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1 Introduction

Scattering amplitudes in perturbative quantum gravity infamously suffer from infrared (IR)
divergences as a result of the real emission and virtual exchange of soft gravitons. Building
upon earlier work performed in the context of quantum electrodynamics, Weinberg however
showed that these IR divergences cancel in measurable cross-sections for which an arbitrary
number of soft gravitons contribute [1]. Such cancellations are made possible thanks to the
factorization of any scattering amplitude A into soft and hard parts,

A = AsoftAhard , (1.1)

where Asoft bears all dependencies on the soft quanta and IR divergences. In the case of
a soft emission in particular, Asoft is determined by Weinberg’s soft graviton theorem [1].
On the other hand and of direct interest to the present work, the soft factor resulting from
the exchange of virtual soft gravitons between n external hard massless particles takes the
simple form [1–5]

Asoft = exp

−2G log Λ0
π

n∑
i,j=1

ηiηjωiωj |xi − xj |2 ln |xi − xj |2
 , (1.2)

where G is Newton’s constant, and each massless hard particle is characterized by its
frequency ωi > 0 and a stereographic coordinate xi ∈ S on the celestial sphere at which
it enters or exits the process depending on whether it is ingoing (ηi = −1) or outgoing
(ηi = +1), respectively. Weinberg introduced the parameter Λ0 = E+/E− > 1 as the ratio
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of two energy cutoffs. The first arbitrarily separates between soft and hard gravitons. In
practice, it is fixed by the detector sensitivity such that soft gravitons are those missed by
the detector. The second energy scale E− is an IR regulator that must eventually be sent
to zero.1

More recently, connections between IR divergences and the asymptotic structure of
asymptotically flat spacetimes in General Relativity have been uncovered. In particular,
conservation laws associated with the group of asymptotic symmetries discovered long ago
by Bondi, van der Burg, Metzner and Sachs (BMS) [6, 7] have been identified with the
soft graviton theorems [8–10]. Furthermore, it has been argued that the soft factor (1.2)
resulting from the exchange of virtual soft gravitons can be written in terms of correlation
functions of the Goldstone mode C(x) of spontaneously broken supertranslations that form
a subset of the BMS symmetries [4],

Asoft = exp

−1
2

n∑
i 6=j

ηiηjωiωj〈C(xi)C(xj)〉

 . (1.3)

By comparison with (1.2), the authors of [4] inferred the form of the celestial two-point
correlation function of the supertranslation Goldstone mode,

〈C(x)C(y)〉 = 4G
π

log Λ0 |x− y|2 log |x− y|2 . (1.4)

The goal of the present work is to provide an independent derivation of the celestial
correlator (1.4), which in particular will not rely at any point on the evaluation of scattering
amplitudes. Rather, our derivation will be based on the behavior of the gravitational field
at spatial infinity together with a careful analysis of the corresponding action principle.
In particular, we identify a component of the gravitational action which at the same time
governs IR divergences on the celestial sphere and controls the supertranslation Goldstone
mode in a way that yields the celestial two-point function (1.4). We call it the infrared
effective action.

Our derivation of a two-dimensional effective action for supertranslation Goldstone
modes can be regarded as part of the broader celestial conformal field theory (CFT) pro-
gram. This ongoing effort finds its origins in the observation that the original BMS group
can be enlarged to include two copies of the Virasoro symmetry [11]. This suggests that
gravitational scattering amplitudes can be recast in the form of correlation functions of
a two-dimensional CFT defined on the celestial sphere. The celestial CFT program aims
both at making this correspondence precise and at describing the properties of this puta-
tive celestial CFT [4, 5, 11–52]. Indeed, this reformulation of the gravitational S-matrix is
often viewed as a potential stepping stone towards the uncovery of a holographic duality in
asymptotically flat spacetimes, in a way analogous to the celebrated AdS/CFT correspon-
dence [53–55]. We make progress in this direction by showing that the newly found infrared
effective action finds a natural place in a path integral formulation of the celestial CFT.

1Within dimensional regularization, log Λ0 is replaced by 1/ε with d = 4− ε [2].
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An important open issue in this context is a better understanding of the IR sector of
asymptotically flat gravity and its description in terms of a celestial CFT. Supertrans-
lations and superrotations are spontaneously broken, leading to an infinite degeneracy of
gravitational vacua [8, 56]; see [57–59] for an explicit construction of the corresponding
metric solutions. Here, we turn our attention to the supertranslation Goldstone mode
C(x) and its conjectured celestial two-point correlation function (1.4). A discussion of the
superrotation Goldstone modes and their role in the celestial CFT can be found in [60, 61].

Most of the previous discussion has implicitly referred to the structure of asymptoti-
cally flat spacetimes at null infinity I , where asymptotic states of massless particles and
radiation fields can be defined. In particular, the BMS group and its extensions are purely
determined through a local analysis of the gravitational field near I . The story to be
developed in this paper however relies on the study of the gravitational field at spatial
infinity i0, which has received significantly less attention than its null cousin. The study of
asymptotic symmetries at i0 similarly reveals an infinite-dimensional enhancement of the
Poincaré group, containing in particular supertranslations at spatial infinity (spi) that are
naturally identified as counterpart of BMS supertranslations; see [62–65] and references
therein. The precise correspondence between asymptotic structures at null and spatial
infinity has however not been fully worked out. Recent progress in matching of symmetries
and charges from i0 to I includes [63, 66, 67].

