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Appendices 

1. Calculational method of the matrix elements necessary for 

the evaluation of the reduced width from the model wave 

function 

2. Correction factor for the normalization constant 

§ 1. Introduction 

--· Development of the molecular 'Viewpoint--

The nuclei composed of protons and neutrons are the bound or quasi
bound system with the various aspects of the structures. In such a complex 
nuclear system, there is a group of the states with the structure polarized 
strongly into subunit nuclear clusters which can be defined as molecule-like 
structures. A typical example of such structures can be found in the nucleus 
of 8Be as of two alpha-particles, which is almost only one example realized 
in the ground states of nuclei. Naturally the studies of the molecule-like 
structures in nuclei were initiated from this nucleus of 8Be, (as summarized 
in Chap. II) and then the studies of 8Be gave the basis for the develop
ments of the researches concerning the other complex molecule-like structures 
in nuclear system. 

As mentioned in the previous chapter, the direct empirical evidences 
by which the ground rotational band of 8Be can be understood to have the 
molecule-like intrinsic structure of two alpha-particles are briefly summarized 
as follows: 

i) There appears the rotational spectrum upon the ground state (I= o+, 
2+' 4+' (6+)' cs+)' ... ) and this band has a large moment of inertia expected 
from the well separated two alpha particles with the mean inter-a distance 
about 4 fm. 

ii) The alpha decay widths from these levels are large enough to indicate 
that there are two alpha-particles in these quasi-bound states for almost 
whole lifetime. 

To form such a molecule-like structure in nuclear system as in 8Be 
two conditions are necessary at least. First one is that the constituent such 
as an alpha-particle is strongly bound in the isolated system. The other 
is that the interactions between subunit nuclei are weak enough. For 8Be, 
the constituents (alpha-particles) have a large binding energy and are so 
stiff as to show no intrinsic excitations in the energy region up to about 
20 MeV. The large binding and the stiffness of the alpha-particle are known 
to come from the character of original nuclear interactions, that is, nuclear 
forces favour the highest orbital symmetry due to the strong attractive force 
in the relative 1S and 3S states. (For the latter the contribution of the 
strong tensor forces is very large.) The effective interaction between alpha
particles as the composite systems has been also shown to be understood 
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Molecule-Like Structures in Nuclear ..System 91 

theoretically on the bases of the two-body nuclear interactions and the Pauli 

principle. It can be described by an energy independent potential with 

innre strong repulsive core, outer weak attra£tive part (about 10 MeV) 

with the angular momentum dependence and the tail of Coulomb potential. 

Such a kind of potential with the similar form to the Morse potential has 

been known to reproduce the phase shifts of the elastic scattering between alpha

particles up to about 60 MeV (C. M.)._ Therefore we can understand that 

the two important factors to form the molecule-like structure in nuclei are 

derived as the natural consequences of the action of the two-body nuclear 

forces and the Pauli principle in the system of 8Be. 

The deep understanding of 8Be as a-a led to the thoughe),z) that the 

molecule-like structure of a-a is not an exception but only one of typical 

examples in nuclear system. Actually the other typical examples appeared 
in the levels belonging to the rotational bands with o- in 160 and 20 Ne, 

which are based upon the states at 9.60 MeV in 160 and at 5.79 MeV 

in 20Ne. The levels of these bands are known up to and their decay 
properties are also well known. a),

4
).s) The most characteristic property of these 

levels shows up in the alpha decay widths from which the probability of a 
separated alpha-particle in surface region is known to be commonly about 

unity. Then we can naturally understand the intrinsic structure of these 

rotational bands as a-C for 160 and a-0 for 20Ne and that an alpha-particle 

moves grazing around the core with the corresponding angular momentum of 

the level. The moments of inertia of these rotational bands have the 

magnitude of the rigid di-molecular case that an alpha-particle contacts with 

the corresponding core particle (C or 0) at the surface. Therefore we can 

understand consistently the magnitudes of the alpha decay width and the 

moments of inertia from the molecular point of view. 

Existence of the negative parity band with the intrinsic structure com

posed of the different subunit nuclei (a-C and a-0) suggests the possible 

existence of the positive parity rotational band with the similar intrinsic 

structure in 160 and 20Ne. If there is such a positive rotational band, 

both rotational bands with K = O± can be understood as the so-called "inver

sion doublet" 1
) with the same intrinsic structure and then the positive parity 

band is expected to appear below the negative rotational band by the small 

gap energy. Really the rotational band upon the "mysterious zero plus 

state" at 6.06 MeV in 160 corresponds to such a kind of positive parity 

rotational band and the ground rotational band in 20Ne is considered to 

correspond to it. For the positive parity band in 160, the interpretation as 

the "inversion doublet" is also supported from the successful understanding 

of the level structures by the weak coupling model. e) 

Recognition of the di-molecule-like structures of a-C and a-0 next to 

the structure of a-a stimulated to establish the general viewpoint of the 

molecule-like structures in the nuclear system, especially of the self-conjugate 
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92 H. Horiuchi, K. Ikeda and Y. Suzuki 

4n-nuclei. An aid of such a systematical point of view was brought by the 

considerations about the alpha-chain structures. At very early time, Mori

naga7> proposed the idea of such structures in attempt to give a general account 

for the characteristic excited o+ levels and closely excited 2+ levels, pointing 

out that the structure with highly deformed configuration or the alpha-chain

like configuration might arise after the rearrangements of the whole nucleus, 

when so ma,py particles as four particles are excited from the closed core. 

The idea was afterward applied to the interpretation of the second excited zero 

plus state at 7.66 MeV and a broad structure with 2+ around 10 MeV in 12C. 8
> 

Five years ago an important experimental resuit concerning the four alpha

chain structure in 160 was reported by Chevallier et al. 9> that an anomalous 

rotational band with a very large moment of inertia, which is just expected 

from the 4a-chain configuration, has been found in the higher excited energy 

region (about 17 l\1e V) than considered before. 7> The analysis of the decay 

widths of these levels in 12C and 160 has given the conclusions10
) that the 

levels in 12C are characterized by the aggregation of alpha-particles with no 

definite configuration (not linear one) and that the levels in 160 are possibly 

characterized by the linear chain structure. 

Although only a few examples of the molecule-like structures were 

known before 1967, it was noted as a common fact of all these examples 

in the self-conjugate 4n-nuclei that the levels with the molecule-like struc

tures are observed above the threr;;hold energyt> of the fission into the con

stituent subunit nuclei. The deviation energies of the band head from the 

threshold are listed up a.s 0.09 MeV for a-a of 8Be, 2.0 MeV and 0. 7 MeV 

for the negative parity bands of 160* (a-C) and 20Ne* (a-0) and 0.37 MeV 

and 2.3 MeV for 12C* and for the anomalous rotational band in 160, respec

tively. From the dynamical point of view of the structure change, this 

common fact was pointed out to be one of the most important necessary 

conditions for the formation of the molecule-like structure in the nuclear 

system. This empirical rule has been, therefore, recognized as "the thresh

old energy rule for the formation of the molecule-like structures in light 

nuclei.":> In the following we recapitulate the physical meanings of this 

threshold rule as was discussed in Ref. 2). 

'I'he molecular structure in nuclear system has intrinsically the meaning 

as a relative concept, since the interactions between the subunit nuclei are 

the same nuclear interactions as those acting between the nucleons in a 

subunit nucleus. However, the complex character of the nuclear interactions 

causes the varieties of their actions in the two kinds of Fermion system, 

which bring about the possibility of the special existing style like the mole

cular structure which is distinctly deviated from the shell model aspect. 

tl The clustering levels in light nuclei have been often observed also near the threshold 

energy for decays.11 ),12) 
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Molecule-Like Structures in Nuclear System 93 

If the molecule-like structure is formed, the actions of the nuclear interac

tions are dominated by internally strong but externally (relatively) weak 

character. But when the structure is changed into the other structure (shell

like one), the actions become different. The meaning of the threshold energy 

rule has to be sought in such a linked character between the structure and 
the actions of the interactions in the self-sustained nuclear system. 

To consider the meaning of the threshold energy rule we assume at 

first that the molecule-like structure exists only near or at a little higher 

energy than the threshold energy for the fission into the relevant subunit 

nuclei. This assumption includes automatically the weakness of the interac

tions between the subunit nuclei. Simultaneously it means that the wave 

function for the relative motions streches largely in the outside region 

where the Pauli principle between nucleons belonging to the different 

subunits plays rio role effectively, and then the interplay between the 

molecule-like structure and other structures is expected to be small. If the 
interplay with different structures are not so weak, the cooperative action 

of the interactions and the Pauli principle between the subunit nuclei can 

easily induce the rearrangement from or to the molecule-like structure. In 

other words, if the interactions between the subunit nuclei were not so weak, 
they would not be tightly bound with each other conserving their identity but the 

rearrangement would rather take place. If not so, there arises the contradiction 

in the actual situation; for example, the ground state of 160 which has the 

typical closed shell character would consist of an alpha-particle and a Carbon. 

Thus "the threshold energy rule" means that the molecule-like structure is 

realized only for the case that the nuclear system satisfies the optimum 

condition*> to avoid the collapse of the subunit nuclei. Once the molecule

like structure is formed, the weak attractive interacitons between ·the sub

unit nuclei play the role mainly to keep them in a quasi-bound state, 

together with the outside Coulomb force and centrifugal potential, and also 
the Pauli principle, as was discussed in Chap. II, bears the role as if to 

act against the dissolution in the inside region. 

As the natural consequence of the threshold energy rule, the deviation 

energy of the noted levels from the threshold is considered to reflect the 

degree of the polarization into the relevant molecule-like structure. Actually 
the ground rotational band of 8Be, the negative parity bands in 160 and 
20Ne and also the anomalous rotational. band which is considered to have the 

*l Since we have so far considered the molecule-like structures in light nuclei, we have not 
taken into account explicitly the effects of the Coulomb (and centrifugal) forces on the considera· 
tion of the threshold energy rule. When the heavy elements appear in the molecule-like structures 
as the subunit nuclei, it should be meant by the threshold energy rule that the molecule-like 
structure would _pe realized near the top of Coulomb (plus centrifugal) barrier for the fission 
into the relevant subunit nuclei. We know that the molecular resonances,46 l,48

l observed by C+C 
and 0+0 scatterings accord with this rule. 
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94 H. Horiuchi, K. Ikeda and Y. Suzuki 

4a-chain structure are the cases with the well-grown molecule-like structures, 

all of which are the quasi-bound states with the larger excitation energy 

than the threshold energy for the decays into the relevant subunit nuclei. 

The positive parity bands in 160 and 20Ne are the cases with the smaller 

energy than the threshold energy. For the case of 160, the deviation of 

the excitation energy, 8Eo (=Eo Eth), is about 1.1 MeV and for the case 

of 20Ne about 4.7 MeV. When we compare these deviations with the 

separation energy of an alpha-particle fron1 the ground states with the shell 

structure (about 7 MeV), the deviation for 160 is not considered to be so 

large but the deviation for 20Ne to be appreciably large. Thus it has been 

pointed out that the structure in the ground band of 20Ne has a certain 

transient character from a di-molecular structure (a-0) to a shell-like 

structure. 

The other observable quantity which has the strong correlation with 

the degree of the polarization or of the dissolution has been pointed out to 

be the gap energy between two band heads with the negative and positive 

parities: when the gap energy is small the molecule-like structure 1s very 

88e '2c usa 2oNe 24Mg 28Si 32s 

00 000 OCXX> 00000 cxx:x::x::x:> oocx:::x:x:x::) c:x:x:.xn::oo 
17.271 114.44) 119.171 I 28.48) 138.46) 145.41) 

© @:> @X> ©xx> @x:x>o @xx:loo 
17.16) 111.89) 121.211 (:31.19) 1:38.14) 

114.05) (24.03) 130.96) 

@ @:> ~ ~ ~ 14.73) 
113.93) (2:3.91) 130.861 

(® ~ ~ ~ 
(9.32) ~29) ~~ c c 

(16.75) (23.701 

~(18.97) 

~ ~116.931 
19.98) 0 

(16.54) 

@)o 

(MeV unit) 
(6.95) 

Fig. l·l. Diagram of the subunit of the posslble molecule-like structures as the function of 

the energy and the mass number, where the threshold energy for the decay into subunit 

nuclei is written in the parentheses. (The energies of the multi-molecular structures with 

the linear configuration are predicted in §§4 and 5 for sorrie cases listed in this figure.) 
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Molecule-Like Structures in Nuclear System 

I:IBe 

o-o 

7.656 16.75 

K=6; 9.60 

© @o 
K=O+; 6.06 

K"0-;5.79 

@D 
(MeV unit) K=O+; 0.0 

Fig. 1·2. Experimental systematics of the states with the molecule-like structures, 

which will be discussed in the later sections. 

95 

clear and when it is large the molecule-like structure is not clear. The 

experimental values of the gap energy are 3.4 MeV for the case of 160 and 

5.2 MeV for 20Ne. Therefore the difference in. these values for two cases 

shows the consistency with tqe conclusion obtained from the deviation energy 

of oEo in the comparison of the case of 160 with the case of 20Ne. 

As summarized in the threshold energy rule the molecule-like structures 

are realized systematically near or above the threshold energy for the decay 

into the relevant subunit nuclei, e. g., a-a, a-C, a-0 and a-chain-like struc

tures. To show such systematics clearly, the possible set of the subunits 

of molecule-like structures were represented in a :figure as the function of 

the excitation energy and mass number. 2
) This diagram for the molecule-like 

structures shown in Fig. 1 · 1 (which is referred to as the Ikeda diagram in 

the other chapters) has been very useful not only to know the systematics 

for the observed ones (which are shown in Fig. 1· 2) but also to suppose the 

possible existence of the unobserved ones. 

In the self-conjugate 4n-nuclei, the alpha-particle is the fundamental 

unit for the molecule-like structures. Then the molecule-like structures con

sisting of n-alpha-particles give the energetically upper limit in the diagram. 

