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Abstract
Purpose Considering the time-varying pressure angle and dynamic clearance, the effects of rotational speed, tooth surface 
friction, and tooth surface morphology on the system’s dynamic response are studied.
Method An improved gear nonlinear model is proposed, which considered nonlinear factors such as time-varying pressure 
angle, position angle, tooth surface morphology, and tooth surface friction. The time-varying dynamic backlash is deduced, 
and the nonlinear dynamic equation of the gear is established. The nonlinear dynamic response of the gear system is obtained 
based on Runge–Kutta method.
Results The influence of the rotational speed and tooth surface friction on single-stage spur gear system response is analyzed 
through the analysis of the bifurcation diagram, the three-dimensional spectrum diagram, the proportion of the meshing 
state, and the largest dynamic meshing force (LDMF). Dynamic response differences between the three different model are 
compared. In addition, by changing the tooth surface roughness and fractal dimension, the influence of tooth surface mor-
phology on the dynamic response of the system is studied.
Conclusion Compared with the traditional model, when the dynamic center distance and dynamic pressure angle are consid-
ered, the system response may enter a chaotic state earlier. When the tooth surface friction is further considered, the chaotic 
state of the system response is suppressed. At the same time, the velocity of the dynamic transmission error is significantly 
reduced, and the fluctuation amplitude of the dynamic pressure angle is increased. The value of LDMF rose overall. The 
stability of the system response decreases with the increase of tooth surface roughness and fractal dimension. Compared 
with the fractal dimension, the tooth surface roughness has a more obvious effect on the dynamic response of the system.
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Introduction

The increased application of micro-/nano-structured materi-
als in modern nano-systems has stimulated a great deal of 
interest in size-dependent mechanics [1–3]. The dynamic 
characteristics of small-scale structures are studied by solv-
ing the recently developed theory of dimensional-dependent 
elasticity. Since nano-structures may exhibit both stiffen-
ing and softening behaviors, the nonlocal elasticity model 
and modified strain gradient theory cannot solely represent 
the entire wide spectrum of the size-dependent phenomena 
at the nanoscale [4]. Faghidian [5] mostly investigated the 

nonlocal strain gradient model, nano-scale effects of the 
dilatation gradient, deviatoric stretch gradient, and the sym-
metric rotation gradient tensors along with the nonlocality 
were suitably considered. The proposed constitutive model 
of the nonlocal modified gradient beam is demonstrated to 
be capable of capturing both the higher-order gradients and 
the nonlocality effects. Feigao et al. [6] evaluated thermoe-
lastic damping (TED) in circular plates by incorporating 
nonlocal effects within the constitutive and heat conduc-
tion frameworks. By considering symmetric time–harmonic 
vibrations, the size-dependent thermoelastic frequency equa-
tion was derived. According to the definition of TED in the 
framework of the complex frequency approach, a closed-
form expression characterizing TED in circular nanoplates 
was introduced. Faghidian et al. [7] proposed a nonlocal 
modified gradient elasticity theory, enriched with four intrin-
sic length scales, which can appropriately characterize the 
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effects of nonlocality, dilatation gradient, deviatoric stretch 
gradient, and symmetric rotation gradient. Faghidian et al. 
[8] proposed a mixed variational principle associated with 
the higher-order unified gradient elasticity in the intrinsic 
form and studied the mechanics of torsion of nano-bars. The 
conceived stationary variational formulation can realize the 
higher-order gradient effects while being exempt from the 
restrictions associated with the nonlocal elasticity model by 
limited accessible nonlocal kernels mostly devoted to one-
dimensional structural analysis. An effective practical meth-
odology to calibrate the characteristic parameters associated 
with the higher-order unified gradient elasticity theory was 
presented. Thai et al. [9] presented a nonlocal strain gradi-
ent mesh-free model based on the nonlocal strain gradient 
theory and higher-order shear deformation theory and devel-
oped it to examine the bending and free vibration behav-
iors of functionally graded nanoplates. A detailed study to 
assess the effects of exponential factor, length-to-thickness 
ratio, geometry, boundary condition, strain gradient param-
eter, and nonlocal parameter on the deflections and natural 
frequencies of the FG nanoplates was revealed by numeri-
cal results. For the first time, Faghidian et al. [10] realized 
the dimensional correlation response of porous nanowire 
of symmetric fiber grating in the framework of high-order 
non-local gradient elasticity theory. The integrodifferential 
constitutive laws of the stress resultant fields were estab-
lished and reinstated with the equivalent differential rela-
tions equipped with non-standard boundary conditions. The 
closed-form solution of the phase velocity of flexural waves 
was analytically determined. The ensuing numerical results 
of the flexural wave dispersion detected new benchmarks for 
numerical analysis.

