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Abstract

This master thesis investigates several different channel estimation techniques in an SC-

FDMA (Single Carrier Frequency Division Multiple Access) system with parameters set

according to the standards of 3GPP LTE (3rd Generation Partnership Project Long Term

Evolution). 3GPP LTE is the name given to a project within the 3GPP to improve the

mobile phone standard to cope with future requirements. In this thesis, we first introduce

the SC-FDMA system, which is a transmission technique that utilizes single carrier mod-

ulation, then five types of estimators are investigated. Essential to all channel estimatiors

is the use of pilot symbols. In the last part we compare the performance of the channel

estimation techniques with each other in different environments by analysing their symbol

error rates. All simulations are done in a Matlab environment.
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Chapter 1

Introduction

This master thesis analyses the effects of different channel estimation techniques in an SC-

FDMA (Single Carrier Frequency Division Multiple Access) system using the standards

of 3GPP. This first chapter introduces some related background information, defines the

problems that should be solved, and gives an outline of the report.

1.1 Development of Cellular Wireless Communication

No doubt, cellular phones have become an important tool and part of everyday life nowa-

days. In the last decade, cellular systems have experienced rapid growth and there are

currently about two billion users over the world [1].

The concept of cellular wireless communications is to divide large zones into small cells,

and it can provide radio coverage over a wider area than the area of one cell. This concept

was developed by researchers at AT&T Bell Laboratories during the 1950s and 1960s [1].

The first cellular system was created by Nippon Telephone and Telegraph (NTT) in Japan,

1979. From then on, the cellular wireless communication has evolved.

The first generation of cellular wireless communication systems utilized analog communi-

cation techniques, and it was mainly built on frequency modulation (FM) and frequency

1



2 CHAPTER 1. INTRODUCTION

division multiple access (FDMA).

Digital communication techniques appeared in the second generation systems, and spec-

trum efficiency was improved obviously. Time division multiple access (TDMA) and code

division multiple access (CDMA) are utilized as the main multiple access schemes. The

two most widely accepted 2G systems are GSM (Global System for Mobile) and IS-95.

The concept of the third generation (3G) system was firstly brought up in the mid-1980s,

as IMT-2000 (International Mobile Telecommunications-2000) was born at the ITU (Inter-

national Telecommunication Union). In the year of 2000, two outstanding standards under

IMT-2000 were made, they are UMTS/WCDMA (Universal Mobile Telecommunication

System/ Wideband CDMA), which have evolved into so-called“3.5G” [2].

1.2 3GPP LTE and SC-FDMA

The 3rd Generation Partnership Project (3GPP) is a collaboration agreement that was

established in December 1998. 3GPP LTE (Third Generation Partnership Project Long

Term Evolution) is the name given to a project within the 3GPP to improve the mobile

phone standard to cope with future requirements [3]. Current working assumptions in

3GPP LTE are to use OFDMA for downlink and SC-FDMA for uplink [4].

SC-FDMA is a modified form of OFDMA(Orthogonal Carrier Frequency Division Multi-

ple Access), and it is a promising technique for high data rate transmission [2]. The main

advantage of SC-FDMA is that it utilizes single carrier modulation and frequency domain

equalization. Single carrier transmitter structure leads to a low PAPR (peak-to-average

power ratio) [5], which is related to energy consumption.

An overview of SC-FDMA is given in [2], [5], [6] and [7]. A general description of 3GPP

LTE is given in [3], and the standards of it can be found in [4] and [8]. The channel model

is introduced in [9]. Channel estimations are described in [10], [11], [12], [13] and [14].
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1.3 Objectives

• Introduction to SC-FDMA, a new single carrier multiple access technique, which is a

working assumption for the uplink multiple access scheme in 3GPP Long Term Evo-

lution. In this thesis, an entire SC-FDMA system will be investigated in particular,

compared with the OFDMA system.

• Analysis of different kinds of channel estimations give different results, and in this

thesis, we will introduce principles of different channel estimators.

• Simulation results of different situations will be presented. We will give the result of

each simulation in different situation.

1.4 Organization

The outline of the thesis is as follow.

Chapter 2 introduces some basic principles of SC-FDMA. In this chapter, we will first

investigate OFDM and SC-FDE (Single Carrier Frequency Domain Equalization), then we

will compare SC-FDMA with OFDMA to see the similarities and dissimilarities. After

that, an introduction to the implementation of SC-FDMA in 3GPP LTE uplink will be

given.