The lower limit is of course the "ground-state series" with the familiar shell

like structures which may be called the zeroth order molecule-like structure. 

From the molecular point of view, the series of the alpha-particle aggrega

tion in the upper limit can be taken as a good standard from which the 

various kinds of molecule-like structures can be generated. Then the diagram 

can be also read as the processes of the alpha-particle dissolutions from the 

higher order molecule-like structures to the lower order ones. Inversely the 

changes from the lower limit of the ground state series to the upper limit 

correspond to the processes of the alpha-particle release or the other 4n

subunit nucleus release. T'he paths of the dissolution or the particle release 
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96 H. Horiuchi, K. Ikeda and Y. Suzuki 

9a 
(52.05) 

-!-
12C+6a 

(4~.78)~ 

1
60+5a C+C+3a 

(37~62)~ (37i51) ~ 

20Ne+4a 0+C+2a C+C+C 
(32.89)~ (30.34) ~ (30.23) 

-1- -!-
24Mg+3a Ne+C+a O+O+a 

(23-1-.57)~ (25i61) (21.18) 

28Si+2a Mg+C Ne+O 
(13.60) (16.30) (18.45) 

-!-
32S+a 
(6.64) 

-!-
36Ar (MeV unit) 

(
dissolution) 
c.tJ. {J 

(a) 

lOa 
(59.10) 

-!-
12C+7a 
(51.82)'-

-1- ~ 
160+6a C+C+4a 
(44.66)~ (44.55) 

-1- -!-
20Ne+5a 0+C+3a 

(39.93)" (37.39) 
-1- ~ -!-

24Mg+4a Ne+C+2a 
(30.61)" (32.65) 

-1- ~ -!-

28Si +3a Mg+C+a 
(20.64)" (23.34) 

-1- ~ -!-

32S+2a Si+C 
(13.68) (13.36) 

-!-
36Ar+a 
(7.04) 

-!-
40Ca 

(b) 

0+0+2a 
(30.22) 

-1-

C+C+C+a 
(37.27) 

-1-
0+C+C 
(30.11) 

Ne+O+a 
(25.49)~ 

-1-
Mg+O Ne+Ne 
(16.18) (20.76) 

(MeV unit) 

Fig. 1·3. The paths of the alpha-particle dissolution in the case of the systems of A=36 (a) 

and 40 (b) along which all the kinds of possible molecule-like structures are generated . 

• 
have many branches along which the various kinds of molecule-like struc-

tures are hypothetically considered. We illustrate in Fig. 1· 3 the path of 

the dissolution for the cases of 9a and lOa. This figure should be noted to 

show also the relation between the different kinds of molecule-like structures. 

The energies listed in the figures are the values necessary for the sepa

ration into the constituent subunits from the ground state, which are the 

same as the threshold energy for the fission into the subunits. 

For the cases of the di-molecular structure the loosely bound structures 

of the two subunits are automatically of the linear chain configuration. 

However, for the cases of the multi-molecular structure, the loosely· bound 

structures do not necessarily mean the structures with the linear chain con

figuration. It should be noted for such cases that the linear chain configura

tion means to put a restriction on the configuration. We often give, 

however, the special attention to the linear chain configuration, because the 

Coulomb and centrifugal forces favour this configuration and the interplay 

between the linear chain structure and the other structures is considered to 

be the smallest. 

All kinds of molecule-like structures in the region of 8 20 have 

been already recognized as shown in Fig. 1· 2. Such an actual situation has 

led us to establish the strategy for the understanding about the molecule

like structures in the complex nuclear system. The first step of, the strategy 

is to obtain a deeper understanding of the observed phenomena from which 

the common fundamental features are drawn. The second step is to develop 

the studies on more rich phenomena indicating the molecule-like structures 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/p
tp

s
/a

rtic
le

/d
o
i/1

0
.1

1
4
3
/P

T
P

S
.5

2
.8

9
/1

8
9

7
5
7
6
 b

y
 g

u
e
s
t o

n
 2

1
 A

u
g
u
s
t 2

0
2
2



Molecule-Like Structures in Nuclear System 97 

on the basis obtained in the first step. The development in the second step 

will further extend the domain for the studies of the first step and then 

the development in the second step will be stimulated. Such cyclic processes 

of the studies will further develop the recognition concerning "the molecular 

aspect" in the complex nuclear system. The results at the present stage 

of the studies according to the above strategy are summarized in this chapter. 

The first half of this chapter (§§2 and 3) is devoted to the deep understan

ding of the experimental results which have drived us to the considerations 

of the molecule-like structures. The second half (§§4 and 5) is devoted to 

further developments of the theoretical studies about the multi-molecule-like 

structures. 

In §2, the quantitative analyses of the decay widths fr01n the levels with 

the di-molecule-like intrinsic structures are given, by assuming the various 

kinds of model wave functions for the intrinsic states, in order to confinn 

that the molecular point of view stands on the firm basis. In §3, we 

examine the intrinsic structures of the positive parity rotational band which 

are interpreted as a part of the inversion doublet from the molecular view

point. The positive parity rotational bands involve the information about 

the transient character from the di-molecule-like structure to the shell-like 

structure. Such an interpretation of the transient characters is discussed 

qualitatively by using the semi-classical model and the microscopic model. 

In §4, the studies of the alpha-chain series are developed on the basis of 

the alpha-particle model where we use the parameters determined by the 

properties of the nucleus, 8Be. First part of §4 gives the summary of the 

studies for the levels with the 3a- and 4a-chain-like configurations: The 

contents are i) the theoretical analysis of the decay widths from the noted 

levels (§4. 1) and ii) the interpretations of their structures with use of the 

alpha-particle model (§4. 2). In these studies, the basic understanding has 

been obtained for the properties of these levels. In the second part (§4. 3), 

the studies for the general case of the na-chain structures (n>5) are developed 

with the same assumptions as in §4. 2 and the excitation energies of the 

na-chain configurations are predicted. 

The studies on the di-molecule-like stuctures (a-C and a-0) and on the 

na-chain structures lead us to the problems of the more general multi~ 

molecule-like structures with the linear chain configurations. In §5, we try 

to discuss about the molecule-like structures in which the heavy elements 

(C or 0) are connected by an alpha-particle or alpha-chains. 

In the last section (§6), the summarized discussions are given together 

with the discussions of the further problems on the molecule-like structures. 
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98 H. Horiuchi, K Ikeda and Y. Suzuki 

§2. Confirmation of the di-molecule-like structures 

of ct-1?C and ct- 160 through their decay widths 

2.1 Di-molecule-like structure and decay width 

It has been considered that the decay width is one of the most impor

tant physical quantities to identify the molecule-like structure, especially 

di-molecular one, because the value of the decay width directly reflects the 

probability of finding out the fragment clusters in the surface region of the 

parent nucleus. In fact, all the ground band levels of 8Be are quasi-bound 

and have large a reduced widths, by which the · di-molecular structure of 

two a-particles is strongly supported. (See Chapter II.) 

In the nuclei of 160 and 20Ne, the rotational band with K=O- is 

known to exist at a little above the each threshold energy of a decay. All 

the levels of these two rotational bands have the very large a decay reduced 

widths which can be obtained by taking the picture that an a-particle grazes 

around the residual core. \Ve have therefore understood that these negative 

parity bands have the molecule-like intrinsic structures of a-
12C and a-

160. 

These molecule-like structures are clearly different from the usual shell 

structure. It has been, however, generally prevailing that these levels of 

peculiar character can be interpreted in the framework of the su3 model. 

Especially, the theoretical result that some type of simple cluster model 

wave function is an alternative description of the su3 model wave func

tion13\ has been regarded as one of the important reasonings for the inter

pretations with the SUs model. 

Our task of this section is therefore to confirm that the difference 

between the di-molecule-like structure and the shell-like structure is distinctly 

reflected into the magnitude of the decay width and that such large reduced 

widths as in 8Be, 160 and 20Ne can be duely understood only when we 

assume the molecule-like structures for these rotational levels. 

To do the task, the decay widths are quantitatively studied by adopting 

the several kinds of model wave functions as the representatives of the 

molecule-like structure and of the sl}.ell-like structure. The model wave 

functions which are worked out for the structural analysis have usually the 

bad tails. It is n~cessary therefore to amend these ill tails in order to 

obtain the theoretical values of the a widths. In the evaluations of the a 

widths in this section we have utilized the devices which have been developed 

for the improvement of the tail of the radial form factor of the direct reac

tion such as stripping or pick-up. Thus we have become able to compar,e 

the experimental reduced widths with the theoretical ones, and to understand 

the quantitative difference of the reduced widths between the ·two kinds of 

structures. 

In the following subsections we summarize the results of the theoretical 
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Molecule-Like Structures in Nuclear System 99 

analyses14
) done for the ground band levels of 8Be as well as for the o

band levels of 160 and 20Ne. From these results we confirm that the 

molecule-like structures of a- 12C and a- 160 are surely realized as the actual 

intrinsic structure of the negative parity bands in 160 and 20Ne, respectively. 

Then it is known that the molecular aspect can be developed on the firm 

basis. 

2.2 The reduced width and its evaluational method 

We show first of all in Table II -1 the experimental values of the a 

decay widths of the above cited levels of 8Be, 160 and 20Ne. The quantity 

of 0/ in the Table is defined as the ratios of the reduced widths, r/(a), 

to the Wigner limit value rw2 (a). Then the reduced width in unit of the 

Wigner limit value, OL2
, is derived from the experimental decay width of 

r L aCCOrding tO the following formulae; 

rl(a) 

ka 

FL 2 (ka) +Gl(kaY' 

Bl(a)rw2 (a), 

(2·1) 

Table II -1. Experimental a-particle decay widths r a and their reduced widths Oa2 

for suitable channel radii (a). 

(a) 8Be 

J" Ex (MeV) Fa(MeV) 8a2 a(fm) Ref 

o+ 0 6 8±0 6(4.5±3) 0.20(0.15±0.1) 5.7 19(21) x10-s 
2+ 2.90±0.03 1.45±0.06(2) 0.52(0.70) 5.0 19(21) 

4+ 11.4±0.3 ~7.0(6.7) 1.07(0.95) 4.5 19(21) 

(b) 16Q 

J" Ex (MeV) Fa(keV) Ba2 a(fm) Ref 

1- 9.60 510±60 0.83 5.0 22 

s- 11.63 1200 1.03 5.0 22 

5- 16.9 700 0.25 5.0 22 

7- 21.01 750 0.36 5.0 22 

(c) 20Ne 

.J" Ex (MeV) Fa(keV) 8a2 a(fm) Ref 

1- 5.79 >13 X 10-3 >0.54 5.0 5 

s- 7.17 8 0.89 5.0 5 

5- 10.30 150 1.06 5.0 5 

7- 15.43 376 0.79 5.0 4 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/p
tp

s
/a

rtic
le

/d
o
i/1

0
.1

1
4
3
/P

T
P

S
.5

2
.8

9
/1

8
9

7
5
7
6
 b

y
 g

u
e
s
t o

n
 2

1
 A

u
g
u
s
t 2

0
2
2



100 H. Horiuchi, K. Ikeda an.d Y. Suzuki 

where k, a and tt are the wave number of the relative motion, the channel 

radius and the reduced mass, respectively, and FL and GL are the regular 

and irregular Coulomb wave functions, respectively. 

The reduced width of OL2 is related with the wave function (/h of the 

parent nucleus as follows: 

fh2 (a) = (a3/3) 'YL2 (a), 

YL (a) l: OA-
4

,
4 
~ ( 1 )< YLo (t.?r)f!>o (C) f/>o (a) I a>L),=a, (2 · 2) 

w.here A is the mass number of the parent nucleus, f/> 0 (C) the wave function 

of the residual core and r and t.?r the length and the angles of the relative 

coordinate r between a and the core. 

Therefore our task is to obtain theoretically the reduced width defined 

in Eq. (2 · 2) and to compare the theoretical value with the experimental 

one of Eq. (2 ·1) 

As is seen in the above expression of Eq. (2 · 2), the calculation of the 

width requires the knowledge of the wave function in the surface region of 

the decay channel, core+ a. In the usual cases the model wave functions 

worked out for the structural calculations have a bad behaviour in tails. 

We are thus forced to improve the tail behaviour of yL(a) of a given model 

wave function ([)L· When we modify the tail behaviour, we put the demand 

that the modified tail of yL(r) should be smoothly connected with the inner 

part of YL calculated directly from the model wave function by Eq. (2 · 2), 

since the model wave function is assumed to be reliable at least in the inner 

region. 

One of the simplest devices to get the modified tail is to connect 

smoothly the resonance tail of GL(kr) with yL(r) at some point outside the 

final peak15
) of yL(r). We call this treatment a separation energy method 

(hereafter abbreviated as SEM). It should be noticed that this SEM in 

which the original model wave function is used in the inner region is 

different from the method which replaces directly the function yL(r) by the 

Woods-Saxon wave function with the correct separation (or release) energy. 

Another device we adopt here is a Green's function method ( GFM) 

which was developed by Kawai and Y azaki for the calculations of the radial 

form factor of the stripping or pick-up reactions. 16
) According to GFM, 

yL(r) is calculated by the following formulae; 

yL(r) ~~ds·s 2 gL(r, s)ZL(s), 

1 
zL(s) (YLo(t.?r)t/Jo(C)<Po(a) I ( "bV;i U(r)) [([)L)~=s 

gL(r, s) = 

uLC+)(kr) {FL(kr) +GL(kr), 

i=l-4 
j=5-A 

(2·3) 
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Molecule-Like Structures in Nuclear System 101 

where the potential of U(r) between a and the core contains at least the 

Coulomb potential in the outer region so as to cancel the effect of ~ Vij in 

this region, while in the inner region it can be chosen arbitrarily in principle. 

