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In this paper, we prove some inequalities satisfied by the modified degenerate gamma function which was recently introduced. The
tools employed include Holder’s inequality, mean value theorem, Hermite-Hadamard’s inequality, and Young’s inequality. By
some parameter variations, the established results reduce to the corresponding results for the classical gamma function.

1. Introduction

In recent times, degenerate special functions and polyno-
mials have been a subject of intense discussion. See, for
example, [1-5] and the related references therein.

In 2017, Kim and Kim [6] introduced the degenerate
gamma function as

I (x) = J £L 4 A0 P, (1)

0
where A € (0,00) and 0 < R (x) < 1/A. This was motivated by
the degenerate exponential function which is defined as [6]
e = (1+A)", (2)

where A € (0,00). It is clear that lim; e} =¢' and
limy__ Ty (x) ='(x), where I'(x) is the classical gamma
function.

In 2018, Kim et al. [7] introduced the modified de-
generate gamma function which is defined as

T, (x) = J:O 711+ )Pt (3)

where A € (0,1) and R (x) > 0. This definition is equivalent
to

Iy (x) = j:’ (1 %>_ktdt, (4)

where 1 <k <ooand R (x) > 0. Here, lim;__, T (x) = I'(x).
The modified degenerate gamma function (3) satisfies the
following properties [7]:

A
B =aTy ©)
A
Ty (x+1) :1711(1):»“(’6)’ (6)
m+1
I ma1) = — 2™ m e N, (7)

(In (1 + 1)V

Derivatives of the modified degenerate gamma function
are given as

T\ (x) = J:O (Int) 1 (1 + 1) ", (8)

where r € N,.
In a recent work, He et al. [8] introduced the modified
degenerate digamma function which is defined as

I} (x)
F,\ (x)

and has the following representations among others:

(9)

d
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where y is the Euler-Mascheroni constant. It also satisfies
the following basic properties:

A
i) = _“ln(lnu +/\))’

1
I//)l(x*'l):lh(x)*';,

(11)

and similarly, it is clear that lim;__ ¥, (x) = w(x), where
v (x) is the classical digamma function. For further prop-
erties of the function v, (x), one may refer to [8].

In this paper, we continue to investigate the modified
degenerate gamma function. Precisely, we prove some

FA(x+s):J’:Ot

< (Jzot“ (1 +A)*“’“df)l_s(ﬁ° £ (1 +A)*‘””dt)$ =[] [Ty (e + D]

and by using (6), we obtain

I‘A(x+s)S( MM> T, (x). (14)

In(1+

By replacing s with 1 — s in (14), followed by substituting
x by x + s, we obtain

Mx+s)\"°
- 15
FA(x+1)S<ln(l+A)> [ (x+s). (15)
Now, combining (14) and (15), we obtain
In(1+1)\"* xo
<A(_x+s)> I‘/\(X+1)SF)L(X+S)S<m>rA(X),

(16)
and by using (6), we obtain the desired results (12). O

Remark 1. Inequality (16) can also be rearranged as
X 1-s
— <
)

which is the degenerate form of Wendel’s inequality (see (7)
of [9]). Furthermore, by Squeezes theorem, (17) implies that

I‘A (x + S)
BN R

lim F/\ (x + S)

A O (1 + )T, () (18)

(10)

inequalities satisfied by this generalized function. The
techniques we employed are analytical in nature.

2. Results and Discussion

Theorem 1. For s € (0,1] and x >0, the inequality holds:
1-s I-s
Ax Sl")l(x+l)< AMlx+s) . (12)
In(1+2)

I(x+s) \In(l+A1)
Proof. The case for s =1 is obvious. So, let s € (0,1) and
x> 0. Then, by applying Holder’s inequality for integrals, we
have

[e¢]
xX+s—1 (1 +A)*(t/A)dt — J t(lfs)(xfl) (1 +A)*(t(lfs)/l)tSX(1 +A)*(St/)t)dt
0

(13)

which is the degenerate form of Wendel's asymptotic re-
lation (see (1) of [9]). The limit (18) also implies that

lim Ax e
x—oo \In(1+21)

Theorem 2. For 0 <u<v, the inequality holds:

[(x+s)

FA(x+r):l' (19)

T
exp{(v - w)y, (w)}< ri ((:; <exp{(v-uw)y; (v} (20)

Proof. The case for u = v is trivial. So, consider the function
InT; (x) on the interval 0 <u <v. Then, by the mean value
theorem, there exist a k € (1, v) such that

InT) (v) = InTy (u)
— =y, (k). (21)
Since v, (x) is increasing, then
vy (1) <y (k) <y, (v), (22)
which yields
R S AU NEES

and by exponentiation, we obtain the desired result (20). O

Corollary 1. For s € (0,1] and x>0, the inequality holds:
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NCTE) <exp{(1-9)y, (x+ 1)}

exp{(1 - )y, (x +9)} <
(24)

Proof. Let v=x+1 and u = x + s in Theorem 2. O
Corollary 2. For x>0, the inequality holds:

explxy, (1),
(25)

xp{xyy (x + 1)} <Ty (x + 1)_1 (IA

A
ln(l /1) )

Proof. Let v=x+1 and u =1 in Theorem 2. O

Remark 2. Inequality (24) is the degenerate form of in-
equality (3.4) of [10].

