Effective Procedures

The other path to patterns follows the traditional exploration of the logical foundations of mathematics, as
articulated by Frege and Hilbert and pioneered by Church, Gödel, Post, Russell, Turing, and Whitehead.
This relatively more popular approach begins with Kolmogorov and Chaitin, who were interested in the exact
reproduction of an individual object (Kolmogorov 1965; Chaitin 1966; Kolmogorov 1983; Li and Vitanyi
1993); in particular, they cared about discrete symbol systems, rather than (say) real numbers or smooth
vector fields. The candidates for expressing the pattern P were universal Turing machine (UTM) programs
— specifically, the shortest UTM program that can exactly produce the object O. This program’s length
is called O’s Kolmogorov-Chaitin complexity. Note that any scheme — automaton, grammar, or what-not
— that is Turing equivalent and for which a notion of “length” is well defined will do as a representational
scheme. Since we can convert from one such device to another — say, from a Post tag system (Minsky 1967)
to a Turing machine — with only a finite description of the first system, such constants are easily assimilated
when measuring complexity in this approach.

In particular, consider the first n symbols On of O and the shortest program Pn that produces them.
What happens to the limit

lim
n→∞

|Pn|
n

, (2.1)

where |P| is the length in bits of program P? On the one hand, if there is a fixed-length program P that
generates arbitrarily many digits of O, then this limit vanishes. Most of our interesting numbers, rational or
irrational — such as 7, π, e,

√
2 — are of this sort. These numbers are eminently compressible: the program

P is the compressed description, and so it captures the pattern obeyed by the sequence describing O. If the
limit goes to 1, on the other hand, we have a completely incompressible description and conclude, following
Kolmogorov, Chaitin, and others, that O is random (Kolmogorov 1965; Chaitin 1966; Kolmogorov 1983; Li
and Vitanyi 1993; Martin-Löf 1966; Levin 1974). This conclusion is the desired one: the Kolmogorov-Chaitin
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framework establishes, formally at least, the randomness of an individual object without appeals to proba-
bilistic descriptions or to ensembles of reproducible events. And it does so by referring to a deterministic,
algorithmic representation — the UTM.

There are many well-known difficulties with applying Kolmogorov complexity to natural processes. First,
as a quantity, it is uncomputable in general, owing to the halting problem (Li and Vitanyi 1993). Second,
it is maximal for random sequences; this is either desirable, as just noted, or a failure to capture structure.
Third, it only applies to a single sequence; again this can be either good or bad. Fourth, it makes no
allowance for noise or error, demanding exact reproduction. Finally, limn→∞ |Pn|/n can vanish, although
the computational resources needed to run the program, such as time and memory, grow without bound.

None of these impediments have kept researchers from attempting to use Kolmogorov-Chaitin complexity
for practical tasks — such as measuring the complexity of natural objects (e.g. Gurzadyan (1999)), as a
basis for theories of inductive inference (Solomonoff 1964; Vitányi and Li 1999), and generally as a means
of capturing patterns (Flake 1998). Rissanen’s comments on this can hardly be bettered, so I’ll quote him
(Rissanen 1989, p. 49):

It has been sometimes enthusiastically claimed that the algorithmic [i.e., Kolmogorov] com-
plexity provides an ideal solution to the inductive inference problem, and that ‘all’ we need is to
find an approximation to the non-computable algorithmic complexity and use the result to do
prediction and the other inferences of interest. Well, this is a tall order, for there is nothing in
a universal computer that helps us to find a good model of a string. In fact, if we already know
the relevant properties of the string we can always write good programs for it, but we don’t learn
the properties by writing programs in the hopes of finding short ones!

Some of these difficulties have been addressed by later workers. Bennett’s logical depth, the number of
computational steps the minimal-length program P needs to produce O, tries to account for time resources
(Bennett 1985; Bennett 1986; Bennett 1990). Koppel’s sophistication attempts to separate out the “regular-
ity” portion of the program from the random or instance-specific input data (Koppel 1987; Koppel and Atlan
1991). Ultimately, however, all these extensions and generalizations remain in the UTM, exact-reproduction
setting and so inherit inherent uncomputability. None of them is any good for anything practical.

2.3.3 Patterns with Error

An obvious next step is to allow our pattern P some degree of approximation or error, in exchange for
shorter descriptions. We lose perfect reproduction of the original configuration from the pattern. Given the
ubiquity of noise in nature, this is a small price to pay. We might also say that sometimes we are willing
to accept small deviations from a regularity, without really caring what the precise deviation is. As many
have pointed out (e.g., Crutchfield 1992), this is what we do in thermodynamics, where we throw away vast
amounts of useless microscopic detail in order to get workable macroscopic descriptions.

Some interesting philosophical work on patterns-with-error has been done by Dennett, with reference not
just to questions about the nature of patterns and their emergence but also to psychology (Dennett 1991).
The intuition is that truly random processes can be modeled very simply — to model coin-tossing, toss a
coin. Any prediction scheme that is more accurate than assuming complete independence ipso facto captures
a pattern in the data. There is thus a spectrum of potential pattern-capturers ranging from the assumption
of pure noise to the exact reproduction of the data, if that is possible. Dennett notes that there is generally
a trade-off between the simplicity of a predictor and its accuracy, and he plausibly describes emergent
phenomena (Crutchfield 1994a; Holland 1998) as patterns that allow for a large reduction in complexity for
only a small reduction in accuracy2. Of course, Dennett was not the first to consider predictive schemes that
tolerate error and noise; we’ll look at some of the earlier work in Chapter 6. However, to my knowledge,
he was the first to have made such predictors a central part of an explicit account of what patterns are.
His account lacks the mathematical detail of the other approaches we have considered so far, and it relies
on the inexact prediction of a single configuration. In fact, it relies on exact predictors that are “fuzzed

2I develop this idea quantitatively in Chapter 11.2.
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up” by noise. The introduction of noise, however, brings in probabilities, and their natural setting is in
ensembles. It is in that setting that the ideas computational mechanics shares with Dennett can receive a
proper quantitative treatment, and in which we will see that we don’t need to invoke exact predictors at all.

2.3.4 Causation

We want our representations of patterns in dynamical processes to be causal — to say how one state
of affairs leads to or produces another. Although a key property, causality enters the theory only in an
extremely weak sense, the weakest one can use mathematically, which is Hume’s (Hume 1739): one class
of event causes another if the latter always follows the former; the effect invariably succeeds the cause.
As good indeterminists, in the following I replace this invariant-succession notion of causality with a more
probabilistic one, substituting a homogeneous distribution of successors for the solitary invariable successor.
(A precise statement appears in Definition 13’s definition of causal states.) This approach results in a purely
phenomenological statement of causality, and so it is amenable to experimentation in ways that stronger
notions of causality — e.g., that of Bunge (1959) — are not. Salmon (1984) independently reached essentially
the same concept of causality by philosophical arguments.

2.3.5 Synopsis of Pattern

We want an approach to patterns which is at once

• Algebraic, giving us an explicit breakdown or decomposition of the pattern into its parts;

• Computational, showing how the process stores and uses information;

• Calculable, analytically or by systematic approximation;

• Causal, telling us how instances of the pattern are actually produced; and

• Naturally stochastic, not merely tolerant of noise but explicitly formulated in terms of ensembles.

Computational mechanics satisfies all these desiderata.
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Chapter 3

The Basic Case of Computational

Mechanics: Memoryless Transducers

3.1 The Setup

Consider two discrete random variables X (taking values from X) and Y (taking values in Y)1. We think
of X as the causes or inputs to some process, and Y as the effects or outputs. Causation is in general
stochastic, so we represent this by saying that Y is a random function of X . We assume that Y depends
only on the current value of X , and not on any previous history of inputs. Let’s call something which fits
this description a memoryless transducer. Many different physical systems are memoryless transducers. So,
a little more abstractly, are many problems in biology and social science, e.g., the output might be whether
a person dies of lung disease, and the inputs various risk factors (genotype, smoking, working in a mine,
whether or not the mine has a union, etc.). The task is to predict Y as well as possible from X . We’d like to
know which aspects of the input are relevant to the output, because in general not all of them are, though
whether a given feature is relevant can depend on what values other features take on. We want to know all
the distinctions we can make about X which make a difference to the distribution of Y .

3.2 Effective States

Any prediction scheme treats some inputs the same when it calculates its predictions. That is, any prediction
scheme is sensitive, not to the inputs themselves, but to equivalence classes2 of inputs. Generally it does so
implicitly; but it is much better to be explicit about this.

Definition 1 (Effective States of Memoryless Transducers) An effective state is an equivalence class
of inputs. A partition of X is an effective state class. For each effective state class, written R, there is a
function η : X 7→ R which map the current input into the effective state in which it resides. We write the
random variable for the current effective state as R, and its realizations as ρ; R = η(X), ρ = η(x). When
two inputs x1, x2 belong to the same effective state, we write x1∼ηx2.

The collection of all effective state classes is called Occam’s pool.
At this point, we need a way to measure how well a class of effective states lets us predict the output.

The tools to do this are provided by information theory, which is explained in Appendix A.2.

1Here, and as nearly as possible through this book, upper-case italic letters will indicate random variables, and lower-case
ones their realizations.

2For a review of equivalence classes, partitions, and equivalence relations, see Appendix A.1.
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Definition 2 (Predictive Power of Effective States) We measure the predictive power of an effective
state class R by the entropy of outputs, conditional on the effective state, H [Y |R]. R has more predictive
power than R

′ if and only if H [Y |R] < H [Y |R′].

In general, effective states have less predictive power than the original input.

Lemma 1 (The Old Country Lemma) For any class of effective states R,

H [Y |R] ≥ H [Y |X ] . (3.1)

Proof. By Eq. A.25, for any function f , H [Y |f(X)] ≥ H [Y |X ]. But for every R, there is an η such that
R = η(X). Hence H [Y |R] = H [Y |η(X)], and the lemma is proved.

Remark. The reason this is the “Old Country Lemma” will become clear when we consider its application
to time series in Chapter 4.

However, some effective state classes are as predictive as the original inputs; we call such states prescient.

Definition 3 (Prescient States for Memoryless Transduction) A set of states R is prescient if and
only if it has as much predictive power as the complete input space, i.e., iff H [Y |R] = H [Y |X ]. We mark

prescient states (and sets of states, etc.) by putting a hat over the variables names: R̂, R̂, ρ̂, etc.

We now establish a link between prescience and the statistical notion of “sufficiency” (explained in
Appendix A.5).

Lemma 2 (Prescient States Are Sufficient Statistics) If R̂ is a prescient class of effective states, then

R̂ is a sufficient statistic for predicting Y , and vice versa.

Proof. By the definition of mutual information, I(Y ; R̂) = H [Y ] − H [Y |R̂]. But, by the definition of

prescient states, H [Y |R̂] = H [Y |X ]. So I(Y ; R̂) = H [Y ]−H [Y |X ] = I(Y ;X). So by Proposition 6, prescient
states are sufficient statistics. Essentially the same reasoning run in reverse proves the converse part of the
theorem. QED.

3.2.1 Minimality and Prediction

Let’s invoke Occam’s Razor: “It is vain to do with more what can be done with less” (Ockham 1964). To
use the razor, we need to fix what is to be “done” and what “more” and “less” mean. The job we want done
is accurate prediction, reducing the conditional entropies H [Y |R] as far as possible, the goal being to attain
the bound set by Lemma 1, with a prescient set of states. But we want to do this as simply as possible, with
as few resources as possible. We already have a measure of uncertainty, so we need a measure of resources.
Since there is a probability measure over inputs, there is an induced measure on the η-states.3 Accordingly,
we define the following measure of complexity.

Definition 4 (Statistical Complexity of States) The statistical complexity of a class R of states is

Cµ(R) ≡ H [R] . (3.2)

The µ in Cµ reminds us that it is a measure-theoretic property and depends ultimately on the distribution
over the inputs, which induces a measure over states.

The statistical complexity of a state class is the average uncertainty (in bits) in the transducer’s current
state. This, in turn, is the same as the average amount of memory (in bits) that the transducer appears

3This assumes η is at least nearly measurable. See Appendix B.3.2.2.
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to retain about the input, given the chosen state class R. (We will later see how to define the statistical
complexity of the transducer itself.) The goal is to do with as little of this memory as possible. Restated
then, we want to minimize statistical complexity, subject to the constraint of maximally accurate prediction.

The idea behind calling the collection of all partitions of X Occam’s pool should now be clear: One wants
to find the shallowest point in the pool. This we now do.

3.3 Causal States

Definition 5 (Causal State for Memoryless Transduction) The causal state are the range of the func-
tion

ǫ(x) = {x′|P(Y |X = x) = P(Y |X = x′)} . (3.3)

If ǫ(x) = ǫ(x′), then P(Y |X = x) = P(Y |X = x′), and we write x∼ǫx
′. We denote the class of causal states

by S, the random variable for the current causal state by S, and a particular causal state by σ.

Each causal state σ has a unique associated distribution of outputs P(Y = y|S = σ), called its morph. In
general every effective state has a morph, but two effective states in the same state class may very well have
the same morph. Moreover, the causal states have the important property that all of their parts have the
same morph. We make this notion a little more precise in the following definitions, which build to important
results later on, especially the crucial Refinement Lemma (Lemma 4).

3.3.1 Homogeneity

The following definitions are inspired by Salmon (1984).

Definition 6 (Strict Homogeneity) A set X is strictly homogeneous with respect to a random variable
Y when the conditional distribution for Y , P(Y |X), is the same for all measurable subsets of X.

Definition 7 (Weak Homogeneity) A set X is weakly homogeneous with respect to Y if X is not strictly
homogeneous with respect to Y , but X \ X0 (X with X0 removed) is, where X0 is a subset of X of measure
0.

Lemma 3 (Strict Homogeneity of Causal States) A process’s causal states are the largest subsets of
inputs that are all strictly homogeneous with respect to the output.

Proof. We must show that, first, the causal states are strictly homogeneous with respect to output and,
second, that no larger strictly homogeneous subsets of inputs could be made. The first point, the strict
homogeneity of the causal states, is evident from Definition 5: By construction, all elements of a causal state
have the same conditional distribution for the output, so any part of a causal state will have the conditional
distribution as the whole state. The second point likewise follows from Definition 5, since the causal state
contains all the inputs with a given conditional distribution of output. Any other set strictly homogeneous
with respect to output must be smaller than a causal state, and any set that includes a causal state as a
proper subset cannot be strictly homogeneous. QED.

3.3.2 Optimalities and Uniqueness

Let’s see what the causal states are good for. Let’s start by seeing how well we can predict the output from
knowing the causal state.

Theorem 1 (Prescience and Sufficiency of Causal States) The causal states S are prescient, and
sufficient statistics.
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Proof. It is clear that P(Y = y|S = ǫ(x)) = P(Y = y|X = x), for all x, y. Thus, by Definition 66, the
causal states are sufficient statistics for predicting the output, and so, by Lemma 2, they are prescient.

Lemma 4 (Refinement Lemma) For all prescient rivals R̂ and for each ρ̂ ∈ R̂, there is a σ ∈ S and a
measure-0 subset ρ̂0 ⊂ ρ̂, possibly empty, such that ρ̂ \ ρ̂0 ⊆ σ.

Proof. We invoke a straightforward extension of Theorem 2.7.3 of Cover and Thomas (1991): IfX1, X2, . . .
Xn are random variables over the same set A, each with distinct probability distributions, Θ a random
variable over the integers from 1 to n such that P(Θ = i) = λi, and Z a random variable over A such that
Z = XΘ, then

H [Z] = H

[
n∑

i=1

λiXi

]

≥
n∑

i=1

λiH [Xi] . (3.4)

In words, the entropy of a mixture of distributions is at least the mean of the entropies of those distributions.
This follows since H is strictly concave, which in turn follows from x log x being strictly convex for x ≥ 0.
We obtain equality in Eq. 3.4 if and only if all the λi are either 0 or 1, i.e., if and only if Z is at least weakly
homogeneous (Definition 7).

The conditional distribution of outputs for each rival state ρ can be written as a weighted mixture of the
distributions of one or more causal states. Thus, by Eq. 3.4, unless every ρ is at least weakly homogeneous
with respect to outputs, the entropy of Y conditioned on R will be higher than the minimum, the entropy
conditioned on S. So, in the case of the maximally predictive R̂, every ρ̂ ∈ R̂ must be at least weakly
homogeneous with respect to Y . But the causal states are the largest classes that are strictly homogeneous
with respect to Y (Lemma 7). Thus, the strictly homogeneous part of each ρ̂ ∈ R̂ must be a subclass,
possibly improper, of some causal state σ ∈ S. QED.

Remark 1. One can provide a more elaborately algebraic and less verbal proof of this Lemma. We do
this for the case of time series in Appendix B.4, but the reader may easily adapt the argument there to this
simpler case.

Remark 2. The content of the lemma can be made quite intuitive, if we ignore for a moment the measure-
0 set ρ̂0 of inputs mentioned in its statement. It then asserts that any alternative partition R̂ that is as
prescient as the causal states must be a refinement of the causal-state partition. That is, each R̂i must be
a (possibly improper) subset of some Sj . Otherwise, at least one R̂i would have to contain parts of at least

two causal states. And so, using this R̂i to predict the output would lead to more uncertainty about Y than
using the causal states.

Adding the measure-0 set ρ̂0 of inputs to this picture does not change its heuristic content much. Precisely
because these inputs have zero probability, treating them in the wrong way makes no discernible difference
to predictions, morphs, and so on. There is a problem of terminology, however, since there seems to be no
standard name for the relationship between the partitions R̂ and S. We propose to say that the former is
a refinement of the latter almost everywhere or, simply, a refinement a.e.

Remark 3. One cannot work the proof the other way around to show that the causal states have to
be a refinement of the equally prescient R̂-states. This is because the theorem borrowed from Cover and
Thomas (1991), Eq. 3.4 only applies when we can reduce uncertainty by specifying from which distribution
one chooses. Since the causal states are constructed so as to be strictly homogeneous with respect to futures,
this is not the case. Lemma 3 and Theorem 1 together protect us.

Remark 4. Because almost all of each prescient rival state is wholly contained within a single causal
state, we can construct a function g : R̂ 7→ S, such that, if η(x) = ρ̂, then ǫ(x) = g(ρ̂) almost always.

We can even say that S = g(R̂) almost always, with the understanding that this means that, for each ρ̂,

P(S = g(ρ̂)|R̂ = ρ̂) = 1.
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Theorem 2 (Minimality of Causal States) For any prescient state class R̂,

Cµ(R̂) ≥ Cµ(S) . (3.5)

Proof. By Lemma 4, Remark 4, there is a function g such that S = g(R̂) almost always. But H [f(X)] ≤
H [X ] (Eq. A.22) and so

H [S] = H [g(R̂)] ≤ H [R̂] . (3.6)

but Cµ(R̂) = H [R̂] (Definition 4). QED.
Remark. If the distribution over inputs P(X) changes, but, for each x, but the conditional distribution

of outputs P(Y |X = x) does not, the causal states also do not change. In general, the numerical value of
the statistical complexity of the causal states will change, but their minimality among the prescient states
will not.

Corollary 1 (Causal States Are Minimal Sufficient) The causal states are minimal sufficient statis-
tics for predicting the output.

Proof. We saw in the proof of Theorem 2 how to construct a function from any prescient state class to
the causal states. From Lemma 2, the prescient state classes consist of all and only the predictively sufficient
statistics. Therefore, the causal states are functions of all the sufficient statistics, and so by Definition 67,
they are the minimal sufficient statistics.

Theorem 3 (The Causal States Are Unique) For all prescient rivals R̂, if Cµ(R̂) = Cµ(S), then there

exists an invertible function between R̂ and S that almost always preserves equivalence of state: R̂ and η
are the same as S and ǫ, respectively, except on a set of inputs of measure 0.

Proof. From Lemma 4, we know that S = g(R̂) almost always. We now show that there is a function f

such that R̂ = f(S) almost always, implying that g = f−1 and that f is the desired relation between the

two sets of states. To do this, by Eq. A.23 it is sufficient to show that H [R̂|S] = 0. Now, it follows from an
information-theoretic identity (Eq. A.19) that

H [S] −H [S|R̂] = H [R̂] −H [R̂|S] . (3.7)

Since, by Lemma 4 H [S|R̂] = 0, both sides of Eq. 3.7 are equal to H [S]. But, by hypothesis, H [R̂] = H [S].

Thus, H [R̂|S] = 0 and so there exists an f such that R̂ = f(S) almost always. We have then that

f(g(R̂)) = R̂ and g(f(S)) = S, so g = f−1. This implies that f preserves equivalence of states almost
always: for almost all x, x′ ∈ X, η(x) = η(x′) if and only if ǫ(x) = ǫ(x′). QED.

Remark. As in the case of the Refinement Lemma 4, on which the theorem is based, the measure-0
caveats seem unavoidable. A rival that is as predictive and as simple (in the sense of Definition 4) as the
causal states, can assign a measure-0 set of inputs to different states than ǫ does, but no more. This makes
sense: such a measure-0 set makes no difference, since its members are never observed, by definition. By the
same token, however, nothing prevents a minimal, prescient rival from disagreeing with the causal states on
those inputs.

Definition 8 (Statistical Complexity of Memoryless Transduction) The statistical complexity of a
transduction process, written simply Cµ, is equal to the statistical complexity of its causal states, Cµ(S) =
H [S].

Remark. This definition is motivated by the minimal statistical complexity of the causal states, and by
their uniqueness.
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Theorem 4 (Control Theorem for Memoryless Transduction) For any set of effective states R, the
reduction in the uncertainty of the outputs, conditional on knowing the effective state, H [Y ]−H [Y |R], is at
most Cµ.

Proof. This one, honestly, is simple.

H [Y ] −H [Y |R] ≤ H [Y ] −H [Y |S] (3.8)

= I(Y ;S) (3.9)

= H [S] −H [S|Y ] (3.10)

≤ H [S] = Cµ (3.11)

QED.
Remark. This result is inspired by, and is a version of, Ashby’s “Law of Requisite Variety” (Ashby 1956,

ch. 11), which states that applying a controller can reduce the uncertainty in the controlled variable by at
most the entropy of the control variable. (Touchette and Lloyd (1999) recently restated this result, without
credit to Ashby.) Our control theorem is a statement about the degree of control we can exert over the
output by fixing the input, and so the causal state. Note that the inequality will be saturated if H [S|Y ] = 0,
which will be the case if each output is due to a unique causal state. Since this can’t be ruled out a priori,
we cannot, in general, sharpen the upper bound any further.

3.4 Other Approaches to Memoryless Transduction

This is, of course, a very old, very general and very important problem. In recent years a wide array of
methods have arisen for tackling it. We consider here three which are particularly akin to computational
mechanics.

3.4.1 Graphical Models

Some of the most widely applied methods for this problem are those that travel under the label of “graphical
models” (Loehlin 1992; Lauritzen 1996; Pearl 2000; Spirtes, Glymour and Scheines 2001). These involve
representing the input and the output as a number of distinct variables (one for each quantity we can measure,
essentially), and positing a number of hidden or “latent” variables in between. Each variable, manifest or
latent, is represented by a node in a graph. A directed edge runs from variable A to variable B if and only
if A is a direct cause of B. Assuming that what’s called the “causal Markov condition” is met4 and some
other, more technical requirements are satisfied, reliable techniques exist for inferring which variables cause
which, and through what intermediate, latent variables.

While these methods are ideologically akin to computational mechanics (Spirtes, Glymour and Scheines
(2001) in particular), they are not quite the same. In particular, they do not seek to directly partition the
space of inputs X into the divisions which are relevant to the output; at best this is implicit in the structure
of connections between the manifest inputs and the latent variables. Moreover, mathematical tractability
generally restricts practitioners to fairly simple forms of dependence between variables, often even to linearity.
Our method does not labor under these restrictions. It begins directly with a partition of the input space,
to which everything is referred. In effect, the computational mechanics approach is to always construct a
graph with only three variables, the input, the causal state, and the output, connected in that order. The
work comes in constructing the middle part!

4Consider any variable A in the graph G. Write the set of variables which are direct causes of A as C(A). Write the set
of variables which are effects of A, whether direct or indirect, as E(A), i.e., B ∈ E(A) if and only if there is a path from A to
B. Finally, let N(A) = G \ (C(A) ∪ E(A)). Then the causal Markov condition is that A is conditionally independent of all

variables in N(A) given C(A), that A |= N(A)|C(A).
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3.4.2 The Information-Bottleneck Method

Tishby, Pereira and Bialek (1999) poses the following problem. Given a joint distribution over the input X
and the output Y , find an intermediate or “bottleneck” variable X̃ which is a (possibly stochastic) function
of X such that X̃ is more compressed than X , but retains predictive information about Y . More exactly,
they ask for a conditional distribution P(X̃ = x̃|X = x) that minimizes the functional

F = I(X̃;X) − βI(X̃ ;Y ) , (3.12)

where β is a positive real number. Minimizing the first term represents the desire to find a compression of
the original input data X ; maximizing the second term represents the desire to retain the ability to predict
Y .5 The coefficient β governs the trade-off between these two goals: as β → 0, we lose interest in prediction
in favor of compression; whereas as β → ∞, predictive ability becomes paramount.

Extending classical rate-distortion theory, the authors are not only able to state self-consistent equations
that determine which distributions satisfy this variational problem, but give a convergent iterative procedure
that finds one of these distributions. They do not address the rate of convergence.

Now, I(Y ; X̃) = H [Y ] − H [Y |X̃]. Since H [Y ] is fixed, maximizing I(Y ; X̃) is the same as minimizing
H [Y |X̃ ]. That is, to maximize the predictive information, the bottleneck variable should be prescient. But
the most compressed prescient states — the ones with the smallest entropy — are the causal states. Thus,
they are precisely what should be delivered by the information-bottleneck method in the limit where β → ∞.
It is not immediately obvious that the iterative procedure of Tishby, Pereira and Bialek (1999) is still valid
in this limit. Nonetheless, that ǫ is the partition satisfying their original constraints is evident.

We note in passing that Tishby, Pereira and Bialek (1999) assert that, when sufficient statistics exist,
then compression-with-prediction is possible. Conversely, we have shown that the causal states are always
sufficient statistics.

3.4.3 The Statistical Relevance Basis

Here is one last solution to the problem of discovering concise and predictive hidden variables. In his books
of 1971 and 1984, Wesley Salmon put forward a construction, under the name of the “statistical relevance
basis”, that is identical in its essentials with that of causal states for memoryless transducers.6 Owing to the
rather different aims for which Salmon’s construction was intended — explicating the notion of “causation”
in the philosophy of science — no one seems to have proved its information-theoretic optimality properties
nor even to have noted its connection to sufficient statistics. Briefly: if a nontrivial sufficient partition of the
input variables exists, then the relevance basis is the minimal sufficient partition.

3.5 Summary

Let’s recap what we’ve done in this chapter, since we’re going to be going through a similar exercise over
and over again.

We start with one variable (or set of variables) which causes, in some statistical fashion, another variable.
We want to predict the output, given the input, as accurately and as simply as possible. We summarize the
input in an effective state, and measure predictive power by the entropy of the output conditional on the
effective state, and the complexity of the predictor by the entropy of the effective state, i.e., the amount of
information the state retains from the input. The predictive power of effective states is limited by that of
the original input; states which attain this limit are prescient. Our goal is to minimize complexity, subject
to the constraint of prescience.

5Since X̃ = g(X, Ω) for some auxiliary random variable Ω, a theorem of Shannon’s assures us that I(X̃;Y ) ≤ I(X;Y ) and
the transformation from X to X̃ cannot increase our ability to predict Y (Shannon 1948, App. 7).

6I discovered Salmon’s work by accident in May 1998, browsing in a used book store, so it’s not cited in computational
mechanics papers up to and including Crutchfield and Shalizi (1999).
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We introduce a particular partition of the inputs, the causal states, which treats inputs as equivalent if
they lead to the same conditional distribution of outputs. This is prescient, since the distribution of outputs
conditional on the causal state is, by construction, the same as that conditional on the input. We then use
homogeneity to prove a refinement lemma, telling us that any prescient rival to the causal states must be a
refinement of them almost everywhere. The refinement lemma, in turn, leads directly to the result that the
causal states are the minimal prescient states, and to the uniqueness of the causal states.

The bulk of the work in the rest of this book will be setting up these same tricks for processes which
are more subtle than memoryless transduction, and examining the extra implications for the causal states
of those subtleties. We start with time series.
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Chapter 4

Computational Mechanics of Time

Series

The next chapter is devoted to the statistical mechanics of time series. This is another field
in which conditions are very remote from those of the statistical mechanics of heat engines and
which is thus very well suited to serve as a model of what happens in the living organism.
—Norbert Wiener (1961, p. 59)

4.1 Paddling Around in Occam’s Pool

4.1.1 Processes

Let’s restrict ourselves to discrete-valued, discrete-time stationary stochastic processes. (See Section 11.4
for ways in which these restrictions might be lifted.) Intuitively, such processes are sequences of random
variables Si, the values of which are drawn from a countable set A. We let i range over all the integers, and
so get a bi-infinite sequence

↔
S= . . . S−1S0S1 . . . . (4.1)

In fact, we can define a process in terms of the distribution of such sequences (cf. Billingsley 1965; Gray
1990).

Definition 9 (A Process) Let A be a countable set. Let Ω = A
�

be the set of bi-infinite sequences composed
from A, Ti : Ω 7→ A be the measurable function that returns the ith element si of a bi-infinite sequence
ω ∈ Ω, and F the σ-algebra of cylinder sets of Ω. Adding a probability measure P gives us a probability

space (Ω,F ,P), with an associated random variable
↔
S . A process is a sequence of random variables Si =

Ti(
↔
S ), i ∈ ✁

.

It follows from Definition 9 that there are well defined probability distributions for sequences of every finite

length. Let
→
S

L

t be the sequence of St, St+1, . . . , St+L−1 of L random variables beginning at St.
→
S

0

t≡ ∅, the

null sequence. Likewise,
←
S

L

t denotes the sequence of L random variables going up to St, but not including

it;
←
S

L

t =
→
S

L

t−L. Both
→
S

L

t and
←
S

L

t take values from sL ∈ AL. Similarly,
→
S t and

←
S t are the semi-infinite

sequences starting from and stopping at t and taking values
→
s and

←
s , respectively.

Intuitively, we can imagine starting with distributions for finite-length sequences and extending them
gradually in both directions, until the infinite sequence is reached as a limit. While this can be a useful
picture to have in mind, defining a process in this way raises some subtle measure-theoretic issues, such
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as how distributions over finite-length sequences limit on the infinite-length distribution. To evade these
questions, we start with the latter, and obtain the former by “marginalization”. (The first chapter of Gray
(1990) has a particularly clear exposition of this approach.)

Definition 10 (Stationarity) A process Si is stationary if and only if

P(
→
S

L

t = sL) = P(
→
S

L

0 = sL) , (4.2)

for all t ∈ ✁
, L ∈ ✁ +, and all sL ∈ AL.

In other words, a stationary process is one that is time-translation invariant. Consequently, P(
→
S t=

→
s ) =

P(
→
S 0=

→
s ) and P(

←
S t=

←
s ) = P(

←
S 0=

←
s ), and so I’ll drop the subscripts from now on.

I’ll call
←
S and

←
S

L

pasts or histories and
→
S and

→
S

L

, futures. I’ll need to refer to the class of all measurable

sets of histories; this will be µ(
←
S )1 Similarly, the class of all measurable sets of futures is µ(

→
S ). It is readily

checked (Upper 1997) that µ(
←
S ) =

⋃∞
L=1 µ(

←
S

L

), and likewise for µ(
→
S ).

This is a good place to note that strict stationarity, as defined above, is actually a stronger property

than this chapter needs. All we really require is that P(
→
S t∈ F |

←
S t=

←
s ) = P(

→
S 0∈ F |

←
S 0=

←
s ), for all t and

for all F ∈ µ(
→
S ). This property, of time-invariant transition probabilities, should I guess be named some

form of “homogeneity,” by analogy with the corresponding property for Markov processes, but that name is
pre-empted. So let’s call this conditional stationarity instead.

4.1.2 The Pool

Our goal is to predict all or part of
→
S using some function of some part of

←
S . As before, let’s start with

effective states, and classes of effective states.

Definition 11 (Effective States) A partition of
←
S is an effective state class. Each ρ ∈ R will be called

a state or an effective state. When the current history
←
s is included in the set ρ, the process is in state ρ.

Define a function η from histories to effective states:

η :
←
S 7→ R . (4.3)

A specific individual history
←
s ∈

←
S maps to a specific state ρ ∈ R; the random variable

←
S for the past maps

to the random variable R for the effective states.

It makes little difference whether one thinks of η as being a function from a history to a subset of histories
or a function from a history to the label of that subset. Each interpretation is convenient at different times,
and I’ll use both.

We could use any function defined on
←
S to partition that set, by assigning to the same ρ all the histories

←
s on which the function takes the same value. Similarly, any equivalence relation on

←
S partitions it. (See

Appendix A.1 for more on equivalence relations.) Due to the way I defined a process’s distribution, each
effective state has a well-defined distribution of futures2, though other states could have the same conditional
distribution. Specifying the effective state thus amounts to making a prediction about the process’s future.
All the histories belonging to a given effective state are treated as equivalent for purposes of predicting the
future. (In this way, the framework formally incorporates traditional methods of time-series analysis; see
Section 6.1.)

The definition of statistical complexity, Definition 4, applies unchanged to time series effective states.

Call the collection of all partitions R of the set of histories
←
S Occam’s pool.

1Conventionally, this ought to be σ(
←

S ), but, as the reader will see, that notation would be confusing later on.
2This is not true if η is not at least nearly measurable (see Appendix B.3.2.2). To paraphrase Schutz (1980), you should

assume that all my effective-state functions are sufficiently tame, measure-theoretically, that whatever induced distributions I
invoke will exist.
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1
R

3
R

2
R

S
←

4
R

Figure 4.1: A schematic picture of a partition of the set
←
S of all histories into some class of effective states:

R = {Ri : i = 1, 2, 3, 4}. Note that the Ri need not form compact sets; they’re drawn that way for clarity.
Imagine Cantor sets or other, more pathological, structures.

4.1.3 Patterns in Ensembles

It will be convenient to have a way of talking about the uncertainty of the future. Intuitively, this would

just be H [
→
S ], but in general that quantity is infinite and awkward to manipulate. (The special case in which

H [
→
S ] is finite is dealt with in Appendix B.5.) Normally, I’ll evade this by considering H [

→
S

L

], the uncertainty
of the next L symbols, treated as a function of L. On occasion, I’ll refer to the entropy per symbol or entropy
rate (Shannon 1948; Cover and Thomas 1991):

h[
→
S ] ≡ lim

L→∞

1

L
H [
→
S

L

] , (4.4)

and the conditional entropy rate,

h[
→
S |X ] ≡ lim

L→∞

1

L
H [
→
S

L

|X ] , (4.5)

where X is some random variable and the limits exist. For stationary stochastic processes, the limits always
exist (Cover and Thomas 1991, Theorem 4.2.1, p. 64).

These entropy rates are also always bounded above byH [S]; which is a special case of Eq. A.14. Moreover,

if h[
→
S ] = H [S], the process consists of independent variables — independent, identically distributed (IID)

variables, in fact, for stationary processes.

Definition 12 (Capturing a Pattern) R captures a pattern if and only if there exists an L such that

H [
→
S

L

|R] < LH [S] . (4.6)

This says that R captures a pattern when it tells us something about how the distinguishable parts of a
process affect each other: R exhibits their dependence. (I’ll also speak of η, the function associated with
pasts, as capturing a pattern, since this is implied by R capturing a pattern.) Supposing that these parts
do not affect each other, then we have IID random variables, which is as close to the intuitive notion of
“patternless” as one is likely to state mathematically. Note that, because of the independence bound on
joint entropies (Eq. A.14), if the inequality is satisfied for some L, it is also satisfied for every L′ > L. Thus,

the difference H [S] −H [
→
S

L

|R]/L, for the smallest L for which it is nonzero, is the strength of the pattern
captured by R. Let’s now mark an upper bound (Lemma 5) on the strength of patterns; later we’ll see how
to attain this upper bound (Theorem 5).
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4.1.4 The Lessons of History

We are now in a position to prove a result about patterns in ensembles that will be useful in connection with
later theorems about causal states.

Lemma 5 (Old Country Lemma) For all R and for all L ∈ ✁ +,

H [
→
S

L

|R] ≥ H [
→
S

L

|
←
S ] . (4.7)

Proof. By construction (Eq. 4.3), for all L,

H [
→
S

L

|R] = H [
→
S

L

|η(
←
S )] . (4.8)

But

H [
→
S

L

|η(
←
S )] ≥ H [

→
S

L

|
←
S ] , (4.9)

since the entropy conditioned on a variable is never more than the entropy conditioned on a function of the
variable (Eq. A.25). QED.

Remark 1. That is, conditioning on the whole of the past reduces the uncertainty in the future to as small
a value as possible. Carrying around the whole semi-infinite past is rather bulky and uncomfortable and is a
somewhat dismaying prospect. Put a bit differently: we want to forget as much of the past as possible and
so reduce its burden. It is the contrast between this desire and the result of Eq. 4.7 that leads me to call
this the Old Country Lemma.

Remark 2. Lemma 5 establishes the promised upper bound on the strength of patterns: viz., the strength

of the pattern is at most H [S] −H [
→
S

L

|
←
S ]/Lpast, where Lpast is the least value of L such that H [

→
S

L

|
←
S ] <

LH [S].

4.2 The Causal States

Here I’m going to define the causal states for stochastic processes, very much as I did in the last chapter
for memoryless transducers. As was the case there, the definitions and constructions in this section use
conditional probabilities over and over again. That’s fine so long as I condition on events of nonzero prob-
ability. However, I need to condition on events, such as particular histories, whose probability generally is
zero. There are standard ways of dealing with this, but their technicalities tend to obscure the main lines
of the argument. To keep those lines as clear as possible, in this section I state my definitions as though
classical conditional probability was adequate, reserving the measure-theoretic treatment, and its limitations
and caveats, for Appendix B.3. The proofs are compatible with the proper use of conditional measures, but
they should be intelligible without them.

Definition 13 (A Process’s Causal States) The causal states of a process are the members of the range
of the function ǫ that maps from histories to sets of histories:

ǫ(
←
s ) ≡ {←s

′
|P(
→
S∈ F |

←
S=

←
s ) = P(

→
S∈ F |

←
S=

←
s
′
) , ∀ F ∈ µ(

→
S ),
←
s
′
∈
←
S} , (4.10)

where µ(
→
S ) is the collection of all measurable future events. Write the ith causal state as σi and the set of

all causal states as S; the corresponding random variable is denoted S, and its realization σ.
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The cardinality and topology of S are unspecified. S can be finite, countably infinite, a continuum, a
Cantor set, or something stranger still. Examples of these are given in Crutchfield (1994a) and Upper (1997);
see especially the examples for hidden Markov models given there.

Alternately and equivalently, I could define an equivalence relation ∼ǫ such that two histories are equiv-
alent if and only if they have the same conditional distribution of futures, and then define causal states as
the equivalence classes generated by ∼ǫ. (In fact, this was the original approach (Crutchfield and Young

1989).) Either way, the divisions of this partition of
←
S are made between regions that leave us in different

conditions of ignorance about the future.
This last statement suggests another, still equivalent, description of ǫ:

ǫ(
←
s ) = {←s

′
|P(
→
S

L

=
→
s

L
|
←
S=

←
s ) = P(

→
S

L

=
→
s

L
|
←
S=

←
s
′
) , ∀→s

L
∈
→
S

L

,
←
s
′
∈
←
S ,L ∈ ✁ +} . (4.11)

Using this we can make the original definition, Eq. 4.10, more intuitive by picturing a sequence of partitions

of the space
←
S of all histories in which each new partition, induced using futures of length L + 1, is a

refinement of the previous one induced using L. At the coarsest level, the first partition (L = 1) groups
together those histories that have the same distribution for the very next observable. These classes are then
subdivided using the distribution of the next two observables, then the next three, four, and so on. The limit
of this sequence of partitions — the point at which every member of each class has the same distribution of

futures, of whatever length, as every other member of that class — is the partition of
←
S induced by ∼ǫ.

Although they will not be of direct concern in the following, due to the time-asymptotic limits taken,
there are transient causal states in addition to those (recurrent) causal states defined above in Eq. 4.10.
Roughly speaking, the transient causal states describe how a lengthening sequence of observations allows
us to identify the recurrent causal states with increasing precision. See Upper (1997) and Feldman and
Crutchfield (1998a) for details on transient causal states.

