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We consider n x n real symmetric and Hermitian Wigner random matri-
ces n~1/2W with independent (modulo symmetry condition) entries and the
(null) sample covariance matrices n~1X*X with independent entries of m x n
matrix X. Assuming first that the 4th cumulant (excess) x4 of entries of W
and X is zero and that their 4th moments satisfy a Lindeberg type condition,
we prove that linear statistics of eigenvalues of the above matrices satisfy the
central limit theorem (CLT) as n — 0o, m — oo, m/n — ¢ € [0, 0o0) with the
same variance as for Gaussian matrices if the test functions of statistics are
smooth enough (essentially of the class C?). This is done by using a simple
“interpolation trick” from the known results for the Gaussian matrices and the
integration by parts, presented in the form of certain differentiation formulas.
Then, by using a more elaborated version of the techniques, we prove the CLT
in the case of nonzero excess of entries again for essentially C? test function.
Here the variance of statistics contains an additional term proportional to «4.
The proofs of all limit theorems follow essentially the same scheme.

1. Introduction. The central limit theorem (CLT) is an important and widely
used ingredient of asymptotic description of stochastic objects. In the random ma-
trix theory, more precisely, in its part that deals with asymptotic distribution of
eigenvalues {)\l(")};’zl of random matrices of large size n, natural objects to study
are linear eigenvalue statistics, defined via test functions ¢ : R — C as

(1.1) Nalol =0 (").
=1

The question of fluctuations of linear eigenvalue statistics of random matrices was
first addressed by Arharov [3], who announced the convergence in probability of
any finite collection of properly normalized traces of powers of sample covariance
matrices in the case where the numbers of rows and columns of the data matrix
are of the same order [see formulas (4.1), (4.2) and (4.7) below]. The result was
restated and proved by Jonsson [16]. However, the explicit form of the variance of
the limiting Gaussian law was not given in [3] and [16]. In 1975 Girko considered
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the CLT for the traces of resolvent of the Wigner and the sample covariance matri-
ces by combining the Stieltjes transform and the martingale techniques (see [12]
for results and references). In particular, an expression for the variance of the lim-
iting Gaussian laws was given, although the expression is much less explicit than
our formulas (3.92) and (4.65) for (1) = (A — z) ™!, Iz # 0. In the last decade a
number of results on the CLT for linear eigenvalue statistics of various classes of
random matrices has been obtained (see [2, 5, 7, 8, 10, 11, 13, 15-18, 28-30] and
[31] and the references therein).

A rather unusual property of linear eigenvalue statistics is that their variance
remains bounded as n — oo for test functions with bounded derivative. This has
to be compared with the case of linear statistics of independent and identically
distributed random variables {Sl(”)}?zl, where the variance is linear in n for any
bounded test function. This fact is an important element of the ideas and techniques
of the proof of the CLT for

(1.2) (Nulp] — E{N[@]})/ (Var{N, [p1})/2,

viewed as a result of addition of large numbers of small terms (see, e.g., [14],
Chapter 18). On the other hand, since the variance of linear statistics of eigenval-
ues of many random matrices is bounded in n, the CLT, if any, has to be valid
for statistics (1.1) themselves (i.e., without any n-dependent normalizing factor in
front), resulting from a rather subtle cancelation between the terms of the sum.
One can also imagine that the cancelation is not always the case, and indeed it was
shown in [24] that the CLT is not necessarily valid for so-called Hermitian matrix
models, for which non-Gaussian limiting laws appear in certain cases even for real
analytic test functions.

In this paper we prove the CLT for linear eigenvalue statistics of two classes
of random matrices: the Wigner matrices n~!/>W, where W are n x n real sym-
metric random matrices with independent (modulo symmetry conditions) entries
(typically n-independent) and the matrices n~' X7 X, where X are m x n matrices
with independent (and also typically n-independent) entries. We will refer to these
matrices as the Wigner and the sample covariance matrices, respectively. The case,
where the entries of W are Gaussian and the probability law of W is orthogonal
invariant, is known as the Gaussian orthogonal ensemble (GOE). Likewise, the
case, where the entries of X are i.i.d. Gaussian, is known as the (null or white)
Wishart ensemble. In particular, the Wishart ensemble has been used in statistics
since the 30s as an important element of the sample covariance analysis, the princi-
pal component analysis first of all, in the asymptotic regime n — oo, m < 0o (see,
e.g., [21] and the references therein). The eigenvalue distribution of these matrices
for n - oco,m — co,m/n — ¢ € [0, 00), that is, an analog of the law of large
numbers for n=! N, [¢], was found in [20].

The CLT for certain linear eigenvalue statistics of the Wigner and the sample
covariance matrices were also considered in recent papers [2, 5] and [8]. In [2] the
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Wigner and the sample covariance matrices (in fact, more general matrices) and
linear eigenvalues statistics for polynomial test functions were studied by using a
considerable amount of nontrivial combinatorics, that is, in fact, a version of the
moment method of proof of the CLT. This requires the existence of all moments of
entries and certain conditions on their growth as their order tends to infinity. The
conditions were then relaxed for differentiable test functions under the additional
assumption that the probability law of entries satisfies a concentration inequality
of the Poincaré type.

Related results are obtained in [8] for a special class of Wigner matrices, whose
entries have the form

Wix=uWy), ueC*R),

(1.3)

sup |u' (x)| < oo, sup |u” (x)| < o0,

xeR xeR
where {ij}ls‘jfksn are the independent standard (E{ij} =0, E{W]-zk} =1
Gaussian random variables. For these, rather “close” to the Gaussian, random ma-
trices a nice bound for the total variation distance between the laws of their linear
eigenvalue statistics and the corresponding Gaussian random variable was given.
The bound is then used to prove the CLT for linear eigenvalue statistics with entire
test functions without explicit formula for the variance with a possibility of exten-
sion to C! functions and also for certain polynomials of growing with n degree, as
in [29].

In [5] the real symmetric and Hermitian sample covariance matrices (in fact,

more general matrices) were studied, assuming that the entries Xy, @ =1,...,m,
j=1,...,n,of X are such that
(1.4) E{X;}=0, E{X{}=1 E{X{}=3

in the real symmetric case and
(15 E(Xu)=E{(X{;}=0,  E{XuP)=1,  E(xnl*})=2

in the Hermitian case. Under these conditions the CLT for linear eigenvalue statis-
tics with real analytic test functions was proved.

Conditions (1.4) and (1.5) mean that the fourth cumulant (known in statistics
as the excess) of entries is zero. On the other hand, it was shown in [18] that for
@A) = (A — 2)~!, 3z # 0 the variance of the corresponding linear statistic (the
trace of resolvent) of Wigner matrices contains the fourth cumulant of entries.
Thus, even in the class of real analytic test functions one can expect more in the
case of nonzero fourth cumulant of entries.

The requirement of the real analyticity of test functions results from the use of
the Stieltjes transform of the eigenvalue counting measure as a basic characteris-
tic (moment generating) function. The Stieltjes transform was introduced in the
random matrix studies in [20] and since then proved to be useful in a number of
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problems of the field (see, e.g., [4, 12, 18] and [23] and the references therein).
We found, however, that while studying the CLT of the above ensembles it is more
convenient to use as a basic characteristic function not the collection of moments
or the Stieltjes transform but the Fourier transform of the eigenvalue counting mea-
sure, that is, the standard characteristic function of probability theory. This allows
us to prove the CLT for linear eigenvalue statistics with sufficiently regular (essen-
tially C5) test functions (but not real analytic as in [5]) and assuming the existence
of the fourth moments of entries satisfying a Lindeberg type condition (but not all
the moments or the Poincaré type inequality as in [2], conditions (1.3) as in [8],
or conditions (1.4) and (1.5) as in [5]). Besides, all proofs follow the same scheme
based on the systematic use of rather simple means: the Fourier transform, cer-
tain differential formulas, that is, a version of integration by parts [see (2.20) and
(3.6)], and an “interpolation trick” [25], which allows us to relate the asymptotic
properties of a number of important quantities for general entries and those for the
Gaussian entries. For both classes of random matrices we prove first the CLT for
matrices with Gaussian entries (the GOE and the Wishart ensemble, see Theorems
2.2 and 4.2), then consider matrices with zero excess of entries, where the CLT can
be obtained practically directly from that for the GOE and the Wishart ensemble
by using an “interpolation” trick (see the proof of Theorems 3.3, 3.4 and 4.3). Fi-
nally, the proofs in the general case of nonzero excess of entries essentially follow
those of the GOE and the Wishart cases and use again the interpolation trick that
makes the proofs shorter and simpler (see Theorems 3.6 and 4.5).

The paper is organized as follows. In Section 2 we present the basics of our ap-
proach by proving the CLT for linear eigenvalue statistics in a technically simple
case of the GOE (for other proofs see, e.g., [7, 12, 13] and [15] and the refer-
ences therein). In Section 3 we consider the Wigner matrices and in Section 4 the
sample covariance matrices. We confine ourselves to real symmetric matrices, al-
though our results as well as the main ingredients of the proofs remain valid in the
Hermitian case with natural modifications.

Throughout the paper we write the integrals without limits for the integrals over
the whole real axis.

2. Gaussian orthogonal ensemble.

2.1. Generalities. We recall first several technical facts that will be often used
below. We start from the generalized Fourier transform, in fact, the /2 rotated
Laplace transform (see, e.g., [32], Sections 1.8-9).

PROPOSITION 2.1. Let f:R4 — C be locally Lipshitzian and such that for
some § >0

2.1 supe ™| f(1)] < 00

t>0
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and let f: {z € C:3z < =8} = C be its generalized Fourier transform

(2.2) fly=i"! fo i f@t)dr.

The inversion formula is given by

(2.3) f(t)z%fLeiz’f(z)dz, t>0,

where L = (—00 —ig, 00 —ig), € > 8, and the principal value of the integral at
infinity is used.

Denote for the moment the correspondence between functions and their gener-
alized Fourier transforms as f <> f . Then we have the following:

@) f/(1) < i(f(+0) +2f ()
(i) fo f(@dt < (7" f(2); o
(i) fo f1(t — ) fa(D)dT = (f1 % f)(1) < i f1(2) f2(2):
@iv) if P, Q and R are locally Lipshitzian, satisfy (2.1), and
(2.4) 1+i0(@)#0, Iz<0,

then the equation

2.5) P+ [ Qu-mP@dan=ro, 120,
has a unique locally Lipshitzian solution

(2.6) P<R(I+i0)

or

2.7) P(t)y=—i /Ot T(t—t)R(t)dn,

where

(2.8) To(+i0)7 L

In particular, if R(t) is differentiable, R(0) =0, and

t
(2.9) 0() = /0 01(s)ds,

then the equation

t 1
(2.10) P(t)+/0 dn/O Q1(t1 —)P(rr)dtr = R(1), t>0,

has a unique locally Lipshitzian solution

@.11) P(z)=—/0 Ti(t — )R (1) dny,
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where

(2.12) Ti < (z+ 07!
provided by

(2.13) 2+ 01 #0, 3z <0.

The next proposition presents a simple fact of linear algebra:

PROPOSITION 2.2 (Duhamel formula). Let My, M, be n x n matrices and
t € R. Then we have

(2.14) MM _ Myt +/teM1(ts)Mze(M1+M2)s ds.
0

Consider now a real symmetric matrix M = {M jk};f x—1 and set

(2.15) Uy =™, teR.
Then U (¢) is a symmetric unitary matrix, possessing the properties

UDUs) =U(t +s),
(2.16)

wml=1,  Ux®»l<l, Y |Ux®OF =1
j=1

The Duhamel formula allows us to obtain the derivatives of U (¢) with respect to
the entries M, j,k=1,...,n,0f M:

2.17) DjxUap(t) = iBjr[(Uqj * Upp)(t) + (Upj * Uar)(0)], Djx=09/0M jy,
where

(2.18) Biv=(1+8)"" = { /2, j=k

1, j#k,

and the symbol “x” is defined in Proposition 2.1(iii). Iterating (2.17) and using
(2.16), we obtain the bound

(2.19) D% Uap(@)] < et
where ¢; is an absolute constant for every /.

The next proposition presents certain facts on Gaussian random variables.

PROPOSITION 2.3. Let & = {él}le be independent Gaussian random vari-
ables of zero mean, and ® : RP — C be a differentiable function with polynomially
bounded partial derivatives CI>§, [=1,..., p. Then we have

(2.20) E{® &)} =E{E)E{Q)()), [=1,....p,
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and

)4
(2.21) Var{® ()} < Y E{&7)E{|®] (&)%)

=1

The first formula is a version of the integration by parts. The second is a version
of the Poincaré inequality (see, e.g., [6]).

Next is the definition of the Gaussian orthogonal ensemble. This is a real sym-
metric n X n random matrix

(2.22) M=n"'PW,  W={WieR Wj=Wyli,_
defined by the probability law
(2.23) Z7 e WA T awyy,

1<j<k=n

where Z,,; is the normalization constant. Since
2 _ 2 2
TTWi= ) Wi+2 ) Wi
1<j<n 1<j<k<n

the above implies that {W;}1<;<k<n are independent Gaussian random variables
such that

(2.24) E(Wii}=0,  E{Wj}=w’(1+8).
Here is a useful bound for linear eigenvalue statistics of the GOE [9, 23]:
PROPOSITION 2.4. Let M be the GOE matrix (2.22)—(2.24) and Ny,l¢] be

its linear eigenvalue statistic (1.1), corresponding to a differentiable test function.
Then

(2.25) Var(N,[¢]} < 2w?E{n~" Tro/(M)(¢'(M)*)}
(2.26) < 2w2<sup |<p’(,\)|)2.
reR

PROOF. The spectral theorem for real symmetric matrices and (1.1) imply that
(2.27) Nul@] =Tro(M).

Thus, we can apply (2.21) to ®(M) = Tr (M), viewing it as a differentiable func-
tion of the independent Gaussian random variables M j; = n—12w k1< j<k=<
n, satisfying (2.24). By using (2.21), (2.24) and the formula [see (2.17)]

(2.28) Dk Tro(M) = 2Bjkg) (M),
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we obtain

Var{N[pl} <w’n™' Y 4148085 E{l¢) (M)}

1<j<k=n
n
=2wn~" Y E{l¢j (M)} = 2w E{n ! Tro' (M)(¢' (M))*}.
Jok=1
This yields (2.25). Using it and the inequalities
(2.29) ITr Al < nllAll, v (B Ssuﬁllﬁ(k)l,
rE

valid for any normal matrix A, Hermitian matrix B, and ¥ : R — C, we obtain
(2.26). O

We recall now an analog of the law of large numbers for linear eigenvalue sta-
tistics of the GOE (see, e.g., [4, 12] and [23] and the references therein).