Chapter 3 introduces an SC-FDMA system model. In this part, we will divide it into two

parts,“transmission model” and “channel model”. We will also introduce some parameters

which are important for the simulation.

Chapter 4 investigates different types of channel estimation techniques, they are LS (Least

Square) estimation, FIR (Finite Impulse Response) estimation, Gauss-Markov estimation,

LMMSE (Least Minimum Mean Square Error) estimation and NLMS (Normalized Least

Mean Square) estimation. Moreover, we will give detailed algorithms of each estimation

technique, and find out which is the more efficient one.
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Chapter 5 gives detailed simulation results. We will run the simulations in different condi-

tions which are determined by changing the parameters. We run it under different noise,

different speeds, and different modulations schemes. Our aim is to investigate the charac-

teristics of the system and the quality of the estimation techniques.

Chapter 6 presents a summary and prospect for future work.



Chapter 2

Basic Principle of SC-FDMA

2.1 Orthogonal Frequency Division Multiplexing (OFDM)

Frequency-division multiplexing (FDM) is a form of signal multiplexing where multiple

baseband signals are modulated on different frequency carrier waves and composited into

one signal. However, Orthogonal Frequency Division Multiplexing (OFDM) is a multi-

carrier modulation technique which utilizes orthogonal subcarriers to transmit information.

Compared with FDM, OFDM can transmit several signals simultaneously in different fre-

quencies.

The main advantages of OFDM are:

• Complexity is low.

• Spectral efficiency is high.

However, it is suffered by some drawbacks:

• High peak-to-average power ratio (PAPR).

• High sensitivity to frequency offset.

5



6 CHAPTER 2. BASIC PRINCIPLE OF SC-FDMA

For more details about FDM and OFDM, see [11] and [13].

2.2 Single Carrier with Frequency Domain Equaliza-

tion (SC/FDE)

Frequency domain equalization of single carrier modulated signals has been known since

the early 1970’s. Single carrier systems with frequency domain equalization (SC/FDE),

which are combined with FFT (Fast Fourier Transform) processing and contain the cyclic

prefix, have the similar low complexity as OFDM systems [7].

Figure 2.1: Block diagram of OFDM and SC/FDE

We can see from Figure 2.1 that OFDM and SC/FDE have similar structures, the only

difference of their block diagram is the position of IDFT, so we may expect that these two

have similar performance and efficiency.
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Figure 2.2: Differences between OFDM and SC/FDE

However, Figure 2.2 shows differences between OFDM and SC/FDE. In OFDM, detec-

tion takes place in frequency domain, all the symbols are allocated in the whole bandwidth,

and extracted simultaneously. In SC/FDE, due to the IDFT processing before detection,

symbols are extracted in time domain, and they are dealt with one by one.

SC/FDE has some advantages as follow:
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• The inherent single carrier structure causes lower peak-to-average power ratio (PAPR)

than OFDM.

• SC/FDE has lower sensitivity to carrier frequency offset than OFDM.

• SC/FDE has similar complexity as OFDM in the receiver, and even lower than

OFDM in the transmitter, which will benefit the user terminals.

• SC/FDE has similar performance as OFDM.

2.3 Cyclic Prefix (CP)

Utilizing a cyclic prefix is an efficient method to prevent IBI (Inter-Block Interference)

between two successive blocks. In general, CP is a copy of the last part of the block [6].

The existence of CP has a double effect preventing IBI [11].

1. CP provides a guard time between two successive blocks. If the length of CP is longer

than the maximum spread delay of channel, there won’t be any IBI, see Figure 2.3.

Figure 2.3: Guard time removes IBI

2. Because CP is a copy of the last part of the block, it will avoid the ICI (Inter Carrier

Interference) between subcarriers.

However, the drawback of the cyclic prefix is that it doesn’t carry any new information,

so it will lower the efficiency of the transmission.
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Figure 2.4: Cyclic Prefix removes IBI

Figure 2.5: Block diagrams of OFDMA and SC-FDMA

2.4 SC-FDMA and OFDMA

From Figure 2.5, we can see that OFDMA and SC-FDMA have similar structures. The

only difference is that SC-FDMA has more DFT processing, so we can consider SC-FDMA
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as a DFT-spread OFDMA. However, as we introduced the differences between OFDM and

SC/FDE in Section 2.2, OFDMA and SC-FDMA also have dissimilarities.

