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1 Introduction

The magnetic dipole moment of the muon is one of the most precisely measured quantities
in particle physics. The discrepancy between theory and data is severe. The muon g − 2
result, combining data from Brookhaven and Fermilab, is [1–3]

∆aµ = aEXP
µ − aSM

µ = (25.1± 5.9)× 10−10, (1.1)

where aµ ≡ g−2
2 . Although the Standard Model calculation is fraught with difficulties,

especially in pinning down hadronic contributions, various approaches have converged on
consistent answers, as reviewed in ref. [4]1 (also, see the very recent lattice calculation of
the hadronic light-by-light contribution, consistent with earlier estimates [6]). The muon
g − 2 anomaly is one of the most compelling discrepancies between theory and data that
we have, so examination of possible new physics explanations are compelling.

It is useful to put the g − 2 anomaly in the context of other data. Any explanation
of the new physics contribution to the anomalous muon magnetic dipole moment must

1However, see ref. [5] for the BMW collaboration’s most recent lattice computation of the hadronic
vacuum polarization contribution to aµ, which disagrees with the data-driven value obtained by the Muon
g − 2 Theory Initiative [4].
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contend with the absence of a signal in a variety of other experiments measuring lepton
dipole operators. The latest measurement of the electron g − 2 is [7]:

∆ae = aEXP
e − aSM

e = (4.8± 3.0)× 10−13. (1.2)

Naively, in a model with minimal flavor violation, one would expect new physics to con-
tribute2

(∆ae)est. ∼
(
me

mµ

)2

∆aµ ≈ 5.9× 10−14, (1.3)

safely within the range allowed by data. However, stringent constraints arise from mea-
surements of CP- and flavor-violating operators. The current bounds on the CP-violating
electron EDM [8] and muon EDM [9] are:

|de| < 1.1× 10−29 e cm,
|dµ| < 1.9× 10−19 e cm. (1.4)

If the muon dipole operator has an imaginary part, it will produce a muon EDM; for an
O(1) CP-violating phase, we would estimate

(dµ)est ∼
e

2mµ
∆aµ ≈ 2.3× 10−22 e cm, (1.5)

safely below the experimental bound by a few orders of magnitude. However, if we naively
rescale this to produce an electron EDM, it would be

(de)est ∼
me

mµ
(dµ)est ≈ 1.1× 10−24 e cm, (1.6)

some five orders of magnitude above the experimental limit! From this, we learn that any
putative explanation of the muon g − 2 anomaly must provide a compelling reason why
either CP violation is suppressed or the new physics couples much more strongly to muons
than to electrons. Charged lepton flavor violation is also highly constrained. The bound
on the rare decay µ→ eγ is [10]:

Br(µ→ eγ) < 4.2× 10−13. (1.7)

If we assume that the muon-electron dipole operator is of the same order as the anomalous
muon magnetic dipole moment itself, we would have

[Br(µ→ eγ)]est ∼
6π2e2

G2
Fm

4
µ

(∆aµ)2 ≈ 2.0× 10−3, (1.8)

which is ten orders of magnitude above the experimental bound. Hence, we need an extreme
suppression of flavor-violating effects in any model that can explain the g − 2 anomaly.
Although the flavor puzzle at first glance appears to be numerically more severe than the

2Notice that one factor of me/mµ here comes from normalization of ae,µ, and one factor from the
assumption that the dimension-six operator carries the appropriate lepton mass as the chiral symmetry
violating parameter.
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CP puzzle, one should keep in mind that it involves a rate, which depends on the square of
the coefficient of a dimension-six operator. In this sense, the two puzzles are comparable.
Furthermore, we might expect that any extension of the Standard Model has approximate
flavor symmetries, to explain the hierarchical quark and lepton masses as well as the pattern
of small mixing angles in the quark sector. On the other hand, CP is badly violated in the
CKM matrix, so the absence of CP phases demands an explanation.

Another puzzle that any new physics explanation of the muon g− 2 discrepancy must
confront is naturalness. One of the largest mysteries of the Standard Model is the elec-
troweak hierarchy: why is the Higgs boson light, when quantum corrections tend to make
scalar masses large? Most new physics explanations of the muon g − 2 discrepancy in-
voke new scalar fields, which compound this problem, or new vector boson fields, which
lead to similar problems if their masses arise from the Higgs mechanism. Although these
new fields may be part of a consistent picture that addresses the hierarchy problem (for
instance, when they are superpartners of Standard Model fields), it is interesting to ask if
there are theories that address the muon g−2 anomaly that are relatively benign from the
viewpoint of naturalness. New fermion fields can have technically natural small masses, so
vectorlike leptons are one possible explanation (albeit one strongly constrained by data).
Pseudo-Nambu-Goldstone bosons can also have naturally small masses. This leads us to
the possibility of an axion, a light, periodic scalar boson arising from the breaking of an
approximate U(1) symmetry (known as a Peccei-Quinn or PQ symmetry) [11–14], coupling
to the muon as a possible explanation of the g− 2 anomaly. Such an explanation has been
studied in the past, often using an effective field theory (EFT) approach rather than a
complete model [15–21]. We use the word axion in the general sense, sometimes known
as an axion-like particle, rather than assuming that the axion must solve the Strong CP
problem. For a recent review of the phenomenology of such particles, see [22].

In the Standard Model, the dipole operators giving rise to the muon g−2 require a Higgs
insertion to be gauge invariant, taking the form H†Lσ̄µνEcBµν+h.c. or H†τ iLσ̄µνEcW i

µν+
h.c., with coefficients that are complex in general and hence allow for CP violation. How-
ever, there are also operators like L†σ̄µDνLBµν , which do not violate chirality and become
equivalent to the dipole operators only upon using equations of motion, which bring in fac-
tors of the Yukawa matrices. New physics that generates these non-chiral operators is thus
an interesting possibility for contributing to muon g − 2 without a corresponding electric
dipole moment. A vectorlike lepton that mixes with the muon is one possibility. Another
is a derivatively-coupled axion, with an interaction like (∂µa)(L†σ̄µL). One should still be
wary of flavor off-diagonal couplings, which raise the prospect of dangerous contributions
to µ→ eγ. Nonetheless, we see that axions are interesting candidates to explain the g − 2
anomaly for multiple reasons.