THEOREM 2.1. Let M be the GOE matrix (2.22)—(2.24), and N, [¢] be a lin-
ear statistic of its eigenvalues (1.1). Then we have for any bounded and continuous
¢ :R — C with probability 1

(2:30) Jim ™ Ml = [ pGoNea(dn),
where the measure
231)  Nea(dh) =paW)dr,  pa() = Qrw?)~ @w? — 1)/

is known as the Wigner or the semicircle law, and x4 = max{0, x}.

We need below a weak version of the theorem in which the convergence with
probability 1 is replaced by the convergence in mean, that is,

(2:32) Jim B Mo lol) = [ @)V

for any continuous and bounded ¢. We outline the proof of this relation to intro-
duce several elements of techniques used in the paper (see [23] for details).
Introduce the normalized counting (empirical) measure of eigenvalues as

(2.33) No(A) =AM e A:l=1,...,n}/n.
Then we have
E{n~ Nylp]) = / GOVE(N, (dV),

hence, (2.32) is equivalent to the weak convergence of E{N,} to Ny;. Moreover,
since by (2.24)

(2.34) /A2E{Nn(dk)} =En?TrW? =1 +n"Hw?,
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the sequence {E{N,}} is tight, and it suffices to prove the vague convergence of
the sequence, for instance, the convergence of the Stieltjes transforms

E{N, (dx
235) fute) = [ R

of E{N,} for any Jz # 0O (see, e.g., [1], Section 59) to the Stieltjes transform

(2.36) f@)=(yz? —4w? - z)/2w2

of Ny, where v/z2 — 4w? is defined by the asymptotic v/z2 — 4w? =z 4+ 0z 1),
7 — 00.
It follows from the definition of N,, that

(2.37) i@ =En" TrG @),
where
G@)=M-2"",  z#0,
is the resolvent of M. We will need the resolvent identity
238) (A+B-2'-(A-2'=-(A+B-2'BA-)7,

its implication

d

(2.39) —(A+eB-07!| _=—(A-07'BA-2!
de e=0

and the bounds

(2.40) A=~ <13z [(A=—27)l <1327,

valid for real symmetric matrices A and B.

It follows from (2.38) for A =0, B = M that
1 2
Jn(2) = ~7 + ZHWE{ Z ﬂjijijk(Z)},

1<j<k=n

where B is defined in (2.18). Since Wi, 1 < j < k < n, are independent
Gaussian variables, we can write, in view of (2.20) and (2.24),

1 2w?
(2.41) fn(z>=—g+zn—2E{ ) Djijk(z)},

1<j<k=n

where D j is defined in (2.17). It follows from (2.39) that [cf. (2.17)]

(2.42) DjxGap(2) = —Bjk(Gaj (@) Grp(2) + Guk (2)G jb(2))
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This allows us to write (2 41) as

243 ful) = —w’z 'E{gr ()} — v’ 'En T TrG* (2)),
where
(2.44) gn(z) = n ' Tr G(2).
By using (2.26) with (1) = (A — z) ™!, we find that
2w?

(2.45) Var{g,(2)} < S~

n-|3z|
hence,

) ) 2w?
[E{g, (2)} — fy (2)| = Var{g,(2)} < 2R

Besides, (2.29) and (2.40) imply that |[E{n">TrG%(z)}| < 1/n|3z|?, and (2.35)
implies that | f,| < 1/|3z].

In view of the above bounds, the sequence { f} is compact with respect to the
uniform convergence on any compact set K C C\ R and the uniform on K limit f
of any convergent subsequence of { f;,} satisfies the quadratic equation

(2.46) f@)=—z""—wz f2(2),

following from (2.43). In addition, we have, by (2.35), Jf,(2)Jz > 0, thus,
S f(z)Iz = 0. Now it is elementary to check that the unique solution of the above
quadratic equation that satisfies this condition is (2.36).

2.2. Central limit theorem for linear eigenvalue statistics of differentiable test
functions. The CLT for the GOE was proved in a number of works (see [7, 13]
and [23] and the references therein). We present below a proof, whose strategy
dates back to [18] and is used in the proofs of other CLT of the paper.

THEOREM 2.2. Let ¢:R — R be a bounded function with bounded deriva-

tive, and N, @] be the corresponding linear eigenvalue statistic (1.1) of the GOE
(2.22)—(2.24). Then the random variable

(2.47) Ny Lol = Mule] — E{N,lo]}

converges in distribution to the Gaussian random variable with zero mean and
variance

(2.48)  Vgorlp] = / / ( ) skt U RN
Goelel = 5— o\ ax \/4w2 AZ\/4w2 2 1dha,

where

(2.49) Ap =p(r1) — @(r2), A=A =22
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PROOF. By the continuity theorem for characteristic functions, it suffices to
show that if

(2.50) Z,(x) =E[e*Vrlel}
then for any x € R

(2.51) Jim 7, (x) = Z(x),
where

(2.52) Z(x) = exp{—x"VGolel/2}.

We obtain first (2.52), hence the theorem, for a certain class of test functions and
then we extend the theorem to the bounded functions with bounded derivative,
by using a standard approximation procedure [see also Remark 2.1(2) for a wider
class].

Assume then that ¢ admits the Fourier transform

- 1 —itA
(2.53) 20 =5 [ ot dr,
2
satisfying the condition
(2.54) f(l + 111)1@(1)| dt < oo.

Following the idea of [18], we obtain (2.52) by deriving the equation

(2.55) Z(x) = 1 - Vorly] /O VZ(y)dy.

The equation is uniquely soluble in the class of bounded continuous functions and
its solution is evidently (2.52).
It follows from (2.50) that

(2.56) 7! (x) =B[N [ple ™ Vrlel),
This, the Schwarz inequality and (2.26) yield
1Z,,(0)| < v2w(suplg’ ()]).

LeER

Since Z,,(0) = 1, we have the equality
X
2.57) Z,w =1+ [ Z,0)dy.

showing that it suffices to prove that any converging subsequences {Z,; } and {Z ;lj }
satisfy

. _ . / _
@) lim 7, ()=Z@).  lim Z ()= —xVoorZ(x).
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Indeed, if yes, then (2.58), (2.57) and the dominated convergence theorem imply
(2.55), hence (2.52).
The Fourier inversion formula

(2.59) o) = / " G(t) dt

and (2.27) yield for (2.47)

(2.60) N7l = [ e

where

(2.61) un(t) =Tru(), Uy (t) = un(t) — E{u, (1)},
and U () defined by (2.15) with the GOE matrix M. Thus, we have by (2.56)
(2.62) Z(x)=i / P Yy (x,1)dt,

where

(2.63) Yo(x,) =E{uS (e, (x)},  en(x) = Ml
Since

(2.64) Yo(x, 1) =Y, (—x, —1),

we can confine ourselves to the half-plane { > 0, x € R}.

We will prove that the sequence {Y,} is bounded and equicontinuous on any
finite set of {t > 0, x € R}, and that its every uniformly converging on the set sub-
sequence has the same limit Y, leading to (2.58). This proves the assertion of the
theorem under condition (2.54). Indeed, let {Z,,};>1 be subsequence converging
to Z # Z. Consider the corresponding subsequence {Yy,};>1. It contains a uni-
formly converging sub-subsequence, whose limit is again Y, and this forces the
corresponding subsequence of {Z,, };>] to converge to Z, a contradiction.

It follows from (2.25) and (2.26) with ¢(1) = ¢* and ¢ (1) = iAe'™* and from
(2.24) that

(2.65) Var{u, (1)} < 2w?t’

and

(2.66)  Var{u, (1)} <2w’n 'E{Tr(1 + 2 M?)} < 2w*(1 + 2w?r?).
This, (2.63), the Schwarz inequality, and |e, (x)| < 1 yield

(2.67) Yo (x, )] <E{ug ()]} < V2wlt|

and

3
(2.68) ‘EY” (x, r)‘ < Var!2(u! (1)} < V2w(1 4 2w**)!/?
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and according to the Schwarz inequality, (2.26) and (2.65),

0
‘a W (x, r)‘ — (B (1) N Tplen ()]
(2.69)

< Var'{u, (1)} Var' (N, [p]} < 2w?|t| sup ' (V).
reR
We conclude that the sequence {Y},} is bounded and equicontinuous on any finite
set of R2. We will prove now that any uniformly converging subsequence of {Y,}
has the same limit Y, leading to (2.55), hence to (2.51) and (2.52).
It follows from the Duhamel formula (2.14) with M =0 and M, =iM and
(2.61) that

t n
un<r>=n+i/0 S MUt dn,
k=1

hence,

> E{WrUjr(t)es (x)}diy,
j.k=1

(2.70) Yo(x,t)=

l' t
Jn /0
where e, = ¢, — E{e,} or, after applying (2.20) and (2.24),

iw? [t &
271 Yalx,1)= 7/0 > (14 8;0E{D i (Uji(t1)es (x))} dry.
j k=1
Now, by using (2.17) and (2.28), we obtain that [cf. (2.42)]

(272)  Djren(x) = 2iBjpxen ()@ (M) = —2Bjxxen (x) f U (0P () dt,

where the last equality follows from [see (2.59)]

(2.73) o' (M) =i / POtU ) dt.

This and (2.71) yield [cf. (2.43)]
t
Vot =—win! [ Bl e o) dn
0
t 1
—w?n~! / dry | E{u, (2 — 1)un(t2)e; (x)}dt
0 0

—2wx / t E{e,(x)n ' TrU (1))@’ (M)} d1y.
0
Writing
(2.74) V(1) = n""E{u, (1)}
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and
(2.75) U (t) =uy (t) +nv, (1), en(x) =e;(x) + Z,(x),

we present the above relation for Y;, as

t 151
Yo(x, 1) + 2w’ / a f Tt — 1) Yo (x, 12) diz
0 0

(2.76)
=xZ,(x)A,,(t) +r,(x,1)
with
(2.77) A, () = —2w? /O IE{n_l TeU ()¢ (M)} dty
and
t
ran(x,t) = —w?n! / nY,(x,t)dn
0
(278) —wtn! [ L / " E(S (1 — g m)es () dn
0 0

t
—2iw*xn! /0 dt / L) E{uy (t + t2)ed (x)} dta,

where we used (2.16) and (2.73).
It follows from the inequality |e, (x)| < 2, the Schwarz inequality, (2.54) and
(2.65) that the limit

2.79) lim r,(x,1) =0
n—oo
holds uniformly on any compact of { > 0, x € R}. Besides, by Theorem 2.1 the se-

quences {v,} of (2.74) and {A,} of (2.77) converge uniformly on any finite interval
of R to

1 2w,
(2.80) v(t) = f M Jaw? — A2 dx
—2w

2 w?

and
1 t 2w |

(2.81) A(t):——/ dtI/ ¢! () 4w? — A2 d .
T JO —2w

The above allows us to pass to the limit 7; — oo in (2.76) and obtain that the
limit ¥ of every uniformly converging subsequence {Y,};>1 satisfies the equation

t n
(2.82)  Y(x,t)+ 2w2/ dt / v(t] — )Y (x,0)dtr =xZ(x)A(2).
0 0

The equation is of the form (2.10), corresponding to 6 = 0 in (2.1), thus, we can
use formulas (2.12) and (2.13) to write its solution.
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It follows from (2.2) and (2.80) (or from the spectral theorem and Theorem 2.1)
that

(2.83) v=f,
where f is the Stieltjes transform (2.36) of the semicircle law. Thus, in our case
(2.4) takes form
(2.84) 242w f(z) =22 — 4w? #£0, 7z #£0,
and
i eizt
no=t [ 4
10 = 27 JL 2+ 2w f(2)

Replacing here the integral over L by the integral over the cut [-2w, 2w] and
taking into account that +/z2 — 4w? is £i+/4w? — A2 on the upper and lower edges
of the cut, we find that

l)»t d}\
(2.85) Ti(t) = —— /

Besides, in our case the r.h.s. of (2.10) is xZ(z)A(t), hence, we have by (2.11)

Y. ) = le(x)/
Zw ‘/4w

2w Hlth _ pitp
x/ @' (WM)4w? — A2dx, t>0.
2w (A—p)

According to (2.64), the same limiting expression is valid for t < 0 and x € R,
thus, we have, in view of (2.54) and (2.62),

xZ(x) 2w du
2
T —2w /4w2 _ MZ

X/Z“’ (L) —o(n)
2w  (A—pw)

(2.86)

. / _
nllgnoo Z”l (x) =

o' (M) 4w? — AZdA.
Writing

10
¢ 0P = p(w) =52 (p() - o)’

and integrating by parts with respect to A, we obtain

xZ(x) / ( go)z (4w2—ku)dkdu
2w

27'[2 AA «/7 /4w2

. / _
287 lim 7, (x) =
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hence (2.58), and then (2.55), thus the assertion of the theorem under the condition
(2.54).