Here the functions of FL and GL are the regular and irregular solutions of 

the Schrodinger equation with this potential of U(r) with asymptotic forms 

of sin(kr-n log 2kr-Ln/2+r;L+1h) and cos(kr n log 2kr-Ln/2+r;L+aL), 

respectively, where n is the Sommerfeld parameter, "'JI: the Coulomb phase 

shift and aL the so-called nuclear phase shift due to the nuclear interaction 

part of U (r). As is seen in Eq. ( 2 · 3) only the inner part information of 

tlh is necessary for the evaluation of yL(r) due to the short range character 

of ~Vij U(r). The asymptotic form of yL(r) is clearly ensured by the 

Green function of !JL. *) When YL is calculated by GFM, we have to impose 

the condition, as mentioned before, that the obtained YL nearly agrees in the 

inner region with the function of Eq. (2 · 2) which is directly derived by using 

the original model wave function. This condition is expected to be satisfied 

if we choose the suitable potential of U in the inner region or we may 

choose the two-body nuclear interaction part in ~ vij somewhat arbitrarily 

in a suitable range so as to satisfy this condition. For, our present purpose 

is limited to find the modified tail by the reasonable device under the 

premise that the adopted model gives the inner behaviour of ryL(r) correctly. 

As will be seen, the tail obtained by GFM is similar to that by SEM and 

so we regard that the simple device of SEM is justified by GFM. 

2.3 The reduced widths obtained from the various kinds of model 

wave functions 

Using the methods (SEM and GFM), we now study how much difference 

IS there among the reduced widths of the different kinds of models: that is 

SUa, deformed oscillator and cluster models. 

First we evaluate the reduced widths of the SUa model as a representa

tive**) of the spherical shell model. 

The wave functions with ( 40) ,13
)·

17
) (94) and (90) 18

) representations 

are adopted here for 8Be, 160 and 20Ne, respectively; 

*l As is shown in Eq. (2·3), we choose the outgoing wave boundary condition for the 

Green's function of fl L. In our cases the magnitude of FL/GL is negligibly very small in the 

channel radius region. Therefore the functional form of the tail ofyL(r) is practically the same 

as GL. When FL is neglected, the imaginary part of UL(+l appears only through eiaL factor. 

However, since the potential of U(r) can be taken so as to make the phase shift of !)£ small, 

we can practically neglect the imaginary part of fl L. 

**l When the oscillator parameters of the two fragment nuclei (a and residual core) are 

chosen to be the same as that of the parent nucleus, the su3 model wave functions (40) and 

(90) give the largest reduced widths among all the configurations with the same number of total 

oscillator quanta. 
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102 H. Horiuchi, K. Ikeda and Y. Suzuki 

7f1L( ( 40)) NLPL (000) 4 (001) 4 , 

?f!'L ( (94)) N{PL { V' ;[-[a+ (101)a(100) h41-
1 

[a+ (003) a(002)] [41} 

X (000) 4(100) 4(001) 4(002)\ 

?f!'£((90)) N{'PL~~ {[a+(o03)a(002)Jr4] 
2 

[a+(101)a(100)Jr4l 

[a+ (011)a(010)] [4]} (000) 4 (100) 4(010) 4 (001) 4(002) 4, 

(2·4) 

where PL is the projection operator onto the space of angular momentum 

(L), NL, N{ and N{' the normalization constants and [a+(j)a(k)Jr4l means 

to make the ip-1h configuration with a particle of j orbit and a hole of 

k orbit coupled to zero isospin and zero intrinsic spin. 

These wave functions of ?f!'L are related to f/h which appear in Eqs. 

(2 · 2) and (2 · 3) as follows: 

Table IT -2. Spectroscopic factors Sa2 for the SUs model wave functions whose ("Ap) 

are (40), (94) and (90) for 8Be, 160 and 20Ne, respectively. (See Eq. (2·4).) 
Tables (a) and (b) show the Sa2 value for the cases where the oscillator 

parameters of fragment nuclei are chosen to be the same and equal to that of 

the parent nuclei. In the 160 case, the wave function of the fragment nucleus, 
12C, is chosen to be the SUs wave function with (04) representation. Tables 

(c) and (d) show the Sa2 values when the oscillator parameters of two fragment 

nuclei (va for a and vo for 160) and that of the parent nucleus (v) are chosen 

to be different. The case of 8Be with va/v=V2 is written in (c) and the case 

of 20Ne with vo=v, va/v=V5 and with vo/v=V5/4, va/v=V5 are shown in 

(i) and (ii) of (d), respectively. 

(a) (b) 
J" Sa2 (40) J" Sa2 (94) Sa2 (90) 

o+ 0.75 1- 0.238 0.344 

2+ 0.75 3- 0.223 0.344 

4+ 0.75 s- 0.193 0.344 

7- 0.145 0.344 

(c) 
···--· 

J" Sa2 (40) 
(d) 

J" 
Sa2 (90) 

o+ 0.710 
(i) (ii) 

2+ 0.696 
1- 0.277 0.287 

4+ 0.665 
3- 0.273 0.280 

5- 0.268 0.268 

7- 0.260 0.249 

*> {l)z((40) and (l)L((90)) are equivalent to the following single channel clustering wave 

functions, nzJl {R4L(r,2v) YLo(SJr )cpo(a)¢o(a)}, 

n'i Jl {R9L(r,l6j5v) YLo(.!2r )¢o(a)¢o(1 60)}, 

respectively, where nL and n'i are the normalization constants and RNL(r,'Y) the radial harmonic 

oscillator wave function with N oscillator quanta and the oscillator constant r. 
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Molecule-Like Structures in Nuclear System 103 

where A is the mass number and XG the center-of-mass :coordinate. 

We give at first in Table II~2 the calculated values of the spectroscopic 

factors, S/, which is defined as 

(2·6) 

where YL ( r) is directly calculated by usingEq. ( 2 · 2). (We give in 

Appendix 1 the explicit calculational procedure of yL(r).) From this Table 

the SUa model wave functions are known to contain rather large amount 

of the components of a+ (residual core) channel. It should be, however, 

noticed that the value of the width is determined by the behaviour of yL(r) 

in its tail region and is not directly related to the spectroscopic factor given 

by the integral value of YL2 (r). We therefore show at second in Fig. 2·1 

the behaviour of ryL (r) and the modified tail of SEM. If the value of the 

modified tail at the channel radius, [ry(r)]r=a' is equal to (3/a) 112
, we can 

obtain the Wigner limit value of the reduced width. So we draw in Fig. 

2·1 the function of f(r) = (3/r) 112 for the convenience of the comparison. It 

is easily seen from the figure that the obtained reduced widths are farsmaller 

than the Wigner limit, although the values of SL2 are not so small as was 

stated above. (It is, therefore, dangerous to discuss quantitatively the 

theoretical prediction of the widths of the model wave function only from 

the spectroscopic factors.) In Fig. 2 ·1 we also show the calculated results 

of ryL(r) by GFM in the cases of 8Be and 20Ne. It is seen that two 

methods (SEM and GFM) yield nearly the same results. Then we know 

that the simple modification of the tail behaviour by SEM is fairly reliable 

for these cases. The calculated results in the figures clearly confirm that 

the alpha decay widths obtained wi~h the SUa model are very small com

pared with the Wigner limit and then the SUa model wave functions cannot 

explain the experimental a widths. 

From the studies for the SUa model, we understand that the experi

mental a decay width certainly requires fairly larger probability of the 

a-particle in the surface region than that obtained by the spherical shell 

model. Therefore it is necessary for getting the large widths that the 

position of the final peak of ryL(r) must be pushed out more outward than 

that of the ryL(r) of the SUa model, preserving its suitable height. If we 

adopt the cluster model in which the relative distance between two clusters 

is fairly large, these requirements can be easily known to be satisfied. To 

confirm these points quantitatively we study the alpha decay widths of the 

cluster model. Figure 2 · 2 shows the results of ryL (r) of the Bloch-Brink 

cluster model wave functions 20
) for 8Be, 160 and 20Ne which are expressed as 

(2·7) 

where c.Jl is the antisymmetrizing operator and 'to (a, v0 Ra) and 'to (C, Vp, Rc) 
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0.5 L= I 

08 
L=O 

0.6 

(fnii) 
1.0 

0.8 

0.6 

0.4 

0.2 

-0.4 

-0.6 

-0.8 

11mil 
1.0 

0.8 

0.6 

0.4 

0.2 

-0.2 

0.5 
4 5 k(fm) 

6 

~ (fm*l ~ 
L=S 

- Vf 
0.5' 160 .... , ...................... 

-----.----. GFM 
........ ~ ............. ""::-----

SEM .... 

L=2 

3 4 5 JL(fm) 6 

0.0 

I )---__ (fm2l L=7 

0.5 160 

0.0 

(a) (b) 

Fig. 2·1. Behaviour of ryL(r) for the SU3 model wave functions. Here the SEM 
modified tails and in the case of 8Be and 20Ne, ryL(r) by GFM are also drawn 
and compared with the curve v'3/r. Oscillator parameters are for 8Be v=va=0.287 
fm- 2

, for 160 1J=!Jo=va=0.179 fm- 2 and for 20Ne 1J=!Jo=va=0.154 fm- 2
• In the 

calculation by GFM we used the two-body nuclear interaction of 60(0.4 +0.6 PM:) 
X [exp(- (r/1.01) 2) -exp( (r/1.80) 2

)] (MeV) and as U(r) we adopted for 8Be 
U(r) = (4e2/2Rc) (3-r 2j Ro2

) (r-s;;,Ro), U(r) =4e2/r (r>Ro) with Ro=3.0 fm 
and for 20Ne U(r) =16 e2/r. 
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106 H. Horiuchi, K. Ikeda and Y. Suzuki 

are the harmonic oscillator wave functions of the a and the residual core 

nucleus (when 12C, Patz closed shell structure is adopted for '1/ro (C)) 

centered at Ra and Rc, respectively. In the case of 160, the spurious 

center-of-mass motion in r[!L is eliminated by the procedure ~dSui'l{o/ 0 (1 2 C, 

Rc+S)o/o(a, Ra+S)}. It is seen from these figures that the experimental 

large widths are easily reproduced by this model when we take the 

appropriate values for the distance parameter IRa Rc I (which are con

sistent with the results of the variational calculations for the energy). 

From the comparison of Fig. 2 · 2 with Fig. 2 ·1 we clearly see the difference 

' (trri2l 
1.0 

OB 

0.6 

-0.2 

-0.4 

-0.6 

!tm~l 
1.0 

0.8 

0.6 

0.4 

02 

( fni~l 
1.0 

0.8 

0.6 

0.4 

0.2 

-0.2 

L=O 

3 6 
Jt(fml 

R=l.5fm 

}SEM 

2 5 ll(fml 6 
L=4 

(a) 

Fig. 2·2. The functions, ryL(r) of the Bloch-Brink wave functions and their modified 

tails by SEM. Here the oscillator parameters are for 8Be li=va=0.287 fm· 2
, for 

160 vv=va=0.193 fm- 2, fm- 2 and for 20Ne fm- 2
• 
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108 H. Horiuchi, K. Ikeda and Y. Suzuki 

in the behaviour of 7J'L(r) between the two models; the final peaks by the 
Bloch-Brink model are pushed out fairly outwards and their heights are large 
compared with those of the su3 model (on the contrary the inner ampli

tudes of ryL(r) of the Bloch-Brink model are suppressed in comparison with 

the large inner amplitudes of SU3 model). In the case of the cluster model 

the spectroscopic factors of SL2 are also larger than those of the SUa model. 
We show in Fig. 2 · 3 the calculated Sl values of the Bloch-Brink model as 

a function of the distance parameter. 

We have known that the large decay widths of the experiments can be 

obtained when the molecular character is assumed for these levels. It is 

interesting further to examine how large decay width can be obtained 

for the case of the major shell mixing deformed model, since 'it can also 
explain the rotational spectra and is based on the single particle field with 
a single center different from the cluster model. We here adopt the deformed 
oscillator modeF3

)-ZG) and study the behaviour of ryL(r) for this model wave 

function in the same manner as before. The wave functions of this model can 

be written with the same forms as Eq. (2 · 4) except that the different values 

are allowed for the oscillator parameters, vz and v1 vx Vy. In Fig. 2 · 4 we 
show ryL(r) for 8Be and 20Ne. We see that when the deformation with 

prolate shape is large (v1 /vz large) the positions of the final peaks of ryL(r) 

are pushed out but the height of them becomes low. This lowering of the 

0.7 Bloch-Brink 

ll= Voc= 0.287 fm-
2 

(a) 

1.0 2 

0.9 SL 

0.8 

0.7 

0.6 

0.5 

0.4 

0.3 

0.2 Bloch-Brink 

0.1 
0.0~~-~- 4 5 

(b) 

"Z(fm) 

160 

vq = va = 0.29 fm
2 

lip = Vc = 0.19 f m-2 

R(fm) 

6 7 8 

1.0 s~ 

0.9 

0.8 

0.7 

0.6 

0.5 

0.4 

0.3 

0.2 

0.0 1.0 

zoi'Je 

Bloch-Brink 

Zip= Vq = V0 = ~ic= 0.154 fni2 

R(fm) 

2.0 3.0 40 5.0 6.0 7.0 

(c) 

Fig. 2·3. Dependence of the S 2L value> of the Bloch-Brink wave functions on the 

distance parameters. 
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height of the final peak of ryL(r), which is evident especially for 20Ne case 

is due to the decrease of the probability of the wave function which belongs 

to the a+ core channel space.*) The dependence of the probability of the 

'X. ( r l 
I.O (fm-tl 

0.8 

0.6 

-0.2 

-0.4 

1.0 
ryL (r) 
(frrd:) 

0.8 

0.6 

0.4 

0.2 

-04 

-0.6 

1.0 
rx_(~) 

(fnii) 

0.8 

0.6 

0.4 

0.2 

-02 

·0.4 

3 

L=O 

3 

L=2 

3 

L=4 

4 

(a) 

6~t(fm) 