Theorem 3. For 0 <u <v, the inequality holds:

l"/\(x+ )

exp{(v—u)%‘(u);%(v)}<FA( )<exp{(v u)u//\( +V)}

L) ()™
(26)

Proof. Let 0 <u<v, and consider the function y, (x) on the
interval [u, v]. Since v, (x) is concave, then by the classical
Hermite-Hadamard inequality, we have

1 v
v (1) ;r ¥, (v) < L v (H)dt < %(u

)

which translates to

i) +y(v) . T(v) u+v
> SlnFA(u)S (v—u)%( >,

(v—u)
(28)

and by exponentiation, we obtain the desired result (26). O

Corollary 3. For s € (0,1] and x>0, the inequality holds:

1//A(x+1)+%(x+s)}<

exp{(l —s) 5

Proof. Let v=x+1 and u = x + s in Theorem 3. O

A A X
TRE { [””"(’”1)+‘“(1)]}<r*(“1)—1 a+n© {x‘“<5+

Proof. Let v=x+1 and u =1 in Theorem 3. O

Remark 3. Inequalities (26), (29), and (30) are, respectively,
better than (20), (24), and (25)

T hilx+s)

T(x+ )

exp{(l - s)%(x + %)} (29)

Corollary 4. For x>0, the inequality holds:

1)} (30)

Remark 4. By letting A — 0, inequality (29) reduces to

s+1

)w(x+1)+1//(x+s)}<

exp{(l—s 3

The upper bound of (31) coincides with the upper bound
of inequality (1.2) in the work [11] which was obtained by a
different procedure. However, the lower bound of (31) is
better than the lower bound of inequality (1.2) in [11] since

wZ VWGt Dy (x+ )2y (x+8) > y(x + V5).

STlxr )_

p{(l —s)w<x+7)}. (31)

This is by virtue of the arithmetic-geometric mean in-
equality and the monotonicity property of y (x).

Theorem 4. For x>0 and s € (0, 1], the inequality holds:

(32)
In(A+1)\"* c1 _Dx+s) In(A+1) o
(T) AR e e e .



Proof. Let A(x) = (x+s)1751",\(x+s)/l"h(x+ 1) for x>0
and s € (0,1]. Then,

In(A+1) ,_,
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Remark 5. As a particular case, by letting s =1/2 and
A — 0, we obtain

%(x+%><%< <x+%>. (37)

The upper bound of (37) agrees with the upper bound of
(3) in [12]. Comparing the lower bounds of (37) and (3) in
[12] reveals that the lower bound of (37) is stronger if
0<x<1/m—2 and is weaker if x> 1/m - 2.

Theorem 5. Let u>1 and (1/u) + (1/v) = 1. Then,
Ty (x + y) < [Ty (ux) ] [T (vp)] (38)

holds for x>0 and y > 0.

Proof. By Holder’s inequality for integrals, we have

(o) (o)
T, (x+y) = J 1 +A)—(t//\)dt _ J' -l +A)—(t//\u)ty—(1/v) (1 +A)—(t//\v)dt
0 0

([} e ) ([Tt ) = o) o]

lim, ,A(x) = T T, (s). (34)
Also, inequality (17) implies that
1-s
lim A(x) =<mu+1)) . (35)
X—00 /\
Furthermore,
A(x) 1-s
_ _ 36
e x+s+1///1(x+s) v (x+1)<0, (36)
which  shows that A(x) is decreasing. Hence,
A(00) < A(x) <A(0) which yields (33) O
1/u
which concludes the proof. O

Remark 6. Applying Young’s inequality on the right-hand

(39)

i l (T]) l/kl (7’2) 1/k,
r((ﬁ/km(rz/kz))(kl +k2>s [FA (x)] [FA (y)] ,
A

) (41)
side of (38) reveals that
Iy (ux) Ty (vy)
Hix+y)< w T (40) Proof. By using (8) and Holder’s inequality, we have
Theorem 6. Let ri, 1y € {2n: me Ny}, ko >1,
(1/ky) + (1/ky) = 1, and (r/k;) + (r,/k,) € Ny. Then, in-
equality holds for x>0 and y > O0:
1"; (rl/k1)+(72/k1))<£+l> _ J‘X’ (Inf)" (rifk)+(ralk2)) ¢ (elhy ) +(y1ky )1 (1+2)" g
kk) o
_ JOO (lnt)r‘/k' tx—l/k, a +A)—(t/}»kl) (lnt)rz/kztyf 1/k, a +/\)—t//1k2dt (42)
0

0
which concludes the proof. O

Remark 7. If r; = r, = r, then (41) reduces to

. . Uk, [y Uk,
I} )(%%) <@ W] @3
1 2

which implies that function (8) is log-convex for any even
order derivative. Moreover, if r = 0 in (43), we obtain

([ amre e @a) " ([ amore ooy @a) ™ < [10 o] 1 0] ™,

r)t<ﬁ+l) < [T, 0]V [T, ()] Ve, (44)
k Tk,

which shows that the modified degenerate gamma function
is log-convex.

