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ABSTRACT. In this paper we derive some results for certain new class of analytic functions
defined by using Ruscheweyh derivative with varying arguments.

1. Introduction

Let A denote the class of functions of the form:
(1.1) f(z) :z—l—Zakzk,
k=2

which are analytic and univalent in the open unit disc U = {z € C: |z| < 1}. Given
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two functions f, g € A, where f(z) is given by (1.1) and g(z) is given by
(1.2) g(z) = z+2bkzk,
k=2
the Hadamard product (f * ¢g)(z) is defined by
(1.3) (f*9)(z) =2+ D arbz" = (g% f)(2).
k=2

By using the Hadamard product, Ruscheweyh [7] defined

(14) D) = g ) (2 -1,

Also Ruscheweyh [7] observed that

(=1 f ()™

n!

(1.5) D"f(z) = (neNyg=NU{0;N={1,2,...}).

The symbol D" f(z) (n € Ng) was called the n — th order Ruscheweyh derivative of
f(2) by Al-Amiri [1]. We note that

D°f(z) = f(z) and D' f(2) = zf (2).

It is easy to see that

(1.6) D"f(z)=z+ Y 8(n,k)apz",
k=2

where

(1.7) 5(n k) = (” *: - 1).

In [4] Attiya and Aouf defined the class Q(n, A\, A, B) as follows:

Definition 1.([4]) Let Q(n, A\, A, B) denote the subclass of A consisting of functions
f(2) of the form (1.1) such that

1+ Az
1+ Bz

(1.8) (1= X (D"f(2)) + A (D" (2)) <

A>0;-1<A<B<1;0<B<1;neNyzel).

Specializing the parameters A, A, B and n, we can obtained different classes studied
by various authors:
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(i) Q0,\2a—1,1) =R\ a) (0<a<1,A>0) (see Altintas [3])
(il) Q(0,0,2c —1,1) = T**(0) (0 < v < 1) (see Sarangi and Uralegaddi [8] and

Al-Amiri [2])

(iii) Q(n,0,2a —1,1) = Qu(a) (0 < a < 1,n € Ny) (see Uralegaddi and Sarangi
[11])

(iv) @Q(0,0,(2aa—1)8,8) = P*(a,5) (0 < a < 1,0 < B < 1) (see Gupta and
Jain[5])

(v) Q0,0,((1+p)ar—1) B uf) = P*(ev, 1) (0 < < 1,0 < F< 1,0 < o < 1)
(see Owa and Aouf [6]).

Also we note that:
() Q(0,\ A, B)=R(\, A, B) (1.9)

1+ Az
1+ Bz

= {f(z)G.A S (2) A2 (2)< (A>0; —1<A<B<1;0<B<1; ZGU)}

(i) Q(n,0,4,B)=Qn(A,B) = (1.10)

1+ Az
1+ Bz

{f(z)eA (D™ f(2)) < (A>0; —1<A<B<1;0<B<1;neNy; ZEU)}

Silverman [9] defined the class of univalent functions f(z) = z + Y. axz* for which
k=2

arg(ay) prescribed in such a way that f(z) is univalent if and only if f(z) is starlike

as follows:

Definition 2.([9]) A function f(z) of the form (1.1) is said to be in the class V' (0y)
if f € A and arg(ax) = 0y for all kK > 2. If further more there exist a real number
0 such that 0y + (k — 1)6 = 7 (mod 2m) (k > 2), then f(z) is said to be in the
class V(6,0). The union of V (6, d) taken over all possible sequences {6} and all
possible real numbers § is denoted by V.

