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Abstract. We study, for any prime numberp, the triviality of certain primary compo-
nents of the ideal class group of theZp-extension over the rational field. Among others, we
prove that ifp is 2 or 3 andl is a prime number not congruent to 1 or−1 modulo 2p2, thenl
does not divide the class number of the cyclotomic field ofputh roots of unity for any positive
integeru.

Introduction. Letp be any prime number. We denote byZp the ring ofp-adic integers,
and byB∞ theZp-extension over the rational fieldQ, namely, the unique abelian extension
of Q, in the complex fieldC, whose Galois group overQ is topologically isomorphic to the
additive group ofZp. Let P ∞ denote the composite inC of the cyclotomic fields ofputh
roots of unity for all positive integersu:

Q ⊂ B∞ ⊂ P∞ = B∞(eπi/p) ⊂ C .

Given a prime numberl different fromp, let F denote the decomposition field ofl for the
abelian extensionP ∞/Q. We have shown in [4], mainly by algebraic investigation of the
analytic class number formula, that thel-class group ofB∞, i.e., thel-primary component of
the ideal class group ofB∞ is trivial if l is sufficiently large with the degree ofF bounded
(for the simplest case whereF = Q so thatp > 2, cf. [2, 3]). In this paper, pursuing or
refining our arguments of [2, 3, 4], we discuss the triviality of thel-class group ofB∞ more
precisely than in [4] for the case whereF is a quadratic field. It is verified, as a consequence,
that if p is 2 or 3 andl2 �≡ 1(mod 4p2), then thel-class group ofP ∞ is trivial, namely,l
does not divide the class number of the cyclotomic field ofputh roots of unity for any positive
integeru.

The author expresses here his thanks to the referee for helpful comments.

1. Preliminaries. To begin with, we give some preliminaries in this brief section.The
distinct prime numbersp andl in the introduction will be fixed throughout the paper.

For each integerm ≥ 0, letBm denote the subfield ofB∞ with degreepm, Em the unit
group ofBm, andhm the class number ofBm. Note thatB0 = Q and, hence,h0 = 1. Class
field theory shows thathu−1 divideshu for every positive integeru, because the prime ideal of
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Bu−1 dividing p is totally ramified for the extensionBu/Bu−1. Furthermore, sinceB∞/Q
is ap-extension, we have the following basic result.

LEMMA 1. The l-class group of B∞ is trivial if and only if l does not divide hu/hu−1

for any positive integer u.

In the rest of the paper, we fix a positive integern under the condition that

n ≥ 2 if p = 2

and, further,

n ≥ 3 if p = 2 , l ≡ 3 (mod 8) .

Let

t = 1 + pn or t = 1 + 2n+1 ,

according to whetherp > 2 orp = 2. In the casep > 2, put

η =
∏
u

e2πiu/pn+1 − e−2πiu/pn+1

e2πitu/pn+1 − e−2πitu/pn+1 =
∏
u

sin(2πu/pn+1)

sin(2πtu/pn+1)
,

with u raging over the positive integers< pn+1/2 such thatup−1 ≡ 1(modpn+1); in the
casep = 2, put

η = eπi/2
n+2 − e−πi/2n+2

eπit/2
n+2 − e−πit/2n+2 = tan

π

2n+2 .

Thenη is an element ofEn called a circular (or cyclotomic) unit ofBn. Let τ denote the re-
striction toBn of the automorphism ofQ(eπi/p

n+1
) that mapseπi/p

n+1
to eπit/p

n+1
. Clearly,τ

is a non-trivial element of the Galois group Gal(Bn/Bn−1). Letσ denote the restriction toBn

of the automorphism ofQ(eπi/p
n+1
) that mapseπi/p

n+1
to eπi(p+1)/pn+1

. Thenσ generates
the cyclic group Gal(Bn/Q) and satisfiesσp

n−1 = τ :

Gal(Bn/Q) = 〈σ 〉 ⊇ 〈τ 〉 = Gal(Bn/Bn−1) .

Let R denote the group ring of Gal(Bn/Q) overZ, the ring of (rational) integers. Note that
En as well as the multiplicative group ofBn becomes anR-module in the obvious manner.

Now, to state another basic result, we first deal with the casep > 2. Let

p∗ = (−1)(p−1)/2p , ω = −1 + √
p∗

2
,

so thatZ[ω] is the ring of algebraic integers in

Q(ω) = Q(
√
p∗) ,

the unique quadratic subfield ofP ∞. This coincides with the decomposition fieldF of l for
P ∞/Q if and only if l ≡ q2(modp2) for some primitive rootq modulop2. LetR be the set
of positive quadratic residues modulop smaller thanp:

R =
{
m ∈ Z

∣∣∣∣ 0< m < p,

(
m

p

)
= 1

}
.
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As is well-known,

ω =
∑
m∈R

e2πim/p .

We define an element̃ω of R by

ω̃ =
∑
m∈R

τm .

Leta1 anda2 be integers such thata1+a2ω is a non-zero element of a prime ideal ofQ(
√
p∗)

dividing l. In other words, we are given a pair(a1, a2) ∈ Z × Z such thatl divides

a2
1 − a1a2 + 1 − p∗

4
a2

2 =
(
a1 − a2

2

)2

− p∗a2
2

4
,

the norm ofa1 + a2ω for Q(
√
p∗)/Q. We may therefore suppose that

a1 > 0 , 2a1 ≥ a2 ≥ 0 .

We next deal with the casep = 2. Evidently, the quadratic fields contained inP ∞ are

Q(i) , Q(
√−2) , Q(

√
2) ;

butF cannot beQ(
√

2), since the extensionQ(eπi/8)/Q(
√

2) is not cyclic. The condition
F = Q(i) is equivalent to the congruencel ≡ 5(mod 8), while the conditionF = Q(

√−2)
is equivalent to the congruencel ≡ 3(mod 8). Whenl is congruent to 5 modulo 8, we put
ω = i, put ω̃ = σ 2n−2

in R, and take as(a1, a2) the pair of positive integers such that

l = a2
1 + a2

2 , a1 > a2 .

Whenl is congruent to 3 modulo 8, we let

ω = √−2 = eπi/4 − e−πi/4 , ω̃ = σ 2n−3 − σ−2n−3 ∈ R ,

and take as(a1, a2) the pair of positive integers such that

l = a2
1 + 2a2

2 .

LEMMA 2. Assume that F is a quadratic field and l divides hn/hn−1. If p is odd, then
ηa1+a2ω̃ or ηa1−a2−a2ω̃ is an lth power in En. If p is equal to 2, then ηa1+a2ω̃ or ηa1−a2ω̃ is an
lth power in En.

PROOF. Letf = pn−1(p − 1). For anyγ ∈ Z[e2πi/pn ], we put

γσ =
f∑
u=1

cuσ
u−1 ,

where the integersc1, . . . , cf are uniquely determined by

γ =
f∑
u=1

cue
2πi(u−1)/pn .
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We also puṫη = η or η̇ = η2, according to whetherp > 2 orp = 2. Sinceη̇τ
p−1+···+τ+1 = 1

by the definition ofη, it then follows that

η̇(α+β)σ = η̇ασ+βσ , η̇(αβ)σ = η̇ασ βσ

for every pair(α, β) in Z[e2πi/pn ] × Z[e2πi/pn]. In particular, we have

η̇ωσ = η̇ω̃ .

Now, letl be a prime ideal ofQ(ω) containing{l, a1+a2ω}. By the assumption,l andll−1 are
the prime ideals ofQ(ω) dividing l. Furthermore,ll−1 containsa1 + a2ω

δ, whereδ denotes
the non-trivial automorphism of the fieldQ(ω). Hence, in the case wherep > 2 so that
a1 + a2ω

δ = a1 − a2 − a2ω, we obtain our lemma from [4, Lemma 2]. In the casep = 2,
sincea1+a2ω

δ = a1−a2ω, we still deduce from [4, Lemma 2] that(ηa1+a2ω̃)2 or (ηa1−a2ω̃)2

is an lth power inEn; but this conclusion means thatηa1+a2ω̃ or ηa1−a2ω̃ is anlth power in
En. �

2. The minimal Zp-extension with p odd. We suppose thatp > 2 throughout this
section. Let

∆ =



(
√
p + 1)4

2
if p ≡ 1 (mod 4) ,

(p + 1)2√
3

if p ≡ 3 (mod 4) .

Let

Λ = log

(√
∆(p + 3)(p − 1)3/2ϕ(p − 1)

(4 log 2)p1/4

)
+ log(p/π)+ π2/(2p4)

2ϕ(p − 1)
,

whereϕ denotes the Euler function as usual. The goal of this section is to prove the following
result.

THEOREM 1. Assume that F = Q(
√
p∗), i.e., l ≡ q2 (modp2) for some primitive

root q modulo p2. Then the l-class group of B∞ is trivial if

l ≥ ∆((p − 1)ϕ(p − 1)Λ)2

4(log 2)2
√
p

(
1 + logΛ

Λ− 1

)2

.

It should be added thatΛ exceeds 1 by definition. To prove the above theorem, we start
with the following fundamental lemma (cf. Problem 8 for Chapter V of Vinogradov [6]).

LEMMA 3. Let κ1 and κ2 be either 1 or −1. Let T be the number of positive integers
m ≤ p − 2 satisfying (

m

p

)
= κ1 ,

(
m+ 1

p

)
= κ2 .

Then

T = 1

4
(p − 2 − κ1(−1)(p−1)/2 − κ2 − κ1κ2) .
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PROOF. For each integerm relatively prime top, let m̌ denote the positive integer less
thanp such thatmm̌ ≡ 1(modp). As the set{m ∈ Z | 1 ≤ m ≤ p − 2} is invariant under
the mapm → m̌ of the difference setZ \ pZ into itself, we see that

p−2∑
m=1

(
m(m+ 1)

p

)
=

p−2∑
m=1

(
m2(1 + m̌)

p

)
=

p−2∑
m=1

(
1 + m̌

p

)
=

p−1∑
m′=1

(
m′

p

)
−

(
1

p

)
= −1 .

