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SUMMARY

The results of a survey of classical Cepheids are presented. The masses and
luminosities of the models in the survey were chosen to correspond to where
the evolutionary tracks of 5—9M, stars cross the Cepheid strip. The effect of
helium content on the position of the high T boundary of the instability strip
is examined and it is found that for every 15 per cent increase in helium (by
mass) the strip shifts by ~600°K to higher T..

Three different modes of pulsation are investigated for instability—
fundamental, first and second modes. The existence of second mode
instability is confirmed for three stars all of which have a period less than
two days.

The presence of secondary bumps in the light and velocity curves was a
prominent feature of many of the models. However, in no case did the bump
occur (for a given period) at the phase expected from a comparison with
observation. The only way in which the phase of the bump can be brought into
agreement with observation is for the mass, at a given luminosity, to be
reduced by a factor ~2 compared to the evolutionary calculations.

I. INTRODUCTION

There is a wealth of observational material on classical Cepheids not only in our
own Galaxy but also in external systems. The accumulation of data on their periods,
amplitudes, light and velocity curves has led to fairly well established relations
between these parameters, e.g. period-amplitude, period-colour and period-phase
of bump relations. The phase of the bump here is defined as the time, measured as a
fraction of a period by which the maximum luminosity of the bump lags behind the
instant when the luminosity curve passes through its static value on the ascending
branch. Observationally, this  static value’ can be calculated by integrating the
luminosity curve throughout one complete cycle and then dividing by the period.
However, the one relation that is not so well established is the period-absolute
magnitude relation and this relation is fundamental to any work involving Cepheids
as distance indicators. The principal uncertainty lies in the zero point of this relation
of which the best determination, at present, rests solely on the five Cepheids known
to exist in galactic clusters. As classical Cepheids in the past have been used
principally as distance indicators, it is imperative that the zero point of the period—
absolute magnitude relation be established as accurately as possible.

In order to compare the group properties of Cepheids in theory and in observa-
tion, we ran a survey covering a range of mass, luminosity, effective temperature and
chemical composition. (‘The technique used to calculate the full amplitude pulsation
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of a variable star is described in Paper I of this series.) From this survey we hoped to
be able to determine the chemical composition and the mass-luminosity relation of
these variables, both of which are essential for deriving the period-luminosity (or
period—absolute magnitude) relation. It is also important to know whether or not this
relation is constant from one galactic system to another, particularly as there are well
known differences between the short period Cepheids in the Small Magellanic
Cloud and in the solar neighbourhood.

Observationally, Cepheids exhibit a well defined sequence of secondary bumps
in both the luminosity and velocity curves. The phase of the bump decreases as the
period increases and coincides with maximum luminosity at a period of approxi-
mately 10 days. It was expected that the non-linear calculations could develop
similar bumps and comparison with observation would lead to more insight into the
nature of these stars.

2. THE SURVEY

The survey of classical Cepheids was specifically designed to determine the mass
and chemical composition of these variables and position of the instability strip in
the HR diagram. Because of the large number of parameters which can be varied in
this survey, e.g. the mass, luminosity, effective temperature, chemical composition
and the particular mode of instability, it is advantageous to find some way of
restricting this variation. One way is to take well observed Cepheids (Kraft 1961)
with a given M, and (B— V') and then try to fit the mass to give the observed period.
This is precisely what Christy (1966c) has done in examining models of § Cephei
and 7 Aquilae, where the observational parameters for these two stars were taken
from Oke (1961a, b). A second possible way is to take models from the evolutionary
tracks of Hofmeister (1967) and Iben (1965, 1966a, b, c) and examine their
instability. It is this latter method which has been adopted for the main survey
because of the uncertainty in the absolute magnitude of observed Cepheids.

From the evolutionary calculations of 5-15M it is known that they cross the
Cepheid strip at least once in their evoultion up the red giant branch. Although
there is not a unique mass—luminosity relation when a given star crosses the strip
more than once, usually one crossing is considerably longer than the others so that
the majority of observed Cepheids are likely to satisfy some mass-luminosity
relation. Hence with each mass we have associated a single luminosity (since the
tracks are almost horizontal across the strip) corresponding to the crossing of
longest duration and these values are listed in Table I.

TaBLE 1
Mass—luminosity relation of classical Cepheids from evolutionary
calculations
MM L/L ,
5 1000
6 2500
i 5000
9 10 000

The luminosity for M/M , = 6 is an interpolation between the 53 4 and 7M
values since no star of this mass was evolved up the red giant branch. The range in
luminosity corresponds to a range in My of 2™-5 which covers most of the observed
strip. Hofmeister (1967) has shown that these evolutionary tracks depend on the
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value of the heavy element content, Z. The lower Z is the lower the luminosity at
which a given star crosses the strip and the second and higher crossings may no
longer exist. The above mass-luminosity relation corresponds to Z = 0-044.

In order to determine the effect of helium content on the position of the strip,
we have examined the three compositions indicated in Table II, all with heavy
element content Z = 0-04. We have examined for instability models satisfying the
mass—luminosity relation of Table I with the three chemical compositions of Table
IT. Implicit in this is the assumption that the helium content does not affect the
mass-luminosity relationship. Our conclusions concerning the effect of helium
content on the position of the instability strip could be affected by this assumption.