Gear is the most widely used mechanism in mechanical 
transmission, the nonlinear characteristics of the gear system 
are very important through the precision transmission of 
the gear system. The chaos and the dynamic characteristics 
of the gear system have been widely studied [11, 12]. With 
the development of size-dependent mechanics, the influence 
of the morphology of the gear surface on the transmission 
stability of the gear system is emphasized. Chen et al. [13] 
studied the influence of gear friction and dynamic clearance 
on nonlinear dynamic gear systems. The results show that 
the dynamic backlash increases the vibration amplitude of 
the system and causes the system to respond more easily 
to a chaotic state. Chen et al. [14] developed a pure tor-
sional model of gears with dynamic backlash based on frac-
tal theory and proposed a method to describe the dynamic 
backlash, which compared with the backlash generated by 
applying the normal distribution. The research shows that 
fractal theory describes the variation of the tooth side clear-
ance more exactly. Liu et al. [15] developed a 16-degree-
of-freedom coupled transverse torsional gear-rotor bearing 
transmission system with the crack faults considering the 

fractal backlash and the torsional excitation was found to 
have a significant effect on the forced response spectrum. 
Huang et al. [16] developed a pure torque model to study 
the bifurcation and chaos of the system under two clearance 
cases, fractal backlash and fixed clearance considering the 
friction case. They found that the fractal backlash would 
make the system’s dynamic characteristics more complex. 
In addition, the bearing clearance also affects the transmis-
sion performance of the gear system seriously. Because of 
the bearing clearance in the transmission state, the center 
distance and meshing pressure angle of the gear pair will 
change.

So far, much research has been operated on bearing and 
gear clearance, but few found studies on coupled dynamics 
were searched. Yi et al. [17] set up a gear system model 
in which the time-varying pressure angles and central dis-
tances were considered and the influence of time-varying 
pressure angles on the dynamic characteristics of the sys-
tem was studied. Liu et al. [18] analyzed gear-bearing sys-
tems with dynamic central distances and backlash using the 
Newmark-β method. Zhang et al. [19] established a gear-
bearing model and analyzed the amplitude of dynamic trans-
fer error (DTE) in the time domain considering multiple 
clearances.

However, due to the simplification of the previous gear 
dynamics model, nonlinear factors such as position angle, 
dynamic center distance, and dynamic pressure angle are 
neglected, the coupling characteristics of backlash with frac-
tal characteristics are not reflected. In this paper, the change 
in tooth surface morphology which is modified by tooth sur-
face roughness is described by the Weierstrass–Mandelbrot 
equation. The nonlinear factors such as dynamic pressure 
angle, dynamic center distance, and position angle in gear 
meshing are further studied. The meshing state of the gear 
is described by meshing force and DTE. The effects of rota-
tional speed, tooth surface friction, tooth surface roughness, 
and fractal dimension in the meshing state and nonlinear 
dynamic response are studied concurrently.

Nonlinear Gear‑Bearing Collision Model

Centralized Mass Model

Neglecting the effects of friction on the tooth surface, the 
lumped mass model of the gear system is shown in Fig. 1.

The involute spur gear bending-torsion coupling dynamic 
model is built using the centralized parameter method. kh and 
ch are the support stiffness and support damping of each gear 
in the cartesian coordinate system, respectively. mi ( i = 1, 2 ) 
is the gear mass., 2b is the bearing clearance of the gears, 
and 2b1(t) is the backlash between the two gear meshing, 
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rbi(i = 1, 2) is the base radius of gear i . The DTE of the sys-
tem is as follows:

where xi(i = 1, 2) is the horizontal displacement of the main 
wheel and the driven wheel, yi(i = 1, 2) is the displacement 
in the vertical direction of both the main and driven wheels, 
and �i(i = 1, 2) represents the gear rotation angle around the 
drive shaft, � is the dynamic pressure angle, � is the posi-
tion angle.