In this paper, we derive the celestial two-point function (1.4) of the supertranslation
Goldstone mode by analyzing the gravitational field equations and action principle near
spatial infinity i0. This allows us to single out a component of the action governing celestial
IR divergences together with the supertranslation Goldstone mode. We start in section 2
with a review of the Beig-Schmidt formulation of General Relativity close to spatial infinity
i0 [68, 69]. We adopt the action principle of Compère and Dehouck which was shown to
yield well-defined variations together with a finite symplectic structure [62]. This action
principle comes with falloff and boundary conditions that admit spi-supertranslations as
part of the asymptotic symmetry group, and we identify the corresponding Goldstone mode.
Following earlier work by Troessaert [63], in section 3 we make the connection with familiar
quantities at null infinity I . In particular, we provide the map between supertranslation
Goldstone modes at i0 and I . In section 4, we derive the celestial two-point function (1.4)
from the component of the action which governs celestial IR divergences. The latter can be
viewed as an effective action for the supertranslation Goldstone mode in the IR-divergent
theory. In section 5, we show that this infrared effective action finds a natural place in
the evaluation of the soft factor (1.3) as the expectation value of vertex operators in the
celestial CFT [4]. More specifically, we show that it is the appropriate action to consider
in a path integral representation of this celestial correlator. We end with a discussion of
the results and possible future directions.

Conventions. We denote four-dimensional spacetime indices with greek letters α, β, . . .,
and use ∇α as the corresponding covariant derivative. We denote three-dimensional indices
with roman letters a, b, c, . . ., and use (hab , Da) for the metric and covariant derivative
associated with three-dimensional de Sitter spacetime. Capital roman indices A,B, . . .
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refer to arbitrary coordinates on the (celestial) sphere S equipped with (γAB , DA), while
indices i, j, . . . specifically refer to stereographic coordinates, i.e., cartesian coordinates on
the euclidean plane. Everything should be rather obvious in context.

2 Gravity at spatial infinity

We start by recalling the formulation of General Relativity near spatial infinity i0, putting
emphasis on the variational principle, the required boundary conditions and the resulting
set of asymptotic symmetries.

To properly describe spatial infinity, we write the metric in Beig-Schmidt form [68]

ds2 = N2 dρ2 +Hab (Na dρ+ dxa) (N b dρ+ dxb) , (2.1)

where

N = 1 + σ

ρ
, (2.2a)

HabN
b = o(ρ−1) , (2.2b)

Hab = ρ2
(
hab + ρ−1h

(1)
ab + log ρ

ρ2 iab + ρ−2h
(2)
ab + o(ρ−2)

)
. (2.2c)

Spatial infinity is approached as ρ → ∞, and (2.2) should be understood as the corre-
sponding asymptotic expansion of the metric. As part of the boundary conditions, we do
not allow hab to fluctuate and for consistency with Einstein’s equations, we further fix it to
coincide with the metric on the unit three-dimensional hyperboloid H of constant positive
curvature (also known as de Sitter spacetime). Hence, we require it to obey

R [h]ab = 2hab . (2.3)

It is in fact convenient to treat hab as a genuine metric on H, and define the corresponding
covariant derivative Da. All three-dimensional indices a, b, c, . . . are raised and lowered
with this metric. The logarithmic term proportional to iab is necessary and sufficient
in order to describe solutions to Einstein’s equations when σ or h(1)

ab do not obey parity
conditions [62, 69], as we presently assume. We will comment further on parity conditions
in section 3.

In the following it will be convenient to trade the subleading component h(1)
ab for the

combination
kab ≡ h

(1)
ab + 2σhab . (2.4)

The physical meaning of the asymptotic fields σ and kab can be deduced by noting that
the quantities

E
(1)
ab = − (DaDb + hab)σ , B

(1)
ab = 1

2ε
cd
a Dckdb , (2.5)

are the leading (non-vanishing) terms of the electric and magnetic parts of the Weyl tensor,
respectively. The electric part of the Weyl tensor relates to the mass and momentum aspects
of the gravitational field, while its magnetic part carries information about gravitational
radiation [70]. We see that the fields σ and kab play the role of potentials for these two fields.

– 4 –



J
H
E
P
0
9
(
2
0
2
1
)
1
4
4

i0

Σ+

Σ−

S+

S−

H− H+

Figure 1. Schematic representation of the geometric setup required to define the action principle
near spatial infinity i0. The de Sitter hyperboloids H± are surfaces of constant ρ = Λ±. The action
principle is defined for the yellow region of spacetime bounded by H± and two Cauchy surfaces Σ±.
The intersections of H+ with Σ± are denoted S± and possess the geometry of a two-sphere. In the
limit Λ+ →∞, these two-spheres are identified with I +

− and I −
+ , respectively.

We introduce two cutoff surfaces: one at ρ = Λ− below which the asymptotic expan-
sion (2.2) is not a valid approximation to the metric, and one at ρ = Λ+ > Λ− where
boundary conditions will be imposed. These surfaces, respectively denoted H+ and H−,
have the geometry of a de Sitter hyperboloid; see figure 1. In this paper, we will consider
the behavior of the gravitational field in the region Λ− < ρ < Λ+ bounded by these two
cutoff surfaces. We also work in the regime Λ− � 1 in Planck units, and at the end of the
day we remove the infrared cutoff by taking the limit Λ+ →∞. These two parameters can
be regarded as the respective inverses of the energy cutoffs in Weinberg’s factorization for-
mula (1.2), i.e., Λ+ ∼ 1/E− and Λ− ∼ 1/E+. This point will become manifest in section 5
when re-deriving the soft factor (1.3). We also note in passing that the above asymptotic
expansion implies that the fields σ , hab , h

(1)
ab have mass dimension one, zero, and minus

one, respectively, while the coordinates xa are dimensionless.