Hence,

T = 1

4

p−2∑
m=1

(
1 + κ1

(
m

p

))(
1 + κ2

(
m+ 1

p

))

= 1

4

p−2∑
m=1

(
1 + κ1

(
m

p

)
+ κ2

(
m+ 1

p

)
+ κ1κ2

(
m(m+ 1)

p

))

= 1

4

(
p − 2 − κ1

(
p − 1

p

)
− κ2

(
1

p

)
− κ1κ2

)
. �

For each algebraic numberα, let ‖α‖ denote the maximum of the absolute values of all
conjugates ofα overQ. We then find that

‖βγ ‖ ≤ ‖β‖‖γ ‖ , ‖βm‖ = ‖β‖m
for any algebraic numbersβ, γ , and any positive integerm. Let

ζ = e2πi/pn+1
, θ =

∏
u

(ζ u − ζ−u) ,

whereu ranges over the positive integers less thanpn+1/2 such thatup−1 ≡ 1(modpn+1).
By the definitions ofη andτ ,

η = θ1−τ .
We put

Υ = max
m

‖θ1−τm‖ = max
m

∥∥∥∥∏
u

sin(2πu/pn+1)

sin(2πtmu/pn+1)

∥∥∥∥ ,
wherem ranges over the positive integers< p. We also put

R+ =
{
m ∈ R

∣∣∣∣ m ≤ p − 2,

(
m+ 1

p

)
= −1

}
,

R− =
{
m ∈ R

∣∣∣∣ 3 ≤ m,

(
m− 1

p

)
= −1

}
= R \ ({m+ 1 | m ∈ R} ∪ {1}) .

As toR+,
{m+ 1 | m ∈ R+} = {m+ 1 | m ∈ R} \ (R ∪ {p}) .

LEMMA 4. Assume that F = Q(
√
p∗) and l divides hn/hn−1.

(i) If p ≡ 1(mod 4), then

l <

(
a1 + (p − 1)a2

4

)
logΥ

log 2
.
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(ii) If p ≡ 3(mod 4), then

l <

(
max(a1, a2)+ (p − 3)a2

4

)
logΥ

log 2
.

PROOF. It follows from Lemma 2 that eitherθ(1−τ )(a1+a2ω̃) = ηa1+a2ω̃ or
θ(1−τ )(a1−a2−a2ω̃) = ηa1−a2−a2ω̃ is an lth power inEn. Also, it is known thath1 = 1 if
p = 3. Hence, by [4, Lemma 3],

2l < max(‖θ(1−τ )(a1+a2ω̃)‖, ‖θ(1−τ )(a1−a2−a2ω̃)‖) .(1)

Let us first consider the casep ≡ 1(mod 4). Since the definitions of̃ω, R+, andR− yield

(1 − τ )ω̃ = τ +
∑
m∈R−

τm − 1 −
∑
m∈R+

τm+1 ,

we see that

(1 − τ )(a1 + a2ω̃) = (a1 − a2)(1 − τ )+ a2

( ∑
m∈R−

τm −
∑
m∈R+

τm+1
)

= (a2 − a1)(τ − 1)+ a2

( ∑
m∈R−

τm −
∑
m∈R+

τm+1
)
,

(1 − τ )(a1 − a2 − a2ω̃) = a1(1 − τ )+ a2

( ∑
m∈R+

τm+1 −
∑
m∈R−

τm
)
.

Furthermore, Lemma 3 yields|R−| = |R+| = (p−1)/4. Therefore, noting that|a1−a2| ≤ a1

and using (1), we obtain

2l < Υ a1+(p−1)a2/4 .

Assume next thatp ≡ 3(mod 4), so that

(1 − τ )ω̃ = τ +
∑
m∈R−

τm −
∑
m∈R+

τm+1 .

In the casea1 ≥ a2, we have

(1 − τ )(a1 + a2ω̃) = (a1 − a2)(1 − τ )+ a2

(
1 +

∑
m∈R−

τm −
∑
m∈R+

τm+1
)
,

(1 − τ )(a1 − a2 − a2ω̃) = (a1 − a2)(1 − τ )+ a2

( ∑
m∈R+

τm+1 − τ −
∑
m∈R−

τm
)
.
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In the casea1 < a2, we have, for anyc ∈ R+,

(1 − τ )(a1 + a2ω̃)

= a1(1 − τ c+1)+ (a2 − a1)(τ − τ c+1)+ a2

( ∑
m∈R−

τm −
∑

m∈R+\{c}
τm+1

)
,

(1 − τ )(a1 − a2 − a2ω̃)

= (a2 − a1)(τ
c+1 − 1)+ a1(τ

c+1 − τ )+ a2

( ∑
m∈R+\{c}

τm+1 −
∑
m∈R−

τm
)
.

Lemma 3 implies, however, that|R−| = |R+| − 1 = (p − 3)/4. Therefore, in virtue of (1),

2l < Υ a1+(p−3)a2/4 or 2l < Υ (p+1)a2/4 ,

according to whethera1 ≥ a2 or a1 < a2. �

Let a0 be the ratio, tol, of the absolute value of the norm ofa1 + a2ω for Q(
√
p∗)/Q:

la0 =
∣∣∣∣a2

1 − a1a2 + 1 − p∗

4
a2

2

∣∣∣∣ .
Obviously,a0 is a positive integer. The next lemma is based on Problem 2, Section 26, and
Problem 2, Section 30, of Takagi [5].

LEMMA 5. The integers a1 and a2 can be taken as follows:
a1 + a2ω + |a1 − a2 − a2ω| <

√
2l

√
p when p ≡ 1 (mod 4) ,

a0 ≤
√
p

3
when p ≡ 3 (mod 4) .

PROOF. Let l be a prime ideal ofQ(
√
p∗) dividing l and, as in the proof of Lemma 2,

let δ be the non-trivial automorphism ofQ(
√
p∗). Takeλ1, λ2 ∈ Z[ω] such that{λ1, λ2}

forms a free basis of the additive group ofl. Then

|λ1λ
δ
2 − λ2λ

δ
1| = l

√
p .

Now assume thatp ≡ 1(mod 4). As

|(λ1 + λδ1)(λ2 − λδ2)− (λ1 − λδ1)(λ2 + λδ2)| = 2|λδ1λ2 − λ1λ
δ
2| = 2l

√
p ,

it follows from Minkowski’s lattice theorem that there exists a pair(m1,m2) in Z×Z\{(0,0)}
for which

|(λ1 + λδ1)m1 + (λ2 + λδ2)m2| ≤
√

2l
√
p , |(λ1 − λδ1)m1 + (λ2 − λδ2)m2| <

√
2l

√
p .

Therefore, by means of the triangle inequality, we have

|λ1m1+λ2m2| + |λδ1m1 + λδ2m2|
≤ 1

2
(|(λ1 + λδ1)m1 + (λ2 + λδ2)m2| + |(λ1 − λδ1)m1 + (λ2 − λδ2)m2|)

<

√
2l

√
p .
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Obviously, there exists a pair(u1, u2) ∈ Z × Z such that

|u1 + u2ω| = |λ1m1 + λ2m2| , u1 ≥ 0 .

If u2 ≤ 0, put

b1 = u1 − u2 , b2 = −u2 ;
if u2 > 0, put

b1 = max(u1, u2 − u1) , b2 = u2 .

It is then easy to check thatb1 + b2ω belongs to eitherl or l−1l and that

b1 + b2ω + |b1 − b2 − b2ω| <
√

2l
√
p , 2b1 ≥ b2 ≥ 0 , b1 > 0 .

Thus,(b1, b2) can be taken as(a1, a2) satisfying the condition of the lemma.
Assume next thatp ≡ 3(mod 4). Replacingλ1 by−λ1 if necessary, we may also assume

that the imaginary part ofλ1λ
−1
2 is positive:

λ1λ
δ
2 − λ2λ

δ
1 = l

√−p .
As is well-known, there exist integersc1, c2,m1,m2 for which

c1m2 − c2m1 = 1 ,
c1λ1λ

−1
2 + c2

m1λ1λ
−1
2 +m2

∈
{
z ∈ C

∣∣∣∣ −1

2
≤ Re(z) <

1

2
, |z| ≥ 1

}
,

where Re(z) denotes the real part of eachz ∈ C. We then see that

c1λ1λ
−1
2 + c2

m1λ1λ
−1
2 +m2

= (λ1c1 + λ2c2)(λ
δ
1m1 + λδ2m2)

(λ1m1 + λ2m2)(λ
δ
1m1 + λδ2m2)

= 2(|λ1|2c1m1 + |λ2|2c2m2)+ (λ1λ
δ
2 + λδ1λ2)(c1m2 + c2m1)+ λ1λ

δ
2 − λδ1λ2

2|λ1m1 + λ2m2|2 .

Furthermore, the imaginary part of this complex number is not smaller than
√

3/2. Hence,

−i(λ1λ
δ
2 − λδ1λ2)

2|λ1m1 + λ2m2|2 ≥
√

3

2
, namely, |λ1m1 + λ2m2|2 ≤ l

√
p√
3
.

On taking a pair(u1, u2) ∈ Z × Z such that

u1 + u2ω = ±(λ1m1 + λ2m2) , u1 ≥ 0 ,

we can conclude the proof of the lemma in the same way as in the latter part of the proof for
the casep ≡ 1(mod 4). �

REMARK 1. One can takea1 anda2 satisfyinga0 = 1, when the class number of
Q(

√
p∗) is equal to 1.
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LEMMA 6. Assume that F = Q(
√
p∗) and l divides hn/hn−1. Then

l <
∆√
p

(
(p − 1)((n+ 1) logp − logπ + π2/(2p4))

4 log 2

)2

.

PROOF. For each integerm relatively prime top,

‖(ζ − ζ−1)1−τm‖ = ‖(ζ − ζ−1)τ
−m−1‖ =

∥∥∥∥sin(2π(1 − pnm)/pn+1)

sin(2π/pn+1)

∥∥∥∥
= max

u

∣∣∣∣−sin(2πmu/p)

tan(2πu/pn+1)
+ cos(2πmu/p)

∣∣∣∣
≤ max

u

√
1

tan2(2πu/pn+1)
+ 1 =

√
1

tan2(π(pn+1 + 1)/pn+1)
+ 1 ,

whereu ranges over the positive integers< pn+1 relatively prime top. It then follows from
the definition ofθ that

‖θ1−τm‖ ≤
(

1

tan2(π/pn+1)
+ 1

)(p−1)/4

<

(
p2n+2

π2
+ 1

)(p−1)/4

.