Causal states are a particular kind of effective state, and they have all the properties common to effective
states (Section 4.1.2). In particular, each causal state Si has several structures attached:

1. The index i — the state’s “name”.

2. The set of histories that have brought the process to Si, {
←
s ∈ Si}.

3. A conditional distribution over futures, denoted P(
→
S |Si) and equal to P(

→
S |←s ),

←
s ∈ Si. Since I refer

to this type of distribution frequently and since it is the “shape of the future”, I’ll call it the state’s
morph, following Crutchfield and Young (1989).

Ideally, each of these should be denoted by a different symbol, and there should be distinct functions linking
each of these structures to their causal state. To keep the growth of notation under control, however, I’ll be
tactically vague about these distinctions. Readers may variously picture ǫ as mapping histories to (i) simple
indices, (ii) subsets of histories, (iii) distributions over futures or (iv) ordered triples of indices, subsets, and
morphs; or one may even leave ǫ uninterpreted, as preferred, without interfering with the development that
follows.

4.2.1 Morphs

Each causal state has a unique morph, i.e., no two causal states have the same conditional distribution of
futures. This follows directly from Definition 13, and it is not true of effective states in general. Another
immediate consequence of that definition is that, for any measurable future event F ,

P(
→
S∈ F |S = ǫ(

←
s )) = P(

→
S∈ F |

←
S=

←
s ). (4.12)

(Again, this is not generally true of effective states.) This observation lets us prove a useful lemma about

the conditional independence of the past
←
S and the future

→
S .



29

1
S

4
S

3
S 5

S

2
S

6
S

S
←

Figure 4.2: A schematic representation of the partitioning of the set
←
S of all histories into causal states

Si ∈ S. Within each causal state all the individual histories
←
s have the same morph — the same conditional

distribution P(
→
S |←s ) for future observables.

Lemma 6 The past and the future are independent, conditioning on the causal states:
←
S |=

→
S |S.

Proof. By Proposition 9 of Appendix B.3,
←
S and

→
S are independent given S if and only if, for any

measurable set F of futures, P(
→
S∈ F |

←
S=

←
s ,S = σ) = P(

→
S∈ F |S = σ). Since S = ǫ(

←
S ), it is automat-

ically true (Eq. B.6) that P(
→
S∈ F |

←
S=

←
s ,S = ǫ(

←
s )) = P(

→
S∈ F |

←
S=

←
s ). But then, P(

→
S∈ F |

←
S=

←
s ) =

P(
→
S∈ F |S = ǫ(

←
s )), so P(

→
S∈ F |

←
S=

←
s ,S = σ) = P(

→
S∈ F |S = σ). QED.

Lemma 7 (Strict Homogeneity of Causal States) A process’s causal states are the largest subsets of
histories that are all strictly homogeneous with respect to futures of all lengths.

The proof is identical to that for memoryless transducers (Lemma 3).

4.2.2 Causal State-to-State Transitions

The causal state at any given time and the next value of the observed process together determine a new
causal state; this is proved shortly in Lemma 10. Thus, there is a natural relation of succession among the
causal states; recall the discussion of causality in Section 2.3.4. Moreover, given the current causal state, all

the possible next values of the observed sequence (
→
S

1

) have well defined conditional probabilities. In fact,

by construction the entire semi-infinite future (
→
S ) does. Thus, there is a well defined probability T

(s)
ij of the

process generating the value s ∈ A and going to causal state Sj , if it is in state Si.

Definition 14 (Causal Transitions) The labeled transition probability T
(s)
ij is the probability of making

the transition from state Si to state Sj while emitting the symbol s ∈ A:

T
(s)
ij ≡ P(S ′ = Sj ,

→
S

1

= s|S = Si) , (4.13)

where S is the current causal state and S ′ its successor. Denote the set {T (s)
ij : s ∈ A} by T.

Lemma 8 (Transition Probabilities) T
(s)
ij is given by

T
(s)
ij = P(

←
S s ∈ Sj |

←
S∈ Si) , (4.14)
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where
←
S s is read as the semi-infinite sequence obtained by concatenating s ∈ A onto the end of

←
S .

Proof. It’s enough to show that the events concerned are really the same. That is, I want to show that
{
S′ = Sj ,

→
S

1

= s, S = Si

}
=

{←
S s ∈ Sj ,

←
S∈ S

}
.

Now, that S = Si and
←
S∈ Si are the same event is clear by construction. So, too, for

←
S
′

∈ Sj and S ′ = Sj .
So I can certainly assert that

{
S′ = Sj ,

→
S

1

= s, S = Si

}
=

{
←
S
′

∈ Sj ,
→
S

1

= s,
←
S∈ Si

}
.

The conjunction of the first and third events implies that, for all
←
s , if

←
S=

←
s , then

←
S
′

=
←
s a, for some symbol

a ∈ A. But the middle event ensures that a = s. Hence,
{
S′ = Sj ,

→
S

1

= s, S = Si

}
=

{
←
S s ∈ Sj ,

→
S

1

= s,
←
S∈ Si

}
.

But now the middle event is redundant and can be dropped. Thus,
{
S′ = Sj ,

→
S

1

= s, S = Si

}
=

{←
S s ∈ Sj ,

←
S∈ Si

}
,

as promised. Since the events have the same probability, when conditioned on S, the events
{←
S s ∈ Sj

}
and

{
S′ = Sj ,

→
S

1

= s

}
will yield the same conditional probability.3 QED.

Notice that T
(∅)
ij = δij ; that is, the transition labeled by the null symbol ∅ is the identity.

4.2.3 ǫ-Machines

The combination of the function ǫ from histories to causal states with the labeled transition probabilities

T
(s)
ij is called the ǫ-machine of the process (Crutchfield 1994a; Crutchfield and Young 1989).

Definition 15 (An ǫ-Machine Defined) The ǫ-machine of a process is the ordered pair {ǫ,T}, where ǫ
is the causal state function and T is set of the transition matrices for the states defined by ǫ.

Equivalently, you can denote an ǫ-machine by {S,T}.
I promised that computational mechanics would be “algebraic” back in Section 2.3.5, so here is an explicit

connection with semi-group theory, and can you get more algebraic?

Lemma 9 (ǫ-Machines Are Monoids) The algebra generated by the ǫ-machine {ǫ,T} is a monoid — a
semi-group with an identity element.

Proof. See Appendix B.2.
Remark. Due to this, ǫ-machines can be interpreted as capturing a process’s generalized symmetries.

Any subgroups of an ǫ-machine’s semi-group are, in fact, symmetries in the usual sense.

Lemma 10 (ǫ-Machines Are Deterministic) For each Si ∈ S and each s ∈ A, there is at most one

Sj ∈ S such that, for every history
←
s ∈ Si, the history

←
ss ∈ Sj. If such a Sj exists, then for all other

Sk ∈ S, T
(s)
ik = 0. If there is no such Sj, then T

(s)
ik = 0 for all Sk ∈ S whatsoever. That is, the ǫ-machine is

deterministic in the sense of Definition 59.
3Technically, they will yield versions of the same conditional probability, i.e., they will agree with probability 1. See Appendix

B.3.
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Proof. The first part of the lemma asserts that for all s ∈ A and
←
s ,
←
s
′
∈
←
S , if ǫ(

←
s ) = ǫ(

←
s
′
), then

ǫ(
←
ss) = ǫ(

←
s
′
s). (

←
ss is just another history and belongs to one or another causal state.) I’ll show that this

follows directly from causal equivalence.

Consider any pair of histories
←
s ,
←
s
′
such that ǫ(

←
s ) = ǫ(

←
s
′
), any single symbol s, and a (measurable) set

F of future events. Let sF denote the set of futures obtained by prefixing the symbol s to each future in F .

(sF is also measurable.) By causal equivalence, P(
→
S∈ sF |

←
S=

←
s ) = P(

→
S∈ sF |

←
S=

←
s
′
). Now,

→
S∈ sF can

be decomposed into the intersection of two events:
→
S

1

= s and
→
S 1∈ F , where

→
S 1 is the random variable for

the future sequence, ignoring the next symbol. Therefore, we begin with the following equalities.

P(
→
S∈ sF |

←
S=

←
s ) = P(

→
S∈ sF |

←
S=

←
s
′
)

P(
→
S

1

= s,
→
S 1∈ F |

←
S=

←
s ) = P(

→
S

1

= s,
→
S 1∈ F |

←
S=

←
s
′
)

For any three random variables X,Y, Z, the conditional probability P(Z ∈ A, Y = y|X = x) can be factored
as P(Z ∈ A|Y = y, X = x)P(Y = y|X = x) (Eq. B.5) 4.

P(
→
S 1∈ F |

→
S

1

= s,
←
S=

←
s )P(

→
S

1

= s|
←
S=

←
s )

= P(
→
S 1∈ F |

→
S

1

= s,
←
S=

←
s
′
)P(
→
S

1

= s|
←
S=

←
s
′
)

From causal equivalence, the second factors on each side of the equation are equal, so divide through for

them. (I address the case where P(
→
S

1

= s|
←
S=

←
s ) = P(

→
S

1

= s|
←
S=

←
s
′
) = 0 below.)

P(
→
S 1∈ F |

→
S

1

= s,
←
S=

←
s ) = P(

→
S 1∈ F |

→
S

1

= s,
←
S=

←
s
′
)

P(
→
S∈ F |

←
S=

←
s s) = P(

→
S∈ F |

←
S=

←
s
′
s)

The last step is justified by (conditional) stationarity. Since the set F of future events is arbitrary, it follows

that
←
s s∼ǫ

←
s
′
s. Consequently, for each Si and each s, there is at most one Sj such that T

(s)
ij > 0.

As remarked, causal equivalence tells us that P(
→
S

1

= s|
←
S=

←
s ) = P(

→
S

1

= s|
←
S=

←
s
′
). But they could

both be equal to zero, in which case we can’t divide through for them. But then, again as promised, it

follows that every entry in the transition matrix T
(s)
ij = 0, when Si = ǫ(

←
s ). Thus, the labeled transition

probabilities have the promised form. QED.
Remark 1. This use of “determinism” is entirely standard in automata theory (see Appendix A.4), but

obviously is slightly confusing. Many simple stochastic processes, such as Markov chains, are deterministic in
this sense. Indeed, some computer scientists are so shameless as to say things like “stochastic deterministic
finite automata”. Sadly, nothing can be done about this. Whenever there is a possibility of confusion
between determinism in the automata-theoretic sense, and determinism in the ordinary, physical sense, I’ll
call the latter “non-stochasticity” or “non-randomness”.

Remark 2. Starting from a fixed state, a given symbol always leads to at most one single state. But there
can be several transitions from one state to another, each labeled with a different symbol.

Remark 3. Clearly, if T
(s)
ij > 0, then T

(s)
ij = P(

→
S

1

= s|S = Si). In automata theory the disallowed

transitions (T
(s)
ij = 0) are sometimes explicitly represented and lead to a “reject” state indicating that the

particular history does not occur.

Lemma 11 (ǫ-Machines Are Markovian) Given the causal state at time t− 1, the causal state at time
t is independent of the causal state at earlier times.

4This assumes the regularity of the conditional probabilities, which is valid for our discrete processes. Again, see Appendix
B.3.
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Proof. I’ll start by showing that, writing S, S ′, S′′ for the sequence of causal states at three successive
times, S and S ′′ are conditionally independent, given S ′.

Let M be a (measurable) set of causal states.

P(S ′′ ∈ M|S ′ = σ′, S = σ) = P(
→
S

1

∈ A|S ′ = σ′, S = σ) ,

where A ⊆ A is the set of all symbols that lead from σ′ to some σ′′ ∈ M. This is a well-defined and
measurable set, in virtue of Lemma 10 immediately preceding, which also guarantees (see Remark 3 to the
Lemma) the equality of conditional probabilities I used. Invoking Lemma 7, conditioning on S has no further
effect once we’ve conditioned on S ′,

P(
→
S

1

∈ A|S ′ = σ′, S = σ) = P(
→
S

1

∈ A|S ′ = σ′)

= P(S ′′ ∈ M|S ′ = σ′)

But (Proposition 9 and Eq. B.4) this is true if and only if conditional independence holds. Now the lemma
follows by straightforward mathematical induction. QED.

Remark 1. This lemma strengthens the claim that the causal states are, in fact, the causally efficacious
states: given knowledge of the present state, what has gone before makes no difference. (Again, recall the
philosophical preliminaries of Section 2.3.4.)

Remark 2. This result indicates that the causal states, considered as a process, define a Markov process.
Thus, causal states are a kind of generalization of hidden Markovian states. Of course, the class of ǫ-
machines is substantially richer (Crutchfield 1994a; Upper 1997) than what’s normally associated with
Markov processes (Kemeny and Snell 1976; Kemeny, Snell and Knapp 1976) or even hidden Markov processes
(Elliot, Aggoun and Moore 1995). In fact, we’ve just shown that every conditionally stationary discrete
stochastic process has a Markovian representation!

Definition 16 (ǫ-Machine Reconstruction) ǫ-Machine reconstruction is any procedure that given a pro-

cess P(
↔
S ) (respectively an approximation of P(

↔
S )), produces the process’s ǫ-machine {S,T} (respectively an

approximation of {S,T}).

Given a mathematical description of a process, one can often calculate analytically its ǫ-machine. (For
example, see the computational mechanics analysis of spin systems in Feldman and Crutchfield 1998a.)

There is also a wide range of algorithms which reconstruct ǫ-machines from empirical estimates of P(
↔
S ). I

give such an algorithm in the next chapter.

4.3 Optimalities and Uniqueness, or, Why Causal States Are the

Funk

I now show that: causal states are maximally accurate predictors of minimal statistical complexity; they
are unique in sharing both properties; and their state-to-state transitions are minimally stochastic. In other
words, they satisfy both of the constraints borrowed from Occam, and they are the only representations
that do so. The overarching moral here is that causal states and ǫ-machines are the goals in any learning or
modeling scheme. The argument is made by the time-honored means of proving optimality theorems.

All the theorems, and some of the lemmas, will be established by comparing causal states, generated by
ǫ, with other rival sets of states, generated by other functions η. In short, none of the rival states — none
of the other patterns — can out-perform the causal states.

It is convenient to recall some notation before plunging in. Let S be the random variable for the current

causal state,
→
S

1

∈ A the next “observable” we get from the original stochastic process, S ′ the next causal
state, R the current state according to η, and R′ the next η-state. σ will stand for a particular value (causal
state) of S and ρ a particular value of R. When I quantify over alternatives to the causal states, I’ll quantify
over R.
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Figure 4.3: An alternative class R of states (delineated by dashed lines) that partition
←
S overlaid on the

causal states S (outlined by solid lines). Here, for example, S2 contains parts of R1, R2, R3 and R4. The
collection of all such alternative partitions form Occam’s pool. Note again that the Ri need not be compact
nor simply connected, as drawn.

Theorem 5 (Causal States Are Prescient) (Crutchfield and Shalizi 1999)
For all R and all L ∈ ✁ +,

H [
→
S

L

|R] ≥ H [
→
S

L

|S] . (4.15)

Proof. We have already seen that H [
→
S

L

|R] ≥ H [
→
S

L

|
←
S ] (Lemma 5). But by construction (Definition

13),

P(
→
S

L

=
→
s

L
|
←
S=

←
s ) = P(

→
S

L

=
→
s

L
|S = ǫ(

←
s )) . (4.16)

Since entropies depend only on the probability distribution, H [
→
S

L

|S] = H [
→
S

L

|
←
S ] for every L. Thus,

H [
→
S

L

|R] ≥ H [
→
S

L

|S], for all L. QED.
Remark. That is to say, causal states are as good at predicting the future — are as prescient — as

complete histories. In this, they satisfy the first requirement borrowed from Occam. Since the causal states
are well defined and since they can be systematically approximated, this shows that the upper bound on
the strength of patterns (Definition 12 and Lemma 5, Remark) can be reached. Intuitively, the causal states
achieve this because, unlike effective states in general, they do not throw away any information about the

future which might be contained in
←
S . Even more colloquially, to paraphrase Bateson’s (1979) definition

of information, the causal states record every difference (about the past) that makes a difference (to the
future). We can actually make this intuition quite precise, in an easy corollary to the theorem.

Corollary 2 (Causal States Are Sufficient Statistics) The causal states S of a process are sufficient
statistics for predicting it.

Proof. It follows from Theorem 5 and Eq. A.10 that, for all L ∈ ✁ +,

I[
→
S

L

;S] = I[
→
S

L

;
←
S ] , (4.17)

where I was defined in Eq. A.10. Consequently, by Proposition 6, the causal states are sufficient statistics
for futures of any length. QED.

All subsequent results concern rival states that are as prescient as the causal states. Call these prescient
rivals, and denote a class of them by R̂.
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Definition 17 (Prescient Rivals) Prescient rivals R̂ are states that are as predictive as the causal states;
viz., for all L ∈ ✁ +,

H [
→
S

L

|R̂] = H [
→
S

L

|S] . (4.18)

Remark. Prescient rivals are also sufficient statistics.

Theorem 6 (Sufficiency and Determinism Imply Prescience) If R is a sufficient statistic for the

next symbol, i.e., if P(
→
S

1

= a|R = η(
←
s )) = P(

→
S

1

= a|S = ǫ(
←
s )) for all a ∈ A, and if R is deterministic (in

the sense of Definition 59), then R is prescient. That is, deterministic states which get the distribution of
the next symbol right are prescient.

Proof : It will be enough to show that, for any L, P(
→
S

L

|R) = P(
→
S

L

|S), since then the equality of
conditional entropies is obvious. I do this by induction; suppose that the equality of conditional probabilities
holds for all lengths of futures up to some L, and consider futures of length L+ 1.

P(
→
S

L+1

= sLa|R = η(
←
s )) = (4.19)

= P(
→
SL+1= a|R = η(

←
s ),
→
S

L

= sL)P(
→
S

L

= sL|R = η(
←
s ))

= P(
→
SL+1= a|R = η(

←
s ),
→
S

L

= sL)P(
→
S

L

= sL|S = ǫ(
←
s ))

where the second line uses the inductive hypothesis. Since we assume the R states are deterministic, the

combination of the current effective state (η(
←
s )) and the next L symbols (sL) fixes a unique future effective

state, namely η(
←
s sL). Thus, by Proposition 8, Appendix B.3, we see that P(

→
SL+1= a|R = η(

←
s ),
→
S

L

= sL) =

P(
→
S

1

= a|R = η(
←
s sL)). Substituting back in,

P(
→
S

L+1

= sLa|R = η(
←
s )) = P(

→
S

1

= a|R = η(
←
s sL))P(

→
S

L

= sL|S = ǫ(
←
s ) (4.20)

= P(
→
S

1

= a|S = ǫ(
←
s sL))P(

→
S

L

= sL|S = ǫ(
←
s ) (4.21)

= P(
→
S

L+1

= sLa|S = ǫ(
←
s )) , (4.22)

so the induction is established. Since (by hypothesis) it holds for L = 1, it holds for all positive L. QED.
Remark. The causal states satisfy the hypotheses of this proposition. Since, as we shall see (Theorem 7),

the causal states are the minimal prescient states, they are also the minimal deterministic states which get
the distribution of the next symbol right. This is handy when doing ǫ-machine reconstruction (Chapter 5).

Lemma 12 (Refinement Lemma) For all prescient rivals R̂ and for each ρ̂ ∈ R̂, there is a σ ∈ S and
a measure-0 subset ρ̂0 ⊂ ρ̂, possibly empty, such that ρ̂ \ ρ̂0 ⊆ σ, where \ is set subtraction.

The proof is identical to that for the memoryless case (Lemma 4). An alternative, more algebraic, proof
appears in Appendix B.4. The Lemma is illustrated by the contrast between Figures 4.4 and 4.3.

Theorem 7 (Causal States Are Minimal) (Crutchfield and Shalizi 1999) For all prescient rivals R̂,

Cµ(R̂) ≥ Cµ(S) . (4.23)
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Figure 4.4: A prescient rival partition R̂ must be a refinement of the causal-state partition almost everywhere.
That is, almost all of each R̂i must contained within some Sj ; the exceptions, if any, are a set of histories

of measure 0. Here for instance S2 contains the positive-measure parts of R̂3, R̂4, and R̂5. One of these
rival states, say R̂3, could have member-histories in any or all of the other causal states, provided the total
measure of such exceptional histories is zero. Cf. Figure 4.3.

The proof is identical to that in the memoryless case (Theorem 2).
Remark 1. No rival pattern, which is as good at predicting the observations as the causal states, is any

simpler than the causal states. (This is the theorem of Crutchfield and Young (1989).) Occam therefore
tells us that there is no reason not to use the causal states. The next theorem shows that causal states are
uniquely optimal and so that Occam’s Razor all but forces us to use them.

Remark 2. Here it becomes important that we are trying to predict the whole of
→
S and not just some

piece,
→
S

L

. Suppose two histories
←
s and

←
s
′

have the same conditional distribution for futures of lengths
up to L, but differing ones after that. They would then belong to different causal states. An η-state that

merged those two causal states, however, would have just as much ability to predict
→
S

L

as the causal states.
More, these R-states would be simpler, in the sense that the uncertainty in the current state would be lower.
Causal states are optimal, but for the hardest job — that of predicting futures of all lengths.

Corollary 3 (Causal States Are Minimal Sufficient Statistics) The causal states are minimal suffi-
cient statistics for predicting futures of all lengths.

The proof is identical to that for the memoryless case (Corollary 1).
I can now, as promised, define the statistical complexity of a process (Crutchfield 1994a; Crutchfield and

Young 1989).

Definition 18 (Statistical Complexity of a Process) The statistical complexity “Cµ(O)” of a process
O is that of its causal states: Cµ(O) ≡ Cµ(S).

Due to the minimality of causal states, the statistical complexity measures the average amount of his-
torical memory stored in the process. Since we can trivially elaborate internal states, while still generating
the same observed process — arbitrarily complex sets of states can be prescient. If we didn’t have the
minimality theorem, we couldn’t talk about the complexity of the process, just that of various predictors of
it (Crutchfield 1992).

Theorem 8 (Causal States Are Unique) For all prescient rivals R̂, if Cµ(R̂) = Cµ(S), then there

exists an invertible function between R̂ and S that almost always preserves equivalence of state: R̂ and η
are the same as S and ǫ, respectively, except on a set of histories of measure 0.
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The proof is the same as for the memoryless case (Theorem 3); the same remarks apply.

Theorem 9 (ǫ-Machines Are Minimally Stochastic) (Crutchfield and Shalizi 1999) For all prescient

rivals R̂,

H [R̂′|R̂] ≥ H [S ′|S] , (4.24)

where S ′ and R̂′ are the next causal state of the process and the next η̂-state, respectively.

Proof. From Lemma 10, S ′ is fixed by S and
→
S

1

together, thus H [S ′|S,
→
S

1

] = 0 by Eq. A.23. Therefore,
from the chain rule for entropies Eq. A.17,

H [
→
S

1

|S] = H [S ′,
→
S

1

|S] . (4.25)

There’s no result like the Determinism Lemma 10 for the rival states R̂, but entropies are always non-negative:

H [R̂′|R̂,
→
S

1

] ≥ 0. Since for all L, H [
→
S

L

|R̂] = H [
→
S

L

|S] by the definition (Definition 17) of prescient rivals,

H [
→
S

1

|R̂] = H [
→
S

1

|S]. Now apply the chain rule again,

H [R̂′,
→
S

1

|R̂] = H [
→
S

1

|R̂] +H [R̂′|
→
S

1

, R̂] (4.26)

≥ H [
→
S

1

|R̂] (4.27)

= H [
→
S

1

|S] (4.28)

= H [S ′,
→
S

1

|S] (4.29)

= H [S ′|S] +H [
→
S

1

|S′,S] . (4.30)

To go from Eq. 4.28 to Eq. 4.29 use Eq. 4.25, and in the last step use the chain rule once more.
Using the chain rule one last time, with feeling, we have

H [R̂′,
→
S

1

|R̂] = H [R̂′|R̂] +H [
→
S

1

|R̂′, R̂] . (4.31)

Putting these expansions, Eqs. 4.30 and 4.31, together we get

H [R̂′|R̂] +H [
→
S

1

|R̂′, R̂] ≥ H [S ′|S] +H [
→
S

1

|S′,S] (4.32)

H [R̂′|R̂] −H [S ′|S] ≥ H [
→
S

1

|S′,S] −H [
→
S

1

|R̂′, R̂] .

From Lemma 12, we know that S = g(R̂), so there is another function g′ from ordered pairs of η-states to

ordered pairs of causal states: (S ′,S) = g′(R̂′, R̂). Therefore, Eq. A.25 implies

H [
→
S

1

|S′,S] ≥ H [
→
S

1

|R̂′, R̂] . (4.33)

And so, we have that

H [
→
S

1

|S′,S] −H [
→
S

1

|R̂′, R̂] ≥ 0

H [R̂′|R̂] −H [S ′|S] ≥ 0

H [R̂′|R̂] ≥ H [S ′|S] . (4.34)

QED.
Remark. What this theorem says is that there is no more uncertainty in transitions between causal states,

than there is in the transitions between any other kind of prescient effective states. In other words, the causal
states approach as closely to perfect determinism — in the usual physical, non-computation-theoretic sense
— as any rival that is as good at predicting the future.
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4.4 Bounds

In this section I develop bounds between measures of structural complexity and entropy derived from ǫ-
machines and those from ergodic and information theories, which are perhaps more familiar.

Definition 19 (Excess Entropy) The excess entropy E of a process is the mutual information between its
semi-infinite past and its semi-infinite future:

E ≡ I[
→
S ;
←
S ] . (4.35)

The excess entropy is a frequently-used measure of the complexity of stochastic processes and appears
under a variety of names; e.g., “predictive information”, “stored information”, “effective measure complex-
ity”, and so on (Crutchfield and Packard 1983; Shaw 1984; Grassberger 1986; Lindgren and Nordahl 1988;
Li 1991; Arnold 1996; Bialek and Tishby 1999). E measures the amount of apparent information stored in
the observed behavior about the past. But E is not, in general, the amount of memory that the process
stores internally about its past; that’s Cµ.

Theorem 10 (The Bounds of Excess) The statistical complexity Cµ bounds the excess entropy E:

E ≤ Cµ , (4.36)

with equality if and only if H [S|
→
S ] = 0.

Proof. E = I[
→
S ;
←
S ] = H [

→
S ]−H [

→
S |
←
S ] and, by the construction of causal states, H [

→
S |

←
S ] = H [

→
S |S], so

E = H [
→
S ] −H [

→
S |S] = I[

→
S ;S] . (4.37)

Thus, since the mutual information between two variables is never larger than the self-information of either

one of them (Eq. A.20), E ≤ H [S] = Cµ, with equality if and only if H [S|
→
S ] = 0. QED.

Remark 1. Note that I invoked H [
→
S ], not H [

→
S

L

], but only while subtracting off quantities like H [
→
S |

←
S ].

We needn’t worry, therefore, about the existence of a finite L → ∞ limit for H [
→
S

L

], just that of a finite

L→ ∞ limit for I[
→
S

L

;
←
S ] and I[

→
S

L

;S]. There are many elementary cases (e.g., the fair coin process) where
the latter limits exist, while the former do not. (See Gray (1990) for details on how to construct such a
mutual information with full rigor.)

Remark 2. At first glance, it is tempting to see E as the amount of information stored in a process.
As Theorem 10 shows, this temptation should be resisted. E is only a lower bound on the true amount of
information the process stores about its history, namely Cµ. You can, however, say that E measures the
apparent information in the process, since it is defined directly in terms of observed sequences and not in
terms of hidden, intrinsic states, as Cµ is.

Remark 3. Perhaps another way to describe what E measures is to note that, by its implicit assumption
of block-Markovian structure, it takes sequence-blocks as states. But even for the class of block-Markovian
sources, for which such an assumption is appropriate, excess entropy and statistical complexity measure
different kinds of information storage. Feldman and Crutchfield (1998a) and Crutchfield and Feldman (1997)
showed that in the case of one-dimensional range-R spin systems, or any other block-Markovian source where
block configurations are isomorphic to causal states,

Cµ = E +Rhµ , (4.38)

for finite R. Only for zero-entropy-rate block-Markovian sources will the excess entropy, a quantity estimated
directly from sequence blocks, equal the statistical complexity, the amount of memory stored in the process.
Examples of such sources include periodic processes, for which Cµ = E = log2 p, where p is the period.
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Corollary 4 For all prescient rivals R̂,

E ≤ H [R̂] . (4.39)

Proof. This follows directly from Theorem 7, since H [R̂] ≥ Cµ. QED.

Lemma 13 (Conditioning Does Not Affect Entropy Rate) For all prescient rivals R̂,

h[
→
S ] = h[

→
S |R̂] , (4.40)

where the entropy rate h[
→
S ] and the conditional entropy rate h[

→
S |R̂] were defined in Eq. 4.4 and Eq. 4.5,

respectively.

Proof. From Theorem 10 and its Corollary 4,

lim
L→∞

(
H [
→
S

L

] −H [
→
S

L

|R̂]

)
≤ lim

L→∞
H [R̂] , (4.41)

or,

lim
L→∞

H [
→
S

L

] −H [
→
S

L

|R̂]

L
≤ lim

L→∞

H [R̂]

L
. (4.42)

Since, by Eq. A.15, H [
→
S

L

] −H [
→
S

L

|R̂] ≥ 0,

h[
→
S ] − h[

→
S |R̂] = 0 . (4.43)

QED.
Remark. Forcing the process into a certain state R̂ = ρ̂ is akin to applying a controller, once. But in the

infinite-entropy case, H [
→
S

L

] →L→∞ ∞, which is the general one, the future could contain (or consist of) an
infinite sequence of disturbances. In the face of this “grand disturbance”, the effects of the finite control are
simply washed out.

Another way of viewing this is to reflect on the fact that h[
→
S ] accounts for the effects of all the dependen-

cies between all the parts of the entire semi-infinite future. This, owing to the time-translation invariance of
(conditional) stationarity, is equivalent to taking account of all the dependencies in the entire process, includ-

ing those between past and future. But these are what is captured by h[
→
S |R̂]. It is not that conditioning

on R fails to reduce our uncertainty about the future; it does so, for all finite times, and conditioning on S
achieves the maximum possible reduction in uncertainty. Rather, the lemma asserts that such conditioning
cannot affect the asymptotic rate at which such uncertainty grows with time.

Theorem 11 (Control Theorem) Given a class R̂ of prescient rivals,

H [S] − h[
→
S |R̂] ≤ Cµ , (4.44)

where H [S] is the entropy of a single symbol from the observable stochastic process.

Proof. As is well known (Cover and Thomas 1991, Theorem 4.2.1, p. 64), for any stationary stochastic
process,

lim
L→∞

H [
→
S

L

]

L
= lim

L→∞
H [SL|

→
S

L−1

] . (4.45)
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Moreover, the limits always exist. Up to this point, I defined h[
→
S ] in the manner of the left-hand side; recall

Eq. 4.4. It’s now more convenient to use the right-hand side.
From the definition of conditional entropy,

H [
←
S

L

] = H [
←
S

1

|
←
S

L−1

] +H [
←
S

L−1

]

= H [
←
S

L−1

|
←
S

1

] +H [
←
S

1

] . (4.46)

So we can express the entropy of the last observable the process generated before the present as

H [
←
S

1

] = H [
←
S

L

] −H [
←
S

L−1

|
←
S

1

] (4.47)

= H [
←
S

1

|
←
S

L−1

] +H [
←
S

L−1

] −H [
←
S

L−1

|
←
S

1

] (4.48)

= H [
←
S

1

|
←
S

L−1

] + I[
←
S

L−1

;
←
S

1

] . (4.49)

To go from Eq. 4.47 to Eq. 4.48, substitute the first RHS of Eq. 4.46 for H [
←
S

L

].
Taking the L→ ∞ limit has no effect on the LHS,

H [
←
S

1

] = lim
L→∞

(
H [
←
S

1

|
←
S

L−1

] + I[
←
S

L−1

;
←
S

1

]

)
. (4.50)

Since the process is stationary, we can move the first term in the limit forward to H [SL|
→
S

L−1

]. This limit is

h[
→
S ], by Eq. 4.45. Furthermore, because of stationarity, H [

←
S

1

] = H [
→
S

1

] = H [S]. Shifting the entropy rate

h[
→
S ] to the LHS of Eq. 4.50 and appealing to time-translation once again,

H [S] − h[
→
S ] = lim

L→∞
I[
←
S

L−1

;
←
S

1

] (4.51)

= I[
←
S ;
→
S

1

] (4.52)

= H [
→
S

1

] −H [
→
S

1

|
←
S ] (4.53)

= H [
→
S

1

] −H [
→
S

1

|S] (4.54)

= I[
→
S

1

;S] (4.55)

≤ H [S] = Cµ , (4.56)

where the last inequality comes from Eq. A.20. QED.
Remark 1. Thinking of the controlling variable as the causal state, this is a limitation on the controller’s

ability to reduce the entropy rate.
Remark 2. This is the only result so far where the difference between the finite-L and the infinite-L cases

is important. For the analogous result in the finite case, see Appendix B.5, Theorem 25.
Remark 3. By applying Theorem 7 and Lemma 13, we could go from the theorem as it stands to

H [S] − h[
→
S |R̂] ≤ H [R̂]. This has a pleasing appearance of symmetry to it, but is actually a weaker limit

on the strength of the pattern or, equivalently, on the amount of control that fixing the causal state (or one
of its rivals) can exert.

4.5 The Physical Meaning of Causal States

All this has been very abstract, and not particularly “physical.” This is the price for a general method, one
which is not tied to particular assumptions about the physical character of the processes to which it can be
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applied. That said, nothing prevents us from applying the formalism to the kind of things we came to know
and love while reading Landau and Lifshitz (1980). In particular, the computational mechanics of time series
can be applied to the time evolution of ordinary statistical-mechanical systems, and the result helps clarify
the meaning of causal states — and the meaning of macrostates in statistical mechanics.5

Consider a collection of physical particles, obeying the usual laws of classical mechanics with some
Hamiltonian or other, and described by an ensemble distribution in the microscopic phase space Γ. The
ensemble is not necessarily any of the usual equilibrium ensembles, and we don’t suppose that the system
is anywhere near equilibrium or a steady state. Now think of your favorite macroscopic variable S. The
value of S will be a function of where the system happens to be in Γ when you make your measurement,
i.e., S = s(x), x ∈ Γ. The macrovariable S induces a partition on the phase space Γ; call the partition A.
Conversely, a (measurable) partition of Γ corresponds to some macroscopic variable. If you measure several
macrovariables S,R . . . simultaneously (which is always possible, classically), the induced partition of Γ is
simply the product of the partitions of the individual variables, A × B × . . . . We may regard this joint
variable as simply yet another macroscopic variable, which could be measured directly with the appropriate
instrument. So, without loss of generality, let’s just think about a single macrovariable. With only minor
loss of generality, moreover, let’s assume that it’s discrete, and measured at discrete times.6 Restricting
ourselves to discrete times allows us to write the time-evolution of the phase space in the form of a discrete
map, T : Γ 7→ Γ.

Histories of measurements of this macrovariable induce yet another partition of Γ, in the following manner.
Each observation value s corresponds to a set As of points in phase space. The sequence of measurements
ss′ thus corresponds to the set Ass′ ≡ TAs ∩ As′ , where T is the phase-space mapping operator. Since the
sets As form a partition, it’s easy to see that the sets Ass′ form a refinement of that partition. An exercise
in mathematical induction extends this to any sequence of measurements of countable length. The partition
induced by histories of length L+ 1 is always a refinement of histories of length L. So far this is an entirely
standard construction of symbolic dynamics for a statistical-mechanical system, as found in, e.g., Dorfman
(1998). Normally, to get useful results from such a construction, the initial partition must be a Markov
or generating partition, or otherwise pretty special. Here we have just started with whatever observable
partition we liked.

Now comes the trick. By making the time evolution of the statistical mechanical system look like
an ordinary discrete stochastic process, we have brought it within the range of application of the theory
developed in this chapter. We can construct causal states for it, and those states have three key properties:
they are optimal predictors of the original sequence of measurements; they are Markovian; and they are the

minimal set of states of which both those things are true. But S is a partition of
←
S, which in turn is a

partition of Γ. Therefore S induces a partition on Γ (which is coarser, generally considerably coarser, than

that induced by
←
S). The causal state, therefore, corresponds to a measurable macroscopic variable, call it

C, which is the coarsest one that can both predict the macrovariable(s) with which we started, and whose
own dynamics are Markovian. But these are the properties of a “good” set of macroscopic variables, of ones
which define a useful macrostate: they are dynamically autonomous (Markovian), the present value of them
predicts future behavior optimally, and nothing simpler does the job.7 Thermodynamic macrostates, then,
are causal states, and conversely causal states are a kind of generalized macrostate, with the value of the
causal state acting as a generalized order parameter.

Put slightly differently, what we have done is construct a partition of the phase space Γ which is Marko-

5This section derives from Shalizi and Moore (2001). That in turn is based on earlier work connecting statistical and
computational mechanics (Crutchfield 1992; Crutchfield 1994a; Crutchfield and Feldman 1997; Feldman and Crutchfield 1998a;
Feldman 1998; Crutchfield and Shalizi 1999). Cf. Lloyd and Pagels (1988).

6The limited accuracy and precision of all instruments arguably imposes something like discretization on all our measurements
anyway, but that’s a bit of a tricky point, which I’d like to evade.

7An apparent exception is found in systems, like glasses (Zallen 1983) and spin glasses (Fischer and Hertz 1988), where there
are memory effects over very long time scales. These are due, however, to the very large number of metastable states in these
systems, transitions between which are slow. The memory effects can be eliminated by introducing the occupations of these
metastable states as order parameters — by adding a macroscopic number of degrees of freedom, as Fischer and Hertz put it.
For more on this point, see Shalizi and Moore (2001).
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vian, starting from an arbitrary observational partition. Each causal state thus corresponds not only to a
history of observations, but also to a region in phase space. (Perry and Binder (1999) have mapped these
regions, albeit for an unusually simple phase space.) Even better, since the causal states form a Markov
chain, the distribution of sequences of causal states is a Gibbs distribution.8 Yet we haven’t had to assume
that our system is in equilibrium, or in a steady state, or has any particular kind of ensemble (such as a
maximum entropy ensemble). This is, perhaps, part of the justification for why the assumption of Gibbs
distributions is often fruitful in non-equilibrium statistical mechanics.9

Of course, this argument is very, very far from a complete story for macrostates and macrovariables. It
says nothing, for instance, about why extensive quantities are good macrovariables. Nor does it say anything
about why macrovariables are, so to speak, recyclable, why pressure (say) is a good macrovariable for many
systems with little in common microscopically. The explanation of such regularities presumably is to be
found, not in the very general statistical properties captured by computational mechanics, but in the more
detailed dynamical properties studied by ergodic theory (Ruelle 1989; Dorfman 1998; Gaspard 1998; Ruelle
1999), and to some extent in the theory of large deviations (Ellis 1985; Ellis 1999).

8The proof that Markovianity implies a Gibbs measure over sequences, and vice versa, while fairly straightforward, is outside
the scope of this book. See Guttorp (1995) for an elementary proof.

9Thanks to Erik van Nimwegen for this observation.
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Chapter 5

A Machine Reconstruction Algorithm

Those who are good at archery learnt from the bow and not from Yi the Archer. Those who
know how to manage boats learnt from the boats and not from Wo. Those who can think learnt
from themselves, and not from the Sages.
—Anonymous (T’ang Dynasty).

A natural and appropriate reaction to the theory developed in Chapters 3 and 4 is that it may be all
well and good as a pure mathematical construction, but that it will only matter if it can be implemented, if
it can be put into practice. This is as it should be. Consider the difference in fate between two similar ideas
proposed at roughly the same time, namely attractor reconstruction, a.k.a. “geometry from a time series”
(Packard, Crutchfield, Farmer and Shaw 1980), and the Turing-machine test for the presence of deterministic
structure in a time series (Takens 1983). The former has become a fundamental tool of nonlinear dynamics,
not just because it is mathematically important, but because it can be reduced to practice. The latter is
almost completely ignored, because it is simply impossible to implement. Implementation separates Neat
Ideas from Real Tools.

This has been recognized since the first days of computational mechanics, when an algorithm was de-
veloped for ǫ-machine reconstruction (Crutchfield and Young 1989; Crutchfield and Young 1990), which
merged distinct histories together into states when their morphs seemed “close”. (I will briefly describe this
algorithm, and related but distinct approaches, in Section 5.1.) This has since become the standard one,
to the point where some conflate it with computational mechanics as such. People have used the algorithm
on discrete maps (Crutchfield and Young 1990), on sequences from cellular automata (Hanson 1993) and
on one-dimensional spin systems (Feldman and Crutchfield 1998a; Feldman 1998). It has even been applied
to experimental data, from the dripping faucet system (Gonçalves, Pinto, Sartorelli and de Oliveira 1998),
from stochastic resonance experiments (Witt, Neiman and Kurths 1997), and from turbulent geophysical
fluid flows (Palmer, Fairall and Brewer 2000; Nicholas Watkins, personal communication, 2000).