Having advocated for an axion as a promising explanation of the muon g− 2 anomaly,
we will now spend much of the paper arguing that this explanation, in reality, must over-
come severe challenges. In section 2, we provide a brief review of the effective theory of an
axion, and then analyze the parameter space within this effective theory that is compat-
ible with the observed value of the muon g − 2 and unconstrained by other experiments.
Our analysis makes use of new two-loop calculations of Barr-Zee-type diagrams [23] with
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derivative operator insertions, presented in appendix A. Importantly, we find that the char-
acteristic mass scale suppressing the axion’s couplings (its decay constant) is . 25 GeV.
This is a relatively low energy, at which we have exhaustive experimental probes of the
Standard Model. Nonrenormalizable operators suppressed by this scale must be completed
with particles whose masses are not much heavier. In section 3, we examine some of
the possible ultraviolet (UV) completions. In particular, derivative couplings of the ax-
ion to leptons suggest either that leptons carry PQ charge, which leads us to DFSZ-like
models [24, 25], or that they mix with new vectorlike leptons that carry PQ charge. UV
completions predict one or more of: a relatively light radial mode of a PQ-charged, SM-
neutral scalar (present in all UV completions), which in some models must mix with the
Higgs boson; new charged fermions at around the weak scale, which might mix with ordi-
nary leptons; and one or more additional, relatively light Higgs doublets. All of these new
particles must evade stringent direct searches. A detailed analysis of constraints on UV
completions is beyond the scope of this paper, but by surveying various ways to generate
the required EFT operators, we show that such models face severe challenges. Further-
more, in every case we find that the new particles and interactions required to complete
the axion EFT lead to additional contributions to the muon g − 2 itself, generally of the
same order as the contributions arising directly from the axion. Many of the ingredients
that UV completions call for could also directly play a role in addressing the muon g − 2
anomaly without needing to reconcile them with experimental constraints on axions. Thus,
we conclude in section 4 that axions, on closer examination, have much dimmer prospects
for explaining the anomaly than one might initially have hoped.

2 Effective theory for the heavy axion g − 2 explanation

One possible explanation for muon g − 2 is to use heavy axion with mass above 30MeV.
Below this mass, axion couplings to photons are stringently constrained. In this section
we will first review the general structure of the EFT for an axion-like particle, and then
characterize the viable parameter space in which this EFT can lead to the observed g − 2
anomaly. Readers wishing to bypass the theoretical preliminaries and go directly to our
phenomenological effective Lagrangian and analysis of the parameter space can skip to
section 2.3.

2.1 Restrictions imposed by periodicity

We take our axion to be a periodic field, a ∼= a+2πfa, and refer to fa as the decay constant of
the axion. The periodicity imposes an exact (gauged) discrete shift symmetry on the field,
while also leading to an approximate continuous shift symmetry in the axion’s interactions.
In this subsection we will first offer general comments on the effective Lagrangian for such
a periodic field; in the next subsection, we will consider additional constraints arising from
the approximate continuous shift symmetry that is needed to keep the axion light. Finally,
we will turn to phenomenological constraints on the resulting EFT. Our starting point will
be somewhat different from that of earlier discussions of the axion EFT in [20, 21, 26,
27], because we begin with only the assumption of periodicity. In particular, it is often
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stated that instanton effects break the axion’s continuous shift symmetry to a discrete shift
symmetry, but this is logically inverted; the axion begins its life as a periodic field, which
constrains the form of its interactions with gauge fields. The literature on axion EFTs often
invokes field redefinitions which are incompatible with the axion’s periodicity. However,
when we introduce simplifying assumptions about the form of our model, we will end up
in a setting extremely close to that of the earlier references. (The earlier references also
consider many details, like RG evolution in the axion EFT, that we do not.)

Working below the scale of electroweak symmetry breaking, we can package the charged
lepton fields into Dirac fermion fields ` (e, µ, or τ), with `L ≡ PL` and `R ≡ PR` denoting
the left- and right-handed Weyl components. The effective Lagrangian containing the
interactions relevant for our analysis takes the form:

Leff ⊃
∂µa

fa

(
¯̀
LkLγ

µ`L + ¯̀
RkRγ

µ`R
)

+
∑
n∈Z

(
mjk
n

¯̀
Rjeina/fa`Lk + h.c.

)
− V (a)

+ cgg
αs
8π

a

fa
GaµνG̃

aµν + cγγ
α

4π
a

fa
FµνF̃

µν + cγγ;2
α

4π
∂2a

f3
a

FµνF̃
µν + · · · . (2.1)

Here kL and kR are hermitian matrices, j and k are lepton generation numbers that are
implicitly summed over, Fµν is the electromagnetic field strength, F̃µν = 1

2ε
µναβFαβ , and

Gaµν is the gluon field strength.3 Couplings to quarks could also exist, but will not be
relevant for our analysis and take the same form as the lepton couplings, so we have
suppressed them. The action must be invariant under the gauge transformation a 7→
a + 2πfa, which is highly constraining.4 In particular, this is the reason for our choice to
write the scalar a¯̀

R`L couplings in the form of a sum over integers n, manifestly respecting
the periodicity. The aF F̃ term in the action is not gauge invariant, but must shift by a
multiple of the periodicity of the QED θ term in order for exp(iS) to remain invariant. The
conclusion depends on the global structure of the Standard Model gauge group, (SU(3)C ×
SU(2)L ×U(1)Y )/Γ. If Γ = Z6 or Z3, then cγγ must be an integer, whereas if Γ = Z2 or 1,
then 9cγγ must be an integer [30]. We will assume the former: cγγ ∈ Z. Similarly, gauge
invariance requires that cgg ∈ Z and that V (a) must be a periodic function with period
2πfa. Notice that derivative couplings like cγγ;2 are unconstrained by periodicity, and can
give rise to effective contributions to cγγ when the axion can be treated as massive, via the
equation of motion ∂2a = −∂aV (a) + · · · ≈ −m2

aa+ · · · .
Notice that, because cγγ and cgg are integers, it is technically natural for an axion

to not couple to photons or gluons (except via higher-derivative terms like cγγ;2). Such
an assumption needs no more explanation than the fact that neutrinos are electrically
neutral or that the electron does not carry color charge. Loops will induce these quantized

3An even more general ansatz would allow the axion to couple to the lepton kinetic terms through a
series of harmonics carrying exp(ina/fa) factors. We will briefly comment on this below.

4In theories of multiple periodic axions, naively integrating out heavier axions sometimes appears to give
an EFT that need not respect shifts of only the light axions. However, physical quantities computed in such
EFTs, in known examples, still respect the requirements of periodicity, and we expect that a sufficiently
careful choice of gauge and field redefinitions can always render the low-energy EFT manifestly periodic.
See, e.g., refs. [28, 29] for recent discussions along these lines. We will discuss related issues in sections 3.2
and 3.3 below.
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couplings only when integrating out anomalous chiral fermions. Loops will generically
induce the derivative couplings. For example, the loop-induced axion-photon couplings in
ref. [17] scale as m2

a in the light axion limit, because they arise from cγγ;2.
The above discussion has assumed that the gauge invariance a 7→ a + 2πfa is not

spontaneously broken. An alternative is that V (a) (and analogously, the a¯̀
R`L couplings)

may not be manifestly periodic, but that periodicity is restored through the phenomenon
of monodromy, with the potential having multiple branches [31]. Our conclusions will only
depend on the axion mass near the minimum of the potential, so the distinction will not
be relevant for our purposes.