'Be 

6~t (fm) 

'Be 

5 .ll(fm) 6 

'Be 

Fig. 2·4. The function, ryL(r) for the deformed oscillator model wave functions and 

their modified tails by SEM. Here the oscillator parameters are for 8Be (11~ 2 vz) 1
/

3 

=0.205 fm- 2
, va=0.287 fm- 2 and for 20Ne (v~ 2 vz)l/ 3 =0.154 fm- 2

, vo=0.161 fm- 2
, 

Va=0.287 fm- 2
• 

*> We define the a+ core channel space by the functional space spanned by the wave func· 

tions of the form ~{XL(r) YLo(t2r)</>o(C)</>o(a)} with arbitrary Xz.(r). Any wave function </>L 

can be always decomposed into two mutually orthogonal parts as follows, 

'</>L=~{eL(r) YJ.o(t2r)</>o(C)</>o (a)} +</>f, 

where </>f is the part of </>L which does not belong to the a+core channel space and so is ortho

gonal to the first term of the r.h.s. of this equation. Because the part of </>L · which contributes 

to y1.(r) is only the first term belonging to the a+core channel space due to the orthogonality 

of </>f with the channel wave function YJ.o(f2,r)c/Jo(C)</>o(a), the magnitude of the width is directly 

proportional to the squared norm of this first term. 
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1.0 

0.9 

0.6 

0.5 

zoNe 

(11}vz{
3
= 0.154 fm- 2 

Vo=O.I61 fm-2 

v.,•Q.287 fm-2 

111 

L I 
L=3 
L:;5 

L=7 

L=9 

OAL-~--~--~~~-L--~--~~ 

1.0 1.2 1.4 1.6 1.8 20 2.2 2.4 

Fig. 2·5. Dependence of the S 2L values for the deformed oscillator model wave 

functions on the ratio I)J./I)z. 

a+ core channel part on the deformation parameter, (v1/vz), is clearly reflected 

into the spectroscopic factor. Then we show the dependence of Sl on v1/vz 

in Fig. 2 · 5, where the SL2 value is seen to decrease with the increase of 

v1/vz· Although the pushing out of the position of the final peak seems to 

make the reduced width of this model larger than that of the SUa model, 

the lowering effect of ryL(r) suppresses the value of the reduced width 

fairly. The resultant widths of the deformed oscillator model with large 

v1/vz are obtained to be not so larger than those of the SUa (v1/vz 1). 

Only for the case of the ground state of 8Be, the experimental value is seen 

to be reproduced if we take the value of 

2.4 Comparison with experiments and summary 

We summarize in Table II-3 the calculated results of the widths by 

SU3 , deformed oscillator and cluster models, together with the experimental 

values. In calculating 0/(a) with use of modified tail, we have taken into 

account the correction factor which is necessary in order to preserve the 

normalization of the model wave function to unity, since the modification 

of the tail of yL(r) makes the normalization of the model wave function 

deviate from unity. We give in Appendix 2 the calculational formula for 

this correction factor. 

As is seen in Table II-3 the calculated results by the molecular model 

agree well with experiments in every case of 8Be, 160 and 20Ne, just as was 

expected. To assure the statement that the experimental large reduced 

width near the Wigner limit indicates clearly the formation of the nuclear 

di-molecule, we have also studied the reduced width of the su3 model 

(which can describe the rotational motion within the spherical shell model 

basis) and of the deformed oscillator model (where the single particle field 

is strongly deformed in to prolate shape). It is only in the case of the 
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112 H. Horiuchi, K. Ikeda and Y. Suzuki 

Table Il-3. Calculated results of the a decay widths by the SU3, deformed:oscillator 

and cluster model wave functions. Values in the parentheses are those by GFM. 

(a) 8Be 

(1) Bloch-Brink model. 

R(fm) (v=va=0.287fm-2
) 

J" e;,p 
2.5 3.5 

o+ 0.15 0.18(0.26) 0. 30(0. 33) 

2+ 0.70 0. 25(0.40) 0.46(0.59) 

4"'" 0.95 0.22(0.41) 0.59(0.72) 

(2) s u3 and deformed oscillator model. 

J" 

0"'" 0.14(0.23) 

2"'" 0.17(0.31) 

4"'" 0.08(0.20) 

(b) 16() 

(1) Bloch-Brink mod~l. 

J" 

1- 0.83 

3- 1.03 

5- 0.25 

7- 0.36 

(2) SUs model. 

1- 0.10 

3- 0.07 

5- o.o5 

7- 0.01 

(c) 20Ne 

(1) Bloch-Brink. 

J" 02 
exp 

1- >0.54 

3- 0.89 

5- •1.06 

7- 0.79 

0.10(0.17) 

0.11(0.22) 

0.05(0.13) 

R(fm) 

3.0 

0.22 

0.17 

0.17 

0.11 

0.16 

0.20 

0.15 

4.0 

0.67 

0.64 

0.64 

0.59 

222fm-2 

0.18 

0.24 

0.22 

R(fm) (vq=IJp=Va=vo=0.154 fm- 2
) 

3.5 4.5 

0.56 1.27 

0.56 1.27 

0.56 1.27 

0.56 1.27 
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ground state of 8-body system that the calculated results by the SUa or 

the deformed oscillator model are comparably near the experimental value. 

And all the others are distinctly different from the values of the molecular 

model. The deformed model in the zoNe system yields the values which are 

less than 1/3 of those of the molecular model. As for the SUa model, the 

values of the spectroscopic factors are a little larger than those for the 

deformed oscillator model. But since the base of this model is spherical, 

the probability amplitude of the a-particle (which is expressed by the re

duced width amplitude yL(a)) rapidly decreases in the surface region. Thus 

the reduced widths of this model cannot but become very small compared 

with the molecular model. 

We can conclude that it is impossible to understand systematically the 

experimental large reduced widths unless we use the intrinsic wave functions 

which represent the molecule-like structure faithfully and that the experi

mental large reduced widths indicate clearly the molecule-like intrms1c 

structures for the rotational bands with K = o- in 160 and ZONe, together 

with the ground rotational band in 8Be. 

§3. Inversion doublet and the structure of K = o+ band in 
160 and 20Ne 

3.1 The indication of the experimental gap energies 

It was concluded in the previous section that the intrinsic structures 

of the negative parity rotational bands in 160 and 20Ne are the heteropolar 

di-molecule-like structures of a-C and a-0, respectively. The conclusion on 

the negative parity bands suggests the possible existence of· the positive 

rotational bands with the similar intrinsic structure1
) in 160 and 20Ne. If it 

is true, the situation in 160 and 20Ne can be considered to be very analogous 

to the inversion doublet27
) in the atomic molecule like as NH3• 

Since the constituent subunit nuclei a and C(O) are not assumed to be 

rigid in the nuclear system, we always have to take into account the effect 

that the configuration of a-C (a-0) is converted into its mirror image of 
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114 H. Horiuchi, K. Ikeda and Y. Suzuki 

C-a (0-a) by the interactions. As the result of such an inversion vibration, 

the rotational band with K=O splits into the positive and negative parity 

bands with the energy gap of 11E0 , where the positive parity band lies below 

the negative one due to the symmetry character. 

In the actual cases of 160 and 20Ne, only one rotational band with o+ 
can be fovnd below the noted negative parity band; that is, the rotational band 

upon the "mysterious zero plus" state28
)-az) at 6.06 MeV in 160 and the ground 

rotational band in 20Ne. For these positive parity bands the alpha-clusterized 

intrinsic structure has been suggested by the successes of the weak coupling 

model6
) for 160 and also from the good understanding of the ground rota

tional band by the alpha-Oxygen model. 33
) Recent experimental studies for 

such rotational levels by the four-particle transfer reaction34
>'

35
> have also 

indicated that the intrinsic structures of the positive rotational bands have 

very strong alpha-like correlations. To display the characters of these rota

tional bands we regulate the rotational level structures with 0 in 160 

and 20Ne from the molecular point of view; 

JEo fi 2 

E+(I) =Eo -
2
-+ 

23
+-1(1+ 1), 

JEo fi 2 

E_(1) =E0+2-+ 
23

_ 1(1+ 1), (3·1) 

where JE 0 is the gap energy between the two rotational bands with K=O±, 

Eo is defined to be the intrinsic energy of the molecule-like structure and 

3 ± are the moments of inertia of the two rotational bands. (These param

eters obtained from the experimental levels are listed in Table III-1.) 

Table ill -1. Parameters in Eq. (3 ·1) which are determined to fit the experimental 

excitation energies. 

Eo A Eo n,z/2/J+ n,z/2/J-

16Q 7.36 3.39 0.25 0.22 

zoNe 2.81 5.18 0.19 0.17 

(MeV unit) 

The gap energy (AE 0 ) is the quantity related intimately to the rigi

dity of the subunit nuclei because it tends to zero in the extreme case of 

the perfect rigid bodies. Then the gap energy can be regarded as an 

important parameter for the degree of the dissolution of the subunit clusters 

in the nuclear molecule. If the positive parity band is assumed to have the 

same di-molecule-like structure as the negative parity band, the gap energy 

for 160(a-C) and 20Ne(a-O) can be obtained as 1 Me V;:SJEo:=:;3 MeV with 

the use of the schematic model which will be mentioned later in §3. 2. On 
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the other hand, if the intrinsic structure would be described with the shell 

model (e. g., SU3), the value of JEo might correspond to the frequency, n())o, 

of the collective vibrational mode which is expected to be 7 Me V;:SJEo<15 

MeV in the region of 160. 

When the actual value of JE0 in 160 and 20Ne are compared with the 

above-mentioned values, the value of JEo 3.39 MeV in 160 is known to be 

very close to the one for the di-molecule-like structure and the value of 

JE0 =5.18 MeV in 20Ne to be the intermediate one between two cases. 

Therefore, we can expect the di-molecule-like structure for the positive 

parity band in 160 and expect the structure with the appreciable deviation 

from it for the ground band in 20Ne. (T'he detailed discussions are given in 

the following subsections.) It should be noted here that the characteristics 

indicated by the gap energy are consistent with the conclusions obtained 

from the deviation energy of aEo =Eo- Etn for both cases, as mentioned in § 1. 

3.2 The estimation of the gap energy with the molecular model 

To estimate the gap energy of the inversion doublet in the molecule

like structure, we adopt the schematic model which has the analogy to the 

case in the atomic molecule. In the atomic molecule, the path from a con

figuration to another configuration of its mirror image can be well defined 

as the displacements of its constituents. On the contrary, the path for the 

inversion in the nuclear molecule, which has a character of collective coordi

nate, is considered to be hardly defined as the function of particle coordinates. 

It is, however, necessary for the estimation of the gap energy to define the 

characters of the path for the inversion. 

At first we assume that the intrinsic energy has a local minimum at 

the configuration of the heteropolar di-molecule-like structure. Then the 

mode corresponding to the relative motion between the subunits has its zero

point oscillation around the local minimum. Next we consider the inversion 

path and assume for the characters of the path that a symmetric configura

tion is realized just at middle in the path. Figure 3 · 1 shows such a 

character of the inversion path, where the two configurations on both sides 

are the mirror image of each other and the configuration at middle is 

symmetric with respect to the reflection. 

Fig. 3 ·1. Graphical picture of the path of the inversion motion. 

If the motion along the path for the inversion is treated separately 

from other intrinsic motions with use of the adiabatic approximation, the 

wave functions localized around the two energy minima can be connected 
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116 H. Horiuchi, K. Ikeda and Y. Suzuki 

Fig. 3 · 2. Characteristic picture of the potential for the inversion motion. 

with each other along the path for this inversion. We assume the adiabatic 

potential along the path which is necessary for the esti1nation of the gap 

energy. The two typical cases are illustrated in Fig. 3 · 2. The left-hand side 

is the case of the inversion potential with a strong barrier where the 

intrinsic energy for the symmetric configuration at the middle of the path 

is assumed to be higher than the intrinsic energy of the molecular configura

tion. In this case, the molecule-like configuration is very stable. The right

hand side in Fig. 3· 2 corresponds to the case where the intrinsic states 

with the symmetric configuration and with the asymmetric molecular con

figuration are nearly degenerate energetically. 

In the estimation of the gap energy according to the above-mentioned 

schema tic model, we use the square type potential which is characterized by 

the parameters shown in Fig. 3 · 3, where Eo is the zero-point energy for 

the molecule-like intrinsic structure, the distance of (az- a1) /2 indicates the 

spread of the zero-point oscillation for it, and the' parameter of Uo shows 

the height of the barrier along the inversion path from a1 to a1. For the 

case of 8Be, the spread of the wave function for the relative motion between 

two a-particles has been known to be about 2.0 fm and then we assume 

the value of a2- a1 2.0 fm for the present problems of a-C and of a-0. 

To define the length of the inversion path and the height of the central 

barrier, we assume the model which represents the inversion from a con

figuration to its mirror image by the dissolution of an alpha-particle into the 

larger subunit nucleus and the simultaneous creation of an alpha-particle 

from it as illustrated in Fig. 3 ·1. 

According to this image, we represent the center-of-mass of the subunit 

Uo 

- t--

Eo 

-a2 -a, a, a2 

l l 
i i 

Fig. 3 · 3. Simple potential with square shape used to estimate the gap energy. 
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Fig. 3 ·4. Model picture for getting the quantitative values of the path length and 

of the inertial parameter along this path. 

alpha-particle as r1, of the virtual alpha-particle in the larger subunit nuclei 

as rz, and of the residual part in the middle as ro, as shown in Fig. 3 · 4. 