Since log(x + 1) < logx + 1/x for any real numberx > 0, the above inequalities yield

logΥ <
p − 1

2

(
(n+ 1) logp − logπ + π2

2p4

)
.(2)

Now, assume thatp ≡ 1(mod 4), with a1 anda2 as in Lemma 5. Then

2a1 − a2 ≤
√

2l
√
p , a2

√
p ≤

√
2l

√
p ,

so that

a1 + p − 1

4
a2 ≤ p + 2

√
p + 1

4
√
p

√
2l

√
p .

Hence, by (2) and Lemma 4,

l <

√
2l

√
p
(
√
p + 1)2(p − 1)((n+ 1) logp − logπ + π2/(2p4))

(8 log 2)
√
p

,

which means that

l <
(
√
p + 1)4

2
√
p

(
(p − 1)((n+ 1) logp − logπ + π2/(2p4))

4 log 2

)2

.

Assume next thatp ≡ 3(mod 4), with a0 as in Lemma 5. Since

(p + 1)2la0 − 4p

(
a1 + p − 3

4
a2

)2

= ((p − 1)a1 − (3p − 1)a2)
2 ≥ 0 ,

(p + 1)2la0 − 4p

(
a2 + p − 3

4
a2

)2

= (p + 1)2
(
a1 − a2

2

)2

≥ 0 ,

we have

max(a1, a2)+ p − 3

4
a2 ≤ (p + 1)

√
la0

2
√
p

≤ (p + 1)

2
√
p

√
l
√
p/3 .
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Therefore, it follows from (2) and Lemma 4 that

l <

√
l
√
p/3

(p + 1)(p − 1)((n+ 1) logp − logπ + π2/(2p4))

(4 log 2)
√
p

,

namely, that

l <
(p + 1)2√

3p

(
(p − 1)((n+ 1) logp − logπ + π2/(2p4))

4 log 2

)2

. �

Let ν be the number of distinct prime divisors of(p − 1)/2, and let

p − 1

2
= q1 · · · qν ,

whereq1, . . . , qν are prime-powers greater than 1 pairwise relatively prime. LetV be the
subset of the cyclic group〈e2πi/(p−1)〉 consisting of

eπim1/q1 · · · eπimν/qν
for all ν-tuples(m1, . . . ,mν) of integers with 0≤ m1 < q1, . . . ,0 ≤ mν < qν . We under-
stand thatV = {1} if p = 3. Denoting byΦ the set of maps fromV to the non-negative
integers not greater than(p + 3)l/2, we put

M = max
ψ∈Φ

∣∣∣∣N
(∑
ξ∈V

ψ(ξ)ξ − 1

)∣∣∣∣ ,
whereN denotes the norm map fromQ(e2πi/(p−1)) to Q.

Next, letp be a prime ideal ofQ(e2πi/(p−1)) dividing p. Let I denote the set of positive
integers< pn+1 congruent to suitable elements ofV modulopn+1. Note thatI includes 1.
Putting

R∗+ = R+ ∪ {0} , R∗− = R− ∪ {0} ,
let F+ denote the family of all maps fromR∗+ × I to the set{0, l}, andF− the family of all
maps fromR∗−×I to {0, l}. For each pair(m, u) inR∗+×I , letGm,u

+ denote the family of maps
j : R∗+ × I → Z such that min(l − 2,1) ≤ j (m, u) < l andj (m′, u′) = 0 or j (m′, u′) = l

for every(m′, u′) in (R∗+ × I) \ {(m, u)}. Similarly, for each pair(m, u) in R∗− × I , let Gm,u
−

denote the family of mapsj : R∗− × I → Z such that min(l − 2,1) ≤ j (m, u) < l and
j (m′, u′) = 0 or j (m′, u′) = l for every(m′, u′) in (R∗− × I) \ {(m, u)}. We then let

G+ =
⋃

(m,u)∈R∗+×I
Gm,u

+ , G− =
⋃

(m,u)∈R∗−×I
Gm,u

− .

For each pair(j, j ′) in (G+ × F−) ∪ (F+ × G−), we define

A(j, j ′) =
∑
u∈I

u

( ∑
m∈R∗+

tm+1j (m, u)+
∑
m∈R∗−

tmj ′(m, u)
)
,

whence

A(j, j ′) ≡
∑
u∈I

u

( ∑
m∈R∗+

j (m, u)+
∑
m∈R∗−

j ′(m, u)
)

(modpn) .
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LEMMA 7. Assume that M < pn, and take a pair (j, j ′) in (G+ × F−)∪ (F+ × G−).
Then the following conditions are equivalent:

(i) A(j, j ′) ≡ (p + 3)l

2

∑
u∈I

u− 1 (modpn).

(ii) Either

j (m1,1) = l − 1 for some m1 ∈ R∗+ ,
j (m, u) = l for all (m, u) ∈ R∗+ × I \ {(m1,1)} ,
j ′(m, u) = l for all (m, u) ∈ R∗− × I ,

or

j (m, u) = l for all (m, u) ∈ R∗+ × I ,

j ′(m2,1) = l − 1 for some m2 ∈ R∗− ,
j ′(m, u) = l for all (m, u) ∈ R∗− × I \ {(m2,1)} .

PROOF. Since|R∗+| + |R∗−| = (p + 3)/2, (ii) clearly implies (i). Let us consider the
case(j, j ′) ∈ G+ × F−, under the condition (i). By the definition ofG+, there exists a pair
(m1, u1) in R∗+ × I with j ∈ G

m1,u1+ . Now we can rewrite (i) as∑
u∈I

( ∑
m∈R∗+

(l − j (m, u))+
∑
m∈R∗−

(l − j ′(m, u))
)
u− 1 ≡ 0 (modpn) .

Sincep splits completely inQ(e2πi/(p−1)), there exists a uniqueψ ∈ Φ such that

ψ(ξ) =
∑
m∈R∗+

(l − j (m, u))+
∑
m∈R∗−

(l − j ′(m, u))

if ξ ∈ V , u ∈ W , andξ ≡ u (mod pn+1). We then obtain∑
ξ∈V

ψ(ξ)ξ − 1 ≡ 0 (modpn) ,

which induces

N

(∑
ξ∈V

ψ(ξ)ξ − 1

)
≡ 0 (modpn) .

Hence, the assumption of the lemma, together with the definition ofM, implies that∑
ξ∈V

ψ(ξ)ξ − 1 = 0 .

Therefore, by [2, Lemma 7],ψ(1) = 1 andψ(ξ) = 0 for all ξ ∈ V \ {1}, so thatu1 = 1 in
particular. We thus see that

j (m1,1) = l − 1 ,

j (m, u) = l for all (m, u) ∈ R∗+ × I \ {(m1,1)} ,
j ′(m, u) = l for all (m, u) ∈ R∗− × I .
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In the case(j, j ′) ∈ F+ × G−, an argument similar to the above enables us to deduce from
the condition (i) that

j (m, u) = l for all (m, u) ∈ R∗+ × I,

j ′(m2,1) = l − 1 for somem2 ∈ R∗−,
j ′(m, u) = l for all (m, u) ∈ R∗− × I \ {(m2,1)} . �

We putι = 1 or ι = 0, according to whetherp ≡ 1(mod 4) or p ≡ 3(mod 4). For each
pair (j, j ′) in (G+ × F−) ∪ (F+ × G−), we put

B(j, j ′) =
∑
u∈I

( ∑
m∈R∗+

(l − j (m, u))+
∑
m∈R∗−

(l − j ′(m, u))
)
.

The notation above will be used in the proof of the following lemma and the rest of the paper.

LEMMA 8. Assume that F = Q(
√
p∗) and l divides hn/hn−1. Then

M ≥ pn.

PROOF. As the assumption implies by [4, Lemma 2], there exist integersb1, b2 such
that b1 + b2ω is not divisible byl but belongs to one of the two prime ideals ofQ(

√
p∗)

dividing l and thatηb1+b2ω̃ is anlth power inEn (cf. also the proof of Lemma 2). In view of
the proof of Lemma 4, we obtain

(1 − τ )(b1 + b2ω̃) = b1 − ιb2 + (b2 − b1)τ + b2

( ∑
m∈R−

τm −
∑
m∈R+

τm+1
)
.

Sincep splits completely inQ(e2πi/(p−1)), we further know that

η = θ1−τ =
∏
u∈I
((ζ u − ζ−u)(ζ ut − ζ−ut )−1) =

∏
u∈I
(e2πiu/p(ζ 2u − 1)(ζ 2tu − 1)−1) .

Hence, the image of thelth powerηb1+b2ω̃ in En under the automorphism ofQ(ζ ) sending
ζ 2 to ζ is the product of

∏
u∈I

(
(ζ u − 1)b1−ιb2(ζ ut − 1)b2−b1

∏
m∈R−

(ζ ut
m − 1)b2

∏
m∈R+

(ζ ut
m+1 − 1)−b2

)

and somepth root of unity. Thus,

∏
u∈I

(
(ζ u − 1)b1−ιb2(ζ ut − 1)b2−b1

∏
m∈R−

(ζ ut
m − 1)b2

∏
m∈R+

(ζ ut
m+1 − 1)−b2

)
= εl
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for some unitε of Q(ζ ). Lemma 5 of [2] then shows that

∏
u∈I

(
(ζ lu − 1)b1−ιb2(ζ lut − 1)b2−b1

∏
m∈R−

(ζ lut
m − 1)b2

∏
m∈R+

(ζ lut
m+1 − 1)−b2

)

≡
∏
u∈I

(
(ζ u − 1)l(b1−ιb2)(ζ ut − 1)l(b2−b1)

∏
m∈R−

(ζ ut
m − 1)lb2(3)

×
∏
m∈R+

(ζ ut
m+1 − 1)−lb2

)
(modl2) .

We add thatζw − 1 is relatively prime tol for everyw ∈ Z with ζw �= 1. Now, with an
indeterminateY , let J (Y ) denote the polynomial inZ[Y ] such that

(Y − 1)l = Y l − 1 + lJ (Y ) ,

namely, let

J (Y ) =
l−1∑
c=1

(−1)c−1

l

(
l

c

)
Y c or J (Y ) = −Y + 1 ,

according to whetherl > 2 or l = 2. Then, for eachw ∈ Z and eachw′ ∈ Z with ζw
′ �= 1,

(ζw
′ − 1)lw ≡ (ζ lw

′ − 1)w−1(ζ lw
′ − 1 + lwJ (ζw

′
)) (modl2) .