Action principle. In order to have a well-posed action principle, one needs to impose
additional boundary conditions on the phase-space described by (2.1)–(2.2). We adopt
those of Compère and Dehouck [62] which are less restrictive than all other boundary
conditions previously considered in the literature,

k ≡ habkab = 0, Dakab = 0 . (2.6)
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On the resulting restricted phase-space, a suitable action to consider is [62, 71]

S = SEH + SH+ , (2.7)

where SEH denotes the standard Einstein-Hilbert action

SEH = 1
16πG

∫
M
d4x
√
−g R , (2.8)

and SH+ is the sum of the Gibbons-Hawking-York (GHY) and Mann-Marolf (MM) coun-
tertems required to make the variational principle well-posed at the spatial boundaries,

SH+ = 1
8πG

∫
H+

d3x
√
−H (K − K̂) . (2.9)

Here, K is the extrinsic curvature while K̂ = HabK̂ab is an intrinsic boundary quantity
defined implicitly2 by the relation [73]

Rab[H] = K̂abK̂ − K̂ c
a K̂cb , (2.10)

where Rab[H] is the Ricci tensor constructed from the induced metric Hab. Keeping the
leading term hab fixed as previously discussed, it has indeed been shown that the boundary
contribution to the action variation is [62, 71]

δS|H+ = 1
16πG

∫
H+

d3x
√
−h

(
DaDbσ + habσ

)
δkab . (2.11)

Integrating by parts, one finds that this contribution vanishes thanks to the boundary
conditions (2.6). However, this is not yet enough to ensure well-posedness of the action
principle. Indeed, Compère and Dehouck also found linearly and logarithmically divergent
contribution at the past and future boundaries S± of H+,

δS|S± =± log Λ+
16πG

∫
S±
dSa

(
4δσDaσ + 1

2δkbcD
akbc − δkbcDckab

)
(2.12)

+ δ
(
Λ+RS± + log Λ+R(log)

S± + log2 Λ+R(log 2)
S±

)
+O(Λ0

+) ,

where dSa is the future-directed surface-element on S±. The details of this computation
and expressions for RS± ,R

(log)
S± and R(log 2)

S± are given in appendix A. The total variation
in the second line can be cancelled by subtracting these terms from the original action.
Cancellation of the logarithmically divergent term in the first line of (2.12) requires the
introduction of yet another boundary counterterm localized on the hyperboloid H+,

SCD = log Λ+
4πG

(
S(σ) + S(k)

)
, (2.13)

where

S(σ) = −1
2

∫
H
d3x
√
h
(
DaσDaσ − 3σ2

)
, (2.14a)

S(k) = −1
8

∫
H
d3x
√
h

(1
2DakbcD

akbc −DakbcD
bkac − 3

2k
abkab

)
= 1

16

∫
H
d3x
√
h
[
kabD2kab − 3kabkab +Dc

(
2kabDbkac − kabDckab

)]
. (2.14b)

2Although we will not make use of them, explicit formulas for K̂ab are also available [72].
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Although we will not make explicit use of this observation, we note that the action S(k) is
the action for a partially massless graviton in dS3 [74]. The equations of motion resulting
from these boundary actions,

(D2 + 3)σ = 0 , (D2 − 3)kab = 0 , (2.15)

already follow from expanding Einstein’s equations in Beig-Schmidt gauge (2.1). The
variation of SCD therefore only produces a term localized at S± that precisely cancels
against (2.12). Hence, the total action we consider is

Stotal = S − Λ+ ∆RS − log Λ+ ∆R(log)
S − log2 Λ+ ∆R(log 2)

S + SCD , (2.16)

where ∆RS ≡ RS+ − RS− and similarly for the other terms. In deriving this action, we
restricted our attention to the outer spatial boundary H+. The exact same reasoning also
applies to the inner boundary H−, which can be accounted for by making the replacements
Λ+ 7→ Λ+ − Λ− and log Λ+ 7→ log Λ+/Λ− = log Λ in (2.13) and (2.16).

As we demonstrate in appendix B, the term ∆RS is proportional to the difference in
the total mass between the slices Σ+ and Σ− and thus vanishes when the equations of
motion hold. Similarly, R(log 2)

S vanishes when the constraints on iab implied by Einstein’s
equations hold. This is not the case for the logarithmic contribution R(log)

S though, and
one finds that the additional term SCD is needed to cancel this divergent contribution.
As Compère and Dehouck showed, the inclusion of SCD also renders the total symplectic
structure finite, and in particular yields conserved and finite expressions for Lorentz and
spi-supertranslation charges.

Supertranslations and Goldstone modes. Asymptotic symmetries are built from dif-
feomorphisms that preserve the gauge (2.1), falloffs (2.2) and boundary conditions (2.3)
and (2.6), and that are in addition associated with nonzero charges. In contrast, diffeo-
morphisms associated with vanishing charges are considered proper gauge redundancies.
As described in [62] and earlier works referenced therein, in the present context the group
of asymptotic symmetries contains Poincaré transformations, (spi) supertranslations and
logarithmic translations. For the purpose of the present work, we will restrict our at-
tention to supertranslations, parametrized by the function ω(xa) through the coordinate
transformation

ρ 7→ ρ+ ω + o(ρ0) , xa 7→ xa + ρ−1Daω + o(ρ−1) . (2.17)

Supertranslations act on the various asymptotic fields as

δωσ = δωhab = 0, δωkab = 2(DaDb + hab)ω . (2.18)

Due to the boundary condition (2.6), the function ω(xa) must satisfy(
D2 + 3

)
ω = 0 . (2.19)

The charges associated to these supertranslations at spatial infinity were computed in [62]
and read

Q[ω] = 1
4πG

∫
S
dSa (Daσ ω −Daω σ) , (2.20)

– 7 –
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where S can be any spacelike cut of the hyperboloid H. Using the above properties, it is
straightforward to show that these charges are conserved and thus independent of the cut.