Then a set of internal coordinates are introduced as follows, 

(3·2) 

If the inversion vibration is assumed to be the relative motion between the 

residual part in the middle and the two alpha-particles, the coordinate of 

rs defined in Eq. (3 · 2) represents the inversion path, (where rex. is fixed to 

be an appropriate value). In this model, the point of r 13 =0 corresponds to 

the symmetric configuration and the point with a finite value ( Ca1 + az) /2) 

corresponds to the molecular configuration. When the relative distance 

between two subunit nuclei of the di-molecule-like structure is given by the 

sum of their mean radii, R ro(A/13 +Az113 ) with A1=4 and Az=12 or 16, 

we can easily obtain the value of rs for the molecular configuration as 

(3·3) 

with v Ad Az. According to this model, the effective mass of the motion 

along the path (rs) for inversion is obtained as 

meff 
2A1(Az-At) 

2At + (Az- At) mN, 
(3·4) 

where we assume for the simplicity of the model that the three parts in 

Fig. 3 · 4 move with the same inertia as of the free motion, (mN nucleon 

mass). 

Under the assumptions mentioned above the gap energy (JEo =Eo- Eo+) 

can be obtained from the solutions of the following equation; 

{ (3·5) 

where V(rs) is the potential with the shape as shown in Fig. 3 · 3. The gap 

energies are estimated in the region of the parameter set ( Uo- Eo and 
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118 H. Horiuchi, K. Ikeda and Y. Suzuki 

(at+ a2) /2) which includes the following typical cases: 

Case (1) is that the both rotational bands with K=O± have the well

defined molecular intrinsic structure which corresponds to the case with the 

large central barrier and with the length parameter as given in Eq. (3 · 3). 

Case (2) is that the asymmetric configuration with molecular structure 

remains still in the intrinsic state but the symmetric configurations are 

mixed strongly in it, where the value of (at+ a2) /2 is not small like as in 

case (1) but the value of Uo is very small. 

Case (3) is that the molecular structure breaks down and the shell-like 

structure with the symmetric configuration has a majority, which is repre

sented by the parameter set of Ca1 + a2) /2 with small value and of Uo 0. 

1.0 

0.8 

0.6 

0.4 

0.2 

~
0 

8 

6 

4 

2 

-2.6 

case (2) 

(b) 

II.OMeV 

Uo-Eo=5.0 MeV 

Uo=II.OMeV 

LlEo= 1.95 MeV 

Uo=O.O MeV 

LlE0 = 4.75 Mev 

Fig. 3 · 5. Eigenenergies and wave functions for the cases (1) and (2). 

The solutions of the equation, that is, the energy and the wave function 

are shown in Fig. 3 · 5 for the cases (1) and (2). We can see from the 

characteristic behaviors shown in Fig. 3 · 5 that the cases (1) and (2) 

correspond to the real situation of the negative parity band which has the 

well~defined molecule-like structure (but the case (3) is not). In the case 

(1) the probability of the wave function in the region of the central barrier 

is extremely small and in the case (2) the probablity in that region is also 

small since the wave function always vanishes at the reflecting point of 

the symmetric configuration. We, therefore, understand that the molecular 

formation in the negative parity band depends essentially on .the length 

parameter and that the dependence on the height of the central barrier is 
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Molecule-Like Structures in Nuclear System 
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01 =0.60 
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119 
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2.0 4.0 6.0 8.0 10.0 12.0 14.0 
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(b) 

Uo=O 

1.1 1.2 1.3 1.4 1.5 1.6 1.7 

(d) 

Fig. 3 ·6. Dependence of the gap energy on the parameters Uo and (a1 +a2) /2. 

not strong. On the contrary there appears the clear difference between 

the cases C1) and C2) for the positive parity band, as is seen in Fig. 3 · 5. 

To see the quantitative character we show in Fig. 3 · 6 the dependences of 

the gap energy on the parameters for the central barrier, i. e., Uo and 

Ca1 +az)/2. 

In the case C1) the gap energy is obtained as 2.85 MeV for a-C and as 

1.95 MeV for a-0 when we use the values of Ca1 + az) /2 given in Eq. C3 · 3) 

and of Uo-Eo 5.0 MeV.*) 'The gap energy for a-0 is rather smaller than 

*l As for the height ( Uo-Eo) of the central barrier, the upper limit has been considered to 

be order of the separation energy of an alpha-particle from the larger subunit nucleus (about 7 

MeV). 
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120 H. Horiuchi, K. Ikeda and Y. Suzuki 

that for a-C because the magnitude of the mass-displacemene) Ca1 V merf) for 

the former is larger than that for the latter. It should be noted that on the 

contrary the experimental value of the gap energy in 20Ne is larger . than 

that in 160. 

Although for the case of 160, the experimental' value of the gap energy 

C3.39 MeV) is about 1.2 times larger than that obtained with the param

eters of the case Cl), the small alteration of the barrier height, that is, 

Uo ~Eo= 3 MeV, leads to the agreement with the empirical value. On the 

other hand, in order to reproduce the experimental gap energy of 5.5 MeV 

in 20Ne, we have to choose the parameter set corresponding to the case C2), 

where Uo:::::::-:_0 with the appreciably large value of Ca1 + az) /2. 
The quantitative results discussed above seem to allow an interpreta

tion, as was expected, that for the case of 160, the positive parity band 

still has the molecule-like structure dominantly in spite of the mixing with 

the symmetric configuration but that for the case of 20Ne, the intrinsic 

structure of the positive parity band has the transient character in the wide 

region from the asymmetric configuration with the molecule-like structure to 

the symmetric configurations with the shell-like structure. 

3. 3 Microscopic studies on the gap energy 

It is interesting to understand from the microscopic point of view the 

transient character indicated in the gap energy for 20Ne. For this purpose 

we apply the generator coordinate method36
) by choosing a suitable parameter 

set w~ich can describe not only the molecular configuration but also the 

configurations along the inversion path. We denote the parameters by ~ 

and the intrinsic wave function by ¢(x, ~). The total wave function o/(x) 

which includes the inversion motion in itself is given by superposing ¢(x, ~) 

with the unknown amplitude/(~) as follows, 

+±(x) \ds;j:l:(s;)¢±(x, s;), 

¢*(x, s;) =¢(x, s;) ¢( ~x, ~). (3·6) 

As is well known, the equation of motion for this amplitude J(s;) is given 

by the variational principle to minimize the expectation value of the ·total 

Hamiltonian, $£; 

\ ds;' { <¢*(x, s;) I$£ I ¢±(x, s;')) 

E±<¢±(x, s;) I ¢±(x, s;')) }/*C~') 0. C3·7) 
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Afolecule-Like Structures in Nuclear System 121 

If we assume that the solution off±(~) is obtained as a localized function 

at ~o± as f±(~) o(~-~o±), the total energy E± is given by 

(3·8) 

We now calculate the energy surfaces for the positive and negative parity 

intrinsic states using the above equation and investigate the dependence of 

E±(~) upon the parameters ~. To do this we set up a model for the 

intrinsic wave function ¢±(x, ~) adopting the· Bloch-Brink a-particle model 

function. This model wave function contains a set of parameters, (Ri, v;; i 

= 1 ....__A/ 4), but we use in practice minimum number of parameters among· 

them (fixing the remainder constant appropriately) which are necessary at 

least to specify the path of inversion. They are a set of three parameters, 

for example, R1, Ro, Rz which correspond to the dynamical variables r1, ro, 

r 2 used in §3. 2, and are expressed as 

4 A/4 

-----:SR;. 
A-8 i=3 

(3·9) 

Then these parameters are transformed into the parameters Ra and RB which 

correspond to ra and r 8 of Eq. (3 · 2) as follows, 

(3·10) 

For the convenience of later discussions, we express the relative distance 

parameter, R, between an alpha cluster and the residual cluster in terms of 

the parameters Ra and Rs; 

A 8 
A4R13• 

(3 ·11) 

In Fig. 3 · 7, the energy surfaces of E/(~) with ~ (Ra, R 13 ) are drawn for 

the case of 20Ne. Here we use the effective interactions given by Volkov23
) 

with the Coulomb interactions. 

In the figures of the energy surface, we first note that the energy 

minimum of the negative· parity intrinsic state locates nearly on the R line 

with large R value, and that the direction with small curvature is almost 

parallel to R. This means that the negative parity band has a molecule

like intrinsic structure strongly polarized into the two-body clusters, and that 

the relative distance parameter, R, is considered to be an approximate 
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122 H. Horiuchi, K. Ikeda and Y. Suzuki 

R 

" R 
Rp(fm) (a) 

o'~ 
Rp(fm) 

3.0 
0· 

3.0 (b) 

positive parity 

m=0.60 negative parity 
m=0.60 

2.0 2.0 

7.5 0 

R 

Rf3(fm) 

3.0 (c) 
/ 

2.0 

1.0 

positive parity 

m=0.63 

R 

R.d(fm) 

3.0 (d) 

2.0 

1.0 

0 

negative parity 

m=0.63 

2.5 5.0 

Ra. (fm) 

7.5 

Fig. 3 · 7. Energy surfaces of E± (Ra, R 13) for 20Ne case, where the tetrahedron 
configuration of 4a-particles with the small inter-a distance of 0.3 fm is identified 
as the subunit nucleus of 160. The oscillator parameters of the five a-particles are 
taken to be of the same value of va=0.238 fm- 2

• The numerical values in the 
figure are the binding energies in unit of MeV, and the value of m means the 
Majorana exchange mixture. 
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Molecule-Like Structures in Nuclear System 123 

normal coordinate. As for the positive parity intrinsic state, the energy 

surface has a local minimum at the ·point with nearly the same Ra but 

small Rf3 in comparison with the negative parity case. Unlike the negative 

parity case, the curvature along the R 6 direction is very small, which 

n1eans that the motion along the inversion path takes place very easily 

and so there arises a strong mixing between the asymmetric configuration 

(which is nearly the eli-molecular one) and the symmetric one. These results 

indicate that although the o- band may be well described by the pure 

eli-molecular model, for the o+ band there is a large deviation from the 

pure eli-molecular configuration. 'I'herefore, the results obtained here are 

found to correspond to the case (2) in the schematic model of §3. 2, and 

then the gap energy is expected to be larger than that obtained by the pure 

inversion doublet picture based on the eli-molecular model. 

3. 4 Summary and further problem 

i) Based on the molecular picture, we have calculated the gap energy 

of the inversion doublet for a-C and a-0. When the eli-molecule-like struc

ture is good both for K=o- and K=O+, the gap energy LIEo, is estimated 

to be 1,..._3 MeV. This value is known to be small but not very small 

compared with the frequency of the collective vibration in this mass region. 

This is a matter of course, because the nuclei under considerations arethe light 

ones whose sizes are only 2---...3 times larger than the range of thenuclear force. 

ii) In the case of 160, the experimental gap energy is about 3.4 MeV, 

from which we can understand that the molecular picture for the structure 

of the K = o+ band is not so bad. As for 20Ne, since LIEo is 5.2 MeV, we 

may conclude that the deviation from the molecule-like structure is fairly 

large. One can take two different viewpoints for the interpretation on this 

deviation. The first is to regard that the structure is of the deformed shell

like one to which the molecule-like structure dissolves. The second is the 

viewpoint that the molecular structure still· persists in spite of the non-small 

deviation. We here have made the investigations from the second viewpoint 

considering the fact that the K = o- bands in 160 and 20 Ne have the molecule

like structure as is seen in §2 and in this section. To represent this 

viewpoint, we considered the variation of the structure in the wide domain 

of the configuration space which includes both the asymmetric and symme

tric ones. As a result of the studies we have shown that the large value of 

LlEo can be obtained by the strong mixing of the symmetric configuration 

with the asymmetric one (molecular configuration) in the intrinsic structure 

for K=O+ band. This result corresponds to the case (2) in the schematic 

model of §3. 2, where the path length is not small but the central barrier 

IS vanishingly small. 

We discussed here the transient character only in the ground rotational 
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124 H. Horiuchi, K. Ikeda and Y. Suzuki 

band of 20Ne. However, such a transient character may be also reflected 

in the excited rotational bands. The comprehensive studies for the ground 

band states together with these excited states will bring the deep understand

ing about the interplay of the molecule-like and shell-like structures. 

§4. Alpha-chain structures in nuclei 

In the Ikeda diagram, the molecule-like structure composed of many 

a-particles is expected to have the highest excitation energy in each self

conjugate 4n-nucleus. The aggregations of na-particles which couple weakly 

with each other may have many different configurations. An extreme 

one of them is the alpha-chain configuration of which the idea was proposed 

at very early time. 7) The linear chain structure is generally expected to 

have a high possibility of existence, because the Coulomb interaction favours 

energetically the linear chain configuration and the chance of alpha-particle 

collapse is least for such a configuration. The linear chain structures of 

3a-particles have been candidated8
) for the second excit~d o+ (7.65 MeV) 

and 2+ (10.3 MeV) states in 12C. However, these levels have been found 

to have the properties which are inconsistent with the assumption of the 

chain structures. Since the rotational band in 160 are experimentally observ

ed,9) which may have 4a-chain structures, theoretical considerations on 

a-chain structures are required again. First of .all, we must obtain the 

systematic understanding of the properties for these levels in 12C and 160. 

Then it is possible to understand why the alpha-chain structure is not realized 

in 3a system but may appear in 4a system. We study this problem by 

using the semi-classical alpha-particle model, which is also applied to the 

more general cases of na-chain structures. 

The purpose of this section is to summarize the theoretical studies on 

the a-chain structures. The first part (§§4. 1 and 4. 2) is devoted to the 

problems of 3a- and 4a-particle system whose properties are already known 

experimentally to some extent. We first discuss the meaning of the experi

mental facts (especially the decay widths) and show that the pure linear 

chain structure is inappropriate to explain the main properties of the levels 

in 12C and that on the other hand the properties of the rotation band in 
160 is not inconsistent with the assumption of the linear chain structure10

) 

(§4. 1). Next, in order to obtain the deep understanding of the noted 

levels we investigate the energetic properties and stabilities of 3a- and 4a

chain structures by using the effective a-a interaction which reproduces the 

properties of 8Be (§4. 2). In the second part (§4. 3), similar theoretical 

treatments based on the a-particle model are made on the chain structures 

of na-particles (n25), and we predict the energies of the na-chain struc

tures and discuss the possibility of the existence as the quasi-bound states. 
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Molecule-Like Structures in Nuclear System 125 

In particular, we examine in detail the cases of 5a- and 6a-chain structures 

which might be of actual interests. 