We therefore see that the right-hand side of (3) is congruent, modulol2, to

∏
u∈I

(
(ζ lu − 1)b1−ιb2−1(ζ lu − 1 + l(b1 − ιb2)J (ζ

u))(ζ lut − 1)b2−b1−1

× (ζ lut − 1 + l(b2 − b1)J (ζ
ut))

×
∏
m∈R−

((ζ lut
m − 1)b2−1(ζ lut

m − 1 + lb2J (ζ
utm)))

×
∏
m∈R+

((ζ lut
m+1 − 1)−b2−1(ζ lut

m+1 − 1 − lb2J (ζ
utm+1

)))

)
.

Hence, it follows from (3) that

∏
u∈I

(
(ζ lu − 1)(ζ lut − 1)

∏
m∈R−

(ζ lut
m − 1)

∏
m∈R+

(ζ lut
m+1 − 1)

)

≡
∏
u∈I

(
(ζ lu − 1 + l(b1 − ιb2)J (ζ

u))(ζ lut − 1 + l(b2 − b1)J (ζ
ut))

×
∏
m∈R−

(ζ lut
m − 1 + lb2J (ζ

utm))
∏
m∈R+

(ζ lut
m+1 − 1 − lb2J (ζ

utm+1
))

)
(modl2),
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so that

∑
u∈I

(
(b1 − ιb2)J (ζ

u)Π−
0,u + (b2 − b1)J (ζ

ut)Π+
0,u

+ b2

∑
m∈R−

J (ζ ut
m

)Π−
m,u − b2

∑
m∈R+

J (ζ ut
m+1
)Π+

m,u

)
≡ 0 (modl) .

(4)

Here, for each(m, u) ∈ R∗− × I ,

Π−
m,u = (ζ lut

m − 1)−1
∏
u′∈I

( ∏
d∈R∗−

(ζ lu
′t d − 1)

∏
d∈R∗+

(ζ lu
′t d+1 − 1)

)

and, for each(m, u) ∈ R∗+ × I ,

Π+
m,u = (ζ lut

m+1 − 1)−1
∏
u′∈I

( ∏
d∈R∗−

(ζ lu
′t d − 1)

∏
d∈R∗+

(ζ lu
′t d+1 − 1)

)
.

On the other hand, since

(−1)c−1
(
l

c

)
≡ l

c
(modl2)

for every positive integerc < l, we find in the casel > 2 that

J (α) ≡
l−1∑
c=1

αc

c
(modl)

for each algebraic integerα. Consequently, (4) then means that

∑
u∈I

( ∑
j∈�+

∑
j ′∈�0,u

−

(−1)j
′(0,u)+B(j,j ′)(ιb2 − b1)

j ′(0, u)
ζA(j,j

′)

+
∑
j∈�0,u

+

∑
j ′∈�−

(−1)j (0,u)+B(j,j ′)(b1 − b2)

j (0, u)
ζA(j,j

′)

+
∑
m∈R−

∑
j∈�+

∑
j ′∈�m,u−

(−1)j
′(m,u)+B(j,j ′)(−b2)

j ′(m, u)
ζA(j,j

′)

+
∑
m∈R+

∑
j∈�m,u+

∑
j ′∈�−

(−1)j (m,u)+B(j,j ′)b2

j (m, u)
ζA(j,j

′)
)

≡ 0 (modl) .

(5)
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In the casel = 2, it is not difficult to transform (4) into∑
u∈I

( ∑
j∈�+

∑
j ′∈�0,u

−

(ιb2 − b1)ζ
A(j,j ′) +

∑
j∈�0,u

+

∑
j ′∈�−

(b1 − b2)ζ
A(j,j ′)

+
∑
m∈R−

∑
j∈�+

∑
j ′∈�m,u−

(−b2)ζ
A(j,j ′)

+
∑
m∈R+

∑
j∈�m,u+

∑
j ′∈�−

b2ζ
A(j,j ′)

)
≡ 0 (mod 2) .

(6)

Next, contrary to the conclusion of the lemma, suppose thatM < pn. It follows from
[2, Lemma 6] that the partial sum in the left-hand side of (5) or (6), under the condition
A(j, j ′) ≡ ((p + 3)l/2)

∑
u∈I u− 1(modpn), is still congruent to 0 modulol, according to

whetherl > 2 or l = 2. Hence, by Lemma 7,

1

l − 1

(
(b1 − ιb2)ζ

A0−1 + (b2 − b1)ζ
A0−t

+ b2

∑
m∈R−

ζA0−tm − b2

∑
m∈R+

ζA0−tm+1
)

≡ 0 (modl) ,

whereA0 = ∑
u∈I lu(

∑
m∈R+ t

m+1 + ∑
m∈R− t

m). On applying complex conjugation to the
above congruence, we have

b1 − ιb2 + (b2 − b1)ζ
t−1 + b2

∑
m∈R−

ζ t
m−1 − b2

∑
m∈R+

ζ t
m+1−1 ≡ 0 (modl) ,

namely,

b1 − ιb2 + (b2 − b1)e
2πi/p + b2

∑
m∈R−

e2πim/p − b2

∑
m∈R+

e2πi(m+1)/p ≡ 0 (modl) .

Since

(1 − e2πi/p)ω = e2πi/p +
∑
m∈R−

e2πim/p − ι−
∑
m∈R+

e2πi(m+1)/p ,

we then see that

(1 − e2πi/p)(b1 + b2ω) ≡ 0 (modl) ,

which contradicts our choice ofb1 andb2, however. Thus, the inequalityM < pn turns out
to be false. �

To state the following proposition, we note that, in the casen = 1, the right-hand side of
the inequality in Lemma 6 exceeds

4(p1/ϕ(p−1) + 1)

(p − 1)(p + 3)
.
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PROPOSITION 1. Assume that F = Q(
√
p∗), and let n0 be the maximal positive inte-

ger such that

4(pn0/ϕ(p−1) + 1)

(p − 1)(p + 3)
<

∆√
p

(
(p − 1)((n0 + 1) logp − logπ + π2/(2p4))

4 log 2

)2

.

If

l ≥ ∆√
p

(
(p − 1)((n0 + 1) logp − logπ + π2/(2p4))

4 log 2

)2

,

then the l-class group of B∞ is trivial.

PROOF. For anyψ ∈ Φ,∣∣∣∣N
(∑
ξ∈V

ψ(ξ)ξ − 1

)∣∣∣∣ =
∏
ρ

∣∣∣∣∑
ξ∈V

ψ(ξ)ξρ − 1

∣∣∣∣ ,
with ρ ranging over all automorphisms of the fieldQ(e2πi/(p−1)), and∣∣∣∣∑

ξ∈V
ψ(ξ)ξρ − 1

∣∣∣∣ ≤ |ψ(1)− 1| +
∑

ξ∈V \{1}
ψ(ξ) ≤ p − 1

2
· (p + 3)l

2
− 1 .

Therefore,

M ≤
(
(p − 1)(p + 3)l

4
− 1

)ϕ(p−1)

.

Now assume that thel-class group ofB∞ is not trivial. It then follows from Lemma 1 thatl
divideshn′/hn′−1 for some positive integern′. Hence, Lemma 8 and the above estimate for
M yield

pn
′ ≤

(
(p − 1)(p + 3)l

4
− 1

)ϕ(p−1)

, i.e., l ≥ 4(pn
′/ϕ(p−1) + 1)

(p − 1)(p + 3)
.

Furthermore, by Lemma 6,

l <
∆√
p

(
(p − 1)((n′ + 1) logp − logπ + π2/(2p4))

4 log 2

)2

.

The definition ofn0 therefore impliesn′ ≤ n0. Consequently, we have

l <
∆√
p

(
(p − 1)((n0 + 1) logp − logπ + π2/(2p4))

4 log 2

)2

. �

Let us prove Theorem 1. We put

Θ = Λ

(
1 + logΛ

Λ− 1

)
, C1 = 2√

(p − 1)(p + 3)
, C2 =

√
∆(p − 1)ϕ(p − 1)

(2 log 2)p1/4 ,

C3 =
√
∆(p − 1)(log(p/π)+ π2/(2p4))

(4 log 2)p1/4 .

Naturally, by the factΛ > 1, we know that

logΛ

Λ− 1
> 0 , Θ > 1 .
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As in Proposition 1, letn0 denote the maximal positive integer such that

C2
1(p

n0/ϕ(p−1) + 1) < (C2 logpn0/(2ϕ(p−1)) + C3)
2 .

It then follows that

C1p
n0/(2ϕ(p−1)) − C2 logpn0/(2ϕ(p−1)) − C3 < 0 .

On the other hand, sinceΛ = log(C2/C1) + C3/C2 and since the functionX − logX of a
real variableX ≥ 1 is (strictly) increasing, we see that, for each real numberx ≥ C2Θ/C1,

C1x − C2 logx − C3 = C2

(
C1x

C2
− log

C1x

C2
−Λ

)
≥ C2(Θ − logΘ −Λ)

> C2

(
Λ

(
1 + logΛ

Λ− 1

)
− logΛ− logΛ

Λ− 1
−Λ

)
= 0 .

Therefore, we have

pn0/(2ϕ(p−1)) <
C2Θ

C1
.

Hence, there exists a real numberx0 for which

pn0/(2ϕ(p−1)) < x0 <
C2Θ

C1
, C1x0 − C2 logx0 − C3 = 0 ,

so that

C2 logpn0/(2ϕ(p−1)) + C3 < C2 logx0 + C3 < C2Θ .

Proposition 1 states, however, that thel-class group ofB∞ is trivial if

l ≥ (C2 logpn0/(2ϕ(p−1)) + C3)
2 .

We thus obtain Theorem 1.

3. Cyclotomic fields of 3-power conductor. In this section, we prove the following
theorem.

THEOREM 2. Assume that p = 3 and l is congruent to either 2, 4, 5,or 7 modulo 9.
Then l does not divide the class number of the cyclotomic field of 3nth roots of unity.

Henceforth, we assume thatp is odd except in the following lemma.

LEMMA 9. Letm andN be positive integers, and take 2N integers c1, . . . , cN , g1, . . . ,

gN . For each integer d, let s(d) denote the sum of cu for all positive integers u ≤ N with
gu ≡ d (modpm+1). Then

N∑
u=1

cue
2πigu/pm+1 ≡ 0 (modl)

if and only if

s(d) ≡ s(d ′) (modl)

for all pairs (d, d ′) ∈ Z × Z with d ≡ d ′ (modpm).
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PROOF. The lemma follows from the fact that thepm+1th cyclotomic polynomial in an
indeterminateY is of the form

∑p−1
w=0 Y

pmw. �

Let d be any integer. For each(m, u) ∈ R∗+ × I , letPm,u+ (d) denote the set of(j, j ′) in
Gm,u

+ × F− such that

A(j, j ′) ≡ d (modpn+1) .