Let VQ(n, A, A, B) denote the subclass of V consisting of functions f(z) €
Q(n, A\, A, B).
We note that VQ(0,0,2aa—1,1) =C,, (0 < a < 1) = {f eV :Re{f (2)} > a},
studied by Srivastava and Owa [10].
Also we note that by specializing the parameters A\, A, B and n we can obtain
different classes with varying arguments:
(i) VQ(0,\2a—1,1)=VR(M\a) (0<a<1,A>0)
(ii)) vVQ(0,0,2a—1,1) =VT**(a) (0 <a < 1)
(i) VQ(n,0,2a —1,1) =VQu(a) (0 <a < 1,n € Np)
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(iv) VQ(0,0,2a—1)8,8) =VP*(a,p) (0<a<1l,0<f<1)
(v) VQ(0,0,(1+p)a—1)B,uB) = VP (a,B,p) (0 <r < 1,0 < <1,0 <
p<1)
(vi) VQ(0,\,A,B)=VR(A\A,B) A >0,-1<A<B<1,0<B<1)
(vii) VQ(n,0,A, B)=VQ,(A,B) (1< A<B<1,0<B<1,neN)
In this paper we obtain coefficient bounds for functions in the class VQ(n, \, 4, B),

further we obtain distortion bounds and the extreme points for functions in this
class.

2. Coefficient Estimates

Unless otherwise mentioned, we assume in the reminder of this paper that,
A>0,-1<A<B<1,0<B<1,n¢€Ny,dn,k)and Cy, are given by (1.7) and
(2.2) respectively and z € U.

Theorem 1. Let the function f(z) defined by (1.1) be in V. Then f(z) €
VQ(n, A\ A, B), if and only if

(21) S k(n. K)Ci fax] < (B - 4) (n + 1),
k=2
where
(2.2) Cr=010+B)[n+1+Ak-1)].
Proof. Suppose that f(z) € VQ(n, A, A, B). Then
23) b= A= NOME) A DTG = e,
where

w € H = {w analytic, w(0) =0 and |w(z)| <1, z € U}.

Thus we get
1= h(2)
&) = B —a

Therefore

Eln+1+ Xk —1]0(n, k) .4
_1+Z n—+1 e

and |w(z)| < 1 implies
X kln+14+Ak—-1)]6(nk) .,
2_: n+1 ke
K+ T A= D30, )
n+1

(2.4) <1.

ap k1

(B—A)+ f
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Since f(z) € V, f(z) lies in the class V (0, 0) for some sequence {0} and a real
number ¢ such that

Op + (k—1)0 = n(mod 2m) (k> 2).
Set z = re® in (2.4), we get

> kin+ 1+ Ak —1)]d(n, k)
g n+1 @

(2.5) h=2 3 <1
L &kt L+ Ak DJ3(n, k) ;
(B Bk;

n+1

&

Since Re{w(z)} < |w(z)| < 1, we have

> kln+1+ Ak —1)](n, k) "

> |ak|r
— n+1
(2.6) Re h=2 <1
> kin+ 1+ Ak —1)]d(n, k)
B—-A)-B k-1
( ) kXZJQ ] |ag|r
Hence
(2.7) > kCid(n, k) lax| 7 < (B = A) (n+1).

k=2

Letting r — 1 in (2.7), we get (2.1).
Conversely, f(2) € V and satisfies (2.1). Since r*~! < 1. So we have

2 k[n+ 1+ ME —1)]8(n, k)

k[n+14+X(k—1)]6(n,k) |Cl
n+1

n+1 <

|ak| ’I“k_l

=2

n+1

Eln4+ 14+ Mk o(n, k .
. Z EZ D) o
= n
< Z n+1—|—)\+1 )]5(n,k)akzk71
n
< Z kEln+ 14+ Ak — 1)]d(n, k)akzkfl
k=

which gives (2.4) and hence follows that

1+ Aw(z)

(1= (D" FE) +A (D) = g

that is f(z) € VQ(n, \, A, B). This completes the proof of Theorem 1.
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Corollary 1. Let the function f(z) defined by (1.1) be in the class VQ(n, A\, A, B).
Then (B A)( 0

— n+
— 2 (k>2).

The result (2.1) is sharp for the function f(z) defined by

(B—-A)(n+1) s,
by (k=2).

lax| <

(2.8) flz) =2+

3. Distortion Theorems

Theorem 2. Let the function f(z) defined by (1.1) be in the class VQ(n, A, A, B).
Then

B-A B-A
(3.1) 2l = =5 = < U] < o)+ 2= Ll

The result is sharp.