4. 1 Characteristic properties of the noted levels in 12C and 160 

The second excited o+ state at 7.65 MeV in 12C lies near the threshold 

for the a decay (7.37 MeV) and has about two times larger a decay width .. 

than the Wigner limit. 37
) Furthermore, a broad level was found around 

10.3 MeV which has the same characters as the o+ state. 38
) If this state 

is assigned to be J7f=2+,s) the a reduced width is also very large (about 

seven times as large as the Wigner limit). If these two levels are the 

members of the same rotational band, the moment of inertia is found to be 

small (tt 2 /2c!l 0.44 l\1e V). This small value is quite impossible to be ex

pected from the rotational band of the linear chain configuration of Sa

particles; if the distance between two a-particles is assumed to be 4.0 fm, 

the moment of inertia is obtained to be n2/2c!lrig 0.16 MeV. 

In the case of 160, the rotational band starting from about 16.8 MeV 

was found through the 12C(a, 8Be) 8Be reaction9
' and has a very large mo

ment of inertia just expected from the 4a-chain configuration with the 

mean a-a distance equal to 4.1 fm. However, the partial decay widths to 

the 8Be + 8Be channel is very small, compared with the 12C case where the 

decay widths to the 8Be +a channel is very large. T'able IV -1 is given to 

exhibit the clear differences between the properties of 12C* and 160*. 

It has been examined10
) whether the small 8Be decay widths of the 

levels in 160 can be compatible with the 4a-chain assumption which is 

supported from the energetic properties. The results of the analyses have 

demonstrated that the decays from such a peculiar configuration as the 

linear a-chain are mainly limited to the characteristic channels (a+ 3a chain, 
8Be + 8Be) and the spectroscopic factors for the decays to these channels 

are, however, greatly reduced. Thus the small 8Be widths can be obtained 

under the assumption of the a-chain structure. The analyses have also 

Table N -1. Characteristic properties of 12C* and 160*, together with 8Be; being 

the band head energy, and E,h the threshold energy for the decay into alpha

particles. 

8Be 12C* 16Q* 

Eexc(MeV) 0.0 7.65 16.75 

E,h(MeV) -0.095 7.27 14.44 

E ••• -E,h (MeV) 0.095 0.38 2.31 

rotational band confirmed indistinct distinct 

fi2 

2!/exp (MeV) 0.5 (0.4) 0.06 

reduced width large large small 
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126 H. Horiuchi, K. Ikeda and Y. Suzuki 

served us to interpret the experimental facts for 12C*. That is, the large a 

decay widths of 12C* cannot be expected from the pure a-chain configuration 

anp require large deviations from it. The deviations are also required to 

spread the energy spacing of the o+ and 2+ states. It seems that 3a-particles 

do not possess a specified geometrical configuration but rather move freely 

in a weakly coupled systems. The reasonings which lead to these conclu

tions are made in detail in Ref. 10). Here, the outline and main results 

are briefly summarized. 

(A) The two anomalous levels in 12C 

As well known, the second excited o+ state is a peculiar level with a 

large a decay width. The broad level at 10.3 MeV has been assigned to 

2+ and also has properties similar to the o+ state. Their decay scheme is 

shown in Fig. 4 ·1. The experimental a decay widths are cited in Table 

IV-2, where the reduced widths Oa.2 are defined byEq. (2·1) in §2, and the 

channel radius is taken as about 5 fm. Although the value of Oa. 2 depends 

on the channel radius, the dependence is found to be very weak for the 

present case; there occurs the difference by the factor less than two as long 

as the channel radius is changed in the range from 4 fm to 6 fm. We can 

see that the experimental reduced widths of both the o+ and 2+ states are 

several times larger than the Wigner limit. 

0.0 

(MeV) 

1 
T 
12(. 

o+ 

8 Be+ ct 
7.37 

o+ 

Fig. 4 ·1. Energetically possible decay modes from 12C* to 8Be +a, where (L1,Lz) 

denotes the angular momenta of 8Be CL1), and of the relative motion between 
8Be and a (Lz). 

Table N -2. Experimental values of the a decay widths of the two levels at 7.656 

MeV (O+) and 10.3 MeV (2+or O+) in 12C. 

Ex (MeV) J" Fa Ba2 

7.656 w 9.7±3.3eV 2 Ref. 37) 

10.3 
2+ 

3.0±0. 7 MeV 
7.5 Ref. 38) o+ 1.5 
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Molecule-Like Structures in Nuclear System 127 

To understand the large reduced widths of these levels we calculate 

the spectroscopic factors for the configurations specified by the angle [3 in 

Fig. 4 · 2. The calculated results are shown in Fig. 4 · 3, where the Bloch

Brink wave function, (J)([3), is used to represent the intrinsic states. For 

the linear chain configuration ([3 = 0), the spectroscopic factor is found to 

be about 1/3 which is very small compared with the experimental one. It 

should be noted that the spectroscopic factor for the case near the triangular 

configuration ([3=n:/3) is about 2 which is comparable with the experi

mental one. 

~z' 
Fig. 4 · 2. Schematic picture for the configuration of three alpha-particles with the 

parameter {3 being the angle of the deviation from the linear arrangement along 

the z-axis. 

2.00 e2 

1.75 
L=O 

1.50 

1.25 

1.00 

0.75 

0.50 

0.25 

00 

Fig. 4 · 3. Dependence of the spectroscopic factors on the configuration of three alpha

particles specified by the angle parameter, {3. 

2.00 82 

1.75 
L=O 

1.50 

1.25 

1.00 

0.75 

Fig. 4 ·4. The spectroscopic factors for the 3a-chain-like structures with the bending 

motion, shown as a function of the parameter {3o which denotes the maximum 

amplitude of the bending motion, where the value at the point of /3o=O is the 

one for the pure linear chain. 
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128 H. Horiuchi, K Ikeda and Y. Suzuki 

If we insist on the linear chain configuration, the effect of the zero-point 

motion, i. e., the bending motion with the large amplitude should be taken 

into account for getting the large reduced width. Now taking the maximum 

amplitude as f3o, we show in Fig. 4 · 4 the dependence of the spectroscopic 

factor on f3o, where the wave function which represents the bending motion 

lS 

(4·1) 

Figure 4·4 shows that for small f3o(O<f3o<n:/8) the reduced width is small 

(0.3<0a2<0.5); it increases rapidly when f3o exceeds n:/8 and it is larger 

than 1 for f3o>rc/5. Therefore if we start from the linear chain configura

tion, the large mixing with the configuration around the triangular shape 

is needed to get the reduced width much larger than unity. Such a bending 

motion with extremely large amplitude is rather better understood in terms 

of the weak coupling of an alpha-particle with 8Be which includes the 

triangular configuration dominantly. 

Thus we conclude that the two levels in 12C are not of the chain con

figuration but rather of the weak coupling of an alpha-particle with 8Be or 

of the weak coupling of three alpha-particles. 

(B) The anomalous rotational band in 160 

The decay modes from the rotational levels are shown in Fig. 4 · 5. 

When the alpha-chain structure is assumed to be the intrinsic structure, the 

dominant decay channels are the channels of (chain+chain) and (a+chain), 

due to the peculiar character of its structure. In Fig. 4 · 6 we exhibit those 

special decay modes from 160*. As is displayed in the figure, the actual 

decays from the 4a-chain states m 160 are energetically allowed to the 

12.13,---
15N+P £exc=l6.75 

l 
1 

o.o~--

(Mevl 
16

0 

;::----___ /~ 
~~2 . - 16.80 /'/ 17.46 

C(3 )toe~ 12C*(t)tcx 

12--* + 14.81 
\... \0 )+01 

12 . t 11.60 
C(2 )+~ 

12 + 7.16 
C(O )toe 

Fig. 4·5. Schematic diagram of the various kinds of decay modes of 160*. 
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Molecule-Like Structures zn Nuclear System 129 

'zc 

Fig. 4 · 6. Schematic diagram of main decay series from 160* to a. 

channels of the 8Be + 8Be and a+ 12C*. Although 12C* is not of the pure 3a

chain structure as discussed above, it has surely the character as an aggrega

tion of 3a-particles and then contains the fairly not small component of the 

3a-chain configuration. Besides the 8Be + 8Be and 12C* +a, there contributes 

the 12C +a channel to the total width. For this channel, the Q-value for 

the decay is larger than the height of the Coulomb plus centrifugal barrier, 

yielding the large value of penetrability. Then even if the reduced width 

of this channel is very small, the partial width of this channel is possible 

to become appreciable. If we assume the reduced width of 12C +a channel 

to be about 1/100 times one of 12C* +a channel, the partial width is surely 

obtained not to be small. 

Now we evaluate the reduced widths of 8Be + 8Be and 12C* +a and show 

the calculated results in Table IV-3. We see that the values of 0
2 (which 

IS the reduced width in unit of the Wigner limit value, rw 2
, as shown in Eq. 

Table IV -3. Dependence of the spectroscopic factors fh 2 on the distance parameter R4a 

for the linear chain of 4a-particles. 

(a) 8Be(O+) + 8Be(O+) channel. 

R4a(fm) 1.0 2.0 3.0 4.0 

8o2 0.0083 0.020 0.026 0.014 

8a2 0.0076 0.020 0.025 0.014 

842 0.0069 0.019 0.025 0.013 

86 2 0.0057 0.017 0.023 0.013 

(b) 12C* (3a chain, O+) +a channel. 

R4a(fm) 1.0 2.0 3.0 4.0 

8o2 0.108 0.122 0.121 0.087 

8z2 0.093 0.115 0.116 0.085 

842 0.074 0.099 0.107 0.081 

862 0.050 . 0.079 0.095 0.075 
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130 H. Horiuchi, K Ikeda and Y. Suzuki 

(2 ·1) of §2) are very small compared with unity. The reason for this 
smallness can be explained in connection with the geometrical shape of the 
linear configuration: The linear arrangement of the 4a-particles means to 
put the very strong constraint on the coupling scheme between the two 
fragment clusters 8Be + 8Be or a +- 3a-chain ~nd then it is necessary for the 
formation of the linear chain configuration to superpose suitably the many 
relative angular momentum states from zero to high value, while only a few 

components with the low angular momentum contribute to the actual decays. 
We compare in Table VI-4 the experimental values of rwtal and rar8Be 

jr~otat with the theoretical results. (Here the theoretical rtotat is the sum 
of the partial widths given in Table IV -3.) As is seen from the Table, 
the order of magnitude of the experimental values for the 4+ and 6+ levels 

Table N -4. Comparison of the theoretical results with the experimental values of 
F,otal and Tao Fs8 ,/F'fota 1 written in parentheses. 

J~r r "otal (keV) T a,Fsa./ Tf.,o, 

o+ 29 0.008 
2+ 28 (370) 0.010 (0.016) 

(260) (0.027) 
4+ 23 (20) 0.014 (0.025) 
6+ 17 (70) 0.015 (0.011) 

is obtained by theory. However, for the two 2+ levels the experimental 
values of rtotat are one order larger than those of 4+ and 6+, and so large 
rtotat value cannot be obtained theoretically. We gave in Ref. 10) an inter
pretation for this discrepancy that the existence of the two 2+ levels might 
be the result of the coupling of a single level of the 4a-chain structure with 
a background compound level which has a total width about a few hundred 
ke V, because they are separated by only a little energy and have similar 
characters to each other. 

We can conclude from the above analyses of the decay properties that 
it is possible to interpret the decay properties without contradiction under 
the assumption of the 4a-chain structure. However, the present amounts 
of the experimental informations on the decay properties are scarce and we 
are forced to introduce some assumptions in the course of the theoretical 
e~timations, for example, about the values of ra0 • It is desirable to get 
more experimental informations by which we can more deeply understand 
the structure of these peculiar levels. 

4. 2 Study of the energetic properties with the alpha-particle model 

The alpha-particle model has been known to work very well for the 
explanation of the main properties of the ground rotational band in 8Be. 39

) 
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Molecule-Like Structures in Nuclear System 131 

The approximations, which are necessary for treating the system of 8Be as 

the di-molecule-like structure of two alpha-particles, are assured under the 

following conditions: 

(4·2) 

where E1nc, Evib and ri} /2c!l are the energies of the intrinsic excitations, of 

the relative motion and of the rotational motion, respectively. Actually, 

the condition of Eq. ( 4 · 2) is approximately satisfied in the system of 8Be; 

Eint~16 MeV, Evib=lO MeV which is the zero-point energy of the relative 

motion between the two alpha-particles, and tt2/2S=0.5 MeV. Here we 

use the alpha-particle model for the studies of the alpha-chain structures, 

considering that the condition of Eq. ( 4 · 2) is also approximately valid for 

the na-chain structures. 

The studies are started with the assumption that the alpha-chain con

figuration is energetically in local equilibrium. Then the motions of the 

alpha-particles are represented in terms of the displacements around its 

equilibrium configuration and the energy of the system can be obtained as 

the sum of the zero-point energies with respect to all the degrees of freedom 

for the displacements. For the chain configuration of more than two alpha

partic-les, the displacements are divided into the two parts, that is, the longi

tudinal and transverse ones. The restoring forces for the longitudinal 

displacements may be assumed to be the same interactions between the two 

alpha-particles as in 8Be. However, we have not known the restoring forces 

for the transverse displacements. If the interactions between the two alpha

particles which are not adjacent are only the Coulomb interactions, the 

restoring forces for the transverse displacements come only from the Coulomb 

forces, which are not expected to be strong. Therefore, we anticipate that 

the other factors, which cannot be taken into account in the semi-classical 

alpha-particle model, may give the important effects on the transverse 

motions. So our considerations with the alpha-particle model are limited and 

then the restoring forces for the transverse displacements are rather regarded 

as the phenomenological ones. Thus the problems of alpha-chain structures 

have to be studied under the following conditions; 

(4·3) 

where hmocl> and hmoC!;> are the zero-point energies of the longitudinal and 

transverse vibrations, respectively. 