Figure 2.6: Differences between OFDMA and SC-FDMA

As Figure 2.6 shows, SC-FDMA first adds an Inverse Discrete Fourier Transform

(IDFT) operation before detection, so that SC-FDMA is less sensitive to a null in the

channel spectrum. In addition, the type of transmission in OFDMA is sending several

symbols simultaneously, while in SC-FDMA, each symbol is divided into certain smaller

blocks, and they are sent with other blocks, which come from other symbols, in a certain

order.
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2.5 Application of SC-FDMA in 3GPP LTE Uplink

As we know, SC-FDMA is utilized in the uplink of 3GPP LTE. In this section, we will

describe the implementation of SC-FDMA in 3GPP LTE uplink.

2.5.1 Modulation scheme

The modulation scheme used in 3GPP LTE uplink are BPSK (π /2-shifted), QPSK, 8PSK

and 16QAM [4].

2.5.2 Frame format

In 3GPP LTE, a frame is the basic unit in transmission.

Figure 2.7: Sub-frame structure in time domain

As we see from Figure 2.7, a sub-frame consists of two short blocks (SB) and six

long blocks (LB), with CP inserted between them. In general, long blocks are used for

data transmission, while short blocks are used for reference signals which are important in

demodulation at the receiver. Actually, short blocks are also available for data transmission

sometimes. The total time for one sub-frame is 0.5ms.

In Figure 2.8, there are always some unused subcarriers at both sides of the occupied

frequency, they are considered as “guard band”.

Based on Table 2.1, when the bandwidth of transmission is 1.25/2.5/5/10/15/20 MHz,

the number of subcarriers in LB is 75/150/300/600/900/1200, and the number of subcar-

riers in SB is 38/75/150/300/450/600, respectively. Please see [4] for more details.



Figure 2.8: Physical Mapping of one block in RF frequency domain

Table 2.1: Parameters for Uplink Transmission Scheme

Spectrum Sub-frame Long block size Short block size CP duration
Allocation duration (s/number of occupied (s/number of occupied (s/samples)

(MHz) (ms) subcarriers subcarriers
/samples) /samples)

20 0.5 66.67/1200/2048 33.33/600/1024 (4.13/127)×7,
(4.39/135)×1

15 0.5 66.67/900/1536 33.33/450/768 (4.12/95)×7,
(4.47/103)×1

10 0.5 66.67/600/1024 33.33/300/512 (4.1/63)×7,
(4.62/71)×1

5 0.5 66.67/300/512 33.33/150/256 (4.04/31)×7,
(5.04/39)×1

2.5 0.5 66.67/150/256 33.33/75/128 (3.91/15)×7,
(5.99/23)×1

1.25 0.5 66.67/75/128 33.33/38/64 (3.65/7)×7,
(7.81/15)×1



Chapter 3

System Model

Before the simulation, a system model is required. This chapter will describe the SC-

FDMA system model, and the total model will be divided into two parts: “transmission

model” and “channel model”. Before that, an overview of SC-FDMA will be given, and

we will also introduce some principles of SC-FDMA by comparing it with OFDMA.

3.1 Overview of the SC-FDMA system

SC-FDMA, which is used in the uplink of 3GPP LTE, is a new single carrier multiple access

technique, and it consists of many orthogonal carriers, each of them called a subcarrier.

These subcarriers carry the symbols which are modulated by some method, such as QAM

(Quadrature Amplitude Modulation) or PSK (Phase Shift Keying). The transmitter in an

SC-FDMA system uses different orthogonal subcarriers to transmit information symbols

sequentially.

The advantage of such a system is the ability to remove ISI (Inter Symbol Interference)

between two symbols. Moreover, compared with OFDMA, which uses different orthogonal

subcarriers to transmit information symbols in parallel, due to single carrier modulation

at the transmitter, SC-FDMA has lower PAPR (Peak-to-Average Power Ratio), that will

13
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reduce the energy consumption. Another advantage is that it has less sensitivity to carrier

frequency offset, which brings large troubles to OFDMA.

Figure 3.1: System Model

Figure 3.1 shows the procedures of system simulation. A simulation system should

contain three parts: “transmitter”, “channel” and “receiver”. Here we consider “trasns-

mitter” and “receiver” as “transmission”.
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3.2 Transmission model

From Figure 3.1, we see that a transmitter mainly contains constellation mapping, subcar-

rier mapping, and channel orthogonalization.