Also, for each(m, u) ∈ R∗− × I , letPm,u− (d) denote the set of(j, j ′) in F+ × Gm,u
− such that

A(j, j ′) ≡ d (modpn+1) .

Moreover, in the casel > 2, we put

s+(w1, w2; d) =
∑
u∈I

(
w1

∑
(j,j ′)∈P0,u

+ (d)

(−1)j (0,u)+B(j,j ′)

j (0, u)

+w2

∑
m∈R+

∑
(j,j ′)∈Pm,u

+ (d)

(−1)j (m,u)+B(j,j ′)

j (m, u)

)
,

s−(w1, w2; d) =
∑
u∈I

(
w1

∑
(j,j ′)∈P0,u

− (d)

(−1)j
′(0,u)+B(j,j ′)

j ′(0, u)

+w2

∑
m∈R−

∑
(j,j ′)∈Pm,u

− (d)

(−1)j
′(m,u)+B(j,j ′)

j ′(m, u)

)
,

for each(w1, w2) ∈ Z × Z; in the casel = 2, we put

s+(w1, w2; d) =
∑
u∈I

(
w1|P0,u

+ (d)| +w2

∑
m∈R+

|Pm,u+ (d)|
)
,

s−(w1, w2; d) =
∑
u∈I

(
w1|P0,u

− (d)| +w2

∑
m∈R−

|Pm,u− (d)|
)
,

for each(w1, w2) ∈ Z×Z. Note that the rational numberss+(w1, w2; d) ands−(w1, w2; d)
arel-adic integers.

LEMMA 10. Assume thatF =Q(
√
p∗) and l divides hn/hn−1. Take any pair (d, d ′) ∈

Z × Z with d ≡ d ′ (modpn). Then either

s+(a1 − a2, a2; d)− s−(a1 − ιa2, a2; d)
≡ s+(a1 − a2, a2; d ′)− s−(a1 − ιa2, a2; d ′) (modl)

or

s+(a1,−a2; d)− s−(a1 + (ι− 1)a2,−a2; d)
≡ s+(a1,−a2; d ′)− s−(a1 + (ι− 1)a2,−a2; d ′) (modl) .
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PROOF. As we know from Lemma 2,ηa1+a2ω̃ or ηa1−a2−a2ω̃ is an lth power inEn.
Suppose thatηa1+a2ω̃ is anlth power inEn. Then, by an argument similar to that, in the proof
of Lemma 8, which has led us to (5) and (6) through (3) and (4), we are led to the following
conclusion: in the casel > 2,

∑
u∈I

( ∑
j∈�+

∑
j ′∈�0,u

−

(−1)j
′(0,u)+B(j,j ′)(ιa2 − a1)

j ′(0, u)
ζA(j,j

′)

+
∑
j∈�0,u

+

∑
j ′∈�−

(−1)j (0,u)+B(j,j ′)(a1 − a2)

j (0, u)
ζA(j,j

′)

+
∑
m∈R−

∑
j∈�+

∑
j ′∈�m,u−

(−1)j
′(m,u)+B(j,j ′)(−a2)

j ′(m, u)
ζA(j,j

′)

+
∑
m∈R+

∑
j∈�m,u+

∑
j ′∈�−

(−1)j (m,u)+B(j,j ′)a2

j (m, u)
ζA(j,j

′)
)

≡ 0 (modl) ;

in the casel = 2,∑
u∈I

( ∑
j∈�+

∑
j ′∈�0,u

−

(ιa2 − a1)ζ
A(j,j ′) +

∑
j∈�0,u

+

∑
j ′∈�−

(a1 − a2)ζ
A(j,j ′)

+
∑
m∈R−

∑
j∈�+

∑
j ′∈�m,u−

(−a2)ζ
A(j,j ′) +

∑
m∈R+

∑
j∈�m,u+

∑
j ′∈�−

a2ζ
A(j,j ′)

)
≡ 0 (mod 2) .

Therefore, by the definitions ofs+(w1, w2; d ′′), s−(w1, w2; d ′′) for w1, w2, d ′′ ∈ Z,
Lemma 9 shows that

s+(a1 − a2, a2; d)− s−(a1 − ιa2, a2; d)
≡ s+(a1 − a2, a2; d ′)− s−(a1 − ιa2, a2; d ′) (modl) .

Whenηa1−a2−a2ω̃ is anlth power inEn, replacing(a1, a2) by (a1 −a2,−a2) in the above, we
have

s+(a1,−a2; d)− s−(a1 + (ι− 1)a2,−a2; d)
≡ s+(a1,−a2; d ′)− s−(a1 + (ι− 1)a2,−a2; d ′) (modl) . �

We now suppose thatp = 3 in the following assertion.

PROPOSITION 2. If l is congruent to either 2, 4, 5,or 7 modulo 9, then the l-class
group of the Z3-extension B∞ over Q is trivial.

PROOF. Whenl is congruent to 2 or 5 modulo 9, the proposition holds by [2, Lemma
10]. We assume henceforth thatl is congruent to 4 or 7 modulo 9, namely, thatF =
Q(

√−3). Assume also thatl divideshn/hn−1, contrary to the assertion of the proposition
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(cf. Lemma 1). Then Lemma 6 implies that

l <
4

3

(
(n+ 1) log 3− logπ + π2/162

log 2

)2

and, sinceM = 3l − 1, Lemma 8 yields 3n−1 < l. Therefore, we know that the pair(l, n)
belongs to the set

{(7,2), (13,2), (13,3), (31,4), (43,4)} .
In the casel = 43, we may let(a1, a2) = (7,1). Hence, if(l, n) = (43,4), then by Lemma 4
and by [4, Lemma 4], we have

43<
7 logΥ

log 2
<

7 log(35
√

3/(2π)+ 1/2)

log 2
< 43,

a contradiction. In the case where(l, n) = (13,2), we may let(a1, a2) = (4,1) and the same
lemmas still give us a contradiction:

13<
4 logΥ

log 2
<

4 log(33
√

3/(2π)+ 1/2)

log 2
< 12.

Thus,(l, n) must be(7,2), (13,3), or (31,4).
Since|R∗− × I | = 1, it is understood that

F− = {0, l}, G− = {1, . . . , l − 1} .
When a mapj ∈ F+ satisfiesj (0,1) = j (1,1), we naturally identifyj with the common
value ofj . Suppose now that(l, n) = (31,4), so that we may put(a1, a2) = (6,1). We then
have

P0,1
+ (92) = ∅ , P1,1

+ (92) = {(j1,0)}, P0,1
− (92) = {(31,30)} ,

P0,1
+ (11) = {(j2,31)} , P1,1

+ (11) = ∅, P0,1
− (11) = {(0,11)} ,

with the mapsj1 ∈ G1,1
+ , j2 ∈ G0,1

+ defined by

j1(0,1) = 0 , j1(1,1) = 11, j2(0,1) = 30, j2(1,1) = 31.

Hence,

s+(5,1; 92) = − 1

11
, s−(6,1; 92) = −1

5
, s+(5,1; 11) = −1

6
,

s−(6,1; 11) = − 6

11
, s+(6,−1; 92) = 1

11
, s−(5,−1; 92) = −1

6
,

s+(6,−1; 11) = −1

5
, s−(5,−1; 11) = − 5

11
.
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These imply that

s+(5,1; 92)− s−(6,1; 92) ≡ 8 (mod 31) ,

s+(5,1; 11)− s−(6,1; 11) ≡ 14 (mod 31) ,

s+(6,−1; 92)− s−(5,−1; 92) ≡ 12 (mod 31) ,

s+(6,−1; 11)− s−(5,−1; 11) ≡ 29 (mod 31) .

Therefore, it follows from Lemma 10 that 31 does not divideh4/h3, which is a contradiction.
Assume next that(l, n) = (13,3). Then we have

P0,1
+ (38) = ∅ , P1,1

+ (38) = {(j3,0)} , P0,1
− (38) = {(13,12)} ,

P0,1
+ (11) = {(j4,13)} , P1,1

+ (11) = ∅ , P0,1
− (11) = {(0,11)} ,

with the mapsj3 ∈ G1,1
+ , j4 ∈ G0,1

+ such that

j3(0,1) = 0 , j3(1,1) = 11, j4(0,1) = 12, j4(1,1) = 13.

Therefore

s+(3,1; 38) = − 1

11
, s−(4,1; 38) = −1

3
, s+(3,1; 11) = −1

4
,

s−(4,1; 11) = − 4

11
, s+(4,−1; 38) = 1

11
, s−(3,−1; 38) = −1

4
,

s+(4,−1; 11) = −1

3
, s−(3,−1; 11) = − 3

11
,

and, consequently,

s+(3,1; 38)− s−(4,1; 38) ≡ 3 (mod 13) ,

s+(3,1; 11)− s−(4,1; 11) ≡ 1 (mod 13) ,

s+(4,−1; 38)− s−(3,−1; 38) ≡ 3 (mod 13) ,

s+(4,−1; 11)− s−(3,−1; 11) ≡ 9 (mod 13) .