Above the weak scale, the axion can couple separately to SU(2)L and U(1)Y , through
aW iW̃ i and aY Ỹ couplings with quantized coefficients. However, one linear combination
of these couplings can be removed by an anomalous U(1) lepton-number transformation,
leaving only the combination that becomes cγγ in the low-energy EFT as physical [30].
The removable linear combination can have physical effects only in the presence of ex-
plicit lepton-number violating interactions, like Majorana masses of neutrinos, where it
will reappear in phases after the anomalous lepton-number transformation. The couplings
of the axion to the W and Z will generally lead to only highly subdominant effects on the
quantities that we study in the remainder of the paper, so we will ignore them.

2.2 Restrictions imposed by approximate continuous shift symmetry

The general Lagrangian eq. (2.1) is rather too general: on the one hand, it runs immediately
into potential phenomenological problems from flavor and CP violation; on the other, it
provides a much more general set of interactions than are found in typical UV completions.
To some extent, these two considerations point toward the same simplifying assumptions.

One problem is that if multiple axion harmonics appear in the lepton mass terms, this
can lead to CP violation and to substantial contributions to electric dipole moments. For
example, if we have(

me;0 +me;1eia/fa
)
ēReL + h.c., arg(me;0) 6= arg(me;1), (2.2)

then the relative phase of me;0 and me;1 will contribute to an electron EDM. We would like
to eliminate these dangerous terms. Fortunately, in many UV completions, only a single
harmonic appears. This is because, when the axion arises as a (pseudo)-Nambu-Goldstone
boson of an approximate PQ symmetry [11–14], only the harmonic n = −PQ(`Lk) −
PQ(¯̀

Rj) is allowed by the underlying PQ symmetry (at least without further suppression
due to PQ-violating effects). We can argue for this in more general language, based solely
on the structure of the low-energy EFT: if the effective Lagrangian does not respect an
approximate continuous symmetry that acts by shifting a, we would be free to write a
potential with harmonics in a multiplied by arbitrary mass scales of order the cutoff of
the EFT, decoupling the axion entirely. A light axion requires an approximate symme-
try. Nontrivial axion harmonics can appear in the fermion mass terms precisely when the
fermions also transform under this approximate, continuous shift symmetry.

Thus, we assume that there is only a single harmonic in each of the terms in the sum
and it is determined by the PQ charges of the lepton fields. This allows us to remove all
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axion couplings from the mass matrix, via field redefinitions of the form

`Lk 7→ exp
(
−iPQ(`Lk)

a

fa

)
`Lk, ¯̀

Rj 7→ exp
(
−iPQ(¯̀

Rj)
a

fa

)
¯̀
Rk. (2.3)

Because the PQ charges are assumed to be integers, these field redefinitions are compatible
with the axion’s periodicity. This chiral rotation of the lepton field’s phases leads to a shift
in the coupling cγγ via the chiral anomaly. The derivative couplings also shift, acquiring
new contributions arising from the field redefinition within the original lepton kinetic terms:

(kL)j,j′ 7→ (kL)j,j′ + PQ(`Lj)δj,j′ ,

(kR)k,k′ 7→ (kR)k,k′ − PQ(¯̀
Rk)δk,k′ . (2.4)

Here we have assumed, for simplicity, that the leptons’ kinetic terms were originally diago-
nal. This assumption is not necessary. We could have started with a general lepton kinetic
matrix including axion harmonics, restricted these harmonics to those corresponding to
different PQ charges in off-diagonal terms, and carried out the same field redefinition. The
result is an axion-independent kinetic matrix and a modified set of derivative couplings.
We omit the details to avoid burying the reader in notation. The upshot of this discussion
is that UV completions with a PQ symmetry can offer a good motivation to restrict our
attention to the derivative couplings encoded by kL and kR, and the couplings to gauge
fields, while discarding the Yukawa-like couplings encoded by the mjk

n terms in eq. (2.1).
This brings us to an EFT of the form studied in ref. [26], in which the light fermion fields
do not transform under the PQ symmetry and the fermion-axion interactions occur only
through derivative couplings that preserve a continuous shift symmetry.

2.3 Phenomenological restrictions

At this point, we have gone as far as we can using only general properties of axions them-
selves. We expect the axion to couple to gauge fields (with quantized couplings, or through
higher-derivative operators) and to have derivative couplings to fermions. The latter arise
through hermitian matrices kL and kR. These contain diagonal couplings which are real and
flavor-conserving, but also off-diagonal couplings which are complex and flavor-violating.
The latter couplings raise the possibility of severe constraints from precision tests of flavor
and CP violation.

Indeed, there are strong constraints on flavor-violating derivative couplings of the axion
to leptons, which have been studied recently in detail. The combination of an off-diagonal
coupling (kR)eµ or (kL)eµ with a flavor conserving coupling like (kR)ii, (kL)ii, cγγ , or cgg
can induce dangerous rates of charged lepton flavor violation processes like µ → eγ or
π → µe [18, 19, 32], as well as µ → ea [33], which could be probed in the MEG-II
experiment [34]. On the other hand, substantial off-diagonal couplings (kR)eµ or (kL)eµ
alone can induce muonium-antimuonium oscillations [35].5

5Such dominantly off-diagonal couplings were entertained in refs. [18, 19] to explain both the muon g−2
anomaly and a discrepancy between the electron g − 2 measurement [36, 37] and a recent measurement of
the fine structure constant [38]. The latter anomaly is now in doubt given the latest fine structure constant
measurement [7], and in any case, the purported explanation is excluded by muonium oscillations [35].
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1 2 3

Figure 1. Feynman diagrams for contributions to lepton g− 2. The cyan dots represent insertions
of a derivative coupling of the form (2.6). The magenta dot represents an insertion of an aF F̃

coupling. Unmarked vertices are ordinary gauge interactions.

In light of the strong experimental constraints on flavor-violating off-diagonal derivative
couplings, we will henceforth assume that kL and kR are diagonal in the lepton mass basis.
Equivalently, the flavor diagonal axion coupling is then6

cii
2
∂µa

fa
(¯̀
iγ
µγ5`i), cii = (kR)ii − (kL)ii. (2.6)

Our focus is not the QCD axion, and the coupling to gluons will not be important for our
phenomenological analysis. Furthermore, as mentioned above, it is technically natural to
set it to zero. Hence, we will neglect cgg as well. (We will also mostly neglect couplings
to quarks, which may exist but do not affect our observables of interest.) We are left with
only the diagonal derivative couplings (2.6) and the couplings to photons. Summarizing,
then, the axion EFT that we will work with in the remainder of the paper has the form

Leff ⊃
cii
2
∂µa

fa
(¯̀
iγ
µγ5`i)− V (a) + cγγ

α

4π
a

fa
FµνF̃

µν + cγγ;2
α

4π
∂2a

f3
a

FµνF̃
µν + · · · . (2.7)

This EFT can be valid up to energy scales . 4πfa. We emphasize that the truncation to
only flavor-conserving couplings is not justified on general EFT grounds in the infrared.
An ultraviolet completion must have some structure, such as flavor symmetries, to explain
the suppression of the flavor-violating off-diagonal couplings. Because our main goal is to
argue that axion explanations of the muon g − 2 anomaly face a variety of challenges in
their UV completion, this only strengthens our main conclusion.