Dynamic Backlash and Bearing Clearance Coupling 
for Fractal Characteristics

Dynamic Backlash with Fractal Characteristics

There are objective randomness, multi-scale and self-affinity 
in the machining process of various types of gear surfaces 
with different precisions so that they have certain fractal char-
acteristics. It is verified that the fractal theory is effective to 
describe the machined surface profile [13], so the Weierstrass-
Mandelbrot function can be used to simulate the trend of the 
concave and convex height of the gear surface morphology. 
The height of surface asperities is as follows:

where � is the characteristic scale coefficient, D is the fractal 
dimension, and the value of D is between 1.1 and 1.9.

This formula can reflect the variation of concave and con-
vex heights at a certain fractal dimension. But it does not 
reflect the actual value of the concave and convex heights. 
Chen [20] proposed a correction to the above formula which 
is as follows:

(1)q = [x1, x2, y1, y2, �1, �2, �, �]
T

(2)z1(t) =

∞∑
i=0

�(D−2)i sin(�it),

(3)z(t) = � ⋅

∞∑
i=0

�(D−2)i sin(�it),

where � is the correction coefficient, Ra is the arithmetic 
mean difference of the evaluated profile, which is the most 
widely used parameter to evaluate roughness [20], Ra is used 
to evaluate the corrected roughness. So, the value of the cor-
rection factor was defined as follows:

Rac(D) is the arithmetic mean difference of the contour 
height corresponding to the target roughness. Rac(D) is the 
corresponding profile roughness for different fractal dimen-
sion simulation cases. The two-dimensional simulation 
results of the rough surface profile are shown in Fig. 2.

Therefore, the dynamic clearance of the gear pair is 
derived as follows:

Multi‑clearance Coupling

The dynamic backlash caused by bearing clearance may 
lead to complex changes in the meshing forces. As shown 
in Fig. 3.

The initial center distance of the gear is expressed as fol-
lows [17]:

where Mi(i = 1, 2) is the gear modulus, Zi(i = 1, 2) is the 
number of gear teeth.

In the gear system, the gear backlash and bearing clear-
ance will be coupled with each other, and the overall move-
ment of the gear will cause the change of the center distance 
due to the bearing clearance, which affects the meshing line 

(4)� =
Rac

Rac(D)
.

(5)

z(t) = 2b0 −
Ra1

Ra1(D1)
⋅

∞∑
i=0

�(D1−2)i sin(�it)

−
Ra2

Ra2(D2)
⋅

∞∑
i=0

�(D2−2)i sin(�it).

(6)as = (M1Z1 +M2Z2)∕2,
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Fig. 1  Dynamic model of the gear-bearing system
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and the actual pressure angle in turn. Then the actual center 
distance of the gear is expressed by [18]:

Therefore, the actual pressure angle is as follows:

According to the meshing principle, the actual clearance 
of the two gears is as follows [21]:

where t′ is the dynamic tooth pitch on the gear pitch cir-
cle, s�

i
(i = 1, 2) is the dynamic tooth thickness on the two 

gear pitch circles, respectively; �0 is the standard pressure 
angle for gears.

Therefore, the dynamic backlash considering the fractal 
clearance is:

It can be seen that considering the fractal dimension, rough-
ness, bearing axis displacement and other nonlinear functions, 
the dynamic backlash is expressed. Compared with the tra-
ditional gear-bearing collision model, time-varying pressure 
angle and tooth-side fractal backlash and other nonlinear fac-
tors are taken into account for the subsequent study of gear 
models as a preparation.

Engagement Model Considering Time‑Varying 
Pressure and Position Angles

The gear dynamics parameters include time-varying meshing 
stiffness, meshing damping, dynamic backlash, etc. The gear 
meshing is described by a nonlinear stiffness k1(t) and viscous 
damping c1(t) . To meet the demand of friction of the gear drive 
system, the meshing stiffness of the tooth surface is described 
by using the method proposed in Ref. [22]. The meshing stiff-
ness is expressed as:

(7)a =

√
(as + x1 − x2)

2 + (y1 − y2)
2.