For stationary spacetimes, B(1)
ab defined in (2.5) vanishes and this absence of radiation

directly translates to
D[akb]c = 0 . (2.21)

On the three-dimensional hyperboloid H, a symmetric tensor field kab obeying (2.21) can
be written in terms of a scalar potential [67, 75, 76],

kab = 2 (DaDb + hab) Φ ,
(
D2 + 3

)
Φ = 0 . (2.22)

In the absence of gravitational radiation, kab therefore admits the decomposition (2.22).
From (2.18), we conclude that the scalar potential Φ(xa) transforms by a simple shift under
supertranslations,

δωΦ = ω . (2.23)

Hence, Φ(xa) is the Goldstone mode associated with spontaneous breaking of supertrans-
lations, and will be referred to as the supertranslation mode.

3 Matching to null infinity

The relation between supertranslations at spatial infinity i0, which we discussed in the
previous section, and supertranslations at both past and future null infinity I ± was ana-
lyzed at the linearized level in [63] and at the nonlinear level in [66]; see also [67]. We use
this to clarify the relation of the Goldstone mode Φ of broken spi-supertranslations to its
counterpart at null infinity. The latter is usually defined starting from the metric in Bondi
coordinates around I +,

ds2 =− du2 − 2 du dr + r2γAB dx
A dxB (3.1)

+ 2m
r
du2 + r CAB dx

A dxB +DACAB du dx
B + . . . ,

where xA denote coordinates on the sphere and γAB is the usual round metric with as-
sociated covariant derivative DA. Asymptotic flatness at null infinity imposes restrictions
on the admissible initial data. Sufficient conditions were derived by Christodoulou and
Klainerman [77], which imply that close to I +

− the shear CAB must be of the form [8, 78]

CAB|I +
−

= −2DADBC + γABD
2C , (3.2)

for an arbitrary function C(xA) on the sphere. Under a supertranslation generated by the
vector field ξ = T (xA)∂u + . . ., this function transforms as

δTC = T , (3.3)

which shows that it is the Goldstone mode of broken supertranslations at future null
infinity; for more details see [79].

– 8 –
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The relation between C(xA) and Φ(xa) will follow from that between the supertrans-
lation symmetry parameters T (xA) and ω(xa), that has been described in detail by Troes-
saert [63]. To make this precise, we cover the hyperboloid H with global coordinates,

ds2 = − dτ2 + cosh2 τ γAB dx
A dxB , (3.4)

which we use to solve the equation (2.19) that ω(xa) satisfies. Defining s ≡ tanh τ and
decomposing over spherical harmonics,

ωl(s, xA) = yl(s)Yl,m(xA) , Yl,m(−xA) = (−1)lYl,m(xA) , (3.5)

the wave equation (2.19) gives rise to an ordinary differential equation,

(1− s2)y′′l +
(
l(l + 1)− 3

1− s2

)
yl = 0 . (3.6)

Its solutions are spanned by3

(1− s2)1/2P 2
l (s) , (1− s2)1/2Q2

l (s) , (3.7)

where P 2
l , Q

2
l are associated Legendre functions ‘on the cut’ [80] that obey the parity

properties
P 2
l (−s) = (−1)lP 2

l (s) , Q2
l (−s) = (−1)l+1Q2

l (s) . (3.8)

Hence, ω takes the general form

ω = ωeven + ωodd , (3.9)

with

ωeven(s, xA) =
√

1− s2
∑
l,m

ωeven
l,m P 2

l (s)Yl,m(xA) , (3.10)

ωodd(s, xA) =
√

1− s2
∑
l,m

ωodd
l,mQ

2
l (s)Yl,m(xA) . (3.11)

These contributions are even and odd, respectively, under the antipodal map (s, xA) 7→
(−s,−xA) on the hyperboloid H. In the limit s→ 1 corresponding to the future boundary
of the de Sitter hyperboloid, the asymptotic behavior of the functions is given by

ωodd ∼ (1− s)−1/2∑
l,m

ωodd
l,m Yl,m(xA) +O((1− s)1/2) , (3.12)

ωeven ∼ (1− s)3/2∑
l,m

ωeven
l,m Yl,m(xA) +O((1− s)5/2) . (3.13)

A similar expansion holds around s = −1. Note that the above discussion equally applies
to the functions ω , σ or Φ since they all satisfy the same massive scalar equation.

3Let us mention for completeness that this parametrization in terms of Legendre functions actually
misses the four lowest parity even modes. Although they can be straightforwardly constructed, we do not
need their explicit expressions.
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Whether metrics of the form (2.1) evolve to asymptotically flat spacetimes at null
infinity is a highly non-trivial question which has not been answered in full generality. It
was nevertheless shown that regularity of the Weyl tensor at I restricts the function σ

appearing in (2.1) to be parity-even [63, 66, 81],

σ(−s,−xA) = σ(s, xA) . (3.14)

This condition was suggested previously in [82], and similar parity conditions are also
commonly used in the Hamiltonian framework [65, 83]. Also note that this condition
implies the falloff behavior σ ∼ (1 − s)3/2, which can be used to show that the term
proportional to δσ in (2.12) actually vanishes in the limit where the Cauchy surfaces Σ±
are pushed to the far past and future. In such case, the counterterm S(σ) is not needed for
a well-posed action principle.

Assuming (3.14) and evaluating the supertranslation charges (2.20) on the surface
s = 0, one then finds that it vanishes for parity-even supertranslations. These are there-
fore considered to generate proper gauge transformations on the phase space at spatial
infinity. According to [63, 66] one can further relate the symmetry parameter T (xA) of
supertranslations at future null infinity to the symmetry parameter ω(s, xA) at spatial
infinity via

T (xA) = lim
s→1

√
1− s2 ω(s, xA) = lim

s→1

√
1− s2 ωodd(s, xA) . (3.15)

Since T (xA) is expressed in terms of the parity-odd function ωodd, this directly yields the
antipodal matching condition advocated by Strominger [8].

Having matched the supertranslation parameters, the respective transformation prop-
erties (2.23) and (3.3) imply that the Goldstone modes C and Φ are similarly related by

C(xA) = lim
s→1

√
1− s2 Φ(s, xA) . (3.16)

We will make further use of this relation in the next section.