2.4 Parameter space for explaining muon g − 2

In this effective Lagrangian, there are three leading diagrams contributing to the lepton
g − 2, as depicted in figure 1.

6Note that using equation of motion or equivalently with chiral rotations of fermions, this operator could
be rewritten as a combination [17, 21]:

cii
2
∂µa

fa
¯̀
iγ
µγ5`i = −cii

mi

fa
a¯̀
iiγ5`i + cii

α

4π
a

fa
Fµν F̃

µν + · · · , (2.5)

where the dots represent similar terms involving Z boson and terms higher order in a/fa.
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Schematically, the contributions of these three diagrams to aµ are

∆a(1)
µ ∝ −

c2
µµ

16π2 , ∆a(2)
µ ∝ −

cµµcγγα

16π3 , ∆a(3)
µ ∝ −

cµµciiα

16π3 , (2.8)

where for diagram (3), cii is the axion coupling to a fermion `i with a mass mi running
in the loop. Note that the first diagram always has the wrong-sign contribution to muon
g − 2. The remaining two contributions actually contribute at the same order (due to the
fact that cγγ always comes with a one-loop factor). They could have the correct sign if
cµµ and cγγ (or cii) have opposite signs. Thus to explain the muon g − 2 anomaly, we
need to have at least one of the latter two diagrams to balance against the first one. This
possibility has been discussed in refs. [15–17].

One technical subtlety, which is not fully addressed in the literature, is a direct cal-
culation of diagram (3) with fermions of all possible masses running in the inner loop.7
In refs. [17, 21], the vertex function from the fermion loop with the axion and the two
photons all on mass shell has been computed first and then inserted into diagram (2) to
get an approximated answer for the third diagram. Yet the more proper treatment is as
follows: a) compute the fermion loop contribution to the vertex function with only one
photon on-shell and do not impose the on-shell conditions for the axion and the other
photon; b) insert the vertex function into diagram (2) to get the final answer.8 With the
shift-invariant axion-fermion coupling in eq. (2.6), we follow the recipe above and perform
a two-loop calculation for diagram (3). The full results are included in appendix A. In two
interesting limits, we have

a(3)
µ ≈ −cµµciiα8π3

m2
µ

f2
a

ln
(

Λ2

m2
i

)
, mµ � ma � mi � Λ,

≈ −cµµciiα8π3
m2
µ

f2
a

(
ln Λ2

m2
a

+ 2
)
, mi � mµ � ma � Λ, (2.9)

where Λ is the UV cutoff scale. Note that in the limit mµ � mi � Λ, the contribution
is from a heavy fermion loop and one would expect that it should decouple. The result
above is from the renormalization of aµ due to the axion-fermion couplings at the two-loop
order between mi and Λ. The formula for diagrams (1) and (2) have been computed in
refs. [16, 17] and we will include them in appendix B.

To be more quantitative, we consider two scenarios below.

• If we only include non-zero cµµ and cγγ (all three diagrams in figure 1 contribute),
then the parameter space to explain muon g− 2 for ma = 1 and 5GeV is in figure 2.
Allowing cµµ to vary, we show the minimal cγγ/fa needed to explain the muon g − 2
anomaly as a function of ma in figure 3. The allowed parameter space, consistent

7A calculation of the two-loop contribution to electron g− 2 was carried out in a different operator basis
and then transformed to our basis in ref. [39], which result agrees with ours.

8Ref. [15] did a full two-loop calculation with the operator a¯̀iγ5`, following this strategy but assuming
the fermions in the loop being heavy. We also want to consider the case with a fermion lighter than the
muon, i.e., an electron, running in the loop.
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Figure 2. Allowed regions (red) in the (cµµ/fa, cγγ/fa) plane to explain muon g − 2 at 2σ level,
for ma = 1GeV (left) and ma = 5GeV (right). We set all the other axion couplings to be zero. The
red band corresponds to cutoff scale Λ = 1TeV while the blue band corresponds to Λ = 100GeV.

with current experimental bounds, is then

cγγ/cµµ < 0, ma ⊂ (40 MeV− 200 GeV)∣∣∣∣∣ facγγ
∣∣∣∣∣ . (10− 25) GeV,

∣∣∣∣∣ facµµ
∣∣∣∣∣ . 100 GeV . (2.10)

• If we only include non-zero cµµ and cee (contributions from diagram (1) and (3) in
figure 1), the parameter space that is consistent with observed muon and electron
g − 2 values is shown in figure 4.9 From it, we could see that

ma & 2 GeV, cee/cµµ < 0,∣∣∣∣∣ facµµ
∣∣∣∣∣ . 100 GeV,

∣∣∣∣ facee
∣∣∣∣ . 25 GeV for ma = 5 GeV . (2.11)

Thus a generic feature for the explanation of axion explanation for g − 2 is that we need
large axion couplings to muons as well as large axion couplings to electrons or to photons.

3 Large axion-fermion couplings

As shown in the previous section, we need very large axion couplings to fermions or photons
to explain the muon g − 2 discrepancy. In this section, we will argue that the models that
generate a large coupling between the axion and SM leptons always contain light charged
particles with masses around or below 100GeV, and additional scalars that can both affect
the value of g − 2 itself and potentially mix with the Higgs boson.

9See ref. [45] for previous work in the context of axion-like particles as portals to dark sectors, with older
measurements of the electron g − 2.
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Figure 3. Top: minimal cγγ/fa needed to explain the muon g − 2 anomaly as a function of ma

(upper blue band), varying cµµ. The other colored regions are the current experimental constraints,
taken from figure 29 of ref. [22], as well as the recent bounds from PRIMEX [40] and Belle II [41].
Note that for the LHC bound, which comes from a → γγ channel, we need to take into account
the contribution of the axion-muon coupling to both the production of axions and their branching
fraction into photons. Bottom: corresponding cµµ/fa when cγγ/fa is minimized. The BaBar con-
straint is a recast of their e+e− → µ+µ−Z ′ bound in [42] using FeynRules [43] and MadGraph [44],
assuming the given cµµ and (for the purposes of obtaining a branching fraction) the minimal cγγ
needed to explain the muon g − 2 anomaly. In practice, the muonic branching fraction is nearly
100% in the entire excluded region. In both panels, we take Λ = 1TeV.