3.2.1 Constellation

In SC-FDMA implementation of 3GPP LTE uplink, the modulation schemes are BPSK(π/2-

shifted), QPSK, 8PSK and 16QAM.

3.2.2 Subcarrier Mapping

There are two subcarrier mapping modes – Distributed mode and Localized mode, which

are shown in Figure 3.2. In distributed subcarrier mapping mode, the outputs are allocated

equally spaced subcarriers, with zeros occupying the unused subcarriers in between. While

in localized subcarrier mapping mode, the outputs are confined to a continous spectrum

of subcarriers [2]. We refer to the distributed subcarrier mapping mode of SC-FDMA as

distributed FDMA (DFDMA), and the localized subcarrier mapping mode of SC-FDMA

as localized FDMA (LFDMA).

Except the above two modes, there is another special subcarrier mapping mode – In-

terleaved subcarrier mapping mode of SC-FDMA (IFDMA). IFDMA is a special form of

DFDMA, and the only difference between DFDMA and IFDMA is that the outputs of

IFDMA are allocated over the entire bandwidth, whereas the DFDMA’s outputs are al-

located every several subcarriers. If there are more than one user in the system, different

subcarrier mapping modes give different subcarrier allocation.

Figure 3.2 shows different subcarrier allocation with 3 users, 4 subcarriers per user and 12

subcarriers in total.

This is the output symbol calculation in IFDMA in time domain. Let m = N · q + n,
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Figure 3.2: Differences among subcarrier mapping modes

M = Q ·N , where 0 ≤ q ≤ Q− 1 and 0 ≤ n ≤ N − 1. Then,
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Here is output symbol calculation in LFDMA in time domain. Let m = Q · n + q and

M = Q ·N , where 0 ≤ q ≤ Q− 1 and 0 ≤ n ≤ N − 1. Then,

x̃m = x̃Qn+q (3.2)

=
1

M

M−1∑

l=0

X̃le
j2π m

M
l

=
1

Q
· 1

N
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Xle
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QN
l

If q = 0, then,

x̃m = x̃Qn (3.3)

=
1

Q
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N
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j2π Qn

QN
l

=
1
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If q 6= 0, then,

Xl =
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p=0

xpe
−j2πfracpNl (3.4)

x̃m = x̃Qn+q (3.5)

=
1

Q

(
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Q
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N
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Xp
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{
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N
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From Figure 3.2 and the equations above, we can explain why interleaved subcarrier

mapping mode is a desirable choice. In IFDMA, according to eq. (3.1), every output symbol

is simply a repeat of input symbol in time domain. Therefore, the IFDMA signal has the

same PAPR as conventional single carrier signal. But in LFDMA, from eq. (3.3), the

output signal has exact copies of input time symbols in the N-multiple sample positions,

while according to eq. (3.5), other subcarriers are occupied by complex-weighted sums of

all input symbols, which will increase the amount of calculation.

3.2.3 Pilot insertion

Pilot is a kind of reference signal, which is important to the estimation of outputs. In the

3GPP LTE uplink application, there are two types of blocks in each subframe – long blocks

and short blocks. The long blocks are used for control and/or data transmission, while the

short blocks can be used for either control/data transmission or reference signals, which is

a so-called “pilot”. In this master thesis, we assumed that the short blocks are only used

for pilot transmission. A number of pilots will increase the accuracy of estimation, but it

Figure 3.3: Positions of data and pilot
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will decrease the efficiency, because there isn’t any new information in the pilot symbols.

3.3 Channel Model

In a wireless communication system, the transmitted signal always suffers from fading,

which can occur both in large scale and small scale. Large-scale fading is caused by

path loss and shadowing, and small-scale fading is due to the constructive and destructive

interference of multipath signals [1]. In this section, we will introduce some necessary

knowledge about the channel model between the transmitter and the receiver, and we

divide it into two parts – fading channel and noise.

3.3.1 Characteristics of the Fading Channel

A suitable channel model should be chosen, in order to make the simulation as close to the

reality as possible. There are many channel models, such as Rayleigh channel and Rician

channel.

