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1. Introduction

The center vortex model [1, 2, 3, 4, 5, 6] seems to be a very promising candidate to explain the
phenomena that dominate the infrared regime. In lattice QCD it was shown [7, 8, 9] that vortices
(quantized magnetic fluxes) condense in the vacuum and compress the electric flux between quark
and antiquark to a string leading to confinement. Numerical simulations have indicated that vortices
could also account for phenomena related to chiral symmetry, such as causing topological charge
fluctuations and spontaneous chiral symmetry breaking (SCSB) [10, 11, 12, 13]. In particular, [14]
states that the topological charge of a gauge field can be determined from the shape of P-vortices,
i.e. from vortex intersections and writhing points. In previous articles of our working group [15, 16,
17], we introduced another source of topological charge, the spherical SU(2) center vortex, which
contributes through its color structure. However, this color structure contribution is nontrivial and
its detection requires some effort.

The topological charge QU of a lattice gauge field U is determined by the integral

QU =−
1

16π2

∫

d4xTr[F̃µν Fµν ], (1.1)

where Fµν is expressed in terms of the plaquette field

Pµν =Uµ(x)Uν (x+µ)U†
µ(x+ν)U†

ν (x). (1.2)

This expression is derived in the continuum from the transition between vacua with different wind-
ing numbers [18, 19] Q =

∫

S3
Jµdσµ , with Jµ = − 1

8π2 εµναβTr(Aν ∂α Aβ + 2/3Aν AαAβ ). Since
Fµν F̃µν = ∂µJµ , Q can be re-expressed as the above volume integral (1.1). On the lattice, continu-
ity in space is lost and it seems that one should be able to view any lattice field configuration as
being a discrete copy of a smooth continuum configuration. This would always be topologically
trivial, since FF̃ is a total derivative. Nonzero QU may come from field configurations contain-
ing gauge singularities [20, 21, 22]. Another possibility to analyze the topology of a gauge field
is given by the Atiyah-Singer index theorem [23, 24, 25, 26]. It states that in the continuum the
topological charge of a gauge field configuration equals the index of the Dirac operator in this
gauge field background. For the overlap Dirac operator [26, 27] in the fundamental representa-
tion the index is given by ind D[A] = n− − n+ = QD, where n− and n+ are the number of left-
and right-handed zeromodes. The lattice version of the index theorem is only valid as long as the
gauge field is smooth enough and satisfies a so-called “admissibility” condition. It requires that the
plaquette values Uµν are bounded close to 1, the value for very smooth gauge fields. Sufficient,
but not necessary bounds for the “admissibility” of the gauge field are ||1−Uµν || < 1/30 [20], or
||1−Uµν ||< [6(2+

√

(2))] = 0.04882 [28].

The spherical center vortex fulfills the admissibility condition but clearly shows a discrepancy
between the integral of FF̃ and the topological charge derived from the lattice index theorem. This
problem was identified to be a discretization error of the FF̃ definition for this special case [17],
and could be resolved by using topologically motivated topological charge definitions. Recently
we found a way to regularize the spherical vortex [29]. Here we want to analyze these issues in
more detail and start with the discussion of plane vortices in different U(1)-subgroups of SU(2).
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2. Colorful Vortex Intersections

In SU(2) lattice gauge theory, plane vortices parallel to two of the coordinate axes are defined
by links varying in a U(1) subgroup of SU(2). This U(1) subgroup is generated by one of the Pauli
matrices σi, i.e. Uµ = exp(iφσi). The direction of the flux and the orientation of the vortices are
determined by the gradient of the angle φ , which we choose as a piecewise linear function of the
coordinate perpendicular to the vortex. The explicit functions for φ are given in Eq. (2.1) of [30].
Upon traversing a vortex sheet, the angle φ increases or decreases by π within a finite thickness of
the vortex. Center projection leads to a (thin) P-vortex at half the thickness [7]. If we consider these
thick, planar vortices intersecting orthogonally, each intersection carries a topological charge with
modulus |Q| = 1/2, whose sign depends on the relative orientation of the vortex fluxes [31]. The
plaquette definition simply discretizes the continuum (Minkowski) expression of the Pontryagin
index to a lattice (Euclidean) version of the topological charge definition

QU =−
1

16π2

∫

d4x tr[F̃µνFµν ] =−
1

32π2

∫

d4xεµναβ tr[Fαβ Fµν ] =
1

4π2

∫

d4x~E ·~B.

If the contributing vortex plaquettes lie in the same U(1) subgroup of SU(2), then parallel vortex
crossings give QU = 1/2 and antiparallel vortex crossings give QU =−1/2. Using different U(1)
subgroups for the individual vortex sheets however, QU for such intersections gives zero. The action
of orthogonal color vector intersections on the other hand is very high since we get maximally
nontrivial plaquettes

P ≈ (−iσk)(−iσl)iσkiσl = (σkσl)(σkσl) = iσmiσm =−1. (2.1)

Therefore such configurations are suppressed in the QCD vacuum, but smooth color rotations may
definitely contribute to the topological charge.