As we can let(a1, a2) = (4,1), Lemma 10 shows, by the above, that 13 does not divide
h3/h2, which contradicts our assumption. Suppose, finally, that(l, n) = (7,2). Then

P0,1
+ (20) = {(j5,0), (j6,7)} , P1,1

+ (20) = ∅ , P0,1
− (20) = {(j7,4), (7,6)} ,

P0,1
+ (11) = {(j8,0), (j9,7)} , P1,1

+ (11) = {(j10,0), (j11,0)} , P0,1
− (11) = ∅ ,

where mapsj5 ∈ G0,1
+ , j6 ∈ G0,1

+ , j7 ∈ F+, j8 ∈ G0,1
+ , j9 ∈ G0,1

+ , j10 ∈ G1,1
+ , j11 ∈ G1,1

+ are
defined by

j5(0,1) = 2 , j5(1,1) = 0 , j6(0,1) = 4 , j6(1,1) = 0 , j7(0,1) = 7 ,

j7(1,1) = 0 , j8(0,1) = 4 , j8(1,1) = 7 , j9(0,1) = 6 , j9(1,1) = 7 ,

j10(0,1) = 0 , j10(1,1) = 2 , j11(0,1) = 7 , j11(1,1) = 4 .
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Hence,

s+(2,1; 20)= −1

2
, s−(3,1; 20)= 1

4
, s+(2,1; 11)= − 1

12
, s−(3,1; 11)= 0 ,

s+(3,−1; 20)= −3

4
, s−(2,−1; 20)= 1

6
, s+(3,−1; 11)= 1

2
, s−(2,−1; 11) = 0 ,

so that

s+(2,1; 20)− s−(3,1; 20) ≡ 1 (mod 7) ,

s+(2,1; 11)− s−(3,1; 11) ≡ 4 (mod 7) ,

s+(3,−1; 20)− s−(2,−1; 20) ≡ 2 (mod 7) ,

s+(3,−1; 11)− s−(2,−1; 11) ≡ 4 (mod 7) .

However, we can put(a1, a2) = (3,1). Lemma 10 therefore shows that 7 does not divide
h2/h1. This contradiction, together with Lemma 1, completes the proof of the proposition.�

REMARK 2. It is known thath3 = 1 if p = 3 (cf. van der Linden [1, Theorem 1]).

We conclude the present section by proving Theorem 2. Leth∗ denote the relative class
number of the cyclotomic field of 3nth roots of unity. As is seen in the proof of Proposition 3
of [2], Theorem 1 of [2] shows thatl does not divideh∗ under the assumption of Theorem 2
(for an original argument, cf. Washington [7, Section IV]). Hence, by Proposition 2,l does
not divideh∗hn−1, the class number of the cyclotomic field of 3nth roots of unity.

4. Cyclotomic fields of 2-power conductor. Throughout this section, we suppose
thatp = 2. We eventually prove the following result.

THEOREM 3. Assume that l is congruent to 3 or 5 modulo 8. Then, for any positive
integer u, the class number of the cyclotomic field of 2uth roots of unity is not divisible by l.

We put

ζ = eπi/2
n+1
,

whence

η = tan
π

2n+2 = ζ − 1

i(ζ + 1)
.

Recall thatn ≥ 2 and thatσ is induced by the automorphism ofQ(ζ ) sendingζ to ζ 3. We
put

σu = σ 2n−u−1

for each positive integeru < n.

LEMMA 11. Assume that l divides hn/hn−1 and is congruent to 3 or 5 modulo 8. Then

l <
a1 − ιa2

log 2
log

(
cot

π

2n+2

)
+ a2

log 2
log

(
cos(π/2n+1)+ sin(π/2n+1)+ 1

cos(π/2n+1)+ sin(π/2n+1)− 1

)
.
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PROOF. We first prove that

‖ησ1−1‖ = ‖η1−σ1‖ = cos(π/2n+1)+ sin(π/2n+1)+ 1

cos(π/2n+1)+ sin(π/2n+1)− 1
.(7)

Sinceητ = −η−1, we haveη(1−σ1)τ = ησ1−1 which implies that

‖η1−σ1‖ = ‖ησ1−1‖ .
Let S be the set of positive odd integers smaller than 2n+2. In the case wheren ≥ 3 so that
32n−2 ≡ 1 + 2n (mod 2n+2),

ησ1−1 = iζ − 1

i(iζ + 1)
· i(ζ + 1)

ζ − 1
= iζ − 1 + i − ζ−1

iζ + 1 − i − ζ−1 = eπi/4ζ − e−πi/4ζ−1 + i
√

2

eπi/4ζ − e−πi/4ζ−1 − i
√

2

= cos(π/2n+1)+ sin(π/2n+1)+ 1

cos(π/2n+1)+ sin(π/2n+1)− 1
= 1 + 2

sin(π/4 + π/2n+1)/sin(π/4)− 1
,

min
u∈S

∣∣∣∣sin(πu/4 + πu/2n+1)

sin(πu/4)
− 1

∣∣∣∣ ≥ min
u∈S

∣∣∣∣ |sin(πu/4 + πu/2n+1)|
sin(π/4)

− 1

∣∣∣∣
= min

u∈S

∣∣∣∣ |sin(πu/2n+1)|
sin(π/4)

− 1

∣∣∣∣ = sin(π/4 + π/2n+1)

sin(π/4)
− 1 ,

and, hence,

‖ησ1−1‖ = max
u∈S

∣∣∣∣1 + 2

sin(πu/4 + πu/2n+1)/sin(πu/4)− 1

∣∣∣∣ ≤ ησ1−1 .

Similarly, in the casen = 2, we easily see that

‖η1−σ1‖ = ‖ησ−1
1 −1‖ = max

u∈S

∣∣∣∣1 + 2

sin(πu/4 + πu/8)/sin(πu/4)− 1

∣∣∣∣
≤ 1 + 2

sin(π/4 + π/8)/sin(π/4)− 1
= cos(π/8)+ sin(π/8)+ 1

cos(π/8)+ sin(π/8)− 1
= ησ

−1
1 −1 .

Therefore (7) is proved. On the other hand, Lemma 4 of [4] implies that

‖η‖ = ‖η−1‖ = cot
π

2n+2 .

Now, assume thatl ≡ 5(mod 8). Then, asω̃ = σ1,

‖ηa1+a2ω̃‖ ≤ ‖η‖a1−a2‖ησ1−1‖a2 , ‖ηa1−a2ω̃‖ ≤ ‖η‖a1−a2‖η1−σ1‖a2 .

Lemma 3 of [4] shows, however, that

2l < max(‖ηa1+a2ω̃‖, ‖ηa1−a2ω̃‖) .
Hence, it follows from (7) and [4, Lemma 4] that

l <
a1 − a2

log 2
log

(
cot

π

2n+2

)
+ a2

log 2
log

(
cos(π/2n+1)+ sin(π/2n+1)+ 1

cos(π/2n+1)+ sin(π/2n+1)− 1

)
.

Assume next thatl ≡ 3(mod 8). As ω̃ = σ2 − σ−1
2 = σ−1

2 (σ1 − 1), we then have

‖ηa1+a2ω̃‖ ≤ ‖η‖a1‖ησ1−1‖a2 , ‖ηa1−a2ω̃‖ ≤ ‖η‖a1‖η1−σ1‖a2 .
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Thus (7), together with [4, Lemmas 3 and 4], proves

l <
a1

log 2
log

(
cot

π

2n+2

)
+ a2

log 2
log

(
cos(π/2n+1)+ sin(π/2n+1)+ 1

cos(π/2n+1)+ sin(π/2n+1)− 1

)
. �

LEMMA 12. Assume that l divides hn/hn−1. Then

l < (n+ 1)2 if l ≡ 5 (mod 8) ;

l <
3

2

(
n+ 2

3

)2

if l ≡ 3 (mod 8) .

PROOF. For simplicity, let

γ1 = cos(π/2n+1)+ sin(π/2n+1)+ 1

cos(π/2n+1)+ sin(π/2n+1)− 1
= 1 + 2

cos(π/2n+1)+ sin(π/2n+1)− 1
,

γ2 = cos
π

2n+1 − sin
π

2n+1 + 1 = 2
√

2 cos
π

2n+2 cos

(
π

4
+ π

2n+2

)
.

Since

cos
π

2n+1 + sin
π

2n+1 − 1 = 2
√

2 sin
π

2n+2 cos

(
π

4
+ π

2n+2

)

>

√
2π

2n+1
cos

π

2n+2
cos

(
π

4
+ π

2n+2

)
= πγ2

2n+2
,

it follows that

γ1 < 1 + 2n+3

πγ2
.

Therefore, noting that log(1 + 2n+3/(πγ2)) < log(2n+3/(πγ2))+ πγ2/2n+3, we obtain

logγ1

log 2
< n+ 3 − log(πγ2)

log 2
+ πγ2

2n+3 log 2
.(8)

We now consider the casel ≡ 5(mod 8). By Lemma 11,

l <
a1 − a2

log 2
log

2n+2

π
+ a2 logγ1

log 2
.

However, simple calculations show that the right-hand side of (8) is smaller thann+1. Hence,

l < (a1 − a2)(n+ 1)+ a2(n+ 1) = a1(n+ 1) <
√
l(n+ 1) ,

and, consequently,

l < (n+ 1)2 .

We next consider the case wherel ≡ 3(mod 8) so thatn ≥ 3. In this case, the right-hand
side of (8) is smaller thann+ 2/3 and hence, by Lemma 11,

l <
a1

log 2
log

2n+2

π
+ a2

(
n+ 2

3

)
< (a1 + a2)

(
n+ 2

3

)
.
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Furthermore,

3l

2
− (a1 + a2)

2 = 3(a2
1 + 2a2

2)

2
− (a1 + a2)

2 = (a1 − 2a2)
2

2
≥ 0 .

We therefore obtain

l <

√
3l

2

(
n+ 2

3

)
, i.e., l <

3

2

(
n+ 2

3

)2

. �

For each positive integerm, let Om denote the set of all odd positive integersu with
l(m− 1) < u < lm. For each integeru relatively prime tol, let r(u) denote the least positive
residue modulol. If l is congruent to 5 modulo 8 and any integerd is given, letU1(d) denote
the set of all integersu such that

u ∈ O1 ∪O2 ∪O3 ∪O4 , u ≡ d (mod 2n+2) ,

letU2(d) denote the set of all integersu such that

u− 2n ∈ O1 ∪O2 ∪O3 ∪O4 , u ≡ d (mod 2n+2) ,

and let

s1(d) = a1

∑
u∈U1(d)

1

r(u)
, s2(d) = a2

∑
u∈U2(d)

(−1)(u−1)/2

r(u− 2n)
.

LEMMA 13. Assume that l is congruent to 5 modulo 8 and divides hn/hn−1. Then, for
any pair (d, d ′) ∈ Z × Z with d ≡ d ′ (mod 2n+1), either

s1(d)+ s2(d) ≡ s1(d
′)+ s2(d

′) (modl)

or
s1(d)− s2(d) ≡ s1(d

′)− s2(d
′) (modl) .

Furthermore,
l > 2n−1 .