TasLE I1
X Y
o-81 0I5
o0-66 0-30
o-51 0°45

Given the chemical composition and the particular combination of mass and
luminosity, a sequence of models of different T, were run across the strip. As the
observed strip appears to be not wider than A(B— V) = o™-3 (corresponding
roughly to 700°K), the unstable models which were examined over a range of
~ 1000 °K should adequately cover the strip. Moreover to examine models at lower
effective temperatures is not worthwhile since convection begins to transport a large
fraction of the total flux in the atmosphere. The difference in T, from one model to
the next was chosen to be 300°K since this value gave 3 or 4 unstable models for
each sequence and also enabled the left hand edge of the strip to be determined
fairly accurately.

The static parameters of the models in the survey are listed in Table III. For
each model we have given its mass, luminosity, effective temperature, radius and
bolometric magnitude. The mass, luminosity and radius of the sun are taken from
Allen (1963) and the bolometric magnitude of the sun, Myo1 = 477, from Stebbins
& Kron (1957). The last two columns of the table give the visual magnitude and the
colour which are required for any comparison between the observed and theoretical
HR diagrams. The visual magnitude and the colour are related to the bolometric
magnitude and the effective temperature by the following relations:

log Ty = 3-886—o0-175(B—V), o30<(B-V)<r115
Myor—My = —o0116+0'583(B—V)—0704(B—V)?

taken from Kraft (1961). Although the range of application of these relations is
0:30<(B— V)< 115 we have assumed that they hold over the range

ocoo<(B-V)<123.

We have also assumed that these relations, which are essentially derived from Oke’s
(1961a, b) observations of 8 Cephei and 5 Aquilae, apply over the length of the strip
investigated (period range 1—30 days). The slope of the T, — (B — V) relation is well
determined but the zero point of the relation is sensitive to the type of model
atmosphere fitted to Oke’s results, e.g. the T, for a given (B— V) can be lowered by
about 150°K if line effects are included in the model atmosphere calculations. The
second equation, over the range of (B— V') we are interested in, gives bolometric

31
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TasBLE 111
Parameters of static models in the main survey
Star M|/M, L/L, T R/R, Moo My BV
1a 5 1000 7700 17°93 —2°730 —2-61 000
1b 5 1000 7400 19°41 —2°730 —2°67 o-'I10
ic 5 1000 7100 21:09 —2°730 —2°70 0°20
1d 5 1000 6800 22°99 —2-730 —2°73 0-30
ie 5 1000 6500 25-16 —2+730 —272 0°42
if 5 1000 6200 2766 —2730 —271 0°54
1g 5 1000 5900 30°54 —2°4730 —2-68 0-66
1h 5 1000 5600 33°90 —2-4730 —2-62 o*8o
2a 6 2500 6800 36-35 —3°725 —3'72 0-30
2b (] 2500 6500 39-78 —3°725 —3°71 0°42
2¢ 6 2500 6200 4373 —3+725 —3+70 0°54
2d 6 2500 5900 4829 —3725 —3-67 066
2e 6 2500 5600 5360 —3°725 —3-61 0-80
3a 7 5000 6500 5626 —4°477 —4'47 ©0'42
3b 7 5000 6200 61-84 — 4477 —4-46 0°54
3¢ 7 5000 5900 6829 —4°477 —4'43  ©-66
3d 7 5000 5600 7580 —4°477 —4'37 ©o°8
3e 7 5000 5300 84-62 —4°477 —4°30 093
3f 7 5000 5000 95-08 —4°477 —4-18 1-08
3g 7 5000 4700  107°6 —4°477 —4-04  1°23
4a 9 10 000 5900 96°57 —5-230 —5-18 066
4b 9 10 000 5600 1072 —5°230 —5'12 o-8o
4¢ 9 10 000 5300 119°7 —5°230 —5°05 0°93
4d 9 10 000 5000 134°5 —5°230 —4°93 1-08
4e 9 10 000 4700 152°2 —5°230 —4°79 1°23

corrections varying from o™-o0 to —o™-3 so that even if the bolometric corrections
are not accurate they are small enough not to substantially affect the comparison of
the HR diagrams.

3. RESULTS OF THE SURVEY

In Table IV we present the full amplitude results of the stars in Table III,
examined with the three different chemical compositions of Table II. The mode is o,
1 or 2 depending on whether the motion was initiated with a fundamental, first or
second mode velocity distribution. The stability of a given star will be explained in
Section 4. The period (in days) and its standard deviation were calculated from the
last three cycles of the motion for, because of the decayof the transients initially gene-
rated, thestandard deviationisin general smaller than thestandard deviation calculated
from the whole motion. The period calculated is on average accurate to 3 per cent.
The parameters of the nextsix columns, namely the velocityamplitude, the bolometric
magnitude amplitude, the effective temperature amplitude, the total radius variation,
the velocity asymmetry and the phase lag were also all calculated by averaging over
the last three periods of the motion. The reason for averaging over this number of
periods was to minimize the effect of unwanted modes which, in general, were
present in the full amplitude motion. The parameter describing the velocity asym-
metry is the ratio of the time spent on the descending part of the velocity curve (in
the theoretical sense, i.e. relative to the centre of the star) to the time spent on the
ascending part. The phase lag is the delay, measured as a fraction of a period, by
which the luminosity curve passing through its static value on the ascending branch
lags behind the velocity curve passing through zero velocity on its ascending
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TaBLE IV
Full amplitude results of main survey