While the Crutchfield-Young algorithm has considerable intuitive appeal, and has a record of success in
practice, it is not altogether satisfactory. We are essentially dealing with a problem in statistical inference,
and its statistical justification is weak. Because it works by merging, it effectively makes the most complicated
model of the process it can. This gross rejection of Occam’s Razor is not only ideologically repugnant, but
hard to analyze statistically. Finally, the algorithm does not make use of any of the known properties of
causal states and ǫ-machines to guide the search, e.g., though the causal states are deterministic, the states
it returns often aren’t.

This chapter presents a new algorithm which improves on the old Crutchfield-Young algorithm in all
these respects. It operates on the opposite principle, namely creating or splitting off new states only when
absolutely forced to. I specify the new algorithm, prove its asymptotic reliability or convergence on the true
states, and describe its successful function. I then speculate about how the rate of convergence varies with
characteristics of the process, such as its statistical complexity Cµ, and make hand-wavy arguments for a
particular form of dependence.
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Erik van Nimwegen originally suggested the core of this idea, inspired by Bussemaker, Li and Siggia
(2000), which, however, looks at “words” in biosequence data and natural-language corpora rather than
causal states. (Thanks to Erik as well for providing a preprint of that paper.) The development of this
algorithm is joint work with Kristina Klinkner, and a more extensive report on it can be had in Klinkner
and Shalizi (2001).

5.1 Reconstructing States by Merging

Previous procedures for reconstructing the states operate by using what one might call compression or
merging. The default is that each distinct history encountered in the data is a distinct causal state. Histories
are then merged into states on the basis of equality of conditional probabilities of futures, or at least of
closeness of those probabilities.

The standard Crutchfield-Young merging algorithm is a tree method. Assume the process takes values
from an alphabet A of size k. Then the algorithm is to build a k-ary tree of some pre-set depth L, where paths
through the tree correspond to sequences of observations of length L, obtained by sliding a window through
the data stream (or streams, if there are several). If L = 4, say, and the sequence abba is encountered, the
path in the tree will start at the root node, take the edge labeled a to a new node, then take the outgoing
edge labeled b to a third node, then the edge labeled b from that, and finally the edge labeled a to a fifth
node, which is a leaf. An edges of the tree is labeled, not just with a symbol, but also with the number of
times that edge has been traversed in scanning through the data stream. Call the number on the ai edge
going out of node n, ν(ai|n), and the total number of sequences we have entered into the tree N .

The traversal-counts are converted into empirical conditional probabilities by simple division:

P̂N(ai|n) =
ν(ai|n)∑
aj
ν(aj |n)

(We write P̂N to remind ourselves that the probability estimate is a function of the number of data points
N .) Thus attached to each non-leaf node is an empirical conditional distribution for the next symbol. If n
has descendants to depth K, then it has (by implication) a conditional distribution for futures of length K.

The merging procedure is now as follows. Consider all nodes with sub-trees of depth L/2. Take any two
of them. If all the empirical probabilities attached to the edges in their sub-trees are within some constant δ
of one another, then the two nodes are equivalent, and they (and their descendants) should be merged with
one another. The new node for the root will have incoming links from both the parents of the old nodes.
This procedure is to be repeated until no further merging is possible.1

All other methods for causal state reconstruction currently in use are also based on merging. Take, for
instance, the “topological” or “modal” merging procedure of Perry and Binder (1999). They consider the
relationship between histories and futures, both (in the implementation) of length L. Two histories are
assigned to the same state if the sets of futures which can succeed them are identical.2 The distribution over
those futures is then estimated for each state, not for each history.

5.1.1 What’s Wrong with Merging Methods?

The basic problem with all merging methods is that their default is to treat each history as belonging to its
own causal state, creating larger causal states only when they must. The implicit null model of the process
is thus the most complicated one that can be devised, given the length of histories available to the algorithm.
This seems perverse, especially given computational mechanics’s strong commitment to Occam’s Razor and
the like. Worse, it makes it very hard, if not impossible, to apply standard tools of statistical inference to
the estimation procedure.

1Since the criterion for merging is not a true equivalence relation (it isn’t transitive), the order in which states are examined
for merging matters, and various tricks exist for dealing with this. See, e.g., Hanson (1993).

2This is an equivalence relation, but it isn’t causal equivalence.
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For instance: what is a reasonable value of δ? Clearly, as the amount of data increases, and the Law of
Large Numbers makes empirical probabilities converge to true probabilities, δ should grow smaller. But it
is grossly impractical to calculate what δ should be, since the null model itself is so complicated. (Current
best practice is to pick δ as though the process were an IID multinomial, which is just the opposite of the
algorithm’s default estimate!) Furthermore, using the same δ for every pair of nodes is a bad idea, since one
node might have been sampled much less often than the other, and so the conditional probabilities in its
sub-tree are less accurate than those in the other.

The results summarized in Chapter 4 tell us a lot about what the causal states are like; for instance,
they are deterministic, they are Markovian, etc. No existing reconstruction algorithm makes use of this
information to guide its search. The Crutchfield-Young algorithm frequently returns a non-deterministic
set of states, for instance, which can’t possibly be the true causal states.3 This sort of behavior should be
discouraged.

None of this is to say that merging algorithms do not work in practice, since they have. It’s even clear
that, given enough data, and a small enough δ, if the true causal states can be identified on the basis of
finite histories, the Crutchfield-Young algorithm will identify them. Still, their limitations and deficiencies
are deeply unsatisfying.

5.2 Reconstructing States by Splitting

5.2.1 Description of the Method

We assume we are given a sequence of length N over the finite alphabet A.4 We wish to calculate from this
a class of states, Ŝ. Each member σ̂ of Ŝ is a set of histories, or suffixes to histories. The function ǫ̂ maps

a finite history
←
s to that σ̂ containing the longest sequence terminating

←
s , i.e., to the state containing the

longest suffix of
←
s .

Each σ̂ ∈ Ŝ, is associated with a distribution for the next observable
→
S

1

, i.e., P(
→
S

1

= a|Ŝ = σ̂) is defined
for each a ∈ A and each σ̂. We will call this conditional distribution the morph of the state.

The null hypothesis is that the process is Markovian on the basis of the states in Ŝ,

P(
→
S

1

|
←
S

L

= asL−1) = P(
→
S

1

|
←
S

L−1

= sL−1) (5.1)

= P(
→
S

1

|Ŝ = ǫ̂(sL−1)) (5.2)

We apply a standard statistical test to this hypothesis, e.g. the Kolmogorov-Smirnov test5, at some spec-
ified significance level. (If we use the KS test, we can actually avoid estimating the conditional distribution,
and just use the empirical frequency counts.) This controls directly the probability of type I error (rejecting
the null when it is true), and generally the KS test has higher power (lower probability of type II error, of
accepting the null when it’s false) than other, similar tests, such as χ2 (Rayner and Best 1989). We modify
Ŝ only when the null is rejected.

I. Initialization. Set L = 0, and Ŝ = {σ̂0}, where σ̂0 = {∅}, i.e., σ̂0 contains only the null sequence. We
assume that the null sequence can be regarded as a suffix of any history, so that initially all histories are
mapped to σ̂0. The morph of σ̂0 is defined by

P(
→
S

1

= a|Ŝ = σ̂0) = P(
→
S

1

= a) ,

3It is sometimes claimed (Jay Palmer, personal communication) that the non-determinism is due to non-stationarity in the
data stream. While a non-stationary source can cause the Crutchfield-Young algorithm to return non-deterministic states, the
algorithm quit capable of doing this when the source is IID.

4The modification to handle multiple sequences, multiple samples from the same process, is discussed at the end of this
section.

5See Press, Teukolsky, Vetterling and Flannery (1992, sec. 14.3) and Hollander and Wolfe (1999, pp. 178–187) for details of
this test.



45

so the initial model is that the process is a sequence of independent, identically-distributed random variables.
II. Homogeneity. We first generate states whose members are homogeneous (Definition 6) for the next

symbol — whose parts all have the same morph. Or rather, we generate states whose members have no
significant differences in their morphs.

1. For each σ̂ ∈ Ŝ, calculate P̂N (
→
S

1

|Ŝ = σ̂) — the “distribution” of that state.

(a) For each sequence
←
s

L
∈ σ̂, estimate P(

→
S

1

= a|
←
S

L

=
←
s

L
). The naive maximum-likelihood

estimate,

P̂N(
→
S

1

= a|
←
S

L

=
←
s

L
) =

ν(
←
S

L

=
←
s

L
,
→
S

1

= a)

ν(
←
S

L

=
←
s

L
)

,

is simple and well-adapted to the later part of the procedure, but other estimators could be used.

This distribution is the morph of
←
s

L
.

(b) The morph of σ̂ is the weighted average of the morphs of the sequences
←
s

L
∈ σ̂, with weights

proportional to ν(
←
S

L

=
←
s

L
).

(c) For the special case when L = 0 and the only history is the null sequence, see above.

2. For each σ̂ ∈ Ŝ, test the null (Markov) hypothesis. For each length L sequence
←
s

L
∈ σ̂ and each a ∈ A,

generate the suffix of length L+ 1 a
←
s

L
— a child suffix of

←
s

L
.

(a) Estimate the morph of a
←
s

L
by the same method as used above.

(b) Test whether the morphs of a
←
s

L
and σ̂ differ significantly.

(c) If they do, then it is worthwhile to distinguish a
←
s

L
from

←
s

L
, and from all the other histories in

σ̂.

i. Test whether there are any states Ŝ whose morphs do not differ significantly from that of

a
←
s

L
. If so, add a

←
s

L
to the state whose morph it matches most closely, as measured by the

score of the significance test6.

ii. If the morph of a
←
s

L
is significantly different from the morphs of all existing states, create a

new state and add a
←
s

L
to it, with its morph.

iii. Generate all the other child suffixes of
←
s

L
, and assign them to the states whose morphs they

match most closely.

iv. Delete
←
s

L
(and any of its ancestors)7 from σ̂.

v. Recalculate the morphs of states from which sequences have been added or deleted.

(d) If the morph of a
←
s

L
does not differ significantly from that of σ̂, add a

←
s

L
to σ̂.

3. Increment L by one.

4. Repeat steps 1–3 until we reach some preset maximum length Lmax.

At the end of this procedure, no history is in a state whose morph is significantly different from its own.
Moreover, every state’s morph is significantly different from every other state’s morph. The causal states
have this property, but they are also deterministic, and we need another procedure to “determinize” Ŝ.

III. Determinization.

6Actually, which of these states a
←

s
L

is assigned to is irrelevant in the limit where N → ∞; but this choice is convenient
and plausible.

7If any of the ancestors of
←

s
L

are around as suffixes, then they must also be in σ̂.



46

1. For each state σ̂ ∈ Ŝ

(a) For each a ∈ A
i. Calculate ǫ̂(

←
s a) for all

←
s ∈ σ̂ — these are the successor states on a of the histories.

ii. If there is only one successor state on a, go on to the next a.
iii. If there are n ≥ 2 successor states on a, create n− 1 new states, moving histories into them

from σ̂ so that all histories in the new states and σ̂ now have the same successor on a. Go
back to 1.

(b) If every history
←
s in σ̂ has the same successor on a, for every a, go on to the next state.

2. For each state, output the list of sequences in the state, the conditional probability for each symbol
a ∈ A, and the successor on a.

It is clear that this procedure will terminate (in the worst case, when every history is assigned to its own
state), and that when it terminates, Ŝ will be deterministic. Moreover, because we create the deterministic
states by splitting the homogeneous states, the deterministic states remain homogeneous.

Now, by Theorem 6, the causal states are the minimal states which have a homogeneous distribution for
the next symbol and are deterministic. If we had access to the exact conditional distributions, therefore,
and did not have to estimate the morphs, this procedure would return the causal states. Instead it returns
a set of states which in some sense cannot be significantly distinguished from them.

5.2.2 Reliability of Reconstruction

The road to wisdom? — Well, it’s plain
and simple to express:

Err
and err
and err again
but less
and less
and less.

— Piet Hein (1966, p. 34)

We wish to show that the algorithm we have given will, like the Crutchfield-Young algorithm, return the
correct causal states, if Lmax is sufficiently large, and N → ∞. To be more precise, assume that Lmax is

large enough that
←
s

Lmax

is sufficient to place the system in the correct causal state. We wish to show that
the probability that Ŝ 6= S goes to zero as N → ∞. For definiteness, we’ll assume here that the algorithm
employs the KS test, though nothing vital hinges on that.

Nothing can go wrong in procedure I.

Two sorts of error are possible in procedure II. A history
←
s can be put in a class with

←
s
′
, even though

←
s 6∼ǫ

←
s
′
; or two histories which are causally equivalent could be assigned to different states,

←
s∼ǫ

←
s
′

but

ǫ̂(
←
s ) 6= ǫ̂(

←
s
′
). Can we show that these events become vanishingly rare as N → ∞?

Each time we see
←
s , the next symbol

→
S

1

is independent of what the next symbol is every other time we

see
←
s ; this is what it means for Lmax to be large enough to make the process Markovian. Hence our naive

maximum-likelihood estimate of the morph, P̂N(
→
S

1

|
←
S=

←
s ), is the empirical mean of IID random variables,

and by the strong law of large numbers, converges on P(
→
S

1

|
←
S=

←
s ) with probability 1 as N → ∞.8 If

8For probabilists. Technically, the strong law just tells us this happens for each realization of
→

S
1

separately. Since there are
only a finite number of them, however, it still is true for them all jointly, and so for the distribution.
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Create first state

INITIALIZATION
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similar distributions

HOMOGENEITY
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 for each state
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Add sequence
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null
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null
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Remove all ancestor 
 sequences from parent state

Figure 5.1: Flow chart for the operation of the state-splitting reconstruction algorithm.
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←
s∼ǫ

←
s
′
, then P(

→
S

1

|
←
S=

←
s ) = P(

→
S

1

|
←
S=

←
s
′
). Therefore, ∀a ∈ A

∣∣∣∣P̂N (
→
S

1

= a|
←
S=

←
s ) − P̂N(

→
S

1

= a|
←
S=

←
s
′
)

∣∣∣∣ → 0

as N → 0, at least in probability. Therefore the KS test statistic for the difference between the morphs of
←
s

and
←
s
′
will converge to zero, and the probability that two histories which belong to the same causal state

will be assigned to different states goes to zero.

If
←
s 6∼ǫ

←
s
′
, then there are two possibilities. (1) ∃a ∈ A such that P(

→
S

1

= a|
←
S=

←
s ) 6= P(

→
S

1

= a|
←
S=

←
s
′
).

Call the difference between those probabilities p. Then
∣∣∣∣P̂N(

→
S

1

= a|
←
S=

←
s ) − P̂N(

→
S

1

= a|
←
S=

←
s
′
)

∣∣∣∣ → p

in probability, and so the KS test will separate
←
s and

←
s
′
. (2) The morphs are the same, but ∃sK ∈ AK such

that P(
→
S

1

|
←
S=

←
s sK) 6= P(

→
S

1

|
←
S=

←
s
′
sK). Then (by the previous argument)

←
s sK and

←
s
′
sK will belong to

different states, at least in the limit, and so, recursively,
←
s and

←
s
′
will be separated by procedure III.

Nothing can go wrong in procedure III.
Therefore P(Ŝ 6= S) → 0 as N → ∞.
In the terminology of mathematical statistics (Cramér 1945), we have just shown that the algorithm is

a consistent estimator of the causal states. In that of machine learning theory (Kearns and Vazirani 1994;
Vapnik 2000), it is probably approximately correct. In that of the philosophy of science (Glymour 1992;
Spirtes, Glymour and Scheines 2001; Kelly 1996) it is reliable.

5.2.3 Advantages of the Method

The main advantages of this algorithm are, naturally enough, the opposites of what I said were the disad-
vantages of the Crutchfield-Young algorithm.

The implicit null model is that the process is IID, which is the simplest model we could use. We add states
only when the current model is definitely rejected, and so introduce complications (and complexity) only as
the data demand them. By using a proper hypothesis test, instead of a simple cut-off as in the Crutchfield-
Young algorithm, we take in to account the effects of sample size and the non-trivial form of the distribution.
Adjusting the significance level directly controls the rate at which the algorithm creates spurious states. It
also indicates our fear of over-fitting, or our willingness to accept additional complexity in return for better
fits to the data. Strict fidelity to Occam not only lets us bask in the warmth of methodological virtue, it
gives us a better handle on what our program is doing.

The algorithm makes full use of the known properties of the causal states — their homogeneity, their
determinism, their Markovianity. This greatly reduces the space of state classes in which the algorithm must
search, and so should significantly improve the rate of convergence (see below). By using homogeneity and
determinism, we never have to look at futures of length greater than one, which is good both for the time
it takes the algorithm to run and for the accuracy of the results. By keeping everything deterministic and
Markovian, it should be possible to analytically calculate error rates (size, power, and even severity (Mayo
1996; Mayo and Spanos 2000)), at least in the asymptotic regime, by adapting results in Billingsley (1961).

5.2.3.1 Problems with the Method

We have no assurance that the set of states produced by this algorithm will be minimal. Currently there is
no penalty for making spurious distinctions which do not impair prediction. Because we can only use finite
quantities of data, it is always possible that, simply through bad luck and sampling errors, two histories
which belong in the same causal state will have significantly different sample-distributions of futures, and
be split. This might be avoided by lowering the significance level in the KS test, and so splitting only when
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the difference in the conditional distribution of futures is larger, but past a certain point, this will tend to
lump together states which should be split — the old trade-off between false positives and false negatives in
statistics.

We need to fix a value for Lmax. Normally, we imagine that this should be as large as time and memory
constraints will allow — if there isn’t enough data to go back that far, the significance test will handle
it automatically. It is possible, however, to independently test for the Markov order of the data stream
(Billingsley 1961; van der Heyden, Diks, Hoekstra and DeGoede 1998), and so place bounds on Lmax, if we
want to.

The algorithm returns a single state class. But for finite N , there are generally lots of others which
would do at least as well on all the tests. The one the algorithm returns depends on such details of its
innards as the order in which it generates child suffixes. Rather than providing a point estimate of the
causal states, it would be nice if it gave us all the adequate state classes, all the ones whose performance is
over a certain threshold; this would be a kind of confidence region for the causal states. Since doing that is,
for combinatorial reasons, really impractical, it might be better to randomize such things as the orders of
generations and checking, and re-run the algorithm repeatedly to sample the confidence region.9

Lastly, any pattern which is strictly sofic — where there are subwords of allowed words which are
forbidden — the algorithm will fail to pick up the pattern. A particularly annoying example, suggested by
Cris Moore, is the language which consists of all strings where the total numbers of zeroes and ones are even.
The difficulty here is that while the entire data-stream could not consist of (say) the string 000111, that
could occur as a substring (of 00011101 or 00011110 or even 000111000111), and there is no way of telling
whether or not the string as a whole is admissible until we reach its end. Existing merging algorithms also
fail on this example, however10 It’s not clear how to work around this.

5.3 Some Notes on an Implementation

We implemented the algorithm in C++, running on Sun workstations. For reasons of speed and memory
conservation, the conditional probability distributions were stored as a parse tree, rather as in the Crutchfield-
Young algorithm. We used the Kolmogorov-Smirnov test, modifying slightly the code in Press et al. (1992),
and, following statistical convention, set the significance level to 0.05. The absolute-worst-case run time is
O(N + |A|Lmax+1

) (Klinkner and Shalizi 2001).
We have tested our implementation on a range of processes where we can work out the correct causal

states by hand. These include multinomial IID processes, periodic sequences, stationary Markov models,
hidden Markov models, and master equations/biased random walks. None of the tests cases has had more
than 7 states. In every case, with N = 1000 and Lmax = 5, the code returns the correct states at least 95%
of the time. All cases were computed much faster than the worst-case analysis would lead us to fear. While
these preliminary results are too scanty to support detailed quantitative analysis, qualitatively, things look
good.

Currently, the algorithm scans in only a single time series. It will be easy to modify the code so that it
can be given multiple series, storing them all in the same parse tree. This assumes that they all come from
the same source, but that’s the only way that it makes sense to use multiple series in reconstructing a single
ǫ-machine anyway.

5.4 Statistical Analysis and Rates of Convergence

There are some statistical properties of the algorithm which need careful analysis.
One is value of the significance level. If we keep it at .05, then we can expect that, out of twenty times

when we should not split a state, we will do so once. This will effect the error statistics (see below), but we

9The TETRAD algorithm for causal discovery in graphs does something like this (Spirtes, Glymour and Scheines 2001).
10The Crutchfield-Young algorithm works very well, however, on languages with parity constraints on blocks of symbols, say,

ones only occur in blocks of even length.
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would also like to know about how often we will not split states when we should. This probability, essentially
the power of the test, is not directly given by the significance level, but it should be possible to calculate
using the tools of statistical inference for Markov chains (Billingsley 1961). This in turn will tell us what is
a reasonable value for the significance level.

The second major issue is the scaling of the error statistics (Mayo 1996), or the rates of convergence.
We have seen that these go to zero as N → ∞. Infinity is a long time, however, and we’d like to know how
long we need to wait for the error to be small. More precisely, suppose we introduce a measure of the error
involved in using the states estimated from N data points, ŜN , rather than the true causal states — call
this error err(ŜN ). Then we would like to find a function n(δ, ε) such that, if N > n(δ, ε),

P(err(ŜN ) ≥ ε) ≤ 1 − δ . (5.3)

Alternately, we fix δ and invert n to get ε(N, δ) — given N data points, with confidence level 1− δ, the error
is ε or less. The dependence of ε on N for fixed δ is the rate of convergence of the algorithm.

The exact rate of convergence is likely to be complicated and highly dependent on the characteristics of
the process generating the data, i.e., on precisely the things we want the algorithm to tell us about. We
would therefore like to find functions which bound n(δ, ε) or ε(N, δ), where the bounds are fairly tight, but
hold across a wide range of processes, and the bounding functions can be calculated in terms of very general
characteristics; something like the statistical complexity would be ideal. We want, if not exactly a uniform
rate of convergence in the technical sense, then something of that ilk.

Under the circumstances we’ve assumed, it’s easy to adapt results from large deviation and empirical
process theory (Ellis 1985; Pollard 1984; Feng and Kurtz 2000) to see that the empirical conditional distri-

butions P̂N(
→
S

1

|
←
S=

←
s ) should converge on P(

→
S

1

|
←
S=

←
s ) exponentially in N . This does not imply that

the global error converges exponentially, however. In fact, based on studies of the rate of convergence of
other statistical estimators, especially for stochastic processes (Bickel and Ritov 1995; van de Geer 2000;
Bosq 1998) we conjecture that the rate of convergence will be polynomial in N and in Cµ

−1. Generally such
rates of convergence results depend very strongly on the size of the space of possible models the estimation
algorithm must search through, so we also conjecture that the splitting algorithm, with its constraints of
determinism and the like, will converge faster than the Crutchfield-Young algorithm. (For preliminary results
on the error statistics of the Crutchfield-Young algorithm see Crutchfield and Douglas 1999.)

Establishing analytical bounds on the rate of convergence is likely to be extremely tricky, though there are
promising hints in machine learning theory (Evans, Rajagopalan and Vazirani 1993), in addition to empirical
process theory and large deviations theory. A numerical-experimental approach to the problem would be to
fix on a global error measure, such as the relative entropy between the actual distribution over sequences
and that predicted by ŜN , and measure how it varies with N and with characteristics of the process, such
as Cµ. We could similarly look at Ĉµ as a function of N , where we expect the mean to converge on the true
value from below, and more rapidly the smaller Cµ is.
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Chapter 6

Connections to Other Approaches

6.1 Time Series Modeling

The goal of time series modeling is to predict the future of a measurement series on the basis of its past.
Broadly speaking, this can be divided into two parts: identify equivalent pasts and then produce a prediction

for each class of equivalent pasts. That is, we first pick a function η :
←
S 7→ R and then pick another function

p : R 7→
→
S. Of course, we can choose for the range of p futures of some finite length (length 1 is popular) or

even choose distributions over these. While practical applications often demand a single definite prediction
— “You will meet a tall dark stranger”, there are obvious advantages to predicting a distribution — “You
have a .95 chance of meeting a tall dark stranger and a .05 chance of meeting a tall familiar albino.” Clearly,
the best choice for p is the actual conditional distribution of futures for each ρ ∈ R. Given this, the question
becomes what the best R is; i.e., What is the best η? At least in the case of trying to understand the whole
of the underlying process, the best η is, unambiguously, ǫ. Computational mechanics subsumes the whole of
traditional time series modeling.

Computational mechanics — in its focus on letting the process speak for itself through (possibly impover-
ished) measurements — follows the spirit that motivated one approach to experimentally testing dynamical
systems theory. Specifically, it follows in spirit the methods of reconstructing “geometry from a time se-
ries” introduced by Packard, Crutchfield, Farmer and Shaw (1980) and Takens (1981). A closer parallel is
found, however, in later work on estimating minimal equations of motion from data series (Crutchfield and
McNamara 1987).

6.2 Decision-Theoretic Problems

The classic focus of decision theory is “rules of inductive behavior” (Neyman 1950; Blackwell and Girshick
1954; Luce and Raiffa 1957). The problem is to chose functions from observed data to courses of action that
possess desirable properties. This task has obvious affinities to considering the properties of ǫ and its rivals
η. We can go further and say that what we have done is consider a decision problem, in which the available
actions consist of predictions about the future of the process. The calculation of the optimum rule of behavior
in general faces formidable technicalities, such as providing an estimate of the utility of every different course
of action under every different hypothesis about the relevant aspects of the world. Remarkably enough,
however, we can show that, for anything which it’s reasonable to call a decision problem, the optimal rule
of behavior can be implemented using ǫ (Appendix D).
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6.3 Stochastic Processes

Clearly, the computational mechanics approach to patterns and pattern discovery involves stochastic pro-
cesses in an intimate and inextricable way. Probabilists have, of course, long been interested in using
information-theoretic tools to analyze stochastic processes, particularly their ergodic behavior (Billingsley
1965; Gel’fand and Yaglom 1956; Caines 1988; Gray 1990). There has also been considerable work in the
hidden Markov model and optimal prediction literatures on inferring models of processes from data or from
given distributions (Blackwell and Koopmans 1957; Ito, Amari and Kobayashi 1992; Algoet 1992; Upper
1997; Jaeger 2000). To the best of my knowledge, however, these two approaches have not been previously
combined.

Perhaps the closest approach to the spirit of computational mechanics in the stochastic process literature
is, surprisingly, the now-classical theory of optimal prediction and filtering for stationary processes, developed
by Wiener and Kolmogorov (Kolmogorov 1941; Wiener 1949; Wiener 1958; Schetzen 1989; Wiener 1961). The
two theories share the use of information-theoretic notions and the unification of prediction and structure. So
far as I’ve been able to learn, however, no one has ever used this theory to explicitly identify causal states and
causal structure, leaving these implicit in the mathematical form of the prediction and filtering operators.
Moreover, the Wiener-Kolmogorov framework forces us to sharply separate the linear and nonlinear aspects
of prediction and filtering, because it has a great deal of trouble calculating nonlinear operators (Wiener
1958; Schetzen 1989). Computational mechanics is completely indifferent to this issue, since it packs all of the
process’s structure into the ǫ-machine, which is equally calculable in linear or strongly nonlinear situations1.

6.4 Formal Language Theory and Grammatical Inference

A formal language is a set of symbol strings (“words” or “allowed words”) drawn from a finite alphabet.
Every formal language may be described either by a set of rules (a “grammar”) for creating all and only
the allowed words, by an abstract automaton which also generates the allowed words, or by an automaton
which accepts the allowed words and rejects all “forbidden” words.2 ǫ-machines, stripped of probabilities,
correspond to such automata — generative in the simple case or classificatory, if we add a reject state and
move to it when none of the allowed symbols are encountered.

Since Chomsky (1956, 1957), it has been known that formal languages can be classified into a hierarchy,
the higher levels of which have strictly greater expressive power. The hierarchy is defined by restricting the
form of the grammatical rules or, equivalently, by limiting the amount and kind of memory available to the
automata. The lowest level of the hierarchy is that of regular languages, which may be familiar to Unix-
using readers as regular expressions. These correspond to finite-state machines, for which relatives of the
minimality and uniqueness theorems are well known (Lewis and Papadimitriou 1998), and the construction
of causal states is analogous to “Nerode equivalence classing” (Hopcroft and Ullman 1979). Our theorems,
however, are not restricted to this low-memory, non-stochastic setting; for instance, they apply to hidden
Markov models with both finite and infinite numbers of hidden states (Upper 1997).

The problem of learning a language from observational data has been extensively studied by linguists,
and by computer scientists interested in natural-language processing. Unfortunately, well developed learning
techniques exist only for the two lowest classes in the Chomsky hierarchy, the regular and the context-free
languages. (For a good account of these procedures see Charniak (1993) and Manning and Schütze (1999).)
Adapting and extending this work to the reconstruction of ǫ-machines should form a useful area of future
research (cf. the “hierarchical ǫ-machine reconstruction” of Crutchfield (1994a)).

1For more on the nonlinear Wiener theory, see Section 7.6.
2For more on formal languages and automata, see Appendix A.4.



53

6.5 Computational and Statistical Learning Theory

The goal of computational learning theory (Kearns and Vazirani 1994; Vapnik 2000) is to identify algorithms
that quickly, reliably, and simply lead to good representations of a target “concept”. The latter is typically
defined to be a binary dichotomy of a certain feature or input space. Particular attention is paid to results
about “probably approximately correct” (PAC) procedures (Valiant 1984): those having a high probability
of finding members of a fixed “representation class” (e.g., neural nets, Boolean functions in disjunctive
normal form, or deterministic finite automata). The key word here is “fixed”; as in contemporary time-
series analysis, practitioners of this discipline acknowledge the importance of getting the representation
class right. (Getting it wrong can make easy problems intractable.) In practice, however, they simply
take the representation class as a given, even assuming that we can always count on it having at least one
representation which exactly captures the target concept. Although this is in line with implicit assumptions
in most of mathematical statistics, it seems dubious when analyzing learning in the real world (Crutchfield
1994a; Boden 1994; Thornton 2000).

In any case, the preceding development made no such assumption. One of the goals of computational
mechanics is, exactly, discovering the best representation. This is not to say that the results of computational
learning theory are not remarkably useful and elegant, nor that one should not take every possible advantage
of them in implementing ǫ-machine reconstruction. But these theories belong more to statistical inference,
particularly to algorithmic parameter estimation, than to foundational questions about the nature of pattern
and the dynamics of learning.

6.6 Description-Length Principles and Universal Coding Theory

Rissanen’s minimum description length (MDL) principle, most fully described in Rissanen (1989), is a pro-
cedure for selecting the most concise generative model out of a family of models that are all statistically
consistent with given data. The MDL approach starts from Shannon’s results on the connection between
probability distributions and codes.

Suppose we choose a representation that leads to a class M of models and are given data set X . The
MDL principle enjoins us to pick the model M ∈ M that minimizes the sum of the length of the description
of X given M, plus the length of description of M given M. The description length of X is taken to
be − log P(X |M); cf. Eq. A.7. The description length of M may be regarded as either given by some
coding scheme or, equivalently, by some distribution over the members of M. (Despite the similarities to
model estimation in a Bayesian framework (Lindley 1972), Rissanen does not interpret this distribution as
a Bayesian prior or regard description length as a measure of evidential support.)

The construction of causal states is somewhat similar to the states estimated in Rissanen’s context al-
gorithm (Rissanen 1983; Rissanen 1989; Bühlmann and Wyner 1999), and to the “vocabularies” built by
universal coding schemes, such as the popular Lempel-Ziv algorithm (Lempel and Ziv 1976; Ziv and Lempel
1977). Despite the similarities, there are significant differences. For a random source — for which there is a
single causal state — the context algorithm estimates a number of states that diverges (at least logarithmi-
cally) with the length of the data stream, rather than inferring a single state, as ǫ-machine reconstruction
would. Moreover, the theory makes no reference to encodings of rival models or to prior distributions over
them; Cµ(R) is not a description length.

6.7 Measure Complexity

Grassberger (1986) proposed that the appropriate measure of the complexity of a process was the “minimal
average Shannon information needed” for optimal prediction. This true measure complexity was to be taken
as the Shannon entropy of the states used by some optimal predictor. The same paper suggested that it
could be approximated (from below) by the excess entropy; there called the effective measure complexity, as
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noted in Section 4.4 above. This is a position closely allied to that of computational mechanics, to Rissanen’s
MDL principle, and to the minimal embeddings introduced by attractor-reconstruction methods.

In contrast to computational mechanics, however, the key notion of “optimal prediction” was left un-
defined, as were the nature and construction of the states of the optimal predictor. In fact, the predictors
used required knowing the process’s underlying equations of motion. Moreover, the statistical complexity
Cµ(S) differs from the measure complexities in that it is based on the well defined causal states, whose
optimal predictive powers are in turn precisely defined. Thus, computational mechanics is an operational
and constructive formalization of the insights expressed in Grassberger (1986).

6.8 Hierarchical Scaling Complexity

Introduced in Badii and Politi (1997, ch. 9), this approach seeks, like computational mechanics, to extend
certain traditional ideas of statistical physics. In brief, the method is to construct a hierarchy of nth-order
Markov models and examine the convergence of their predictions with the real distribution of observables as
n → ∞. The discrepancy between prediction and reality is, moreover, defined information theoretically, in
terms of the relative entropy or Kullback-Leibler distance (Kullback 1968; Cover and Thomas 1991). (I’ve
not used this quantity.) The approach implements Weiss’s discovery that for finite-state sources there is a
structural distinction between block-Markovian sources (subshifts of finite type) and sofic systems. Weiss
showed that, despite their finite memory, sofic systems are the limit of an infinite series of increasingly larger
block-Markovian sources (Weiss 1973).

The hierarchical-scaling-complexity approach has several advantages, particularly its ability to handle
issues of scaling in a natural way (see Badii and Politi (1997, sec. 9.5)). Nonetheless, it does not attain all
the goals set in Section 2.3.5. Its Markovian predictors are so many black boxes, saying little or nothing
about the hidden states of the process, their causal connections, or the intrinsic computation carried on by
the process. All of these properties are manifest from the ǫ-machine. A productive line of future work would
be to investigate the relationship between hierarchical scaling complexity and computational mechanics,
and to see whether they can be synthesized. Along these lines, hierarchical scaling complexity is sort of
reminiscent of hierarchical ǫ-machine reconstruction (Crutchfield 1994a).

6.9 Continuous Dynamical Computing

Using dynamical systems as computers has become increasingly attractive over the last ten years or so
among physicists, computer scientists, and others exploring the physical basis of computation (Huberman
1985; Moore 1996; Moore 1998; Orponen 1997; Blum, Shub and Smale 1989). These proposals have ranged
from highly abstract ideas about how to embed Turing machines in discrete-time nonlinear continuous maps
(Crutchfield and Young 1990; Moore 1990) to, more recently, schemes for specialized numerical computation
that could in principle be implemented in current hardware (Sinha and Ditto 1998). All of them, however,
have been synthetic, in the sense that they concern designing dynamical systems that implement a given
desired computation or family of computations. In contrast, one of the central questions of computational
mechanics is exactly the converse: given a dynamical system, how can one detect what it is intrinsically
computing?

Having a mathematical basis and a set of tools for answering this question are important to the synthetic,
engineering approach to dynamical computing. Using these tools we may be able to discover novel forms of
computation embedded in natural processes that operate at higher speeds, with less energy or with fewer
physical degrees of freedom than currently possible.
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Chapter 7

Transducers with Memory

We watch an ant make his laborious way across and wind- and wave-molded beach. He moves
ahead, angles to the right to ease his climb up a steep dunelet, detours around a pebble, stops for
a moment to exchange information with a compatriot. So as not to anthropomorphize about his
purposes, I sketch the path on a piece of paper. It is a sequence of irregular, angular segments
— not quite a random walk, for it has an underlying sense of direction, of aiming towards a goal
. . . .

Viewed as a geometric figure, the ant’s path is irregular, complex, hard to describe. But its
complexity is really a complexity in the surface of the beach, not a complexity in the ant. On
that same beach another small creature with a home at the same place as the ant might well
follow a very similar path . . . .

The ant, viewed as a behaving system, is quite simple. The apparent complexity of its behavior
over time is largely a reflection of the complexity of the environment in which it finds itself.

— Herbert Simon (1996, pp. 51–52)

7.1 Introduction

The previous chapters have developed the computational mechanics for memoryless transducers and for time
series. We now “combines our information” to deal with transducers with memory. The picture is that one
series, called the input, is fed into a transducer, box (or other physical process), resulting in an output series.
This differs from the case of memoryless transduction because the transducer has internal states, and so a
kind of memory for both the past of the input process and its own internal dynamics (which may well be
stochastic). The goal is to be able to identify the internal states of the transducer and their structure of
connection — to find the ǫ-transducer.

Put another way: we have two time series, and the future values of the output are a stochastic functional
of the history of the input. We want to put this relationship in “transducer form,” replacing the stochastic
functional of the series with a stochastic function of an internal or hidden state of a transducer, which in turn
is a functional of the history. That is, we want to represent these relationships by means of a generalization
of what automata theory calls “finite state transducers” or “sequential machines” (Moore 1956; Booth 1967;
Hartmanis and Stearns 1966; Carroll and Long 1989). We won’t assume that we’ll need only a finite number
of states.

7.1.1 Notation and Assumptions

Adapting the notation of Chapter 4 in the obvious way, write the stochastic process of the input as
↔
X, its

past as
←
X , and its future as

→
X. It takes values from the finite alphabet A. The symbols

↔
Y ,
←
Y ,
→
Y , B serve

the same role for the output process.
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Both input and output values are in general multidimensional variables, but we don’t care about that.

Write the set of all possible input histories as
←
X. Similarly, write

←
Y for the set of all possible output

histories.

7.2 Simplifying the Transducer Problem

It is commonly assumed that you completely specify a transducer by giving the conditional probabilities of all
finite-length input-output pairs. That is, you need only specify P(Yn+1, Yn . . . Y1|Xn, . . . X0) to completely
specify the behavior of the transducer. I’ve never seen a demonstration that this is enough, but it’s hard to
see what else there could be, and in any case I shall appeal to proof-by-consensus.

Assume it is true, and factor that conditional probability as follows:

P(
→
Y

L

=
→
y

L−1

b|
←
X

L

=
←
x

L−1
a) (7.1)

= P(
→
Y L= b|

→
Y

L−1

=
→
y

L−1

,
←
X

L

=
←
x

L−1
a)P(

→
Y

L−1

=
→
y

L−1

|
←
X

L

=
←
x

L−1
a) (7.2)

= P(
→
Y L= b|

→
Y

L−1

=
→
y

L−1

,
←
X

L

=
←
x

L−1
a)P(

→
Y

L−1

=
→
y

L−1

|
←
X

L−1

=
←
x

L−1
) (7.3)

In the last line, I assumed that the future of the input is independent of the past of the output, given the past
of the input. This is true just when there is no feedback from output to input. I’ll deal with the feedback
case below (Section 7.5).

Clearly, we can repeat this factoring with the last factor, P(
→
Y

L−1

=
→
y

L−1

|
←
X

L−1

=
←
x

L−1
), since it has

the same form as our original term. Thus, to get all the conditional probabilities needed for the transducer,

it is enough to know all the probabilities of the form P(
→
Y

1

|
←
X

L

,
←
Y

L

). We then build up the probabilities of
output sequences by multiplying these next-output conditional distributions together.1

Reverting to our usual habit of considering a semi-infinite history, this means that we want conditional

probabilities of the form P(
→
Y

1

|
←
X,
←
Y ); all the other conditional probabilities we require can be obtained from

this distribution by “marginalizing” the histories down to the needed finite length. Finding transducer states
reduces to finding states which “get right” the next output, given the complete input and output histories.

7.3 Effective Transducer States

The definitions of effective states, of predictive ability and of statistical complexity all transfer in the obvious
way, except that I define alternate states as equivalence classes over the joint history of inputs and outputs.
I’ll give all these definitions over again for convenience here.

Definition 20 (Joint History) The joint history of a transducer system is the random variable (
←
X,
←
Y ),

which takes values from the space
←
X ×

←
Y. (

←
x,
←
y ) ⊕ (a, b) denotes the joint history obtained by appending a

to the input history and b to the output history, (
←
x a,

←
y b).

Definition 21 (Effective States of Transducers) Transducer effective states are equivalence classes of

joint histories. To each class of effective states R there corresponds a function η :
←
X×

←
Y 7→ R. The random

variable for the current effective state is R, its realizations ρ.