Before discussing axion coupling to fermions, we want to comment on the axion-photon
coupling first. A large axion coupling to photons, i.e., fa/ |cγγ | . (10 - 25) GeV, as is needed
for one possible explanation of muon g − 2 (see figure 3), usually requires charged matter
with masses about O(10 - 25)GeV. Consider the KSVZ type model as an example [46, 47].
In this type, aF F̃ is generated by integrating out heavy charged vector-like fermions with
masses of order fa, assuming that these new fermions have order one charges and PQ
charges. The vector-like fermions could be heavier, e.g., 1TeV and above, if they have
charges 7 or larger. Yet requiring the Landau pole of U(1)Y to be above the Planck scale
∼ 1018 GeV limits the hypercharge of the heavy matter to be . 6 [48]. Another difficulty
is that these highly charged fermions may not decay quickly since they could only couple
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Figure 4. Regions compatible with muon g− 2 data (red) and electron g− 2 (blue) at 2σ level, in
the (cµµ, cee) plane. Left: ma = 1GeV; right: ma = 5GeV. In the left plot, the black dashed lines
are lower bounds on the axion-lepton couplings, derived from e+e− → 4µ search at BaBar [42]. We
set all the other axion couplings to be zero. In both panels, we take Λ = 1TeV.

to SM particles through very high dimensional operators. This may lead to severe collider
and cosmological bounds. For instance, CMS searches have ruled out stable particles with
electric charge ±2e through Drell-Yan production up to 890GeV [49]. Thus we will not
explore this exotic loophole further. One could also consider fermions with large PQ charges
(in units of the PQ charge of the scalar which is responsible for PQ breaking). However,
the coupling between the PQ scalar and the fermions has to be from high-dimensional
operators due to the PQ charges and the masses of the fermions are then exponentially
suppressed. More details could be found in appendix C of ref. [48].

Another class of possibility to generate a large axion-photon coupling is applying the
clockwork mechanism [50–54] to enhance the field range of the lightest axion beyond its
fundamental scale (the PQ breaking scale), in a multiple axion model. It has been used
to generate large couplings of photons to a QCD axion [48, 55].10 Yet in all different
realizations of the clockwork mechanism, light charged matter is still needed with masses
at the fundamental scale, which is about fa/cγγ in our notations; or can lead to dangerous
flavor-violating axion couplings.

3.1 PQ current

We briefly review the basic formalism for PQ currents, which we will use later. The axion,
a, is a Nambu-Goldstone boson (NGB) resulting from the spontaneous breaking of a global
U(1)PQ. Let {Φs}, {ψf} be a set of scalars and left-handed Weyl fermions with U(1)PQ

10The clockwork mechanism has also been used to enhance the couplings of the QCD axion to nucleons
and electrons [56].
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charges {qs} and {qf}, respectively. Then in general the U(1)PQ current is given by:

JPQ
µ =

∑
s

Jsµ +
∑
f

Jfµ , (3.1)

where Jsµ = −qsΦ†si
←→
∂µΦs , (3.2)

Jfµ = −qfψ†fσµψf . (3.3)

Substituting the parametrization Φs = rs√
2eiθs , where rs and θs are the radial and

angular modes of Φs respectively, we note that:

− qsΦ†si
←→
∂µΦs = qsr

2
s∂µθs . (3.4)

Goldstone’s theorem states that 〈0|JPQ
µ (x)|a(p)〉 = −ifapµe−ip·x. Thus JPQ

µ contains
fa∂µa. It can only come from those scalars with VEVs (i.e., those whose radial modes
do not annihilate the vacuum: 〈0|r2

s |0〉 = v2
s 6= 0). In models without additional U(1)

symmetries under which PQ-charged fields transform, this fixes the linear combination of
θs that corresponds to the axion. Defining the canonically normalized Φs phase fields,
as ≡ θsvs, we obtain:

Jsµ = fa∂µa , (3.5)
fa a ≡

∑
s

qsvs as , (3.6)

f2
a ≡

∑
s

q2
sv

2
s . (3.7)

In models with multiple U(1) symmetries, one must be more careful. For example, in DFSZ-
type models [24, 25], Higgs fields that carry electroweak charges also carry PQ charge. In
this case, there are two Goldstone bosons in the theory, one which is eaten by the Z, and
one which survives as a light axion. Any linear combination of U(1)Y and U(1)PQ is a
symmetry of the theory, so there is not a unique candidate choice for JPQ

µ . Instead, one
must take care to identify the light axion as the linear combination of PQ and hypercharge
Goldstone bosons which is orthogonal to the combination eaten by the Z [57].

We are interested in the general properties of models that could generate sizable axion-
lepton interactions. The solution to the muon g − 2 anomaly, as discussed in section 2,
requires sizable couplings between the SM leptons ` and the axion, of order∣∣∣∣facii

∣∣∣∣ ∼ (25− 100) GeV . (3.8)

There are two possible paths a model could take:

• ` is directly charged under U(1)PQ, or

• ` is PQ-neutral, but coupled to other fields charged under U(1)PQ.

After a brief review of fermionic field redefinitions, we devote the rest of this section to
studying each of these possibilities in turn.
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3.2 Shifting Yukawa couplings into derivative couplings

Derivative couplings of leptons to axions, as in eq. (2.7), are generated in models of the
DFSZ type [24, 25], where the Standard Model fermion fields and Higgs bosons carry
charges under a PQ symmetry. The general procedure in such a model is to perform a
chiral rephasing of a fermion field to shift a Yukawa-type coupling to an axion into a
derivative coupling and a coupling of the axion to gauge fields. We start by isolating the
phase θφ of the Higgs field φ that gives mass to a fermion:

yφψψ̃ 7→ meiθφψψ̃, (3.9)

where θφ is a periodic variable with period 2π by construction. We then carry out the
(well-defined) field redefinition ψ 7→ e−iθφψ. This has the effect of generating a derivative
coupling:

ψ†iσ̄µ∂µψ 7→ . . .+ (∂µθφ)(ψ†σ̄µψ). (3.10)

When ψ carries charge q under a U(1) gauge symmetry, this chiral phase rotation also
produces a term

θφq
2α

4π FµνF̃
µν (3.11)

in the frame where the gauge field is canonically normalized.
After carrying out this field redefinition, one can remove the linear combinations of the

phase fields θ from the theory that become massive, and rewrite the low-energy effective
Lagrangian in terms of the light axion. This achieves, in a mathematically consistent way,
the same results that are often written in the literature using irrational phase rotations of
the form ψ 7→ e−icθψ where c /∈ Z, which are ill-defined.

3.3 ` is PQ-charged

To obtain derivative couplings of the leptons to axions in the manner described in subsec-
tion 3.2, we need the phase of the Higgs boson giving mass to the leptons to have overlap
with the light axion state. DFSZ models accomplish this by assuming the existence of
Higgs bosons carrying PQ charge [24, 25]. We will label these Higgs bosons H1 and H2.
These theories also contain a Standard Model singlet field Φ charged under the PQ sym-
metry. We assume that there is a scalar potential V (H1, H2,Φ) such that all three scalars
get VEVs, and we parametrize the phases of fluctuations around these VEVs as follows:

H1 =
(
v1√

2 eiθ1

0

)
, H2 =

(
0

v2√
2 eiθ2

)
, Φ = vΦ√

2
eiθΦ . (3.12)

We assume that the potential contains a term of the form H1H2Φ†2 + h.c., which ensures
that the PQ charge assignments obey PQ(H1) + PQ(H2) = 2PQ(Φ), and gives a mass to
one linear combination of the phases, θ1 + θ2− 2θΦ. Then the usual Standard Model Higgs
VEV is given by v2

