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Cerenkov-Type Second-Harmonic Generation in
Two-Dimensional Nonlinear Photonic Structures

Solomon Mois Saltiel, Yan Sheng, Noa Voloch-Bloch, Dragomir N. Neshev, Wieslaw Krolikowski, Ady Arie,
Kaloian Koynov, and Yuri S. Kivshar

Abstract—We study the Cerenkov-type second-harmonic gen-
eration in several different two-dimensional nonlinear photonic
structures formed in birefringent crystals with the 3m symmetry.
Depending on the degree of birefringence, we observe either
single or double Cerenkov-like second-harmonic rings. We discuss
the properties of these parametrically generated rings and show
that their sixfold azimuthal modulation is associated with the
hexagonal symmetry of the individual ferroelectric domains.

Index Terms—Cerenkov phase-matching, nonlinear diffraction,
quasi-phase-matching, second-harmonic generation.

I. INTRODUCTION

I
T IS well known that second-harmonic generation (SHG)

can be achieved by many different ways depending on the

geometry of the wave phase matching (e.g., birefringence-in-

duced phase matching or quasi-phase matching (QPM), input

light polarization (e.g., Type I or Type II), mutual orienta-

tion of the wave vectors of interacting waves (collinear or

noncollinear), type of the nonlinear media, etc.). Among the

most interesting SHG processes is the so-called Cerenkov

scheme of SHG [1] named so because of the close analogy

with the famous Cerenkov effect in which a particle moving

with velocity exceeding the speed of light in the medium

emits conical radiation [2]. The Cerenkov frequency doubling

represents the type of noncollinear SHG where the second

harmonic is generated at an angle with respect to the propaga-

tion direction of the fundamental wave. In the case of circular

symmetry, the Cerenkov-type SHG leads to a second harmonic

emitted in the form of a cone with an axis coinciding with the
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Fig. 1. (a) Phase matching diagram for obtaining Cerenkov type second har-
monic in birefringent crystals; (b) Experimental setup: NPS—nonlinear pho-
tonic structure formed by spatial modulation of the sign of the nonlinearity; (c)
Illustration of polarization properties of the Cerenkov second harmonic rings.
Internal ring is radially polarized, the external one—azimuthally.

direction of the fundamental beam. The Cerenkov-type SHG is

characterized by the direction of SH emission defined solely by

the longitudinal phase matching condition ,

with , denoting the wave vectors of the fundamental and

second-harmonic waves, respectively, and is the angle of

conical emission [see Fig. 1(a)]. Several publications reported

the observation of Cerenkov-type SHG in bulk nonlinear media

[1], [3], [4]. However, this type of SHG is more often realized

in a waveguide geometry [5]–[7].

Nowadays SHG as well as other parametric processes are

commonly realized in engineered nonlinear photonic struc-

tures with a periodic spatial modulation of the sign of the

quadratic nonlinearity. The efficient frequency conversion

in such quadratic photonic lattices [8] is achieved by the

phase-matching condition via the QPM techniques. It is natural

to pose the question about the effect of these structures on

the Cerenkov-type SHG processes. In fact, the observation

of the Cerenkov-type SHG in one-dimensional periodically

poled KTP crystals has been reported in [9]. However, in this

particular case the emission was attributed to the second-order
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nonlinearity of the domain walls since the symmetry of the

crystal does not allow a bulk emission of SH in the investigated

geometry. We have recently demonstrated the Cerenkov SH

emission via bulk tensor components in a one-dimensional

periodically poled structure in Lithium Niobate crystal [10].

Here we present the results of our systematic study of the

Cerenkov SHG in different types of two-dimensional nonlinear

photonic structures fabricated in 3m symmetry ferroelectric

crystals with periodic, quasi-periodic, and random spatial mod-

ulation of the quadratic nonlinearity. In particular, we show that

the presence of the modulation of nonlinearity greatly enhances

the Cerenkov emission. We demonstrate that the cone angles

of the observed Cerenkov SHG rings do not depend on the

modulation patterns, and they are defined only by the bulk

indices of refraction.

The paper is organized as follows. In Section II we introduce

the photonic structures considered here and also present our ex-

perimental results. Section III is devoted to comparison between

the different structures and discussion of the specific features of

the effects observed in experiments. We discuss in this part the

azimuthal intensity modulation of the Cerenkov SH rings and

their polarization properties. Finally, Section IV concludes the

paper.