According the document from 3GPP [8], in the mobile environment, radio wave propaga-

tion can be described by multiple paths which arise from reflection and scattering. If there

are N distinct paths from the transmitter to the receiver, the impulse response for this

channel will be:

h(τ) =
N∑
i

aiδ(τi) (3.6)

which is the well known tapped-delay line model. Due to the scattering, each path will be

the result of the addition of a large number of scattered waves with approximately the same

delay, that gives rise to time-varying fading of the path amplitudes ai, a fading which is

well described by Rayleigh distributed amplitudes varying according to a classical Doppler
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spectrum:

S(f) ∝ 1/(1− (f/fD)2)0.5 (3.7)

Table 3.1: Default mobile speeds for the channel models
Channel Model Model Speed

TUx 3Km/h
50Km/h
120Km/h

RAx 120Km/h
250Km/h

HTx 120Km/h

Table 3.1 and Table 3.2 are both the standards of 3GPP LTE. Table 3.1 gives the

standard velocities for which the estimations are carried out, and Table 3.2 presents the

characterastics of the channel model in a typical urban environment.

3.3.2 Noise addition

To make the channel as close to the reality as possible, noise should be added. In a system,

noise is usually measured by SNR (Signal to noise ratio), which is defined as the the ratio of

the received signal power Pr to the power of noise within the bandwidth of the transmitted

signal s(t). Since white Guassian noise has uniform power spectral density(PSD) N0/2,

and the total bandwidth is 2B, the received SNR is given by

SNR =
Pr

N
=

Pr

N0/2 · 2B =
Pr

N0B
(3.8)
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Table 3.2: Typical Urban channel model (TUx)
Tap number Relative time (s) average relative power (dB) doppler spectrum

1 0 -5.7 Class
2 0.217 -7.6 Class
3 0.512 -10.1 Class
4 0.514 -10.2 Class
5 0.517 -10.2 Class
6 0.674 -11.5 Class
7 0.882 -13.4 Class
8 1.230 -16.3 Class
9 1.287 -16.9 Class
10 1.311 -17.1 Class
11 1.349 -17.4 Class
12 1.533 -19.0 Class
13 1.535 -19.0 Class
14 1.622 -19.8 Class
15 1.818 -21.5 Class
16 1.836 -21.6 Class
17 1.884 -22.1 Class
18 1.943 -22.6 Class
19 2.048 -23.5 Class
20 2.140 -24.3 Class

As we see from Figure 3.4 (calculated in the simulation part), the channel gain of the

model is changed as the time and frequency increase.

3.4 Model structure settings

The general model structure settings are presented in Table 3.3.

As seen in Table 3.3, 20MHz is the only frequency used in the simulations, and the param-

eters of model structure are determined according to [4].
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Figure 3.4: Channel model

Table 3.3: Structure settings in simulation
The Name of Parameters Values
Carrier frequency 20MHz
Subcarriers in each long block 1200
Subcarriers in each short block 600
Guardband in each long block 80
Guardband in each short block 40
Pilot Subcarriers in each short block 200
Pilot Subcarriers in each long block 0
Data Subcarriers in each short block 0
Data Subcarriers in each long block 400
Frame duration 0.5ms
Length of CP in short blocks 128
Length of CP in long blocks 256
Long block symbol period 66.67e-6
Short block symbol period 33.33e-6
Number of users 3



Chapter 4

Channel estimation

In this chapter, several different methods of channel estimation will be introduced. Gen-

erally, there are 3 kinds of estimators – 1D estimator, 2D estimator and adaptive estimator.

4.1 1D estimator

The purpose of a 1D estimator is to estimate unknown data by reference data in one di-

mension, either time or frequency. There are some 1D estimators in frequency domain.

4.1.1 Least Square (LS) channel estimator

The LS estimator is a basic 1D channel estimator, which is described in [10] and [11]. We

assume that all the subcarriers on short blocks are occupied by pilots, and we set d as a

group of pilot symbols.

23
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d =




d(0)

d(1)
...

d(N − 1)




(4.1)

D is a matrix with the elements of d on its diagonal.

D =




d(0) . . . 0
...

. . .
...