The case of bounded test functions with bounded derivative can be obtained
via a standard approximation procedure. Indeed, for any bounded ¢ with bounded
derivative there exists a sequence {¢y} of functions, satisfying (2.54) and such that

sup |, ()| < sup |’ (M),
LeR LeR

lim sup [¢'(A) — ¢ (M) =0 VA > 0.

k—o0 [A|<A

(2.88)

By the above proof we have the central limit theorem for every ¢;. Denote for the
moment the characteristic functions of (2.50) and (2.52) by Z,[¢] and Z[¢], to
make explicit their dependence on the test function. We have then for any bounded
test function with bounded derivative

|Zulo]l — Zloll = | Znle] — Zuloill + | Znlor] — Zler
+1Zlek] = Zlell,

where the second term of the r.h.s. vanishes after the limit » — oo in view of the
above proof. It follows from (2.25), (2.33) and (2.50) that

| Zul9] — Zal@i]l < |x| Var'/2{N,[¢ — o]}

(2.89)

172
= V2ulxl( [ 19/6) - g PR, @)))
Now (2.88) implies that the integral on the r.h.s. is bounded by

2sup |¢' (W IPE{N, (R \ [—A, AD} + sup [¢'(A) — g (W), A > 2w,
reR A]<A
where the first term vanishes as n — oo by (2.32), and the second term vanishes
as k — oo by (2.88). Besides, according to (2.52),

1Z[¢] — Zlgi]l < x*|Vooele]l — Voorlwl|/2

and taking into account the continuity of Vgog of (2.48) with respect to the C'!
convergence on any interval |A| < A, A > 2w, we find that the third term of (2.89)
vanishes after the limit k — oo. Thus, we have proved the central limit theorem for
bounded test functions with bounded derivative. For wider classes of test functions
see [7] and [15] and Remark 2.1. O

REMARK 2.1. (1) We note that the proof of Theorem 2.2 can be easily mod-
ified to prove an analogous assertion for the Gaussian unitary ensemble of Her-
mitian matrices, defined by (2.22) with W, = Wj; and the probability law

n n
2 2
Z e VIR TTawy;, [ dRWid3Wi.
j=1 1<j<k<n
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The result is given by Theorem 2.2 in which VgoE is replaced by Voug = VGog/2.
(2) It follows from the representation of the density p, of E{N,} via the Hermite
polynomials (see [19], Chapters 6 and 7) or from Theorem 2.3 of [26] that

pn(X) < Ce™n’

for finite ¢ > 0, C < 00, and a sufficiently big |A|. This bound and the approx-
imation procedure of the end of proof of Theorem 2.2 allows one to extend the
theorem to C'! test functions whose derivative grows as C 1eclAz

C1<OO.

for any c; > 0 and

3. Wigner ensembles. In this section we prove the central limit theorem for
linear eigenvalue statistics of the Wigner random matrices. We start from the ana-
log of the law of large numbers, by proving that the normalized counting measure
of eigenvalues converges in mean to the semicircle law. The fact has been well
known since the early seventies (see [4, 12] and [22] and the references therein).
We give a new proof, valid under rather general conditions of the Lindeberg type
and based on a certain “interpolation” trick that is systematically used in what fol-
lows. We then pass to the CLT, proving it first for the Wigner ensembles, assuming
the existence of the fourth moment of entries, their zero excess and the integra-
bility of (1 + |£]°)@ (Theorems 3.3 and 3.4), and then proving it in the general
case of an arbitrary excess (Theorem 3.6), assuming the existence of the fourth
moments satisfying a Lindeberg type condition (3.57) and again the integrability
of (1 +1¢1)@.

3.1. Generalities. We present here the definition of the Wigner ensembles and
technical means that we are going to use in addition to those given in the previous
section.

Wigner ensembles for real symmetric matrices can be defined as follows:

3.1) M=n""w,  w={Wwy eR Wy =W}, _|
[cf. (2.22)], where the random variables WJ(-Z), 1 < j <k < n, are independent,
and
2
(3.2) E(wi' =0,  E{(W})}=0+80w,

that is, the two first moments of the entries coincide with those of the GOE [see
(2.22)—(2.24)]. In other words, the probability law of the matrix W is

(3.3) PaAw)= [] F@w;p,

1<j<k=n

where forany 1 < j <k <n, F j(z) is a probability measure on the real line, sat-
isfying conditions (3.2). We do not assume in general that F /(Z) is n-independent,
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and that F}Z) are the same for 1 < j <k <nmnandfor j =k=1,...,n, thatis, for
off-diagonal and diagonal entries as in the GOE case.

Since we are going to use the scheme of the proof of Theorem 2.2 (the CLT
for the GOE), we need an analog of the differentiation formula (2.20) for non-
Gaussian random variables. To this end, we recall first that if a random variable &
has a finite pth absolute moment, p > 1, then we have the expansions

f@):=E{"}=)" T{(it)’ +o(t?)

=0 /"

and

po.
I(t) :=TlogEfe'¥} = 3 'if’(iz)f +ot?), 1—0.
—nJ
j=0

Here “log” denotes the principal branch of logarithm. The coefficients in the ex-
pansion of f are the moments {/;} of &, and the coefficients in the expansion of /
are the cumulants {«;} of &. For small j one easily expresses «; via 4, U2, ..., ij.
In particular,

34 K1 = W1, Ky = po — i = Var{é}, K3 = p3 — 3pamy + 203,
Gd K4 = p4 — 303 — Apspn + 12uou7 — 6uf, ...
In general,
(3.5) Kj =) Cullas
)
where the sum is over all additive partitions A of the set {1,..., j}, ¢, are known

coefficients and ) = [[;¢) w15 see, for example, [27].
We have [18]:

PROPOSITION 3.1. Let & be a random variable such that E{|£|P?} < oo for
a certain nonnegative integer p. Then for any function ® :R — C of the class

CP*1 with bounded derivatives ®D,1=1, ..., p+ 1, we have
" ki

(3.6) Egd@©) =3 —~E[@V®)] +ep.
=0 :

where the remainder term €, admits the bound

14+ (342p)P*?
(p+ 1!

(3.7) |8p|5CpE{|§|p+2}su£|d>(p+l)(t)|, Cp<
te
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PROOF. Expanding the left- and the right-hand side of the identity
E{§¢"S) = fOI' (1)
in powers of if, we obtain
(r
(3:8) per =30 (it r=01p
j=0

Let 7 be a polynomial of degree less or equal p. Then (3.8) implies that (3.6) is
exact for ® = 7, that is, is valid with £, = 0:

p : .
Egn©) =) LR @)
j=0 7°

In the general case we write by Taylor’s theorem ® = ), +r,, where 7, is a poly-
nomial of degree p and

+1
rp(t)_p—/ P (1v)(1 — v)? dv.
Thus,
P 2
(3.9 IE{ED (&)} —E{&m, O <E{l5rp,®)|} < (erl)!E{I%“I‘"Jr 1
where
Ko = sup|®P D (1)] < co.
teR

Besides,

O T o _yp _

DY (1) T, ()= (p—l)!/o o} (tv)(1 —v) dv, [=0,...,p,

and, therefore,

< ko 3 M BUEIP M)

310)  |E - J“ E{o!)
(3.10)  [E{7,(®)) Z . )} 2 jip— 11

j=0

The sum on the r.h.s. can be estimated with the help of the bound [27]:
(3.11) licjl < j7E{€ — E{£}I).

Since (a + b)/ <2/71(a/ + b7) for a positive integer j and nonnegative a and b,
we have

(3.12) licj| < J/E{(E] + [E{E}D} < /) Ef|&)V).
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This bound and the Holder inequality E{|&|/} < E{|&|P12}//(P*2) yield

)4 IR p—j+1 ? i+ 1 j+1
ZIKJ'Tll {|§I ,}SE{ISI””}ZF,U _)] ‘
o JMp—Jj+ D! =M=+ D!
(3.13)
<E{|S|p+2}7(3p+2)p+l
B (p+D!

The proposition now follows from (3.9)—-(3.13). U

Here is a simple “interpolation” corollary showing the mechanism of proximity
of expectations with respect to the probability law of an arbitrary random variable
and the Gaussian random variable with the same first and second moments. Its
multivariate version will be often used below.

COROLLARY 3.1. Let & be a random variable such that Eg{|$|p+2} < 00 for
a certain integer p > 1, E¢{§} =0, and let /S\ be the Gaussian random variable,
whose first and second moments coincide with those of &. Then for any function
®:R — C of the class CPT? with bounded derivatives, we have

Ki+1

1
+1 (=12 /
= /0 E{0D(e())s D 2ds + ¢,

P
(3.14) E¢{®©) —E{lo®) =)
[=2

where the symbols Eg{. ..} and Eg{. ..} denote the expectation with respect to the

probability law of & and E, {k;} are the cumulants of &, E{.. .Ldenotes the expec-
tation with respect to the product of probability laws of & and &,

(3.15) Es)=s"e+(1—-9)1%,  0<s<l,
(3.16) || < cpE{|5|P+2}suﬂg|<b<f’+2><r>|
te

and C), satisfies (3.7).

PROOEF. It suffices to write

E (&)} — Ez{®(©))
L d
(3.17) =f0 aE{<D(é(s))}ds

1
= 1/ E{s 26/ (5(s)) — (1 —5)"V2ED/ (5(5))) ds
2 Jo

and use (3.6) for the first term in the parentheses and (2.20) for the second term.
O
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3.2. Limiting normalized counting measure of eigenvalues. We will also need
an analog of Theorem 2.1 on the limiting expectation of linear eigenvalue statistics
of Wigner matrices. It has been known since the late 50s that the measure is again
the semicircle law (2.31) (see [4, 12, 22] and [23] for results and references). We
give below a new proof of this fact [25] that is based on the matrix analog of the
“interpolation trick” (3.14) and illustrates the mechanism of coincidence of certain
asymptotic results for Gaussian and non-Gaussian random matrices. The trick will
be systematically used in what follows.

THEOREM 3.1. Let M =n~'?W be the Wigner matrix (3.1)—(3.3), satisfying
the condition

(3.18) w3 :=Ssup max E{|WJ(Z)|3} <00

n 1<j<k<n
and N, be the normalized counting measure of its eigenvalues (2.33). Then

lim E{N,} = N,
n— 00

where Ny is the semicircle law (2.31) and the convergence is understood as the
weak convergence of measures.

PROOF. It follows from (3.2) that we have (2.34) for the Wigner matrices.
Thus, the sequence {E{N,}},>0 is tight, and it suffices to prove its vague con-
vergence, or, in view of the one-to-one correspondence between the nonnegative
measures and their Stieltjes transforms (see, e.g., [1]), it suffices to prove the con-
vergence of the Stieltjes transform of expectation of the normalized counting mea-
sure [see (2.35) and (2.37)] on a compact set of C \ R. Let M =n"12W be the
GOE matrix (2.22)~(2.24), and G(z) be its resolvent. Then, by Theorem 2.1, it
suffices to prove that the limit

(3.19) nli)néo|E{n_1TrG(z)} —En'TrG)} =0

holds uniformly on a compact set of C \ R.
Following the idea of Corollary 3.1, consider the “interpolating” random matrix
[cf. (3.15)]

(3.20) M@s)=s"M+ 1 —5"?M, 0<s<lI,

viewed as defined on the product of the probability spaces of matrices W and w.
In other words, we assume that W and W in (3.20) are independent. We denote
again by E{...} the corresponding expectation in the product space. It is evident
that M (1) =M, M(0) = M. Hence, if G (s, z) is the resolvent of M(s), then we
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have
n'E{TrG(z) — TrG(z)}
3.21 _[ 8E TG d
3.21) _/Oa{n rG(s,z)}ds
1
=—ﬁf E{TraiG(s,z)(s_l/ZW—(l—s)_l/ZVV\)},
n 0 Z

where we used (2.39) and (3.20).

Now we apply the differentiation formula (3.6) to transform the contribution
of the first term in the parentheses of the r.h.s. of (3.21). To this end, we use the
symmetry of the matrix {G ji} to write the corresponding expression as

(3.22) @)™ BUEIWR (G
1<j<k=n

where B are defined in (2.18) and we denote here and below
, 0
G =—G(s,2).
0z

Since the random variables W}Z), 1 < j <k <n, are independent, we can apply
(3.6) with p=1 and ® = G/jk to every term of the sum of (3.22). We obtain, in
view of (3.2), (3.18) and (3.20),

w? ,
(3.23) po) > E(Djr(s)(Gij) + €1, Dji(s) =09/9M ji(s),

I<j<k=n

where [cf. (3.7)]

Ciws
(3.24) letl < —53 ). sup [Dj()(G)l,
n ; M(s)€8,
1<j<k=n
4, is the set of n x n real symmetric matrices, and Cj is given by (3.7) for p = 1.
On the other hand, applying to the second term in the parentheses of (3.21) the
Gaussian differential formula (2.20), we obtain again the first term of (3.23). Thus,
the integrand of the r.h.s. of (3.21) is equal to ¢;.
It follows from (2.42) and its iterations that

(3.23) DGkl < /12| T+D, D% (G il < 1/ 132] 2,
where ¢; is an absolute constant for every /. The bounds and (3.24) imply

Cw
nl/2|3z]

and C denotes here and below a quantity that does not depend on j, k and n, and
may be distinct on different occasions.
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This and the interpolation property (3.21) yield the assertion of the theorem.
O

In fact, we have more (see [4, 12] and [22] for other proofs and references).

THEOREM 3.2. The assertion of Theorem 3.1 remains true under the condi-
tion

(326)  lim n? 3 /

W IWZF}’;)(dW)zo vz > 0.
k=1 >T

PROOF. Given t > 0, introduce the truncated matrix
T

gty

(327) M'= et

()T . (n)
7 Wt = {ij =sign W, max{|ij ,

Let /’L;,jk (1, k) and Kfjk (k1, jk) be the /th moment and cumulant of W(")T (w ("))

respectively. Then

WIT,jk — 11, jk| 52/|

This and (3.5) yield

(W' FdW).

W|>t/n

(3.28) I i — K1jkl < C (WI'F W),

|W|>t/n

where C depends only on /. In particular, we have

3.29 KT — k] < w2F™ @aw
(3.29) ikl =oo= | WA @W)
and
C
330)  |kf., — Ky i <—/ WAF™ @awy,  1<4.
G30) W=l < oz [ WP W) <

As in the previous theorem, it suffices to prove the limiting relation (3.19). To this
end, we show first that, for every 7 > 0, the limit

(3.31) ngrgo|E{n—1TrG(z)}—E{n—lTrGf(z)H =0

with G7(z) = (M® — z)~! uniform on any compact set of C \ R. Indeed, we have
by the resolvent identity (2.38) and the bound [(G* (2)G(2)) jx| < |i‘sz|_2,

[E{n~! Tr(G(z) —-G*(0)}]

3/2 ;1 (GT(Z)G(Z))jk(W;Z) - W;Z)t)}
i

1
(m)
3/2| 2 Z/ IWIFj (dW)<|%Z|2TLn(T),

W|>t/n
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where
n

(3.32) Ly(t)=n"2 j%::]/nw»ﬁ W2F)(dW).
The last inequality and (3.26) imply (3.31).

Hence, it suffices to show that
(3.33) Rye =E{n ' TrG"(2)} — E{n ' TrG(2)}
vanishes after the subsequent limits
(3.34) n— 00, T — 0,
uniformly on any compact set of C \ R.