II. EXPERIMENT

The schematic diagram of our experiment is depicted in

Fig. 1(b). The fundamental pump beam is derived from a

passively mode-locked oscillator followed by a regenerative

amplifier, delivering 10 ps, pulses with energy 1 mJ, at 1053

nm and repetition rate of 20 Hz. The beam is directed at normal

incidence at the surface of the sample. The beam is loosely

focused to a spot size of m in the plane of the crystal.

After passing through the sample the fundamental beam is

blocked by appropriate filters and the emitted second harmonic

signal is recorded on a screen placed behind the sample, using

a CCD camera.

In this work we study several different two-dimensional non-

linear photonic structures. They include: rectangular and an-

nularly poled structures in stoichiometric LiTaO [11], [12],

decagonal nonlinear photonic quasi-crystal structure [13], and

a short-range ordered randomized poled structures in LiNbO

[14], [15]. The ferroelectric domain patterns for all these struc-

tures are depicted in the left column of Fig. 2.

The samples have the following design parameters: (a) rect-

angular periodically poled structures in stoichiometric LiTaO

(RSLT): the dimensions of the basic rectangular cell are

m and m [see Fig. 2(a)-left]; (b) annularly

poled structures in stoichiometric LiTaO (ASLT). Consisting

of concentric rings of constant thickness with alternating

sign of the nonlinearity: the poling period is m

[see Fig. 2(b)-left]; (c) LiNbO decagonal nonlinear photonic

quasi-crystal structure (DQC-LNB is composed of two types

of rhombi—the thin one with vertex angles of 36 and 144 ,

and the thick one with vertex angles of 72 and 108 . The

side length of the rhombi is m [see Fig. 2(c)-left];

(d) short-range ordered poled structure in lithium niobate

(SRO-LNB), fabricated by a random rotation of basic square

Fig. 2. Visualized poled domains after the etching of the Z surface of non-
linear photonic structures used in the experiment (left) and recorded Cerenkov
second harmonic rings (right) in (a) rectangular periodically poled structures
in stoichiometric LiTaO (RSLT); (b) annularly poled structures in stoichio-
metric LiTaO (ASLT); (c) LiNbO decagonal nonlinear photonic quasi-crystal
structure (DQC-LNB) and (d) LiNbO short-range ordered poled structures
(SRO-LNB). For the cases depicted in graphs (a), (b) and (d) the X axis is hor-
izontal and for the case (c)—vertical. The squares in graph (d) serve as guides
to the eye and indicate the basic poling pattern azimuthally rotated at random
angle.

cell with dimension m. The centers of rotation of

each square form a two-dimensional regular square pattern

with period m [see Fig. 2(d)-left]. All samples are

Z-cut with thickness between 0.3–0.5 mm, and have all faces

polished. We would like to stress that in this work we consider

only the situation when the fundamental beam propagates along

the polar (Z) axis which is different from reported elsewhere

studies of Cerenkov SH radiation with fundamental wave

propagating perpendicularly to the domain walls (inside the

plane of modulation of nonlinearity) [16]–[18]. It should be

mentioned that ideally, the periodically poled quadratic crystals

should exhibit spatial modulation of the sign of nonlinearity

only, while its refractive index should remain homogeneous.

In reality the presence of domain walls at the boundaries of

oppositely poled regions may induce change of the refractive

index as well. In our samples such modulation of the refractive

index was indeed observed. However, since it only led to a

weak diffraction of the incident fundamental beam without
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affecting conditions for the second harmonic generation we are

not discussing it in the remainder of this work.

In the right column of Fig. 2 we show the Cerenkov SH emis-

sion rings recorded for different samples. It is clearly seen that

in LiTaO only one external ring is observed, while in LiNbO

two rings are visible. We measure the cone angles corresponding

to the observed Cerenkov rings by comparing them with non-

linear diffraction that appears in the center [10]. For SRO-LNB

sample the experimental cone angles for the Cerenkov SH radia-

tion have values and , and for DQC-LNB

the angles are and . For LiTaO sample

ASLT the experimental cone angle , while for RSLT

sample is . We estimate the error of these values to

.