Definition 22 (Predictive Power for Transducer Effective States) The predictive power of R is
measured by the entropy of future outputs conditional on the present effective state, and the future inputs,

H [
→
Y

L

|R,
→
X

L−1

]. R has more predictive power than R
′ iff H [

→
Y

L

|R,
→
X

L−1

] < H [
→
Y

L

|R′,
→
X

L−1

]
1Conditioning on the output history makes a difference iff the transducer has memory and internal stochasticity.
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I include
→
X

L−1

in the conditioning variables because I want to attend only to how well the effective states
capture the internal structure of the transducer, and the relation it imposes between inputs and outputs,
not how well they do that and predict the future of the input series.

Lemma 14 (The Old Country Lemma for Transducers) For all R and all L, H [
→
Y

L

|R,
→
X

L−1

] ≥
H [
→
Y

L

|(
←
X,
←
Y ),

→
X

L−1

].

Proof. (R,
→
X

L−1

) = (η((
←
X,
←
Y )),

→
X

L−1

), i.e., the former is a function of the latter. Apply Eq. A.25 and the
lemma follows.

Definition 23 (Prescience) An effective state class R̂ is prescient iff

H [
→
Y

L

|R̂,
→
X

L−1

] = H [
→
Y

L

|(
←
X,
←
Y ),

→
X

L−1

]

for all L.

Lemma 15 (Prescience, Sufficiency, and Conditional Independence) If an effective state class R̂

is prescient, then it is a sufficient statistic for predicting the next output from the joint history, and it makes
the next output conditionally independent of the joint history.

Proof. Prescience ⇒ sufficiency: Since H [
→
Y

L

|R̂,
→
X

L−1

] = H [
→
Y

L

|(
←
X,
←
Y ),

→
X

L−1

], it follows (setting L = 1)

that H [
→
Y

1

|R̂] = H [
→
Y

1

|(
←
X,
←
Y )]. Therefore I[

→
Y

1

; R̂] = I[
→
Y

1

; (
←
X,
←
Y )], and by Proposition 6, R̂ is a sufficient

statistic. Prescience ⇒ conditional independence: directly from Lemma 37.
Remark. The argument in the proof can be reversed to show that if an effective state class is a sufficient

statistic, it attains the lower bound of Lemma 14 when L = 1. However, this is not enough to give us
prescience.

7.3.1 Determinism

Definition 24 (Determinism for State Classes) A class of effective states R is deterministic if the
current state and the next input and next output fix the next state. That is, there exists a function g such

that η((
←
x,
←
y ) ⊕ (a, b)) = g(η((

←
x,
←
y )), (a, b)), ∀(a, b) ∈ A× B.

Remark. This definition of determinism implies that transitions from one state to another happen after
seeing both a new input and a new output. In the theory of finite state transducers (Booth 1967), this is a
“Mealy machine”, as opposed to a “Moore machine,” which has a single output for each state, and makes
transitions only on inputs. Translation between the two representations is always possible for non-stochastic
transducers, but is sometimes very awkward. Formulating a “Moore” version of the computational mechanics
of transducers is an interesting exercise, but outside the scope of this book.

Lemma 16 (Equivalent Determination Lemma) R is deterministic if and only if

∀(
←
x1,

←
y 1), (

←
x2,

←
y 2) ∈

←
X×

←
Y and

∀(a, b) ∈ A× B ,

(
←
x1,

←
y 1)∼η(

←
x 2,

←
y 2) ⇒ (

←
x1,

←
y 1) ⊕ (a, b)∼η(

←
x2,

←
y 2) ⊕ (a, b) .
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Proof. If the statement about equivalence is true, then obviously the function invoked by Definition 24
exists and the states are deterministic. I therefore only have to prove that the existence of the function implies

that the equivalence. Suppose it did not. Then there would exist at least one triple (
←
x1,

←
y 1), (

←
x2,

←
y 2), (a, b)

such that

η((
←
x 1,

←
y 1)) = η((

←
x 2,

←
y 2)) and (7.4)

η((
←
x 1,

←
y 1) ⊕ (a, b)) 6= η((

←
x 2,

←
y 2) ⊕ (a, b)) (7.5)

By hypothesis,

η((
←
x 1,

←
y 1) ⊕ (a, b)) = g(η((

←
x1,

←
y 1)), (a, b)) (7.6)

η((
←
x 2,

←
y 2) ⊕ (a, b)) = g(η((

←
x2,

←
y 2)), (a, b)) , (7.7)

so

g(η((
←
x 1,

←
y 1)), (a, b)) 6= g(η((

←
x 2,

←
y 2)), (a, b)) . (7.8)

But, substituting equals for equals, that would mean

g(η((
←
x 1,

←
y 1)), (a, b)) 6= g(η((

←
x 1,

←
y 1)), (a, b)) , (7.9)

which is absurd. Therefore there is no such triple, and the promised implication holds. QED.

Lemma 17 (Sufficiency and Determinism Imply Prescience) If R is deterministic and a sufficient

statistic for predicting
→
Y

1

from (
←
X,
←
Y ), then R is prescient.

Proof. By Proposition 6,

I[
→
Y

1

; (
←
X,
←
Y )] = I[

→
Y

1

;R] (7.10)

H [
→
Y

1

] −H [
→
Y

1

|(
←
X,
←
Y )] = H [

→
Y

1

] −H [
→
Y

1

|R] (7.11)

H [
→
Y

1

|(
←
X,
←
Y )] = H [

→
Y

1

|R] . (7.12)

Now, let us consider H [
→
Y

L

|S,
→
X

L−1

]. Write R1,R2, etc., for the present, next, etc., effective states. De-
compose the conditional entropy of the future outputs as follows, using the chain rule for entropy (Eq.
A.17).

H [
→
Y

L

|R,
→
X

L−1

] =

L∑

j=1

H [
→
Y j |R,

→
X

j−1

,
→
Y

j−1

] (7.13)

=

L∑

j=1

H [
→
Y j |Rj ] (7.14)

=

L∑

j=1

H [
→
Y j |(

←
X,
←
Y )j ] (7.15)

=

L∑

j=1

H [
→
Y j |(

←
X,
←
Y ),

→
X

j−1

,
→
Y

j−1

] (7.16)

= H [
→
Y

L

|(
←
X,
←
Y ),

→
X

L

] (7.17)

Eq. 7.14 comes from the determinism of the effective states. The last line uses the chain rule again. QED.
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7.4 Causal States

Definition 25 (Transducer Causal States) The causal state are the range of the function

ǫ((
←
x,
←
y )) (7.18)

=

{
(
←
x
′
,
←
y
′
) |∀(a, b) ∈ A× B, ∀b′ ∈ B

P(
→
Y

1

= b|(
←
X,
←
Y ) = (

←
x,
←
y )) = P(

→
Y

1

= b|(
←
X,
←
Y ) = (

←
x
′
,
←
y
′
))

and P(
→
Y

1

= b′|(
←
X,
←
Y ) = (

←
x,
←
y ) ⊕ (a, b)) = P(

→
Y

1

= b′|(
←
X,
←
Y ) = (

←
x
′
,
←
y
′
) ⊕ (a, b))

}
.

Remark. The second clause of the definition of ǫ ensures that the causal states are deterministic, which
(as will be seen) is important for much of what follows. It would be very interesting to know necessary
and sufficient conditions for the second clause to be redundant. An obvious sufficient condition is that the
transducer be memoryless.

Theorem 12 (Markov Property for Transducer Causal States) Given the causal state at time t, and
the values of the input and output series from time t to time t+L, the causal state at t+L, SL is independent
of the values of the input and output processes, and of the causal state, at times before t, for all positive L.

∀L ∈ ✁ +, SL |= (
←
X,
←
Y )|S,

→
Y

L

,
→
X

L

(7.19)

Proof. Invoke the determinism of the causal states L times to see that SL is a function of S,
→
Y

L

and
→
X

L

.
Hence it is trivially conditionally independent of everything else. QED.

The Markov property implies that the causal structure of the transduction process takes a particular,
repetitive form, illustrated in Figure 7.1.

Lemma 18 (Sufficiency of the Transducer Causal States) The causal states are sufficient statistics
for predicting the next output from the joint history.

Proof. It is obvious from Definition 25 that P(
→
Y

1

= b|S = ǫ((
←
x,
←
y ))) = P(

→
Y

1

= b|(
←
X,
←
Y ) = (

←
x,
←
y )). Hence,

by Definition 66, they are sufficient. QED.

Theorem 13 (Prescience of Causal States (Transducers)) The causal states are prescient.

Proof. From Lemma 18, the causal states are sufficient for the next output. Also, from their definition, they
are deterministic. Hence, by Lemma 17, they are prescient. QED.

Lemma 19 (Determined Refinement Lemma) If R̂ is deterministic class of prescient states, then it
is a refinement a.e. of S.

Proof. Because R̂ is prescient, H [
→
Y

1

|R̂] is as small as possible. Hence each cell of the partition must

be at least weakly homogeneous for
→
Y

1

, otherwise (by the usual Refinement Lemma argument) it would

mix distributions for
→
Y

1

, raising its conditional entropy. Hence η((
←
x 1,

←
y 1)) = η((

←
x 2,

←
y 2)) implies that

P(
→
Y

1

|(
←
X,
←
Y ) = (

←
x 1,

←
y 1)) = P(

→
Y

1

|(
←
X,
←
Y ) = (

←
x2,

←
y 2)) with probability one. Because R̂ is (ex hypothesi)

deterministic, the Equivalent Determination Lemma (16) applies. Thus, if η((
←
x 1,

←
y 1)) = η((

←
x 2,

←
y 2)), then

η((
←
x 1,

←
y 1) ⊕ (a, b)) = η((

←
x 2,

←
y 2) ⊕ (a, b)) for all (a, b). But the conjunction of those two conditions propo-

sitions is the proposition that ǫ((
←
x1,

←
y 1)) = ǫ((

←
x2,

←
y 2)). Hence, under the hypotheses of the lemma, if

η((
←
x 1,

←
y 1)) = η((

←
x 2,

←
y 2)), then ǫ((

←
x1,

←
y 1)) = ǫ((

←
x2,

←
y 2)) almost always. Hence R̂ is a refinement of S

almost everywhere. QED.
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Input past

X1 S1I1

Output past

Y1

X2I2 S2 Y2

X3I3 S3 Y3

Figure 7.1: Diagram of causal influences for a portion of the time evolution of a transducer with memory
but no feedback. The input process may not be Markovian, so I include the (autonomous) causal states of
the input process. The absence of feedback shows up as a lack of causal paths from the output variables to
future inputs.
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Theorem 14 (Transducer Causal States Are Minimal) If R̂ is deterministic class of prescient states,

then Cµ(R̂) ≥ Cµ(S).

Proof. Entirely parallel to the previous minimality theorems, using the Determined Refinement Lemma
in place of the other refinement lemmas.

Theorem 15 (Uniqueness of the Transducer Causal States) If R̂ is a deterministic class of pre-

scient states, and Cµ(R̂) = Cµ(S), then there exists an invertible function f such that S = f(R̂) almost
always.

Proof. Identical to the proof of the uniqueness theorem for time series.

Theorem 16 (The Transducer Causal States Are Minimally Stochastic) For any prescient, deter-

ministic rival class of states R̂, H [R̂′|R̂,
→
X

1

] ≥ H [S ′|S,
→
X

1

], where R̂′ is the next η̂-state and S ′ is the next
causal state.

Proof. Begin by considering the uncertainty in R̂′, given R̂ and (
→
X

1

,
→
Y

1

), remembering that R̂ is
deterministic.

H [R̂′|R̂, (
→
X

1

,
→
Y

1

)] = 0 (7.20)

= H [R̂′,
→
Y

1

|R̂,
→
X

1

] −H [
→
Y

1

|R̂,
→
X

1

] (7.21)

= H [
→
Y

1

|R̂′, R̂,
→
X

1

] +H [R̂′|R̂,
→
X

1

] −H [
→
Y

1

|R̂,
→
X

1

] (7.22)

H [R̂′|R̂,
→
X

1

] = H [
→
Y

1

|R̂′, R̂,
→
X

1

] −H [
→
Y

1

|R̂,
→
X

1

] (7.23)

This applies to the causal states, too:

H [S′|S,
→
X

1

] = H [
→
Y

1

|S,
→
X

1

] −H [
→
Y

1

|S′,S,
→
X

1

] . (7.24)

Since
→
X

1

happens after
→
Y

1

, the latter can depend on the former only if they are both dependent on a third

variable. The only such variable available is
←
X. But conditioning on R̂ makes

→
Y

1

independent of
←
X, so

H [
→
Y

1

|R̂,
→
X

1

] = H [
→
Y

1

|R̂]. And of course H [
→
Y

1

|R̂] = H [
→
Y

1

|S]. Bearing this in mind, subtract Eq. 7.24 from
Eq. 7.23.

H [R̂′|R̂,
→
X

1

] −H [S ′|S,
→
X

1

]

= H [
→
Y

1

|R̂′, R̂,
→
X

1

] −H [
→
Y

1

|R̂,
→
X

1

] −H [
→
Y

1

|S,
→
X

1

] +H [
→
Y

1

|S′,S,
→
X

1

] (7.25)

= H [
→
Y

1

|S′,S,
→
X

1

] −H [
→
Y

1

|R̂′, R̂,
→
X

1

] (7.26)

By the Determined Refinement Lemma, S and S ′ are functions of R̂ and R̂′, respectively. Hence S ′,S,
→
X

1

is a function of R̂′, R̂,
→
X

1

, and by Eq. A.25,

H [
→
Y

1

|S′,S,
→
X

1

] ≥ H [
→
Y

1

|R̂′, R̂,
→
X

1

] (7.27)

H [R̂′|R̂,
→
X

1

] −H [S ′|S,
→
X

1

] ≥ 0 (7.28)

H [R̂′|R̂,
→
X

1

] ≥ H [S ′|S,
→
X

1

] . (7.29)

QED.
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Remark. In the case of time series, we looked at H [R̂′|R̂] to gauge the internal stochasticity of a class of

effective states. Here, however, that quantity = H [R̂′|R̂,
→
X

1

] +H [
→
X

1

|R̂]−H [
→
X

1

|R̂′, R̂]. That is, it involves
the degree of randomness in the input process, as well as whatever randomness is in the internal dynamics
of the transducer. But it would be rather much to expect that the states which predict the behavior of the
transducer nicely are also good predictors of the behavior of the input process.2

7.5 Transduction with Feedback

I assumed above that the output has no influence on the input. This is often true, and it’s the classic

transducer problem, but there is no logical necessity for this to be so. If the
←
Y does influence

→
X, there’s

feedback (and the labels “input” and “output” are dubious). S remains the unique, optimal, minimal class
of states for predicting the future of the output on the basis of the joint history. But we can go through an
entirely parallel construction for predicting the input on the basis of the joint history; call the resulting class
of states F . The causal structure which results is that of Figure 7.2.

Transducers without feedback are simply a special case of this situation, represented in the diagram by
erasing the arrows from Yi to Fi.

Now, if we consider the input and the output jointly, we have simply another discrete time-series, as in
Chapter 4, so the theory developed there applies. That is, we can construct a class of causal states (call it
J ) for the joint input-output process. This raises the question of how J is related to S and F , bearing in

mind that all three are partitions on
←
X×

←
Y.

We know that

→
Y

1

|= (
←
X,
←
Y )|S (7.30)

→
X

1

|= (
←
X,
←
Y )|F . (7.31)

Since S and F are both functions of (
←
X,
←
Y ), we have (Eq. A.38)

→
Y

1

|= (
←
X,
←
Y ),F|S (7.32)

→
X

1

|= (
←
X,
←
Y ),S|F . (7.33)

Applying Eq. A.34,

→
Y

1

|= (
←
X,
←
Y )|S,F (7.34)

→
X

1

|= (
←
X,
←
Y )|S,F . (7.35)

Furthermore, it’s certainly true that

→
Y

1

|= (
←
X,
←
Y ),

→
X

1

|S,F (7.36)
→
X

1

|= (
←
X,
←
Y ),

→
Y

1

|S,F (7.37)

since
→
X

1

has no direct causal effect on
→
Y

1

, and any probabilistic dependency there may be is screened off
by S and F together. Now Eq. A.33 tells us that

(
→
X

1

,
→
Y

1

) |= (
←
X,
←
Y )|S,F , (7.38)

which is to say, the combination of S and F is a sufficient statistic for joint futures of length 1. Since it is
also deterministic, by Theorem 6, it is a prescient class of states. But then by the Refinement Lemma for
Time Series (Lemma 12), there is a mapping from S,F to J .

2Note that H[
→

X
1

| ✂R] − H[
→

X
1

| ✂R′, ✂R] = I[
→

X
1

; ✂R′| ✂R], the mutual information between
→

X
1

and ✂R′ conditional on ✂R.
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Output past

Y1

S1 F1

Input past

X1

X2Y2

S2 F2

X3Y3

S3 F3

Figure 7.2: Diagram of causal effects for a transducer with memory and feedback. Observe that all paths
from time i to time i+ 1 run through Si or Fi.
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7.5.1 An Aside: The Elimination of Dialectics in Favor of Mechanics

The notion of a dialectical relationship between two entities is a famously murky one (for an unusually lucid
historical account, see Kolakowski (1978, vol. I)). The only reasonably clear account I have found is Phil
Agre’s.

A dialectical relationship between two entities, called moments, has three properties: (1) the
moments are engaged in a time-extended interaction, (2) they influence each other through this
interaction, and (3) this influence has grown sufficiently large that it becomes impossible to define
either moment except in terms of its relationship to the other. The moments are typically, though
not necessarily, thought of as being in conflict with one another; the interaction between them
and their mutual influence are products of this conflict. If this seems overly metaphysical . . .
think of it in the following way. Make a list of the states or properties of that the two entities
possess at a given moment. Then take each of the lists in isolation from the other and ask
whether it is possible to find any rhyme or reason for that set of states or properties, except by
reference to the interaction and cumulative influence that the entity has gone through. If not,
i.e., if the only reasonable explanation for each entity’s list makes reference to its past history of
interaction with the other entity, then the relationship between the two entities is dialectical in
nature. (Agre 1997, pp. 318–319)

Put in the language of computational mechanics, this says that I[
→
Y

L

;
←
Y ] and I[

→
X

L

;
←
X] are negligible,

while I[
→
Y

L

; (
←
X,
←
Y )] and I[

→
Y

L

; (
←
X,
←
Y )] are substantial. There is nothing implausible about that, and in fact

it’s just when we’re likely to think of the processes as showing feedback. We may, of course, construct the
joint causal state for the dialectical pair in the usual way. But now something amusing happens.

Suppose that the moments of the dialectical relationship are ordinary pieces of matter. (An insistence
on this point is very much a part of what was historically the most influential school of dialectical thinking.)
That being the case, they should obey ordinary statistical mechanics. Then, applying the techniques of
Section 4.5, we can go from the causal partition of the joint histories, to a partition of the joint phase space
of the two systems. That partition has the following properties:

1. The partition corresponds to a single observable macroscopic variable.

2. The dynamics of that variable are Markovian.

3. The current value of the variable is a sufficient statistic for the entire future of both of the moments.

The evolution of this macrovariable shows no signs of history or of interaction.
The upshot is that, even when it’s most reasonable to talk about dialectical relationships, we can al-

ways replace the dialectical representation with a purely (statistical) mechanical one, without any loss of
information.

7.6 Kindred Approaches

As I said at the beginning of the chapter, the ǫ-transducer is analogous to what computer scientists call a
“finite state transducer”, (Definition 64). For several decades at least, however, most treatments of these
objects have been entirely nonstochastic. (The last detailed treatment of stochastic FSTs I know of is that
of Booth (1967).) So far as I have been able to learn, nothing like this construction of deterministic states
for stochastic transducers exists in the FST literature. And, again, what I have done in this chapter does
not assume that only a finite number of states are needed, or that the memory of the transducer extends
only a finite distance into the past.

There has been a burst of work on stochastic models of discrete transduction in the last few years, driven
by the demands of bioinformatics (Singer 1997; Apostolico and Bejerano 2000; Eskin, Grundy and Singer
2000). Many of these models even have very nice determinism and Markov properties. The ǫ-transducer
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approach formally incorporates them all, and has the extra advantages of not having to postulate the Markov
properties, nor of having to guess the internal architecture of the states, the one being proved and the other
inferred.

Perhaps the best-known theory of nonlinear transducers is that of Norbert Wiener3. This expresses a
nonlinear, deterministic relationship between continuous input and output signals by means of a “power
series” of functionals. The nth term in the series is the convolution of a kernel with n copies of the input.
The kernels are chosen, with extreme cleverness, so that they can be calculated from the cross-correlation of
the input and the output, and moreover so that, when the input is white noise, all the kernels are statistically
independent. This theory has actually been applied to biological systems with considerable success (Rieke,
Warland, de Ruyter van Steveninck and Bialek 1997), and can be expanded to accommodate stochastic
transducers (Victor and Johannesma 1986).

While Wiener’s theory is very elegant, the fact that it uses a series expansion has its own drawbacks. The
calculation of the higher-order kernels from data, while certainly possible, is not easy, and most applications
truncate the series at the first or at most the second term. There is, however, no reason to think that the
series converges quickly, that the first two terms are a good approximation to the whole. In fact, it would be
nice if we didn’t have to use any sort of series at all, and simply calculate all effects, linear and nonlinear,
at once. The ǫ-transducer does this, much as the ǫ-machine for a time series does.

In information theory, one of our transducers is a channel with memory. This is, in a way, unfortunate,
because the vastly overwhelming majority of information theory is about memoryless channels, and what
little there is on channels with memory has concentrated on the channel capacity, the rate at which a signal
can be transmitted without error (Verdu 1994, sec. 3). In all modesty, the theory in this chapter may be of
some use to people working on channels with memory!

7.7 Reconstruction

The state-splitting algorithm of Chapter 5 can easily be adapted to deal with transducers without feedback,
simply by considering the joint history, and splitting joint histories when they produce significantly different
distributions for the next output. The reconstruction of the feedback state would go in the same way. The
reliability analysis proceeds on exactly the same lines as for time series, so I won’t redo it here.

3Wiener (1958), the original source, is rewarding but mathematically demanding and full of misprints. A much easier
introduction is to be had from Rieke, Warland, de Ruyter van Steveninck and Bialek (1997, App. A3), while Schetzen (1989)
covers developments up to about 1980.
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Chapter 8

A Very Brief Introduction to Cellular

Automata

The chess-board is the world; the pieces are the phenomena of the universe; the rules of the
game are what we call the laws of Nature.

— T. H. Huxley

8.1 An Extremely Informal Description

Take a board, and divide it up into squares, like a chess-board or checker-board. These are the cells. Each
cell has one of a finite number of distinct colors — red and black, say, or (to be patriotic) red, white and blue.
(We don’t allow continuous shading, and every cell has just one color.) Now we come to the “automaton”
part. Sitting somewhere to one side of the board is a clock, and every time the clock ticks the colors of the
cells change. Each cell looks at the colors of the nearby cells, and its own color, and then applies a definite
rule, the transition rule, specified in advance, to decide its color in the next clock-tick; and all the cells
change at the same time. (The rule can sometimes tell the cell to stay the same.) Each cell is a sort of very
stupid computer — in the jargon, a finite-state automaton — and so the whole board is called a cellular
automaton, or CA. To run it, you color the cells in your favorite pattern, start the clock, and stand back.

Now that (I hope) you have a concrete picture, I can get a bit more technical, and more abstract. The
cells don’t have to be colored, of course; all that’s important is that each cell is in one of a finite number of
states at any given time. By custom they’re written as the integers, starting from 0, but any finite alphabet
will do. Usually the number of states is small, under ten, but in principle any finite number is OK. What
counts as the “nearby cells”, the neighborhood, varies from automaton to automaton; sometimes just the
four cells on the principle directions (the von Neumann neighborhood), sometimes the corner cells (the Moore
neighborhood), sometimes a block or diamond of larger size; in principle any arbitrary shape. You don’t need
to stick to a chess-board; you can use any pattern of cells which will fill the plane (or “tessellate” it; an
old name for cellular automata is “tessellation structures”). And you don’t have to stick to the plane; any
integer number of dimensions is allowed. You do need to stick to discrete time, to clock-ticks; but CAs
have cousins in which time is continuous. There are various tricks for handling the edges of the board; the
most common, both of which have “all the advantages of theft over honest toil” are to have the edges “wrap
around” to touch each other, and to assume an infinite board.

One important use of CAs is to mimic bits and pieces of the real world. CAs are fully discretized classical
field theories, so they’re good at the same things classical field theories are, provided continuity isn’t so
important, and much better at things like messy boundary conditions (Manneville, Boccara, Vichniac and
Bidaux 1990; Chopard and Droz 1998). Their domain of application includes fluid flow (Rothman and
Zaleski 1997), excitable media (Winfree 1987), many other sorts of pattern formation (Cross and Hohenberg
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1993; D’Souza and Margolus 1999), ecosystems (Levin, Powell and Steele 1993; Tilman and Kareiva 1997),
highway traffic, even the development of cities (White and Engelen 1993; Clarke, Gaydos and Hoppen 1996;
Manrubia, Zanette and Sole 1999; cf. Anas, Arnott and Small 1998). There’s a modest industry of seeing
which types of CAs have various properties of interest to theoretical physicists — time-reversibility, various
sorts of symmetry, etc. (Gutowitz 1991; Smith 1994). There’s even a current of thought pushing the idea that
CAs capture something really fundamental about physics, that they are more physical than the differential
equations we have come to know and love these last three hundred years (Toffoli 1984; Margolus 1999). I
can’t say I buy this myself, but some of its believers are very smart indeed, and anyway it makes for excellent
science fiction (Egan 1994).

8.1.1 General References on CAs

The best non-technical introduction to cellular automata is the book by Poundstone (1984), which describes
in detail the most famous CA of all, Conway’s Game of Life (Berlekamp, Conway and Guy 1982). Flake (1998)
provides a bit more math, and some fun programming projects. Burks (1970) collects foundational papers
from the misty, heroic age of CA theory, before they could be readily simulated and seen on computers. The
standard modern reference is Gutowitz (1991), but it will probably be superseded by Griffeath and Moore
(forthcoming), if that ever appears.

Cellular automata were introduced by John von Neumann and Stanislaw Ulam in the 1950s to study the
possibility of mechanical self-reproduction (von Neumann 1966; Burks 1970). There is no adequate study of
the history of cellular automata.

8.1.2 A More Formal Description

A CA starts with a d-dimensional regular lattice Ξ of sites or cells.1 Each cell x has a neighborhood n(x)
of other cells, definitely including those it is connected to in the lattice, but possibly including others which
are connected to those; neighborhoods are connected components of the lattice containing the original cell.
Every cell has the same size and shape neighborhood as every other cell, i.e., Tn(x) = n(Tx), where T is
any spatial translation operator. The standard neighborhoods consist of all cells within a certain distance r
of x; r is the rule radius.

A configuration of the lattice (or of the CA) assigns to every cell a value from a finite alphabet A of size
k. We write the value at x as sx. The configuration in the neighborhood of x is sn(x). Time is discrete and
goes in the subscript: sx

t is the value of the cell x at time t. The global configuration at time t is st.
The CA rule is a function φ from a neighborhood configuration to a new cell-value.2 The CA’s equation

of motion is given by applying the rule to each point separately:

sx
t+1 = φ(s

n(x)
t ) . (8.1)

The simultaneous application of φ to all cells defines the global update rule Φ, a mapping from AΞ into itself.
Binary (k = 2), r = 1, one-dimensional CAs are called elementary CAs (ECAs) (Wolfram 1983).
An ensemble operator Φ can be defined (Hanson and Crutchfield 1992; Wolfram 1984a) that operates on

sets of lattice configurations Ωt = {st}:

Ωt+1 = ΦΩt , (8.2)

such that

Ωt+1 = {st+1 : st+1 = Φ(st), st ∈ Ωt} . (8.3)

1Sometimes Ξ = ✄ d, sometimes just a finite chunk of it.
2If φ is a random function, then we have a stochastic cellular automaton.
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8.2 CA as Dynamical Systems

CA are dynamical systems with discrete time, i.e., maps. They are a little peculiar, owing to the very discrete
nature of the space in they live, but many of the familiar concepts of dynamical systems theory apply just
fine.

Definition 26 (Invariant Set, Fixed Point, Transient) A set of global configurations Ω is invariant iff
ΦΩ = Ω. If Ω consists of a single configuration s∗, then s∗ is a fixed point. If s is not part of any invariant
set, then it is transient.

Definition 27 (Attractor) A set of configurations A is an attractor iff

1. A is invariant; and

2. there is a non-empty set of configurations U such that U ∩A = ∅ but ΦU ⊆ A.

Definition 28 (Basin of Attraction) The basin of attraction BA of an attractor A is the largest set of
configurations which are eventually mapped into A, i.e., the collection of all configurations b such that b 6∈ A
but Φkb ∈ A for some positive integer k.

For explicit computations of the attractor basins of a large number of one-dimensional CAs see Wuensche
and Lesser (1992). Some of the pictures are quite pretty, and make nice T-shirts.

There is one charmingly-named concept which is, so far as I know, only applied to CAs (among dynamical
systems!).

Definition 29 (Garden of Eden) A configuration that can only occur as an initial condition is a Garden
of Eden. That is, s is a Garden of Eden iff, ∀s′, Φs′ 6= s.

The existence of Gardens of Eden has important implications for the computational capacities of cellular
automata, including their ability to support self-reproduction (Moore 1970).

All the concepts I’ve defined treat each configuration as a point in the CA’s state space. CA dynamics,
thus defined, does not represent spatial structure in any explicit or even comprehensibly-implicit way. There
is an alternative way of treating a CA as a dynamical system which does, where the state space consists,
somewhat paradoxically, not of individual configurations but of sets of configurations (Hanson and Crutchfield
1992; Hanson 1993; Crutchfield and Hanson 1993b). This alternative CA dynamics is, at is happens, the
spatial version of computational mechanics.
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Chapter 9

Domains and Particles: Spatial

Computational Mechanics

People notice patterns when they look at CAs, though whether this says more about what CA are apt to
do, or what people like to look at, is a nice question. Two very common kinds of patterns noted in CAs
are domains — patches of space-time where everything looks the same, where some “texture” is repeated
over and over — and particles, localized blobules which propagate across the lattice (Hanson and Crutchfield
1992). A review of the literature indicates that particles are generally felt to be about the most interesting
things in CAs 1. Part of the reason for this is that propagating blobules are observed in real physical systems,
where they can be very important (Manneville 1990; Cross and Hohenberg 1993; Winfree 1980; Winfree 1987;
Fedorova and Zeitlin 2000; Infeld and Rowlands 1990). Sometimes, especially in condensed matter physics,
they are called “defects,” but some people (and fields) prefer more P.C. names, like “coherent structures,”
“solitons” or “organizing centers”. An analogy with Conway’s Game of Life (Poundstone 1984) gives them
the name “gliders,” which I’ll avoid2. Many people have long suspected that particles and domains are
emergent structures. A general theoretical analysis (Hanson 1993), supplemented by a comparatively small
number of explicit calculations in particular cases (Hanson and Crutchfield 1997) shows that this is true.

The burden of this chapter is to expound the theory I just mentioned, the “pure-space” computational
mechanics of cellular automata of Hanson and Crutchfield. This is a method for analyzing particles and
domains in one-dimensional CAs in terms of regular languages and the states of machines associated with
them.3 The theory employs causal states that specify only the spatial structure of CA configurations,
obtained by treating one axis of the CA lattice as though it were the time axis. Problems about CA
dynamics can be posed in the theory, and indeed it has some very powerful tools for solving such problems,
but dynamics are described by the CA ensemble evolution operator Φ of the previous chapter, and further
objects constructed from it, and not in terms of causal states. It also only works in one dimension, since
both the automata theory and the machine-reconstruction techniques it employs apply only to well-ordered
sequences of symbols. Within these limits, however, spatial computational mechanics is extremely powerful,
and proved essential, for instance, in understanding how computation can be embedded in cellular automata,
and even evolve Darwinianly in them (Das, Mitchell and Crutchfield 1994; Das 1996; Crutchfield, Hordijk
and Mitchell 2000b; Crutchfield and Mitchell 1995; Hordijk, Mitchell and Crutchfield 1998; Hordijk 1999).

1A very partial list would include: Burks 1970; Berlekamp, Conway and Guy 1982; Peyrard and Kruskal 1984; Grassberger
1983; Boccara, Nasser and Roger 1991; Boccara and Roger 1991; Boccara 1993; Aizawa, Nishikawa and Kaneko 1991; Park,
Steiglitz and Thurston 1986; Wolfram 1986; Wolfram 1994; Lindgren and Nordahl 1990; Crutchfield and Mitchell 1995; Yunes
1994; Eloranta 1993; Eloranta 1994; Eloranta and Nummelin 1992; Manneville, Boccara, Vichniac and Bidaux 1990; Andre,
Bennett and Koza 1997; Hanson and Crutchfield 1992; Hanson 1993; Hanson and Crutchfield 1997; Eppstein ongoing.

2A particle, in this sense, is not the same as a particle in the sense of interacting particle systems (IPSs) (Griffeath 1979;
Liggett 1985) or lattice gases (Rothman and Zaleski 1997). The particles of an IPS or the coherent structures that emerge in
lattice gases may be particles this sense, however.

3Regular languages and automata are explained in Appendix A.4.
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The next chapter constructs a fully spatio-temporal, multi-dimensional computational mechanics, containing
one-dimensional spatial computational mechanics as a special case; the rest of this chapter expounds the
basics, and a particular application, of the latter theory, to give an idea of what can be accomplished even
without the full dynamical treatment.

9.1 Domains

Definition 30 (Domain) (Hanson and Crutchfield 1992) A regular domain Λ of a CA Φ is a process
language, representing a set of spatial lattice configurations, with the following properties:

1. Temporal invariance (or periodicity): Λ is mapped onto itself by the CA dynamic; i.e., ΦpΛ = Λ for
some finite p. (Recall that Φ takes sets of lattice configurations into sets of configurations and that a
formal language, such as Λ, is a set of configurations.)

2. Spatial homogeneity: The process graph of each temporal iterate of Λ is strongly connected. That is,
there is a path between every pair of states in M(ΦlΛ) for all l. (Recall that M(L) is the minimal DFA
which recognizes the language L.)

The set of all domains of a CA Φ is denoted Λ = {Λ0,Λ1, . . . ,Λm−1}, where m = |Λ|.

According to the first property — temporal invariance or periodicity — a particular domain Λi consists
of p temporal phases for some p ≥ 1; i.e., Λi = {Λi

0,Λ
i
1, . . . ,Λ

i
p−1}, such that ΦlΛi

j = Λi
(j+l)modp. Here p is

the temporal periodicity of the domain Λi, denoted T (Λi).
Each of the temporal phases Λi

j of a domain Λi is represented by a process graph M(Λi
j) which, according

to the second property (spatial homogeneity), is strongly connected. Each of these process graphs consists of
a finite number of states. Denote the kth state of the jth phase of Λi by Λi

j,k, suppressing the M(·) notation

for conciseness. Write the number of states in a given phase as S(Λi
j).

The process graphs of all temporal phases Λi
j of all domains Λi can be connected together and transformed

into a finite-state transducer, called the domain transducer, that reads in a spatial configuration and outputs
various kinds of information about the sites. (The construction is given in, for example, Crutchfield and
Hanson (1993b).) Variations on this transducer can do useful recognition tasks. For example, all transitions
that were in domain Λi

j’s process graph are assigned output symbol D, indicating that the input symbol
being read is “participating” in a domain. All other transitions in the transducer indicate deviations from
the sites being in a domain. They can be assigned a unique output (“wall”) symbol w ∈ {W i

j} that labels
the kind of domain violation that has occurred. The resulting domain transducer can now be used to filter
CA lattice configuration, mapping all domain regularities to D and mapping all domain violations to output
symbols w that indicate domain walls of various kinds.

I’ll call a phase of a domain (spatially) periodic when the process graph consists of a periodic chain of
states, with a single transition between successive states in the chain. That is, as one moves from state
to state, an exactly periodic sequence of states is encountered and an exactly periodic sequence of symbols
from Σ is encountered on the transitions. The spatial periodicity of a periodic phase is simply S(Λi). I’ll
call a domain periodic when all its phases are periodic. We’ll only deal with periodic domains here, for the
following reason. It turns out that for such domains all of the spatial periodicities S(Λi

j) at each temporal

phase are equal. Thus, we can speak of the spatial periodicity S(Λi) of a periodic domain Λi. This property,
in turn, is central to the proof of the upper bound on the number of particle interaction products.

Lemma 20 (Periodic Phase Implies Periodic Domain) If a domain Λi has a periodic phase, then the
domain is periodic, and the spatial periodicities S(Λi

j) of all its phases Λi
j, j = 0, . . . , p− 1, are equal.

Proof. See the Appendix.
Thus, the number of states in the process graph representing a particular temporal phase Λi

j is the same

for all j ∈ {1, . . . , T (Λi)}, and it is, in fact, S(Λi).
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Finally, there is a larger class of cyclic domains whose process graphs consist of a periodic chain of states:
as one moves from state to state an exactly periodic sequence of states is seen. Note that this class includes
more than periodic domains, which are obviously cyclic. It includes domains in which between two successive
states in the chain there are multiple transitions over Σ. (See Crutchfield and Hanson (1993b) for a CA
exhibiting two such cyclic domains.) Based on our experience we conjecture that Lemma 20 also holds for
cyclic domains. If this is so, most of the following results, and in particular the upper bound theorem, would
hold for this larger class.

Conjecture 1 (Spatial Periodicities of Cyclic Domains) For any cyclic domain Λi, the spatial peri-
odicities S(Λi

j) of all its phases Λi
j , j = 0, . . . , p− 1, are equal.

9.2 Particles

When domain violations form a spatially localized (finite width), temporally periodic boundary between two
adjacent domains, they are called particles.

Definition 31 A particle α is a set {α0, α1, . . . , αp−1} of finite-width words αj over Σ∗, called wedges, such
that

Φ(ΛαiΛ′) = Λα(i+1)modpΛ′ , (9.1)

for some finite p and Λ and Λ′ ∈ Λ.

Since a particle is a bounded structure, it does not have a spatial periodicity. “Periodicity of a particle”
therefore always means temporal periodicity.

Since these particles are temporally periodic, we can view the appearance of wedge αj as the particle
being in it’s jth phase. The kth symbol in the wedge’s word is denoted αj

k. The state in which the domain

transducer finds itself after reading the kth symbol αj
k in the wedge αj is denoted q(αj

k).
Now I’ll introduce an important but subtle distinction. The particle period p referred to above — the

surface periodicity — is associated with the repetition over time of the wedge words as observed in the
raw space-time behavior s0, s1, s2, . . . . It turns out, as will become clear, that particles have an internal
periodicity that may be some multiple of the surface periodicity p. The internal periodicity — the one of
actual interest here — though, is the periodicity seen by the various phases of the bordering domains.

Definition 32 A particle α’s intrinsic periodicity P (α) is the periodicity of the set of transducer-state se-
quences generated when reading a particle’s wedges. For wedge αj = αj

0 . . . α
j
n the state sequence q(αj

0) . . .
q(αj

n) is generated in the transducer. Denote this state sequence by q(αj). P (α), then, is the number of
iterations over which the sequence q(αj) reappears.

Remark 1. P (α) is an integer multiple of α’s apparent periodicity.
Remark 2. A simple illustration of the need for intrinsic, as opposed to merely surface, periodicity is

provided by the γ particles of ECA 54. See Figure 9.4(b) and the accompanying text in Section 9.5.1.
After one period P (α), a particle α will have moved a number dα of sites in the CA lattice. This shift

dα in space after one period is called the particle’s displacement. dα is negative for displacements to the left
and positive for displacements to the right. From the particle’s periodicity P (α) and displacement dα, its
average velocity is simply vα = dα/P (α).

It doesn’t matter whether you look at the wedges, or at the transducer-state labeled wedges, the velocity
is the same.

The set of all particles α, β, . . . of a CA Φ is denoted by P.
Remark 3. We’ve just defined temporally periodic particles. There are particles in CAs, such as in ECA

18, which are temporally aperiodic. In this case, one replaces the periodicity condition Eq. 9.1 by one using
the ensemble operator; viz.,

Φp(ΛαΛ′) = ΛαΛ′ . (9.2)
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9.2.1 Structural Complexity of a Particle

The preceding definitions and discussion suggest that one can think of particles as having an internal clock
or, in the more general case that includes aperiodic particles, an internal state, much as the solitary-wave
solutions of continuum envelope equations have internal states (Infeld and Rowlands 1990). One can ask
about how much information a particle stores in its states. This is the amount of information that a particle
transports across space and time and brings to interactions. These considerations lead one to a natural
measure of the amount of structural complexity associated with individual particles.