0 . . . d(N − 1)


 (4.2)

An LS estimator is trying to find the channel impulse response ĥLS that minimizes the

square error

ε =
∣∣∣y −DWN ĥLS

∣∣∣
2

(4.3)

ĥLS = argĥLS
min(y −DWN ĥLS)H(y −DWN ĥLS) (4.4)

where WN is the DFT matrix, and y is the received signal. In order to minimize ,

ĥLS = QWH
N DHy (4.5)

where
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Q = (WH
N DHDWN)−1 (4.6)

This expression can be transferred to the frequency domain by taking the DFT of ĥLS

ĤLS = WN ĥLS = WNQWH
N DHy (4.7)

Putting eq. (4.6) into eq. (4.7), we get,

ĤLS = D̄−1ȳ (4.8)

For those blocks where the pilots are allocated over the whole space of subcarriers at a time,

the LS channel estimation in frequency domain simplifies to divide the Fourier transformed

received symbols with known transmitted pilot symbols.

However, in long blocks there is no reference symbols at all, so some kinds of interpolation

is required, which will be investigated later in this chapter.

Since there is no other symbols in short blocks except pilots, frequency interpolation can

be skipped. Figure 4.1 shows how the estimator works with interpolation in time domain.

4.1.2 Finite Impulse Response (FIR) interpolation algorithm

This method is a modified form of Least square method. The main idea is to assume

that the channel impulse response has a number of taps. From the reference data in pilot

subcarriers, we can estimate these taps, and the frequency response will be achieved by

doing a DFT upon them.
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Figure 4.1: Pilot estimation and interpolation

The method of LS is described in section 4.1.1. Eq. (4.7) shows the channel frequency

response of LS estimator.

Assume that the channel impulse response h has no more than L taps. Let WP be a matrix

which only contains the first L columns of WN . This leads to the dimension of a partial

DFT matrix with dimension N ×L. Therefore, we can get the channel frequency response

by rewriting the LS estimator

{
HFIR freq = WP QP WH

P DHy

QP = (WH
P DHDWP )−1

(4.9)

In order to make the algorithm work correctly, some requirements should be met. First,

the number of taps L won’t be greater than the number of pilot symbols, which is the

length of a short block in this master thesis. This is because of the fact that one can’t

solve more than L unknowns from L equations. Therefore, the number of taps should be

selected carefully.

Once we get the information from the pilot symbols, some methods of interpolation will
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be used to estimate the symbols on the other positions in time domain.

The interpolation method is the same as the LS estimation’s, see Figure 4.1.

4.1.3 LMMSE estimation

LMMSE (Least minimum mean square error) estimator is another 1D estimator, it mini-

mizes the Mean Square Error (MSE) for all linear estimators [14]. The general expression

of LMMSE is described as

ĤLMMSE = RHf Hf

(
RHf Hf

+
β

SNR
I

)−1

ĤLS (4.10)

where RHf Hf
is the correlation matrix of H, ĤLS is the channel frequency response in least

square estimation, which is decribed in section 4.1.1, SNR is the average signal-to-noise

ratio which is defined as in eq. (3.8), and β is modulation dependent

β = E
{ | dk |2

}
E

{
| 1

dk

|
2}

(4.11)

where dk is the symbol on the kth subcarrier. For QPSK modulation, β is 1.

Because all the symbols in a short block are pilots, Hf is the channel response at the

pilot positions in frequency domain, which is also the whole channel in frequency domain.

RHf Hf
is defined as

RHf Hf
= E

[
HfH

H
f

]
(4.12)
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When the data on the pilot positions is estimated by LMMSE estimation, information on

data positions which are in long blocks will be solved by some types of interpolation. In

this case, the method which is used in LS estimation is also used in LMMSE estimation,

Figure 4.1 shows that.

4.1.4 Gauss-Markov estimation

By the definition in [14], the Gauss-Markov estimator has the lowest Mean Square Error

(MSE) among the linear unbiased estimators. The expression of Gauss-Markov estimator

is given by

QGM
f = WN

(
WH

P DHDWP

)−1 ×WH
P DH (4.13)

where WN is the DFT matrix, WP is the matrix which contains the first L columns of

WN , and D is a matrix with the reference data on its diagonal. See section 4.1.1 and

section 4.1.2 for details.

Then, we obtain the estimated channel frequency response by

Ĥq = QGM
f Yq (4.14)

The existence of this estimator depends on whether the matrix WP is full rank or not.

From [14], the matrix WP has full rank if N > L. On the other side, if L + 1 > N , the

Gauss-Markov estimator does not exist. When N = L + 1, the estimator simplifies to

QGM
f = WNW−1

P D−1 (4.15)
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which is equivalent to direct inversion of the system equation without noise. Figure 4.1

shows the interpolation method.