3. The Colorful Spherical Vortex

The spherical vortex of radius R and thickness ∆ was introduced in [15] and analyzed in more
detail in [32]. It is constructed with the following links:

Uµ(x
ν) =

{

exp(iα(|~r−~r0|)~n ·~σ) t = ti,µ = 4

1 elsewhere
with ~n(~r, t) =

~r−~r0

|~r−~r0|
(3.1)

where~r is the spatial part of xν and the profile function α is either one of α+,α−, which are defined
by

α+(r) =















0
π
2

(

1− r−R
∆
2

)

π

. . . α−(r) =















π r < R− ∆
2

π
2

(

1+ r−R
∆
2

)

R− ∆
2 < r < R+ ∆

2

0 R+ ∆
2 < r

. (3.2)

This means that all links are equal to 1 except for the t-links in a single time slice at fixed t = ti.
The phase changes from 0 to π from inside to outside for α+(r) (or vice versa for α−(r)). The
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graph of α−(r) is plotted in Fig. 2 in [15], giving a hedgehog-like configuration, since the color
vector ~n points in the “radial” direction~r/r at the vortex radius R. The hedgehog-like structure is
crucial for our analysis, the t-links of the spherical vortices fix the holonomy of the time-like loops,
defining a map Ut(~x, t = ti) from the xyz-hyperplane at t = ti to SU(2). Because of the periodic
boundary conditions, the time slice has the topology of a 3-torus. But, actually, we can identify all
points in the exterior of the 3 dimensional sphere since the links there are trivial. Thus the topology
of the time slice is R3 ∪{∞} which is homeomorphic to S3. A map S3 → SU(2) is characterized
by a winding number

N =−
1

24π2

∫

d3xεi jk Tr[(U†∂iU)(U†∂ jU)(U†∂kU)],

resulting in N =−1 for positive and N =+1 for negative spherical vortices. With this assignment
the index of the Dirac operator and the topological charge after cooling coincide with this winding
number N. Obviously such windings, given by the holonomy of the time-like loops of the spheri-
cal vortex, influence the index theorem [33, 34], which gives the correct definition of topological
charge. We would like to underline that for the spherical vortex with the hedgehog structure there
is no discontinuity in the link variables, not in the center of the three-dimensional spherical vortex
nor at the lattice boundary. In both regions the link variables are center elements as necessary for
a center vortex. In spite of the hedgehog structure at the two-dimensional center projected vortex
sphere there is no singularity due to the full covering of S3 by the link variables. In other words
one can explain the configuration with t-links of one time slice rotating from the “south pole” (−1)
to the “north pole” (+1) of S3 in radial direction from the center to the boundary, via color vectors
~n~σ given by the spatial components ~n =~r/r of the radius vector. Hence, at the center of the vor-
tex sphere the links belong to the “south pole” of S3, at the two-dimensional vortex surface to the
“equator” and at the boundary of the time slice to the “north pole” of S3. In other words, the links
Ut(x,y,z) define a smooth nontrivial mapping of S3

∼= SU(2) to R3∪∞ ∼= S3 which does not contain
any singularity. The index of the overlap Dirac operator is nonzero, resulting in QD = ∓1, for α±.
On a 1363 ×Nt lattice the plaquettes for the spherical vortex satisfy the “admissibility” condition.
In fact, the plaquettes get smaller and smaller the bigger the lattice, if we choose R and ∆ to be
proportional to the lattice size. We can even get rid of negative links with proper gauges (Landau
gauge), ending up in a lattice gauge field with no sign of hiding a singularity at all. However,
since only links in the time direction are different from 1 for this spherical vortex configuration,
the topological charge QU determined from any lattice version of FF̃ vanishes for this spherical
vortex configuration.

Next, we apply standard cooling to the spherical vortex configuration, in order to understand
the discrepancy. For many cooling steps, the index of the Dirac operator does not change, but the
topological charge quickly rises close to QU = ∓1 for α± while the action S reaches a (nonzero)
plateau. So, the index of the overlap Dirac operator agrees with the topological charge via FF̃

(QU = QD) after some cooling. In Fig. 1a) we plot the cooling history for a spherical vortex on
a 404 lattice. For comparison we also plot the topological charge of an instanton during cooling,
which looks pretty much the same as for the spherical vortex. In fact, the action and topological
charge densities spread over more and more time slices, developing a hyperspherical distribution
like standard instantons. We conclude that our spherical vortex develops an instanton-like struc-
ture during cooling, in agreement with [35], stating that the Hausdorff dimension of regions where
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Figure 1: a) Cooling of a spherical vortex on a 404 lattice. The topological charge rises from zero to close
to one for α = α− (right scale) while the action S (in units of the one-instanton action Sinst) reaches a plateau
(left scale). For comparison we also plot the topological charge during cooling of an instanton. b) Monte
Carlo (Metropolis) update and cooling of a spherical vortex on a 164 lattice. After 100 MC steps, only after
some additional cooling FF̃ reveals the same topological charge QU = QD as the Dirac operator.