(8)� = arccos((rb1 + rb2)∕a)

(9)2b1(t) = (t� − s�
1
− s�

2
) cos(�) + z(t)

(10)t� = t cos(�0)∕ cos(�)

(11)s�
i
=

t cos(�)

2 cos(�0)
− 2ri

(
inv(�) − inv(�0)

)

(12)inv(�) = tan � − �,

(13)

2b1(t) = 2a cos(�)(inv(�) − inv(�0)) + 2b0

−
Ra1

Ra1(D)
⋅

∞∑
i=0

�(D1−2)i sin(�it)

−
Ra2

Ra2(D)
⋅

∞∑
i=0

�(D2−2)i sin(�it).

where km is the averaged tooth stiffness, kc(t) is the vari-
ant part of the stiffness and it can be expanded in the Fourier 
series generally.

The static transmission error e1(t) is a displacement excita-
tion related to the manufacturing and installation accuracy of 
gears. It can usually be expressed by [16]:

where Ae is the error fluctuation and �m is the frequency of 
gear meshing.

The cycle of gearing meshing T can be expressed by:

The meshing damping of the gears is given by [18]:

where km is the average value of the time-varying mesh-
ing stiffness, �2 is the gear meshing damping ratio, usually 
taken as 0.03–0.17 and the average value of 0.1 is taken in 
this paper.

Position angle � can be expressed by [17]:

q denotes the dynamic transfer error (DTE):

Then the backlash nonlinear function of DTE is as 
follows:

(14)k1(t) = km(1 + kc(t)),

(15)e1(t) = Ae sin(�mt),

(16)T = 2�∕�m.

(17)c1 = 2�2

√
kmJ1J2

r2
b1
J2 + r2

b2
J1
,

(18)� = tan−1
y2 − y1

x2 − x1 + a1
,

(19)
q = R1�1 − R2�2 + (x1 − x2) sin(� − �) + (y1 − y2) cos(� − �) − e(t).
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The bearing clearance nonlinear function is as follows:

where � represents xi and yi(i = 1, 2).
During gear meshing, the meshing force Fp(t) consists of 

the elastic meshing force due to the time-varying meshing 
stiffness and the viscous meshing force due to the meshing 
damping. Then the meshing force is expressed as:

Here � is the contact ratio of the gear pairs, �′ rounds the 
elements of � to the nearest integers towards plus infinity. 
The friction forces can be expressed by:

where �i is the direction coefficient of the friction force 
which is determined by the nominal sliding velocity. Fm is 
the gear meshing force. �i is the nonlinear friction coefficient 
as proposed in Ref. [22].

The friction arm of the two gears can be represented as 
follows [13]:

where rai(i = 1, 2) is the top circle radii of gear.Si(t) (i = 1, 2) 
is the friction arm of the gear surface.�i(i = 1, 2) is the angu-
lar speed of gear.

During the meshing process, the pressure angle and the 
position angle of the time change continuously. Therefore, 
the direction in which the meshing force and the friction 
force act on the gears are constantly changing. The force 
balance equation of the two gears in the X and Y directions 
can be expressed as follows:

(20)g(q) =

⎧
⎪⎨⎪⎩

q(t) − b1(t) q(t) > b1(t)

0 −b1(t) < q(t) < b1(t)

q(t) + b1(t) q(t) < −b1(t)

.

(21)f (𝛿) =

⎧
⎪⎨⎪⎩

𝛿 − b 𝛿 > b

0 −b < 𝛿 < b

𝛿 + b 𝛿 < −b

(22)f1(�̇�) =

{
�̇� |𝛿| > b

0 |𝛿| ≤ b
,

(23)Fp(t) = k1(t)g(q)+c1q̇.

(24)Ff (t) =

��∑
i=1

�i�iFp(t),

(25)S1(t) =

√
a2 − (rb1 + rb2)

2 −

√
r2
a2
− r2

b2
+ rb1�1t

(26)S2(t) =

√
r2
a2
− r2

b2
− rb1�1t,

where � is the angle between the gear engagement line and 
the Y direction.� can be expressed by:

The equilibrium equation of the two gears in the torsion 
direction can be expressed as follows:

Comparison and Discussion

The Runge–Kutta method is applied in this section to solve 
the problem above, by rounding the first 2000 cycles to 
eliminate the effect of the transient. A pair of parallel shaft 
involute spur gears are used as an example for comparison 
and verification of these models. The bearing clearance is 
20 µm and the initial gear backlash is 50 µm. Other param-
eters are listed in Table 1.