4.2 2D estimator

So far, we have introduced 4 types of estimators, all of them are 1D estimators, which

means we estimate unknown data in time or frequency dimension at a time. However, the

meaning of 2D estiamtors is to estimate unknown data from the information both in time

and frequency domain simultaneously.

Investigating the structure of subcarriers in our case. In frequency domain, all the pilot

Figure 4.2: Structure of subcarriers in one frame

symbols in short blocks are known, the next step is to interpolate unknown data from two

pilot symbols at the same frequency. Hence, 2D estimators are not necessary in our case,

it will give the same result as 1D estimators, but having higher complexity.
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4.3 Adaptive estimator

Some calculations of the above channel estimators require knownledge of channel correla-

tions RHf Hf
. Moreover, the statistics of channels in real world change over time. To avoid

these drawbacks, we introduce the adaptive estimator which is able to update parameters

of the estimator continously, so that knownledge of channel and noise statistics are not

required. In this section, we will investigate the Normalized Least Mean Square (NLMS)

algorithm used in an adaptive estimator.

4.3.1 LMS algorithm

Before introducing NLMS algorithm, a brief overview of Least mean square (LMS) algo-

rithm will be given.

LMS algorithm also can be used in an adaptive estimator, and the weight vector equation

is given as

C(n + 1) = C(n) +
1

2
µ[−∇(E{e2(n)})] (4.16)

where µ is the step-size parameter, which controls the convergence of the LMS algorithm,

and e2(n) is the mean square error between the beamformer output Y (n) and the reference

data d(n)

e2(n) = [d∗(n)− ChX(n)]2 (4.17)
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The gradient vector in eq. (4.16) can be computed as

∇C(E{e2(n)}) = −2r + 2RC(n) (4.18)

Where r and R are covariance matrices

r(n) = d∗(n)X(n) (4.19)

R(n) = X(n)Xh(n) (4.20)

Hence, the update weight can be given by the equation as

C(n + 1) = C(n) + µX(n)[d∗(n)−Xh(n)C(n)] (4.21)

= C(n) + µX(n)e∗(n)

When n = 0, C(0) can be initiated with an arbitrary value. However, a proper initial value

will lead to a fast estimation. We will use

C(0) = [1 0 · · · 0]T (4.22)

4.3.2 NLMS algorithm

The NLMS (Normalized Least Mean Square) algorithm is a developed solution based on

the LMS algorithm. We use the NLMS algorithm rather than the LMS algorithm because

the choice of the step-size parameter µ is simpler.
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C(n) = C(n− 1) +
µ

‖X(n− 1)‖2
e∗(n)X(n− 1) (4.23)

where ‖X(n− 1)‖2 =
∑M−1

i=0 | X(n− 1− i) |2. Then the estimated channel taps are

Y (n) = Ch(n)X(n) (4.24)

The requirement for stable operation of the NLMS algorithm is 0 < µ < 2, the choice of µ

is a trade-off between the convergence speed, and an excessive MSE (mean square error).

By testing, we obtained good results when µ ≈ 0.05.

4.4 Estimator summary

4.4.1 1D estimator

There are four types of 1D estimators introduced. They are the LS estimator, the FIR

algorithm, the LMMSE estimator, and the Gauss-Markov estimator. The LS estimator is

one of the most simple and common estimators. The FIR algorithm refers to a number of

taps which lead to the estimated frequency response. The LMMSE estimator minimizes

the MSE for all the linear estimators, and it requires the frequency response of the LS

estimation. The Gauss-Markov estimator has the lowest MSE among the linear unbiased

estimators.
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4.4.2 2D estimator

As we analysed in section 4.2, the 2D estimator is not suitable for this case, so it is skipped.

4.4.3 Adaptive estimator

The adaptive estimator can change the parameters over time as channel statistics change.

It has larger complexity than the 1D estimators. We investigate NLMS algorithm as an

adaptive estimator.





Chapter 5

Simulations

5.1 The test case

When a system is simulated, there are many parameter configurations related to the final

results. However, in order to save time, we specify some certain test cases to show the

characterestics of the system.

According to [4], the studied uplink data-modulation schemes in 3GPP LTE are BPSK(π/2-

shifted), QPSK, 8PSK and 16QAM. However, the results of the simulation are only pre-

sented under QPSK modulation, since the other modulation schemes can not give any

more benefit to the performance of the estimators. The SNR is within 0 − 40dB. The

simulations are carried out at three speeds – 3km/h, 50km/h and 120km/h. In order to

get good average results, all the simulations are done for 2000 frames.