X =081, Y =o0"15
Star Mode Stable P+ AP Ve AMvar AT, AR Vasy Lag  Bump

1e 2 +

if 2 +

ie 1 +

if 1 - 1-8+o0-1

1ig 1 - 2°3+0-2

1h I - 2:6+o0°1

1h o +

3d 1 +

3e 1 +

3d o +

3e o — 12-6+0'5 28 o0°58 780 4-310I1 1-88 o-or D
6f o - 15:3+0°'4 37 0°65 800 6°31011 2°-82 0-02 D
3g o — 19'9g+o0-1 %7 1-85 1650 1:681012 1-18 0-15 A
4b 1 + ’

4¢C 1 +

4b o +

4¢ o - 19°6+0°3 23 o0°5I 560 5°310II 2°'54 —0°00 D
4d o - 24*6+0°3 51 1'15 1320 I°3310I2 I'IO 007 A
4e o - 30°4+1'9g 73 1-80 1730 2:721012 2°24 010 A
X =066, Y = 030

ic 2 +

1d 2 +

1e 2 +

IC 1 * 1'2+0°2

1e I * 1-6+0-3

if I * 1-7+0-1

ig 1 — 21+0'2 35 0°-38 470 9-°41010 1-83 o-o5 X
1h 1 - 2:61+0°06 42 o0°55 680 1-510I11 2°2 0°05 X
1g o +

1h o) * 3'4+0'2 28 o040 420 1°210II I°§ 012 X
2a 1 +

2b 1 + .

2c I - 3*5+0°2 18 o0°32 470 8:9ipl0 1°5 —O°'I§ X
2d I — 4-0to-1 28 0°43 525 1°3510II 2°5 —0-05 X
2€ 1 — 4°7+0'1 29 0°40 500 1°5410I1 2°23 —o0-08 X
2e o * 6-4to'5 32 0°52 620 2-61011 — — X
3a I +

3b 1 +

3c 1 - 6:40+0'05 27 042 540 2°I510II I°75 000 X
3d I - 7:54+0'01 40 0°63 750 3+861011 17 0-00 X
3e 1 — 926 +o0'02 37 0°57 550 4°3210I1 1°7 0°00 X
3c o) - 876 £0‘09 22 ©0°35 555 2°3410I1 1I°4 0-03 X
3d o - 10°5+02 31 046 640 4°081011 2°'1 0-00 X
3e o — 12'6+0'1 42 o075 —_ —_— 27 0-07 D
3f o - 15'8+0°3 58 1:17 1090 Q-5010I1 3°5 0-08 D
4a I +

4b 1 — 11°‘4+0°4 23 ©0°35 550 3°5210I1 I°§ — X
4¢ 1 * 14°1+0°'8 25 0°45 530 4-81011 1°§ — X
4a o +

4b o * 16-0+o0-3 26 o-'50 650 5-161011 1I°3 0-00 X
4¢ o — 19:6+0°3 42 0°85 810 8:701011 3°53 0-02 D
4d o) - 24°2+0°4 35 071 720 8-101011 — o0-08 M
4e o - 31°1+3°1 8 175 — — — — A
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TaBLE IV—Continued
Star Mode Stable P+ AP Ve AMva AT AR Vasy Lag  Bump

X = o051, Y = 045

1a 2 +

1b 2 *

ic 2 * o'85+o0'07 30 o0°30 -, — — — X
1d 2 — 1'10+0'06 45 o0°70 — —_ 26 0-00 X
ie 2 — 1°24+0°'04 54 ©0°50 680 8'41010 2°j5 006 X
if 2 — 1'44+0°04 30 0°33 430 5°-61010 1°7 o-10 X
3a 2 +

3b 2 +

3a I * 4+7t0°3 206 o0-40 630 1°510I11 17 — X
3b 1 — 5°6+0°3 23 0°33 500 1-61011 1°6 003 X
3C 1 - 6:4+0'2 35 0°42 540 2°810I1 2°7 007 D
3d 1 - 7+71+0°06 38 o-70 710 3+61011 — 0°13 M
3d o) *

4a I + .

4b 1 * 11'5+0°3 50 0°76 800 7-351011 2°3 0°:02 X
4c¢ 1 * 14°3+0°2 52 o0°'80 880 9283011 2-1 005 X
4¢ o - 19:8+0'4 43 0-88 870 1°041012 2°8 005 D
4d o - 24-0+0°4 57 1°22 1150 1°3810I12 3°5 o-1o D

branch. Hence the conventional =/2 phase lag corresponds to a zero phase lag as
defined here. The particular choice of the other parameters describing the full
amplitude motion is explained in Paper I (Stobie, 1969). In the last column of
Table IV, the presence of a prominent bump on the velocity curve is indicated by a
X if no bump, an 4 if bump on ascending branch (in the theoretical sense), an M if
bump at maximum and a D if bump on descending branch.