Affection of Rotational Speed

Rotational speed is one of the most important parameters 
that influence gear dynamics. The global characteristics are 
studied by the bifurcation diagram, the proportion of mesh-
ing states, the three-dimension frequency spectrum map 
and largest dynamic meshing force (LDMF), in which it is 
assumed that the surface roughness Ra is 0.8, and the fractal 
dimensions D1 and D2 are equal to 1.1.

Three models are compared, namely, the traditional model 
(i.e., the model that considers tooth surface morphology but 
not nonlinear factors such as time-varying pressure angle 
and position angle), the compared model (i.e., the compared 
model that considers tooth surface morphology along with 
nonlinear factors such as time-varying pressure angle and 
position angle), and the improved model (i.e., the improved 
model that further considers friction based on the compared 
model). Since the improved model takes more factors into 
account than the traditional model, the dynamic behavior of 
the gear system could be reflected more realistically.

To study the meshing force of the three models, the 
LDMF of the tooth surface is defined as follows:

(27)

⎧
⎪⎪⎨⎪⎪⎩

m1ẍ1 = −Fp(t) sin(𝛾) + khf (x1) + chf1(ẋ1) + Ff (t) cos(𝛾)

m1ẍ2 = Fp(t) sin(𝛾) − khf (x2) + chf1(ẋ2) − Ff (t) cos(𝛾)

m1ÿ1 = −Fp(t) cos(𝛾) + khf (y1) + chf1(ẏ1) + Ff (t) sin(𝛾)

m2ÿ2 = Fp(t) cos(𝛾) − khf (y2) + chf1(ẏ2) − Ff (t) sin(𝛾)

,

(28)� = � − �.

(29)

{
J1�̈�1 = TM − Fp(t)rb1 − Ff S1(t)

J2�̈�2 = TL + Fp(t)rb2 + Ff S2(t)
.
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where Fs is the static meshing force, defined as the ratio of 
the average input torque to the gear base radius.

Compared with the traditional model, the DTE of the 
improved model and the compared model have increased in 
magnitude. Figure 4c shows that with the amplitude of the 
DTE increases overall, tooth meshing of the improved model 
and the compared model are both 100% during the range of 
2000–2520 rpm. For the traditional model, when the rota-
tional speed is 2000 rpm, the tooth surface meshing state 
accounts for 99.747% of the entire meshing process. When 
the rotational speed is 2520 rpm, the tooth surface meshing 
state accounts for 98.672% of the entire meshing process. 
And there is no 100% tooth meshing state during the rota-
tional speed from 2000 to 2520 rpm. Compared with the tra-
ditional model, the tooth back meshing appears earlier in the 
improved model and the compared model. In the improved 
model, tooth back meshing appears at 6080 rpm for the first 
time, accounting for 0.0234% of the entire meshing process. 
In the compared model, tooth back meshing appeared at 
6040 rpm for the first time, and the proportion of tooth back 
meshing in the entire meshing process was 0.0260%. In the 
traditional model, tooth back meshing occurs at 9280 rpm 
for the first time with a ratio of 0.3906%.

It can be seen that when the rotational speed reaches 
Ω3 = 3360 r/min, the response of the traditional model 
becomes chaotic. The compared model entered chaos at 
Ω2 = 2960 r/min. It shows that the response of the sys-
tem will enter chaos earlier when the dynamic angle and 
dynamic center distance are considered in the model. But 
the improved model enters chaos for the first time when the 
rotational speed is Ω1 = 3340 r/min. It shows that chaos of 
the system is suppressed when the tooth surface friction is 
considered in the model. In addition, the dynamic response 
of the conventional model exhibits a multi-cycle response 
when the rotational speed reaches 13,800 rpm and enters 
a chaotic state again at 14,040 rpm. Dynamic response of 
the compared model exhibits a multi-cycle response up to 

(30)LDMF =
max[Fp(t)]

Fs

,
14,240 rpm and enters a chaotic state again at 14,480 rpm. 
Interval lags for multiperiod responses. Dynamic response 
of the improved model is a multi-cycle response when the 
rotational speed reaches 14,160 rpm and enters chaos again 
when the speed is 14,480 rpm. After considering friction, 
the multi-cycle response interval becomes larger.