4 Infrared effective action on the celestial sphere

We finally come to the main motivation of this work, namely the derivation of the celes-
tial two-point function (1.4) and its explicit relation to gravitational IR divergences. We
reviewed in section 2 the fact that the variation of the Einstein-Hilbert action contains
logarithmic IR divergences, which are naturally inherited by the symplectic structure of
the theory. The Compère-Dehouck counterterm SCD given in (2.13) precisely cures these
divergences in a way that yields a finite symplectic structure [62].4 Similarly, the total
action (2.16) diverges logarithmically on-shell if SCD is not included. In other words, SCD
fully controls the IR-divergent sector of the theory that is the object of interest here.
In particular, one might guess that it controls the supertranslation Goldstone mode and
constrains its two-point function. We show below that this is indeed the case.

4The logarithmic divergence in the symplectic structure stems from the logarithmically divergent term
∆R(log)

S which is cancelled by a contribution from SCD. The other divergent terms in (2.16) do not contribute
to the symplectic structure.
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We evaluate the Compère-Dehouck action (2.13) on field configurations with vanishing
magnetic Weyl tensor. For such radiation-free configurations, kab can be simply written in
terms of the spi-supertranslation mode Φ through (2.22). We find that the action conse-
quently localizes at the corners S± which are identified with the celestial sphere in the limit
Λ→∞. Only a subset of Φ configurations turn out to be extrema of this action, in a way
that explicitly breaks supertranslation symmetry down to global translations. Furthermore,
the constraint satisfied by extremum configurations takes the form of a differential equation
whose Green’s function precisely coincides with the celestial correlator (1.4).

It is convenient to expand kab and σ in a Fefferman-Graham expansion and express
the onshell action in terms of their two asympotically independent modes. For this, we
first write the de Sitter metric hab in planar coordinates,

ds2
H = η−2

(
− dη2 + δij dx

i dxj
)
, i, j = 1, 2 . (4.1)

Planar coordinates only cover half of the hyperboloid, with the future conformal boundary
S+ lying at η = 0 and a cosmological horizon lying at η → ∞. In these coordinates
the geometry of the boundary η = 0 appears as that of the euclidean plane, and may be
completed by the point at infinity in order to recover the sphere as the conformal boundary
of the global de Sitter hyperboloid.

From (2.6) and (2.15), we see that both Φ and σ satisfy the same Klein-Gordon equa-
tion with negative mass squared m2 = −3. Its solutions admit the following Fefferman-
Graham expansion close to S+,

Φ(η, x) = η−1
(
Φ(0) + η2 Φ(2) + η4 ln η Φ̃ + η4 Φ(4) +O(η6)

)
, (4.2)

and similarly for σ, where all terms in this expansion can be expressed in terms of the
two independent asymptotic modes Φ(0) and Φ(4).5 For our purposes, it is enough to write
down the expression for the subleading coefficient,

Φ(2) = −1
4�Φ(0) . (4.3)

Before proceeding further, it is instructive to work out the relation between the Gold-
stone mode of supertranslations at null infinity defined on the sphere C(xA) and its counter-
part at spatial infinity defined on the plane Φ(0)(xi). For convenience, we cover the sphere
with stereographic coordinates, i.e., we make the replacement xA 7→ xistereo. The transfor-
mation between global (τ, xistereo) and planar (η, xi) coordinates is fairly complicated but
in the limit τ →∞ simply reduces to

η ∼ e−τ (1 + |x|2) , xi ∼ xistereo . (4.4)

Together with (3.16), we thus find

C(x) =
2 Φ(0)(x)
(1 + |x|2) , (4.5)

5The two independent asymptotic modes are actually related to one another through a nonlocal relation
involving a choice of de Sitter boundary-bulk propagator. In momentum space this relation is found to be
Φ(4)(k) ∼ k4 log kΦ(0)(k), where the appearance of a logarithm is directly related to the regularization of
the corresponding two-point function [84].
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which can be recognized as the transformation of a conformal primary of weight ∆ = −1
from the sphere to the plane.6 Indeed, the metric on the sphere is conformally related to
that on the plane by

ds2
sphere = Ω(x)2ds2

plane , Ω(x) ≡ 2
1 + |x|2 , (4.6)

such that (4.5) can be written

C(x) = Ω(x)Cplane(x) , Cplane(x) ≡ Φ(0)(x) . (4.7)

The leading term in the Fefferman-Graham expansion (4.2) is therefore identified with the
corresponding celestial conformal field on the plane.

Using (2.22) together with the Fefferman-Graham expansion (4.2), the Compère-
Dehouck action evaluates to

S(k) = −1
4

∫
d2x

(
8Φ2

(2) +
(
�Φ(0)

)2
+ 4Φ(2)�Φ(0)

)
= −1

8

∫
d2x

(
�Φ(0)

)2
, (4.8)

S(σ) = 1
2

∫
d2x

(
−η−4σ2

(0) + (1 + 2 log η)σ(0)σ̃ + σ2
(2) + 2σ(0)σ(4)

)
= 0 . (4.9)

The vanishing of S(σ) occurs due to the parity condition (3.14). Indeed, the expansion (3.12)
applied to σ together with the change of coordinate (4.4) implies σ(0) = σ(2) = σ̃ = 0. We
thus arrive at the infrared effective action

SIR ≡ SCD
∣∣
onshell = − log Λ

32πG

∫
d2x (�Cplane)2 . (4.10)

The first important observation is that extrema of this action satisfy the constraint

�2Cplane = 0 . (4.11)

Taking the flat metric to be spanned by complex coordinates, ds2 = dz dz̄, the explicit
solutions to this equation read

Cplane = c1(z) + zc2(z̄) + c3(z̄) + z̄c4(z). (4.12)

When mapped back to the sphere through (4.7), the only real and regular solutions are the
four lowest spherical harmonics spanned by 1, z, z̄, zz̄, which correspond to global trans-
lation configurations. Thus, the infrared effective action explicitly breaks supertranslation
symmetry down to the global subgroup of translations.