PROOF. In the casen ≥ 3,

ηa1+a2ω̃ = (ζ − 1)a1(iζ − 1)a2

ia1(ζ + 1)a1ia2(iζ + 1)a2
= (ζ − 1)a1(ζ + i)a2

ia1+a2(ζ + 1)a1(ζ − i)a2
,

ηa1−a2ω̃ = (ζ − 1)a1ia2(iζ + 1)a2

ia1(ζ + 1)a1(iζ − 1)a2
= (ζ − 1)a1(ζ − i)a2

ia1−a2(ζ + 1)a1(ζ + i)a2
.

In the casen = 2,

ηa1+a2ω̃ = (ζ − 1)a1(ζ − i)a2

ia1+a2(ζ + 1)a1(ζ + i)a2
, ηa1−a2ω̃ = (ζ − 1)a1(ζ + i)a2

ia1−a2(ζ + 1)a1(ζ − i)a2
.

On the other hand,ηa1+a2ω̃ or ηa1−a2ω̃ is anlth power inEn by Lemma 2,ζ 4 − 1 is relatively
prime tol, andil = i holds. It therefore follows from [2, Lemma 5] that

(ζ − 1)la1(ζ + 1)−la1(ζ + i)lκa2(ζ − i)−lκa2

≡ (ζ l − 1)a1(ζ l + 1)−a1(ζ l + i)κa2(ζ l − i)−κa2 (modl2) ,
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whereκ is equal to 1 or−1. This implies that

(ζ l + 1)(ζ l + i)(ζ l − i)a1

l−1∑
c=1

(
l

c

)
ζ c(−1)l−c − (ζ l − 1)(ζ l + i)(ζ l − i)a1

l−1∑
c=1

(
l

c

)
ζ c

+ (ζ l − 1)(ζ l + 1)(ζ l − i)κa2

l−1∑
c=1

(
l

c

)
ζ cil−c

− (ζ l − 1)(ζ l + 1)(ζ l + i)κa2

l−1∑
c=1

(
l

c

)
ζ c(−i)l−c

≡ 0 (modl2) ,

because

(ζ + α)lw ≡ (ζ l + αl)w−1
(
ζ l + αl +w

l−1∑
c=1

(
l

c

)
ζ cαl−c

)
(modl2)

for eachw ∈ Z and each algebraic integerα with ζ l + αl �= 0. Hence, by the relation(
l

c

)
≡ (−1)c−1l

c
(modl2)

for each positive integerc < l, we have

a1(ζ
2l + 1)

(
(ζ l + 1)

l−1∑
c=1

ζ c

c
− (ζ l − 1)

l−1∑
c=1

(−1)c−1ζ c

c

)

+ κa2(ζ
2l − 1)

(
(ζ l − i)

l−1∑
c=1

(−1)c−1il−cζ c

c
− (ζ l + i)

l−1∑
c=1

il−cζ c

c

)
≡ 0 (modl) ,

namely,

a1(ζ
2l + 1)

(
ζ l
(l−1)/2∑
b=1

ζ 2b

2b
+
(l−1)/2∑
b=1

ζ 2b−1

2b − 1

)

+ κa2(ζ
2l − 1)

(
−ζ l+2n

(l−1)/2∑
b=1

(−1)bζ 2b

2b
+ ζ 2n

(l−1)/2∑
b=1

(−1)bζ 2b−1

2b − 1

)
≡ 0 (modl) .

Therefore, in view of the definitions ofs1(d), s2(d) for d ∈ Z, we know that the first assertion
of our lemma is proved by Lemma 9. The second assertion follows from the first. Indeed, if
l < 2n−1, then

4l − 1< 2l − 1 + 2n < 2n+1 ,

so that we obtain

U1(2l − 1 + 2n) = ∅ , U2(2l − 1 + 2n) = {2l − 1 + 2n} ,
U1(2l − 1 + 3 · 2n) = U2(2l − 1 + 3 · 2n) = ∅ ,
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which imply that

s1(2l − 1 + 2n) = 0 , s2(2l − 1 + 2n) = a2

l − 1
,

s1(2l − 1 + 3 · 2n) = s2(2l − 1 + 3 · 2n) = 0 . �

Next, let

O3,4 = {u ∈ O3 ∪O4 | u ≡ 3 (mod 4)} .
If l is congruent to 3 modulo 8 andd is any integer, letU1(d) denote the set of integersu for
which

u ≡ d (mod 2n+2), u ∈ O1 ∪O2 ∪O5 ∪O6 ;
let U2,1(d), U2,2(d), andU2,3(d) denote, respectively, the sets of integersu congruent tod
modulo 2n+2 for whichu − 2n−1 belongs toO1 ∪ O2, toO3,4, and toO5 ∪O6; let U3,1(d),
U3,2(d), andU3,3(d) denote, respectively, the sets of integersu congruent tod modulo 2n+2

for whichu− 3 · 2n−1 belongs toO1 ∪O2, toO3,4, and toO5 ∪O6. We then put

s1(d) = a1

∑
u∈U1(d)

1

r(u)
,

s2(d) = a2

( ∑
u∈U2,1(d)

(−1)[(u+3)/4]

r(u− 2n−1)
+

∑
u∈U2,2(d)

2(−1)(u+1)/4

r(u− 2n−1)
+

∑
u∈U2,3(d)

(−1)[(u+1)/4]

r(u− 2n−1)

+
∑

u∈U3,1(d)

(−1)[(u+3)/4]

r(u− 3 · 2n−1)
+

∑
u∈U3,2(d)

2(−1)(u+1)/4

r(u− 3 · 2n−1)

+
∑

u∈U3,3(d)

(−1)[(u+1)/4]

r(u− 3 · 2n−1)

)
,

where, for each real numberx, [x] denotes the greatest integer less than or equal tox. We
also put

U2(d) = U2,1(d) ∪ U2,2(d) ∪ U2,3(d) , U3(d) = U3,1(d) ∪ U3,2(d) ∪ U3,3(d) .

LEMMA 14. Assume that l ≡ 3(mod 8), n ≥ 4, and l divides hn/hn−1. Then, for any
pair (d, d ′) ∈ Z × Z with d ≡ d ′ (mod 2n+1), either

s1(d)+ s2(d) ≡ s1(d
′)+ s2(d

′) (modl)

or

s1(d)− s2(d) ≡ s1(d
′)− s2(d

′) (modl) .

Furthermore,

l ≥ 2n + 1

3
.
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PROOF. Let

µ = eπi/4 = ζ 2n−1

for simplicity, and note that

µl = −µ−1 = µi , µ2 = i .

In the casen ≥ 5, since 32
n−3 ≡ 1 + 2n−1 + 2n+1 (mod 2n+2), we have

ηa1+a2ω̃ = (ζ − 1)a1(−µζ − 1)a2ia2(−µ−1ζ + 1)a2

ia1(ζ + 1)a1ia2(−µζ + 1)a2(−µ−1ζ − 1)a2

= (ζ − 1)a1(ζ + µ−1)a2(ζ − µ)a2

ia1(ζ + 1)a1(ζ − µ−1)a2(ζ + µ)a2
,

ηa1−a2ω̃ = (ζ − 1)a1ia2(−µζ + 1)a2(−µ−1ζ − 1)a2

ia1(ζ + 1)a1(−µζ − 1)a2ia2(−µ−1ζ + 1)a2

= (ζ − 1)a1(ζ − µ−1)a2(ζ + µ)a2

ia1(ζ + 1)a1(ζ + µ−1)a2(ζ − µ)a2
.

In the casen = 4,

ηa1+a2ω̃ = (ζ − 1)a1(ζ − µ−1)a2(ζ + µ)a2

ia1(ζ + 1)a1(ζ + µ−1)a2(ζ − µ)a2
,

ηa1−a2ω̃ = (ζ − 1)a1(ζ + µ−1)a2(ζ − µ)a2

ia1(ζ + 1)a1(ζ − µ−1)a2(ζ + µ)a2
.

We also know thatζ 8 −1 is relatively prime tol. Therefore, by the assumption, Lemma 2 and
[2, Lemma 5] give us

(ζ − 1)la1(ζ + 1)−la1(ζ + µ−1)lκa2(ζ − µ−1)−lκa2(ζ − µ)lκa2(ζ + µ)−lκa2

≡ (ζ l − 1)a1(ζ l + 1)−a1(ζ l − µ)κa2(ζ l + µ)−κa2(ζ l + µ−1)κa2(ζ l − µ−1)−κa2

(modl2) ,

whereκ is equal to−1 or 1. Hence, as in the proof of Lemma 13, we obtain

(ζ l + 1)(ζ 4l + 1)a1

l−1∑
c=1

(
l

c

)
ζ c(−1)l−c − (ζ l − 1)(ζ 4l + 1)a1

l−1∑
c=1

(
l

c

)
ζ c

+ (ζ 2l − 1)(ζ l + µ)(ζ 2l + i)κa2

l−1∑
c=1

(
l

c

)
ζ cµc−l

− (ζ 2l − 1)(ζ l − µ)(ζ 2l + i)κa2

l−1∑
c=1

(
l

c

)
ζ c(−µ)c−l

+ (ζ 2l − 1)(ζ l − µ−1)(ζ 2l − i)κa2

l−1∑
c=1

(
l

c

)
ζ c(−µ)l−c
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− (ζ 2l − 1)(ζ l + µ−1)(ζ 2l − i)κa2

l−1∑
c=1

(
l

c

)
ζ cµl−c ≡ 0 (modl2)

and, from this, we see that

a1(ζ
4l + 1)

(
ζ l
(l−1)/2∑
b=1

ζ 2b

2b
+
(l−1)/2∑
b=1

ζ 2b−1

2b − 1

)

+ κa2(ζ
2l − 1)(ζ 2l + i)

(
ζ l
(l−1)/2∑
b=1

µibζ 2b

2b
−
(l−1)/2∑
b=1

µibζ 2b−1

2b − 1

)

+ κa2(ζ
2l − 1)(ζ 2l − i)

(
ζ l
(l−1)/2∑
b=1

µi1−bζ 2b

2b
−
(l−1)/2∑
b=1

µi1−bζ 2b−1

2b − 1

)

≡ 0 (modl) .