The immediate conclusion from these measurements is that

the type of poled pattern does not influence the angular diameter

of the SH Cerenkov ring. In the same time we have to point out

that our attempt to observe visually the Cerenkov rings from

single domain LiNbO or stoichiometric LiTaO samples using

intensities up to the damage threshold failed. So, the intensity

of the second harmonic Cerenkov rings is clearly enhanced by

the domain structure of the sample.

As seen in Fig. 2, inside the rings, close to the center

there is an additional second harmonic structure. This is a

Raman–Nath type nonlinear diffraction at doubled frequency

that in contrast to the Cerenkov rings is strongly dependent on

the type of poled patterns. For example, for the ASLT sample

[Fig. 2(b)–right] the Raman–Nath type nonlinear diffraction

appears in form of rings with conical angles that satisfy

the relation , where is integer. For one

dimensional structures Raman–Nath type nonlinear diffraction

was investigated in [10]. Results for the Raman–Nath nonlinear

diffraction in two dimensional poled structures used in present

work will be subject of separate publication.

The polarizations of the two Cerenkov rings in the LiNbO

samples [see Fig. 1(c)] have been determined to be as follows:

for the internal ring—radial polarization (this means for each

azimuthal angle the polarization is extraordinary) and for the ex-

ternal ring—the polarization is tangential (azimuthal), that cor-

responds to ordinary wave for each point of the ring. This is

in accordance with the diagram in Fig. 1(a), (c). Since the input

wave is always ordinary polarized the interaction responsible for

the internal ring is and the interaction responsible

for the external ring is . We have to note that such

conical wave with radial or azimuthal polarization represents

the far field of second harmonic Bessel beam inside the sample

[19]. In the LiTaO samples the Cerenkov second harmonic ring

has elliptical polarization at each azimuthal angle, because it is

formed by ordinary and extraordinary conical beams overlap-

ping due to the low birefringence of the crystal.

Another important experimental observation is the azimuthal

modulation of the Cerenkov rings. All rings exhibit two types of

modulation: (i) sixfold modulation, and (ii) modulation with one

or two maxima. In LiNbO samples, the sixfold modulation of

the SH emission is stronger than in stoichiometric LiTaO sam-

ples ASLT and RSLT. Similar sixfold modulation was reported

earlier in [12]. Here we prove that the origin of the sixfold modu-

lation is indeed the hexagonal shape of the domains in LiNbO

and stoichiometric LiTaO samples. For the annular structure

ASLT the origin of sixfold intensity modulation is different and

will be discussed in the next section. The sixfold modulation

does not depend on input polarization or input intensity and we

found that it is directly connected with orientation of the axes

X and Y of the sample. Rotation of the sample at some angle

leads to rotation of sixfold structure by the same angle. This is

illustrated in Fig. 2 where for one of the images (c), the sample

is rotated at 90 angle with respect to the other three samples.

The effect of sixfold modulation can be used as a fast purely op-

tical method for discrimination between optical axes X and Y in

poled structures.

The second type of azimuthal modulation seen in Cerenkov

SH rings features one maximum (observed for the case of ex-

traordinary Cerenkov SH rings in LiNbO and in the Cerenkov

SH rings in LiTaO ) or two maxima and minima (observed in

the ordinary Cerenkov SH rings in LiNbO ). The azimuthal po-

sition of the maxima and minima depends on the orientation

of input polarization. This effect was briefly discussed in [12]

for an ASLT sample, where the azimuthal modulation is quite

weak. Here we present new results for LiNbO samples, where

the modulation is much stronger. Fig. 2 offers direct comparison

of this global modulation for the LiNbO and LiTaO samples.

This difference in the modulation in the two types of samples

will be discussed in the next section. The experimental results

for the role of orientation of the input polarization on the posi-

tion of maxima and minima of this second type of modulation of

the ordinary and extraordinary Cerenkov SH rings obtained in

SRO-LNB sample are shown in Fig. 3. The polarization angle

(indicated in each graph) is measured counterclockwise from

the X axis position of the sample that is vertical for the shown

images. It is clearly seen that X and Y orientation of the input

polarization leads to the same type of image but with mirror

symmetry. In Fig. 3 it is seen that the sixfold modulation is fixed

and does not depend on input polarization.

The experimental results on the effect of the input polariza-

tion on the position of the global maximum of the Cerenkov SH

ring observed in the RSLT sample are shown in Fig. 4. While the

observed dependence is the same as in Fig. 3, the contrast ratio

between the intensities of the global maximum and minimum is

lower due to different value for ratio in LiTaO crystal.