EW = v2
1 + v2

2. However, because the Higgs fields carry PQ charge, the
axion decay constant fa will also get contributions of order v2

EW from the Higgs VEVs. For
typical invisible axion models aimed at solving the strong CP problem, this is a non-issue,

– 14 –



J
H
E
P
0
9
(
2
0
2
1
)
1
0
1

Field SU(2)L U(1)Y U(1)PQ
Hl 2 −1

2 1
Hq 2 1

2 1
Φ 1 0 1

Table 1. Scalar sector content: Hq is the Higgs doublet that couples to the SM quarks, Hl is the
doublet coupling to the SM leptons, and Φ is the SM-singlet PQ-charged scalar.

because vΦ is many orders of magnitude above the electroweak scale, so the Higgs VEVs are
a tiny perturbation on the PQ-breaking scale. For our purposes, however, we immediately
run into a difficulty. Considering the allowed parameter space in eq. (2.10) and eq. (2.11),
we see that we always have least one coupling (to photons or electrons) suppressed by a
scale

fa ∼ |c| 25 GeV, (3.13)

for c = cγγ or cee. That is, we expect fa � vEW. This means that we should somehow
sequester PQ breaking from electroweak breaking, because axion couplings of order 1/vEW
are too small to account for the observed value of g− 2. The value of fa also suggests that
the radial components of the PQ scalars, ρs ≡ rs− vs, have masses of order ∼ O(20 GeV),
which could also be important for their phenomenology.

One way to achieve the necessary sequestering is to arrange for a hierarchy in the
size of the scalar VEVs, v1 � v2, vΦ. Then the Nambu-Goldstone mode eaten by the Z
boson will be dominantly θ1. This leaves two other modes, dominantly contained in θ2
and θΦ, one combination of which will become the axion. If v2, vΦ ∼ fa, then this can
be consistent with fa � vEW. Because the top quark has a large coupling to electroweak
symmetry breaking, it should couple to H1. We are interested in obtaining significant
lepton couplings to the axion, so we wish the leptons to acquire their mass from H2. This
is compatible with either a Type II 2HDM, in which H1 gives mass to up-type quarks and
H2 gives mass to down-type quarks and leptons, or to a lepton-specific 2HDM, in which
H1 gives mass to all quarks and H2 gives mass to leptons. Because the phenomenology of
the model becomes more complicated when the axion interacts significantly with quarks,
we will choose the latter route, in which all axion couplings to quarks will be suppressed by
the small ratio fa/vEW. For clarity, in the remaining discussion we will denote the Higgs
that gives mass to quarks by Hq and the Higgs that gives mass to leptons by Hl. We
summarize the scalar content of the model in the table 1.

Here we have used the freedom to choose any linear combination of PQ and hypercharge
to assign definite values of +1 for the PQ charges of Hl and Hq. The important interactions
for our purposes are:

V0(|Hl|, |Hq|, |Φ|, |HlHq|) +
(
λqlΦHlHqΦ†2 + yuHqQU

c + ydH
†
qQD

c + yeHlLE
c + h.c.

)
.

(3.14)
One could take, for example, U c, Dc, and Ec to have PQ charge −1,+1, and−1 respectively.

The Z boson eats the linear combination v2
qθq − v2

l θl, and (as noted above) the λqlΦ
term gives a mass to the linear combination θl + θq − 2θΦ. The light axion mode must
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be orthogonal (in the metric defined by the kinetic terms of the θ fields) to both of these
combinations [57]. If we define canonically normalized fields ξq = vqθq, ξl = vlθl, and
ξΦ = vΦθΦ, then one can calculate that the light axion mode is

a = 1
fa

(
vΦξΦ + 2 vqvl

v2
EW

(vqξl + vlξq)
)
, (3.15)

where f2
a = v2

Φ + 4v2
qv

2
l /v

2
EW. In particular, assuming that vEW ≈ vq � vl, vΦ, this reduces

to
a ≈ 1√

v2
Φ + 4v2

l

(vΦξΦ + 2vlξl) +O(vl,Φ/vEW). (3.16)

As promised, the light axion is independent of the mode coupling to quarks up to corrections
suppressed by the ratio of small VEVs to the large VEV. Of course, at the level that we
are working so far, this axion is massless, so we must also add some explicit PQ-violating
terms to V . If these terms involve only Φ and are relatively small, then we expect that
their effects can have little effect on the axion’s couplings to Standard Model fields.

We rewrite the fermion couplings in our preferred form by following the recipe outlined
in subsection 3.2. In this way, we obtain the following derivative couplings of the light axion:

Leff ⊃ (∂µθl)Ec†σ̄µEc + (∂µθq)U c†σ̄µU c − (∂µθq)Dc†σ̄µDc

7→ 2
fa

v2
q

v2
EW

(∂µa)Ec†σ̄µEc + 2
fa

v2
l

v2
EW

(∂µa)
(
U c†σ̄µU c −Dc†σ̄µDc

)
. (3.17)

In the second line, the 7→ symbol indicates that we have projected onto only the coupling
of the light axion, dropping the contributions that are related to the other, decoupled
linear combinations of phases. As expected, we obtain a derivative coupling of the axion
to leptons, suppressed by the low scale fa (because vq ≈ vEW), while the axion coupling to
quarks is further suppressed by the square of the ratio of small to large VEVs.

Notice that, in the absence of any additional Higgs bosons, these couplings are
generation-independent: all the leptons obtain masses from the Higgs Hl, and so all have
the same phase θl that must be rotated away. Hence, the minimal version of this model pre-
dicts equal couplings to electrons and muons. Models with additional Higgs bosons could
accommodate different couplings, at the cost of adding more possible collider-accessible
particles to the theory.

In addition, the chiral rotations we have performed generate couplings of θl and θq to
the photon. They do not generate couplings to the gluons, because the quark fields U c and
Dc were rotated by equal and opposite phases. Taking account of the three generations
and the color and charge factors, we obtain a coupling

3(θl + θq)
α

4πFµνF̃
µν 7→ 6

fa

v2
q + v2

l

v2
EW

α

4πaFµνF̃
µν = 6

fa

α

4πaFµνF̃
µν . (3.18)

Again, the 7→ indicates projecting onto the light axion. Here we recognize that indeed,
fa plays the role of an axion decay constant, and the coefficient is an integer — reflecting
that the light axion combination does, in fact, behave as a periodic field in the low-energy
effective theory.
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The model makes a correlated prediction for the axion’s derivative couplings to leptons
and its coupling to gauge fields. In particular, because Ec is a left-handed Weyl fermion,
when we compare eq. (3.17) to eq. (2.7) we find that cii has the opposite sign as cγγ .
However, one could always shift the photon coupling, without affecting the derivative
coupling to leptons, by adding additional KSVZ-like fermions, as discussed above.