6A field O∆ that is a coordinate scalar and transforms under Weyl rescalings as

O′∆ = Ω−∆O∆ , g′ij = Ω2gij ,

defines a conformal primary field of scaling dimension ∆. Indeed, under the combined coordinate change
yi = λxi and Weyl rescaling g′ij = λ2gij , we have

O′∆(y) = λ−∆O∆(x), g′ij(y) = gij(x) ,

which is the usual transformation of a primary field under the corresponding conformal transformation.
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Finally, we recover the celestial two-point function (1.4) up to normalization as the
Green’s function associated with (4.11),

〈Cplane(x)Cplane(0)〉 ∼ G |x|2 log |x|2 , (4.13)

where the appearance of Newton’s constant follows from dimensional analysis. Alterna-
tively, in the original gravitational action (2.13) it can be seen that it is the ‘graviton’ field
k̃ab = G−1/2kab which has canonical kinetic term rather than kab itself. Note that it had
been previously realized that the action (4.10) is the one required to recover the celestial
two-point function (4.13) [50, 51]. In this work we showed how it arises from a careful
study of asymptotically flat gravity near spatial infinity.

The celestial two-point function (4.13) also appears in the description of the displace-
ment memory effect.7 We can actually compare the constraint (4.11) derived from the
infrared effective action to the equation satisfied by the total supertranslation shift ∆C
over a (retarded) time interval [ui, uf ] [78],

− 1
4(D2 + 2)D2∆C = ∆m+

∫ uf

ui

duTuu , (4.14)

where
Tuu = 1

8NABN
AB + 4πG lim

r→∞
r2TMuu . (4.15)

This shift ∆C(x) is sourced by the total loss of Bondi mass aspect ∆mB(x) < 0, the flux
of gravitational radiation carried by the News tensor NAB, and the flux of massless matter
with stress tensor TM . Equation (4.14) involves quantities defined on the sphere rather
than the euclidean plane. Using (4.7) and D2 = Ω−2�, we can rewrite the left-hand side
of (4.14) in terms of quantities on the plane,

(D2 + 2)D2∆C = (Ω−2� + 2)Ω−2�(Ω∆Cplane) = Ω−3�2∆Cplane . (4.16)

Hence, the constraint (4.11) implied by the infrared effective action (4.10) is nothing but
the memory equation (4.14) pulled back to I +

− where source terms on the right-hand side
are absent. It also follows that the celestial two-point function (4.13) acts as euclidean
propagator for the memory equation (4.14), a point already made explicit in [79].

To close this section, we note that the infrared effective action (4.10) is invariant under
SL(2,C) ≈ SO(3, 1) global conformal transformations, which is precisely the action of the
four-dimensional Lorentz group on the celestial sphere. However, it is not invariant under
local conformal transformations in contrast to more conventional two-dimensional CFTs. In
the extended BMS group of asymptotic symmetries at null infinity [11], such local conformal
transformations are generated on the celestial sphere by Virasoro superrotations, but their
analogue at spatial infinity has not been studied so far. Even if these could be incorporated
into the present analysis, in its present form the infrared effective action would break the
extended BMS group down to the Poincaré group.

7For a review of the displacement memory effect, see [9, 78, 79] and references therein.
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5 Path integral representation of the soft factor

We end by showing that the infrared effective action (4.10) finds a natural place in a path
integral formulation of the celestial CFT, and can be employed to re-derive the IR-divergent
soft factor Asoft (1.3) when used in the context of scattering amplitudes. Our starting point
for this derivation is the formulation of the soft factor as the expectation value8 [4, 5]

Asoft(p1, . . . , pn) = 〈Wi . . . Wn〉 , (5.1)

where there is one vertex operator insertion per hard external particle,

Wi = eiηiωiCplane(xi) . (5.2)

This formulation was used in [4] to infer the two-point function (1.4) of the supertranslation
Goldstone mode. Here, we propose instead to directly evaluate the soft factor (5.1) as a
path integral weighted by the infrared effective action (4.10),

Asoft(p1, . . . , pn) = 〈Wi . . . Wn〉 =
∫
DCplaneWi . . . Wn e

−SIR[Cplane]/ log2 Λ . (5.3)

The log2 Λ factor in the exponent has been chosen such as to yield the normalization of the
two-point function given in (1.4). This is a Gaussian integral that we can straightforwardly
perform, yielding

Asoft(p1, . . . , pn) ∼ exp

−2G log Λ
π

n∑
i,j=1

ηiηjωiωj |xi − xj |2 ln |xi − xj |2
 , (5.4)

where an overall numerical factor in the exponent has been reabsorbed into log Λ. We have
recovered the standard result (1.3) without having to assume the form of the two-point
function of the supertranslation Goldstone mode.

6 Discussion

In this paper, we have shown that an infrared effective action governing the celestial two-
point function of the supertranslation Goldstone mode can be derived from the Compère-
Dehouck action. The latter is used to render the symplectic structure and on-shell value
of asymptotically flat gravity finite, and therefore controls the IR-divergent sector of the
theory. As demonstrated in the last section, this effective action finds its natural place in
a path integral formulation of the celestial CFT.

We should stress that our analysis crucially relies on isolating the Compère-Dehouck
contribution from the total action (2.16).9 Indeed, when one evaluates this total action on
radiation-free solutions as was done in section 4, one finds that the IR-divergent contri-
bution (4.8) of interest precisely cancels against the other logarithmically divergent term

8Similar representations of the soft factor as the expectation value of gravitational Wilson lines have
been discussed in [2, 3, 85].