Introduce the interpolation matrix
(3.35) M¥(s)=s?MT +(1—5)!?M, 0<s<1

[cf. (3.20)], denote its resolvent by G (s, z) = (M (s) — z)~ !, and get an analog of
(3.21):

1 1 n B e~
Ric=—55 | 30 EG) (s~ W™ — (=)~ 2 Wy}
k=1

As in the previous theorem, we apply the differentiation formula (3.6) with p =1
to every term containing the factors W}Z)r and Gaussian differentiation formula
(2.20) to every term containing Wj k., and obtain

1 r! 1 "
Ryr =—= —= > ki ;BUG;
=5 ) (mjkzl iG]

1 n
+— > k3 i E{Djk(5)(G) i)
jk=1

1 n
ter— > w1+ 8jk)E{Djk(S)(G/)jk}> ds,
Jok=1
where [cf. (3.24)]

Cis'/? )3 2 2w2Cys'/?
lel] < —=7— E{|W; sup |D5($)(GN)jk| < ——7—T,

1<j<k<n n

and we took into account (3.25) and the bound

E(|WT P} < tn' w1+ 850).
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Besides, we have by (3.25), (3.29) and (3.28) with / = 2, and the equalities « j;x =
0, k2, jk = w*(1 + 80,

| C
— JE{(G) k)| < ——— L (1),
n3/2 jélkl’jk {( )]k} = T|\:§Z|2 n(T)
1 . T 2 / c
=5 2 (g = w A+ 80)E(D k()G ) < L (-
jk=1 ~

The last inequalities show that R,; of (3.33) vanishes after the subsequent limits
(3.34). This completes the proof of the theorem. [

REMARK 3.1. Condition (3.26) is a matrix analog of the well-known Linde-
berg condition

1 n
(336) tim =3 [ 2FP@0=0 V=0
n%oonj:l lx|>t/n J

for a collection {éj(.")};?zl of independent random variables with probability laws

F ;"), j =1,...,n, to satisfy the central limit theorem. According to Theorem 3.2,
the matrix analog (3.26) of the Lindeberg condition is sufficient for the validity
of the semi-circle law for the Wigner ensembles. Thus, we can say that the semi-
circle law is a universal limiting eigenvalues distribution of the Wigner ensembles
in the same sense as the Gaussian distribution (the normal law) is universal for
properly normalized sums of independent random variables. We mention two suf-
ficient conditions for (3.26) to be valid, analogous to those of probability theory.
The first is

(n)|2+38
Sgplsr;?l?an“ij R

for some 6 > 0. This is an analog of the Lyapunov condition of probability the-
ory. The second sufficient condition requires that {W;Z)}lg j<k<n and {W;;.’)} 1<j<n
are two collections of independent identically distributed random variables, whose
probability laws F; and F> do not depend on n and satisfy (3.2). This case gener-
alizes the GOE, where F] » are both Gaussian.

3.3. Central limit theorem for linear eigenvalue statistics in the case of zero
excess. We consider here a particular case of the Wigner ensembles, for which
the fourth cumulant of entries, known in statistics as the excess, is zero. The case
is of interest because here the limiting Gaussian law has the same variance as in
the GOE case (Theorem 2.2), moreover, it can be obtained from that for the GOE
by applying the “interpolation” trick that was used in the proof of Theorems 3.1
and 3.2 [see formulas (3.20) and (3.35)]. We start from an analog of Theorem 3.1.
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THEOREM 3.3. Let M =n~'/>W be the real symmetric Wigner matrix (3.1)—
(3.3). Assume the following:

@)
(3.37) ws==sup max E{|WP’} < oo;

neN1=j.k=n

(i1) the third and fourth moments do not depend on j, k and n:

3 4
(3.38) w=E{((WV) ma=E{(W)');
(iii) the fourth cumulant of off-diagonal entries is zero:
(3.39) Ka = g — 3wt =0.

Let ¢ :R — R be a test function whose Fourier transform ¢ (2.53) satisfies the
condition

(3.40) /(1 + 1t)|@(0)| dt < oo.

Then the corresponding centered linear eigenvalue statistic N,[¢] [see (2.47)]
converges in distribution to the Gaussian random variable of zero mean and vari-

ance Vgoele] of (2.48).

REMARK 3.2. It may seem not too natural to have the (j, k) dependent second
moments (3.2) of WJ(Z) and the (Jj, k) independent fourth moments (3.38). This is
only for the sake of technical simplicity of the proof. In fact, it can be shown that
the result does not depend on the diagonal entries, in particular, we can assume
that the second moments will be the same for all 1 < j <k < n, or that only the
fourth moments of off-diagonal entries are the same and the fourth moments of
diagonal entries are just uniformly bounded. Likewise, we can replace (3.39) by

lim sup max |k4 x| =0,
n—o00 n 1<j<k<n

where k4, ji is the fourth cumulants of W;Z).
PROOF OF THEOREM 3.3. Let M = n~'/2W be the GOE matrix (2.22)—(2.24)
with the same variance of entries as the Wigner matrix, and N,’[¢] be the centered

linear eigenvalue statistic of the GOE. Then, in view of Theorem 2.2, it suffices to
show that, for every x € R,

(3.41) Rp(x) := E{e ™MW} Bl M 0, 5 0.
Denoting

(3.42) en(s, x) =explix Tro(M(s))°},
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where M (s) is the interpolating matrix (3.20), we have

13
Rn(x)=/0 aE{en(s,x)}ds

- zijﬁ 01E{e;;(s,x)Tr<p’(M(s))(s—1/2W —(1=s5)"12W)}ds

[cf. (3.17)] or, after using (2.73),
(3.43) Ru(x) = —%foldsft(o‘(t)[An — B,ldt,
where
(3.44) Ay = — ; E{Ww" o,

\/ﬁj,kzl e

1 LS

(3.45) B, = a= MZZIE{W,-chn}
with
(3.46) ®,=e(s, )Uji(s,1),  U(s, 1) =e™®,

Applying (3.6) with p = 3 to every term of (3.44) and (2.20) to every term of
(3.45), we obtain (cf. Corollary 3.1)

(3.47) Ay, —B, =T+ T3 + ¢3,

where [cf. (3.23)]

(=npz.  n

N

(48) Ti=7mps D kv kEIDO@a),  Djx(s) =3/0Mji(s),
) jok=1

and by (3.7) and (3.37) [cf. (3.24)],

C3ws
1572

n
D sup |D?k(s)¢n|M(s):M|.
jk=1 Mes,

It follows then from (2.17), (2.19), (2.72) and (3.40) that

(3.49) les| <

(3.50) | DYy ()Pl < Ci(t, x), 0=<i=4

and we denote here and below C;(t, x) a polynomial in |¢| and |x| of degree /,
independent of j, k and n and not necessarily the same at each occurrence. This
implies that

(3.51) le3| < Ca(t, x)/n'/2.



CLT FOR LINEAR EIGENVALUE STATISTICS 1805
Furthermore, it follows from (3.2) and (3.39) that k4 jx = —98jkw4. This, (3.48)
for [ = 3, and (3.50) yield
(3.52) T3] < C3(t, x)/n.

To get a vanishing bound for 7> of (3.48), we use (2.17) and (2.72) to find the
second derivative D?k @, and we take into account (3.38) to have

n
SH3 o
T2=—Jn;/2 > ﬂ}kE{en[(U,-k*Ujk*Ujk><r)+3<Ujk*Ujj*Ukk)m]
Jik=1

+2xeu[(Ujr * Uji) (1) + (Ujj * Upr) (1) ]

« fea(e)ujk(e)de
(3.53)

2
- 2xzentk(t)</ ea(e)Ujk(e)d9>
T ixeaUsk(0) / 0O)(Uji * Ujt) (6)

— (U * Ukk)(e)]de},

where we write e, for e,(s,x), U(¢) for U(s, t) and take into account that the
convolution operation “x” of Proposition 2.1(iii) is commutative.
Consider the two types of the sums above:

n
Ty =n"3/? Z Ujr(t1)Ujj(02) Upr (23),
k=1
(3.54) ’

n
T =n"/? Z Ujr@)Ujr(02) Uk (23).
k=1

It follows from the Schwarz inequality and (2.16) that

n n 12 , 4 1/2
Y Uk )Ujr(t)| < ( > |U,~k(r1>|2) <Z |Ujk(f2)|2> —n,

Jk=1 Jk=1 jk=1
hence, | T2, | < n~1/2 Besides, writing

Ty =n""PWUE)V1). V1),  VO)=n""2WUn0).....Um®)",
where by (2.16) [|[V(®)|| < 1, |[U ()| = 1, we conclude that |T5{| < n~'/2, hence,
(3.55) T2| < Ca(t, x)/n'/>.

This together with (3.40), (3.47), (3.51) and (3.52) imply that the r.h.s. of (3.43) is
O(n—1/2) as n — oo. We obtain (3.41), hence the assertion of the theorem. [J
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In fact, we have more (see [18] for a particular case of traces of resolvent).

THEOREM 3.4. Theorem 3.3 remains valid if its condition (3.37) is replaced
by the Lindeberg type condition for the fourth moments of entries of W

(3.56) lim L% (1)=0  Vr>0,
n—o0

where [cf. (3.32)]

1 n
(3.57) L@ =3 /W

WAEW @w).
jk=1 [W|>t/n /

PROOF. Consider again the truncated matrix M7 of (3.27). Since

POW £ W)= 30 PWR £ W)
j,k=1
(3.58) !

n
=2 /|W| [F;Z)(dW)ft_4Lfl4)(r),
k=1 >T/n

we have, in view of (3.56),

(359) lim E{eiXN”O[(p] — eix"vnor [(p]} = O,

n—oo

where N,:[¢] = Treo(MT). Now it suffices to prove that if cXf;[cp] = Tr<p(1\//1\) is
the linear eigenvalue statistics of the GOE matrix M, then [cf. (3.41)]

(3.60) RY (x) = Bfe/*Vilel} _ gfeixArlel)
vanishes after the limit (3.34). To this end, we use again the interpolation matrix
M* (s) of (3.35), and get analogs of (3.43)—(3.46):
x [l .
Ry ==3 [ ds [ 19014 = Buclan.

1 - (n)t
( ) T \/ﬁjél { ] T}

1 " —
By = ——— E{W; ®,.},

where now

Dur =5, (5, X)Uj (s, 1),
(3.62)
U (s,t) =exp{itM* (s)}, enr (s, x) =explix Tro(M*(s))°}.
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Applying (3.6) with p = 3, we obtain [cf. (3.47)—(3.49)]

3

(3.63) Apr= Z Tir + e3¢,
=0

(-nj2  n

N

G648  Tie = 2o K pBIDR ) Pucd, 1=0,1,2,3,
: jk=1

and

C n
lexel = 575 2 BAWG P} sup [DJes) Pl
J-k=1 n

Since E{| W;Z)T I} < t4/n 4, then we have, in view of (3.50),
(3.65) lese| < Calt, x)tT.

Besides, it follows from (3.50) and (3.30) that we can replace T;; of (3.64) by T;
of (3.48) with ®,,; of (3.62):

(3.66) Ti: =T+,

where the error term r; satisfies

(l-n/2 n

S

Il < -7 'kzl IF 1 i — ki1, k| [E{D 1 () @y}
J.k=

(3.67)
<sED2C @, x) P LO (1),

We have by (3.2) To =0, 71 = By, and 1> and T3 satisfy (3.55) and (3.52), respec-
tively. This together with (3.40), (3.43) and (3.65) imply (3.60) and complete the
proof of the theorem. [J

3.4. Central limit theorem in general case. Here we prove the CLT for lin-
ear eigenvalue statistics of the Wigner random matrix not assuming that the fourth
cumulant of its entries is zero [see (3.39)]. We use the scheme of the proof of The-
orem 2.2, based on the Gaussian differentiation formula (2.20) and the Poincaré
type “a priory” bound (2.26) for the variance of statistics. We have the extension of
(2.20), given by (3.6). As for an analog of (2.26), it is given by the theorem below
[see also (3.90)].

THEOREM 3.5. Let M =n~Y2W be the Wigner matrix (3.1)—(3.3) satisfying
(3.38) and (3.56), M™ be corresponding truncated matrix (3.27), and

(3.68) up (1) =TrU(¢), Ut(t) =exp(itM").
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Then for any fixed T > 0,
(3.69) Var (i, (1)} < Cr (ua)(1 4 |1]%)2,

2
(3.70) Var(Welgl) = CoGuo( [+ el dr)
where C;(ju4) depends only on 4 and t.

PROOF. Note first that by the Schwarz inequality for expectations and (2.60)
we have

Var( N, [¢]) = / / PN PEES, (t)ug, (1)} dty dia
(3.71)

2
< ([ var Pt enipol i
and it suffices to get bound (3.69) for
Vi = Var{u,(t)}.
Denoting u, (1) = Tr exp{itl\/f }, where M is the GOE matrix, we write
Vo = E{’Lt\n(t)ufl‘[(_t)} + E{(Mnr(t) — Uiy (t))ﬁfl(_t)}
+ E{(une (1) — 40 (1)) (. (1) — U4y (=)} = K1 + K2 + K3.
We have, by the Schwarz inequality and (2.65),
(3.73) 1K1l <V2w[t|V)2, K| < V2wt V2 4 2w,

To estimate K3, we use the interpolating matrix (3.35) to write

(3.72)

it (1

(3.74) K3 = 0 A [A;l — Bé]ds,
where

1 " 1 1 —
375) Al=—— S E[W?P'®), B =—-— Y E[(W;d
( ) n s et { Jk n} n \/’m]%] { Jjk n}
with
(3.76) ), = Uj (s, )y, (=) — @, (1))

and U7 (s, t) being defined in (3.62).
Applying (3.6) with p =2 and

(W) = E{q);|M_;k(s):(s/n)l/zW+(1—s)1/2ﬁjk}

to every term

E{W() o) :/cp(W)WF},’?T(dW)
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of the sum in A}, (3.75), we obtain

2

(3.77) A=) T/ + ¢,
=0

where 7} is defined by (3.64) with @), of (3.76) instead of ®,(s) of (3.62), and

C n
(3.78) le2el < 22 3 sup [E[DYR()D(W))].
jk=11W|<stn
Since
E(D', (s)®}}
(3.79) =E{(uy, (—1) — Ty (=0)) D} () Ui (s, 1)}

+Z( ) D4(5) (e (=) — Ty (—1) D (UL (5. )

and by (2.28),
d .
(3.80) 8Tjkum(t) =2ifjrtUj (1),
the Schwarz inequality and (2.19) yield
(3.81) [E{D} ()@} < Ci(t)(V, > + ).