This model is rife with phenomenological difficulties. Although the DFSZ-like model
can generate axion couplings to leptons of the desired form, it comes with a large number
of additional, correlated predictions that must also be confronted with data. The theory
is a 2HDM, with an additional real scalar singlet from the radial mode of Φ. One must
arrange for the VEVs vl and vΦ to be small, without predicting a light charged Higgs boson
that would have been discovered at LEP. One must also arrange for the Higgses to be close
to the alignment limit in which the couplings are Standard Model-like, which is difficult
when the additional Higgs bosons are so light. Furthermore, the radial mode of Φ mixes
with the Higgs boson, predicting exotic signals like h→ aa decays.

The phenomenology of 2HDMs in general has been studied extensively (see, e.g., [58]
for a review), and numerous experimental searches have been carried out. The lepton-
specific 2HDM discussed here has also been studied under the name of the Type IV 2HDM
in ref. [59] and the Type III 2HDM in refs. [60, 61] (readers should be careful, as such
terms are not used consistently in the literature). Exotic Higgs decays, and in particular
the h → aa decay with a → γγ or a → l+l− that can arise in this model, have also been
studied extensively (see, e.g., [62–65]). The constraints from the global electroweak fit
could be found in [66].

Aside from these immediate phenomenological problems, even the original motivation
of studying this model is undermined: the axion prediction of the muon g−2 in this model
is not complete, because the additional Higgs bosons also couple to the muon and alter the
model’s prediction for the muon g− 2. The muon g− 2 in 2HDM models has been studied
extensively (see, e.g., [67–70]), including in the case of lepton-specific 2HDM models [71–
76]. These effects are similar to the model we have discussed, but lack the additional PQ
scalar Φ.

3.4 ` is PQ-neutral

If the SM leptons ` are not charged under the PQ symmetry, they can only develop couplings
to the axion by “inheriting” the PQ charges from other degrees of freedom that are charged
under U(1)PQ. The simplest way to realize this is by integrating out heavy vector-like
fermions, which mix with the SM leptons.

To generate couplings of axions to muons and electrons, in both electroweak dou-
blets and singlets, we introduce four pairs of vector-like fermions charged under SU(2)W ×
U(1)Y ×U(1)PQ (one pair for each flavor in one SU(2)W representation):

ψi : (2,−1
2 , 1), ψ̃i : (2, 1

2 ,−1); χi : (1, 1, 1), χ̃i : (1,−1,−1); i = 1, 2 . (3.19)

In addition, we have a PQ scalar, Φs and the first two generations of SM leptons with the
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following charge assignments:

Φs : (1, 0, 1), Li : (2,−1
2 , 0), Ec

i : (1, 1, 0), i = 1, 2 . (3.20)

The Lagrangian contains the following mass terms involving the new fermions:

L ⊃
∑
i=e,µ

−yEiχ̃iΦsE
c
i − yLiLTi Φsεψ̃i −Miχiχ̃i − ΛiψTi εψ̃i + h.c. , (3.21)

where ε is the anti-symmetric 2 × 2 matrix. When the new fermions obtain their masses
dominantly from the vector-like mass terms, i.e., yEi〈Φs〉 � Mi and yLi〈Φs〉 � Λi, the
equations of motion are, at the leading order,

χi = −yEiΦsE
c
i

Mi
, ψi = −yLiΦsLi

Λi
. (3.22)

Plugging them into the kinetic terms of χ and ψ, after the PQ breaking, we have

− ∂µa

2fa

(∣∣∣∣yEifaMi

∣∣∣∣2Eci †σ̄µEci +
∣∣∣∣yLifaΛi

∣∣∣∣2 Li†σ̄µLi
)
, (3.23)

where we use the parametrization of Φs after PQ breaking: Φs = fa√
2e
ia/fa . Mapping onto

the general axion EFT in eq. (2.7), we have

cii = 1
2

(∣∣∣∣yEifaMi

∣∣∣∣2 +
∣∣∣∣yLifaΛi

∣∣∣∣2
)
. (3.24)

Note that the axion-lepton coupling is always positive in this case. In addition, the vector-
like fermions do not generate cγγ since they have opposite PQ charges.

This class of model suffers from several serious problems. First of all, cee and cµµ
always have the same sign and thus they do not provide an explanation for the muon g− 2
discrepancy, as explained in section 2.4. This could be fixed by adding some extra vector-
like fermions, which do not have opposite charges under U(1)PQ, to generate a sizable
axion coupling to photons.11 Then we could rely on a combination of large axion-photon
coupling and axion-muon coupling to accommodate the observed muon g − 2. Yet to
get large axion couplings, all the vector-like fermions have to be light. More concretely,
assuming yE2 = yL2 ≡ y and M2 = Λ2 = M for simplicity, we have

M . 500 GeV
(

y√
4π

)(1/(100 GeV)
cµµ/fa

)
, (3.25)

where we use that yfa/
√

2 < M , the condition for us to integrate out the heavy fermions,
and choose the Yukawa coupling close to the perturbative unitarity bound

√
4π. These

light charged fermions decay quickly to a plus SM leptons (or W/Z plus leptons if those
11Note that for these vector-like fermions leading to a non-vanishing aF F̃ coupling, they could not have

a vector-like mass term such as Mχχ̃ since they do not have opposite PQ charges. Thus they obtain their
masses entirely from coupling to the PQ scalar.
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channels are kinematically allowed). Axion subsequently decay to γγ, e+e−, µ+µ−, re-
sulting in lepton-rich/photon-rich final states. These are highly constrained by the LHC
searches. For instance, the vector-like heavy leptons decaying to fully leptonic final states
are already ruled out up to 400GeV using LHC 8TeV data [77]. More bounds on different
decay channels of vector-like leptons could be found in [78].

Another issue, which also appears in the DFSZ type model in the previous section, is
that these vector-like fermions also lead to a new contribution to the muon g−2 in addition
to the contribution of the axion loop. For instance, setting only yE2 to be non-zero and
the other Yukawa couplings to be zero, we have a contribution to muon g−2 from the loop
involving χ̃2, which is [77]

∆aχ̃µ ≈ 11× 10−10 y2
E2

(100 GeV
M2

)2
, (3.26)

which is comparable to the contribution of the axion loop when the fermion is light. Very
recent studies of vector-like leptons plus extended Higgs sector for muon g − 2 could be
found in [79, 80].

4 Conclusions

A heavy axion-like particle with couplings to leptons and photons provides a tantalizing
potential solution to the muon g − 2 anomaly. In this article, we implemented a full
two-loop computation of the Barr-Zee-type diagram, which is valid for all possible mass
orderings of the particles in the diagram, and updated the parameter space in the axion
EFT framework which could potentially explain the intriguing muon g − 2 result. As
already noted in studies with the previous BNL measurement, the axion couplings have to
be large to accommodate the discrepancy between the observed value and the Standard
Model prediction for g−2. We further investigate simple UV completions to generate such
large axion couplings, in particular, large axion-lepton couplings. One generic feature,
which arises in different classes of models, is that new light degrees of freedom with masses
of order a few 10’s to a few 100’s GeV have to be present. They could be charged, or
neutral but mixed with the Higgs boson, and are thus strongly constrained. In addition,
these new states contribute to the muon g − 2 as well, invalidating the use of the axion
EFT alone to study the muon g − 2 anomaly.