Proof. We employ the same technique as used by Silverman [9]. In view of Theorem
1, since

(3.2) B(k) = Cyd(n, k),

is an increasing function of k(k > 2), we have
Z|ak| <Z<1> )lar] < (B —A) (n+1),

that is

> (B—A)(n+1) (B—A)
(3.3) > lax| < 5 - e

Thus we have

oo o)
k 2
A <Nl + ) lawl 21" <zl + 127 ) laxl,
k=2 k=2

Thus (B - A)
2
< —_— .
7@ < o+ S5
Similarly, we get

oo

o0
k 2
1FE = |2l = D lan] |27 = J2 = 27 Y laxl -
k=2

k=2
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Thus (B A)
|f(2)] > |2| - a0,

This completes the proof of Theorem 2. Finally the result is sharp for the function

|2

(B—4) eif2,2.

(3.4) JG) =2+

at z = +z| e 2.

Corollary 2. Under the hypotheses of Theorem 2, f(2) is included in a disc with
center at the origin and radius rq given by

(B—4)

. =1
(3 5) 1 + 202

Theorem 3. Let the function f(z) defined by (1.1) be in the class VQ(n, \, A, B).

Then
(B - (B-4)

(3.6) 1 z

A|z\<’f ‘<1+ |z].

The result is sharp.
O(k)
k

by (3.2). In view of Theorem 1, we have

) S el < 3000 aal < (B - 4) (n+ 1),

Proof. Similarly is an increasing function of k(k > 2), where ®(k) is defined

k=2 k=2
that is
- (B—A) (B-A)
Zk|ak| < = .
2 (2) Cs
Thus we have
/ < (B - A)
(3.7) ‘f(z)‘§1+|z|kz_2kak§1+02|z|.
Similarly
/ < B-A
(35 F @211 k21 - Eo A
k=2

Finally, we can see that the assertions of Theorem 3 are sharp for the function f(z)
defined by (3.4). This completes the proof of Theorem 3.
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Corollary 3. Under the hypotheses of Theorem 3, f/ (z) is included in a disc with
center at the origin and radius ro given by

(B—4)

(39) ro = 14+ C2

4. Extreme Points

Theorem 4. Let the function f(z) defined by (1.1) be in the class VQ(n, A\, A, B),
with arg ay, = O, where 0 + (k — 1)6 = 7 (mod 2x) (k > 2). Define

filz) ==z

and
(B=A)(n+1) g, 4
ka(S(’IL k‘)

Then f(z) € VQ(n, A\, A, B) if and only if f(z) can expressed in the form f(z) =
> e fe(2), where g, >0 and > pp = 1.
k=1 k=1

fr(z) =2+ (k>22€U).

Proof. It f(2) = Y prfr(z) with gg > 0 and > ug =1, then
k=1 k=1

(B—A) n+1 =
~ 7N 0 7 1
kz2k0k6nk RO, kz ) (n+1) g,

= () (B-A)(n+1)< (B—AM 1.

Hence f(z) € VQ(n, A, A, B).
Conversely, let the function f(z) defined by (1.1) be in the class VQ(n, A, A, B),

define
kad(m k)

/«Lk:mmk\ (k=>2)

and

(oo}
p=1- Zuk-
k=2

o0
From Theorem 1, 3 ux <1 and so py > 0. Since up fr(2) = prpz + apz®,

then . .
Z,ukfk(z) =z+ Z arpz® = f(2).
k=1 k=2

This completes the proof of Theorem 4.



Certain Class of Analytic Functions Defined by Ruscheweyh Derivative 461

Remarks.

(i) PuttingA=n=0,A=2a—1(0 < a < 1)and B =1 1in all the above results,

we obtain the corresponding results obtained by Srivastava and Owa [10];

(ii) Putting n = 0 in all the above results, we obtain the corresponding results

for the class VR()A, A, B) of which R(\, A, B) is given by (1.9);

(iii) Putting A = 0 in all the above results, we obtain the corresponding results

for the class V@, (A, B) of which Q,(A, B) is given by (1.10).
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