III. COMPARISON WITH THE MODELS AND DISCUSSIONS

A. Cerenkov Conical Angles

Phase matching diagram of the process of generation of the

Cerenkov rings at second harmonic frequency in birefringent

crystals is shown in Fig. 1(a). The external conical angles ,

, calculated using the following formulas:

(1)

(2)

are found to be as follows: (a) For LiNbO samples

and . These values are in excellent agreement with

the experimental data reported in the previous section. (b) For

stoichiometric LiTaO the calculated values with (1), (2) are
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Fig. 3. (a) Experimental images showing the effect of the input polarization
on the Cerenkov SH rings in SRO-LNB sample. The input polarization angle
is measured counterclockwise from the axis X (vertical). (b) Theoretically pre-
dicted azimuthal intensity modulation in the SH ring for different angles of the
input polarization in LiNbO .

and . We used Sellmeier coefficients re-

cently published in [20]. The angular difference between

the conical angles of the ordinary and the extraordinary rings in

the cases of ASLT and RSLT samples is too small and remained

not resolved in the experiment. For the RSLT sample the agree-

ment between the experimentally determined angle

and the calculated average of ordinary and extraordinary angle

values is also very good.

B. Azimuthal Intensity Modulation of the Rings Due to

As we pointed out, the recorded Cerenkov rings have two

types of azimuthal modulation—sixfold modulation and addi-

tional modulation with one or two maxima. The modulation

with one or two maxima can be explained considering the effec-

tive quadratic nonlinearity built on the base of the polarization

properties of the tensor. As we mentioned above, the inner

Cerenkov ring is generated in process and the outer

ring is . As a result, the effective nonlinearities of

these two parametric processes should be different and can be

written as [12], [21]:

(3)

(4)

where is the azimuthal angle measured counterclockwise

from the X axis, is the angle of the direction of Cerenkov SH

radiation inside the crystal with respect to crystal axis Z, and

is the azimuthal angle that defines the polarization of the input

Fig. 4. Experimental images showing the role of orientation of input polariza-
tion on the Cerenkov SH rings obtained in RSLT sample. The polarization angle
is measured counterclockwise from axis X (vertical). (b) Theoretically predicted
azimuthal intensity modulation in the SH ring for different angles of the input
polarization in LiTaO sample.

beam ( for input polarization directed along X axis).

In the undepleted pump regime of SHG, the intensity of the

ordinary and extraordinary SH Cerenkov rings is proportional

to or to , respectively. Hence, the dependence on

the input polarization is defined by the angle . In Fig. 3(b) we

show the simulations of the intensity distributions of the SH

rings according to , for several

angles of the input polarization. It can be seen that the ordinary

SH ring has two intensity maxima and the extraordinary SH

ring has only one intensity maximum. In these theoretical

figures we did not include the sixfold modulation that has a

different physical background and will be discussed in the next

subsections. As seen from the comparison of Fig. 3(a) and

Fig. 3(b) the approach describes very well the role of

input polarization. In the simulations shown in Fig. 3(b) we

use ratio of the two components of the tensor of second order

nonlinearity [22], [23].

The situation is different for stoichiometric LiTaO samples.

The two rings are not resolved and then the SH intensity ob-

served in the experiment should be described simply by the sum

(5)

In Fig. 4(a) and Fig. 4(b) we compare the experimental rings

obtained with the RSLT sample with the theoretical predictions

(Eq. (5)). In the simulations shown in Fig. 4(b) we use the ratio
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of the two nonlinear components in LiTaO

[24]. In principle accurate measurement of the maximal and

minimal intensity of the Cerenkov SH ring will allow indepen-

dent experimental determination of the ratio and its

comparison with other available in the literature data, as in [20].

C. Azimuthal Intensity Modulation of the Rings Due to

Hexagonal Shape of the Individual Domains

Compared with -mediated modulation of the Cerenkov

SH rings, the sixfold modulation needs more thorough inter-

pretation. It was suggested in [12] that there is connection be-

tween the hexagonal shape of the individual ferroelectric do-

mains and the sixfold modulation of the emission rings. Here

we prove that, indeed the origin of the sixfold modulation is the

hexagonal shape of the ferroelectric domains in LiNbO and

stoichiometric LiTaO samples. Moreover, as seen in Figs. 2–4,

in LiNbO samples the sixfold modulation is deeper than in sto-

ichiometric LiTaO samples. This is because the LiNbO sam-

ples have bigger density of hexagon-shaped domains then the

stoichiometric LiTaO samples. For the annular sample ASLT

[Fig. 2(b)-left] we do not have individual hexagon-shaped do-

mains. There the origin of the sixfold intensity modulation is

different and will be discussed in the next subsection.