Our study suggests that to consider an axion’s contribution to muon g − 2, we have
to consider more complete models specifying the origins of the axion couplings and other
relevant degrees of freedom. Beyond muon g−2, there is a relatively less constrained region
in the axion mass and coupling plane, for a heavy axion with mass around a few times
10MeV to 10GeV. We show that the particle physics models behind this region with large
axion couplings are associated with rich phenomenology, which has been probed or could
be probed in near-future searches. A more systematic study is beyond the scope of the
current paper, but could be worthwhile.

Lastly, the muon g−2 anomaly, the revived long-standing puzzle, could just be among
the first (indirect) signals of new physics near the weak scale. More experimental and
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Figure 5. Diagrams for the vertex function Γµν(k, q,m2
i ).

theoretical efforts are needed to unravel the mystery, e.g., more data from future Fermilab
runs and the on-going work at J-PARC [81], as well as more work on understanding the
Standard Model hadronic vacuum polarization contributions to g−2. Given the possibility
of new physics involving the muon, a future high-energy muon collider, which could cover
a plethora of new physics signals [82–94] well beyond those related to muon g − 2 [95–99],
deserves serious consideration when planning the future of particle physics.
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A Full two-loop results

To calculate the Barr-Zee diagram in the third panel of figure 1, we first compute the
contribution of the fermion loop to the three-point vertex function in figure 5 with one
on-shell photon. We do not require the other photon and the axion to be on mass shell.
For the loop calculation, we use Package-X [100]. We only keep the term that is linear in
q, the on-shell photon’s momentum. The vertex function is then given by

iΓµν(k, q,m2
i ) = i

ciiα

πfa
εµναβkαqβ

(∫ 1

0
dx ∆2(x,mi)

k2 −∆2(x,mi)

)
, where ∆2(x,mi) ≡

m2
i

x(1− x) ,

(A.1)
where mi is the mass of the fermion running in the loop. The loop integral is ambiguous,
shifting by a constant multiple of εµναβkαqβ when we shift the loop momentum l. This
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Figure 6. Diagrams for muon g − 2, inserting the vertex function iΓµν(k, q,m2
i ). To obtain the

correct physical answer, we must subtract equivalent diagrams with an insertion of iΓµν(k, q,Λ2)
in the large Λ limit. The internal loop momenta are taken independent of q because we work in the
soft q limit, which is sufficient for extracting the magnetic dipole moment

ambiguity in linearly divergent Feynman integrals is familiar from the calculation of the
triangle anomaly (see, e.g., ref. [101]). The physically correct answer arises from noticing
that the derivative coupling in eq. (2.6) respects a continuous shift symmetry, and hence
cannot induce an aF F̃ term in the Lagrangian when massive fermions are integrated out.
Indeed, we find that the factor in parentheses in eq. (A.1) approaches a constant, inde-
pendent of k2, in the limit mi → ∞. This means that our evaluation of the ambiguous
integral has introduced a regularization artifact that breaks the shift symmetry, and we
must cancel the symmetry-violating effect with a counterterm. One way to accomplish this
is simply to subtract the loop function evaluated in the large mass limit:

Γµνphys(k, q,m
2
i ) = Γµν(k, q,m2

i )− Γµν(k, q,Λ2), (A.2)

where Λ is a heavy mass regulator that can be taken to infinity at the end of the calculation.
Now we insert this vertex function into the diagrams in figure 6. The final result is

∆a(3)
µ = −cµµciiα8π3

m2
µ

f2
a

[H(ma,mµ,mi) + h(ma,mµ,Λ)] , (A.3)

where H(ma,mµ,mi) is from the diagrams with physical fermions of mass mi and
h(ma,mµ,Λ) is the counterterm contribution, from the subtraction of equivalent diagrams
with large mass Λ. The loop function H is given by

H(ma,mµ,mi) =
∫ 1

0
dx ∆2

2(∆2 −m2
a)

[
−

2(m2
a + 2m2

µ)
3m2

µ

B(m2
µ,ma,mµ)

+
2(∆2 + 2m2

µ)
3m2

µ

B(m2
µ,mµ,∆) + 2(∆2 −m2

a)
3m2

µ

− m4
a

3m4
µ

ln
(
m2
µ

m2
a

)

+ ∆4

3m4
µ

ln
(
m2
µ

∆2

)]
(A.4)
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where B is the function denoted DiscB in Package-X, given by

B(x2
0, x1, x2) = λ(x2

0, x
2
1, x

2
2)

2x2
0

lim
ε→0+

∫ 1

0
dz 1

x2
0z

2 + (−x2
0 − x2

1 + x2
2)z + x2

1 − iε
,

λ(a, b, c) = a2 + b2 + c2 − 2ab− 2ac− 2bc. (A.5)

The two DiscB function in eq. (A.4) could be simplified as

B(m2
µ,ma,mµ) =

ma

√
m2
a − 4m2

µ

m2
µ

ln


√
m2
a − 4m2

µ +ma

2mµ

 ,

B(m2
µ,mµ,∆) =

∆
√

∆2 − 4m2
µ

m2
µ

ln


√

∆2 − 4m2
µ + ∆

2mµ

 . (A.6)

The other function h is given by

h(ma,mµ,Λ) = ln
(

Λ2

m2
µ

)
− m4

a

6m4
µ

ln
(
m2
a

m2
µ

)
+ m2

a

3m2
µ

+ 5
2

+
ma

√
m2
a − 4m2

µ(m2
a + 2m2

µ)
6m4

µ

ln


(√

m2
a − 4m2

µ +ma

)2

4m2
µ

 , (A.7)

where we ignore higher-order terms of order O(1/Λ2) or higher. This is approximately
h ≈ ln

(
Λ2

m2
a

)
+ 2 in the limit ma � mµ.

B One-loop results

In this appendix, we collect the one-loop results for diagram (1) and (2) in figure 1. These
have been computed in refs. [17, 19]. We have checked the computations and our results
are given by

∆a(1)
µ = −

m2
µc

2
µµ

16π2f2
a

h1(x), x ≡ m2
a

m2
µ

,

∆a(2)
µ = −

m2
µcµµcγγα

8π3f2
a

(
ln
(

Λ2

m2
µ

)
− h2(x)

)
, (B.1)

where the loop functions are given by

h1(x) = 1 + 2x+ x(1− x) ln x+ 2x(x− 3)
√
x(x− 4)
x− 4 ln

(√
x+
√
x− 4

2

)
,

h2(x) = −5
2 + x2

6 ln x− x

3 −
x+ 2

3

√
x(x− 4) ln

(√
x+
√
x− 4

2

)
. (B.2)

Note that our h2(x) differs from that in refs. [17, 19] by a constant. This is because we
use the same regularization scheme as in the two-loop calculation in appendix A, which
is different from the regularization scheme in the references. In other words, the different
constant could be absorbed by a redefinition of the cutoff Λ.
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