9Alternatively, the same results could have been obtained by restricting our attention to the other part
of the action, i.e., Stotal − SCD.
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log Λ (R(log)
S+
−R(log)

S− ) in (2.16). We explicitly demonstrate this in appendix B. This is as it
should be since the total action (2.16) is precisely constructed such as to yield an IR-finite
symplectic structure. Because our interest lies in the IR-divergent soft factors (1.3) and
their relation to the celestial two-point function (1.4), we deliberately chose not to consider
the fully regulated and IR-finite theory, and instead restrict our attention to the countert-
erm SCD that precisely encodes these divergences in the unregulated theory. This should
also remind us that divergent scattering amplitudes such as (1.1) are unobservable and
therefore unphysical. A different way to set up the computation of observable quantities
which would not yield divergent scattering amplitudes even at intermediate steps, such
as that based of Faddeev-Kulish dressings [5, 86–88], would appear more in line with the
semiclassical treatment of gravity proposed by Compère and Dehouck based on the fully
regulated action functional Stotal or a Hamiltonian approach proposed in [64, 65] with finite
action due to parity conditions. In that case, the infrared effective action SIR gets cancelled
in the full onshell action and no explicit breaking of supertranslation symmetry occurs.

We have seen in section 4 that the discussion of the soft sector of four-dimensional
asymptotically flat gravity reduces to that of fields on three-dimensional de Sitter space-
time. This makes it is very tempting to speculate that information about a dual celes-
tial CFT can be obtained by applying a form of dS/CFT correspondence along the lines
of [12, 21], since the celestial sphere precisely plays the role of the de Sitter conformal
boundary. In the case at hand, the supertranslation Goldstone mode appears as one of the
two asymptotically independent modes in the Fefferman-Graham expansion (4.2). Within
a dS/CFT correspondence, this mode would be identified with the vacuum expectation
value of a CFT operator of scaling dimension [89]10

∆ = 1−
√

1−m2 = −1 , m2 = −3 , (6.1)

which simply coincides with the order at which this mode enters the Fefferman-Graham
expansion (4.2). This is indeed the correct scaling dimension of the supertranslation Gold-
stone mode [4, 49]. In this case, the mode Φ(4) with ∆ = 3 would acquire the interpretation
of a source for Φ(0). It seems that this set-up would appropriately capture the Goldstone
diamond for supertranslations introduced in [49, 52], and we find that the precise relation
between Φ(0) and Φ(4) in momentum space involves a logarithm (see footnote 5). We leave
the exploration of such an application of the dS/CFT correspondence to future studies.

In addition to supertranslations, soft theorems and memory effects have been recently
related to additional symmetries of asymptotically flat gravity at null infinity such as
superrotations [11, 58, 92–95], dual supertranslations [96, 97] or logarithmic supertrans-
lations [98]. Analogous symmetries can be realized in a Beig-Schmidt coordinate system
like (2.1) near spatial infinity, although their precise relations to their cousins at null in-
finity has not been worked out. Thus, it would be very interesting to see whether one
can construct a well-defined variational principle allowing for these symmetries and derive

10Note that a negative scaling dimension such as (6.1) can only occur in a non-unitary CFT. Within
AdS/CFT, this would be discarded on the basis that the corresponding bulk mode Φ(0) is not normalizable
under the Klein-Gordon inner product and therefore cannot be allowed to fluctuate [90, 91]. Such a
restriction does not occur in de Sitter space since both Φ(0) and Φ(4) are normalizable.
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effective actions and correlation functions for the corresponding Goldstone modes, as was
done in this work for supertranslations. Superrotations likely require one to promote the
de Sitter metric hab to a dynamical field, which would in turn strengthen the case for a
form of the dS/CFT correspondence mentioned above.

Acknowledgments

We thank Mina Himwich and Andy Strominger for valuable comments. The work of KN
is supported by a grant from the Science and Technology Facilities Council (STFC). The
work of JS is supported by the Erwin-Schrödinger fellowship J-4135 of the Austrian Science
Fund (FWF) and by the DOE grant de-sc/0007870.

A Variational principle and counterterms

In this appendix we provide details on the variational principle of the action (2.7) follow-
ing [62]. We will make use of Stoke’s theorem in the form∫

M
d4x
√
−g∇αvα =

∫
M
d4x ∂α(

√
−gvα) =

∫
∂M

(d3x)α
√
−gvα , (A.1)

and the conventions of [62],

(dn−px)µ1...µp ≡
1

p!(n− p)!εµ1...µn dx
µp+1 ∧ . . . ∧ dxµn , (A.2)

with (d3x)τ = − dρ (d2x)τ , (d3x)ρ = − dτ (d2x)ρ, and (d2x)τ = −(d2x)ρ = − d2S with
d2S = 1

2εAB dx
A ∧ dxB in a Beig-Schmidt coordinate system (ρ, τ, xA).

Setting 16πG = 1 for convenience, variation of the Einstein-Hilbert action (2.8) pro-
duces boundary terms at the Cauchy surfaces Σ±,

δSEH|Σ± = ±
∫

Σ±
(d3x)τΘτ , (A.3)

where
Θa(d3x)a =

√
−g (gaλ∇νδgλν − gλρ∇aδgλρ)(d3x)a . (A.4)

We will restrict our attention to the future Cauchy surface in what follows. Explicit
evaluation of the above expression yields

δSEH|Σ+ =− logΛ+

∫
d2S
√
−h

(1
2δk

bcDτkbc+4δσDτσ−δkbcDck
τ
b

)
+2Λ+

∫
d2S
√
−hDτδσ+log2 Λ+ δ

∫
d2S
√
−h(Dbi

τb−Dτ i) (A.5)

−logΛ+ δ

∫
d2S
√
−h

(
−kbcDτkbc+kbcDck

τ
b−Dbh

(2)τb+Dτh(2)−10σDτσ
)

+O(Λ0) ,

after doing the trivial ρ-integral and pulling out total variations. The terms in the second
and third line, which we will denote by Λ+RS+ + log Λ+R(log)

S+
+ log2 Λ+R(log 2)

S+
, are total

variations that should be subtracted from the action. One should similarly find additional
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boundary terms and/or impose boundary conditions on the variations at Σ± such that the
O(Λ0) term in (A.5) vanishes. This requires a careful analysis of the variational problem
that lies outside of the scope of the present paper.