The association of Cerenkov SH emission pattern with the

shapes of the ferroelectric domains (nonlinear motifs) is consti-

tuted through the structure’s reciprocal vectors. It is known that

the output intensity of a QPM interactions in nonlinear photonic

structures is proportional to the square of the Fourier coefficient

. As shown in [25] and [26], when a nonlinear process is

phase matched by a reciprocal lattice vector in an infinite

two-dimensional periodic lattice, this coefficient is given by the

Fourier transform of the nonlinear motif at a spatial frequency

, divided by the unit cell area.

In most of the publications that study the two dimensional

nonlinear photonic structures, it is assumed that the individual

domains are of circular transverse profile and consequently its

Fourier spectrum is represented by the first order Bessel

function, which is radially symmetric and isotropic in two-di-

mensional reciprocal space. Recently rectangular [25], trian-

gular and hexagonal [26] domains were studied. The hexag-

onal motif is particularly relevant to this work, since in all our

samples we always deal with a hexagon-shaped domains [see

Fig. 2(c)–left] owing to the crystal 3m symmetry [27], [28]. As

a result, the actual Fourier spectrum reflects the hexag-

onal symmetry of the domains. Such nonuniform, hexagonal

distribution of vectors will have a very little effect on the

first order QPM interactions because the domain size (with ra-

dius m) is much smaller than modulation m).

However it will contribute toward fulfillment of the full vecto-

rial phase matching condition for the Cerenkov SH radiation for

which the required reciprocal vectors are of rather large magni-

tude. As a consequence at almost exact fulfillment of the full

phase matching, the SH intensity of the Cerenkov ring is ex-

pected to be strongly enhanced along the six directions repre-

senting the axes of a hexagon.

This hypothesis was firstly verified by measuring linear

diffraction images of etched SRO-LNB sample [see Fig. 5(b)].

Fig. 5. (a) Theoretical prediction for the azimuthal intensity modulation of

the Cerenkov ring caused solely by the polarization properties of � in case
of LiNbO samples. (b) Experimentally observed linear light diffraction in
SRO-LNB sample indicating a sixfold symmetry in the density of reciprocal
lattice vectors caused by the hexagonal domain shape. (c) Theoretically pre-
dicted light intensity modulation in the Cerenkov SH ring obtained by taking
into account both, domain hexagonal shape and polarization properties of the

effective nonlinearity � .

The linear diffraction pattern with hexagonal symmetry directly

indicates the density of the available reciprocal lattice vectors

for phase matching. Secondly, it is supported by the theoretical

simulations. For the structures that consist of hexagonal do-

mains (as RSLT, DQC-LNB, and SRO-LNB samples) important

is only the distribution of the Fourier coefficients of those

reciprocal vectors whose magnitude is equal or close to the

phase mismatch of Cerenkov rings, namely for .

To account for this mismatch we introduce in the expression

for the SH intensity the function:

(6)

where is a constant and is the thickness of the sample.

The image in Fig. 5(c) is obtained by plotting the formula

(6) and taking into account both the effect of hexagonal inten-

sity modulation and the polarization properties of the effective

second order nonlinearity. It can be clearly seen that the sixfold

intensity modulation of the Cerenkov ring closely reflects the

actual experimental observations shown in Figs. 2–4.

D. Azimuthal Intensity Modulation of the Cerenkov Rings

in ASLT Sample Due to the Properties of the Poled Annular

Domains

In case of the annular structure in the ASLT the origin of

the azimuthal intensity modulation is even more interesting. As

shown in Fig. 2, for the structures such as RSLT and DQC-LNB

the sixfold modulation is only visible in the Cerenkov SH rings.

In the ASLT sample however such modulation affects the whole

intensity distribution of the SH, including both, the Cerenkov

rings and the centrally located emission region, where at least

the first two Raman–Nath nonlinear diffraction orders can be

seen [see Fig. 2(b)–right].