(9)

It further follows that

(ζ 2l + i)

(
ζ l
(l−1)/2∑
b=1

µibζ 2b

2b
−
(l−1)/2∑
b=1

µibζ 2b−1

2b − 1

)

= (ζ 2l + i)

(
ζ l
(l−3)/4∑
m=1

µ(−1)mζ 4m

4m
− ζ l

(l+1)/4∑
m=1

µi(−1)mζ 4m−2

4m− 2

−
(l−3)/4∑
m=1

µ(−1)mζ 4m−1

4m− 1
+
(l+1)/4∑
m=1

µi(−1)mζ 4m−3

4m− 3

)
= µD1 + µiD2 ,

where

D1 =
(l+1)/4∑
m=1

(
(−1)m+1ζ 4m−3

4m− 3
+ (−1)mζ l+4m−2

4m− 2

)

+
(l−3)/4∑
m=1

(
(−1)m+1ζ 2l+4m−1

4m− 1
+ (−1)mζ 3l+4m

4m

)
,

D2 =
(l−3)/4∑
m=1

(
(−1)m+1ζ 4m−1

4m− 1
+ (−1)mζ l+4m

4m

)

+
(l+1)/4∑
m=1

(
(−1)mζ 2l+4m−3

4m− 3
+ (−1)m+1ζ 3l+4m−2

4m− 2

)
.

We have similarly

(ζ 2l − i)

(
ζ l
(l−1)/2∑
b=1

µi1−bζ 2b

2b
−
(l−1)/2∑
b=1

µi1−bζ 2b−1

2b − 1

)
= µiD1 + µD2 .
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Hence,

(ζ 2l − 1)(ζ 2l + i)

(
ζ l
(l−1)/2∑
b=1

µibζ 2b

2b
−
(l−1)/2∑
b=1

µibζ 2b−1

2b − 1

)

+ (ζ 2l − 1)(ζ 2l − i)

(
ζ l
(l−1)/2∑
b=1

µi1−bζ 2b

2b
−
(l−1)/2∑
b=1

µi1−bζ 2b−1

2b − 1

)

= (µ+ µi)(ζ 2l − 1)(D1 +D2) .

The congruence (9) thus means that

a1

(l−1)/2∑
b=1

(
ζ 2b−1

2b − 1
+ ζ l+2b

2b
+ ζ 4l+2b−1

2b − 1
+ ζ 5l+2b

2b

)

+ κa2(ζ
2n−1 + ζ 3·2n−1

)

((l+1)/4∑
m=1

(
(−1)mζ 4m−3

4m− 3
+ (−1)m+1ζ l+4m−2

4m− 2

)

+
(l−3)/4∑
m=1

(
(−1)mζ 4m−1

4m− 1
+ (−1)m+1ζ l+4m

4m

)

+
(l+1)/4∑
m=1

(
2(−1)m+1ζ 2l+4m−3

4m− 3
+ (−1)mζ 3l+4m−2

2m− 1

)

+
(l+1)/4∑
m=1

(
(−1)mζ 4l+4m−3

4m− 3
+ (−1)m+1ζ 5l+4m−2

4m− 2

)

+
(l−3)/4∑
m=1

(
(−1)m+1ζ 4l+4m−1

4m− 1
+ (−1)mζ 5l+4m

4m

))
≡ 0 (modl) .

Therefore, combined with the definitions ofs1(d), s2(d) for d ∈ Z, Lemma 9 proves the first
assertion of the present lemma.

Next, let

d1 = 2l − 1 + 3 · 2n−1 , d2 = 9l − 1

2
= 4l + l − 1

2
.

If l < 2n−2, then we easily obtain

6l − 1 + 2n−1 < d1 < 2n+1 , 6l − 1 + 3 · 2n−1 < d1 + 2n+1 ,

which imply that

U1(d1) = U2(d1) = ∅ , U3(d1) = U3,1(d1) = {d1} ,
U1(d1 + 2n+1) = U2(d1 + 2n+1) = U3(d1 + 2n+1) = ∅ ,

so that

s1(d1) = s1(d1 + 2n+1) = s2(d1 + 2n+1) = 0 , s2(d1) = a2

l − 1
.
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If 2n−2 < l < (2n + 1)/3, then

s1(d2) = 2a1

l − 1
, s2(d2) = s1(d2 + 2n+1) = s2(d2 + 2n+1) = 0 ;

because

2l < d2−2n−1 < 3l , d2 ≡ 1 (mod 4) , d2 < 3·2n−1 , 6l−1+3·2n−1 < d2+2n+1 ,

and, hence,

U1(d2) = {d2} , U2(d2) = U3(d2) = ∅ ,
U1(d2 + 2n+1) = U2(d2 + 2n+1) = U3(d2 + 2n+1) = ∅ .

Thus, the second assertion of the lemma follows from the first. �

PROPOSITION 3. If l is congruent to 3 or 5 modulo 8, then the l-class group of the
Z2-extension B∞ over Q is trivial.

PROOF. Assume thatl divideshn/hn−1 contrary to the assertion of the proposition. We
first deal with the casel ≡ 5(mod 8). In this case, Lemmas 12 and 13 yield

2n−1 < l < (n+ 1)2 ,

whence we haven ≤ 6. It is known, however, thath5 = 1 (cf. [1, Theorem 1]). Therefore,
(l, n) must equal(37,6). Since

(a1, a2) = (6,1) , U1(127) = U2(127) = {127} , 127= 37 · 3 + 16 = 26 + 37+ 26,

U1(255) = U2(255) = ∅ ,
we see that

s1(127) = 3

8
≡ 5 (mod 37) , s2(127) = − 1

26
≡ 27 (mod 37) ,

s1(255) = s2(255) = 0 .

Lemma 13 then implies that 37 does not divideh6/h5, but this is a contradiction. Thus, the
proposition holds wheneverl ≡ 5(mod 8).

Let us next deal with the casel ≡ 3(mod 8), supposing thatn ≥ 6. In view of Lem-
mas 12 and 13, we obtain

2n + 1

3
≤ l <

3

2

(
n+ 2

3

)2

.

Hence, the pair(l, n) belongs to the set

{(43,6), (59,6), (43,7), (59,7), (67,7), (83,7), (107,8)} .
If (l, n) = (59,7) so that(a1, a2) = (3,5), then Lemma 11 implies that

59<
3

log 2
log

(
cot

π

29

)
+ 5

log 2
log

(
cos(π/28)+ sin(π/28)+ 1

cos(π/28)+ sin(π/28)− 1

)
,
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but the right-hand side of the above inequality is certainly smaller than 59. Similarly, when
(l, n) belongs to{(59,6), (83,7), (107,8)}, Lemma 11 leads us to one of the following con-
tradictions:

59<
3

log 2
log

(
cot

π

28

)
+ 5

log 2
log

(
cos(π/27)+ sin(π/27)+ 1

cos(π/27)+ sin(π/27)− 1

)
< 51,

83<
9

log 2
log

(
cot

π

29

)
+ 1

log 2
log

(
cos(π/28)+ sin(π/28)+ 1

cos(π/28)+ sin(π/28)− 1

)
< 74,

107<
3

log 2
log

(
cot

π

210

)
+ 7

log 2
log

(
cos(π/29)+ sin(π/29)+ 1

cos(π/29)+ sin(π/29)− 1

)
< 84.

Hence,(l, n) must be(43,6), (43,7), or (67,7). Assume now that(l, n) = (43,6). Because
of the facts

(a1, a2) = (5,3) , U1(127) = ∅ , 127= 25 + 43 · 2 + 9 ∈ U2,2(127) ,

127= 25 · 3 + 31 ∈ U3,1(127) , U2(127) = U3(127) = {127} ,
255= 43 · 5 + 40 ∈ U1(255) , 255= 25 + 43 · 5 + 8 ∈ U2,3(255) ,

255= 25 · 3 + 43 · 3 + 30 ∈ U3,2(255) , U1(255) = U2(255) = U3(255) = {255} ,
we have

s1(127) = 0, s2(127) = 2

9
+ 1

31
≡ 30 (mod 43) , s1(255) = 1

40
≡ 14 (mod 43) ,

s2(255) = 1

8
+ 1

15
≡ 7 (mod 43) .

Lemma 14 therefore implies that 43 does not divideh6/h5, which contradicts our assumption.
If (l, n) = (43,7), then

(a1, a2) = (5,3) , 255= 43 · 5 + 40 ∈ U1(255) , 255= 26 + 43 · 4 + 19 ∈ U2,3(255) ,

255= 26 · 3 + 43+ 20 ∈ U3,1(255) , U1(255) = U2(255) = U3(255) = {255} ,
U1(511) = U2(511) = U3(511) = ∅ ,

and, therefore,

s1(255) = 1

8
≡ 27 (mod 43) , s2(255) = 3

19
+ 3

20
≡ 14 (mod 43) ,

s1(511) = s2(511) = 0 ,

but Lemma 14, together with these, shows that 43 does not divideh7/h6. Furthermore, if
(l, n) = (67,7), then

(a1, a2) = (7,3) , 255= 67 · 3 + 54 ∈ U1(255) , 255= 26 + 67 · 2 + 57 ∈ U2,2(255) ,

255= 26 · 3 + 63 ∈ U3,1(255) , U1(255) = U2(255) = U3(255) = {255} ,
U1(511) = U2(511) = U3(511) = ∅ ,
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and, hence,

s1(255) = 7

54
≡ 51 (mod 67) , s2(255) = 2

19
+ 1

21
≡ 2 (mod 67) ,

s1(511) = s2(511) = 0 .

However, together with these, Lemma 14 still shows that 67 does not divideh7/h6. Con-
sequently, our assumption thatl divideshn/hn−1 turns out to be false. The proof of the
proposition is now completed. �

REMARK 3. In the case wherel ≡ 5(mod 8) and 2≤ n ≤ 5, one can obtain the fact
thatl does not dividehn/hn−1, only using Lemmas 11, 12, and 13; also in the case wherel ≡
3(mod 8) andn is equal to 4 or 5, the same fact can be deduced from Lemmas 11, 12, and 14.

Finally, let us prove Theorem 3. By the assumption, the cyclotomic field of eighth roots
of unity containsF . The extension inP ∞ = B∞(i) of degree 82/2 overQ(i) is the cyclo-
tomic field of 128th roots of unity, and the relative class number of the cyclotomic field is
known to equal 17× 21 121. It therefore follows from [2, Theorem 1] that, for any positive
integeru, l does not divide the relative class number ofQ(eπi/2

u−1
), the cyclotomic field of

2uth roots of unity (see also [7, IV]). On the other hand, Proposition 3 means that, for any pos-
itive integeru, l does not divide the class number of the maximal real subfield ofQ(eπi/2

u−1
).

Thus, the theorem is proved.
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