Definition 33 The structural complexity C(α) of a particle α is defined to be

C(α) = −
p−1∑

j=0

Pr(q(αj)) log2 Pr(q(αj)) , (9.3)

where p is α’s period and Pr(q(αj)) is the probability of α being in phase αj with the state-sequence q(αj).
Remark 1. For the straightforward case of periodic particles, in which the wedges and so their associated

state sequences are equally probable,

C(α) = log2 P (α) . (9.4)

Remark 2. The information available to be processed in particle interactions is upper-bounded by the
sum of the individual particle complexities, since this sum assumes independence of the particles. As we’ll
see shortly, the information in one particle, conditioned on the other’s phase (via the constraints imposed
by the mediating domain) and suitably averaged, determines the information available for processing by
interactions.

9.2.2 Domain Transducer View of Particle Phases

A particle is bounded on either side by two patches of domain. (They could be patches of the same or
different domains.) Consider what happens to the domain transducer as it scans across the part of the
lattice containing the bounding domains (Λi and Λi′) and the particle (α). It begins by cycling through the
states of the process graph of a phase (j) of the first bounding domain (Λi). It then encounters a symbol that
does not belong to the language of that domain phase, and this then causes a transition out of that process
graph. Each successive symbol of the particle wedge leads to additional transitions in the transducer. Finally,
the transducer reaches cells at the beginning of the other bounding domain (Λi′), whereupon it begins to
follow the process graph of Λi′

j′ at some appropriate phase j′. In this way, a particle wedge αj corresponds

to a sequence q(αj) of transducer states.
More formally, the transducer maps a particle wedge αj , bordered by Λi

j and Λi′

j′ , to an ordered n−tuple

(n = |αj | + 2) of states

Q(αj) =
〈
q(Λi

j,k), q(αj), q(Λi′

j′,k′)
〉
, (9.5)

where q(Λi
j,k) is the transducer state reach on reading symbol Λi

j,k. Since the transducer-state sequence

is determined by the bounding domain phases and the actual wedge αj , it follows that the mapping from
particle wedges to state sequences is 1-1. If two particle wedges correspond to the same sequence of states,
then they are the same phase of the same particle, and vice versa.

This representation of particle phases will prove very handy below.

9.3 Interactions

In many CAs, when two or more particles collide they create another set of particles or mutually annihilate.
Such particle interactions are denoted α+β → γ, for example. This means that the collision of an α particle
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Figure 9.1: Interactions between an α and a β particle with domain Λ lying between.

on the left and a β particle on the right leads to the creation of a γ particle. Particle annihilation is denoted
α + β → ∅. There are also unstable walls that can spontaneously decay into particles. This is denoted
α→ β + γ, for example.

Often, the actual product of a particle interaction depends on the phases αj and βk in which the inter-
acting particles are at the time of collision. In such a case, there can be more than one interaction product
for a particular collision: e.g., both α+ β → γ and α+ β → ∅ can be observed.

The set of a CA’s possible particle interactions is denoted I. The complete information about a CA’s
domains Λ, particles P, and particle interactions I can be summarized in a particle catalog. The catalog
forms a high-level description of the CA’s dynamics. It is high-level in the sense of capturing the dynamics
of emergent structures. The latter are objects on a more abstract level than the original equations of motion
and raw (uninterpreted) spatial configurations of site values.

9.4 Bounding the Number of Interaction Products

Restricting ourselves to particle interactions with just two colliding particles — α and β, say — we’ll now
derive an upper bound on the number nα,β of possible interaction products from a collision between them.
(See Figure 9.1 for the interaction geometry.) In terms of the quantities just defined, the upper bound,
stated as Theorem 17 below, is:

nα,β ≤ P (α)P (β)∆v

T (Λi)S(Λi)
, (9.6)

where ∆v = vα − vβ > 0 and Λi is the domain in between the two particles before they collide. Note that if
∆v = 0, then nα,β = 0 trivially.

For simplicity, let’s assume that ∆v = vα − vβ ≥ 0. This simply means that particle α lies to the left of
β and they move closer to each other over time, as in Figure 9.1.

This section proves that Eq. 9.6 is indeed a proper upper bound. The next section gives a number of
examples, of both simple and complicated CAs, that show the bound is and is not attained. These highlight
an important distinction between the number of possible interactions (i.e., what can enter the interaction
region) and the number of unique interaction products (i.e., what actually leaves the interaction region).

To establish the bound, we’ll need some intermediate results. The first three come from elementary
number theory. Recall that the least common multiple lcm(a, b) of two integers a and b is the smallest
number c that is a multiple of both a and b. Similarly, the greatest common divisor gcd(a, b) of two integers
a and b is the largest number c that divides both a and b.



74

Proposition 1 (Burton 1976, Theorem 2.7) gcd(ca, cb) = c gcd(a, b), c > 0.

Proposition 2 (Burton 1976, Theorem 2.8) gcd(a, b) lcm(a, b) = ab.

Lemma 21 lcm(ca, cb) = c lcm(a, b), c > 0.

Proof. Using Propositions 1 and 2, it follows that

lcm(ca, cb) =
cacb

gcd(ca, cb)
(9.7)

= c
ab

gcd(a, b)

= c lcm(a, b) .

QED.
Now we can start talking about particles.

Lemma 22 (Particle Periodicity Is a Multiple of Domain Periodicity) The intrinsic periodicity
P (α) of a particle α is a multiple of the temporal periodicity T (Λi) of either domain Λi for which α is a
boundary. That is,

P (α) = mαiT (Λi) , (9.8)

for some positive integer mαi that depends on α and Λi.

Proof. At any given time, a configuration containing the particle α consists of a patch of the domain Λi,
a wedge belonging to α, and then a patch of Λi′ , in that order from left to right. (Or right to left, if that
is the chosen scan direction.) Fix the phase of α to be whatever you like — αl, say. This determines the
phases of Λi, for the following reason. Recall that, being a phase of a particle, αl corresponds to a unique
sequence Q(αl) of transitions in the domain transducer. That sequence starts in a particular domain-phase
state Λi

j,k and ends in another domain-phase state Λi′

j′,k′ . So, the particle phase αl occurs only at those times

when Λi is in its jth phase. Thus, the temporal periodicity of α must be an integer multiple of the temporal
periodicity of Λi. By symmetry, the same is also true for the domain Λi′ to the right of the wedge. QED.

Corollary 5 (Phase Restriction) Given that the domain Λi is in phase Λi
j at some time step, a particle

α forming a boundary of Λi can only be in a fraction 1/T (Λi) of its P (α) phases at that time.

Proof. This follows directly from Lemma 22.
Remark. Here is the first part of the promised restriction on the information in multiple particles.

Consider two particles α and β, separated by a domain Λ0. Naively, we expect α to contain log2 P (α) bits of
information and β, log2 P (β) bits. Given the phase of α, however, the phase of Λ0 is fixed, and therefore the
number of possible phases for β is reduced by a factor of 1/T (Λ0). Thus the number of bits of information
in the α-β pair is at most

log2 P (α) + log2 P (β) − log2 T (Λ0) = log2

P (α)P (β)

T (Λ0)
. (9.9)

The argument works equally well starting from β.

Lemma 23 For any two particles α and β, the quantity lcm(P (α), P (β))∆v is a non-negative integer.
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Proof. We know that the quantity is non-negative, since the least common multiple always is and ∆v is so
by construction. It remains to show that their product is an integer. Let kα = lcm(P (α), P (β))/P (α) and
kβ = lcm(P (α), P (β))/P (β); these are integers. Then

∆v ≡ dα

P (α)
− dβ

P (β)

=
kαdα − kβdβ

lcm(P (α), P (β))
.

When multiplied by lcm(P (α), P (β)) this is just kαdα − kβdβ , which is an integer. QED.

Lemma 24 (Displacements Preserving Relative Phase) When the distance d between two approach-
ing particles α and β, in phases αj and βj′ , respectively, is increased by lcm(P (α), P (β))∆v sites, the original
configuration — distance d and phases αj and βj′ — recurs after lcm(P (α), P (β)) time steps.

Proof. From the definition of lcm(a, b) it follows directly that lcm(P (α), P (β)) is a multiple of P (α). Thus,

α(j+lcm(P (α),P (β)))modP (α) = αj , (9.10)

and the α particle has returned to its original phase. Exactly parallel reasoning holds for the β particle. So,
after lcm(P (α), P (β)) time steps both α and β are in the same phases αj and βj′ again. Furthermore, in
the same amount of time the distance between the two particles has decreased by lcm(pα, pβ)∆v, which is
the amount by which the original distance d was increased. (By Lemma 23, that distance is an integer, and
so we can meaningfully increase the particles’ separation by this amount.) Thus, after lcm(P (α), P (β)) time
steps the original configuration is restored. QED.

Lemma 25 (Phase-Preserving Displacements and Spatial Periodicity) If Λi is the domain lying
between two particles α and β, then the ratio

r =
lcm(P (α), P (β))∆v

S(Λi)
(9.11)

is an integer.

Proof. Suppose, without loss of generality, that the particles begin in phases α0 and β0, at some substantial
distance from each other. We know from the previous lemma that after a time lcm(P (α), P (β)) they will
have returned to those phases and narrowed the distance between each other by lcm(P (α), P (β))∆v cells.
What the lemma asserts is that this displacement is some integer multiple of the spatial periodicity of the
intervening domain Λi. Call the final distance between the particles d. Note that the following does not
depend on what d happens to be.

Each phase of each particle corresponds to a particular sequence of transducer states — those associated
with reading the particle’s wedge for that phase. Reading this wedge from left to right (say), we know that
Q(α0) must end in some phase-state of the domain Λi; call it Λi

0,0. Similarly, Q(β0) must begin with a

phase-state of Λi, but, since every part of the intervening domain is in the same phase, this must be a state
of the same phase Λi

0; call it Λi
0,k. In particular, consistency requires that k be the distance between the

particles modulo S(Λi). But this is true both in the final configuration, when the separation between the
particles is d, and in the initial configuration, when it is d+ lcm(P (α), P (β))∆v. Therefore

d+ lcm(P (α), P (β))∆v = d (mod S(Λi))

lcm(P (α), P (β))∆v = 0 (mod S(Λi)) .

Thus, lcm(P (α), P (β))∆v is an integer multiple of the spatial period S(Λi) of the intervening domain Λi.
QED.
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Remark. It is possible that lcm(P (α), P (β))∆v = 0, but this does not affect the subsequent argument.
Note that if this is the case, then, since the least common multiple of the periods is at least 1, ∆v = 0.
This, in turn, implies that the particles do not, in fact, collide and interact, and so the number of interaction
products is simply zero. The formula gives the proper result in this case.

The next result follows easily from Proposition 1 and Lemma 22.

Lemma 26 (Relation of the Periods of Particles Bounding a Common Domain) If Λi is the do-
main lying between particles α and β, then

gcd(P (α), P (β)) = T (Λi) gcd(mαi,mβi) . (9.12)

Proof. Apply Lemma 21:

gcd(P (α), P (β)) = gcd(mαiT (Λi),mβiT (Λi)

= T (Λi) gcd(mαi,mβi).

QED.
With the above lemmas the following theorem can be proved, establishing an upper bound on the number

of possible particle interaction products.

Theorem 17 (Hordijk’s Rule) The number nα,β of products of an interaction between two approaching
particles α and β with a domain Λi lying between is at most

nα,β ≤ P (α)P (β)∆v

T (Λi)S(Λi)
. (9.13)

Proof. First, let’s show that this quantity is an integer. Use Proposition 2 to get

P (α)P (β)∆v

T (Λi)S(Λi)
=

gcd(P (α), P (β))lcm(P (α), P (β))∆v

T (Λi)S(Λi)
, (9.14)

and then Lemma 25 to find that

P (α)P (β)∆v

T (Λi)S(Λi)
=

gcd(P (α), P (β))r

T (Λi)
, (9.15)

and finally Lemma 26 to show that

P (α)P (β)∆v

T (Λi)S(Λi)
=

T (Λi) gcd(mαi,mβi)r

T (Λi)

= r gcd(mαi,mβi) , (9.16)

which is an integer.
Second, assume that, at some initial time t, the two particles are in some arbitrary phases αj and βj′ ,

respectively, and that the distance between them is d cells. This configuration gives rise to a particular
particle-phase combination at the time of collision. Since the global update function is deterministic, the
combination, in turn, gives one and only one interaction result. Now, increase the distance between the two
particles, at time t, by one cell, while keeping their phases fixed. This gives rise to a different particle-phase
combination at the time of collision and, thus, possibly to a different interaction result. We can repeat this
operation of increasing the distance by one cell lcm(P (α), P (β))∆v times. At that point, however, we know
from Lemma 24 that after lcm(P (α), P (β)) time steps the particles find themselves again in phases αj and
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βj′ at a separation of d. That is, they are in exactly the original configuration and their interaction will
therefore also produce the original product, whatever it was.

Starting the two particles in phases αj and βj′ , the particles go through a fraction 1/ gcd(P (α), P (β))
of the possible P (α)P (β) phase combinations, over lcm(pα, pβ) time steps, before they start repeating their
phases again. So, the operation of increasing the distance between the two particles by one cell at a time
needs to be repeated for gcd(P (α), P (β)) different initial phase combinations. This way all possible phase
combinations with all possible distances (modulo lcm(P (α), P (β))∆v) are encountered. Each of these can
give rise to a different interaction result.

From this one sees that there are at most

gcd(P (α), P (β))lcm(P (α), P (β))∆v = P (α)P (β)∆v (9.17)

unique particle-domain-particle configurations. And so, there are at most this many different particle inter-
action products, given that Φ is many-to-one. (Restricted to the homogeneous, quiescent (Λ = 0∗) domain
which has T (Λ) = 1 and S(Λ) = 1, this is the result, though not the argument, of Park, Steiglitz and
Thurston (1986).)

However, given the phases αj and βj′ , the distance between the two particles cannot always be increased
by an arbitrary number of cells. Keeping the particle phases αj and βj′ fixed, the amount ∆d by which the
distance between the two particles can be increased or decreased is a multiple of the spatial periodicity S(Λi)
of the intervening domain. The argument for this is similar to that in the proof of Lemma 25. Consequently,
of the lcm(P (α), P (β))∆v increases in distance between the two particles, only a fraction 1/S(Λi) are actually
possible.

Furthermore, and similarly, not all arbitrary particle-phase combinations are allowed. Choosing a phase
αj for the α particle subsequently determines the phase Λi

j of the domain Λi for which α forms one boundary.

From Corollary 5 it then follows that only a fraction 1/T (Λi) of the P (β) phases are possible for the β particle
which forms the other boundary of Λi.

Adjusting the number of possible particle-domain-particle configurations that can give rise to different
interaction products according to the above two observations results in a total number

P (α)P (β)∆v

T (Λi)S(Λi)
(9.18)

of different particle-phase combinations and distances between two particles α and β. Putting the pieces
together, then, this number is an upper bound on the number nα,β of different interaction products. QED.

Remark 1. As we’ll see in the examples, on the one hand, the upper bound is strict, since it is saturated
by some interactions. On the other hand, there are also interactions that do not saturate it.

Remark 2. We saw (Corollary 5, Remark) that the information in a pair of particles α and β, separated
by a patch of domain Λi, is at most

log2

P (α)P (β)

T (Λi)
(9.19)

bits. In fact, Hordijk’s Rule implies a stronger restriction. The amount of information the interaction carries
about its inputs is, at most, log2 nα,β bits, since there are only nα,β configurations of the particles that can
lead to distinct outcomes. If the number of outcomes is less than nα,β, the interaction effectively performs
an irreversible logical operation on the information contained in the input particle phases.

Remark 3. This is “Hordijk’s Rule” because Wim Hordijk was the first person to notice that, empirically,
it was valid, and to use it in analyzing cellular automata. This proof is joint work with Wim and Jim
Crutchfield.
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9.5 Examples

9.5.1 ECA 54 and Intrinsic Periodicity

Figure 9.2 shows the raw and domain-transducer filtered space-time diagrams of ECA 54, starting from a
random initial configuration. First, let’s review the results of Hanson and Crutchfield (1997) for ECA 54’s
particle dynamics.

Figure 9.3 shows a space-time patch of ECA 54’s dominant domain Λ, along with the domain transducer
constructed to recognize and filter it out, as was done to produce Figure 9.2(b).

Examining Figure 9.2 shows that there are four particles, called α, β, γ+, and γ−. The first two have
zero velocity; they are the larger particles seen in Figure 9.2(b). The γ particles have velocities 1 and −1,
respectively. They are seen in the figure as the diagonally moving “light” particles that mediate between the
“heavy” α and β particles.

The analysis in Hanson and Crutchfield (1997) identified 7 dominant two- and three-particle interactions.
Let’s now analyze just one: the γ+ + γ− → β interaction to illustrate the importance of a particle’s intrinsic
periodicity.

Naive analysis would simply look at the space-time diagram, either the raw or filtered ones in Figure 9.2,
and conclude that these particles had periodicities P (γ+) = P (γ−) = 1. Plugging this and the other data
— T (Λ) = 2, S(Λ) = 4, and ∆v = 2 — leads to upper bound nα,β = 1/4! This is patently wrong; it’s not
even an integer.

Figure 9.4 gives the transducer-filtered space-time diagram for the γ+ and γ− particles. The domain Λ is
filtered out, as above. In the filtered diagrams the transducer state reached on scanning the particle wedge
cells is indicated.

From the space-time diagrams of Figure 9.4(b) one notes that the transducer-state labeled wedges for
each particle indicate that their intrinsic periodicities are P (γ+) = 2 and P (γ−) = 2. Then, from Theorem
17, nα,β = 1. That is, there is at most one product of these particles’ interaction.

Figure 9.5 gives the transducer-filtered space-time diagram for the γ+ + γ− → β interaction. A complete
survey of all possible γ+Λγ− initial particle configurations shows that this is the only interaction for these
particles. Thus, the upper bound is saturated.

9.5.2 An Evolved CA

The second example for which we test the upper bound is a CA that was evolved by a genetic algorithm to
perform a class of spatial computations: from all random initial configurations, synchronize within a specified
number of iterations. This CA is φsync1

of Hordijk, Mitchell and Crutchfield (1998): a binary, radius-3 CA.
The 128-bit look-up table for φsync1

is given in Table 9.1.
Here we’re only interested in locally analyzing the various pairwise particle interactions observed in

φsync1
. It turned out that this CA used a relatively simple set of domains, particles, and interactions. Its

particle catalog is given in Table 9.2.
As one example, the two particles α and β and the intervening domain Λ have the properties given in

Table 9.2. From this data, Theorem 17 tells us that there is at most one interaction product:

nα,β =
4 · 2 · 1

4

2 · 1 = 1 . (9.20)

The single observed interaction between the α and β particles is shown in Figure 9.6. As this space-time
diagram shows, the interaction creates another β particle, i.e., α + β → β. An exhaustive survey of the 8
(= 4×2) possible particle-phase configurations shows that this is the only interaction for these two particles.
Thus, in this case, Hordijk’s Rule again gives a tight bound; it cannot be reduced.



79

Figure 9.2: (a) Raw space-time diagram and (b) filtered space-time diagram of ECA 54 behavior starting
from an arbitrary initial configuration. After Hanson and Crutchfield (1997).
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Figure 9.3: (a) Space-time patch of ECA54’s primary domain Λ. (b) The transducer that recognizes Λ and
deviations from it. After Hanson and Crutchfield (1997).

φ Look-up Table (hexadecimal)
φsync1

F8A19CE6B65848EA

D26CB24AEB51C4A0

φparent CEB2EF28C68D2A04

E341FAE2E7187AE8

Table 9.1: Lookup tables (in hexadecimal) for φsync1
and φparent. To recover the 128-bit string giving the

CA look-up table output bits st+1, expand each hexadecimal digit (the first row followed by the second row)
to binary. The output bits st+1 are then given in lexicographic order starting from the all-0s neighborhood
at the leftmost bit in the 128-bit string.
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Figure 9.4: The transducer-filtered space-time diagrams for the γ+ and γ− particles. (a) The raw space-time
patches containing the particles. (b) The same patches with the Λ filtered out. The cells not in Λ are denoted
in black; those in Λ in white. In the filtered diagrams the transducer state reached on scanning the particle
wedge cells is indicated. After Hanson and Crutchfield (1997).

Figure 9.5: The transducer-filtered space-time diagrams for the γ+ + γ− → β interaction. After Hanson and
Crutchfield (1997).
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φsync1
Particle Catalog
Domains Λ

Name Regular language T (Λ) S(Λ)
Λ 040∗, 141∗ 2 1

Particles P
Name Wall P d v
α ΛjΛj 4 -1 -1/4
β ΛjΛ1−j 2 -1 -1/2
γ ΛjΛj 8 -1 -1/8
δ ΛjΛj 2 0 0

Interactions I
Type Interaction Interaction
React α+ β → β γ + β → β
React δ + β → β γ + α→ α
React δ + α→ α δ + γ → α

Table 9.2: The particle catalog of φsync1
. Λj , j ∈ {0, 1}, indicates the two temporal phases of domain Λ.

Figure 9.6: The interaction between an α and a β particle in φsync1
.
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φparent Particle Properties
Domain T S

Λ 2 1
Particle P d v

α 8 2 1/4
β 2 -3 -3/2

Table 9.3: Properties of two of φparent’s particles.

9.5.3 Another Evolved CA

The third, more complicated example is also a CA that was evolved by a genetic algorithm to synchronize.
This CA is φparent of Crutchfield, Hordijk and Mitchell (2000b). It too is a binary radius-3 CA. The 128-bit
look-up table for φparent was given in Table 9.1.

Here the two particles α and β and the intervening domain Λ have the properties given in Table 9.3.
Note that this is the same domain as in the preceding example.

From this data, Theorem 17 now says that there are at most:

nα,β =
8 · 2 · 7

4

2 · 1 = 14 (9.21)

interactions.
Of these 14 input configurations, it turns out several give rise to the same products. From a complete

survey of α-Λ-β configurations, the result is that there are actually only 4 different products from the α+ β
interaction; these are:

α+ β → ∅
α+ β → γ

α+ β → 2β

α+ β → β + α

They are shown in Figure 9.7.
This example serves to highlight the distinction between the maximum number of interaction configura-

tions, as bounded by Theorem 17, and the actual number of unique products of the interaction. We’ll come
back to this.

9.5.4 ECA 110

In the next example, we test Theorem 17 on one of the long-appreciated “complex” CA, elementary CA
110. As long ago as 1986, Wolfram (Wolfram 1986, Appendix 15) conjectured that this rule is able to
support universal, Turing-equivalent computation (replacing an earlier dictum (Wolfram 1984b, p. 31) that
all elementary CA are “too simple to support universal computation”). While this conjecture initially excited
little interest, in the last few years it has won increasing acceptance in the CA research community. Though
to date there is no published proof of universality, there are studies of its unusually rich variety of domains and
particles, one of the most noteworthy of which is McIntosh’s work on their tiling and tessellation properties
(McIntosh 2000). Because of this CA’s behavioral richness, I won’t present its complete particle catalog and
computational-mechanical analysis here; rather see Crutchfield and Shalizi (2001). Instead, I’ll look at a
single type of reaction where the utility of Hordijk’s Rule is particularly notable.

Consider one domain, labeled Λ0, and two particles that move through it, called β and κ (Crutchfield and
Shalizi 2001). (This β particle is not to be confused with the β of the previous examples.) Λ0 is ECA 110’s



84

Figure 9.7: The four different (out of 14 possible) interaction products for the α+ β interaction.

Figure 9.8: The particle β of ECA 110: The space-time patch shows two complete cycles of particle phase.

“true vacuum”: the domain that is stable and overwhelmingly the most prominent in space-time diagrams
generated from random samples of initial configurations. It has a temporal period T (Λ0) = 1, but a spatial
period S(Λ0) = 14. The β particle has a period P (β) = 15, during the course of which it moves four steps to
the left: dβ = 4. The κ particle, finally, has a period P (κ) = 42, and moves dκ = 14 steps to the left during
its cycle. This data gives the β particle a velocity of vβ = −4/15 and the κ particle vκ = −1/3.

Naively, one would expect to have to examine 630 (= P (β)P (κ) = 15 × 42) different particle-phase
configurations to exhaust all possible interactions. Theorem 17, however, tells us that all but

(15)(42)(−4
15 − −1

3 )

(14)(1)
= 3 (9.22)

of those initial configurations are redundant. In fact, an exhaustive search shows that there are exactly three
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Figure 9.9: The particle κ of ECA 110: The space-time diagram shows one complete cycle of particle phase.

distinct interactions:

β + κ → α+ 3wright ,

β + κ → β + 4wright ,

β + κ → η .

Here, α, wright, and η are additional particles generated by ECA 110. These interactions are depicted,
respectively, in Figures 9.11, 9.10, and 9.12.

The wright particle is somewhat unusual in that several can propagate side by side, or even constitute
a domain of their own. There are a number of such “extensible” particle families in ECA 110 (Crutchfield
and Shalizi 2001).

Finally, observe that, though all these particles are wide and have long periods, and move through a
complicated background domain, Hordijk’s Rule is not just obeyed, but gives the exact number of interaction
products. I’ll come back to what significance this might have in the conclusion to this chapter.
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Figure 9.10: The reaction β + κ→ β + 4wright in ECA 110.
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Figure 9.11: The reaction β + κ→ α+ 3wright in ECA 110.
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Figure 9.12: The reaction β + κ→ η in ECA 110.
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9.6 Conclusion

9.6.1 Summary

The original interaction product formula of Park, Steiglitz and Thurston (1986) is limited to particles prop-
agating in a completely uniform background; i.e., to a domain whose spatial and temporal periods are both
1. When compared to the rich diversity of domains generated by CAs, this is a considerable restriction,
and so the formula does not help in analyzing many CAs. We’ve generalized their result and along the
way established a number of properties of domains and particles — structures defined by CA computational
mechanics. The examples showed that the upper bound is tight and that, in complex CAs, particle interac-
tions are substantially less complicated than they look at first blush. Moreover, in developing the bound for
complex domains, the analysis elucidated the somewhat subtle notion of a particle’s intrinsic periodicity —
a property not apparent from the CA’s raw space-time behavior: it requires rather an explicit representation
of the bordering domains’ structure.

Understanding the detailed structure of particles and their interactions moves us closer to an engineering
discipline that would tell one how to design CA to perform a wide range of spatial computations using various
particle types, interactions, and geometries. In a complementary way, it also brings us closer to scientific
methods for analyzing the intrinsic computation of spatially extended systems (Chapter 10).

9.6.2 Open Problems

The foregoing analysis merely scratches the surface of a detailed analytical approach to CA particle “physics”:
Each CA update rule specifies a microphysics of local (cell-to-cell) space and time interactions for its universe;
the goal is to discover and analyze those emergent structures that control the macroscopic behavior. We’ll
return to that problem in the next chapter, but first I’ll list a few of questions raised by these results.

It would be preferable to directly calculate the number of products coming out of the interaction region,
rather than (as here) the number of distinct particle-domain-particle configurations coming into the inter-
action region. We believe this is eminently achievable, given the detailed representations of domain and
particles that are entailed by a computational mechanics analysis of CAs.

Two very desirable extensions of these results suggest themselves. The first is to go from strictly periodic
domains to cyclic (periodic and “chaotic”) domains and then to general domains. The principle difficulty
here is that Proposition 20 plays a crucial role in the current proof, but we do not yet see how to generalize its
proof to chaotic (positive entropy density) domains. The second extension would be to incorporate aperiodic
particles, such as the simple one exhibited by ECA 18 (Crutchfield and Hanson 1993a). We suspect this
will prove considerably more difficult than the extension to cyclic domains: it is not obvious how to apply
notions like “particle period” and “velocity” to these defects. A third extension, perhaps more tractable
than the last, is to interactions of more than two particles. The geometry and combinatorics will be more
complicated than in the two-particle case, but we conjecture that it will be possible to establish an upper
bound on the number of interaction products for n−particle interactions via induction.

Does there exist an analogous lower bound on the number of interactions? If so, when do the upper and
lower bounds coincide?

In solitonic interactions the particle number is preserved (Peyrard and Kruskal 1984; Aizawa, Nishikawa
and Kaneko 1991; Park, Steiglitz and Thurston 1986; Steiglitz, Kamal and Watson 1988; Ablowitz, Kruskal
and Ladik 1979). What are the conditions on the interaction structure that characterize solitonic inter-
actions? The class of soliton-like particles studied in Park, Steiglitz and Thurston (1986) possess a rich
“thermodynamics” closely analogous to ordinary thermodynamics, explored in detailed in Goldberg (1988).
Do these results generalize to the broader class of domains and particles, as the original upper bound of
Park, Steiglitz and Thurston (1986) does?

While the particle catalog for ECA 110 is not yet provably complete, for every known pair of particles
the number of distinct interaction products is exactly equal to the upper bound given by Hordijk’s Rule.
This is not generally true of most of the CAs we have analyzed and is especially suggestive in light of the
widely-accepted conjecture that the rule is computation universal. We suspect that ECA 110’s fullness or
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behavioral flexibility is connected to its computational power. (Cf. Remark 2 to Theorem 17.) However,
we have yet to examine other, computation universal CA to see whether they, too, saturate the Hordijk’s
Rule bound. One approach to this question would be to characterize the computational power of systems
employing different kinds of interactions, as is done in Jakubowski, Steiglitz and Squier (1997) for computers
built from interacting (continuum) solitary waves.
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Chapter 10

Spatio-temporal Computational

Mechanics

Not in the spaces we know, but between them, They walk serene and primal, undimensioned
and to us unseen.
— Abdul Alhazred (c. 750)

10.1 The Difficulties of Higher Dimensions

It may not have escaped the reader’s attention that, while Chapter 9 spoke freely of “hidden states” in a CA,
I was quite vague about just what those states were, and how they related to the hidden states constructed
in the previous chapters. It would be nice to say that those states are causal states, in some sense, but it’s
not clear what that might be. It’s hard to see in what sense the value at one point in the lattice is caused by
the values of its neighbors at that time, for instance. So the justification of the domain-and-particle methods
has been somewhat pragmatic — you can think of the CAs as doing things to regular languages, and those
languages can be represented by machines with states, and the results are fruitful — but also unsatisfactory.

Now, of course, CA are dynamical systems (we’ve been over that at some length in Section 8.2), so we
could apply computational mechanics to them, at the global level, in a very straightforward manner. The
causal states we’d derive in this way would capture all the patterns relevant to the global evolution of the
CA, and so in some sense all the information about their spatial structure would be encoded into the global
ǫ-machine. On the other hand, that encoding would be very hairy indeed, and we’d really like something
where the spatial structure was transparent, just as the ǫ-machine makes the causal structure transparent.
So what we’re looking for are spatially-localized states, which we can somehow link up with the states from
spatial computational mechanics of CAs. Our desired states should also be causal, in some reasonable sense,
and have the optimality properties to which we’ve become accustomed.

An obvious first step is to turn to information theory and automata theory, since they served us so
well with time-series. Unfortunately, nobody really knows how to work either of those theories in higher
dimensions. Automata theory, in particular, gets really ugly (Lindgren, Moore and Nordahl 1998), and
information theory isn’t much better. (See Eriksson and Lindgren 1987; Lempel and Ziv 1986; Andrienko,
Brilliantov and Kurths 2000; Feixas, del Acebo, Bekaert and Sbert 1999; Garncarek and Piasecki 1999;
Piasecki 2000 for attempts to extend information theory to fields in two or more dimensions.) That avenue
being blocked, a natural second step is to look to statistics. The statistical analysis of spatial data is
notoriously difficult in all but the most trivial cases (Ripley 1981; Ripley 1988; Cressie 1993; Grenander
1996). In part this is because the proper treatment of spatial stochastic processes is also notoriously difficult
(see Schinazi (1999) and Guttorp (1995, ch. 4) for gentle introductions to spatial processes and spatial
statistics, respectively. Griffeath (1979), Liggett (1985) and Guyon (1995) are more advanced treatments).
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In fact, we are in the uncomfortable position of having to strike out more or less on our own.

10.2 Global Causal States for Spatial Processes

In what follows, we’ll consider, not spatial processes in general, but those whose space, time and state are
all discrete, and space is a regular lattice. While this is a very broad class of processes — it includes all
cellular automata, for instance — it is still a limited one. At the end of this chapter and in the conclusion,
I’ll talk about how these assumptions might be relaxed.

We suppose that at each point in space can be in one of a finite number of states, drawn from a finite
alphabet A. Thus, a global configuration is an element of AS , where S is the lattice — either a finite number,
for a finite lattice, or

✁
d for a d-dimensional infinite lattice. The global spatial process is a distribution over

sequence of global configurations, an ensemble of elements of AS × T , where T = ☎ if there is a definite
starting-time, or =

✁
if time extends in both directions.

We write the random variable for the sequence of all configurations up to and including time t as
←
G (t);

we call its particular values pasts or histories. The future sequence is
→
G (t).

For simplicity, we assume that the process is invariant under spatial translations (but not necessarily any
other element of the space group).

Definition 34 (Global Causal State) The global causal state of a history is the set of all histories which
yield the same conditional distribution of futures. We write the random variable for the global causal state

as G (realizations γ), and the function from history to causal state as ǫ. That is, G = ǫ(
←
G), and

ǫ(
←
G) =

{
←
g
′
|∀ →g , P(

→
G=
→
g |
←
G=
←
g ) = P(

→
G=
→
g |
←
G=

←
g
′
)

}
(10.1)

Note that while global causal states are defined in a time-invariant manner, they do not necessarily have a
time-invariant distribution. In particular, if the global process is non-stationary, the distribution over global
causal states will be non-stationary.

All the properties of normal causal states, from chapter 4 are inherited.

10.2.1 Why Global States Are not Enough

While in a sense knowing the global causal state tells us all there is to know about the future of the spatial
process, it is not the ideal representation of the process’s structure, for three reasons.

First, there is no explicit representation of the spatial structure. It is encoded, to be sure, in the global
causal state, but generally not in any way which is easily comprehended by human beings. In many CA, for
instance, the presence or absence of phase-defects makes a great deal of difference to the dynamics. This
would be reflected by differing global causal states, but not in any way which made it particularly clear what
made the difference.

Second, the number of global causal states is apt to be very large — in the case of deterministic CA,
roughly on the order of the number of lattice configurations. (The exact number would depend on the degree
of irreversibility of the update rule.) This is not a particularly compact representation of the spatial process’s
structure, nor one which lends itself easily to calculation.

Third, getting adequate statistics to empirically estimate the global causal states is simply not practical.
For all these reasons, the global causal states approach to spatial processes, while valid, is useless. What

we would like, instead, is some way of factoring or distributing the information contained in the global causal
state across the lattice — of finding local causal states. It is to this question that we now turn.
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10.3 Local Causal States

A number of different ideas have been advanced for how to define “localities” for purposes of higher-
dimensional information theory and automata theory. Some involve looking at larger and larger “blocks”
of the same basic shape (Eriksson and Lindgren 1987); others attempt to “scan over” paths in the lattice,
reducing the problem to that of well-ordered series (Feldman 1998). Neither of these quite works (Feldman
1998), so here is another, which seems to.

10.3.1 Light Cones and Their Equivalence Classes

Let x = (~x, t) be a single cell at a single time, or a point-instant. We define the past light-cone of x, denoted
←
L (x), as all other point-instants (~y, s) such that s ≤ t and ||~y− ~x|| < c(t− s), where c is a positive constant
for the system, the maximum speed at which disturbances can propagate — the “speed of light,” as it were.1

We denote the random variable for the configuration in the past light cone by
←
L, and its realization by

←
l . The future light-cone,

→
L (x), is similarly defined as all those point-instants (~y, s) such that s > t and

||~y − ~x|| < c(s − t). It is the set of point-instants at which changes at x might have an effect. (See Figure
10.1 for a schematic.)

As with classical stochastic processes, any function on past light-cones partitions the set of them into
equivalence classes, and so assigns them to effective states. The obvious analogs of the definitions and
lemmas about effective states for time-series all apply straight-forwardly, since none of the information-
theoretic arguments we made rely on having a well-ordered sequence as the input to the effective-state
function η. We wish to point out, however, a subtlety in the appropriate definition of prescience.

Definition 35 (Local Effective States) Any partition R of
←
L is an effective state class; a cell ρ ∈ R is

an effective state. When the current past light-cone
←
l is included in the set ρ, we will speak of the process

being in state ρ at that point-instant. Thus, we define a function η from past light-cones to effective states:

η :
←
L 7→ R . (10.2)

A specific individual past light-cone
←

l ∈
←
L maps to a specific state ρ ∈ R; the random variable

←
S for the

past maps to the random variable R for the effective states.

Remark. We have used the same notation for local effective states as for purely temporal effective states; we
trust this will not cause confusion, as we shall only be dealing with the local versions from now on.

When we wish to refer to an arbitrary, finite spatio-temporal region, we shall write K. The random
variable for the configuration in K is K.

Lemma 27 (Old Country Lemma) For any local effective state, and any finite region K ⊂
→
L, H [K|R] ≥

H [K|
←
L].

Proof : Entirely analogous to the time-series case.

Definition 36 (Local Prescience) A local effective state is prescient iff, for any finite space-time region

K ⊂
→
L, H [K|R̂] = H [K|

←
L].

Remark. As with the definition of prescience in the case of classical stochastic processes, this definition

avoids having to invoke an entropy which may well be infinite, namely H [
→
L |
←
S ].

1By this definition, a point-instant is in its own past light-cone. This is a slight departure from the standard usage in
relativity, essentially to accommodate discrete time.
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Figure 10.1: Schematic of the light-cones of a single point-instant, x. Following convention for CAs, time

runs vertically downward, and the spatial coordinate(s) are horizontal. The grey squares denote
←
L (x), the

past light-cone of x. The white squares are its future light-cone,
→
L (x). Note that we include x within its

own past light-cone, resulting in a slight asymmetry between the two cones.
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Lemma 28 (Local Prescience and Conditional Independence) For any set of effective states R, if
→
L |=

←
L |R, then R is prescient.

Proof : By Lemma 37, since R = η(
←
L), the conditional independence implies that P(

→
L |
←
L=
←
l ) = P(

→
L |R =

η(
←
l )) for all

←
l . Therefore this is true for any K as well. Hence the entropy of K conditional on

←
L is equal

to its entropy conditional on R. But this is the definition of local prescience. QED.

Definition 37 (Local Excess Entropy) The local excess entropy at x is

Eloc(x) = log2

P(
→
L=
→
l (x),

←
L=
←
l (x))

P(
→
L=
→
l (x))P(

←
L=
←
l (x))

(10.3)

Definition 38 (Excess Entropy Density) The excess entropy density, Eloc, is

Eloc ≡ I(
←
L;
→
L) . (10.4)

It is the expectation value of the local excess entropy, Eloc(x).

Remark 1. The proof of the assertion follows directly from the definition of mutual information.
Remark 2. Both Eloc(x) and Eloc can vary over time, and generally do in non-stationary processes. Note

that Eloc is not the average of Eloc(x) over the lattice in any particular realization of the process. Rather,
it is the average over the ensemble of all realizations. If the two averages coincide on large lattices, then the
process has a kind of spatial ergodicity. (Cf. the notion of “broken ergodicity” in spin glasses (Fischer and
Hertz 1988; Palmer 1989).)

Definition 39 (Local Statistical Complexity) For a set of effective states R, the local statistical com-
plexity a x, written Cµ

loc(R,x) is

Cµ
loc(R,x) ≡ − log2 P(R(x) = η(

←

l (x))) (10.5)

Definition 40 (Statistical Complexity Density) The statistical complexity density of a set of local ef-
fective states:

Cµ
loc(R) ≡ H [R] . (10.6)

It is the expectation value of the local statistical complexity.

Remark. See the remarks on the excess entropy density.

10.3.2 The Local Causal States

We adapt the definition of causal states to the use of light cones in the obvious way.

Definition 41 (Local Causal State) The local causal state at x, written L(x), is the set of all past light-
cones whose conditional distribution of future light-cones is the same as that of the past light-cone at x. That
is,

ǫ(
←

l (x)) =

{
←

l
′
∣∣∣∣P(K = k|

←
L=

←

l
′

) = P(K = k|
←
L=
←

l (x)) (10.7)

∀K ⊂
→
L , ∀k

}
(10.8)
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Lemma 29 (Conditional Independence of Past and Future Light-Cones) The past and future light-
cones are independent given the local causal state.

Proof : By the construction of the local causal state,

P(
→
L=
→
l |
←
L=
←
l ) = P(

→
L=
→
l |L = λ) (10.9)

But L = ǫ(
←
L), so, by Lemma 37,

→
L |=

←
L |L. QED.

Theorem 18 (Prescience of Local Causal States) The local causal states are prescient: ∀K,

H [K|L] = H [K|
←
L] (10.10)

Proof : Follows immediately from the combination of Lemmas 29 and 28. QED.