Under the conditions of Eq. ( 4 · 3), the following two points are consider

ed to be the main problems for the alpha-chain structure: 

i) If the alpha-particle model works well, what amount of the total 

energy of the chain system can be obtained from the knowledge of the inter-
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132 H. Horiuchi, K. Ikeda and Y. Suzuki 

actions between the two alpha-particles combined with Coulomb· interactions? 

ii) How large are the amplitudes of the transverse vibrations? Does there 

arise the inconsistency with the original assumption of the linearity for the 

chain configuration? 

In the following these problems are studied for the 3a- and 4a-chain 

cases of which experimental informations are at hand to some extent, and 

we try to obtain the fundamental understanding of these cases, comparing 

the theoretical results with the experimental properties. 

As an effective interaction between the neighbouring two alpha-particles, 

we assume the local potential with the harmonic oscillator shape which is 

simplest in reproducing the properties of 8Be.. This effective potential 

includes the contribution due to the Coulomb forces as well as the nuclear 

forces. It is assumed for a while that the two alpha-particles not in the 

immediate vicinity interact with each other only via the Coulomb forces. 

Va-a 

a-a distance 

Fig. 4 · 7. Schematic diagram of the effective potential between two alpha·particles 

around R=Ro and R=2Ro. 

Figure 4 · 7 shows schematically the effective potential between the two 

alpha-particles. The assumed Hamiltonian for the na-chain system is now 

written as 

r;+11- Ro) 2
- Vo} 

(4·4). 

Here the parameters Ko, Vo and Ro can be determined so as to reproduce 

the properties of 8Be; (i.e., the binding energy, the moment of inertia and 

the extension of the relative wave function between the two a-particles). 

The extension of the relative wave function is determined with reference to 

the phenomenological potentials which reproduce the phase shifts for the 

a-a scattering and also to the analysis based on the resonating group method. 

The typical values of the potential parameters are taken to be 

Vo 11.7 MeV, Ko 26.4 MeV·fm-2
, Ro 4.0 fm. (4·5) 
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Molecule-Like Structures in Nuclear System 133 

Under the approximation of the small displacements the Hamiltonian 

of Eq. ( 4 · 4) is transformed into the one consisting of the set of the har

monic oscillators by introducing the normal coordinates. The total binding 

energy of the :na-chain system is thus given as the sum of the zero-point 

energies; 

E(n) =ECII)(n) + ECl)(:n) + Ec(n), 

ECII) (n) b -.. --n(j)Y1) 
n-1( 1 

i=l 2 
vo), 

n-2 

E<l) (n) bn,(j)p), 
i=l 

Ec(n) 
1 n 4e2 

? b 1· ·1R' .., li-ii~O,l z-J o 
(4·6) 

where (J)y;) is the normal frequency of the longitudinal vibration which has 

the n -1 degrees of freedom except for the translation, (J)p) is the normal 

frequency of the transverse vibration which has the twofold degeneracy and 

the 2(:n-2) degrees of freedom except for the translation and the rotation, 

and Ec (n) is the sum of the Coulomb energies between the two alpha

particles which are not adjacent. The calculated energies of Eq. ( 4 · 6) are 

listed in Table IV -5 for the cases of n 3 and 4. *) The energy of the 

4a-chain structure can be seen to be in good agreement with the experi

mental band head energy of 160*. The energy of the 3a-chain structure is 

known to be a little larger than the energy of the second excited zero plus 

state by about 0.6 MeV. 

Next we study the deviation of the alpha-particles from the linear 

arrangement. To represent the deviation, we use the angle operator, 02
, 

which is defined by the following formula; 

Table IV -5. Energies of the 3a- and 4a-chain systems calculated with the alpha-particle 

model. 

3a-chain 4a-chain 

EC!Jl -0.61 1. 51 

ECl.) 0.84 1.90 

Ec 0.72 1.92 

E 0.95 2.31 

(unit in MeV) 

*l The normal frequencies ro:CJ'l and ro{l.l are easily obtained analytically. They are given in 

units of (Ko/Ma)l/2 and (4e 2/JI.1aRo3)u2 , respectively, as follws; 

for 3a-chain, 

for 4a-chain, ro/''' 

for 3a-chain, 

for 4a-chain. 
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134 H. Horiuchi, K. Ikeda and Y. Suzuki 

1 _1_~( s;+s;+z 
(n 2) R 0

2 
i=l 2 

(4·7) 

where ok is the angle variable which represents the normal coordinate as is 
indicated in Fig. 4 · 8, and S; = (x;, y;) is the transverse displacement of the 

i-th alpha-particle. The expectation values of {;z for the ground state are 
given in Table IV -6. The calculated results are compared with a critical 
angle, Ocr, at which the three alpha-particles contact with each other. If 
<o 2 )>0~r, the original assumption of the linear arrangement breaks down. 
When the restoring forces for the transverse displacements are only due to 

the Coulomb interactions, the value of <o2
)

112 for the 3a-chain case is known 
to become about the same as Ocr( rc/3). Therefore, the 3a-particles deviate 
from the linear arrangement so considerably that such a 3a-chain overlaps 

with a triangular configuration. The value of <o2
)

112 for the 4a-chain case 
is about 0.9 · n/3. Although this value is a little smaller than the one for 
the 3a-chain case, the deviation of 4a-particles from the linear arrangement 
is understood to be appreciably large. 

As mentioned before, the obtained energy for the 3a-chain system is 
larger than the energy of the second excited zero plus state by 0.6 MeV. 
It seems to be very important that the energy of the 3a-chain system can
not reach the experimental one of this anomalous state, even if the ampli
tude of the transverse vibration is taken to be so large that there arises 

·~ 
/)_? ______ ~_ 

(a) 3a-chain 

(b) 4a-chain 

Fig. 4 · 8. Angle coordinates of the transverse normal vibrational modes; (a) for the 
3a-chain and (b) for 4a-chain. 

Table IV -6. Expectation values of the mean square amplitude of the transverse 
vibration for the 3a- and 4a-chain system. 

3a-chain 

1.17 

1.17 

4a-chain 

0.245 
0.661 

0.906 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/p
tp

s
/a

rtic
le

/d
o
i/1

0
.1

1
4
3
/P

T
P

S
.5

2
.8

9
/1

8
9

7
5
7
6
 b

y
 g

u
e
s
t o

n
 2

1
 A

u
g
u
s
t 2

0
2
2



Molecule-Like Structures in Nzu)ear Systern 135 

the appreciable overlapping with the triangular configuration. Therefore to 

reproduce the experimental energy, we have to consider that the interacting 

three alpha-particles move more freely in the system and that the interplays 

between the triangular and the chain configurations may play an important 

role. To examine the above interpretation, we calculate the binding energy 

of the triangular configuration with use of the same potential parameters 

as adopted for the studies of the alpha-chain system. The energy is obtained 

to be about -0.23 MeV which corresponds to the excitation energy of 7.0 

MeV from the ground state of 12C. Figure 4 · 9 shows that the anomalous 

zero plus state lies between the states with the triangular and linear chain 

configurations within the energy range of about 1.5 MeV. If we also consider 

the mixings of the triangular configuration in the ground state, the energy 

of the triangular structure may be pushed up and nearer to the experi

mental energy. Therefore, we suppose, as a possible interpretation for the 

anomalous zero plus (and also 2+) state, that it is rather of the triangular 

structure with the large fluctuations in which the chain structure is partially 

involved. 

o+T7.6S ---7.274 

Cl+ C!+a 

o•_l_oo 
(MeV) 

ex peri menta I 

(I i near chain) 
---8.22 

(triangular) 
:.__:_~:.....;__ 7. OS 

theoretical 

Fig. 4 ·9. Comparison of the theoretical energies predicted by the alpha-particle model 

with the experimental energy of the second excited zero plus state in 12C. 

As for the 4a-chain structure, the calculated energy is found to agree 

with the experimental band head energy, but the transverse vibrations have 

not small amplitudes under the restoring potentials due to the Coulomb 

forces. In such a case of the large zero-point amplitudes, the rotation

vibration couplings may give the effects on the rotational spectra. However, 

the experimental rotational band accords to the I(I + 1) -rule and has the 

large moment of 'inertia which is expected from the 4a-chain structure. If 

we can assume the small zero-point amplitudes for the transverse vibrations, 

where the strength of the restoring forces are larger than that of the 

Coulomb forces, the rotational spectra may be in good agreement with the 

experiments but the energy of the system may become larger than the 

experimental one. Here we study the effects of the rotation-vibration coupl

ing on the energy spectra and their dependence on the zero-point amplitudes 
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136 H. Horiuchi, K. Ikeda and Y. Suzuki 

of the transverse vibrations. 

The rotation-vibration Hamiltonian which includes the coupling between 

the transverse vibrations and the rotational motion can be given by 

(4·8) 

where !N~ot is the Hamiltonian for the rotation of the linear alpha-chain, 

c.9£vib is the Hamiltonian for the transverse vibrations expressed by the normal 

coordinates, ,k, and c.9£rot-vib is the coupling of the transverse vibrations with 

the rotational motion. Here, So is the moment of inertia for the alpha

chain in row which is now assumed to be in equilibrium. And Sx and c.!l, 

are the moments of inertia for the rotation around the x- andy-axis, respec

tively, which involve the transverse coordinates. When c.9£rot-vib are expanded 

around the equilibrium point, the first term vanishes and the other terms 

represent the rotation-vibration couplings. The leading term of c.9£rot-vib 1s 

conveniently divided into the two parts: 

(4·9) 

where $[~~~ conserves the z-component of the angular momentum, while 

$[~~~ does not. Since the effects of .!}{~~~ on the spectra can be estimated 

to be far smaller than those of $[~~~, we here discuss only the term of $[~~~. 

The leading term of !]{~~~ can be expressed with use of the angle coordinates, 
1\ 

f)k, shown in Fig. 4 · 8 as 

(4·10) 

where 1J1 =5/6 for 3a-chain, and 1J1 =2 and 7Jz=22/25 for 4a-chain. When 

we take into account the effects o£ $[~~~ on the spectra, the rotational 

spectra can be given by 

n,z n-2 {( B " )1/2 } 
E1= 

2
So I(I+1)+t-;

1
nmk<l) 1+ s: (0/) 2y;kl(I+1) -1, 

(4·11) 

1\ 

which can be expanded for small (0,/) 2 I(I + 1) as 

(4·11)' 
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Molecule-Like Structures tn Nuclear System 1S7 

where 

B1 1 
and az 1 (' 2)3 2 for Sa-chain, -y; 12 {}1 1}1 

B1 4 
and a2 1 (' 2> 3 2 + 1 < 0 2> 3 2 

!fo 5 ' 
5 01 r}t 

25 
2 Y)z 

for 4a-chain 

and <o:2
) IS the expectation value of 0k2 with respect tO the zero-point 

transverse vibration. 

The values of <o/) have been shown m Table IV-6 for the case of the 

Coulomb restoring forces. Then we can obtain that a1 =0.97, az=0.09 for 

Sa-chain and a1 = 1.07, az = 0.02 for 4a-chain. Therefore, it can be under

stood that !){~~{, tends to broaden the level spacing about two times largely 

than the unperturbed one of ('li 2/2!lo)I(I+ 1). The disturbance of the 

I(I + 1) -rule due to !){~~{, is also appreciable but not so strong for the 4a

chain case. Next we change somewhat arbitrarily the strength of the 

restoring forces for the transverse vibrations and study the dependence of 

28.0 (MeV) 

(MeV) 

2. 

26.0 

25.0 

(MeV) 
3a-choin 

13.0 

9.0 

8.0 

7. ., 57f ., 
6 24 4 

Fig. 4 ·10. Energy spectra of the 3a- and 4a-chain systems as a function of the root mean 

square amplitude of the transverse vibrations. The values at arrow point correspond to 

the case of the Coulomb restoring potential. The ordinates denote the excitation energies 

in MeV unit. 
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138 H. Horiuchi, K. Ikeda and Y. Suzuki 

the energy spectra on the strength or on the root mean square amplitude, 

<o2
)

112 of Eq. (4·7). Figure 4·10 displays the calculated energy spectra. It 
can be seen from the figure that for the 4a-chain case the band head energy 
shows a good correspondence with the experimental one around the Coulomb 
restoring forces but the calculated spectra deviate from the observed 
spectra. As was expected, the experimental spectra are reproduced only 

when we assume the smaller zero-point amplitude ( <02
)

112=n/6) than the 
one in the case of the Coulomb restoring forces. However, the band head 
energy is strongly pushed up for the small amplitude. We can also see 
that for the 3a-chain case the band head energy does not reach to the 

experimental one, even if <0 2
)

112.:::--::::n/3, as was discussed before, but the 
spectra are fairly improved. 

4. 3 net-chain structures 

We have studied the experimental properties of 12C* from the viewpoint 
of the stability of the 3a-chain configuration and further examined whether 
the properties observed in 160 are derived under the assumption of the 4a
chain structure. At this stage it is interesting to consider theoretically the 
possibility of the linear chain structures composed of many a-particles on 
the basis of the knowledge obtained in the analyses of 8Be, 12C* and 160*. 
Here we attempt to derive the properties of the na-chain structures (n~5) 
with use of the alpha-particle model of which the parameters are chosen to 
be suitable for the case of 8Be and 160*. 

If we adopt the Hmniltonian given in Eq. ( 4 · 4), the energies of the 
na-chain states are expressed as the sum of three terms with different 
characters; 

(4·6)' 

The energy of EC!!)(n) is the correlation energy of the normal longitudinal 
vibrations due to the attractive forces acting between the neighbouring 
a-particles and the energy gain of EC!I)(n) is nearly proportional to the 
number n. The energy of ECl)(n) is a sum of the zero-point energies of 
the transverse vibrations caused by the restoring forces originated from the 
Coulomb interactions. Ec(n) is the Coulomb energy of the na-particles in 
the equilibrium positions without the contribution between the adjacent 
a-particles. Both Eel) (n) and Ec(n) are the positive increasing functions of n 
contrary to the energy gain of ECII)(n). 