The results of Table IV are not complete for two reasons. One is that for some
unstable stars, particularly with sequence 1 (M/M, = 5, L|L 5 = 1000), it was
found to be extremely difficult to initiate the star’s pulsation with a satisfactory
velocity distribution corresponding to the fundamental or first modes. No matter
how we changed the parameters of this distribution the ensuing motion contained
such a high content of spurious modes that it was not worthwhile following the
motion to full amplitude. Initially, we had only considered instability in the
fundamental and first modes for the survey but because of these difficulties we were
led to suspect instability in another mode and hence we examined velocity distribu-
tions of the second mode type. In the case of three stars with composition X = o-51,
Y = 045 and parameters

MI|My=15, LILy= 1000, T, = 6200, 6500, 6800°K

this second mode instability was confirmed, for the ensuing motion showed far less
contamination of other modes than velocity distributions of the type corresponding
to the fundamental or first modes. However, two other stars on this sequence with
Te = 7100, 7400 °K failed to give satisfactory second mode distributions and these
stars were probably unstable in modes higher than the second. In examining the
5M sequence with compositions X = 0-81, ¥ = o-15and X = 066, Y= o030 the
second mode was found to be stable so that no satisfactory velocity distributionsof any
type were found. Part of the difficulty lay in the extremely low growth rates and low
full amplitudes of these stars, for the initial velocity amplitude was close to the
full amplitude. This might well make it impossible to generate a sufficiently pure
mode such that the motion to full amplitude can be followed.
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A second reason for the incompleteness of the results is that the majority of the
stars were unstable to velocity amplitudes not greater than 40 km s~1. This meant
that the light curve of the star at full amplitude was unreliable in that it could not be
reproduced by a slightly different mass zoning since only one or two mass zones
moved through the hydrogen ionization region per period. As described in Section 6
of Paper I we require 4 to 5 mass zones to move through this region per period at full
amplitude in order to obtain a reliable light curve. With the mass zoning chosen this
condition was in general satisfied for stars which were unstable to more than 50
km s~1. Hence no details of the shape of such light curves have been reproduced and
we have only plotted details of the velocity curves. It is unfortunate that the
computations should give the velocity curve more accurately than the light curve for
in the observations exactly the opposite occurs.

The results of the survey will be further analysed in the following sections.

4. INTERPRETATION OF THE INSTABILITY

The instability of a star is determined by examining the maximum kinetic energy
per cycle over the first six periods of the motion. The reason for examining the
maximum kinetic energy per cycle is because this parameter is least sensitive to
contamination by unwanted modes and in averaging over two consecutive sets of
three periods we can approximately eliminate the effects of the unwanted modes.
If the average over the first three periods exceeds the average over the second three
periods then the star is considered stable to a total amplitude of 20 km s~ (indicated
by a ‘ +). If, on the other hand, the average of the second three periods exceeds
that of the first three periods then the star is considered unstable (indicated by a
¢ — ) and its motion is then followed to full amplitude as described in Paper I. The
situation is clear cut if the star is stable provided that the motion has been generated
by a satisfactory velocity distribution. The situation is also clear cut if the star is
unstable to only one of the modes examined and stable to the others. However, in
many cases it was observed the star appeared, from the first six periods of the
motion, to be unstable in two modes. The situation is then more complicated for two
possibilities arise. Either (1) the star really is unstable in both modes or (2) the star
is unstable to one mode only althoughggnitially it appears unstable to both. Ideally,
if case (2) arises then generating the star’s motion with the velocity distribution to
which it is stable would reveal that the star initially appeared unstable, but on
following the motion for a large number of periods this mode would gradually decay
into the mode to which the star is unstable. Because of the long e-folding times of
Cepheids this procedure is not practicable as it would take many periods for the
motion to degenerate from one mode to the other. Instead we have attempted to
distinguish the two possibilities (1) and (2) by examining the period dispersion and
the velocity amplitude dispersion as a function of the number of periods after
initiation. Both of these parameters are strongly dependent on contamination by
modes other than the one being examined. In Fig. 1 we illustrate this dispersion as a
function of period number for two stars both of which initially appeared to be
unstable. Fig. 1 (a) is a typical case of a star that is definitely unstable to the mode
examined for both the period and velocity amplitude dispersion decrease as the
number of periods after initiation increases. Fig. 1 (b) shows just the opposite effect
and in this case we conclude that although the star initially appears to be unstable
to the mode examined, it is really unstable in some other mode. These cases are
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indicated by * in the stability column of Table IV. Although these stars are almost
certainly not unstable to the particular mode examined, the full amplitude results
have still been included for completeness. In a few cases, from the dispersion plots
it was not obvious whether or not the dispersion decreases and in these situations we
have still indicated the instability by a * —".

5. HERTZSPRUNG—RUSSELL DIAGRAM

From the results of the survey in Table IV we obtain a definite high 7, boundary to
the instability but there is no sign of the stars stabilizing at low T,. Indeed, over the
range of effective temperature where unstable models were found, the lower the T,
the greater the maximum amplitude of the model. As this range of T is almost twice
the width of the observed strip we conclude that stable models at the low T,
boundary of the strip can only be found if the interaction of convection and pulsa-
tion is taken into account. The models in the present calculations were purely
radiative. This result, that no stabilization was found at low 7, is in contradiction
with that obtained by Cox et al. (1966) who found that radiative atmosphere models
stabilized on both sides of the strip. We believe this difference arises solely from our
inclusion of the destabilizing effects of hydrogen and helium 1 ionization which
contribute proportionately a greater destabilizing influence the lower the effective
temperature (corresponding to greater densities in the H and He 1ionization zones).