Here and below we denote by C;(¢) an n-independent polynomial in |¢| of degree /.
This and (3.30) imply [cf. (3.66) and (3.67)]

(3.82) T, =T/ +r/, [=0,1,2,
where Tl/ is defined by (3.48) with ®/, of (3.76) instead of ®,, of (3.46), K1, jk =0,
K2,k = (1 4+ 8j0)w?, k3 jk = 13, and
il < s LY (0, 4+ 1),
Taking in account (3.56), we have for sufficiently large n
(3.83) | <sV20md 3 w2 40,

We see that T = 0, and by applying (2.20) to B, of (3.75), we have T| = B,,.
Besides, since by (3.79)

1,2
Ty =" (E{(um 1) —73(—1) ( 23 p k(s)Uk<s,r>)}

Jj.k=1

+§(fl> { T3 DY) e (1) = (1))

Jj.k=1

x Dy (9)UF (s, t)}>,
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then using the Schwarz inequality and (2.19) to estimate the first term, and (3.80)
and the argument leading to (3.55) to estimate the second term, we obtain
T3] < C2()(V,* + 1.
It follows from the above for the integrand in (3.74)
(3.84) |4, = Byl < leae| + C2(0)(V, > + 1),
where &5, is defined in (3.78) and we have, in view of (3.79),

Copts
Y Sikt e,
k=1

(3.85) le2c| <

where

Sik=sup [E{(upy (=1) — ity (-1))
[W|<ty/n

X D?kU}k(sv f)|M;k(s)=(s/n)1/2W+(1—s)1/21\7jkH
and by (2.16), (2.19) and (3.80),
(3.86) leh,] < C3(1)

with C3(¢) of (3.81).
To estimate S, we repeat again the above interpolating procedure, and obtain
for every fixed pair {, k}

Sjk—3 sup / ds1 Z E{(si™"2PWT — (1 —51)712 W)
IWl<tyn pq 1
X CDZ|M;k(s)=(s/n)1/2w+(1—s)lﬂﬁjk} ;
where
(3.87) @) =UT (s1,)DR UL (s, 1), |®)] < C3(0).

By the condition |W| < t4/n and (3.87), two terms of the sum corresponding to
Wyg = Wi = W are bounded by C3(¢) for every fixed T > 0. Hence, applying
(3.6) and (2.20) to the rest of the terms, and using the notation Z;’ p for the sum
with {p, q} # {J, k} and {p, q} # {k, j}, we obtain

(3.88) Sip<C+2 qup f |A” — B”|ds;
2 \wi<rymd0
with
1 /
Ay = EZ E{W;SZ)Tq);t/|M]T-k(s):(s/n)l/2W+(l—s)l/zM k Z T/ + &5,

p.q
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and
2
w / 1
= > (1 +8,0)E{Dp, SOt 5)=(5/m 2 W+ (1—s) 1257 |
p.q

where [cf. (3.64)]
(1 D/2 ;
1 I .
I, = l'l’l(l+1)/2 Z KH—I pqE{qu(Sl)CDn|M;-k(s)=(s/n)1/2W+(1—s)l/zMjk}

and

Cojug
n2 ;}: Mlégn|qu(sl)cD |M’k(s) (s/m)\2W4(1—s) /2 M j3., M7 (51)= —uml-
Since |D§,q(s)<I>;{| < Ci43(1), then |e] | < Ce(1). Besides, in view of (3.30), we
have an analog of (3.82) and (3.83):

7}{;:]}//—{—7‘;/, l=0,1,2,

|2'[|<

where an argument, similar to that leading to (3.55), implies
Ty < Cs()n~"/?
We conclude that, for every t > 0,

1
sup |A” — B!|ds < C(t).
|W|<ty/n /0

Plugging this estimate in (3.88) and then in (3.85), we obtain in view of (3.86) that
lear]| < C7(2).

This, (3.74) and (3.84) imply inequality |K3| < C3(t) V> 4 Cg (1), which together
with (3.72) and (3.73) allow us to write the quadratic inequality for V,;:

Vi = 3V, + Cs(0)
valid for every fixed t > 0 and any real ¢ and implying (3.69). U

REMARK 3.3. A similar but much simpler argument allows us to prove that if

(3.89) We :=Sup max E{}W(")| } < o0,

1<j<k<n

then we have the bounds

2
(3.90) Var{~VN,[¢]} < C(wﬁ)(/(l + |t|3)|¢(t)|dt)
and

(3.91) Var(u, (1)} < C(we)(1 + [t*)?,
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where C(wg) depends only on wg. The proof is based on the representation
Var{u, (1)} = E{t, ()u, (=)} + E{ (un (1) — n () uy (=)},

the interpolation procedure, and the differentiation formula (3.6) with p =4 in the
second term.

Now we can prove the corresponding CLT.

THEOREM 3.6. Let M = n~'2W be the real symmetric Wigner matrix (3.1)—
(3.3), satisfying (3.38) and (3.56), and ¢ : R — R be a test function whose Fourier
transform @ satisfies (3.40). Then the centered linear eigenvalue statistic N,[¢]
[see (2.47)] converges in distribution to the Gaussian random variable of zero
mean and variance
2w 2_,,2 2

il d M) ,

K.
(392)  Vivielel = Voorlel + ﬁ( / ow

-2 4?2 — Mz
where Vgogle] is given by (2.48), and k4 = |14 — 3w* is the fourth cumulant of
the off-diagonal entries of W.

PRrROOF. Following the scheme of the proof of Theorems 2.2, we show that the
limit Z(x) of characteristic functions Z,(x) = E{exp(ixN,’[¢])} satisfies (2.55)
with Vgog of (2.48) replaced by Vwig of (3.92). In view of (3.59), it suffices to
find the limit as n — oo of the characteristic functions

(3.93) Znr (x) = E{en (0)}, ent (x) = exp{ix N, [¢]}
of the centered statistics N, [¢] of truncated matrix M* = n~12W7 of (3.27), and

T

then pass to the limit 7 — 0.
It is easy to see that formulas (2.57)—(2.64) with u,; and Y, (x, t) = E{u,; (¢) x
e, (x)} instead of u,, and Y, (x, t) of (2.61) and (2.63) are valid in the Wigner case

as well, and that (3.69) and (3.70) imply the analogs of (2.67) and (2.69) for Y,;:

(3.94) [Yor (x, )] < CH2(ug) (1 +|2)*
and
P 2
(3.95) ‘B—Ymoc, t)‘ < crw)( [a+ |r|4>|¢(t)|dz) ,
X

where C;(u4) depends only on T and 4.
To prove the uniform boundedness of dY,(x,?)/dt [an analog of (2.68)], we
note first that, by (3.1) and (3.68),

n
> E(Wi @),

(.96) Ve, 1) = B (€5, (1)) =
ot et

Sl
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where
(B97) @y =Uj (e, (x), D@, <Ci(t,x), 0<I<5

[see (3.50)]. Treating the r.h.s. of (3.96) as A,; of (3.63) and applying (3.6) with
p = 2, we obtain

B iw? &
(3.98) SV ) =—= > (1+8;0E{Djx®u}+ O(D),
j.k=1

where the error term is bounded by C3(¢, x) as n — oo in view of (3.7), (3.55),
(3.67) and (3.97). By using (2.17) and (2.72), we obtain for the first term of the
r.h.s. of (3.98)

t
ithn_lYm(x,t)—l—in/ E{n un: (t — t)Yor (x, 1) dty
0
t
+iw? fo E{n e (t — 1)ul, (11)eS, (x)} dny

— 2wl / HPEDER e (6 + 1) ene ()} i1,

where the first two terms are bounded in view of (3.94), the last term is bounded
by 2w?|x| [ |£1]|@(t1)| dt1, and the third term satisfies

(399 E{n une (t — t))ug (1)en, ()} < 2C: (ua) (1 + |1 )*
in view of (3.69). It follows then from (3.96)—(3.99) that, for any fixed 7 > 0,

d
(3.100) ‘aYnf(tsx)

< Cs(t,x).

Thus, we have analogs of (2.67)—(2.69), implying that the sequence {Y,.} is
bounded and equicontinues on any bounded set of R2. We will prove now that
any uniformly convergent subsequence {Y,,;} has the same limit Y;. To derive
the limiting equation for Y;, we treat Y,; as Y, of (2.63), and applying first the
Duhamel formula (2.14), write

i
Y'”(x’t):ﬁ/o ) E{W;Z)Iq)n}dtl
jik=1

with ®,, of (3.97) [cf. (2.70)]. Then an argument, similar to that leading to (3.63)—
(3.67) and based on (3.6) with p =3, yields

3
(3.101) Yor(x, 1) =i /O t (Z(n +11) +egf,n) d,

=0
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where [cf. (3.64)]
1 n
(3.102) Ti= s oo Kt BIDG @) 1=0,1,2,3,
: Jok=1
(3.103)  le3enl < TCa(t,x)

and r; satisfies (3.67) with s = 1. Besides, Ty = 0, T, satisfies (3.55), and the
contribution to 73 due to the term 9w48jk of k4, jk = k4 — 9w48jk [see (3.2) and
(3.4)] is bounded by C(¢, x)n~L. This allows us to write an analog of (2.71) with
additional term proportional to x4:

(B104)  Yur(x.0) =T, + T +Ecnlx.0)+o0(l),  n— o0,

where
(3.105) . —lw/ Z(l—i—(sjk)E{DjkCD }dti,

J.k=1

T . 1 3

(3.106) Tn =m4f0 el Z E{D3, ®,}d1,

jk=1

t

G.107)  Esentix) = fo E30n (11, X) di

and for any t > 0 the reminder term o(1) in (3.104) vanishes as n — oo uniformly
on any compact set of {r > 0, x € R}. The term Tr of (3.105) has the same form
as the r.h.s. of (2.71) of the GOE case. Since the argument leading from (2.71) to
(2.76)—(2.78) does not use the Gaussian form of W in (2.71), it is applicable in
our case as well and yields

ron= =20 [ [ B Yie o1 — e

+XZn[(X)Anr(t) _rnf(xvt)’

where v,,; = n_lE{um}, and A, and r,; are given by (2.77) and (2.78) with the
GOE matrix M replaced by the truncated Wigner matrix M*. Now it follows from
the Schwarz inequality, (3.69) and (3.40) that, for any t > 0, the reminder r,,; (x, 1)
vanishes as n — oo uniformly on any compact of { <0, x € R}. Besides, in view
of |v,¢| <1 and (3.58), lim,,_, 5o (V;: —V,) =0, VT > 0, and Theorem 2.1 yields
that, for any 7 > 0, the sequences {v,;} and {A,;} converge uniformly as n — oo
on any finite interval of R to v(¢) and A(¢) of (2.80) and (2.81). It follows also
from (3.93), Theorem 3.5 and (3.40) that

1Z, . ()] < |x| Var'/2{N,,. [o]}

< |x|cf<u4>/<1 @0 di < .
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Hence, the sequence {Z,,; },~0 is compact for any T > 0. Denoting the continuous
limit of some its subsequence {Z,,;},~0 by Z;, we have for any 7 > 0 uniformly
on any compact set of {# > 0, x € R}

t 51
(3.108)  lim T, = 2w2/ dtlf v(02) Yo (x, 11 —12) dty +x Zo (x) A(D).
n;—oo ) 0 0

L=

Consider now the term TKTM of (3.106) and note first that, in view of (3.58) and
(3.97), we can replace T}/, , by

t 1 n
(3.109) Teon =iK4/O =5 2 BDLWes(x))dn
k=1

with the error bounded by Cy(t, x)r_4L,(14)(t). It follows now from (2.17), (2.72),
(3.54) and (3.55) that the contribution to 7}, , due to any term of

n
n"2 3" DL (Ujk()e; (x)),
jok=1
containing at least one off-diagonal element U j, is bounded by C5(t, x)n~ L. Thus,
we are left with terms, containing only diagonal elements of U. These terms arise
from e, (x)Dijjk(t) and 3Dijjk(t)Dj2.ke;§(x) in the above sum, and, by (2.17)
and (2.72), their contributions to Ty, , are

K4 <~ (!
(3.110) n—;‘ > /O E{(Uj; * Ujj * U * Upg) (t1)e,, (x)} dty
jk=1

and

. n t
G S5 [l [ g, * Ui (DU + Uk t)en () dia
n* 42D

where we omitted ,313.,{, because the corresponding error term is O (n~"). It is easy
to see that the entries of U appear in (3.110) and (3.111) in the form

(3.112) E{v, (11, 2)v (13, t4) €, (x) }

and

(3.113) E{v, (11, 2)va (13, 12) € (x) },

where

(3.114) va(t1, ) =n"1 Y U (t)Ujj (1)
j=1

Since |Uj; ()| < 1,1 € R, we have
(3.115) v (t1, 12)] < 1.



1816 A.LYTOVA AND L. PASTUR

This, the inequality |e; (x)| < 2, and the general inequality
(3.116) E{I(6162)°1} < 2cE{I671} + 2¢E{I&;1},

where &7 , = &1, —E{§1,2}, and §1 » are random variables such that |§ 2| < c allow
us to write for (3.112)

IE{v, (t1, 2) v, (13, ta)e,, (x)}| < 4E{|v, (11, )|} + 4E{|v, (13, 1,4)]}.
By Lemma 3.1 below, we have
(3.117) E{|v2(11, )|} < C3(11, 12)n /4,

Thus, (3.112) vanishes as n — oo uniformly in ¢ and x, varying in any compact
set of R?.
Expression (3.113) can be written as the sum of (3.112) and

(.118)  E{v, (11, 2)vn (13, 1) }E{en (x)} = E{v, (11, 12) vn (13, 14)} 2, (x).

It is follows from (3.115) and (3.117) that E{v,(¢1, t2) v, (#3, t4)} can be written as
the product v, (#1, )V, (#3, t4) up to an error term bounded by C3(#1, tz)l/ 203 (3,
t4)1/2n_1/4, where

(3.119) vy (1, 12) = E{v, (11, 12)}.
In addition, we have, by Lemma 3.1 below,
(3.120) v (t1, 1) = v(t)v(2) + o(l),

where v is given by (2.80) and o(1) is bounded by C3(z1, t2)n~ /2.

We conclude from the above that the contribution of (3.110) to 7, ,, vanishes
as n; — oo uniformly in ¢ and x, varying in any compact set of {r > 0, x € R},
while in (3.111) we can replace U;; and Uy by v. As a result, we obtain

T, ;== lim T,
g = M Leany

(3.121) ,
— ixZe (V) /0 (v v)() diy / 0@ (12) (v % V) (1) d,

uniformly on any compact of {# > 0, x € R}.
In view of (2.83) and Proposition 2.1(iii), we have

1 .
(vxv)(t) = —5 /L ¢ f2(2)dz.