Lemma 30 (Local Refinement Lemma) If R̂ is a prescient set of local effective states, then R̂ is a

refinement of L, and there is a function h such that L = h(R̂) almost always.

Proof : Identical to the global lemma.

Theorem 19 (Minimality of the Local Causal States) For any prescient rival set of states, R̂,

Cµ
loc(R̂) ≥ Cµ

loc(L) (10.11)

Proof : Identical to the global theorem.

Theorem 20 (Uniqueness of the Local Causal States) If R̂ is prescient, and Cµ
loc(R̂) = Cµ

loc(L),

then there is a function g such that R̂ = g(L) almost always.

Proof : Identical to the global theorem, substituting Cµ
loc for Cµ.

Theorem 21 (Local Statistical Complexity and Excess Entropy)

Eloc(x) ≤ Cµ
loc(L,x) (10.12)

Proof : Recall the definition of Eloc(x):

Eloc(x) = log2

P(
→
L=
→
l (x),

←
L=
←
l (x))

P(
→
L=
→
l (x))P(

←
L=
←
l (x))

(10.13)

= log2

P(
→
L=
→
l (x)|

←
L=
←
l (x))

P(
→
L=
→
l (x))

(10.14)

= log2

P(
→
L=
→
l (x)|L = ǫ(

←
l (x)))

P(
→
L=
→
l (x))

(10.15)

= log2

P(
→
L=
→
l (x),L = ǫ(

←
l (x)))

P(
→
L=
→

l (x))P(L = ǫ(
←

l (x)))
(10.16)

= log2

P(L = ǫ(
←
l (x))|

→
L=
→
l (x))

P(L = ǫ(
←
l (x)))

(10.17)

= log2 P(L = ǫ(
←
l (x))|

→
L=
→
l (x)) − log2 P(L = ǫ(

←
l (x))) (10.18)

= Cµ
loc(L,x) + log2 P(L = ǫ(

←
l (x))|

→
L=
→
l (x)) (10.19)

≤ Cµ
loc(L,x) (10.20)
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Theorem 22 (Bounds of Excess (Densities)) Eloc ≤ Cµ
loc(L).

Proof : Identical to the global theorem. Alternately, simply take the expectation value of both sides of the
previous theorem.

10.3.3 Composition of the Global State from Local States

10.3.3.1 Extended or Patch Causal States

Rather than considering the past and future light-cones of a single point-instant, we can consider those of
a patch of points at the same time. It will be convenient to only consider connected patches. The past and
future cones of the patch are simply the unions of the cones of the patch’s constituent cells. We denote the

patch’s past light-cone by
←
P , its future by

→
P . We define prescience and the patch causal state exactly as for

the local case; the patch causal state is written P .
Transparently, the patch causal states are prescient (for the patch future light-cone), minimal among the

prescient patch states, and render the patch’s future light cone conditionally independent of its past light
cone. Moreover, Lemma 28 holds good for them, too; we shall make much use of this in what follows.

10.3.3.2 Composing Local States into Patch and Global States

Lemma 31 (Patch Composition Lemma) The causal state of a patch at one time P is uniquely deter-
mined by the composition of all the local causal states within the patch at that time.

Proof : We will show that the composition of local causal states within the patch is a prescient “effective
state” of the patch, and then apply minimality.

Consider first a patch consisting of two (spatially) adjacent cells, x1 and x2. Define the following regions:

←
Lc =

←
L (x1)∩

←
L (x2)

←
L1 =

←
L (x1)\

←
Lc

←
L2 =

←
L (x2)\

←
Lc

Thus
←
L (x1) =

←
L1 ∪

←
Lc, and likewise for

←
L (x2). Define

→
L1,

→
Lc and

→
L2 similarly. (See Figure 10.2 for

a picture of these regions.) Now consider the configurations in these regions. We may draw a diagram of
causal effects (Figure 10.3).

Lemma 29 tells us that every path from
←
L1 or

←
Lc to

→
L1 must go through L1. By the very definition of

light-cones, there cannot be a path linking
←
L2 to

→
L1. Therefore there cannot be a link from L2 to

→
L1. (Such

a link would in any case indicate that
→
L1 had a dependence on

←
Lc which was not mediated by L1, which is

false.) All of this is true, mutatis mutandis, for
→
L2 as well.

Now notice that every path from variables in the top row — the variables which collectively constitute
←
P — to the variables in the bottom row — which collectively are

→
P — must pass through either L1 or L2.

The set Z = {L1,L2} thus “blocks” those paths. In the terminology of graphical studies of causation, Z

d-separates
←
P and

→
P . But d-separation implies conditional independence (Pearl 2000, p. 18). Thus

←
P and

→
P are independent given the composition of L1 and L2. But that combination is a function of

←
P , so Lemma

28 applies, telling us that the composition of local states is prescient. Then Lemma 30 tells us that there is
a function from the composition of local states to the patch causal state.

Now, the reader may verify that this argument would work if one of the two “cells” above was really
itself a patch. That is, if we break a patch down into a single cell and a sub-patch, and we know their causal
states, the causal state of the larger patch is fixed. Hence, by mathematical induction, if we know all the
local causal states of the cells within a patch, we have fixed the patch causal state uniquely. QED.
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Figure 10.2: The space-time regions for a patch of two cells. point-instants which belong exclusively to the
light-cones of the cell on the left (x1) are shaded light grey; those which belong exclusively to the light-cones

of the other cell (x2) are shaded dark grey. The areas of overlap (
←
Lc and

→
Lc) are white, with heavy borders.

Note that, by the definition of light-cones, the configuration in
←
L1 can have no effect on that in

→
L2 or vice

versa.
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Figure 10.3: Diagram of causal effects for the two-cell patch. Arrows flow from causes to effects; the absence
of a variable between two nodes indicates an absence of direct causal influence. Dashed lines indicate possible
correlations.
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Theorem 23 (Global Composition Theorem) The global causal state at one time G is uniquely deter-
mined by the composition of all the local causal states at that time.

Proof : Apply Lemma 31 to the “patch” of the entire lattice. The proof of the lemma goes through, because
it in no way depends on the size or the shape of the past, or even on the patch being finite in extent. Since
the patch causal state for this patch is identical with the global causal state, it follows that the latter is
uniquely fixed by the composition of the local causal states at all points on the lattice. QED.

Remark 1. We have thus shown that the global causal state can be decomposed into local causal states,
as we have defined them, without losing its global properties or indeed any information.

Remark 2. Conceivably, we could define local causal states with reference not to light-cones but to regions
of other shapes, and some of our formal results would still hold. It is not clear, however, whether we could
then recover the global causal state through composition, since the properties of light-cones per se played
an important role in our proof. This topic deserves further investigation.

10.4 Connections Among Local States; the ǫ-Machine

Just as in the case of time series or of transducers, causal states succeed each other, with transitions be-
tween states being accompanied by observational symbols. In the case of spatial processes, there are two
complications.

First, transitions can be made, not just forward in time, but also laterally, from a cell to any of its
neighbors. Thus we will need to label transitions, not just by their probabilities and their symbols, but also
by their directions.

The second complication concerns those symbols. For time series, the symbols on the transitions were
simply that, symbols from the alphabet A. For transducers, we needed to label transitions by two symbols,
one from the input alphabet A and one from the output alphabet B. In both cases, the labels consisted of all
the new observations, of all the new data, observed in the course of the transition.2 The new data obtained
from a transition in a spatial process consists of the values of point-instants which are in the past light cone
of the new point-instant, but were inaccessible from the old one.

More formally, define the fringe of the past light cone of x, when moving to the neighboring point-instant

x′, as all point-instants in
←
L (x′) that were not in

←
L (x). (See Figures 10.2 and 10.4.) Then the new data

consists of the configuration in the fringe.
That we should consider the new data to be the fringe configurations is not at all obvious (at least not

to me); therefore it needs to be proved. The proof will take the form of showing that the old local causal
state, plus the fringe, determines the new local causal state. There are two cases to consider moving forward
in time, and moving sideways in space.

10.4.1 Temporal Transitions

We want to move forward in time one step, while staying in place. Call the point-instant we start at x, and
its successor x+. A little thought will convince you that the whole of the new future light cone is contained
inside the old future light cone, and vice versa for the past cones. So let’s define

←
Ln =

←
L (x+)\

←
L (x)

→
Lo =

→
L (x)\

→
L (x+) ;

←
Ln is the fringe. (See Figure 10.4 for a picture of these regions.)

Lemma 32 (Determinism of Temporal Transitions) The local causal state at x+ is a function of the

local causal state at x and the time-forward fringe
←
Ln.

2Cf. the idea of the “innovation” in filtering theory (Bucy 1994).
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Figure 10.4: Space-time regions for the time-forward transition from x to x+. Region inside heavy borders:
←
L (x), the past light-cone of x. Dark grey:

←
L (x+), the past light-cone of x+. Light grey:

→
L (x+), the future

light-cone of x+. White:
→
L (x), the future light-cone of x. Note that

←
L (x) ⊂

←
L (x+) and

→
L (x+) ⊂

→
L (x).

←
Ln consists of the dark grey cells outside of the heavy lines;

→
Lo consists of white cells (not the light grey

ones).
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Figure 10.5: Diagram of causal effects for the configurational variables involved in a time-forward transition.
Dashed arrows indicate possible non-causal correlations. Dotted arrows indicate indirect effects, mediated
by paths consisting entirely of solid arrows.

Proof. Start by drawing the diagram of causal effects (Figure 10.5).
→
Lo and

→
L (x+) jointly constitute

→
L (x), so there must be paths from L(x) to both of them. Now, L(x+)

renders
←
L (x+) and

→
L (x+) conditionally independent. Hence it should d-separate them in the graph of

effects. But
←
L (x) is part of

←
L (x+) and has a direct path to L(x). This means that there cannot be a direct

path from L(x) to
→
L (x+); rather, the causation must be mediated by L(x+). (We indicate this in the graph

by a dotted arrow from L(x) to
→
L (x+). Similarly,

←
L (x) certainly helps determine L(x+), but it need not

do so directly. In fact, it cannot: L(x) must d-separate
←
L (x) and

→
L (x), i.e., must d-separate

←
L (x) from

→
L (x+) and

→
Lo. Hence the influence of

←
L (x) on L(x+) must run through L(x). (We indicate this, too, by

a dotted arrow from
←
L (x) to L(x+).)

Now it is clear that the combination of L(x) and
←
Ln d-separates

←
L (x+) from

→
L (x+), and hence makes

them conditionally independent. But now the usual combination of Lemmas 28 and 30 tell us that there’s

a function from L(x),
←
Ln to L(x+). QED.

10.4.2 Spatial Transitions

Lemma 33 (Determinism of Spatial Transitions) Let x1 and x2 be simultaneous, neighboring point-

instants. Then L(x2) is a function of L(x1) and the fringe in the direction from x1 to x2,
←
L2.
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Here the breakdown of the past and future light-cone regions is the same as when we saw how to compose
patch causal states out of local causal states in Section 10.3.3, as is the diagram of causal effects; we’ll use
the corresponding terminology, too. (See Figs.10.2 and 10.3, respectively.) What we hope to show here is

that conditioning on the combination of L1 and
←
L2 makes

→
L (x2) independent of

←
L2 and

←
Lc. Unfortunately,

as the reader may verify by inspecting the diagram, our conditional variables no longer d-separate the other
variables (since they have an unblocked connection through L2). All is not lost, however: d-separation
implies conditional independence, but not conversely.

Abbreviate the pair of variables
{
L1,
←
L2

}
by Z. Now, L2 is a (deterministic) function of

←
Lc and

←
L2.

Hence it is also a function of Z and
←
Lc. Thus P(

→
L2 |L2, Z,

←
Lc) = P(

→
L2 |Z,

←
Lc). But this tells us that

→
L2 |= L2|Z,

←
Lc (10.21)

From d-separation, we also have

→
L2 |=

←
Lc |Z,L2 (10.22)

Applying Eq. A.33,

→
L2 |= L2,

←
Lc |Z (10.23)

Applying Eq. A.34,

→
L2 |=

←
Lc |Z (10.24)

Since Z = Z,
←
L2,

→
L2 |=

←
Lc |Z,

←
L2 (10.25)

The following conditional independence is odd-looking, but trivially true:

→
L2 |=

←
L2 |Z (10.26)

And it, along with Eq. A.35, gives us

→
L2 |=

←
Lc,
←
L2 |Z (10.27)

A similar train of reasoning holds for
→
Lc. Thus, the entire future light cone of x2 is independent of that

point-instant’s past light cone, given L1 and
←
L2. This tells us that

{
L1,
←
L2

}
is prescient for

→
L (x2), hence

L2 is a function of it.
QED.

10.4.3 Arbitrary Transitions

Lemma 34 (Determinism along Paths) Let x1 and x2 be two point-instants, such that x2 is at the same
time or later than x1. Let Γ be a spatio-temporal path connecting the two point-instants, arbitrary except
that it can never go backwards in time. Let FΓ be the succession of fringes encountered along Γ. Then L(x2)
is a function of L(x1), Γ and FΓ,

L(x2) = g(L(x1),Γ, FΓ) (10.28)

for some function g.
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Proof. Apply Lemma 32 or 33 at each step of Γ. QED.

Lemma 35 (Path-Independence of Transitions) Let x1 and x2 be two point-instants as in the previous
lemma, and let Γ1, Γ2 be two paths connecting them, and FΓ1

and FΓ2
their fringes, all as in the previous

lemma. Then the state at x2 is independent of which path was taken to reach it,

g(L(x1),Γ1, FΓ1
) = g(L(x1),Γ2, FΓ2

) . (10.29)

Proof. Suppose otherwise. Then either the state we get by going along Γ1 is wrong, i.e., isn’t L(x2), or the
state we get by going along Γ2 is wrong, or both are.

L(x2) 6= g(L(x1),Γ1, FΓ1
) ∨ L(x2) 6= g(L(x1),Γ2, FΓ2

) (10.30)
→
L (x2) 6 |=

←
L (x2)|L(x1),Γ1, FΓ1

∨
→
L (x2) 6 |=

←
L (x2)|L(x1),Γ2, FΓ2

(10.31)

¬(
→
L (x2) |=

←
L (x2)|L(x1),Γ1, FΓ1

∧
→
L (x2) |=

←
L (x2)|L(x1),Γ2, FΓ2

) (10.32)

But, by the path determinism lemma 34,
→
L (x2) |=

←
L (x2)|L(x1),Γ1, FΓ1

and
→
L (x2) |=

←
L (x2)|L(x1),Γ2, FΓ2

.
Hence transitions must be path-independent. QED.

10.4.4 The Labeled Transition Probabilities

Just as in the case of time series, we can construct labeled transition probability functions, T, which take
as arguments the current state, the direction of transition and the fringe seen on transition (regarded as a
string over A), and returns the state arrived at. For time series, we also include the probability of emitting
that symbol and so of arriving at that state. That is licit, because each state is associated with a unique
morph, and so a unique distribution for the next symbol. Here the local causal states have morphs, but
only over their future light cones, which include little if any of the relevant fringes. So it’s not immediately
obvious that those transition probabilities are well-defined, stationary objects.

In practice, every spatial system we have examined does have well-defined transition probabilities between
its local states. I am led to the following.

Definition 42 (Causal Parents of a Local Causal State) The causal parents of the local causal state
at x are the causal states at all point-instants which are one time-step before x and inside its past light-cone:

A(x) ≡ {L(~y, t− 1) | ||~y − ~x|| ≤ c} (10.33)

Lemma 36 (Screening-off of Past Light Cone by Causal Parents) The local causal state at a point-
instant, L(x), is independent of the configuration in its past light cone, given its causal parents:

L(x) |=

←
L (x)|A(x) (10.34)

Proof. x is in the intersection of the future light cones of all the cells in the patch at t − 1. Hence, by
the arguments given in the proof of the composition theorem, it is affected by the local states of all those

cells, and by no others. In particular, previous values of the configuration in
←
L (x) have no direct effect; all

causation is mediated through those cells. Hence, by d-separation, L(x) is independent of
←
L (x). QED.

Theorem 24 (Temporal Markov Property for Local Causal States) The local causal state at a point-
instant, L(x), is independent of the local causal states of point-instants in its past light cone, given its causal
parents.

Proof. By the previous lemma, L(x) is conditionally independent of
←
L (x). But the local causal states in

its past light cone are a function of
←
L (x). Hence by Lemma A.38, L(x) is also independent of those local

states. QED.
Comforting though that is, we would really like a stronger Markov property, namely the following.
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Conjecture 2 (Markov Field Property for Local Causal States) The local causal states form a
Markov random field in space-time.

Argument for why this is plausible. We’ve seen that, temporally speaking, a Markov property holds: given
a patch of cells at one time, they are independent of their past light cone, given their causal parents. What
we need to add for the Markov field property is that, if we condition on present neighbors of the patch, as
well as the parents of the patch, then we get independence of the states of all point-instants at time t or
earlier. It’s plausible that the simultaneous neighbors are informative, since they are also causal descendants
of causal parents of the patch. But if we consider any more remote cell at time t, its last common causal
ancestor with any cell in the patch must have been before the immediate parents of the patch, and the effects
of any such local causal state are screened off by the parents.

10.4.5 ǫ-Machine Reconstruction

We have designed and implemented an algorithm for the reconstruction of local causal states from simulation
data for lattice dynamical systems. (It could, in principle, be used on experimental data as well.) The
procedure is as follows. We examine the empirical joint distribution for configurations of past light-cones of
depth L and future light-cones of depth K. That is, we gather statistics on the joint distribution of past

and future cones. If we have seen N light-cone pairs, then we estimate P(
←
L

L

=
←
l

L

,
→
L

K

=
→
l

K

) by

P̂N(
←
L

L

=
←
l

L

,
→
L

K

=
→
l

K

) =
ν(
←
l

L

,
→
l

K

)

N
(10.35)

where ν(
←
l

L

,
→
l

K

) simply counts the number of times we have seen that pair of light-cones. This is known as
the joint empirical distribution. Then we calculate the empirical conditional distribution of futures for each

past, P̂N (
→
L

K

=
→
l

K

|
←
L

L

=
←
l

L

), for each
←
l

L

and each
→
l

K

, as

P̂N (
→
L

K

=
→
l

K

|
←
L

L

=
←
l

L

) =
P̂N (

←
L

L

=
←
l

L

,
→
L

K

=
→
l

K

)

P̂N (
←
L

L

=
←
l

L

)

(10.36)

where the denominator is obtained, in the normal way, by summing the joint distribution over all future
light-cone configurations. Finally, we group the past light-cones into classes or effective states. We list the

pasts in some order, and start by assigning the first past to the first class. Now consider past
←
l

L

, which is

at least the second past in our order. We go through all the existing classes in order, and check whether
←
l

L

is compatible with all the pasts in that class. Compatibility between two pasts is defined by the Euclidean
distance between their empirical conditional distributions of futures being less than a pre-chosen tolerance

parameter δ. That is,
←
l

L

and
←
l

L′

are compatible when

∑

→

l
K

(
P̂N (

→
L

K

=
→
l

K

|
←
L

L

=
←
l

L

) − P̂N (
→
L

K

=
→
l

K

|
←
L

L

=
←
l

L′

)

)2

≤ δ (10.37)

If
←
l

L

is compatible with all the pasts already in state i, it is compatible with state i. We add
←
l

L

to the
first state in our enumeration with which it is compatible. If it is not compatible with any existing state, we
create a new one for it. This procedure is repeated until all pasts have been assigned to states.

Clearly, compatibility between histories is not a true equivalence relation (it is not transitive), so the
order in which pasts are checked for membership in states, and in which states are created, does matter.
This can be effectively randomized, however, and in any case does not effect the reliability of the procedure,
which we now address.
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10.4.5.1 Reliability of Reconstruction

Suppose that L andK are sufficiently large that they suffice to distinguish the causal states, i.e., that if we had
the exact distribution over past and future light-cones of those respective depths, and partitioned according
to the definition of local causal states, we would recover the true local causal states. Then conditioning on
pasts of depth L makes futures independent of the further past. Indeed, every time we examine the future of
a certain past configuration of depth L, it is independent of all the other futures of that same configuration.
Thus, the strong law of large numbers tells us that our estimate of the conditional probability of any future
configuration of depth K will almost surely converge on the true probability:

∣∣∣∣P(
→
L

K

=
→
l

K

|
←
L

L

=
←
l

L

) − P̂N(
→
L

K

=
→
l

K

|
←
L

L

=
←
l

L

)

∣∣∣∣
−→

N → ∞ 0 (10.38)

Hence the squared errors also converge to zero. Since there are only a finite number of such configurations,
it follows that the sum of the sum of such squared errors will also converge to zero, with probability one.

Now, under the assumptions we have made about being able to recover the causal states from exam-
ining only cones of finite depth, for any process there will be only a finite number of distinct conditional
distributions of future light-cones. Hence there will be a strictly positive δ0, such that all the conditional
distributions have a total-variation distance of at least δ0 from each other. Pick a δ ≤ δ0/2 for our tolerance
parameter. Then two pasts will be wrongly assigned to the same state only if one of their empirical distribu-
tions differs from its true distribution by at least δ0/2. But the probability of this happening goes to zero as
N → ∞, as we’ve seen. Hence, asymptotically, the probability of any two light-cones being wrongly assigned
to the same class goes to zero. Similarly, if two light-cones should be placed together, the probability that
their empirical distributions differ by enough to separate them also goes to zero. Thus, asymptotically, all
light-cones are assigned to the correct equivalence class, provided δ ≤ δ0/2. Indeed, all that we really need
is for δ to be below δ0/2 for sufficiently large N , so it suffices that δ → 0.

To summarize: the spatial reconstruction algorithm given here is consistent, PAC, and reliable, in the
same senses as the state-splitting algorithm for time series (Chapter 5). All this, recall, is under the assump-
tion that past and future light-cones of depth L and K are sufficient to recover the causal states. If we can
let L,K → ∞, then the algorithm is consistent for all spatial processes with some finite speed-of-light.

Any attempt to reconstruct causal states from empirical data is necessarily an approximation. Other
algorithms exist in the literature, all of which deliver the appropriate causal states in the limit of infinite
data and infinite history-length (Chapter 5; Crutchfield and Young 1990; Hanson 1993; Perry and Binder
1999). That is, like the present algorithm, they are consistent estimators if given infinite histories. (If every
causal state can be unambiguously identified after only a finite history, then they are simply consistent.) A
number of these algorithms (Chapter 5; Perry and Binder 1999) could be adapted to light-cones; others are
restricted to working with time-series. We hope to address the important question of the error statistics
(Mayo 1996) of these reconstruction algorithms in future work; our conjectures about the convergence rate
of the state-splitting algorithm (Chapter 5) are relevant here, too.

10.5 Emergent Structures

In Chapter 9, I claimed that domains and particles were emergent structures. Here I will show how to
define domains, particles, and other common spatial emergent structures in terms of the ǫ-machine. Later,
in Section 11.2.2, I’ll consider the idea that emergent structures can generically be defined as sub-machines
of the ǫ-machine (I’ll also give a definition of “emergent”).

Definition 43 (Domain) A domain phase is a sub-machine of the ǫ-machine which is strongly connected
for transitions in all spatial directions. A domain is a strongly-connected set of domain phases.

Definition 44 (Defect) Any point-instant in a configuration which is reached on a transition that does not
belong to any domain is in a defect.
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Definition 45 (d-Brane) A d-brane is a defect machine which is a strongly-connected graph in time (pos-
sibly with a translation) and n > d ≥ 1 spatial directions. If d = 1, then it is a em line.

Definition 46 (Particle) A particle is a defect machine which is a strongly-connected graph in time (pos-
sibly composed with a translation), but has bounded extent in all spatial directions.

In every case which has been checked, the particles and domains identified by hand, through spatial
computational mechanics, exactly correspond to sub-machines identified in this way. That is, spatial causal
states are also spatio-temporal local causal states.

Conjecture 3 (Domain and Particle Emergence) Suppose that a spatial process has domains, branes
and particles. Derive a new process from it by applying a filter which maps each domain to a distinct
value, each brane-type to a distinct value, and each particle to a distinct value. Then that derived process is
emergent.

It is hard to see how domain-filtering could lower the efficiency of prediction, but no proof saying otherwise
exists.

10.6 Examples

10.6.1 ECA Rule 54: Domain and Particles

Let us return to rule 54. Running the ǫ-machine reconstruction algorithm for spatial processes on it identifies
eight equivalence classes of past light-cones; we need only go back to a depth of 2 to do this. (See Figure
10.6.) Furthermore, we can get the spatial transition structure (Figure 10.7) and the temporal structure
(Figure 10.8). Compare Figure 10.7 with Figure 9.3. The two structures are manifestly the same, both in
states and in transitions. (It is easy to work out the correspondence between the fringes in the former and
the scanning symbols in the later.) But the domain filter was assembled by hand, and the new ǫ-machine
was automatically constructed.

Observe that the probability of staying within a domain phase, once entered, is much higher than that
of leaving it, so that grouping the domain states together (by filtering on the domain) will improve the
efficiency of prediction. That is, the domain-filtered process is emergent.

10.6.2 ECA Rule 110: Domains and Particles

Recall that ECA 110 has one primary domain, and a large number of minor, less stable ones. The primary
domain, Λ0, has spatial period 14 and temporal period 7, so that each point in the domain follows one of
two distinct time courses.

All of this was discovered by hand, and pretty painful hands at that. Here is the result of running the
spatial ǫ-machine reconstruction algorithm on rule 110, starting from random initial conditions, with a past
and future depth set equal to 3.

There are 31 causal states, each occupied by only a single past light cone. (See Table 10.1.) The spatial
structure is given by Figure 10.9, for left-to-right transitions. The Λ0 domain can easily be seen, as the
chain of 14 states on the left. It is fairly easy to find other closed chains of states, but these are not the
other domains. This becomes evident when we look at the temporal structure (Figure 10.10). Λ0 has two
sub-components, corresponding to the two time courses available to a site within the domain. Most of the
chains of states outside Λ0 are not preserved under time-evolution, therefore they are not domains.
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Figure 10.6: The light-cones for the local causal states of rule 54
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Figure 10.7: Left-to-right spatial transitions for rule 54. The fringe symbols should be read backwards in
time. That is, “10” means that the cell to the right of the current one, at the current time, has a value of
1, and the cell to the right of that, one time-step previously, has a value of 0.
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Figure 10.8: Temporal transitions for rule 54. The fringe should be read left-to-right. That is, “011” means
that the cell to the left of the present cell has a value of 0 at the present time, that the present cell will have
a value of 1 at the next time, and that the cell to the right of the present cell has a value of 1 currently.
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State Label Past Light Cone State Past State Past State Past State Past
A 11110 B 11100 C 11000 D 10001 E 00010

001 010 100 001 011
1 1 0 1 1

F 00100 G 01001 H 10011 I 00110 J 01101
110 101 011 111 111
1 1 1 0 0

K 11011 L 10011 M 01111 N 11111 0 00000
111 110 100 000 000
0 1 0 0 0

16 10000 34 01000 87 10100 103 01100 157 10010
000 100 110 110 011
0 0 1 1 1

190 11010 222 10110 235 01110 265 00001 315 11001
111 111 101 001 101
0 0 1 1 1

334 00101 350 10101 381 11101 397 00011 430 01011
111 111 011 011 111
0 0 1 1 0

455 00111
110
1

Table 10.1: Local causal states of rule 110. Each state contains only a single light cone. The states which
compose the primary domain are given alphabetical labels, in accordance with previous studies of the rule.
The others are labeled by numbers assigned to them by the reconstruction algorithm.
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Figure 10.9: Spatial part of the ǫ-machine for rule 110, left-to-right transitions. States belonging to the Λ0

domain, the rule’s “true vacuum,” are enclosed in a box on the left. The fringe labels are read left-to-right,
as in Figure 10.7.
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Figure 10.10: Temporal part of the ǫ-machine for rule 110. The large box on the left encloses the domain
Λ0, the sub-boxes its two phases. The fringe labels are read as in Figure 10.8.
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10.7 Summary

The main point of this chapter has been to show how to define local causal states for well-behaved spatial
processes. By using light cones for our histories and futures, we can assign a causal state to each point-
instant, and these are the unique minimal optimal predictors, as we’d hope; indeed, almost all of the familiar,
comforting properties of causal states in purely temporal processes carry over. We can also compose these
local causal states into the causal states for extended regions, even the entire lattice, thereby recovering the
global causal state. We can define the most common sorts of emergent structure (domain, particle, etc.) in
terms of the ǫ-machine connecting the local causal states, and so put all the results of Chapter 9 on a much
firmer footing.

If the ideas in this chapter are the right way of thinking about patterns and complexity in spatial
processes, then it really doesn’t make much sense to try to work out the complexity of (say) static images,
or of individual configurations. Complexity, on this view, must be a function of the process which generates
configurations (cf. Lloyd and Pagels 1988); we need movies, not snapshots. But this should not be distressing
to physicists: we, of all people, should be very suspicious if pattern appeared without a causal history to
back it up.

I want to close this chapter by suggesting two area for future work.
One has to do with irregular lattices. I have assumed throughout that space is a regular lattice, that

every cell’s connections look like every other cells. But a lot of the math developed here doesn’t depend
on that. Space could be an arbitrary graph, for instance, and we could still define past and future light
cones, and so local causal states — presumably a different set of causal states for each point with a distinct
set of connections. I think the Composition Theorem would still hold, but I don’t really know. It would
be interesting to find out, since there are many important dynamical systems which live on spatial lattices,
but not on regular graphs. In particular, many technical, biological and social networks seem to be “small
world” networks, and it would be nice to understand how they work, and particularly nice to understand
their emergent structures (if any) (Watts 1999; Shalizi 2000). We might also look at these networks as so
many interconnected transducers, along the lines of Chapter 7 — which may be formally equivalent! But
the transducer view may be more valuable when we do not know what the network is to start with — and,
after all, a network, in these sense, is a pattern of causal interaction, so it ought to be something we infer.
So this’s one area where the theory could use some work.

Another, much more abstract one, goes back to the composition theorems, which say that global proper-
ties can be built up out of local ones. This is reminiscent of a common sort of result in algebraic geometry,
where a global invariant is algebraically composed out of objects which represent local properties, as the
polynomial equivalent of a knot is constructed from terms representing its various parts. Since we can define
algebraic structures which are related to the causal states, as in Appendix B.2, we might be able to give
an algebraic version of the composition theorem, which actually stated what the composition function was,
rather than just proving that it must exist. This could also open the way to a more direct and algebraic
characterization of things like domains. But this is all, alas, quite speculative.3

3Thanks to Mitchell Porter for suggesting this idea.
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Chapter 11

Conclusion

11.1 What Has Been Accomplished

The main line of this book has been the exposition of computational mechanics for increasingly sophisticated
processes.

We started, in Chapter 3 with memoryless transducers, where we constructed causal states as equivalence
classes of inputs — two inputs are causally equivalent when they have the same conditional distribution of
outputs. The causal states, we saw, were optimal predictors, and the unique minimal optimal predictors.
Since they are both unique and minimal, we could identify the complexity of the process with the complexity
of the causal states, defined as the amount of information needed to specify the current causal state.

The rest of the book showed how the same basic idea of causal state works with different sorts of process:
time series, transducers and CAs. The time series chapter introduced the idea of assigning a distinct causal
state to each moment of time and of connecting them together through an ǫ-machine. The ǫ-machine’s inter-
nal transitions are deterministic (in the automata-theory sense) and minimally stochastic. This work revisits
the core of computational mechanics (Crutchfield and Young 1989; Crutchfield 1994a) with more rigor and
new techniques of proof, which lead to some new results, such as the minimal stochasticity of the ǫ-machine,
and the uniqueness of the causal states. Chapter 7 introduced the computational mechanics of interacting
time series. Chapter 9, following a long tradition of spatial computational mechanics (Hanson and Crutch-
field 1992; Crutchfield and Hanson 1993b; Hanson and Crutchfield 1997; Feldman and Crutchfield 1998a),
assigns a causal state to each point in one-dimensional space, effectively treating the spatial coordinate as
Chapter 4 treated time. Finally, Chapter 10 went beyond the older temporal and spatial computational
mechanics, to a fully spatio-temporal version of the theory, with the advantage of working in any number of
spatial dimensions.

Along the way, we saw how to estimate the causal states and the ǫ-machine from data, and how spatial
computational mechanics lets us begin to get a handle on the computational powers of cellular automata.
Now we’ll see how to define emergence and self-organization.

11.2 Emergence

Reductionism, roughly speaking, is the view that everything in this world is really something
else, and that the something else is always in the end unedifying. So lucidly formulated, one can
see that this is a luminously true and certain idea.
— Ernest Gellner (1974, p. 107)

“Emergence” is an extremely slippery concept, used in an immense number of ways, generally with no
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attempt at precision whatsoever. It is also one with a decidedly unsavory history.1 It is not at all clear that
it is worth explicating. Nonetheless, let us try.

The strongest sense of “emergence” known to me, and also the oldest, is the following. A property of
a composite object is emergent if it cannot be explained from the properties and interactions of the “lower
level” entities composing the object. Now, we cannot know that anything is emergent in this sense. At best
we can say that we don’t yet have an explanation for a particular property, so for all we know it might
be emergent. To call something emergent is therefore not to say anything about the property at all, but
merely to make a confession of scientific and mathematical incompetence. (Epstein (1999) provides many
examples of explanations of phenomena once taken to be exemplars of emergence, from chemical affinity on
up.) Humility is all very well and good, but this is excessive.

A more moderate notion of emergence is also one which is more interesting, and potentially says something
about the world, rather than our inability to interpret it. In this view, emergent properties2 are ones
which arise from the interactions of the lower-level entities, but which the latter themselves do not display.
Standard examples of this sort of emergence are the laws of thermodynamics (individual molecules don’t
have a temperature or a pressure), or efficient allocation3 of resources in various types of market economy
(Debreu 1959; Lange and Taylor 1938; Simon 1996; Stiglitz 1994), or collective oscillations in ecosystems or
economies (Krugman 1996).

A number of authors (see especially Simon 1996; Dennett 1991; Holland 1998 and Auyang 1998) have
explored this sort of emergence, and while they have reached no definite conclusions or formalizations, there
does seem to be a consensus on two points. First, the variables describing emergent properties must be fully
determined by lower-level variables — must supervene on them, as the philosophers say (Kim 1998). Second,
higher-level properties are worthy of being called emergent only if they are “easier to follow,” or “simplify
the description,” or otherwise make our life, as creatures attempting to understand the world around us, at
least a little easier.

Putting these two ideas together, we can actually define emergence. Crutchfield did so in his 1994 papers
(1994a, 1994b), but I fear he was over-subtle, since very few people have picked up on it. The goal of this
section is to present his views, with a few modest technical additions, in a crushingly explicit manner.

11.2.1 Emergent Processes

For the rest of this section, I’ll write as though we were only dealing with time series, but everything applies,
mutatis mutandis, to transducers (Chapter 7) as well. There are more subtle changes needed to deal with
spatial processes (Chapter 10), which I’ll mention as they arise. Let’s start by fixing just how easy it is to
predict a process.

Definition 47 (Efficiency of Prediction) The efficiency of prediction of a process is the ratio between its
excess entropy and its statistical complexity.

e =
E

Cµ

. (11.1)

It is clear from the Bounds of Excess Theorem (Theorem 10) that e is a real number between 0 and 1, just
as an efficiency should be. We may think of it as the fraction of historical memory stored in the process
which does “useful work” in the form of telling us about the future. It is straight-forward to check that, for
any prescient state class R̂, E/Cµ(R̂) ≤ e.

If Cµ = 0, there are two possibilities. One is that the process is completely uniform and deterministic.
The other is that it is IID. In neither case is any interesting prediction possible, so we set e = 0 in those

1For remarks on the association between the notion of emergence and obscurantism in biology and social science, see Epstein
(1999). For the connections between holism and totalitarianism, see Popper (1945, 1960).

2Or emergent phenomena or behaviors or structures or what-not; all of these terms are used, if not interchangeably, then
with an apparent conviction that they’re close enough for government work.

3Is “efficient allocation” an emergent property, an emergent phenomenon, or an emergent behavior? Who can say?
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cases4

For spatial processes, e is the ratio between the densities of the excess entropy and the statistical com-

plexity, Eloc/Cµ
loc.

Definition 48 (Derived Process) One process,
↔
S
′

, derives from another,
↔
S , iff S′t = f(

←
S t), for some

measurable function f .
↔
S
′

is called the derived or filtered process,
↔
S the original, underlying or raw process

This definition is intended to capture the idea of “supervenience”; that is, one set of variables is on a “higher
level” than another. We can think of f as a sort of filter applied to the original process, passing through
only certain aspects of it.

For spatial processes, we keep the requirement that f depends only on the history, but we do not require
that it be spatially local.

Definition 49 (Emergent Process) A derived process is emergent if it has a greater predictive efficiency
than the process it derives from. We then say the derived process emerges from the underlying process.

Definition 50 (Intrinsic Emergence) A process is intrinsically emergent if there exists another process
which emerges from it.

This formalizes the two intuitions we started with. And it is not trivial, because there are plenty of
derived processes whose efficiency of prediction is the same or even lower than that of the process they
derive from. Moreover, once we have chosen a new set of variables in which to describe a process (i.e. a
filter f), whether the new process is emergent is simply a fact about the dynamics of the raw process. And
so whether the underlying process is emergent is just a fact about its dynamics. Emergence is thus intrinsic
and objective, and has nothing whatsoever to do with observers.

It may help to contrast this notion of emergence with what people attempt to accomplish with statistical
regression. There the goal is to “explain” all of the variance in the output by accounting for the effects of
all possible input variables. What we are attempting to do in looking for an emergent process, on the other
hand, is to filter out everything we can — get rid of all the small-but-significant inputs — so as to simplify
the relationship. We are not trying to explain everything we can measure; we are trying to find what’s
intrinsically important in our measurements. Emergence is anti-regression.5

11.2.2 Emergent Structures Are Sub-Machines of the ǫ-Machine

There is a sense in which the dynamics of a process are completely summarized by its ǫ-machine — so why
can’t we use it to build a filter? The following procedure, in fact, suggests itself. Divide the ǫ-machine
into sub-machines, i.e., strongly connected components, and label them all. Find all the transitions between
sub-machines, and give those labels too. Then apply the following filter: at each time-step, check whether
the current causal state and the previous state were in the same sub-machine. If they were, output the label
of that sub-machine. If they weren’t, then the process has moved from one sub-machine to another; output
the label of that transition.

If the sub-machines have been chosen appropriately, the process derived from this filter will be emergent,
since knowing what sub-machine we are in will reduce statistical complexity without impairing predictive
power, or at least not impair it more than is gained by simplification. In this case, we may call the sub-
machines emergent structures. For instance, a loop in the ǫ-machine — a closed cycle of states — would
generally make a good sub-machine, and a fine emergent structure. By extension, a (part of a) configuration
generated by the states-and-transitions in a sub-machine is also an emergent structure. The domains and
particles we saw when looking at spatial and spatio-temporal processes were all examples of ǫ-machine based
filters and emergent structures.

4It’s often tempting to imagine a family of processes where E and Cµ both tend to 0 in some limit, and to use L’Hopital’s
Rule to calculate the limiting value of e, but I haven’t found a way to make that precise.

5Thanks to Scott Page for pointing out this connection.



117

11.2.3 Example: Thermodynamics and Statistical Mechanics

As I mentioned, many people (Crutchfield 1992; Sklar 1993; Holland 1998) claim that thermodynamic
regularities are emergent phenomena, emerging out of microscopic statistical mechanics. Let’s check whether
this agrees with my definition, both as a sanity-check for the definition and an illustration of how it can be
applied.

Consider everyone’s favorite companion from introductory statistical mechanics, a box full of gas. To
be more specific, consider a cubic centimeter of argon, which is conveniently spinless and monoatomic, at
standard temperature and pressure. Using the well-known formula (Landau and Lifshitz 1980, sec. 43), the
thermodynamic entropy is

S(N,T, V ) = NkB(log V/N + cv log kBT + ζ + cv + 1) (11.2)

where ζ is the “chemical constant” of the gas, given by the Sackur-Tetrode formula (Landau and Lifshitz
1980, sec. 45), ζ = 3

2 log m
2π ✫ 2 and of course cv = 3/2. Argon has an atomic mass of just under 40. We are

taking P = 105Nm−2, T = 293K, V = 10−6m3. Thus N = 2.47 · 1019 and

S(N,T, V ) = 6.3 · 10−3J/K (11.3)

= 6.6 · 1020 bits , (11.4)

using the conversion factor kB log 2 = 1 bit. Now, at the micromechanical level (almost by definition) the
dynamics of the gas are Markovian, so each microstate is a causal state. If we sample the gas at time intervals
of (say) 10−9 seconds, we have a first-order Markov process. Then E = Cµ − hµ (Feldman and Crutchfield
1998a), so we need to know hµ to calculate the efficiency of prediction. As it happens, Gaspard (1998, ch. 0)
estimates the entropy rate of one cubic centimeter of argon at standard temperature and pressure to be
around 3.3 · 1029 bits per second. The efficiency of prediction is thus about 0.5, taking a time-step of one
nanosecond. If we use a much larger time-step, the predictive efficiency of the system is essentially zero,
which reflects the fact that the gas is very rapidly mixing.