Figure 4d shows that although the magnitude of the 
dynamic transfer error of the system in the compared model 
is greater than in the traditional model, the LDMF in the 
compared model is not always greater than that in the tradi-
tional model, which is due to the dynamic pressure angle and 
the dynamic center distance changing over time throughout 
the meshing process. The size of the tooth backlash con-
tinues to change. Add tooth surface friction to the model. 
Figure 4d shows that the LDMF size of the improved model 
improved overall compared to the comparison model. It is 
indicated that tooth surface friction would increase LDMF 
of the tooth surface.

To compare the dynamic response of the three models� 
is defined as a dimensionless time. It can be expressed by:

Dynamic response of the three models at the rotational 
speed of 8000 r/min are shown in Fig. 5. The green dots 
represent the Poincaré mapping points and the Poincaré 
mapping points of the compared model’s system dynamic 
response are more dispersed, compared with the response 
of the traditional model. Meanwhile, the dynamic response 
of the traditional model shows the quasi-periodic response, 
while the dynamic response of the improved model has 
started to become chaotic. Pressure angle of the traditional 
model is constant during the whole meshing process, while 
the pressure angle of the compared model is changed with 
time. Dynamical response of the compared model is more 
complex than the traditional model. It is necessary to con-
sider time-varying pressure angle and time-varying center 
distance when studying gear system response. The sys-
tem response transforms into an approximate multi-cycle 
response after further consideration of friction in the model 
shown in Fig. 5a, which means that stability of the system 
response improved.

When the improved model was compared with the first 
two models, the velocity of DTE decreased significantly 
because of tooth friction. And amplitude of the dynamic 
pressure angle increases due to the coupling of friction with 
the forces in the X and Y directions.

Through the above analysis, we can know that the 
improved model can reflect the dynamic response of the gear 
system more refined than the traditional model because sev-
eral nonlinear factors have been taken into account such as 
time-varying pressure angle, dynamic center distance, and 
friction.

(31)� = t∕T .

Table 1  Main parameters of the gear pair

Parameters Gear1 Gear2

Number of teeth 40 40
Module (mm) 3 3
Pressure angle (°) 20 20
Mean meshing stiffness (N/m) 3.0e8 3.0e8
Moment of inertia (kg) 1 1
Rotation inertia (kg  m2) 0.1 0.1
Bearing stiffness (N/m) 1.0e8 1.0e8
Bearing damping (N s/m) 512.64 512.64
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Gear dynamics Influenced by Fractal Dimension

Firstly, some fixed parameters are declared as fol-
lows:b0 = 10�m ,TM = 30N m ,�2 = 0.1 ,  � = 7500rpm  , 
Ra = 0.8.

The fractal dimension D is varied from 1.1 to 1.9. During 
the following analysis, only D= 1.1,1.5, 1.9 will be listed for 
compactness, and we assume that the tooth surface rough-
ness and the fractal dimension of both gears are equal.

As can be seen in Fig. 6. Although the surface roughness 
of the gear did not change, the amplitude of DTE gradu-
ally increase from 41.3107�m , 42.3190�m to 45.4078�m 
with the increase of fractal dimension and amplitude of the 
dynamic pressure angle gradually increase from 0.0097◦ , 
0.0102◦ to 0.0105◦ . The blue dots represent the Poincaré 
mapping points. The orbits in the phase diagram change 
from thin to thick, and as the fractal dimension increases, 
the Poincaré mapping points gradually disperse. Therefore, 
it is known that for the same tooth surface roughness, the 

stability of the gear system becomes worse as the fractal 
dimension increases.

Based on the conclusion above, we can improve the 
dynamic stability of the gear system by changing the fractal 
dimension of the tooth surface without changing the rough-
ness. In practical engineering, when the roughness can no 
longer be reduced, the stability of the dynamic response of 
the gear system can be improved by reducing the fractal 
dimension through techniques such as micromachining.

Gear Dynamics Influenced by Surface Roughness

Moreover, the main parameters are set as follows:D = 1.1 , 
b0 = 10�m , TM = 30N m , �2 = 0.1 , � = 7500rpm . We 
assume separately that Ra = 0.8, 1.6, 3.2 . During the 
tooth surface roughness and the fractal dimension of the 
two gears the following relationship exists:D1 = D2 = D , 
Ra1 = Ra2 = Ra.