The term in the first line on the other hand is not a total variation and one must
find another way to cancel it while still allowing for supertranslation. As demonstrated by
Compère and Dehouck, the addition of SCD to the Einstein-Hilbert action precisely cancels
the first line of (A.5) in the variation of the action. Together with the boundary terms
necessary to cancel the total variations R,R(log),R(log 2) and the O(Λ0) term in (A.5), this
guarantees a well-defined action principle at Σ±.

It remains to discuss the variational principle on the hyperbolic cutoff surface ρ = Λ+.
In order to have Dirichlet boundary conditions on the induced metric, one has to add
the Gibbons-Hawking-York boundary term. However, this term is not enough to guar-
antee stationarity of the action principle for all variations compatible with the boundary
conditions when Λ is sent to infinity. This issue is resolved by adding the Mann-Marolf
counterterm [73], as discussed in the main text. For a demonstration of this fact in the
case kab 6= 0 we refer to [71].

In summary, we have argued that the total action (2.16) yields a well-defined variational
principle both on the hyperbolic cut-off H± and Cauchy surfaces Σ±, up to the above-
mentioned caveat concerning the O(Λ0) terms in (A.5).

B Evaluation of the on-shell action

In this appendix we provide more details on the on-shell value of the total action (2.16).
In order to evaluate these terms we will need the expansion of Einstein’s equations in the
Beig-Schmidt system (2.1) up to second order. To first order, the equations of motion are
solved by condition (2.3) for hab, the gauge conditions (2.6) and the equations of motion
for σ and kab (2.15). Next we find the equations for the logarithmic term

i ≡ habiab = Daiab = 0, (D2 − 2)iab = 0 . (B.1)

We are only going to make use of the second order equations

h(2) ≡ habh(2)
ab = 1

4kabk
ab + kabD

aDbσ + 12σ2 +DaσDaσ , (B.2a)

Dch(2)
ca = 1

2D
ckabk

b
c +Da

(
DbσD

bσ + 8σ2 − 1
8k

bckbc + kbcD
bDcσ

)
. (B.2b)

Starting with the action S = SEH + SH+ defined in (2.7), we note that the Einstein-
Hilbert term vanishes identically when Einstein’s equations are satisfied, and the only non-
zero contribution comes from SH+ . Assuming that the Mann-Marolf tensor K̂ab admits an
asymptotic expansion of the form of

K̂ab = ρ κ̂
(0)
ab + κ̂

(1)
ab + ρ−1 log ρ κ̂(log)

ab + ρ−1 κ̂
(2)
ab + o(ρ−1) , (B.3)

the respective coefficients κ̂(0), κ̂(1), . . . can be determined recursively from the defining
equation (2.10). In particular, to leading order one finds κ̂(0)

ab = hab upon using (2.3).
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The solution to the subleading order equations can be found in [99] albeit without the
logarithmic term. We won’t display the rather lengthy expressions for K̂ab, and restrict
our attention to its trace K̂ = HabK̂ab which is the quantity required to evaluate the
Mann-Marolf counterterm. We find

K̂ = 3ρ−1 + ρ−2K̂(1) + ρ−3 log ρ K̂(log) + ρ−3K̂(2) + o(ρ−3) , (B.4)

where the first two orders,

K̂(1) = D2σ + 3σ + 1
4D

aDbkab , (B.5)

K̂(log) = −1
2 i−

1
4D

2i+ 1
4D

aDbiab , (B.6)

vanish identically by means of the above equations of motion. The non-vanishing term
K̂(2) is given by

K̂(2) = 1
4
(
kabkab − 27σ2 − 4DaσD

aσ − 5kabDaDbσ +DaDbσD
aDbσ

)
. (B.7)

With the expansion for the extrinsic curvature of the induced metric on a constant ρ-slice

K = 3ρ−1 + ρ−3
(1

4k
abkab − 6σ2 −DaσD

aσ − kabDaDbσ) + o(ρ−3
)
, (B.8)

we have for the combination K − K̂ appearing in the boundary counterterm

K − K̂ = 1
4ρ3

(
3σ2 −DaDbσD

aDbσ + kabDaDbσ
)

+ o(ρ−3) . (B.9)

After integration over ρ, the on-shell contribution to S is therefore of order O(Λ0
±).

Let us now turn our attention to the other terms in the total action Stotal (2.16).
We find

RS+ = 2
∫
d2S
√
−hDτσ , (B.10a)

R(log)
S+

= 1
4

∫
d2S
√
−h

(
2kabDbkaτ − kabDτkab − 2σDτσ

)
, (B.10b)

R(log 2)
S+

= 0 . (B.10c)

We recognize the term RS+ as being proportional to the supertranslation charge (2.20)
for ω = 1, which is nothing but the total mass. Since the supertranslation charges are
independent of the slice chosen for evaluating them, this contribution will cancel against
the term at S−. Finally, we see that the Compère-Dehouck counterterm (2.13) yields the
same on-shell value as R(log)

S+
. Since they appear with opposite signs in the total action,

they cancel against each other as mentioned in the discussion. The full Einstein-Hilbert
action therefore is O(Λ0), receiving contributions from the O(Λ0) counterterms on the
Cauchy slices Σ± and the combination (B.9) from the counterterms on the hyperbolic
cut-off surfaces H±.
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