To compare the results with observation, the unstable models have been plotted
on an HR diagram in Fig. 2 where the transformations My —>My and To—~(B— V)
were carried out by means of Kraft’s (1961) relations (see Section 2). To avoid
confusion in the diagram and also because the observed strip is not wider than o™-3
in (B— V') we have only plotted the first two high T, unstable stars in each sequence.
The number above each star in the diagram denotes its period in days. When a star
is unstable in both the first and fundamental modes, the pair of numbers indicates
the two periods respectively. The effect of the helium content on the strip is striking,
for the higher the helium content the further the instability strip shifts to higher T,
similar to the result Christy (1966a) found in his survey of RR Lyrae variables. The
shift for every 15 per cent increase in helium content (by mass) is roughly 600 °K for
the 5M , and 7M , sequences but for the 9M , sequence the shift is considerably
less.

. We have chosen to compare this theoretical HR diagram with the observational
HR diagram constructed from the 31 well observed galactic Cepheids of Kraft
(1961). This diagram for convenience has been reproduced in Fig. 3. The super-
script ‘o’ in My and (B — V') denotes that the observed values have been corrected for
reddening and the angle brackets denote that a suitable mean of the values through-
out a cycle has been taken. Apart from the five galactic cluster Cepheids there is
considerable uncertainty in the absolute magnitude of classical Cepheids. In order to
locate these 31 classical Cepheids on an HR diagram Kraft had to assume that the
grid of constant period lines on this diagram was the same in both the Galaxy and
the SMC. The zero point of this grid for Cepheids in our Galaxy was then fixed by
the five galactic cluster Cepheids. In this way, given the period and the unreddened
colour of a star, its absolute magnitude can be read off from the HR diagram. If we
now compare the HR diagrams in Figs 2 and 3, for the left hand edge of the
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Fic. 2. The effect of helium content (Y) on the HR diagram of classical Cepheids. The
models were fitted to the evolutionary tracks of Iben (1965, 1966a, b, c) and Hofmeister
(1967). The transformation of Mvor—My and Te—(B— V) were carried out by means of
Kraft’s (1961) relations.

instability strips to agree, the two extreme compositions are ruled out and a composi-
tion close to 30 per cent helium would make the best fit. It must be emphasized,
however, that there is a large uncertainty associated with this value because of
assumptions in the comparison of the HR diagrams. For example, the T,—(B—T1)
transformation is derived from Oke’s (1961a, b) observations of 8 Cephei and 7
Aquilae. These two stars cover a very small range in period and there is no reason to
suppose that this relation will hold for longer or shorter periods.

If we compare the periods at a given My and (B— V') in Figs 2 and 3 it is apparent
that the periods derived from the models fitted to the evolutionary tracks are
consistently too low by a factor of 1-5 compared to the observed periods. To show
this more clearly the My — log P plot for the theoretical results has been constructed
in Fig. 4 where again we have only included the first two high T, unstable stars in
each sequence. Also plotted are the results of the second survey (Table VI) in order
to give a greater density of points. The slope of the relation for the three different
compositions is roughly the same and is closer to a value of —2-5 than — 3-o. This is
not considered important for one could obtain different slopes by choosing different
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mass distributions along the strip. The significant point is that, with a given mass
distribution, the zero point of the relation is quite distinct for the three different
compositions and may be approximately represented by the following relations

Y =015 : My= —19-25logP
Y=o030 : My= —24=25logP
Y=045 : My= —2:9—2:5logP.
To compare with observation we take the relation that Kraft (1961) derived
My = —1:67-2'54 log P,

where the slope was obtained from Arp’s (1960) observations of SMC Cepheids and
the zero point was determined by the five galactic cluster Cepheids. To obtain
agreement between the zero points of the theoretical and observational relations we
require a considerably lower helium content than that indicated by the position of
the instability strip in the HR diagram. Apart from the fact that the assumption of
equality in the slope of the relation for the SMC and the Galaxy may not be true,
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Fic. 3. HR diagram of the 31 field and cluster Cepheids listed by Kraft (1961).
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Fic. 4. This My — log P plot is constructed from the first two high Te unstable stars of each

sequence in Tables IV and V1. The two lines drawn represent the slopes —2+5 and — 3-0.
The code of the diagram is identical to that of Fig. 2.

there is also some uncertainty as to the value of this slope. Gascoigne & Kron (1965)
in their photo-electric observations of SMC Cepheids quote a value of —2-97. This
value, however, would make the disagreement even more pronounced since Kraft’s
relation would then become

My = —1-24-2-97 log P.

This discrepancy is not likely to be resolved by uncertainties in the Myo1— My
and the T, — (B— V) relations for the bolometric correction are small in this region
of the HR diagram and the latter relation would have to be out by ~ 600 °K for the
periods at a given My to agree. By far the principal uncertainty lies in the absolute
magnitude of classical Cepheids which rests solely on the five cluster Cepheids. It is
possible that the observed absolute magnitudes could be so far out (~om™-5) as to
cause this disagreement. The only other way in which this discrepancy can be
resolved is to lower the mass for a given luminosity thus increasing the period. It is
shown in Section 77 how one can distinguish between these two possibilities in order
to resolve the discrepancy.