The integral over L can be replaced by that over the cut [—2w, 2w] of /72 — 4w?
in (2.36) and we obtain that

i 2w,
(3.122) (v*v)(t):—znlw4/2 et uy/A4w? — urdu
—2ZW
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or, integrating by parts,

1 2w, 2 2,2
(3.123) / P i

S = 7 4.
mtw* J 2w [4? — 2

Now the Parseval equation implies that

N 1 2w 2w? — 2
(3.124) /tgo(t)(v*v)(t)dt=—4/ () —=—=du =: B,
Tw —2w 4w2 _ MZ
thus,
T, =iBI(t)xZ:(x),
where
t
(3.125) 1(t) = / (v*v)(t)dt.
0

Besides, it follows from (3.104) and the convergence of sequences {Y,}, {Tuf2 nz}
and {TKTM”} [(3.108) and (3.121)] that the limit

(3.126) &3¢ (t,x) = lim &3¢ ,,(t,x)
nj— 00

exists uniformly on any compact of { > 0, x € R}, and we have by (3.103) and
(3.107)

(3.127) |63 (t, x)| < TCs(t, x).

This and (3.108) allow us to pass to the limit n; — oo in (3.104) and to obtain the
integral equation

t fn
Ye(x, 1)+ 20> / dn / v(t) — 0)Ye (x, 12) i
(3.128) 0 0
— xZ, (OLA®) + ks BI(1)] + €32 (1. %).

The 1.h.s. of (3.128) coincides with that of (2.82) and the r.h.s. of (3.128) is equal
to that of (2.82) plus two more terms. Thus, the solution of (3.128) is equal to the
r.h.s. of (2.86) plus two more terms, the contributions of the additional terms in the
r.h.s. of (3.128). The r.h.s. of (2.86) leads to the first term in (3.92) [see (2.87) and
the subsequent argument]. To find the contribution to (3.92) of the second term of
the r.h.s. of (3.128), we use the r.h.s. of (2.11) with R(t) = ikgyxZ,(x)BI(t), T1 of
(2.85), and (3.122). This leads to the term

ixZ:(x)B /Zw el Quw? — A2)

7} dxr
2w —2w  A4w? — 22
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in the solution of (3.128), where we used the relations

2w 1

d)r =0,

-/;Zw v/ 4w? — )\Z(K — [L)

2w 4?2 — )2

/—Zw ()» — /,L)
Then the limiting form of (2.62) and (2.57) yield the expression k4 B%/2, that is,
the second term of (3.92).

Let us consider the contribution C3;(¢, x) of the third term of the r.h.s. of

(3.128), which is given by the r.h.s. of (2.11) with R(t) = &3.(¢,x) and T1 of
(2.85). Integrating by parts, we obtain

di=—mu, || < 2w.

t
(3.129) Cs:(t,x) =T1(0)&3. (¢, x) —|—/0 T((t — )83 (11, x) d1;.

We have also
T1(t) = —JoQRuwr), Tl/(t) =2wJ1Qwt),

where Jy and J; are the corresponding Bessel functions, so that |7T(¢)| < 1,
|T/(1)| <2w, and

4
/() = ‘/—“: sinQut — /4 (1+00?), 11— 0.
T
By using this, (3.129) and (3.127), it can be shown that

(3.130) |C3c (2, x)| < TCs(t, x).
Now, the limiting form of (2.62) implies

(3.131) Z(x) = —x VwigZ7 (x) 4+ D3¢ (x),
where

Dye(x) =i / F(1)Caz (¢, x) dt
and, in view of (3.130)
(3.132) |Dse ()] < rc4<x>/<1 1P dr,

and Cjy is n- and t-independent polynomial in |x| of degree 4.
Since Z;(0) =1, we can replace (3.131) by

Zo(x) = e Wie/2 4 / "Wt D2 D () dy
0
and then (3.40) and (3.132) imply that
lim Z,(x) = e_VWigxz/z,
7—0

hence the assertion of theorem. [
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REMARK 3.4. (1) The proof of the CLT under condition (3.89) is much sim-
pler, because it does not use the truncation procedure.

(2) Another expression for the limiting variance of linear eigenvalue statistics
is obtained in [2]. In fact, the paper deals with the more general class of random
matrices that the authors called the band matrices and that includes the sample
covariance matrices with uncorrelated entries of data matrices of Section 4 be-
low. Thus, a rather general formula for the variance of linear eigenvalue statistics
obtained in [2] reduces to formulas (4.28) and (4.65) below.

It remains to prove the following:

LEMMA 3.1. We have under the assumptions of Theorem 3.6

(3.133) Var{v, (11, 1)} < C3(t1, 1) /n'/?
and

o Ci(t1,12)
(3.134)  E{ua(n1, )} =000 () + a1, 1), Irat, 02)] < =75,

where C), is a polynomial in |t;|, j = 1,2, of degree p with positive coefficients.

PROOF. We denote again ﬁ: n~12W the GOE matrix (2.23), U (1) = e”ﬁ,
Bu(t1.02) =n~' 3"_ Uj(t1)Uj(t2), and write

Var{v, (1, 12)} = E{v,(t1, )v;, (—t1, —12)}

(3.135) +E{(va(t1,22) = 0u(t1, 22)) vy, (11, —12) }
=: R1 + R».

The Poincaré inequality (2.17), (2.21) and (2.24) allow to obtain

(3.136) Var (D, (11, 1)} < 4w’ (1} 4 13)n =2

and

(3.137) Var{U,; (1)} < 2w’t*n"!,

hence,

(3.138) IRy < Ci(ty, )n™"

To estimate R,, we use again the interpolation matrix (3.20) and write

Ld1l
Rz:/ o 2 EUi . 0) UG, v (—11, — 1)) ds
0 asn j=1

i [ _ =
= 2n3/2f0 > E{(s UZW}Z) — (1 =) PWi)W(s, 11, 12)} ds,
k=1
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where
(s, 11, 0) = v, (—t1, =) (11U jx (s, 1) Ujjj (s, 2) + 12U ji (s, ) U} (s, 1))
and U (s, t) is defined in (3.46). We have by (2.20), (3.6) with p =1, and (2.19)
|Ro| < C3(11,1)n "2

[cf. (3.24)]. This, (3.138) and (3.135) yield (3.133).
To prove (3.134), we write

(3.139) E{v, (11, 2)} = E{Un (11, 22)} + E{va (11, 12) — Vn (81, 12)},

where the second term similar to term Ry above is modulo bounded by C3 x
(11, 12)n=1/2, R _

It follows from the orthogonal invariance of the GOE that E{U;;(¢)} = v,(¢),
so that

(3.140) Em(n,zzn=%n<z1>%n(rz>+E:n‘Zﬁjj(zoﬁ;’,-(zz) :
j=l

where by (3.137) the second term is modulo bounded by C (¢, r)n~!. Besides,
by using interpolation procedure, we can show that

(3.141) IE{D, (1) — v, (1)} < C3(t)n~ /2,
This, (3.139) and (3.140) yield (3.134). [

4. Sample covariance matrices.

4.1. Generalities. We again confine ourselves to the real symmetric matrices.
Thus, we consider in this section n x n real symmetric matrices
4.1) M=YTy, Y =n"%X,
where X = {Xg]'.”")};”’;’:l is the m x n real random matrix with the distribution

m n
(4.2) P (dX) =[] [T F™ (dXap).
a=1j=1

satisfying
/ XF(§7’">(dX) =0, / szoﬁ’}””) dX) = a>.

In other words, the entries {Mj(!],?’n)}’},kZI of M of (4.1) are

m
(m,n) _ —1 (m,n) y,(m,n)
Mg =n ZXaj Xok s
a=1
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where Xg}l’") eR,a=1,...,m, j=1,...,n, are independent random variables
such that

43 E(X\""} =0,  E[XVXG") = 8up8jua

() aj — Y, o Bk —aﬁ]ka.

A particular case of (4.1)—(4.3),

(4.4) M=YTy, Y=n'2%,

where the entries of X = {)?a j}g ’;': | are i.i.d. Gaussian random variables satisfy-
ing (4.3), that is,

m n
4.5) PdX)=Z, exp{—Tr X" X/2a*} [ [] dXa;.
a=1j=1

is closely related to the null (white) case of the Wishart random matrix of statis-
tics (see [21], Section 3.2). The difference is in the factor m~Y2 instead of n=1/2
in (4.4). In what follows, to simplify the notation, we will often omit the super-
script (m, n), and the sums over the Latin indexes will be from 1 to n, and the
sums over the Greek indexes will be from 1 to m.

We present first an analog of the law of large numbers for the sample covariance
matrices.

THEOREM 4.1. Let M be the real symmetric sample covariance matrix
(4.1)—-(4.3). Assume that for any t > 0

1
4.6 — / X2F™m(dX) — 0
(4.6) n? OIXJ: | X|>t/n “ @X)
as
4.7) n— 00, m— 00, m/n — c €0, 00),

and that {Xaj}ﬁ’;zl are defined on the same probability space for all m,n € N.
Then for any bounded continuous ¢ : R — C, we have with probability 1

4.8) im ' Wlel = f 9Ny p(dh),

m,n—o00,m/n—c

where N, [¢] is defined in (1.1), and

(4.9)  Nyp(dh) = (1= o) o) dr+ Q@ra*h) ™ /(A —a )(ay — 1), di

with a+ = a®>(1 £ /c)?, and x; = max(x, 0).

We refer the reader to [4] and [12] for results and references concerning this
assertion that dates back to [20]. Here we outline a weaker version of the theorem
on the convergence in mean in (4.8), basing it on the same ideas as in Theorems
2.1-3.2. We will need this assertion as well as the method of its proof.
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We start from the Gaussian case, that is, the Wishart random matrices (4.4) and
(4.5), and follow essentially the proof of Theorem 2.1. Introduce [cf. (2.37)]

4.10) fu(2)=E{g.()}), g(@=n"'TrGkz), G =M-2)"".

By using again the resolvent identity (2.40) and the Gaussian differentiation
formula (2.20), we obtain for f;, of (2.37)

1 1 o o~
fa@)==_+ i 2 ZE{xak(YG)auz)}

. _ -
=—+ 27 ZE{Dak(YG>ak<z)} Do = 3/9¥ar.

We have from (2.40) and (4.4) [cf. (2.42)]
4.11) Dok G jk = —(Y G)ak G jk — (Y G)aj Gk,

hence, by (2.44) [cf. (2.43)],
1 a? a?
fr@=——+ —fn (2) — —Elg, (2)n~ ' Tr G(2) M}

(4.12) )

_ a—E{n_2 Tr G2(2) M)
Z

or, after using the identity

(4.13) G()M =2zG(z) + 1,
we get
1 a2 a’
fu(2) = - + ?Cnfn(z) — 7E{gn(z)(zgn(z) + 1)}
2

_ :_ZE{n—l TrG(z)(zG(z) + 1)}
with
(4.14) Cn = m/n.

We need now the Poincaré type inequalities for the Wishart matrices (4.4) and
4.5):
(4.15) Var{N,[¢]} < 4a’E{n~' Tro'(M)¢' (M) M)

(4.16) < 4a*c, sup |9’ (W)|?
reR
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[cf. (2.25) and (2.26)]. They can be easily derived from (2.21) by using the formu-
las E{n~ ' TrM} = a?c, [see (4.3)] and

(4.17) Do Uji (1) = i (YU)aj * Ut) (1) + (YU % Uj) (1)),

(4.18) Dok Tro(M) = 2(Y ¢ (M))ak

[cf. (2.17) and (2.28)]. By applying (4.16) with (L) =n~'(A — z)~!, we obtain
[cf. (2.45)]

4

da*c,
(4.19) Var{g,(z)} < S~
n*|3z|

Thus, (2.40) and (4.12) allow us to write
hi@==z"" =’ (1 —e) fu(D) — P £7(2) + 7,
where

4abc¢, 2a?
n2|3z15  n|3z)?

This and the limit (4.7) yield an analog of (2.46):

lrnl <

(420)  za’fiyp@+ (z+a*(1 =) fup(2) +1=0,  Jz#0,

and since 3 firp(2)3Iz > 0, we obtain [cf. (2.36)]

4.21) fup(2) = (\/(z —ap)? —datc — (z+d*(1 — ©)))/24%z,

where the branch of the square root is fixed by the asymptotic form z + O(1),
Zz — 00, and

(4.22) am =a’(c+1).

This and inversion formula
Nyp(A)=limz~! f Sfup(h+i0)dA,
e—0 A

where the endpoints of A are not the atoms of Ny p, lead to (4.9).
The next step is to prove an analog of Theorem 3.1, assuming that

(4.23) az:=sup  max E{|Xé’}1’”)}3} < 00.

n l<a<m,l<j<n

To this end, we use again an “interpolation” matrix [cf. (3.20)]

424) M@s)=YT(5)Y(s), Y(s) =52y + (1 — )2y, s €[0,1],
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where Y and Y are defined in (4.1)-(4.5). We have, with the same notation as in
Theorem 3.1,

f2(2) = fa@)
d

1
(4.25) =/0 a—sE{n_l TrG(s,z)}ds

1 ~
- _n—3/2/ SE{(s X ot — (1 = )7 2Rt (Y ()G Yt} ds.
0wk

Since {Xo,j}&””;’zl are independent random variables satisfying (4.3) and (4.23),
and {X, i };":}1:] are i.i.d. Gaussian random variables also satisfying (4.3), we apply
the general differentiation formula (3.6) with ® = (Y (s)G')o; and p =1 to the
contribution of the first term in the parentheses of (4.25) and the Gaussian differ-
entiation formula to the contribution of the second term. As it was already several
times in the case of the Wigner matrices (see, e.g., Corollary 3.1 and Theorem 3.1),
the term with the first derivative of the general differentiation formula is canceled

by the expression resulting from the Gaussian differentiation formula, and we are
left with [cf. (3.24)]

R 1
F1@) = Fald) = /O J3en(s)ds,

where

Cias
1 < 55 3 sup (DG (YGakl,  Dak =0/3Yek;

o,k Ye m,n

where G = (YTY —2)~!, and M 18 the set of m x n real matrices. It suffices to
find an O(1) bound for Dik(YG/)ak. Since (Y G)qi is analytic in z, Iz # 0, then
the bound for (Y G’)yx follows from that for (¥ G)q and the Cauchy bound for
derivatives of analytic function. By using (4.11) and a little algebra, we obtain

D2, (YG)ak = —6G 14 (Y Gk + 6G 1k (Y Gk YGY ey +2(Y G2,

It follows from (2.40) that |G| < [3z|™!. Next, if G = (YTY —2)~! and G =
YYT —2)" L then YG=GY, and (YGYT)ge = (GYYT)yo = (1 + 2G) g [see
(4.13)], thus,

(4.26) |(YGY M gal < 14121327,
Furthermore, it follows from the Schwarz inequality that
@427 1Y Gkl = (GYTYG)? = (1 + 1211321 7/152)) 2.