Now consider looking at the macroscopic variables; it will be convenient to only consider extensive ones,
so let’s use total energy, particle number and volume, rather than the traditional number, pressure and
volume. (Recall that E = NcvkBT .) Their mean values are, of course, E = .16 joules, N = 2.5 · 1019 and
V = 10−6m3. All of them fluctuate with a Gaussian distribution, but let’s consider just fluctuations in E.
Define a = E −E. By the Einstein fluctuation formula (Keizer 1987, ch. 2), the variance is

σ2 = −kBC
−1 (11.5)

where C = ∂2S/∂a2. Explicitly evaluating that, C = −NcvkB/E
2

= −2.3 · 10−2J−1K−1, and so σ2 =
6.1 · 10−22J2.

Assume we are sensitive to measurements at absurdly small level of ∆E = 10−15 joules. Then the entropy
of the macrovariable energy is

H [E] =
1

2
log2 2πe

σ2

∆E2 (11.6)

≈ 33.28 bits . (11.7)

(If we set ∆E to a much larger value, there isn’t any noticeable uncertainty in the macrovariable!)
What of the dynamics? Suppose that the gas stays in the linear regime. Then deviations from equilibrium

values are followed by (on average) exponential return to equilibrium, plus noise. The dynamics of the
macrovariables, too, are Markovian. The relevant stochastic differential equation is (Keizer 1987, p. 68):

da

dt
= LCa+ f , (11.8)

where L, the phenomenological coefficient, governs the mean rate of decay of fluctuations, and f is white
noise, i.e., f(t) = 0 and f(t+ τ)f(t) = 2kBLδ(τ). Ignoring (as we did above) fluctuations and coupling in
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the other extensive variables, we get (Balian 1991, sec. 14.2.3) L = λT 2, where λ is the heat conductivity.
For argon at STP, λ ≈ 1.017 · 10−9 watts per kelvin, so L ≈ 8.6 · 10−5 watt-kelvins. If we solve Eq. 11.8,
we find that the conditional distribution at time t is Gaussian, with a conditional variance given by (Keizer
1987, Eq. 1.8.12)

σ2(t) = σ2
0

(
1 − e2LCt

)
. (11.9)

If we take our time-step to be one millisecond, σ2(10−3s) ≈ 2.0 · 10−9σ2
0 . The entropy of the conditional

distribution, coarse-grained at the same level as before, is 4.4 bits, and this is the entropy rate per time-step
(i.e. hµ = 4.4 · 103 bits/second). So the efficiency of prediction is 0.87. If we used the same time-step of
10−9s as before, the efficiency is indistinguishable from 1. Hence thermodynamics emerges from the statistical
mechanics, and does so very strikingly, since almost all of the information needed at the statistical-mechanical
level is simply irrelevant thermodynamically.

11.3 Self-Organization Defined

Recall from Section 4.1.1 that the theory of causal states and ǫ-machines requires only conditional station-
arity, not strict stationarity. When the process we are dealing with is non-stationary, the distribution of its
causal states changes over time, and so the statistical complexity is a function of time, and we ought to write
it Cµ(t) (cf. Crutchfield 1992). Under what conditions will Cµ(t) be an increasing function of time?

Here is an example to serve as an intuition pump. Prepare an ensemble of copies of a process so that
all the copies start in the same causal state. Cµ(t) is then log 1 = 0. Informally, there is only one thing the
system can do, so it is simple. Suppose, however, that some transitions lead from this initial state to other
causal states, specifically to a chain of causal states of period p, and that these states are very unlikely to
lead back to the original state. Then Cµ(t) will increase over time from 0 to ∼ log2 p. That is to say, when
a system spontaneously goes from uniform to periodic behavior (which is one of the canonical examples of
self-organization), its statistical complexity increases.

What I want to propose, therefore, is that an increase in statistical complexity is a necessary condition for
self-organization. While the fundamental causal architecture remains unchanged, the degree of organization
— measured by the amount of information needed to place the process in a state within the architecture —
is variable. (Cf. the “knowledge diffusion” of Crutchfield (1992).) In every case I can think of, where people
are pretty well agreed that self-organization happens, it’s also pretty manifest that the statistical complexity
increases.

If we compare this criterion for self-organization with the definition of emergence in chapter 11.2, we see
that self-organization increases complexity, while emergence, generally speaking, reduces it, or requires us to
use it more effectively for prediction. At first glance, then, self-organization and emergence are incompatible,
but this is too hasty. Self-organization is something a process does over time, like being stationary, or having
a growing variance. Emergence is, primarily, a relation between two processes, one of which is derived from
the other, like “has a smaller entropy rate than”. By extension, a process has the property of emergence if
any of its derived processes is emergent (comparable to “is a function of a Markov chain”). There is nothing
contradictory in saying that a process is becoming more structurally complex, while at the same time saying
that there is another description of the process which is always simpler than the raw data.

We can now make sense of the way so many authors have linked self-organization and emergence. When
something self-organizes, it becomes more statistically complex, i.e., optimal prediction requires more infor-
mation. A cognitively-limited observer (such as a human scientist) is therefore motivated to look for a new
way of describing the process which has a higher predictive efficiency. That is, the desire to describe things
simply makes us look for emergent behavior in self-organizing systems. (Imagine describing an excitable
medium, not by saying where the spiral waves are centered and how their spirals curve, but by giving the
complete field of molecular concentrations at each point.) Emergence without self-organization is definitely
possible — for example, we’ve seen that thermodynamics emerges from statistical mechanics in a stationary
(and so definitely non-self-organizing) system. I presume there can be self-organizing, non-emergent pro-
cesses, though it might be that some constraint on possible ǫ-machines rules that out. Assuming, however,
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that self-organization does not imply emergence, then it is conceivable that there are processes which organize
themselves into conditions so complex that no human being can grasp them. They would be so organized,
in other words, that they would look very like noise. (Cf. Crutchfield and Feldman 2001a; Crutchfield and
Feldman 2001b; Lem 1968/1983.) Emergence may be a pre-condition of detectable self-organization.

There is an obstacle blocking the way to simply defining self-organization as increasing statistical com-
plexity. This is that a rise in Cµ does not distinguish self-organization from getting organized by something
else6. We want, in Grassberger’s (1986) phrase, “self-generated complexity,” not any other sort. This leads
me to the following definition.

Definition 51 (Self-Organization) If a time series (resp. spatial process) is dynamically autonomous,

then it has self-organized between time t and time t+ T if and only if Cµ(t) < Cµ(t+ T ) (resp., Cµ
loc(t) <

Cµ
loc(t+ T )).

It would seem safe enough to apply this definition to non-feedback transducers if the complexity of the
input process is zero, and similarly to non-autonomous spatial systems. It is not clear, however, how much
an input with positive Cµ can contribute to increasing the organization of a transducer or a spatial process.

Second, it would be nice to test the formalization, by applying it to a large number of cases where we
have clear intuitions, even proofs (Hanson and Crutchfield 1997) and seeing that it agrees with our intuition,
before accepting it. The largest class of examples which combine intuitive consensus about self-organization,
a guaranteed absence of outside organizers, and mathematical tractability are cellular automata.

What I hope to do in future work, therefore, is the following. I will assemble a large collection of two-
dimensional CA rules, where a consensus exists as to whether or not they are self-organizing. Then, for
each CA rule, I’ll produce a large sample of its evolution from different random initial conditions, using the
CAM8, a parallel computer specialized for running cellular automata7. This will give me enough data for

the automatic reconstruction of each CA’s ǫ-machine, and the estimation of Cµ
loc as a function of time.

Finally, I’ll be able to see whether the rules which people think are self-organizing have increasing statistical
complexity or not. It’ll be particularly nice to be able to look at families of rules sharing a common form, and
differ only by parameters, since some of them (e.g., the cyclic cellular automata) self-organize, but others

don’t, and the Cµ
loc test ought to pick that up.

11.4 What Remains to Be Accomplished, or Things That Are Not

Yet Theorems

11.4.1 Non-Stationarity

As I mentioned in Chapter 4, we do not need to assume we are dealing with stationary processes, merely with
ones that are “conditionally stationary,” i.e., the distribution of futures, conditional on histories, must be
independent of when the history comes to an end. The conditionally-stationary processes form a comfortably
large and roomy class, but they’re not everything, and it would be nice if we could write down computational
mechanics in a way which didn’t invoke any sort of stationarity assumption.

The obvious thing to do, in the case of time series, is to say that
←
s t1 and

←
s t2 are causally equivalent when

P(
→
S t1∈ F |

←
S t1=

←
s t1) = P(

→
S t2∈ F |

←
S t2=

←
s t2). If the process is conditionally stationary, this reduces to the

normal notion of causal state. These states ought to be optimal minimal predictors, by the usual arguments,
and I suspect they’ll have deterministic transitions, though that’s harder to see. What the ǫ-machine would
look like, I really have no idea.

6I first learned of this point from Mitchell Porter.
7For details on the CAM8, see http://www.im.lcs.mit.edu/cam8/. For an even more detailed description of an earlier

machine in the series, the CAM6, see Toffoli and Margolus (1987).
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11.4.2 The Permutation City Problem

I haven’t even bothered to state as an assumption that the order of observations in time and space is a given.
However, if we’re eliminating a priori assumptions, that one is questionable too. It may well be that if we
re-ordered our data in some fashion, it would become easier to predict — in which case, why not do it? Why
not form the causal states and the ǫ-machine on the re-organized data which are most efficiently predicted?
Let’s call this the Permutation City Problem, after the novel by Greg Egan (1994), which employs a similar
conceit8. This feels very silly, but what, exactly, is wrong with it?

The basic flaw seems to be that re-arranging the data shouldn’t be free; it takes a certain amount of
information to specify the new arrangement, and the re-ordered predictor should be penalized by this amount.
(Cf. the “recoding equivalence” of Crutchfield (1990).) If we have n data-points, specifying a permutation
of them requires logn! bits, so predictive ability has to increase by log n!

n
bits per symbol, or approximately

logn bits per symbol as n gets large. That the predictive advantage of the rearranged series should increase
at least logarithmically with n, for arbitrarily large n, is more than a bit implausible. Moreover, we really
ought to perform the same rearrangement for every series from the same ensemble, if we want to capture
anything about the process, as opposed to a particular realization. On the other hand, if we re-arrange
the data at random, without performing any preliminary computations, then, almost by definition, we are
simply randomizing the data stream, and destroying any predictable patterns it may contain.

There is no rigorous version of this argument. However, in the 1930s von Mises (1928/1981) and Re-
ichenbach (Russell 1948) defined a “random collective” as, roughly, an infinite population whose every
sub-population has the same distribution as the whole distribution. While this definition does not quite
work, subsequent research has shown that it is adequate if we restrict ourselves to sub-samples which can
be specified algorithmically (Salmon 1984). This suggests that it may be possible to give a rigorous answer
to the Permutation City Problem, if we agree that only effectively-specifiable permutations are allowed9.

11.4.3 Continuity

Throughout this book, I have assumed that space, time, and observables are all discrete; this is in keeping
with all previous work on computational mechanics that I know of. It is fairly easy to formally extend
the definitions of causal states to continuous variables. For instance, for time series with continuous time
and values, we might say that two histories are causally equivalent when they give us the same conditional
distribution over future trajectories.10 There are three difficulties in the way of such a development.

First, it is not clear when the necessary conditional probability measures will mathematically exist. The
regularity of conditional probabilities is quite easy for discrete processes; not so for continuous ones. It
becomes a problem of functional analysis, so the mathematical foundations, if we aim at keeping to even the
present standard of rigor, will get much more complicated. Still, we might invoke the physicist’s license to
ignore foundations, on the grounds that if it works, the mathematicians will find a way of making it right.

Second, much of the information theory I’ve used this development becomes inapplicable. Entropy and
conditional entropy are defined for continuous variables, but they are coordinate-dependent — entropy is
different if distances are measured in meters or in inches. This is distressing and unphysical. But mutual
information is independent of coordinates, and so are statistical sufficiency and conditional independence,
so we might be able to recover most of the results by leaning on them. (The role of Cµ, for instance, might

8To be precise, the novel’s premise is as follows. The basic constituents of reality are an infinity of events. Every logical
possible relation or set of relations which generates a spatio-temporal and causal ordering over some of those events leads to,
or rather is, a universe containing just those events in that order. All possible universes co-exist outside time (since time is
internal to universes), and all are equally real. For more on the generation of spatio-temporal order from relations among events,
see Russell (1927, chs. 28–31). There it is proved that a countable infinity of (extended) events can generate a continuum of
point-instants.

9The Permutation City Problem is due originally to Jim Crutchfield (1990), who also put forth the core of the answer above.
The problem’s most forceful current advocate is undoubtedly Murray Gell-Mann, who I hasten to add is not responsible for the
name. A similar problem was considered earlier by Jorma Rissanen (1989, ch. 6), from whom I took the log n! idea.

10Having just come in to possession of a copy of Knight (1992), I suspect the resulting theory would look rather like his, but
I’m not sure. A detailed comparison between his theory and computational mechanics should be made.
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be taken by I(
←
S ;S).)

Third, reconstruction from data becomes a lot harder. Even with the best analog instrumentation, we
will never have an exact record of a continuous time series over a certain interval, which is what we would
want. Even if we could get it, it would be hard (to say the least) to get repetitions of such a series, so that we
could empirically estimate the necessary conditional probability densities. So it would seem that continuous
computational mechanics could never be applied. But this is too hasty: any statistical analysis of continuous
data faces the same problem, which isn’t any worse for computational mechanics than for other methods.
We might even join forces with them, by, say, using a nonparametric technique to estimate the conditional
probabilities from sample data (Bosq 1998), or try fitting data to various basis functions (Crutchfield and
McNamara 1987). This would impose prior restrictions on the function ǫ, which is something we want to
avoid as much as possible, but, again, continuous computational mechanics certainly can’t be worse in this
regard than the existing techniques.

The other out would be to make a virtue of our limitations and explore the computational mechanics, not
of continuous physical processes, but of continuous models of processes. For instance, the above definition
of causal states can be applied to the Wiener process, W (t): since, for any T > 0, W (t + T ) −W (t) is
independent of all previous increments of the process, it is evident that each distinct value of W (t), each
distinct point in physical space, is a distinct causal state. This is a trivial example, but more interesting
processes would yield to the same kind of analysis, with potentially interesting results, since very little is
known about continuous, stochastic computation.

11.5 What Is to Be Done, or, Neat Things to Hack

I want to close by sketching out some areas in which computational mechanics could be, and is being, applied.
One of the advantages of an abstract theory is that, because it is free of substantive assumptions, it can be
applied to many problems which differ, perhaps radically, in their substance. This is by no means the only
reason to want a general, abstract theory, but it may be a relief to descend from the empyrean to the muck
of the lab-bench.

The ideas described in this section were developed in the Computation, Dynamics and Inference group at
SFI, under the leadership of Jim Crutchfield. The terminology, in particular, is due to Jim. They represent
active areas of research, and in some cases of collaboration. When I have a particular debt to someone
outside the group, I’ve indicated it with a footnote.

11.5.1 The Real World

There are lots of data-sets crying out to be fed through ǫ-machine reconstruction algorithms. Mostly these
are things where it’s either very hard to come up with a decent model from first principles, or there’s a real
need to understand the intrinsic computation going on, or both. Most of the rest of this section will be about
applications where exploratory work has been done in the Computation, Dynamics and Inference group at
SFI.

A word first, though, about cases where it’s just hard to come up with a good model. There is a large area
in statistics, going by such names as “non-parametric regression,” that tries to address the problem of finding
predictive relationships between variables, without the benefit of a pre-set functional form for the relationship
(Vapnik 1979/1982; Ripley 1996). Neural networks, in some of their avatars, are nonparametric regression
functions (Zapranis and Refenes 1999). Maybe the most elegant theory of nonparametric regression is that
employing the piecewise-polynomial functions called “splines” (Wahba 1990). Computer scientists study
related techniques, typically in a less rigorous, more pragmatic way, as “data mining” (Weiss and Indurkhya
1998). Generally speaking, nonparametric regression methods employ a class of regression functions which
are “universal approximators” — any well-behaved function can be approximated to arbitrary accuracy by
some member of the class. (This is easily shown for neural networks, for instance.)

The difficulty comes when you try to cash in on this promise. When using a neural network, for instance,
you must fix the architecture — so many nodes, in so many layers, and so on — and then train the network,
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given the data available. You then check its performance on new data, and decide whether or not it is
adequate; if not, there is nothing for it but to pick a new architecture and try again. Moreover, to avoid
over-fitting the training data, you have to start with small, simple, dumb networks, only going to more
complex architectures when it is clear that no simple one can do the job (Vapnik 2000); this is called
“capacity control”. But why should we expect that a simple relationship should always be well-represented
by a simple neural network? Maybe we should be using something else, like a spline, or a radial basis
function. (Just because a series expansion converges doesn’t mean that there isn’t another expansion that
converges faster; cf. Crutchfield (1992) on the distinction between complete and appropriate function bases.)
Indeed computational learning theory has examples of problems that are easily learned using one class of
representation but intractable with another (Kearns and Vazirani 1994). And what is true, in these respects,
of neural networks is true of splines and all other conventional nonparametric methods.

It is not true, however, of ǫ-machines and ǫ-transducers. Since computational mechanics actually builds
its models from data, architecture is not guessed but inferred. With the appropriate inference algorithm, the
simplest possible architecture is inferred, eliminating the need for explicit capacity control. In other words,
in almost any application domain where nonparametric or data-mining methods are used, computational
mechanics is at least a contender.

11.5.1.1 Turbulence

I am not going to even hint that computational mechanics will solve the problem of turbulence (Frisch 1995).
But it is often important to have a good model of, say, the velocity fluctuations at a point in a turbulent flow
(e.g., for climate models). This has inspired a couple of attempts to infer causal states and ǫ-machines from
turbulent flow data (Palmer, Fairall and Brewer 2000; Nicholas Watkins, personal communication, 2000).
These efforts should be revisited, using the new reconstruction algorithm developed here. It would be very
interesting to make an attack on how the statistical complexity and causal architecture of turbulence varies
with Reynolds number (and, possibly, other control parameters). We might, for instance, settle the question
of whether the transition to turbulence is self-organizing, with which we began.

11.5.1.2 Physical Pattern Formation

There are now a huge number of situations where experimentalists can reliably produce self-organized pat-
terns of specific types. Excellent image-sequence data are available from many of them, thanks to digital
cameras. An obvious but worthwhile project would be to take such a data set (from the Belousov-Zhabotinskii
reagent, say) and feed it through a spatial ǫ-machine reconstruction algorithm. The output — the ǫ-machine
— should include representations of all the acknowledged emergent structures (in the BZ case, spiral waves
and organizing centers). If it does not, something is seriously wrong with the computational mechanics
approach, simply because we know what’s going on, macroscopically anyway, in these pattern-formers. Once
experimentalists get comfortable with this sort of analysis, it will be natural for them to do it on new
pattern-formers they encounter or devise, including ones from outside the lab.

11.5.1.3 Biosequences

About the second application of computational mechanics people suggest, on learning of it for the first time,
is “DNA”11. Simply taking genome data and running it through an inference algorithm would be of relatively
little interest, though it might turn up something. More promising would be to take ensembles of sequences
which are known to have different functional properties (e.g., coding or non-coding, or belonging to different
regulatory complexes), build their ǫ-machines, and see how those differ.12 These could even be used to

11I’m so sick of the first application people suggest I won’t even name it.
12We don’t even have to do this for genes in the strict sense. For instance, single-stranded RNA folds up on itself, owing

to interactions between bases along the strand, much as proteins do. While predicting the shape into which proteins will fold
is very difficult, the RNA folding problem is fairly easily solved, at least for the ground-state conformation of the secondary
structure. It’s pretty simple to get large databases of RNA sequences and their folds. It would then be easy to construct the
ǫ-machine for all the RNA sequences which fold into the same configuration. (Thanks to Walter Fontana for suggesting this
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identify the family to which newly-sequenced genes belong; hidden Markov models are already used for this
purpose, but those HMMs are constructed by the usual ad hoc methods, and could certainly be improved.
An ǫ-transducer, built from the same data-set, would provide classifications directly.

11.5.1.4 Neural Coding

Neurons convey information to one another by means of brief, intense, highly-stereotyped electrical impulses
known as action potentials or spikes.13 Presumably, the pattern of spikes one neuron receives from another
— the spike train — conveys information about what the upstream neuron has computed about the world,
itself based on the spike trains it received. Ultimately, spike trains encode information about the world, or
at least about the organism’s sensory organs. The neural coding problem (Rieke, Warland, de Ruyter van
Steveninck and Bialek 1997) is, simply, How is that information encoded? Given a spike train, how ought it
be decoded? If we regard the neuron as a transducer, this amounts to attempting to model its input-output
relation. Remarkable progress has been made recently by applying techniques from information theory
(Dimitrov and Miller 2001) and by calculating the first Wiener kernel (Dayan and Abbott 2001), i.e., by
attempting linear decoding.

Clearly, we should calculate ǫ-transducers and so nonlinear decoding “to all orders”. The transducer
states would tell us what features of input spike trains a given neuron is actually sensitive to, for instance,
and so what kinds of computations it is able to perform. The full ǫ-transducer would allow us to calculate
what ensemble of inputs will maximize the information content of the neuron’s output, and see whether,
as many speculate (Rieke, Warland, de Ruyter van Steveninck and Bialek 1997), and seems reasonable on
evolutionary grounds, the distribution of natural stimuli is close to that which maximizes output-information.

Neurons do not work in isolation; in particular, it’s pretty well established that “population codes” are a
key part of neural representation and computation (Abbott and Sejnowski 1998). In these cases, the actions
of individual neurons are comparatively insignificant, information being encoded in the pattern of activity
across the population. There is no in-principle reason why we could not construct a single ǫ-transducer for
the entire population and use it to figure out the population code, just as we could for an individual neuron.
In fact, by extending the results of the section on feedback above, we could in some sense compose the
population’s ǫ-transducer from those of the individual neurons.

11.5.1.5 Signal Transduction, Gene Regulation, and Metabolic Networks

Signal transduction is the process by which cells detect and respond to environmental conditions, such as
the concentrations of different sorts of chemicals, pressure, heat, light, electrical fields, and so forth. It is
carried on by an intricate array of specialized and general-purpose signaling molecules, ranging from large
protein complexes to calcium ions. Signal transduction is intimately related to gene regulation, the turning
on or off of the expression of the various genes in the cell’s genome, or more generally the control of the rate
at which different genes are expressed. Gene regulation, in turn, is part of the control of metabolism, which
is also connected directly to signal transduction.14

Huge volumes of data are now becoming available about all three processes, largely because of new experi-
mental devices, such as “gene chips”, which record the expression levels of thousands of genes simultaneously.

application.)
13They also communicate by chemical means, but let’s pretend otherwise for now.
14The literature on all these biological processes, taken separately, is vast, and by some estimates doubles every twelve

months. Gonick and Wheelis (1991) has a characteristically engaging discussion of the fundamentals of gene regulation. For
philosophical views of these topics, see Monod (1970/1971) and Goodenough (1998). Loewenstein (1999), while written by a
very distinguished experimenter, is full of misconceptions about information theory and nonlinear dynamics.

Hancock (1997) is intended as an introduction to signal transduction for biology students; it is straightforward, but presumes
a high capacity for memorizing molecular names. Ptashne (1992) describes one of the very first instances of gene regulation
to be understood in full detail, but mercifully stuffs the experimental details into appendices. Krauss (1999) was authoritative
when it was published, and so should not be absurdly out of date when you read this. Milligan (1999) and Carraway and
Carraway (2000) have practical details on experimental systems and approaches.

Quantitative treatments of these topics are rare. Fell (1997) may be the best point of entry for physicists or mathematicians.
I have not had a chance to read Bower and Bolouri (2001).
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These data sets cry out for statistical modeling, but very little is known about the kinds of relationships we
should expect to find in the data, meaning that traditional statistical methods, attempting to estimate pre-
defined parameters, are simply not applicable. This has lead those doing bioinformatics (Baldi and Brunak
1998) to develop non-parametric and data-mining methods.

The role of computational mechanics here would be, again, to provide a method for discovering patterns
in the data which does not require prior assumptions about what those patterns are like, yet has proven
optimality properties, and will find any patterns in the data which have any predictive power. The ǫ-
transducer estimated from biological data would be an abstract model of the input-output characteristics
of the signaling or regulatory network that provided the data, including its computational abilities. The
information-processing ability of a single cell is often considerable, even if it is not a nerve cell (Holcombe
and Paton 1998), and it would be very good to understand it, particularly since it’s so important in keeping
us alive.

The ǫ-transducer would also serve to constrain more conventional models of the functional and chemical-
kinetic architecture of the network, things of the “this kinase phosphorylates that enzyme” type: the con-
ventional models would have to reproduce the behavior of the ǫ-transducer, would have to provide (in the
logical sense) models for it. But the constraint could also go the other way: given that we know a certain
functional pathway exists, it would be nice if our reconstruction algorithm could use that knowledge to
narrow its search. I have no idea of how to implement such constraints, but it would make for an important
addition to the theory.15

11.5.1.6 Agents

An agent, etymologically, is something which acts; in the lapidary formulation of Stuart Kauffman, a “thing
which does things to things”. From the point of view of computational mechanics, an agent is simply a
transducer. The input series represents the agent’s environment; the output, the actions the agent takes.
Putting things this way does not imply that the agent is limited to simple stimulus-response behaviors; that
would imply a memoryless transducer. Instead the agent can do arbitrarily complicated internal information
processing, all of it represented by the internal states and connections of the ǫ-transducer16. If an agent’s
actions influence the part of its environment to which it is sensitive (generally the case), then the feedback
states represent the effects of its actions, its ability to make differences to its environment. The problem
confronting an adaptive agent, or an agent designer, isn’t so much selecting good actions, as selecting actions
which produce desirable causal states.

Saying that the agent has “an environment” does not mean that it will not, sometimes, be desirable
to explicitly represent the various parts of that environment, including, potentially, observable attributes
of other agents. Reconstructing the ǫ-transducers from data for a population of interacting agents would
allow us to infer the network of interactions among them, as well as the intrinsic computations that take
place within each agent in its dealings with others. We might even be able to adapt the techniques of
spatial computational mechanics (Chapter 10) to characterize the global information-processing capabilities
of the population of agents — their collective cognition (Shalizi 1998a) and other distributed adaptations
(Crutchfield, personal communication), and do so in impeccably materialist, individualist terms.

A simple example17 may make these abstractions a bit clearer. Consider an ant. At any given time,
it is performing one of a number of behaviors, which are readily observed and categorized. In the course
of its activities, it moves about a varying physical environment, and comes into contact with other ants,
performing other behaviors. From time to time, the ant switches behaviors. Take the state of the ant’s
immediate physical environment, and the outward behavior of the ant it is currently dealing with (if any),
as the input. The output is the manifest behavior of the ant. By treating it as a transducer, we see how the

15I am grateful to Aryaman Shalizi for suggesting this application, and educating me about signal transduction.
16Since a transducer is a channel with memory, an adaptive agent is a learning channel — a pun for which Jim Crutchfield is

solely responsible. Actually, ǫ-transducers very easily include the “operator models” of psychological learning theory as special
cases (Bush and Mosteller 1955; Sternberg 1963; Holland 1990), but they can handle other modes of learning too, such as those
of Holland, Holyoak, Nisbett and Thagard (1986).

17Suggested by Michael Lachmann. Cf. Delgado and Solé (1997).
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ant’s past history, physical environment, and dealings with other ants control its task-switching. We could
also build transducers for all the other ants in the colony (perhaps by treating things like caste as fixed
inputs), and ultimately compose them into the global ǫ-machine for the ant colony.

11.5.2 The Dynamics of Learning

Computational mechanics sets limits on how well processes can be predicted, and shows how, at least in
principle, those limits can be attained. ǫ-machines are what any prediction method would build, if only they
could. But any learning problem which is formal and definite enough that we can say whether or not it’s
been successfully solved is also a prediction problem, or at least equivalent to one (Thornton 2000). So, in
a sense, ǫ-machines are also what every learning method wants to build. Computational mechanics thus
has some important things to say about how well learning can succeed in different environments, and what
optimal learning looks like (Shalizi and Crutchfield 2000c).

Conversely, when we try to reconstruct an ǫ-machine from actual data, we are engaging in a kind of
learning, or at least our code is. If we want to learn well, i.e., do reconstruction well, we need to take
into account results from learning theory about when and how learning is possible. I have already gestured
at some results of this sort (for instance, claiming that constricting the space of possible models speeds
convergence on the best one), but the literature has quantitative and powerful results. Unfortunately, most
of them assume both a fixed mode of representation (a fixed model class) and IID data. Developing a
quantitative learning theory for ǫ-machines, therefore, will mean extending statistical learning theory to
dependent data. The ultimate goal would be a theory of learning in a changing environment, where the
learner is itself a dynamical system — to understand the dynamics of learning, in Crutchfield’s phrase.

Animals prove that this kind of learning is possible, and set a lower bound on how well it can be achieved:
anything a sea slug, a lorikeet, or a tenured professor can do, a learning algorithm can do. What is not clear
is that any of them, even the most highly adapted of them18, learns as well as possible, i.e. that any of
them attains the upper bound on learning ability, if there is one. To answer that question, we need theory,
especially the kind of optimality theory computational mechanics is able to provide.

11.5.3 Phenomenological Engines

“Phenomenology”, for physicists, is the study and modeling of phenomena, without much if any attempt
to get at underlying mechanisms19. An immense amount of what people do in applied science, engineering,
and related technical fields is basically phenomenology. They need to make day-to-day predictions, but
either don’t know the underlying mechanisms, or those mechanisms are too cumbersome to use for practical
problems. Empirical regularities must take their place. Sometimes entire fields are devoted to teasing
such regularities out of data; econophysics, for instance, consists of little more than attempts to get the
phenomenology of financial time series right (Mantegna and Stanley 2000).

More respectably, phenomenology is often a crucial preliminary to understanding mechanisms, since an
accurate knowledge of the phenomena and their relations constraints mechanical models; the classic case
is the relationship between Mendelian and molecular genetics. The former is quite abstract, merely saying
that there are causal factors, called genes, which influence the observable traits of organisms and are passed,
in a certain manner, from parents to offspring. This is enough to have very important consequences, for
instance, most of evolutionary genetics (Gillespie 1998), but it’s quite mechanism-free; it is even compatible
with the assumption that genetic influences are mediated by immaterial souls. Molecular genetics provides
all the grubby mechanical details missing from Mendelism and is in many cases much more accurate into
the bargain; but we were only led to it because it at least approximately fulfilled Mendelian expectations.20

18The sea slug.
19“Phenomenology” in philosophy also disdains mechanisms, but for entirely different, and far less creditable, reasons (Husserl

1913/1931; Kolakowski 1975; Gellner 1974).
20The relationship between the abstract, structural theory and the mechanical one is somewhat like that between an axiom

system and one of its models in logic (Manzano 1990/1999), but not quite, because the abstract theory may only approximate
the more realistic one.
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I touched on this briefly when considering empirical applications above.
In computational mechanics, we have an automatic method for doing phenomenology. An ǫ-machine

reconstruction algorithm takes in data and gives back a representation of causal patterns, suitable for use in
prediction or intervention, “untouched by human hands”. Such an algorithm is a phenomenological engine
or phenomenologimat21 . There is no in-principle reason why they could not become fast, reliable, standard
pieces of software, with potentially amusing and even important consequences. They would spell the end of
on-line gambling and human weathermen; but also stock-market quants, biomedical statisticians, many sorts
of engineer, and routine medical diagnosticians22. Even data-analysts at high-energy physics experiments
will find it hard to justify their existence — once a phenomenologimat gets written in Fortran.

21Thanks to Jon Fetter for these names.
22It has been known for a long time that, in many areas, human clinical judgment is significantly less accurate than the

results of simple linear decision rules (Dawes, Faust and Meehl 1989). Phenomenologimats could invade domains where linear
rules do not apply, but nonlinear ones do.
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Appendix A

Mathematical Review

A.1 Equivalence Relations and Partitions

The following definitions and properties are well-known, and may be found in almost any book on abstract
algebra or set theory.

Definition 52 (Equivalence Relation) An equivalence relation ∼ on a set A is a relation on A that is
reflexive, symmetric and transitive:

Reflexive : ∀a ∈ A a ∼ a (A.1)

Symmetric : ∀a, b ∈ A (a ∼ b) ⇔ (b ∼ a) (A.2)

Transitive : ∀a, b, c ∈ A (a ∼ b) ∧ (b ∼ c) ⇒ (a ∼ c) (A.3)

Definition 53 (Equivalence Class) An equivalence class e in A is a maximal sub-set of mutually equiv-
alent elements: for all a ∈ e, a ∼ b iff b ∈ e. The equivalence class containing a is sometimes written [a].
The collection of all equivalence classes induced by ∼ in A is written A/ ∼.

Definition 54 (Partition) A partition P of a set A is a class P0, P1, . . . of mutually exclusive and jointly
exhaustive subsets of A:

Mutually exclusive : ∀Pi, Pj ∈ P Pi ∩ Pj = ∅ (A.4)

Jointly exhaustive : ∀a ∈ A, ∃Pi ∈ P a ∈ Pi (A.5)

The members of P are called the cells of the partition. If there is only one cell, the partition is trivial. If
each element of A has its own cell, the partition is the identity partition.

Definition 55 (Refinement) One partition P refines another partition, Q, if each cell of P is a subset of
a cell of Q:

∀p ∈ P ∃q ∈ Q s.t. p ⊆ q (A.6)

P is finer than Q; it is a refinement of Q; Q is coarser than P .

Proposition 3 (Equivalence Relations and Partitions) For any equivalence relation ∼ on A, the col-
lection of equivalence classes A/ ∼ forms a partition of A. Conversely, every partition of A corresponds to
an equivalence relation.
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A.2 Information Theory

Information theory appeared in essentially its modern form with Shannon (1948), though there had been
predecessors in both communications (Hartley 1928) and statistics, notably Fisher (see (Kullback 1968) for
an exposition of these notions), and similar ideas were developed by Wiener and von Neumann, more or less
independently of Shannon (Wiener 1961). Shannon and Weaver (1963) contains the classic papers; Pierce
(1961) is a decent popular treatment.

Appendix A.2.4 lists a number of useful information-theoretic formulæ, which get called upon in our
proofs. Throughout, our notation and style of proof follow those in (Cover and Thomas 1991), the definitive
modern reference.

A.2.1 Entropy Defined

Given a random variable X taking values in a countable set A, the entropy of X is

H [X ] ≡ −
∑

x∈A

P(X = x) log2 P(X = x) , (A.7)

taking 0 log 0 = 0. Notice that H [X ] is the expectation value of − log2 P(X = x) and is measured in bits of
information. Caveats of the form “when the sum converges to a finite value” are implicit in all statements
about the entropies of infinite countable sets A.

Shannon interpreted H [X ] as the uncertainty in X . (Those leery of any subjective component in notions
like “uncertainty” may read “effective variability” in its place.) He showed, for example, that H [X ] is the
mean number of yes-or-no questions needed to pick out the value of X on repeated trials, if the questions
are chosen to minimize this average (Shannon 1948).

A.2.2 Joint and Conditional Entropies

We define the joint entropy H [X,Y ] of two variables X (taking values in A) and Y (taking values in B) in
the obvious way,

H [X,Y ] ≡ −
∑

(x,y)∈A×B

P(X = x, Y = y) log2 P(X = x, Y = y) . (A.8)

We define the conditional entropy H [X |Y ] of one random variable X with respect to another Y from their
joint entropy:

H [X |Y ] ≡ H [X,Y ] −H [Y ] . (A.9)

This also follows naturally from the definition of conditional probability, since P(X = x|Y = y) ≡ P(X =
x, Y = y)/P(Y = y). H [X |Y ] measures the mean uncertainty remaining in X once we know Y .

A.2.3 Mutual Information

The mutual information I[X ;Y ] between two variables is

I[X ;Y ] ≡ H [X ] −H [X |Y ] . (A.10)

This is the average reduction in uncertainty about X produced by fixing Y . It is non-negative, like all
entropies here, and symmetric in the two variables.

The conditional mutual information I[X ;Y |Z] is

I[X ;Y |Z] ≡ H [X |Z] −H [X |Y, Z] . (A.11)

It is also non-negative and symmetric in X and Y . It can be larger or smaller than the unconditional mutual
information.
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A.2.4 Information-Theoretic Formulæ

The following formulæ prove useful in the development. They are relatively intuitive, given our interpretation,
and they can all be proved with little more than straight algebra; see Cover and Thomas (1991, ch. 2). Below,
f and g are functions.

H [X,Y ] = H [X ] +H [Y |X ] (A.12)

H [X,Y ] ≥ H [X ] (A.13)

H [X,Y ] ≤ H [X ] +H [Y ] (A.14)

H [X |Y ] ≤ H [X ] (A.15)

H [X |Y ] = H [X ] iff X is independent of Y (A.16)

H [X,Y |Z] = H [X |Z] +H [Y |X,Z] (A.17)

H [X,Y |Z] ≥ H [X |Z] (A.18)

H [X ] −H [X |Y ] = H [Y ] −H [Y |X ] (A.19)

I[X ;Y ] ≤ H [X ] (A.20)

I[X ;Y ] = H [X ] iff H [X |Y ] = 0 (A.21)

H [f(X)] ≤ H [X ] (A.22)

H [X |Y ] = 0 iff X = f(Y ) (A.23)

H [f(X)|Y ] ≤ H [X |Y ] (A.24)

H [X |f(Y )] ≥ H [X |Y ] (A.25)

I[f(X); g(Y )] ≤ I[X ;Y ] (A.26)

I[f(X); g(Y )|Z] ≤ I[X ;Y |Z] (A.27)

Eqs. A.12 and A.17 are called the chain rules for entropies. Strictly speaking, the right hand side of Eq.
A.23 should read “for each y, P(X = x|Y = y) > 0 for one and only one x”.

A.3 Statistical Independence and Conditional Independence

Definition 56 (Statistical Independence) Two random variables X and Y are statistically independent
iff their joint probability distribution factors:

P(X = x, Y = y) = P(X = x)P(Y = y) (A.28)

or, equivalently, conditioning the one on the other makes no difference:

P(X = x|Y = y) = P(X = x) (A.29)

P(Y = y|X = x) = P(Y = y) (A.30)

The classic treatment of statistical independence is Kac (1959).

Proposition 4 (Statistical Independence and Mutual Information) (Cover and Thomas 1991, p.
27) X and Y are independent iff I[X ;Y ] = 0.

Vitally important for our purposes is the derivative notion of conditional independence.

Definition 57 (Conditional Independence) Two random variables X,Y are conditionally independent
given a third, Z, (or “independent given Z”) if and only if

P(X |Y, Z) = P(X |Z) (A.31)
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or, equivalently,

P(X,Y |Z) = P(X |Z)P(Y |Z) (A.32)

When this relation obtains, we write X |= Y |Z.

Proposition 5 (Conditional Independence and Mutual Information) (Cover and Thomas 1991, p.
27) X |= Y |Z iff I(X ;Y |Z) = 0.

A.3.1 Properties of Conditional Independence

We list only those we need. Monographs on graphical models (Pearl 2000; Spirtes, Glymour and Scheines
2001) contain more extensive lists.

(A |= B|CD) ∧ (A |= D|CB) ⇒ (A |= BD|C) (A.33)

(A |= BC|D) ⇒ (A |= B|CD) (A.34)

(A |= B|C) ∧ (A |= D|CB) ⇒ (A |= BD|C) (A.35)

Life would be much easier if

(A |= B) ⇒ (A |= B|C) (A.36)

(A |= B|C) ⇒ (A |= B|CD) (A.37)

but sadly, neither of these implications holds in general; adding a conditional variable can make A and B
dependent again!

The following property, while not included in most lists of conditional independence properties, is of some
use to us:

(A |= B|C) ⇒ (A |= f(B)|C) ∧ (A |= B, f(B)|C) (A.38)

for any measurable, nonrandom function f . It follows directly from the combination of Eq. A.27 and
Proposition 5.

There is an important connection between conditional independence and statistical sufficiency; see Ap-
pendix A.5 below.

A.4 Automata Theory

Definition 58 (Formal Language) A formal language L over the finite alphabet Σ is a subset of Σ∗ —
the set of all possible words, or strings, made up of symbols from Σ.