the topological charge is localized, tends towards the total space dimensions. However, the vortex
structure of our initial configuration is removed after a few cooling steps, i.e., the spherical vortex
shrinks very quickly. This is in agreement with the fact that the vortex content of a single instanton
is shrunk to a point at the center of the instanton [36, 37], but it clearly shows that cooling signifi-
cantly changes the content of the initial gauge configuration. Further we apply some Monte Carlo
steps to the spherical vortex configuration using the Metropolis algorithm with a small spread,
i.e. adding small quantum fluctuations, and analyze the vortex structure and topological charge.
Fig. 1b) shows the action and topological charge during 100 Metropolis and another 100 cooling
steps. The action rises during the Monte Carlo update and the spherical vortex percolates over the
whole lattice while the topological charge fluctuates around zero. The index of the lattice Dirac
operator however indicates topological charge QD = ∓1 for α± and some cooling after the Monte
Carlo update also reveals the topological winding in QU .

4. Regularization of the Spherical Vortex

The problem with the gluonic topological charge definition QU of the original spherical vortex
is clearly related to the singular gauge transformation, i.e., only time-like links of a single time
slice are nontrivial, which can also be regarded as some kind of discretization effect. In order to get
rid of this, one has to apply a gauge transformation Ω(xν), with spatial dependence g(~r) is given
by the original, nontrivial link configuration of the original spherical vortex, Eq. (3.1), i.e.,

g(~r) = exp(iα(|~r−~r0|)~n ·~σ) with ~n(~r, t) =
~r−~r0

|~r−~r0|
, (4.1)

where~r is again the spatial part of xν and the profile function α was defined in Eq. (3.2). With this
lattice gauge transformation

Ω(xν) =

{

g(~r) for ti < t ≤ t f

1 else
, (4.2)
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the spherical vortex becomes

Uµ(x
ν) =















g(~r+ µ̂) g(~r)† for µ = 1,2,3; ti < t ≤ t f

g(~r)† for µ = 4; t = t f

1 else

. (4.3)

This means we gauge transform the original, nontrivial time-like links at the initial time slice
t = ti away to some final time slice t = t f and are left with some pure gauge field between time
slices ti < t ≤ t f . From this it becomes clear that the spherical vortex represents a transition (in
the temporal direction) between two pure gauge fields. The transition occurs between t = ti and
t = ti+1. No transition occurs between t = tg and t = tg+1 since all plaquettes there are trivial. For
t ≤ ti the pure gauge field is trivial, i.e., the winding number N = 0. For t > ti the pure gauge field
is generated by the hedgehog gauge transformation, Eq. (4.1), which has winding N = 1 [38]. This
means that in the continuum limit, the spherical vortex (representing a transition between a vacuum
with winding number 0 and 1) has topological charge Q = 1 [38]. It can be regarded as a squeezed
instanton with center vortex structure. However, since we only did a gauge transformation of the
original field, QU still yields zero topological charge. The actual vacuum to vacuum transition
(carrying the entire topological charge) occurs in a single time slice (t = ti) and therefore cannot
be resolved by the lattice. What we have to do is to smooth out the transition over more than one
time slice, by rising the nontrivial links in Eq. (4.3) to the power of some function f (t), which is
monotonically rising from 0 to 1 between time slices ti and t f . Spreading our regularized, spherical
vortex over a few time slices, the topological charge QU gets close to 1, as expected. For more
details, see [29, 39].

5. Conclusion

We presented some issues related to problems defining topological charge in the background
of classical center vortices on the lattice. First, planar vortex sheets are constructed by U(1) rota-
tions in a way that they intersect orthogonally. These intersections are known to carry a topological
charge Q = ±1/2, but if the gauge rotations are defined in different U(1)-subgroups of SU(2),
QU = FF̃ fails to detect the topological charge contributions. The use of the Dirac operator is not
safe in this case because of maximally nontrivial plaquettes, which seem to suppress such con-
figurations in the functional integral. Further, the colorful, spherical center vortices introduced in
previous works is analyzed in more detail. The discrepancy between QU and the index of the over-
lap Dirac operator (QD) equals the winding number of the vortex spheres when they are regarded
as maps S3 → SU(2). The problem arises due to the fact that center vortices are based on singu-
lar gauge transformations, which leads to a discretization error of the gluonic topological charge
definition. We show how to regularize the spherical vortex, by spreading the vacuum to vacuum
transition of the singular gauge transformation over several time slices, which resolves the discrep-
ancy between QU and QD. This procedure is similar to what happens during cooling the spherical
vortex, it transforms into some instanton like structure. We conclude that the interpretation of
topological charge via FF̃ is rather subtle in the background of center vortices.
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