Thus, ng(YG)ak is bounded uniformly in 1 <o <m, 1 <k <n, all m and n,
and z, varying in a compact set K C C\ R, and

172

le1(s)| < Cgn~ n— o0o,m— o0o,m/n— c € [0, 00),
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where Cg < oo depends only on K C C\ R.

In fact, a bit more tedious algebra and (4.26) and (4.27) show that, for every
l<a<m,1<k=<n(YG)u(z)isreal analyticinevery Yg;, 1 < <m,1 <j <
n and Iz # 0. Hence, all derivatives aék(YG)ak (z),1=0,1,..., are bounded by
Cikx,z€ K CC\R [cf. (3.25)].

This proves (4.9) under condition (4.23), that is, an analog of Theorem 3.1. To
prove (4.9) under condition (4.6), we have to use the truncation procedure analo-
gous to that of the proof of Theorem (3.2) and bounds (2.40), (4.26) and (4.27).

4.2. Central limit theorem for linear eigenvalue statistics of the Wishart ensem-
ble. Following our scheme of the presentation in the case of the Wigner matrices,
we start from the central limit theorem for the sample covariance matrices with
Gaussian entries, that is, from the Wishart ensemble (4.4) and (4.5). We confine
ourselves to the case ¢ > 1.

THEOREM 4.2. Let Nyl[¢@] be a linear eigenvalue statistic of the Wishart ma-
trix (4.4) and (4.5), corresponding to a bounded function ¢ : R — R with bounded
derivative. Then the centered random variable N, [¢] [see (2.47)] converges in
distribution as n — oco,m — oo, m/n — ¢ > 1 to the Gaussian random variable
of zero mean and variance

" 1 o+ ar /Ap\?
Wlsh“"]—m/a_ f (H)

4atc — (A1 — am)(h2 — am)
X
Vada*c — (A — ay)?Vaa*c — 0 —ap)?
where Ag is defined in (2.49), ax = a*(1 £ /c)? and a,, is defined in (4.22).

(4.28) dri1dig,

PROOF. We follow the scheme of the proof of Theorem 2.2. Namely, assume
first that ¢ admits the Fourier transform ¢ [see (2.53)], satisfying (2.54). We have,
similarly to the proof of Theorem 2.2, the relations (2.57)—(2.64). It follows also
from (4.16) with (1) = €'’* that [cf. (2.65)]

(4.29) Var{u, (1)} < 4a’*t*c,,

thus [cf. (2.67)],

(430)  |Ya(x, )] = [E{up (e (1)} < Var'2{u, (1)} < 2a%|t]c,/.
Likewise, we have the bound

(4.31) 10Y,(x, 1)/3x| < 4a*/c, sup |’ (M),
reR

following from (2.21) and (4.29) [cf. (2.69)], and the bound
(4.32) 10Y,(x,1)/3t] <2a°/c,(1 + Ca*t?)1/?
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with C depending only on ¢,, following from (4.5) and (4.15) [cf. (2.68)]. Hence,
the sequence {Y,} is bounded and equicontinuous on any finite set of R>. We
will prove now that any uniformly converging subsequence of {Y,} has the same
limit Y, leading to (2.55), hence to (2.51) and (2.52) with Vyyisn[¢] instead of
Veoel¢]. Applying the Duhamel formula (2.14), (2.20), (4.17) and (4.18), we ob-
tain

t t 1 g
Yn(x,z)=ia2cn/ Yn(x,tl)dtl—azn_lf dry | E{Tr MU (t))e(x)}dty
0 0 0

t f —
—a2n—1/ dtlf E{Tr MU (1) — 1) TrU (12)e2 (x)} d1a
0 0

—2a%xn7! /0 t E{Tr¢/(M)MU (1))e,(x)} dt;

or
t
Vo) =ian = 1) [ Yate,mdn
0
t
+ia’n™! / E{u) (t1)e (x)}t1 dty
(4.33) .
ian ™" [ Bl - mu e 0} di
0
+ 2ia*xn T E[Tr¢/ (M) (U (r) — 1)e, (x)},
where we used the formulas Tr MU (t) = —iu),(t) and

t 51
| dn [ 0 = o @es o) dn
t
=/(; E{(un(t — t1) — n)u,(t1)e, (x)} dt;.
This and an analog of (2.74) and (2.75) yield an analog of (2.76),

t t
Y, (x,t) —ia*(cy, — 1)/ Y, (x, 1) dt —2ia2/ Ut — 1) Y, (x, 1) dty
(4.34) 0 0
=2ia’xZ(x) f @' ) (@™ — DE{N,(dM)} + ry(x, 1),

where now v, = n~'E{u,} and

t
o) =" [ (V000 = Yt ) dy
t
(4.35) +ia*n™! / E{ul (1 — t)ul (t1)e (x)} dty
0

—2a*xn™! f@g’ﬁ(@)(Yn(x, t40) — Y, (x,0))d6.
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It follows from (2.54), (4.29) and (4.30) that r,, (x, 1) = O(n™ 1) uniformly in (x, 1),
varying in a compact set K C {x € R, ¢ > 0}. This and Theorem 4.1 imply that the
limit of every uniformly converging subsequence of {Y;,} solves the equation [cf.
(2.82)]

t
Y(x,t) —ia*(c — 1)/ Y (x,t)dt
0

—2ia® /t vup(t — )Y (x, 1) dt = xZ(x) A1),
0

where [cf. (2.80)]

ay .
/ e”k\/4azc— (L — am)22 " dx,
a

(436)  vyp() = lim T,() = 5

and [cf. (2.81)]

A(t) = 2a% / ¢ (@™ — )Ny p(dh)
(4.37)

1 t a X
_ __/ dr, f " et () JAatc — O — am)? di.
T Jo a_

Now an argument similar to that leading from (2.82) to (2.86) and based on Propo-
sition 2.1 and the formula
(4.38) Ump = fup

yields

ix

Y(x.1) = Zz(x) /M ¢ OoJ4adtc — (1 — am)>dh

T
(4.39)

it eitk

ay e
du.
X/“‘ Jaate — (= am)*(u— ) ’

Using this in (2.62), we obtain an analog of (2.87), and then an analog of (2.55)
via (2.58) with Viyigh of (4.28) instead of VgoE, that is, an equation for the limiting
characteristic function. Since the equation is uniquely soluble, we have finally

Z(x) = e_XZVWish[(ﬂ]/z,

that is, the assertion of the theorem under condition (2.54). The general case of
bounded test functions with bounded derivative can be obtained via an approxima-
tion procedure analogous to that of the end of the proof of Theorem 2.2 and based
on (4.16). O

REMARK 4.1. (1) The proof of Theorem 4.2 can be easily modified to ob-
tain an analogous assertion for the Laguerre ensemble of Hermitian matrices
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M = n~'X*X, where the complex m x n matrix X has the probability distrib-
ution [cf. (4.5)]

m n
PdX) = Z,,exp{—Tr X*X/a*} [] [] d9%Xa; d3Xa;.
a=1j=1

The result is given by Theorem 4.2, in which Vs, is replaced by Viag = Viwish/2.
(2) It follows from the representation of the density p, of E{N,} via the La-
guerre polynomials that (see [19], Chapters 6 and 7)

Pn(X) < Ce "

for finite ¢ and C and A sufficiently big. This bound and the approximation proce-
dure of the end of proof of Theorem 2.2 allows us to extend the theorem to C! test
functions whose derivative grows as C 1e€1* for some ¢; > 0 and C; < 00.

4.3. Central limit theorem for linear eigenvalue statistics of sample covariance
matrices: the case of zero excess of entries. We prove here an analog of Theo-
rem 3.4 for the sample covariance matrices.

THEOREM 4.3. Let M be the sample covariance matrix (4.1)—(4.3). Assume
the following:
(i) the third and fourth moments of entries do not depend on j, k, m and n:
(m,n)\3 (m,n)y4y,
(4.40) us=B{(XSY). =B

@i1) forany T > 0,

(4.41) LW (r):= n_ZZ/ X*F(dX) — 0
“ J1x
o,

|>t/n

asn— 0o,m— 0o, m/n— c€l[l,00);
(ii1) the fourth cumulant of entries is zero:

(4.42) k4 = pa —3a* = 0.

Let ¢ : R — R be a test function whose Fourier transform satisfies (3.40).

Then the corresponding centered linear eigenvalue statistic N,7[¢] converges in
distribution to the Gaussian random variable of zero mean and variance Vyish[¢]
of (4.28).

PROOF. We follow the scheme of the proof of Theorem 3.4. Thus, in view of
Theorem 4.2, it suffices to prove that if subsequently

(4.43) m,n — 0o, m/n—cell,oo) and 7 —0,
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then [cf. (3.60)]
(4.44) Ry, (x) = E{e" N 9l) _ (e Nilely s 0,

where N, [¢] is a linear eigenvalue statistic corresponding to the truncated matrix
[cf. (3.27)]

MT:(YT)TYT, Yr:nfl/ZXr,
(4.45)

X' = {X;j = sign Xg;l’") max{{Xg?’")}, rnl/z}};'ii;q:l
and the statistic cXf;[cp] corresponds to the Wishart matrix YTY of (4.4). By using
interpolating matrix [cf. (3.35) and (4.24)]

M*(s) =Y (s)Y"(s),
(4.46) R
Yi(s)=s'2Y" + (1 —5)/?Y, s e[0,1],

we have [cf. (3.43)—(3.46)]

1
4.47) R, (x) = —x/o dsftgo(t)[An — B,ldt
where now
Ay = \/— ZE{XakCDak(S)} B, = m ZE{Xakq)txk(s)}
with
(4.48) Doi(s) =€, (s, X)X (HU(s,1)ak

and e, (s, x) and U (s, t) are defined in (3.62) in which M7 is given by (4.45) and
(4.46). We have, by (2 20),

=— ZE{Dak(S)q>ak(S)} Dy (s) = 3/3Y 5. (s)
o,k
and, by (3.6) with p =3 [cf. (3.63)-(3.65)],
3

Ap = Z Tir + €3¢,
=0

where now

sU=D/2
(449)  Tir = 7~ (MWZ% kE{DL () Pk ()}, 1=0,1,2,3,

Kl,ak is /th cumulant of X[, , and

Ciugt
lese| < 2 Z |E{Dak(s)‘bak(s)|yf (s):(s/n)'/2X+(1—s)1/2)70,k}|
ok |X\<Tf
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in view of E{| X7, °} < t/nja.

In what follows we omit s and denote Dyr = Dy (s), U(t) = U(t,s), etc. Let
us prove the uniform boundedness of derivatives E{D(lx « Pak}, I <4, that will allow
us to obtain analogs of (3.65)—(3.67). We have, analogously to (4.17),

(4.50) Do Ujk (1) =i (YT D)k * Uj) (1) + (YU ) j * Urk) (1)),
.51) Dagen(x) = —2xey (x) / 05(0) (Y™ U)or (8) d6,
Dor (YU )i (1) = Ui (8) +i ((YTUY ™) g % Upt) (1)
F (YU )k % (YU )a) (1)),

(4.53) Do (YUY ™ ) (1) = 2(Y * U)ok (1) + 20 (YUY ™ g 5 (YU k) (0).
Since by (2.16)

(4.52)

12
@I aoi=(S05?) 10U Twol = Lo
J j

then, iterating (4.50)—(4.53), we have

1 ) (+1)/2
(4.55) | Dy Pk < Cz(hx)(Z(YJj) )
j
and by (4.46),
Ci(t. x) 1+1)/2 . (I+1)/2
/ l 2 2
[E{ Doy Pk} = WE{(Z(X@ ) + (Dxaﬂ ) }
J J

[>0.
Now the Holder inequality implies the bound

+h/2 (I+1)/4
n—(H—l)/ZE{(Z(X(‘;])Z) } < n—lE{Z |X(‘;J|l+1} < Iy / , lf 3’
J J

and analogous bounds for {5(\“ i}, thus,
(4.56) [E{D ®er}] < Ci(1),  1<3,
In the case where / = 4 a similar argument and (4.55) yield

4
sup  [B{ Dy Paklyr —(s/m12x+(1—5)127,3 }
|X|<ty/n

5/2

< Calt, x)n—5/2<(rﬁ)5 + E{ (Z(X;j)2> +n¥2y |)?aj|5})
J#k j

< Cy(t, x),
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where we took into account that we have, by the Holder inequality and condition
T
1Xg,l =< T/n,

n—S/ZE{ (;{(X;j)zf/z}

3

< n~52E5/6 Z(ng‘)z
T (S |

3.5/6
<n/? <ZE{(X;J‘)6} + 32“‘1%’ ZME,W’ + <Z ME"”) )
j i J /

< n_5/2(12n2u4 + 3nzud4a2 + n3a(’)5/6 <C<o

with n-independent C. We conclude that
(4.58) lese| < Calt, x)T

[cf. (3.65)]. Besides, (4.56) and an analog of (3.30) for X,; allow us to obtain for
T;. of (4.49) an analog of (3.66) and (3.67):

(4.59) Ty =T+,
where now
S(l—l)/2 ;
(4.60) Ti= s kaz+1,akE{Dak(s)<I>ak},
o,
(4.61) I < Ci(t, x)T' LY (7).