6. VELOCITY AMPLITUDES

To compare the amplitudes of the models in T'able IV with observation, we have
chosen to compare the velocity amplitude since in the computations this is more
accurately calculated than the light amplitude. The observational results have been
taken from the work of Joy (1937) and Stibbs (1955) on the velocity amplitudes of
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TaBLE V
Parameters of static models in the second survey
Star MM, L/L, T. R/Rs Myor My B-V
5a 5 2000 6200 39°11 —3-483 —3°46 0°54
sb 5 2000 5900 43°19 —3°483 —3°43  0-66
5¢C 5 2000 5600 4794 —3483 -3'37 o-8
s5d 5 2000 5300 53°52 —3°483 —3'30  0°93
6a 6 3500 6200 5174 — 4°090 —4-07 0-54
6b 6 3500 5900 57°13 —4°090 —4'04 0-66
6c 6 3500 5600 63-42 —4°090 —-3-98 o-8o
6d 6 3500 5300 70-80 —4-090 —3°91 093
7a 6 5000 5900 68-29 — 4477 —4°43 0-66
7b 6 5000 5600 7580 —4°477 —4-37 o-8o
6¢ 6 5000 5300 84-62 — 4477 —4°30 0°93
7d 6 5000 5000 95-08 —4°477 —4-18 1-08
8a 8 10 000 5900 95°57 —5-230 —5-18 0-66
8b 8 10 000 5600 1072 —5-230 —5°12 0-80
8c 8 10 000 5300 1197 —5°230 —5°05 0°93
8d 8 10 000 5000 134°5 —5°230 —4-93 1-08
TaBLE VI

Full amplitude results of second survey
X =066, Y = 0°30

Star Mode Stable P+ AP Ve AMpor AR, AR Vasy Lag  Bump
5a 1 - 3°14+0°09 28 o0-40 550 I°310I1 1°7 oroo X
5b I - 3'71+0°11 34 ©0°44 570 1-61011 18 0-02 X
5C 1 — 4°40+0°06 37 o©0°'50 530 2°010I1 I°§ 0-08 X
5a o +

sb o * 4-5to0'9

5C o - 5'9to‘1 35 072 810 2°:71011  2'0 0-04 X
s5d o - 7-3+0°2 49 0°-89 810 4-°51011 2°8 005 X
6a I +

6b 1 - 5'3+0'1 25 0°32 440 1-51011 22 —o0-08 X
6¢ 1 - 6:-3+t0°'2 36 o-6o 710 2°510II I'I —0°09Q A
6d 1 * 7°5+0°2

6a o +

6b o +

6c o * 8:5+0°3 37 0°73 820 3-9101I — — X
6d o - 10°4t+0'2 36 o0-80 810 4°3101T 33 0-08 D
7a 1 +

7b 1 +

e’ 1 +

7a o +

7b o - 11-7+0°4 35 o0-60 760 4-81011 2°3 —o-oI D
7c o - I4°1+0°2 42 077 780 6-61011  3°5 00§ D
7d o - 17-7+0°1 63 1-30 — — -1 020 A
8a o +

8b o * 17°'4+0°4 27 o0°50 6095 5-63011 21 0-00 D
8c o - 21°3+0°9 34 0°62 670 8:61011 — 0-03 M
8d o — 26°4+1°6 82 1'75 1740 2°41012 2°5 0°02 A

Cepheids in the solar neighbourhood. In Figs 5(a) and (b) we have constructed
hodographs of these results to illustrate the velocity amplitude to be expected in a
given period range (multiplying the observed amplitudes by a factor 24/17 to convert
to radial velocity amplitude). Clearly for periods less than 10 days, by far the
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majority of observed Cepheids lie in the velocity range 40-60 km s~1. If we examine
the theoretical results in Table IV it is apparent that the stars in this period range do
not have velocity amplitudes greater than 40 km s~1 except for the few stars unstable
in the second mode. However, for periods greater than 10 days velocity amplitudes
are obtained which compare favourably with the observed values provided low
enough effective temperatures are taken. For example, in the sequence 3a—f with
composition X = 066, ¥ = 0-30 the expected velocity amplitudes are obtained
if the strip is at least 1000 °K wide. This width is greater than the observed width
(~700°K) and even if it were possible we should expect a far higher proportion of
low amplitude Cepheids than observed among the stars of period greater than 10
days.

To attempt to bring the theoretical velocity amplitudes closer to the observed
values, sequences with higher L/M ratios than Table I1I were run. These sequences
are listed in Table V and their full amplitude results all with composition X = 0-66,
Y = o-30in Table VI. With the higher L/M sequences the velocity amplitudes at a
given period are in general higher than with the lower L/M sequences. However, for
periods less than 10 days only one star has an amplitude greater than 40 km s~1. For
periods greater than 1o days the sequences show the characteristic behaviour (also
present in Table IV) that the first two high T, unstable stars are of low amplitude
and the third star reaches the high amplitudes expected in this period range. Hence
the amplitudes are still in general too low and we should have to increase the
luminosity for a given mass still further to obtain velocity amplitudes corresponding
to the observed ones.