As follow from the relation between the magnitude (length)

of reciprocal vectors and the domain size, only the reciprocal

vectors with magnitude equal or larger than m can be ex-

pected to be influenced by the hexagonal shape of the domains.

Consequently, the sixfold intensity modulation only occurs to

the Cerenkov rings. For the ASLT sample, there are no such

small hexagonal shaped domains. However, by careful inspec-

tion of the poled annular rings in Fig. 2(b)–left, we found out

that the domain rings exhibit tendency to merge roughly every
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Fig. 6. Simulation results with split step Fourier method for the dependence of
the intensity of the Cerenkov second harmonic on the thickness of the LiNbO
sample when propagation direction coincides with the optical axis Z.

60 hence introducing again sixfold azimuthal modulation of

the poling pattern.

This phenomenon was observed before and explained as a re-

sult of the spatial anisotropy of the velocity of domain growth,

caused by the larger tangential poling electric field components

and the smaller depolarization and domain-wall energies in par-

ticular spatial directions [27], [29]. Therefore, instead of con-

centric domains in form of rings, the ASLT sample is actu-

ally composed in some sense of concentric domains in form

of hexagonally deformed rings. As a result, the Fourier spec-

trum of the structure (reciprocal vectors) exhibits again hexag-

onal symmetry in the entire reciprocal space, i.e., long and short

reciprocal vectors are affected. Subsequently, the hexagonal in-

tensity modulation occurs in all the SH emission patterns in

the ASLT—the Cerenkov ring and the Raman–Nath nonlinear

diffraction, agreeing well with our experimental observations.

E. Dependence of Ring Intensity on Sample Thickness

The dependence of the intensity of the SH on the length

of the nonlinear media is an important characteristic that is

difficult to address experimentally. We simulated the generation

of the Cerenkov second harmonic radiation using the split-step

Fourier method and assuming undepleted propagation of the

fundamental beam through the nonlinear crystal. The pump

beam creates nonlinear polarization source term that is used to

generate second harmonic wave. The 0.5 mm thick nonlinear

photonic structure was divided into slabs of 1 m thickness,

and every Z plane in the crystal was split into m

elements. The second harmonic wave was convolved in each

slab with the impulse response of a free-space slab. The re-

sulting dependence of SH intensity on the distance traveled by

the fundamental beam is shown in Fig. 6.

The simulation results obtained for the case of LiNbO

sample with one-dimensional nonlinear grating, when the

fundamental beam is directed along the Z axis, show that the

Cerenkov SH radiation, which is defined by the longitudinal

phase matching condition only, is coherently growing through

the sample like a fully phase matched process. In contrast,

the second harmonic intensity of the Raman–Nath nonlinear

diffraction (RN NLD), seen in the center of the images, oscil-

lates with the period ( is diffraction

angle of first order RN NLD) like the non-phase matched

process, regardless of the fact that for this Raman–Nath type

nonlinear diffraction the transverse phase matching is fulfilled

[10].

We demonstrated above that the Cerenkov second harmonic

radiation is enhanced by the poled structure. The Fourier spec-

trum of both the poled structure and the individual domains is

so rich that almost continuous set of reciprocal vectors is avail-

able in certain directions in the X-Y plane. This compensates

the mismatch for the Cerenkov SHG process such that it

becomes a fully phase matched process, thus enhancing its ef-

ficiency. However, the direction of the Cerenkov SH radiation

remains defined solely by the longitudinal phase matching con-

dition .

IV. CONCLUSION

We have studied experimentally the Cerenkov-type second-

harmonic generation in several different (ordered and partially

disordered) two-dimensional nonlinear photonic structures. We

have demonstrated that the nonlinearity modulation does not

change the direction of the Cerenkov second-harmonic emission

defined by the longitudinal phase matching condition. However

the modulation of the quadratic response enhances greatly the

Cerenkov emission converting it in some cases to a fully phase-

matched process.

We believe that the effect of the nonlinear photonic struc-

ture on the intensity of the Cerenkov second-harmonic emission

can have several possible applications, including nondestruc-

tive testing of the poled structure, second-harmonic microscopy,

single-shot reconstruction of femtosecond pulses [30], efficient

cascaded third-harmonic generation [31], and the study of dis-

persion properties of nonlinear materials.
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