Remark 8. Ifry =r,ry =r+2,k, =k, =2,and x = y, then
(41) reduces to the Turan-type inequality:

(T (x)) <0 (1™ (). (45)
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Remark 9. If ry=s—-1,r,=s+1,k, =k, =2, and x = y,
then (35) reduces to the Turan-type inequality:

(T (%)) <18 (ord* (), (46)

where s € {2n+ 1: n € Ny}. This is the degenerate version of
main result of [13].

px+1)-¢(x) =

Thus, ¢(x) is increasing, and for x>1, we have
¢ (x) = ¢ (1) which completes the proof. O

Lemma 1. The function (x)
x>0.

= xI') (x) is increasing for all

Proof. By using (6) and (9) and the monotonicity property
of v, (x), we have
In(A+1)

7 T (x+ Dy, (x), (49)

B(x) = xI) (0)y, (x) =

and consequently, we obtain

A B’ (x)
In(A+1) T (x+1)

=y (x + Dy (x) + 31 (%) > 97 (x)

1 1
F)t(x+1)—r)t(x)+f—7
x x+1

5
Theorem 7. For x>1, the inequality holds:
A 1
I"A(x)_l a+n 1+;. (47)
Proof. Let ¢(x) =T, (x) — (1/x). Then,
1 1
) (x )<1 ) 1>+x—x+1>o. (48)
1 2
I“A(x)l“)t( ) (m) (51)
24
rl(x)”*( )‘m(m ) (52

Proof. By letting k, = k, = 2 and replacing x and y with 1 +
x and 1+ (1/x) in (44), we obtain

InT', (1 + (1/x))

lnr}t<1+f+i>§ln1}(l+x)+ (53)
2 2x 2 2

Also, since x+ (1/x)=2 for x>0, then
+ (x/2) + (1/2x) = 2. Now, let ¢(x) =T, (x)I; (1/x) for

x> 0. Then, by using (6), we have

i 2
1 (0)>0, ¢(x)=<1n(“1)> L(1+x)0(145).  (54)
(50) A x
which completes the proof. O Next, by using (5), (53), and (54), we obtain
Theorem 8. The inequalities hold for x > 0:
In(A+1) x 1 In(A+1) Ay
Ty T 7 = 55
Ing(x)>2ln ( - )+21nfl<1+2+2x>221n< - )+21n1“)t(2) In (1 O )> (55)

which gives (51). Next, let 8(x)=T,(x)+TI,(1/x) for
x> 0. Then,

1 1
%0 (x) = xT] (x) — -T/ (—) (56)
x "\x
It follows from Lemma 1 that 0(x) is increasing if x > 1

and decreasing if 0<x<1. For both cases, we have
0(x)>0(1) = 2M/In(A + 1) which gives inequality (52). O

Remark 10. Inequality (52) can be obtained from inequality
(51) by applying the arithmetic-geometric mean inequality.

Theorem 9. Let r,s € {2n: n € Ny} and r>s. Then, in-
equality holds for x> 0:

(eXpFA(Y) (x ))2 < eprArfs) (x)- epr‘i”s) (x). (57)



Proof. We adopt the technique of Mortici [14] to estimate
the function

I () + I (%)
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T\ (x) = % j (Int) ¢ (1 + 1) "t +% J (Int)™ 1 (1 + 1) Ve
0 0

« 5,1 —em g, L[] 1 s rox-1 ()
—jo (Int)*t* 1 (1 + 1) dt—zjo [(lnt)s+(lnt) 2](lnt)t (1+1) g (58)

[7] Y. Kim, B. M. Kim, L.-C. Jang, and J. Kwon, “A note on
modified degenerate gamma and laplace transformation,”
Symmetry, vol. 10, pp. 1-8, 2018.

[8] F. He, A. Bakhet, M. Akel, and M. Abdalla, “Degenerate

2
1 o0
- j [1 - (ne)' ]2 (ne) 6" (1 + 1) e > 0.
0
Thus,
27 (x) < T (x) + T (), (59)
and by exponentiation, we arrive at (57). O

3. Concluding Remarks

In this work, we have proved several inequalities satisfied by
the modified degenerate gamma function which was recently
introduced. When A — 0, the established results reduce to
the corresponding results for the classical gamma function.
It is our fervent hope that the present results will inspire
turther research on the modified degenerate gamma
function.
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