The purpose of the simulations is to find the type of estimator that gives the best perfor-

mance with different SNR levels and speed.

A summary of settings for the simulations is given in Table 5.1.

35
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Table 5.1: Settings for the simulations
Velocity 3km/h 50km/h 120km/h
Channel taps 20 taps
Modulation QPSK
SNR 0–40 dB
Simulations 2000 frames

5.2 Results and analysis

5.2.1 Simulation results

The simulations are carried out according to the Table 3.3 and Table 5.1, and give the

symbol error rate as a function of SNR. (In order to be able to read the figures, the

plotting of the results are divided into two parts)

0 5 10 15 20 25 30 35 40
10

−4

10
−3

10
−2

10
−1

10
0

symErrRate

 

 
LS
FIR
GM
Ture channel

Figure 5.1: Simulation result under 3km/h (Part1)
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Figure 5.2: Simulation result under 3km/h (Part2)
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Figure 5.3: Simulation result under 50km/h (Part1)
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Figure 5.4: Simulation result under 50km/h (Part2)
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Figure 5.5: Simulation result under 120km/h (Part1)
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Figure 5.6: Simulation result under 120km/h (Part2)

Figure 5.1 and Figure 5.2 show the simulation results under 3km/h, Figure 5.3 and

Figure 5.4 show the simulation results under 50km/h, Figure 5.5 and Figure 5.6 show the

simulation results under 120km/h.

5.2.2 Analysis

According to Figure 5.1 – Figure 5.6, it is hard to say which estimator is the best one. As

can be seen, the differences between some of the estimators are pretty small.

Each of estimators has its own special advantages and disadvantages. For the results under

3km/h, the LMMSE estimator gives the best performance in low SNR condition, but the

Gauss-Markov estimator is the best in high SNR condition.

The results under 50km/h are similar with the results under 3km/h, the LMMSE and the

Gauss-Markov estimator give best performances in low and high SNR conditions, respec-
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tively.

Under 120kn/h, the LMMSE estimator has the best result both in low and high SNR

condition.

As we see from the results, the final performance is affected not only by the type of chan-

nel estimator, but also by the applied velocity, that means a high velocity gives a worse

transmission performance. Obviously, speed has less effect on the LMMSE estimator, or

the other estimators loose more performance with high speed.

Another key point is the simulation time. It is affected by the complexity of the channel

estimators. Table 5.2 shows the time consumption for each estimation method measured

over 2000 frames. As we see from Table 5.2, the LMMSE estimator needs the shortest

time, and the FIR estimator needs the longest time.

Table 5.2: Time consumption of estimation methods
Channel estimator Time consumption (min)

LS 561
FIR 749

Gauss-Markov 658
LMMSE 468
NLME 560

Taking into account both the results for different speeds and the time consumptions, the

LMMSE estimator is the best choice in high speed environment, and the Gauss-Markov

estimator is the best solution in low speed environment, as well as the LS estimator. Al-

though the FIR has a good performance in simulation, it needs the longest time.
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Conclusions and Future work

This master thesis has investigated several different channel estimators in an SC-FDMA

system. The parameters are set according to the standard of 3GPP LTE. The investigated

estimators are LS estimator, FIR estimator, Gauss-Markov estimator, LMMSE estimator

and NLMS estimator.

In order to analyse these channel estimators, an SC-FDMA system is required. In this

thesis, we have built a system model in MATLAB, dividing the model into a transmitter,

channel, and receiver part.

In an SC-FDMA system, there are two steps for a channel estimator, first to estimate

the pilot symbols, and second to interpolate the channel over the pilot symbols.

The final performance is affected not only by the type of channel estimator, but also

by the applied velocity. A higher velocity gives a worse transmission performance.

In general, the FIR and Gauss-Markov estimators give almost the same good perfor-

mance. However, FIR algorithm has a high complexity, which will need longer simulation

41
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time. For high velocities, the LMMSE estimator gives the best result, and also actually

needs the shortest simulation time.

Further interesting work

• Finding good solutions to decrease the difference between transmitted data and re-

ceived data.

• Studying the same estimators and find differences when we change the structure of

the frame. E.g. by allocating the pilot symbols over the whole frame.

• Studying other interpolation methods to decrease the Symbol Error Rate.
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