We have Ty = T3 = 0 (recall that 1,4k = k4,4k = 0), T1 = B,, and, in view of
Lemma 4.1 below, T, = o(1) [cf. (3.55)]. Hence,

An = Bn + &3¢ +0(1),

where the error term is a polynomial in |7| and |x| of degree 3 at most that vanishes
as m,n — 0o, m/n — c¢ uniformly in ¢ and x varying in a compact set K C {r >
0, x € R}. This, (3.40), (4.47) and (4.58) imply (4.44) and complete the proof of
the theorem. [J

REMARK 4.2. A similar argument leads to the proof of the CLT for linear
eigenvalue statistics of Hermitian analogs of (4.1)—(4.3), satisfying (1.5). The vari-
ance of the corresponding Gaussian law is Viyish/2, where Vg, is given by (4.28).
For real analytic test functions this formula is a particular case of the variance, ob-
tained in [5] for random matrices n ' X*T X, where X is a complex matrix with
i.i.d. entries, satisfying (1.5) and (4.3), and T is a certain Hermitian matrix.
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LEMMA 4.1. We have under the conditions of Theorem 4.3
12y,
(4.62) n="— Z E(D2, (¢5 () (YU (1)at)} = o(1)

asm,n — oo, m/n — c.

PROOF. By using (4.50)—(4.53), it can be shown that the assertion will follow
from

T, = o(1), p=1,23,
with
Ty =n"2Y E{(X"U)ax(t)},
o,k

T =n"Y E{(X"U)ak (1) (X U)ok (12)(XT U)ok (13)},
o,k

T3=n"Y E{(X"UX)aa(t)(X"U)ak(12)}
o,k

[cf. (3.54)]. The Schwarz inequality, (2.16) and (4.3) yield

) E{;(; Ujk(tl)) (2&: Xéf)}’

|21l =n"

< anl/z{Z’Z Uji(t1)
ik
and [see also (4.57)]

2
—5/2¢1/2
|T2| <n /E/{ Z (Zxom aj Oéjz) }

J1sJ2:J3

PR (S0) 3 X (Serg, )

J JiF#jp - @

SIID DRID MR
N#ERFEBRFEN *

Q}EI/Z{Z(Z X;j)z} JR—

<C@@*+ Hn~1/?
At last, by the Cauchy—Schwarz inequality, (2.16), (4.3) and (4.54), we have

1

5”_5/2E1/2{Z<Z(X(§j)2>2}E1/4{Z(ZXT X;ﬂ) }Scn—l/{
o N7

I

Tyl < n—3E1/2{Z |(XfUXfT)aa(z1)|2}E1/2{ Uak(t2)
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This completes the proof of the lemma. [

4.4. Central limit theorem for linear eigenvalue statistics of sample covariance
matrices in the general case. Here we prove the CLT for the linear eigenvalue
statistics of the sample covariance matrix not assuming that the fourth cumulant
of its entries is zero [see (4.42)]. We use the scheme of the proof of Theorem 3.6
based on general differentiation formula (3.6) and the “a priory” bound (3.70) for
the variance of statistics. Here is an analog of the bound for sample covariance
matrices.

THEOREM 4.4. Let M be the sample covariance matrix (4.1)—(4.3) satisfying
(4.40) and (4.41), M™ be corresponding truncated matrix (4.45), and

unr = Trexp{itM®}.

Then for any t > 0,

(4.63) Var{u,; (1)} < Cy(g) (1 + 112
and

2
(4.64) Var(Np:[¢]) < C: (m)( [a+uiea) dz) ,

where C;(iu4) depends only on t and 4.

We omit the proof of Theorem 4.4, because it repeats with natural modifications
the proof of Theorem 3.5 for the Wigner case, and is again based on the use of the
interpolation matrix (4.46) and known bound (4.29) for the Wishart matrix.

THEOREM 4.5. Let M be the sample covariance matrix (4.1)—(4.3) satisfy-
ing (4.40) and (4.41), and ¢ : R — R be the test function satisfying (3.40). Then
the centered linear eigenvalue statistic N,’[¢] of M converges in distribution, as
m,n — 0o, m/n — c € [1,00), to the Gaussian random variable of zero mean
and variance

K4 et W —am 2
(4.65)  Vsclel = Vwishleol + —5—= @) du) ,
demr?ad \Ja_ \/4a4c — (1 — ay)?

where Viishl@] is given by (4.28), k4 = 14 — 3a* is the fourth cumulant of entries
of X.

PROOF. Using the notation of the proof of Theorem 3.6, we note first that,
according to Theorem 4.4 analogs of estimates (3.94) and (3.95), yielding the
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uniform boundedness of Y,; and 9Y,;/dx remain valid in this case. To estimate
Y. /0t, we write [cf. (3.96)]

o Y 1) = f ZE{X Dok}

with
(4.66) ®gp = (Y UDr(0)eS, (x),  |E{DL, ®ei}| < Ci(1,x),  1<5,

and by using (3.6) and (4.59)—(4.61), we obtain an analog of (3.98):

Yor(x,0) =T1+0(1), Ti=— ZE{Dak%k}

d
ot "

where, in view of (3.7), (4.61), (4.62) and (4.66), the error term is bounded by
C>(t, x) in the limit (4.7). The term 77 was calculated while deriving (4.33):

Ti =ia’c, Y (x, 1) +ia*tB{n~"u, (1)e, (x)}
+ia / E(n "), (t — 1)t ()€, (X)) it
—2a%x / n@DER™ ! (1 + 1)en (x)} d1y.
We also have, by (2.16) and (4.3),

E{ln "', (1)*} =n2E(|ITt M U™ (1)|*}

() e

(4.67)

and, by integrating by parts,
/ =", (1 — t)une (11)eS, (0)} diy
=/0 E(nu,(t — 1)} Yo (x, 1) diy

t
4 fo B, (t — t)n~ul, ()€l (x)} dy,

where the r.h.s. is uniformly bounded in view of (4.63) and (4.67). Hence, T} is
uniformly bounded for any > 0, and so does d/0tY,,;. This and analogs of (3.94)
and (3.95) imply the existence of a subsequence {Y,,.} that converges uniformly
to a continuous Y;.
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Now an argument similar to that leading to (3.104)—(3.106) yields an analog of
(3.104):

Ynf(x9t): at2n+TK2,n+83T,n(t9x)+0(1)7
(4.68) ’

n,m— oo,m/n— c,

where the terms on the r.h.s. are given by the r.h.s. of (3.105)—(3.107) with a?
instead of w2(1 + 8jk), Pux of (4.66), and for any T > O the reminder term o(1)
vanishes in the limit (4.7) uniformly on any compact set of {r > 0, x € R}.

The term Ta’2 , Was in fact calculated in the proof of Theorem 4.2 and is equal
to Y,(x,t) of (4.34) and (4.35) with the Wishart matrix M replaced by the trun-
cated sample covariance matrix M. Using (4.63) to estimate the reminder term r;,
of (4.35), and noting that by an analog of (3.58) v,; — vy p in the limit (4.7), we
get an analog of (3.108) in the same limit:

t
TY —>ia2(c—l)/ Yo (x, 1) dt
a“,n 0

t
—|—2ia2/0 vmp(t —1)Y:(x,1)dty +xZ.(x)A(t)

with A(¢) defined in (4.37).
Consider now the term TKT’n of (4.68), given by (3.106) with @, of (4.66).
It follows from (4.50)-(4.53) and an argument similar to that of the proof of
Lemma 4.1 that the contribution to 7}, , due to any term of n2Y o D3y @k,
containing at least one element (Y*U%)q, vanishes as m,n — oo, m/n — c.
Thus, we are left with the terms, containing only diagonal elements of U’ and
YTUTY'T . These terms arise from ey, ng(YTU’)o,k and 3Dak(YTUT)O,kD§keZ[,

and by (4.50)—(4.53), their contributions to 77, , are [cf. (3.110) and (3.111)]

K4,n

K t
—n—‘;/O S E{(IUf +i(YTUTY T )gq % UG
ok

(4.69)
$ (UG +i(YTUTY e % URD) ()€l (x) ) diy
and
[XK4 ! T vrrrtvtT T
_72E 6',1-,;()(?)‘/0 (Ukk+l(Y Uy )O{O!*Ukk)(tl)dtl
k
(4.70) :

X /tz@(tz)(Ukrk + l'(YrUTYrT)aa * Ukrk)(l‘z) dtz}.

Thus, the entries of U and YUY "7 are present here in the form [cf. (3.112) and
(3.113)]

(4.71) Kpo =E{vn: (t1, 12)wp n (13, 14) e, (X)}, p=0,1,



1836 A.LYTOVA AND L. PASTUR

and

4.72) Kp = E{v, (11, t2)wp,n(t3’ 14)enc (x)}, p=0,1,

where v,;(#1, ;) is defined analogously to (3.114) and satisfies an analog of
(3.115), and

(4.73) Wpa(t3, 1) =n"1 Y (YUY ) (t3) (YUY )P, (14)

satisfies
(I+p)
[E{wp, (13, ta)}] < "(2+p)E{Z(Z(X§‘j)2> } =
o N

by (4.3) and (4.54). Since the expectations of v, (t1, %) and w ,(t3, #4) are uni-
formly bounded, and by Lemma 4.2 below their variances vanish in subsequent
limit (4.43), then, applying the Schwarz inequality and (3.116), we conclude that

Kpo=o0(1),
4.74)
Kp = Znr (X)) (11, tZ)E{wp,n(t3s t4)} +o(1), p=0,1

[cf. (3.118) and (3.119)], where the error terms vanish in the limit (4.7) uniformly
in (t,x) € R?. Using the interpolation argument similar to that in the proof of

Lemma 3.1 with the GOE matrix replaced by the Wishart matrix, we get an analog
of (3.120):

4.75) lim Vne(t1, ) =vpmp(t)vpp(22).

m,n—o0,m/n—c

To find the limit of E{wg ,(#3, 4)}, we note that

E{wo (63, 12)) =i "', (13),

where v, (¢) converges to vy p(¢) as m,n — oo, m/n — c, and that by (4.67) and
a similar argument, the sequences {v),, (¢)} and {v), . (t)} are uniformly bounded, so
that we have

lim E{@ (1)} =i, p )

m,n—00,m/n—c

uniformly in #, varying in a finite interval. Furthermore, it can be shown by an ar-
gument, used not once before and based on (2.14), (3.6) and relation (4.80) below,
that the functions

lim ELYTUT( ) o (1))

and

m,n— o0

lim E{m—‘ Z(Y’Uf(Y’)T>aa(r>} = (ic)""Viyp ()
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satisfy the integral equation

t
h(t) :avap(l) + iaz/(; h(t —t)vyp(ty)dt.

This and Proposition 2.1(v) imply that the functions coincide, and we obtain, in
view of (4.80),

. -1
lim E{wi (13, 12)} = —c™ Uy p (t3) V) p (14).
m,n—00,m/n—c

We conclude from the above that the contribution of (4.69) to T, ,, vanishes as
n; — oo uniformly in ¢ and x, varying in any compact set of { > 0, x € R}, while
in (4.70) we can replace Ug by varp and (YTUTY ™)y by (ic) ™! vy, p- We obtain

t
(4.76) lim TKZ 0= —c Yeyx 7, (x)C[(p]/ Ay, (t1)dn,
m,n—00,m/n—c ’ 0
where
t
@.77) A = conp®) + [ vup@ =)y p(0)dn.
(4.78) Clol =i / 19(1) A, (1) dt

or, in view of Proposition 2.1, (4.20), (4.21) and (4.38) [cf. (2.81)],

1 at .
A, (1) = WL e‘“t\/4a4c — (W —ap)?du.

Plugging the last expression in (4.78) and integrating by parts, we get

1 at n—am
Clol=— ()
27‘[&4 -/a_ \/4a4c—(,u—am)2

This, (4.68) and (4.76) lead to the integral equation for Y7 (x,¢) [cf. (3.127) and
(3.128)]:

du.

t t
Yr(x,t)—iaz(c—l)/ Y,(x,tl)dtl—ziazf vup(t — )Y (x, 1) dt
0 0

- —xL(x)(A(r) eyl | Am(rl)dn) 63t ),

where &3, satisfies (3.127).

Now, to finish the proof, we have to follow the part of the proof of Theorem 3.6
after (3.127) to obtain (4.65). [

LEMMA 4.2.  We have, under the conditions of Theorem 4.5 in the limit (4.7),
4.79) Var{U}, (1)} = o(1),
(4.80) Var{(YTUTY "))} = 0o(1).
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PROOF. The proof of (4.79) repeats with natural modifications the one of an
analogous assertion for the Wigner matrix (see Lemma 3.1). It is based on the
interpolation procedure and following from the Poincaré inequality (2.21) validity
of (4.79) for Wishart matrices.

To prove (4.80), we consider

Ve (11, 12) = B{(YTU (Y ) )ge () (YTUT (Y TS, (12)),

putting in an appropriate moment t, = —t; to get Var{(Y UT(Y")T)aq (f1)}. We
have, by (3.6) and (4.56),

Var(t1,02) =072 E{ Xk (Y U Dk (1) (YU (Y )5 (1))
k

= 1 Y EDak (YU )t () (Y UT (YD) (02} + 61,
k

where |e17| < u4C>(¢, x) by an argument similar to that used in (4.57) and, by
(4.52) and (4.53), the sum on the r.h.s. is

t
i/(; lﬁnt(tl — S)Vnt(S, 2‘2) ds + E{vnr (tl)(YTUT(YT)T);a(tZ)}

1
+i / E(vS, (11 — ) (YUY )o(s)(Y U (Y1), (12)} ds
0
+itin WV (11, 12) + 20 TB{(YTUTY )y (11 + 1))
15}
+2in_1/ Ve (t1 + 5,0 — s)ds.
0

It follows from (4.3) and (4.54) that V,.(f1, ) and E{(Yth(Yt)T)ia(t)} are
uniformly bounded. This, the Schwarz inequality and (4.63) imply that

E{v, () (YU (Y2 ()} = 0™ )
and
IE{vg, (11 — )Y U (Y ) Daa ($)XYTUT (X)) (12)}]

< E{Ivﬁf(h - SN(Z(YJJ’)Z)Z}
J

2
BV (1 — s)|2}E1/4{|vZT(t1 —s)I2<Z<YJj)2> }

J
3
x El/z{ (Z(Y;j)z) } =0 '?)
J

as m,n — oo, m/n — c. Besides, a bit tedious but routine calculations, simi-
lar to those in the proof of Lemma 4.1, yield the boundedness of derivatives of
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Vaur (21, t2) for any T > 0. Thus, there exists a subsequence (m;, n;) such that the
limit V (#1, t2) = limy;; n;— 00 Vi, (t1, 2) €Xists and satisfies the equation

n
Vi, 1) =i f Tt — $)V (s, 12)ds.
0

Now Proposition 2.1 implies that V (¢1, ;) = 0. This completes the proof of the
lemma. [
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