The position of the high temperature edge of the instability strip is affected by
the ratio L/M, for as the luminosity increases for a given mass the strip shifts to
lower effective temperatures. Exactly the same effect is observed if one decreases the
mass for a given luminosity. This can be seen most readily from the 6 M , and 7M 4
sequences with composition X = 066, ¥ = o0-30 and for convenience we list the
relevant results in Table VIII.

TasLe VIII

First high Te unstable star in the 6M , and 7M , sequences of Tables IV and VI with composition
X=066, Y=030

MM, L/Lg T, Vr
6 2500 6200 18
6 3500 5900 25
6 5000 5600 35
i 5000 5900 27

The last column in Table VII shows clearly how rapidly the velocity amplitude
increases as the ratio L/M increases. This effect could well explain why observed
Cepheids in general have greater amplitudes the greater the period since the ratio
L/M increases along the strip.

7. SECONDARY BUMP

The presence of a secondary bump on the velocity curves was a prominent feature
of many of the models, principally in the fundamental mode. To illustrate the nature
of the bump for various models we have plotted graphs of the velocity curves. A
corresponding bump at the same phase occurred on the luminosity curve but for
reasons already stated (Section 3) this curve has not been plotted.
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Fi1c. 6. Velocity curves illustrating prominent secondary bumps in the fundamental mode.
All models have composition X = 066, Y = o-30.

The velocity curves in Fig. 6 exhibit the dependence of the bump on mass,
luminosity and effective temperature. The dependence in every case is the same, that
is if the parameter we change increases the period then the phase of the bump
decreases and vice versa. This is precisely the dependence that is observed in
Cepheids. They have a well defined sequence of bumps which may be described as
follows. For periods less than six days the curve is smooth. At a period of ~7 days a
bump appears on the descending branch of the light curve and then decreases in
phase as the period increases until the bump coincides with maximum light at a
period of ~ 10 days. As the period increases still further the bump continues to
decrease in phase moving down the ascending branch until it disappears for periods
greater than ~ 17 days. Although there is a dispersion in the phase of the bump at a
given period among observed Cepheids, this dispersion is sufficiently small that one
can predict quite accurately at what phase a bump will appear given the period.
From the curves in Fig. 6 it is apparent that in no case does the bump occur at the
phase expected from the observations. In every case the phase of the bump in the
models is later than it should be for the given period.

To examine how the phase of the bump can be brought into agreement with
observation we have investigated the effect of the chemical composition on the
phase. The results are shown in Fig. 7. The top three curves indicate how the
helium abundance affects the star M/M o = 9, L/L , = 10 000, T¢ = 5000°K and
the bottom three curves indicate the effect of heavy element abundance on the star
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Fic. 7. Effect of chemical composition on the phase of the bump.

M/M, =%, LIL, = 5000, T, = 5000°K. Although the character of the bump
changes slightly with heavy element content, the phase of the bump is quite
insensitive to this parameter. However, the helium content does affect the position of
the bump in that the lower the helium content the earlier in phase the bump
appears. This effect is not nearly great enough to move the position of the bump to
the correct phase without having to invoke a negative helium content. Hence to shift
the phase of the bump we must examine the results for a differential effect in chang-
ing the mass, luminosity and effective temperature. Only a differential effect
between two of the above parameters will affect the phase of the bump since each
parameter on its own affects the phase in the same way (i.e. depending on whether
the period increases or decreases). Such a differential effect can be seen from the
three stars listed in Table VIII, the first two of which have a bump coinciding with
maximum velocity of expansion and the third which has a bump on the descending
branch but occurring extremely close to the maximum. All the stars have the same
chemical composition.

TasLE VIII
Models of composition X = 066, Y = o-30 with bump close to maximum velocity of expansion
‘ MM, LiL, T P
9 10 000 5000 24°3
8 10 000 5300 213
6 5000 5300 141

The trend of the results shows that we must consider sequences with consider-
ably higher L/M ratios than indicated by the evolutionary tracks. It is important to
realize that this is the only way in which the theoretical results can be brought into
agreement with the observations.
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As the critical period, where the bump is observed to coincide with maximum
light is about 10 days we have examined two sequences which give unstable stars
with periods near this critical value. These sequences are M/M = 3,L/L, = 2500
and M/M 5 = 4, L|/L , = 2500 and in Fig. 8 the full amplitude velocity curves have
been plotted. For the 4/M  sequence the critical period is very close to 10 days and
for the 3M , sequence it is 8:6 days. Because of the dispersion inherent in the
observed period-phase of bump relation, it is difficult to distinguish between these
two values but it is clear that for the given luminosity the mass cannot lie outside the
range 3—4M ..
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F1c. 8. Velocity curves illustrating phase of bump for sequences M{M o = 3, L|L , = 2500
and M|M o = 4, L|L 5 = 2500.

It is interesting to compare the above masses with those obtained by Christy
(1966¢) in constructing models of 8 Cephei and n Aquilae. Taking Oke’s (1961a, b)
observational parameters for these stars, Christy concluded that their masses were

MM, L|L
8 Cephei 33 1740
7 Aquilae 42 3590
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in order to give agreement with the observed periods. These masses and luminosities
agree extremely well with those obtained from fitting the models to the period-phase
of bump relation. Christy (1968) examining § Doradus found that, in order to fit the
period and the phase of the bump, the required mass was 3-4M , and with the
effective temperature derived from observations the luminosity was 3700L . These
results all support the main conclusion of this paper, namely that the masses of
classical Cepheids appear to be almost a factor 2 smaller at a given luminosity than
the theoretical evolutionary tracks indicate. The only way we know of at present
which can reconcile the results of the evolutionary and the pulsation calculations is
to assume that Cepheids have suffered mass loss in their evolution from the main
sequence to the Cepheid strip (this suggestion was put forward by Christy 1968).