Fig. 4  Dynamic feature with 
varying rotational speed

(a) Bifurcation diagram with the rotational speed (b) Three-dimensional frequency spectrum map 
with the rotational speed

(c) Proportion of meshing states with the 
rotational speed

(d) Comparison of LDMFs under different 
rotational speed 
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Figure 7 shows that as the roughness of the gear sur-
face increasing, the orbits in the phase diagram gradually 
change from regular to irregular, and the dynamic response 
of the system changes from quasi-multi-periodic response 
to chaotic motion. With the increase of roughness, Lya-
punov exponent of the system increases from − 2.2143 
to 4.2156 and 5.4352. The blue points in Fig. 7a are the 
Poincaré mapping points and they gradually become dis-
persed from concentrated with the increase of tooth sur-
face roughness. The number of frequencies of the system 
response increases significantly, and the stability of the 
system decreases. The change of dynamic pressure angle 
also becomes chaotic from the periodic response, and the 
amplitude of dynamic pressure angle increases with the 
increase of tooth surface roughness. From Figs. 6c and 
7c, it can be easily seen that when the tooth surface rough-
ness increase, the system response would be more chaotic, 

comparing with the fractal dimension increase of the tooth 
surface.

It is evident from this analysis that tooth surface rough-
ness has a great influence on the transmission stability of 
the gear system. The influence on the transmission stabil-
ity of the gear system is more obvious than the fractal 
dimension. Therefore, when considering the improvement 
of gear transmission stability, priority should be given to 
reducing tooth surface roughness.

Conclusion

Based on the fractal theory, an improved nonlinear model 
of gear pair with the characteristics of the tooth sur-
face morphology was built, considering the influence of 
dynamic pressure angle, position angle, and tooth surface 

Fig. 5  Dynamic feature with 
fractal backlash around n = 8000 
r/min

(a) Phase-Poincaré diagrams of different model (b) FFT spectrum of different model

(c) Time-domain plot (d) The response of pressure angle
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friction during gear meshing. Some beneficial conclusions 
are obtained as follows:

1. Considering the dynamic pressure angle and position 
angle during gear meshing, the effect of tooth surface 
morphology on the dynamic response of the system can 
be better studied when straight cylindrical gears are per-
forming high-precision transmission.

2. Considering the tooth surface morphology, if dynamic 
pressure angle, dynamic center distance, and posi-
tion angle to the meshing process are considered, the 
improved model will enter a chaos state earlier and the 
DTE amplitude of the system will increase synchro-
nously. Once friction is added to the model, the chaotic 

motion of the system will be suppressed. Meanwhile, 
LDMF of the gear system will uplift overall and the 
amplitude of the dynamic pressure angle will increase. 
In addition, the velocity of DTE drops significantly. We 
also find that the improved model has 100% tooth sur-
face meshing in the range of 2000–2520 rpm, which 
is not seen in traditional models. Compared with the 
traditional model, the tooth-back meshing state of the 
improved model appears earlier explicitly.

3. The stability of the system response would be increased 
by the decrease of the tooth surface roughness and frac-
tal dimension, but compared with the influence of the 
fractal dimension, tooth surface roughness would make 
a greater impact on the stability of the system.

Fig. 6  Dynamic characteristics 
by different fractal parameter

(a) Time-domain plot (b) FFT spectrum of DTE

(c) Phase diagram and time-frequency Poincaré 
map

(d) The response of pressure angle
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Open Access This article is licensed under a Creative Commons Attri-
bution 4.0 International License, which permits use, sharing, adapta-
tion, distribution and reproduction in any medium or format, as long 
as you give appropriate credit to the original author(s) and the source, 
provide a link to the Creative Commons licence, and indicate if changes 
were made. The images or other third party material in this article are 
included in the article's Creative Commons licence, unless indicated 
otherwise in a credit line to the material. If material is not included in 
the article's Creative Commons licence and your intended use is not 
permitted by statutory regulation or exceeds the permitted use, you will 
need to obtain permission directly from the copyright holder. To view a 
copy of this licence, visit http:// creat iveco mmons. org/ licen ses/ by/4. 0/.
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