Definition 59 (Determinism) An automaton is deterministic or has deterministic transitions if, given its
current state and its next input, there is only one possible next state for it.

This definition often causes confusion, since many stochastic automata (i.e., ones with probabilistic transi-
tions) are deterministic in this sense. But it is too thoroughly entrenched in computer science to be changed.

Definition 60 (Deterministic Finite Automaton) A deterministic finite automaton (DFA) M is de-
fined as a 5-tuple:

M = {Q,Σ, δ, q0, F} , (A.39)

where Q is a finite set of states, Σ is an alphabet, q0 ∈ Q is the initial state, F ⊆ Q is a set of final states,
and δ : Q× Σ → Q is a transition function: δ(q, a) = q′, where q, q′ ∈ Q and a ∈ Σ.
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A DFA can be used to read, or scan, words w = w1 . . . wL over the alphabet Σ. Starting in the initial
state q0, the DFA reads the first symbol w1 of the word w. It then makes a transition to another state
q′ = δ(q0, w1). The DFA then reads the next symbol w2 and makes a transition to q′′ = δ(q′, w2), and so on
until all symbols in w have been read or until an undefined transition is encountered. If, after reading w,
the DFA ends in a final state q ∈ F , M accepts w; otherwise M rejects it.

Definition 61 (Regular Language) A regular language L is a formal language for which there exists a
DFA that accepts all words in L and rejects all words not in L.

Regular languages are the simplest class of formal languages in a hierarchy (the Chomsky hierarchy) of
language classes of increasing complexity (Lewis and Papadimitriou 1998).

There are generally many DFAs that recognize the same regular language L, but there is a unique minimal
DFA for L, which we write M(L). (For a nice proof of this proposition, see (Lewis and Papadimitriou 1998).)
Similarly, for every DFA M there is a corresponding regular language L(M) consisting of all and only the
words that are accepted by M .

Definition 62 (Regular Process Language) A regular language is a regular process language if every
subword of a word in L is also a word in L.

Definition 63 (Process Graph) A DFA is a process graph if its every state is both an initial and an
accepting state.

The DFAs corresponding to regular process languages are process graphs, and vice versa (Hanson and
Crutchfield 1992).

Definition 64 (Finite State Transducer) A finite-state transducer (FST) is a finite automaton with two
kinds of symbol associated with each transition: inputs and outputs. An FST R is defined by a 7-tuple:

R = {Q,Σin,Σout, δ, λ, q0, F} , (A.40)

where Q, δ, q0, and F are as in a DFA, Σin is the input alphabet, Σout is the output alphabet, and λ :
Q × Σin → Σout is the observation function: λ(q, a) = b where q ∈ Q, a ∈ Σin, and b ∈ Σout. An FST
effectively implements a mapping fR from one language over Σin to another language over Σout. In other
words, it reads a word w ∈ Σ∗in and transforms it to another word w′ ∈ Σ∗out by mapping each symbol wi ∈ Σin

to a symbol w′i ∈ Σout such that w′i = λ(q, wi), where q ∈ Q is the current state of R when reading wi.

In formal language theory, languages and automata play the role of sets and transducers the role of
functions.

A.5 Sufficient Statistics

Definition 65 (A Statistic) Let X be a random variable taking values from X. Then a statistic T on
(or “over”) X is any measurable, non-random function of X, i.e., T = f(X). To each statistic T there
corresponds a partition T of X.

Remark 1. It is common to define the “same” statistic over any number of samples X1, X2, . . . Xn taken
in the same space, such as a stochastic process. For simplicity, what follows always writes X as a single
variable, but this should be kept in mind.

Definition 66 (Predictive Sufficiency) A statistic T over a random variable X is a sufficient statistic
for predicting another random variable Y iff and only if P(Y |T = f(x)) = P(Y |X = x), ∀x. If T is sufficient,
then we also say that its associated partition T of X is sufficient.
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Remark 1. Sufficiency is important to prediction because it can be shown that, for any prediction method
which uses a non-sufficient statistic can be bettered by one which does. (A more precise statement can be
found in Appendix D below.)

Remark 2. Predictive sufficiency is related to, but not identical with, the idea of parametric sufficiency.
That, roughly, is when a statistic contains all available information about the parameters of an unknown
distribution. That is, if the probability distribution is parameterized by θ, written Pθ, a statistic T is
parametrically sufficient if and only if Pθ(X |T = t) = Pθ′(X |T = t) for all θ, θ′. If θ itself can be regarded
as a random variable (as in de-noising, Bayesian statistics, etc.), then parametric and predictive sufficiency
are identical.

Lemma 37 (Sufficiency and Conditional Independence) Consider two random variables X and Y ,
and a statistic T on X. Then X |= Y |T if and only if T is sufficient for predicting Y from X.

Proof. “Only if”: By conditional independence (Eq. A.31), P(Y |X,T ) = P(Y |T ). But since T = f(X), by
Lemma 39 P(Y |X,T ) = P(Y |X). (Informally, T is a “coarser” variable than X , so conditioning on T has
no effect once we’ve conditioned on X .) So P(Y |T ) = P(Y |X), which means T is sufficient. “If”: We start
with P(Y |T ) = P(Y |X). As before, since T = f(X), P(Y |X) = P(Y |X,T ). Hence P(Y |T ) = P(Y |X,T ), so
(Eq. A.31), X |= Y |T . QED.

Proposition 6 (Predictive Sufficiency and Mutual Information) (Cover and Thomas 1991, p. 37;
Kullback 1968, sec. 2.4–2.5) T is a sufficient statistic over X for predicting Y if and only if I(Y ;T ) =
I(Y ;X).

Definition 67 (Minimal Sufficiency) A statistic T is a minimal sufficient statistic for predicting Y from
X if and only if it is predictively sufficient, and it is a function of every other sufficient statistic.

Remark. If T is the partition corresponding to the minimal sufficient statistic T , then every other sufficient
partition Q must be a refinement of T. Turned around, no partition coarser than T is sufficient.
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Appendix B

Mathematical Annex to Chapter 4

B.1 Time Reversal

We can imagine forming reverse causal states for futures, based on their conditional distribution of histories,
i.e., assigning two futures to the same state if and only if they have the same conditional distribution for
histories. While both the reverse states and the ordinary, forward ones render the past and the future of
the process conditionally independent, there is no other general, systematic relationship between the two of
them. The past and future morphs can be very different, and while both sets of causal states render past
and future conditionally independent, one is a function of the past. In order to determine the reverse causal
state from the forward state, we must be able to determine the forward state from the future of the process;
to get the forward state from the reverse state, we must be able to determine the history uniquely from the
reverse state. If the forward and reverse states can both be inferred from each other, so that there is a kind
of time-reversal symmetry in the causal states, then there must be a 1 − 1 correspondence between futures
and histories.

In general,
←
Cµ 6=

→
Cµ (Crutchfield 1992), whereas the entropy rates (Crutchfield and Shalizi 1999) and

excess entropies must be equal. And so on.

B.2 ǫ-Machines are Monoids

A semi-group is a set of elements closed under an associative binary operator, but without a guarantee that
every, or indeed any, element has an inverse (Ljapin 1963). A monoid is a semi-group with an identity
element. Thus, semi-groups and monoids are generalizations of groups. Just as the algebraic structure of a
group is generally interpreted as a symmetry, we propose to interpret the algebraic structure of a semi-group
as a generalized symmetry. The distinction between monoids and other semi-groups becomes important here:
only semi-groups with an identity element — i.e., monoids — can contain subsets that are groups and so
represent conventional symmetries.

We claim that the transformations that concatenate strings of symbols from A onto other such strings
form a semi-group G, the generators of which are the transformations that concatenate the elements of A.
The identity element is to be provided by concatenating the null symbol λ. The concatenation of string t
onto the string s is forbidden if and only if strings of the form st have probability zero in a process. All
such concatenations are to be realized by a single semi-group element denoted ∅. Since if P(st) = 0, then
P(stu) = P(ust) = 0 for any string u, we require that ∅g = g∅ = ∅ for all g ∈ G. Can we provide a
representation of this semi-group?

Recall that, from our definition of the labeled transition probabilities, T
(λ)
ij = δij . Thus, T(λ) is an

identity element. This suggests using the labeled transition matrices to form a matrix representation of the

semi-group. Accordingly, first define U
(s)
ij by setting U

(s)
ij = 0 when T

(s)
ij = 0 and U

(s)
ij = 1 otherwise, to
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remove probabilities. Then define the set of matrices U = {T(λ)}⋃{U(s) , s ∈ A}. Finally, define G as the
set of all matrices generated from the set U by recursive multiplication. That is, an element g of G is

g(ab...cd) = U(d)U(c) . . .U(b)U(a) , (B.1)

where a, b, . . . c, d ∈ A. Clearly, G constitutes a semi-group under matrix multiplication. Moreover, g(a...bc) =
0 (the all-zero matrix) if and only if, having emitted the symbols a . . . b in order, we must arrive in a state
from which it is impossible to emit the symbol c. That is, the zero-matrix 0 is generated if and only if
the concatenation of c onto a . . . b is forbidden. The element ∅ is thus the all-zero matrix 0, which clearly
satisfies the necessary constraints. This completes the proof of Proposition 9.

We call the matrix representation — Eq. B.1 taken over all words in Ak — of G the semi-group machine
of the ǫ-machine {S,T} (Young 1991).

B.3 Measure-Theoretic Treatment of Causal States

In Section 4.2, where we define causal states, ǫ-machines, and their basic properties, we use a great many
conditional probabilities. However, there are times when the events on which we condition — particular
histories, or particular effective states — have probability zero. Then classical formulæ for conditional
probability do not apply, and a more careful and technical treatment, going back to the measure-theoretic
basis of probability, is called for. That’s what I do here, showing that all the concepts we saw in Section
4.2 — the causal states, their morphs, and so forth — are well-defined measure-theoretically. The proofs
in that section are equally valid whether we interpret the conditional probabilities they invoke classically
or measure-theoretically. (The measure-theoretic interpretation raises a few technicalities, which we have
flagged with footnotes to those proofs.) And we show here that our methods of proof in subsequent sections
are not affected by this change in interpretation.

In what follows, I draw on Billingsley (1965, Billingsley (1979), Doob (1953), Gray (1990), Loéve (1955),
and Rao (1993). I assume that the reader is familiar with measure-theoretic probability, at least in some
basic way. The notation broadly follows that of Billingsley. A slightly different approach to these issues,
and more than slightly different terminology and notation, may be found in chapter 2 of Upper (1997).

B.3.1 Abstract Definition of Conditional Probability

Definition 68 (Conditional Probability) Consider a probability space (Ω,F , P ) and a σ-subalgebra G ⊂
F . The conditional probability of an event A ∈ F , given the family of events G, is a real-valued random
function PA||G(ω), with the following properties:

1. PA||G(ω) is measurable with respect to G; and

2. for any G ∈ G,

∫

G

PA||G(ω)dP = P (A ∩G) (B.2)

The latter condition generalizes the classical formula that P (A ∩G) =
∑

g∈G P (A|g)P (g).

Proposition 7 There always exists a function PA||G(ω) satisfying the just-given conditions. Moreover, if f
and g are two functions which both satisfy the above requirements, f(ω) = g(ω) for P -almost-all ω.

Proof: The existence of such random variables is vouchsafed to us by the Radon-Nikodym theorem; PA||G(ω)
is the Radon-Nikodym derivative of P (A ∩ G), which is a measure over G, with respect to P . (The latter
is also restricted to the σ-subalgebra G.) The Radon-Nikodym theorem also tells us that any two functions
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which satisfy the two conditions above agree for P -almost-all points ω. Any such function is called a version
of the conditional probability. (See any of the standard references cited above for further details.)

If G = µ(X), the σ-algebra generated by the random variable X , then we may write PA||X=x(ω) or
PA||X(ω) in place of PA||G(ω).

It is not always the case that, if we let A vary, while holding ω fixed, we get a proper probability measure.
Indeed, there are pathological examples where there are no conditional probability measures, though there
are conditional probability functions. A conditional probability function which is a measure for all ω is said
to be regular. If a regular conditional probability uses as its conditioning σ-algebra that generated by a
random variable X , we write P (·|X = x), as usual.

B.3.1.1 Conditional Expectation

As well as conditional probabilities, we shall need conditional expectations. Their definition is completely
analogous to Definition 68. The expectation of the random variable X conditional on the σ-subalgebra G,
denoted E {X ||G} is an integrable, G-measurable random variable such that

∫
G

E {X ||G} dP =
∫

G
XdP for

all G ∈ G. Conditional probabilities are, of course, the conditional expectations of indicator functions. There
is another important relationship between conditional probability and conditional expectation, which we give
in the form of another proposition.

Proposition 8 (Coarsening Conditional Probability) (Billingsley 1979; Doob 1953; Loéve 1955; Rao
1993) Consider any two σ-subalgebras G and H, with G ⊂ H. Then

PA||G(ω) = E
{
PA||H||G

}
(ω) almost surely (a.s.), (B.3)

where we have been explicit about the conditional expectation’s dependence on ω.

B.3.1.2 Conditional Independence

Let G be the conditioning σ-subalgebra, and let A and B be two other σ-subalgebras. Then A and B are
conditionally independent, given G, just when, for any pair of events A,B, A ∈ A and B ∈ B, PAB||G(ω) =
PA||G(ω)PB||G(ω) a.s.

Take any two σ-algebras over the same set, A and B; their product, AB, is the σ-algebra generated by
the sets of the form a ∩ b, where a ∈ A and b ∈ B.

Proposition 9 (Rao 1993, sec. 2.5) A and B are conditionally independent given G iff, for all B ∈ B,
PB||AG(ω) = PB||G(ω) a.e., where AG is defined as above. This is also true if A and B are interchanged.

Remark. Assuming regularity of conditional probability, this is equivalent to saying that the random
variables Y and Z are independent given X if and only if

P (Z ∈ A|X = x, Y = y) = P (Z ∈ A|X = x) (B.4)

Proposition 10 (Loéve 1955, p. 351) Assuming regularity of conditional probability, for any three random
variables

P (Z ∈ A, Y = y|X = x)

= P (Z ∈ A|Y = y, X = x)P (Y = y|X = x) (B.5)

Lemma 38 Let A = µ(X), and B = µ(f(X)), for a measurable, nonrandom function f . Then AB =
µ(X, f(X)) = A = µ(X).

Proof. Since f is measurable, every element of B is an element of A, though not necessarily the reverse.
Since A is a σ-algebra, it is closed under intersection. Therefore AB ⊆ A. But for every a ∈ A, we can find
a b ∈ B such that a ⊆ b, and a ∩ b = a. Thus A ⊆ AB. Hence A = AB. QED.
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Lemma 39 Let f be a measurable, nonrandom function of the random variable X. Then

PA||X,f(X)(ω) = PA||X(ω) a.e. , (B.6)

Proof. By Lemma 38, the conditioning σ-algebras on the left and right hand sides are the same. QED.

B.3.2 Restatements and Proofs of the Main Results

We begin by restating the definition of causal equivalence, and so of causal states, in terms adapted to abstract
conditional probabilities. We then go through the results of Section 4.2 in order and, where necessary, give
alternate proofs of them. (Where new proofs are not needed, we say so.)

B.3.2.1 Definition of Causal States

For us, Ω is the space of two-sided infinite strings over A; F is the σ-algebra generated by cylinders over
such strings; and the probability measure P is simply P (Definition 9).

What we want to do is condition on histories; so we make our conditioning σ-subalgebra µ(
←
S ), following

the usual convention that µ(X) is the σ-algebra induced by the random variable X . This contains all finite-
length histories, and even all semi-infinite histories, as events. Similarly, designate the σ-subalgebra for

futures by µ(
→
S ). We want there to be a function P

F ||µ(
←

S )
(ω), at least when F ∈ µ(

→
S ); and we want this to

be a probability measure over µ(
→
S ), for fixed ω.

As we have seen (Proposition 7), the conditional probability function exists. Moreover, it is regular, since

µ(
←
S ) is a subalgebra of the σ-algebra of cylinder sets, and St always takes its values from a fixed, finite set

(Doob 1953; Rao 1993).

Thus, we do have a random variable P
F ||
←

S=
←

s
(ω), which is the probability of the set F ∈ µ(

→
S ), given

that
←
S=

←
s . We now define causal equivalence thus:

←
s∼ǫ

←
s
′
iff, for P -almost all pairs ω, ω′, if ω ∈ ←s and

ω′ ∈ ←s
′
, then P

F ||
←

S=
←

s
(ω) = P

F ||
←

S=
←

s
′(ω′), for all F ∈ µ(

→
S ). (It is clear that this is an equivalence relation

— in particular, that it is transitive.)
It may be comforting to point out (following Upper (1997, sec. 2.5)) that the functions P

F ||µ(
←

S
L

)
(ω),

i.e., the probabilities of the fixed future event F conditional on longer and longer histories, almost always
converge on P

F ||µ(
←

S )
(ω). This is because of the martingale convergence theorem of Doob (Doob 1953,

Theorem VII.4.3). For each L, µ(
←
S

L

) ⊂ µ(
←
S

L+1

) and the smallest σ-algebra containing them all is µ(
←
S ).

Thus, for any random variable X with E {|X |} <∞, limL→∞E

{
X ||µ(

←
S

L

)

}
= E

{
X ||µ(

←
S )

}
almost surely.

Applied to the indicator function 1F of the future event F , this gives the desired convergence.
Note that if we want only causal equivalence for a finite future, matters are even simpler. Since for finite

L every event in µ(
→
S

L

) consists of the union of a finite number of disjoint elementary events (i.e., of a finite
number of length-L futures), it suffices if the conditional probability assignments agree for the individual
futures. If they agree for every finite L, then we have the alternate definition (Eq. 4.11) of causal states.

B.3.2.2 Measurability of ǫ

At several points, we need ǫ to be a measurable function, i.e., we need µ(S) ⊆ µ(
←
S ). This is certainly the

case for processes that can be represented as Markov chains, stochastic deterministic finite automata, or
conventional hidden Markov models generally. The strongest general result yet obtained is that ǫ is, so to
speak, nearly measurable.
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Proposition 11 (Upper 1997, Prop. 2.5.3) For each causal state Si, the set ǫ−1(Si) of histories mapping
to Si is either measurable or the intersection of a measurable set and a set of full measure.

Thus, each ǫ−1(Si) differs from a measurable set in µ(
←
S ) by at most a subset of a set of measure zero.

This is close enough to complete measurability for our purposes, and we will speak of ǫ as though it were
always measurable. Finding necessary and sufficient conditions on the process for ǫ to be measurable is an
interesting problem.

B.3.2.3 The Morph

We wish to show that the morph of a causal state is well-defined, i.e., that the distribution of futures
conditional on the entire history is the same as the distribution conditional on the causal state. Start with

the fact that, since S = ǫ(
←
S ), and ǫ is nearly measurable, µ(S) ⊆ µ(

←
S ). This lets us use Proposition 8, and

see that PF ||S=Si
(ω) is the expectation of P

F ||
←

S=
←

s
(ω) over those ω ∈ Si. But, by the construction of causal

states, P
F ||
←

S=
←

s
(ω) has the same value for P -almost-all ω. Thus P(F |S = Si) = P(F |

←
S=

←
s ) for (almost

every)
←
s ∈ Si. (We can always find versions of the conditional probabilities which eliminate the “almost-all”

and the “almost every” above.) So, since this works for arbitrary future events F , it works in general, and
we may say that the distribution of futures is the same whether we condition on the past or on the causal
state.

B.3.2.4 Existence of the Conditional Entropy of Futures

As we have seen, P→
S

L

||
←

S
(ω) is a probability measure over a finite set, so (Gray 1990, sec. 5.5) we define the

entropy of length-L futures conditional on a particular history
←
s as

H [
→
S

L

|
←
S=

←
s ] (B.7)

≡ −
∑

{sL}

P(
→
S

L

= sL|
←
S=

←
s ) log2 P(

→
S

L

= sL|
←
S=

←
s ) ,

with the understanding that we omit futures of conditional probability zero from the sum. This is measurable,

since P(
→
S

L

= sL|
←
S=

←
s ) is µ(

←
S )-measurable for each sL. Now set

H [
→
S

L

|
←
S ] ≡

∫
H [
→
S

L

|
←
S=

←
s ]dP←

S
, (B.8)

where P←
S

is the restriction of P to µ(
←
S ). (Measurability tells us that the integral exists.)

The procedure for H [
→
S

L

|R] is similar, but if anything even less problematic.
Note that we do not need to re-do the derivations of Sections 4.3 and 4.4, since those simply exploit

standard inequalities of information theory, which certainly apply to the conditional entropies we have just
defined. (Cf. (Billingsley 1965; Gray 1990).)

B.3.2.5 The Labeled Transition Probabilities

Recall that we defined the labeled transition probability T
(s)
ij as the probability of the joint event S ′ = Sj

and
→
S

1

= s, conditional on S = Si. Clearly (Proposition 7), the existence of such conditional probabilities
is not at issue, nor, as we have seen, is their regularity. We can thus leave Definition 14 alone.
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B.4 Alternate Proof of the Refinement Lemma (Lemma 12)

The proof of Lemma 12 carries through verbally, but we do not wish to leave loop-holes. Unfortunately, this
means introducing two new bits of mathematics.

First of all, we need the largest classes that are strictly homogeneous (Definition 6) with respect to
→
S

L

for fixed L; these are, so to speak, truncations of the causal states. Accordingly, we will talk about SL and
σL, which are analogous to S and σ. We will also need to define the function φL

σρ ≡ P(SL = σL|R = ρ).
Putting these together, for every L we have

H [
→
S

L

|R = ρ] = H [
∑

{σL}

φL
σρP(

→
S

L

|SL = σL)] (B.9)

≥
∑

{σL}

φL
σρH [

→
S

L

|SL = σL] . (B.10)

Thus,

H [
→
S

L

| R] =
∑

{ρ}

P(R = ρ)H [
→
S

L

|R = ρ] (B.11)

≥
∑

{ρ}

P(R = ρ)
∑

{σL}

φL
σρH [

→
S

L

|SL = σL] (B.12)

=
∑

{σL,ρ}

P(R = ρ)φL
σρH [

→
S

L

|SL = σL] (B.13)

=
∑

{σL,ρ}

P(SL = σL, R = ρ)H [
→
S

L

|SL = σL] (B.14)

=
∑

{σL}

P(SL = σL)H [
→
S |SL = σL] (B.15)

= H [
→
S

L

|SL] . (B.16)

That is to say,

H [
→
S

L

|R] ≥ H [
→
S

L

|SL] , (B.17)

with equality if and only if every φL
σρ is either 0 or 1. Thus, if H [

→
S

L

|R̂] = H [
→
S |SL], every ρ̂ is entirely

contained within some σL; except for possible subsets of measure 0. But if this is true for every L — which,
in the case of a prescient rival R̂, it is — then every ρ̂ is at least weakly homogeneous (Definition 7) with

respect to all
→
S

L

. Thus, by Lemma 7, all its members, except for that same subset of measure 0, belong to
the same causal state. QED.

B.5 Finite Entropy for the Semi-Infinite Future

While cases where H [
→
S ] is finite — more exactly, where limL→∞H [

→
S

L

] exists and is finite — may be
uninteresting for information-theorists, they are of great interest to physicists, since they correspond, among
other things, to periodic and limit-cycle behaviors. There are, however, only two substantial differences
between what is true of the infinite-entropy processes considered in the main body of the development and
the finite-entropy case.



139

First, we can simply replace statements of the form “for all L, H [
→
S

L

] . . . ” with H [
→
S ]. For example, the

optimal prediction theorem (Theorem 5) for finite-entropy processes becomes for all R, H [
→
S |R] ≥ H [

→
S |S].

The details of the proofs are, however, entirely analogous.
Second, we can prove a substantially stronger version of the Control Theorem (Theorem 11).

Theorem 25 (The Finite-Control Theorem) For all prescient rivals R̂,

H [
→
S ] −H [

→
S |R̂] ≤ Cµ . (B.18)

Proof. By a direct application of Eq. A.20 and the definition of mutual information, Eq. A.10, we have
that

H [
→
S ] −H [

→
S |S] ≤ H [S] . (B.19)

But, by the definition of prescient rivals (Definition 17), H [
→
S |S] = H [

→
S |R̂], and, by definition, Cµ = H [S].

Substituting equals for equals gives us the theorem. QED.
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Appendix C

Proof of Lemma 20, Chapter 9

Recall the statement of Lemma 20
If a domain Λi has a periodic phase, then the domain is periodic, and the spatial periodicities S(Λi

j) of

all its phases Λi
j, j = 0, . . . , p− 1, are equal.

Proof. The proof consists of two parts. First, and most importantly, it is proved that the spatial
periodicities of the temporal phases of a periodic domain Λi cannot increase and that the periodicity of
one phase implies the periodicity of all its successors. Then it follows straightforwardly that the spatial
periodicities have to be equal for all temporal phases and that they all must be periodic.

Our proof employs the update transducer Tφ, which is simply the FST which scans across a lattice
configuration and outputs the effect of applying the CA update rule φ to it. For reasons of space, we refrain
from giving full details on this operator — see rather (Hanson 1993). Here we need the following results.
If φ is a binary, radius-r CA, the update transducer has 22r states, representing the 22r distinct contexts
(words of previously read symbols) in which Tφ scans new sites, and we customarily label the states by these
context words. The effect of applying the CA φ to a set of lattice configuration represented by the DFA M
is a new machine, given by TφM — the “direct product” of the machines M and Tφ. Once again, for reasons
of space, we will not explain how this direct product works in the general case. We are interested merely in
the special case where M = Λi

j , the jth, periodic phase of a domain, with spatial period n. The next phase

of the domain, Λi
j+1, is the composed automaton TφM , once the latter has been minimized. Before the latter

step TφM consists of n “copies” of the FST Tφ, one for each of Λi
j’s n states. There are no transitions within

a copy. Transitions from copy k to copy k′ occur only if k′ = k + 1 (mod n). In total, there are n22r states
in the direct composition.

TφM is finite and deterministic, but far from minimal. We are interested in its minimal equivalent
machine, since that is what we have defined as the representative of the next phase of the domain. The key
to our proof is an unproblematic part of the minimization, namely, removing states that have no predecessors
(i.e., no incoming transitions) and so are never reached. (Recall that, by hypothesis, we are examining
successive phases of a domain, all represented by strongly connected process graphs.) It can be shown,
using the techniques in Hanson (1993), that if the transition from state k in Λi

j to state k + 1 occurs on a
0 (respectively, on a 1), then in the composed machine, the transitions from copy k of Tφ only go to those
states in copy k+ 1 whose context string ends in a 0 (respectively, in a 1). Since states in copy k+ 1 can be
reached only from states in copy k, it follows that half of the states in each copy cannot be reached at all,
and so they can be eliminated without loss.

Now, this procedure of eliminating states without direct predecessors in turn leaves some states in copy
k + 2 without predecessors. So we can re-apply the procedure, and once again, it will remove half of the
remaining states. This is because applying it twice is the same as removing those states in copy k + 2 for
which the last two symbols in the context word differ from the symbols connecting state k to state k+1 and
state k + 1 to state k + 2 in the original domain machine Λi

j .
What this procedure does is exploit the fact that, in a domain, every state is encountered only in a unique



141

update-scanning context; we are eliminating combinations of domain-state and update-transducer-state that
simply cannot be reached. Observe that we can apply this procedure exactly 2r times, since that suffices to
establish the complete scanning context, and each time we do so, we eliminate half the remaining states. We
are left then with n22r/22r = n states after this process of successive halvings. Further observe that, since
each state k of the original domain machine Λi

j occurs in some scanning context, we will never eliminate all
the states in copy k. Since each of the n copies has at least one state left in it, and there are only n states
remaining after the halvings are done, it follows that each copy contains exactly one state, which has one
incoming transition, from the previous copy, and one outgoing transition, to the next copy. The result of
eliminating unreachable states, therefore, is a machine of n states which is not just deterministic but (as we
have defined the term) periodic. Note, however, that this is not necessarily the minimal machine, since we
have not gone through a complete minimization procedure, merely the easy part of one. Λi

j+1 thus might
have fewer than n states, but certainly no more.

To sum up: We have established that, if Λi
j is a periodic domain phase, then Λi

j+1 is also periodic and

S(Λi
j+1) ≤ S(Λi

j). Thus, for any t, S(ΦtΛi
j) ≤ S(Λi

j). But ΦtΛi
j) = Λi

(j+t)modp and if t = p, we have

Λi
(j+t)modp

= Λi
(j+p)modp

= Λi
j . Putting these together we have

S(Λi
j+1) ≤ S(Λi

j) ⇒ S(Λi
j+1) = S(Λi

j) , (C.1)

for j = 0, 1, . . . , p − 1. This implies that the spatial period is the same, namely n, for all phases of the
domain. And this proves the proposition when the CA alphabet is binary.

The reader may easily check that a completely parallel argument holds if the CA alphabet is not binary
but m−ary, substituting m for 2 and (m− 1)/m for 1/2 in the appropriate places. QED.
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Appendix D

Prescience, Sufficiency, and Optimal

Prediction

D.1 More General Notions of Predictive Power

In the preceding argument, we measured the predictive power of a class of effective states by how much they
reduced the entropy of the outputs. Thinking of entropy as effective variability or uncertainty, this is not an
unreasonable measure of ability to predict, but in many applications it is customary and/or sensible to use
other measures, and, in any case, it would be naturally to be a little leery of the causal states if they were
optimal only as measured by conditional entropy. It is for this reason that we have paid such attention to
the statistical concept of sufficiency, since it lets us establish the predictive optimality of the causal states
in a much more general sense.

Before we can do that, we need to introduce some concepts from statistical decision theory (Blackwell
and Girshick 1954; Luce and Raiffa 1957; Lehmann and Casella 1998).

D.2 Decision Problems and Optimal Strategies

Definition 69 (A Decision Problem) A decision problem consists of the pair Ω,A, where Ω is a random
variable (ranging over Ω) and A is some set. Ω is called the sample or state of nature, and is supposed to
represent data, observations, experimental results, etc. An a ∈ A is called an action, and the elements of A
are supposed to represent different possible responses to the information about the world represented in Ω.

Definition 70 (A Pure Strategy) A pure strategy is a function specifying a unique action for each state
of nature, f : Ω 7→ A. If f(ω1) = f(ω2) whenever ω1 and ω2 are in the same cell of a partition Z, we say
that the f depends on the corresponding random variable Z.

Definition 71 (A Randomized Strategy) A randomized strategy φ is a random function from states
of nature to actions. We write the probability of taking action a given sample ω, under strategy φ, as
Pφ(A = a|Ω = ω). If Pφ(A = a|Ω = ω1) = Pφ(A = a|Ω = ω2), for all a, whenever ω1 and ω2 are in the
same cell of the partition Z, we say that φ depends on the corresponding random variable Z.

Given a set of randomized strategies, we can construct a set of pure strategies such that each randomized
strategy picks a pure strategy at random. Hence the name “pure strategy”.

Definition 72 (Utility of a Strategy) The utility of a strategy φ, is a functional from φ’s conditional
distribution of actions to the non-negative real numbers, parameterized by the state of nature: L(φ, ω). It is
often by not necessarily written in terms of a loss function defined for each action, L : A× Ω 7→ R+.
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Remark 1. Perhaps the two most common utility functionals are mean loss and maximum loss. Remark
2. Some authors prefer to make large values of utility preferable to small ones; no matter of principle is
involved.

Definition 73 (Dominance among Strategies) Strategy φ dominates ψ when L(φ, ω) ≤ L(ψ, ω), for all
ω ∈ Ω.

Definition 74 (Optimal Strategies) If a strategy φ dominates all other strategies ψ, then φ is called an
optimal strategy.

Remark. If the utility functional is the mean loss, then the optimal strategy is said to be a Bayes strategy,
or a Bayes optimal strategy, or simply to maximize expected utility. If the utility functional is the maximum
loss, then the optimal strategy is said to be minimax.

Definition 75 (Behaviorally Equivalent Strategies) Two randomized strategies φ1, φ2 are behaviorally
equivalent if and only if they lead to the same distribution of actions conditional on the state of nature, i.e.,
iff Pφ1

(A = a|Ω = ω) = Pφ2
(A = a|Ω = ω) for all a, ω.

Definition 76 (Behaviorally Equivalent Strategy Sets) Two sets Φ1,Φ2 is randomized strategies are
behaviorally equivalent iff each strategy in Φ1 is behaviorally equivalent to at least one strategy in Φ2, and
vice versa.

Remark. This is the same as the definition of “equally informative” strategies and statistics in Blackwell
and Girshick (1954, Def. 8.3.1). We avoid the use of the word “informative” here, since we do not want to
have to explain the relationship between this concept and those of information theory.

Proposition 12 (Strategies Based on Sufficient Statistics) Given a set Φ of randomized strategies
which are functions of the state of nature, and a sufficient statistic Z on Ω, there is a behaviorally equivalent
set of randomized strategies Ψ, where each ψ ∈ Ψ depends only on Z. Conversely, if Z is a statistic, and for
any arbitrary set of randomized strategies Φ depending on Ω it is possible construct a set Ψ of randomized
strategies depending only on Z which is behaviorally equivalent to Φ, then Z is a sufficient statistic.

This is proved by Blackwell and Girshick (1954) as their Theorem 8.3.2. Their proof is constructive. (See
their p. 218 for the converse part of the theorem.) See also Lehmann and Casella (1998, ch. 1).

Remark. The gist of the lemma is that, whatever behavior you might want to get from strategies which
are sensitive to the whole of the state of nature, or to some arbitrary partition over it, you can get the same
behavior using strategies which are sensitive only to a sufficient statistic.

D.3 Prediction Problems and Optimal Prediction

Definition 77 (A Prediction Problem) Let A be the set of future behaviors of which the system is ca-
pable. Then a strategy is a (possibly random) mapping from present data to future events, i.e., a prediction
method. Let Ω be the space of possible observations-to-date, and suppose that there is an optimal predic-
tion method, φopt which is a (possibly random) function of Ω. Then we say that the decision problem is a
prediction problem.

Remark. The essential parts of the definition are that (1) the “state of nature” is a record of past
observations — in the case of memoryless transduction, the current input to the transducer — and (2) there
is an optimal predictor based on that data.

Lemma 40 (General Predictive Optimality of Prescient States) Let φopt be the optimal predictor

for a given prediction problem, and let R̂ be a class of prescient states for that process. Then there is a
behaviorally equivalent, and so equally optimal, predictor, ψ ✬✭ , which depends only on R̂.
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Proof. We simply apply Proposition 12 with Φ = {φopt}.

Lemma 41 (Generally Predictively Optimal States Are Prescient) If, for any prediction problem
on P, one can construct an optimal predictor which depends only on R, then R is prescient.

Proof. We simply consider the prediction problem implicit in the preceding development, the optimal
(minimal-conditional-entropy) solutions to which all, by construction, involve prescient states. By hypothesis,
we can make an optimal predictor, in this sense, using R, so R must be prescient.

Theorem 26 (General Predictive Optimality and Minimality of Causal States) The causal states
are generally predictively optimal, and if R is generally predictively optimal, then it is a refinement almost
everywhere of S.

Proof. The first part of the theorem, the predictive optimality of the causal states, is a direct application of
Lemma 40, since the causal states are prescient. Second, we know from Lemma 41 that generally-predictively-
optimal states are prescient, and from the Refinement Lemma (12) that prescient states are refinements a.e.
of the causal states. Or, put differently, the generally-predictive states are sufficient statistics, and the causal
states are the minimal sufficient statistics, so the second part of the theorem follows from Lemma 3 (in its
various avatars) as well.
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Solé, Ricard V. and Bartolo Luque (1999). “Statistical Measures of Complexity for Strongly Interacting
Systems.” E-print, arxiv.org, adap-org/9909002.

Solomonoff, Raymond J. (1964). “A Formal Theory of Inductive Inference.” Information and Control ,
7: 1–22 and 224–254.

Spirtes, Peter, Clark Glymour and Richard Scheines (2001). Causation, Prediction, and Search. Adap-
tive Computation and Machine Learning. Cambridge, Massachusetts: MIT Press, 2nd edn.

Spivak, Michael (1965). Calculus on Manifolds: A Modern Approach to Classical Theorems of Advanced
Calculus. Menlo Park, California: Benjamin Cummings.

Steiglitz, Kenneth, I. Kamal and A. Watson (1988). “Embedding Computation in One-Dimensional
Automata by Phase Coding Solitons.” IEEE Transactions on Computers , 37: 138–144.

Stengel, Robert F. (1994). Optimal Control and Estimation. New York: Dover. As Stochastic Optimal
Control: Theory and Application, New York: Wiley, 1986.

Sterling, Bruce (1985). Schismatrix . New York: Arbor House. Reprinted in (Sterling 1996).

— (1996). Schismatrix Plus. New York: Ace Books.

Sternberg, Saul (1963). “Stochastic Learning Theory.” In Handbook of Mathematical Psychology
(R. Duncan Luce and Robert R. Bush and Eugene Galanter, eds.), vol. 2, pp. 1–120. New York:
Wiley.

Stiglitz, Joseph E. (1994). Whither Socialism? . The Wicksell Lectures, 1990. Cambridge, Mas-
sachusetts: MIT Press.

Takens, Floris (1981). “Detecting Strange Attractors in Fluid Turbulence.” In Symposium on Dynam-
ical Systems and Turbulence (D. A. Rand and L. S. Young, eds.), vol. 898 of Lecture Notes in
Mathematics , p. 366. Berlin: Springer-Verlag.

— (1983). “Distinguishing Deterministic and Random Systems.” In Nonlinear Dynmaics and Tur-
bulence (G. I. Barenblatt and G. Iooss and D. D. Joseph, eds.), Interaction of Mechanics and
Mathematics. Boston: Pitman Advanced Publishing Program.

Thornton, Chris (2000). Truth from Trash: How Learning Makes Sense. Complex Adaptive Systems.
Cambridge, Massachusetts: MIT Press.

Tilman, David and Peter Kareiva (eds.) (1997). Spatial Ecology: The Role of Space in Population
Dynamics and Interspecific Interactions, vol. 30 of Monographs in Population Biology, Princeton,
New Jersey. Princeton University Press.

Timmer, J., H. Rust, W. Horbelt and H. U. Voss (2000). “Parametric, Nonparametric and Parametric
Modelling of a Chaotic Circuit Time Series.” Physics Letters A, 274: 123–134.

Tishby, Naftali, Fernando C. Pereira and William Bialek (1999). “The Information Bottleneck
Method.” In Proceedings of the 37th Annual Allerton Conference on Communication, Control and
Computing (B. Hajek and R. S. Sreenivas, eds.), pp. 368–377. Urbana, Illinois: University of Illinois
Press. E-print, arxiv.org, physics/0004057.



163

Toffoli, Tommaso (1984). “Cellular Automata as an Alternative to (Rather Than an Approximation of)
Differential Equations in Modeling Physics.” In Cellular Automata (J. Doyne Farmer and Tommasso
Toffoli and Stephen Wolfram, eds.), pp. 117–127. Amsterdam: North-Holland. Also published as
Physica D 10, nos. 1–2.

Toffoli, Tommaso and Norman Margolus (1987). Cellular Automata Machines: A New Environment
for Modeling. MIT Press Series in Scientific Computation. Cambridge, Massachusetts: MIT Press.

Tou, Julius T. and Rafael C. Gonzalez (1974). Pattern Recognition Principles . Reading, Mass: Addison-
Wesley.

Touchette, Hugo and Seth Lloyd (1999). “Information-Theoretic Limits of Control.” Physical Review
Letters , 84: 1156–1159.

Upper, Daniel R. (1997). Theory and Algorithms for Hidden Markov Models and Gen-
eralized Hidden Markov Models. Ph.D. thesis, University of California, Berkeley. URL
http://www.santafe.edu/projects/CompMech/.

Valiant, Leslie G. (1984). “A Theory of the Learnable.” Communications of the Association for Com-
puting Machinery, 27: 1134–1142.

van de Geer, Sara (2000). Empirical Processes in M-Estimation, vol. 4 of Cambridge Series in Statistical
and Probabilistic Mathematics . Cambridge, England: Cambridge University Press.

van der Heyden, Marcel J., Cees G. C. Diks, Bart P. T. Hoekstra and Jacob DeGoede (1998). “Testing
the Order of Discrete Markov Chains Using Surrogate Data.” Physica D , 117: 299–313.

Van Dyke, Milton (1982). An Album of Fluid Motion. Stanford, California: Parabolic Press.

Vapnik, Vladimir N. (1979/1982). Estimation of Dependences Based on Empirical Data. Springer
Series in Statistics. Berlin: Springer-Verlag. Translated by Samuel Kotz from Vosstanovlyenie Za-
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