For a given luminosity, reducing the mass affects the position of the instability
strip in that the lower the mass the lower the high T, boundary (see Table VII).
Hence it is clear that a third survey with the lower masses is necessary in order to
obtain the edge of the instability strip for a given chemical composition. This survey
will not be so detailed as the main survey for its purpose is to attempt to narrow
down the possible range of helium content and to determine whether the amplitudes
of the variables lie in the expected range. The results of this survey will be presented
in Paper III of this series.

8. CEPHEID WITH RV TAURI CHARACTERISTICS

In the two surveys carried out only one star was discovered whose full amplitude
motion exhibited typical RV Tauri characteristics, i.e. successively shallow and deep
minima in the light curve. This dual behaviour was not a result of a quirk of the
artificial amplification for, on initiating the motion with a reasonable velocity
distribution and no artificial amplification, this motion still developed and persisted.
The model which exhibited this behaviour was model 4e in the fundamental mode
with composition X = 0-81, ¥ = o-15. The approach to full amplitude is illustrated
in Fig. 9. The maximum kinetic energy cycle shows that the star has been artificially
amplified twice and has almost reached full amplitude by period 13. After period 13
the maximum kinetic energy per cycle increases very slowly and for the last 12
periods reveals a separation into two distinct energies. This separation is more
pronounced in the velocity amplitude which fluctuates between 65 km s~1 and 82
km s~1. The phenomenon is also very pronounced in the period of the motion which
alternates between 28-7 and 33-1 days. The period of this star lies in the observed
period range covered by RV Tauri variables. It is interesting in this respect to note
that the period which satisfies the period-radius—mass relation (this will be derived
in Paper III since it includes the results of all three surveys) is the mean of the two
periods. Hence the relevant period for pulsation theory in RV Tauri variables is one
half of the double cycle. Christy (1966b) found a similar result for his model of W
Virginis with RV Tauri characteristics. In Fig. 10 we have plotted the full amplitude
light and velocity curves for the double period. These repeat amost identically from
one double period to the next. The light maximum varies by o®™-25 from one cycle
to the next whereas the light minimum varies by o™-75.

Christy’s RV Tauri variable had a mass of 0-88M , a factor 10 smaller than the
mass of the RV Tauri variable considered here. As the observed RV Tauri variables
appear to contain certainly Population II and possibly Population I type kinematics
one cannot distinguish in this way between the high and low mass or whether indeed

32

© Royal Astronomical Society ¢ Provided by the NASA Astrophysics Data System

220z 1snbny Lz uo1senb Aq £6/2092/S8Y/v/v Y L /e1o1e/Seiuw/wod dno-ojwepeoe//:sdiy woj pepeojumod


http://adsabs.harvard.edu/abs/1969MNRAS.144..485S

FT9BIWVNRAS, 1427 ~485S!

504 R. S. Stobie Vol. 144
34r
- L4 ° L 4 [ ] ° [ ]
. 32t e & 4 o
; [ ]
[=] -
A
@ 30F °*
[ ]
o . . o ® ® o o * o o

) TR T DU T A TR O T TR S B

80_ [ ] 'Y [ ] [ ) ° o
- e © °
T 60 « v °
E - .

X 40} o *e *
[ ]

ZOL.."‘T [ SN NS W SR N SO B
%'4'0" ® e o ...o.o
o~ « ¢ °
3 B
v-tzlo— o0
th ....

x B o ®
O'T'T I R S S B D A R B
4 8 12 16 20 24

Number of period

Fic. 9. RV Tauri variable showing approach to maximum amplitude.

both give rise to observed RV Tauri variables. However, high dispersion spectro-
grams have revealed some of the variables to have broken velocity curves which is
typical of Population II variables and so would tend to favour the lower mass.
Nevertheless, it appears that for a star to exhibit RV Tauri characteristics, it is not
necessary for its mass and luminosity to lie in a restricted range. Christy (1968)
proposes that RV Tauri behaviour corresponds to low values of the parameter Vg3,
which is the ratio of the gravitational to thermal energy at relative radius 0-83. As this
parameter is roughly proportional to 4/(M/R), our result is consistent with Christy’s
suggestion since the value of M/R for the RV Tauri variable discovered here is the
lowest of all the models studied in the two surveys.

9. OPACITY

The opacityused in the surveys of classical Cepheids was taken fromunpublished
tables of Cox & Stewart (1965b). As we wish to vary the chemical composition, four
tables were fed in giving a range in composition of 0-2 < X <0-8 and

0004 < Z < 0°06.

These four tables are listed in the appendix. To calculate the opacity table for a given
composition, log « was linearly interpolated in X and log Z as suggested by Cox &
Stewart (1965a).
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APPENDIX
The four opacity tables listed below are unpublished results of Cox & Stewart
(1965b) These opacities include the effects of lines and electron conduction and are
tabulated as a function of temperature and specific volume. The unit of the opacity
is cm2 g1,
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