The normal frequencies for the longitudinal vibrations are easily solved 
as follows, 

ln 
(l=1, 2, ···, n-1) (4·11) 
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Molecule-Like Structures in Nuclear System 139 

And the correlation energy EC!n(n) can be expressed with the following 

simple form: 

1 ( n 
2 

cot (n 1) Vo 

V !: (cot n (4·12) 

The last expression of Eq. ( 4 ·12) is obtained by equating the energy of 

2a-chain state ( 8Be) to zero; ( Vo ='A -.lko/2M~). The restoring potential 

for the transverse vibrations is assumed to be given by the increase of the 

Coulomb energy when the na-particles are displaced under the condition that 

· the distances of the adjacent a-particles are fixed; 

oV<1)(n) 

with (4·13) 
for i=1, .. ·,n-1, 

which IS expanded under the approximation of the s1nall displacement as 

Cl) 4ez 1 {n-1 
oV (n) ~-R 

2
R2 ;ECn,;(s; 

-0 0 1=1 

.~-1~(s; ( 4·14) 

with 

C ·=± ~- 1 
and s· (.1·· y.) 

n,t k~1 1=1 (k+l-1) 2 1 11 1 
• 

Diagonalization of the Hamiltonian with the 'potential energy avcl)(n) yields 

60 
(MeV) 

50 

40 

30 

20 

10 

n 
~o~-~.-~~~~~~o~~~.~~-~~~-

s-·-·-·-. 20 
--·--·--·--.. .. 

E
0

/hl -·-·-·-·-...·--. ..._. 

-10 

Fig. 4 ·11. Energies of the na-chain system calculated with the alpha-particle model. 
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140 H. Horiuchi, K. Ikeda and Y. Suzuki 

Table IV -7. Calculated energies of the na-chain system, where Eexc is the excitation 

energy of the na-chain from the ground state in the corresponding self-conjugate 

4n-nucleus. (unit in MeV) 

n 3 4 5 6 7 8 9 10 11 

E(n) 0.95 2.3 4.1 6.3 8.7 11.4 14.4 17.5 20.8 

Eexc 8.2 16.7 23.3 34.7 47.2 56.8 66.4 76.6 85.2 

n 12 13 14 15 16 17 18 19 20 

E(n) 24.3 28.0 31.8 35.7 39.8 43.9 48.2 52.6 57.0 

Eexc 96.5 107.9 119.7 - - - - - -

the normal frequencies for the transverse vibrations (degenerate in the x, y 

directions). 

The calculated energies of Eq. (4·6) are shown in Fig. 4·11 and 

Table IV-7. We see that the correlation energy EC!I)(n) approximately 

cancels the zero-point energies, E<l)(n), of the transverse vibrations in the 

wide range of n. Thus the energy of E(n) takes the value near the Cou

lomb energy Ec(n). 

To know how the a-particles deviate from the linear chain configura

tion, we calculate the mean value of the following operator, as defined in 

Eq. (4·7) 

(4·15) 

This operator represents the local deviation from the linearity for the 

neighbouring three alpha-particles. The value of (02
)

112 is shown in Fig. 

4 ·12, where the expectation value is taken with respect to the ground state. 

We see that (02
)

112 decreases with increase of n, which means that the 

linear arrangement becomes good for the long a-chain. (It should be noted 

that the value of (02
)

112 rapidly decreases at n:::::::::4.) 

<
"2{< 

1.1 8' 

1.0 

0.9 

0.8 

0.7 

06 
5 

n 

10 15 20 

Fig. 4 ·12. Root mean square amplitude of the transverse vibrations in the na-chain 

system. 
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Molecule-Like Structures in Nuclear System 141 

We have solved the Hamiltonian for the na-chain under the bound state 

approximation, assuming that the na-chain states are quasi-bound. · Next we 

consider whether or not the na-chain structures exist as the quasi-bound 

states or resonances. For that purpose it is useful to note that such peculiar 

states with the a-chain structure decay dominantly into the specific channels 

where the fragment nuclei are also of chain configurations, as was discussed 

in §4. 1. Here only two-body decays are taken into considerations, 

na-chain-- (n ~ k) a-chain+ ka-chain. 

(n k'?:.k) 

(4·16) 

A rough criterion for the existence as the quasi-bound states is given 

by the comparison of the Q-values with the Coulomb barriers for the various 

decay modes. The Q-values are estimated by use of the energies for the 

na-chain structures, that is, E(n)~E(n~k)~E(k). (Use is made of the 

experimental values for n = 2, 3 and 4, where the energy for n = 3 is 

taken as of the second excited zero plus state in 12C.) The Coulomb barrier 

is roughly estimated by the Coulomb energy between the two fragment 

chains which contact with each other in row. Table IV-8 displays the 

Q-values and Coulomb barriers for the various decay modes up to n = 10. 

Table N -8. Comparison of Q-values with Coulomb barriers for the decay modes of 

na-'>(n-k)a+ka; Q-value written in the upper and Coulomb barrier in the 

lower part. 

~z 1 2 3 4 5 

10 
3.15 6.00 8.43 8.94 9.30 

3.61 5.91 7.39 8.24 8.51 

9 
2.94 5.56 7.74 7.95 

3.45 5.58 6.86 7.48 

8 
2.71 5.07 6.94 6.80 

3.28 5.20 6.26 6.60 

7 2.45 4.51 6.02 

3.08 4.78 5.56 

6 
2.15 3.85 5.51 

2.85 4.27 4.71 

5 1.80 3.64 

2.57 3.66 upper-Q-value 

lower-Coulomb barrier 

4 1.94 2.13 
unit in MeV 

2.24 2.88 

3 0.28 

1.79 
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142 H. Horiuchi, K. Ikeda and Y. Suzuki 

We see that the difference between the Q-values and the Coulomb barriers 

is small in this region (n<10). We thus infer that the na-chain structures 

may exist energetically as the quasi-bound states. It is noted here that for · 

the large na-chain the rotational spectra are condensed, and so, if they 

exist, the na-chain structures may be found as the gross resonances rather 

than the quasi-bound states. 

We evaluate semi-quantitatively the decay widths of the 5a- and 6a

chain structures which may most likely be· observed experimentally. For 

these cases, the decay scheme is presented in Fig. 4 ·13. The partial decay 

widths defined by Eq. (2 ·1) for the channels of Eq. ( 4 ·16) are calculated 

with use of the following formula for the spectroscopic factors which are 

obtained in the a-Boson limit; 10
) 

X CLtOL20 I L30) 2 (L30L40 I LO) 2 
( 4. 17) 

1)(n k)(n k+1)A)SLz(i(k 1)k(k+1)A)SLlk(n-k)nA) 

--r--- 23.28 

_1_0.0 

----19.17 
a+a+a+a+a 

20
Ne (MeV) 

--:--- 34.74 

----21.48 

4a+a 

----19.64 

3a +2a 

(a) 5a chain 

---32.59 

Sa+ a 

---30.89 

4a + 2a 

---29.23 

---28.48 3a + 3a 

T _.....;.__0.0 (b) 6a- chain 

(MeV) 

Fig. 4 ·13. Decay schemes for the 'states with the 5a- and 6a-chain structures. 
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Molecule-Like Structures in Nuclear System 

Table N -9. Calculated partial widths for the decays from the states with the Sa

and 6a-chain structures. 

(a) Sa-chain (L=O) 

decay channel 4a(Ll=O) +a 4a(Ll +a 3a(Ll=O) 

Q-value (MeV) 1.80 l.SO 3.64 

L4 0 2 0 

ez 0.0433 0.203 0.00779 

channel radius (fm) 10.0 11.0 10.0 11.0 10.0 11.0 

penetrability PL4 
0.83) 1.27 0.112 0.234 3.18 4.24 

r (keV) 14 18 9 1S 6 7 

(b) 6a-chain (L=O) 

decay channel 6a(L1=0) +a 6a(L1 +a 6a(L1 +a 

Q-value (MeV) 2.15 1.95 1.50 

L4 0 2 4 

ez 0.0252 0.121 0.200 

channel radius (fm) 12.0 13.0 12.0 13.0 12.0 13.0 

143 

penetrability PL4 1.61 2.22 0.613 1.02 0.00895 0.0240 

r (keV) 11 12 19 28 0.5 1 

where L, L1 and L2 are the angular momenta of the parent and two frag

ment chains, respectively, La is the vector sum of the angular momenta of 

the two chains, L4 is the relative angular momentum between the two 

chains, A means vRo
2 and !JL(z) is the modified spherical Bessel function 

defined by ,;;-;zCz/2)Lb':=o(z/2) 2n/n!r(L+n+3/2). (v is the size param

eter of a-particle.) The calculated partial widths are shown in Table IV -9, 

wher'e the channels with a very small contribution are omitted. The channel 

of (n l)a a is seen to contribute mainly to the decay and the other chan

nels have very small partial widths because of the smallness of the penetra

bilities and/or of the spectroscopic factors. Thus we have obtained the values 

of a few ten keV as the decay widths for n 5 and 6, which are the same 

order as the experimental decay widths of the levels ( 4+ and 6+) in the 

anomalous rotational band of 160. For the estimation of the decay widths, we 

used the Q-values given in Table IV-8, although there are some ambiguities 

Table IV -10. Dependence of the decay widths on the Q-value around 

the theoretical one. 

?>Q (MeV) Sa-chain 6a-chain 

-0.25 18 19 

0.0 40 41 

0.25 78 72 

(unit in ke V) 
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144 H. Horiuchi, K. Ikeda and Y. Suzuki 

in the theoretical study on the energy of the na-chain system. We examine 

the dependence of the decay widths on the Q-values around the theoretical 

ones. Table IV -10 shows that the dependence on the Q-values is not so 

strong for the case of the alpha-chain structure. 

§5. Multi-molecular structures with the linear chain 

configuration 

The studies of the multi-molecular structures with the linear chain 

configuration have been developed for the cases of the alpha-particles in §4. 

As a natural extension, we can take up the problems of the other linear 

chain structures consisting of the alpha-particles and the other constituents 

with the closed shell nature, like 12C and 160. For such linear chain struc

tures the direct experimental informations have, been scarcely known and 

then the theoretical considerations are expected to be developed steadily 

only when the knowledges of the di-molecule-like structures are fully availa

ble. 

Since we have understood the characteristic natures of a-C and a-0 

as summarized in §§2 and 3, it will be possible to extend the studies to the 

linear chain structures which are com1ected with the bonds of a-a, a-C 

and a-0. Such kinds of linear chain structures have many varieties of the 

configurations including the alpha-chain ones, which are listed up for the 

three-body cases; 

1
• ) a-a-a, ii) a-a-C, a-a-0, iii) a-C-a, a-0-a, 

iv) C-a-C, C-a-0, 0-a-0 (5·1) 

and for the four-body cases; 

i) a-a-a-a, ii) a-a-a-C, a-a-a-0, 

iii) a-a-C-a, a-a-0-a, 

iv) C-a-a-C, C-a-a-0, 0-a-a-0, 

v) a-C-a-C, a-C-a-0, a-0-a-C, a-0-a-0 (5·2) 

and so on. 

The studies in this section are mainly devoted to the cases of the three

body as the first step of the considerations for the more general linear chain 

structures. The actual interests are most strong for the three-body cases, 

because they will have many chances of the observations through the heavy 

ion reactions. Especially the case iv) of three-body in which two large 

subunit nuclei are connected with an intermediate alpha-particle is interes

ting, since it is one of the most typical examples. 

If the cases of C-a-C, C-a-0 ~and 0-a-0 are compared with the 
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Molecule-Like Structures in Nuclear System 145 

case of a-a-a, it is easily supposed that an essential difference between 

them is the increase of the effects due to the Coulomb interactions. We 

assume that the linear chain configurations are in the local equilibrium. 

We can easily know the characteristic roles of the Coulomb interaction 

between the subunit nuclei at both sides by expanding it around the local 

equilibrium; the zeroth order contributes to the energy shift, the first order 

for the longitudinal displacements plays the role to separate the subunit 

nuclei and the second order for the transverse displacements behaves as the 

restoring force against them. Since the coupling constant of the Coulomb 

interaction is roughly proportional to Z//A1 113cx:il} 13
, where the subunit 

nuclei on both sides are assumed to have the same mass, A1, and charge 

number, Z1, the roles of the Coulomb interaction increase rapidly with mass 

number, A 1• Then the flexibility toward prolongation and the stiffness 

against bend are understood to increase for the cases of the large subunit 

nuclei on both sides. 

In the case of three alpha-particles, the restoring force due to the 

Coulomb interactiohs has been shown in §4 not to be strong enough to 

confine the zero-point oscillation around the linear chain configuration. 

However, the rapid increase of the coupling constant with mass number, 

A 1 , is considered to bring about the stabilization of the three-body linear 

chain structures like as C-a-C, C-a-0, 0-a-0 and others. Increase of the 

flexibility toward prolongation brings us an interesting problem that the 

molecular structure may appear more clearly in such a linear chain case of 

three-body than in di-molecular cases; for example, although the di-Inolecule

like structure is not' clearly seen in the ground band of 20Ne, the molecule

like structures of C-N e and 0-Ne are rather expected to be realized as 

those of C-a-0 and 0-a-0. 

5. 1 The interactions between an alpha-particle and a residual core 

in the contact region 

The studies of the alpha-chain structures have been done on the premise 

that the ground band of 8Be has the intrinsic structure consisting of two 

alpha-particles which weakly couple with each other. The energy of the 

ground state has been therefore utilized as the binding energy of weakly 

coupled two alpha-particle system, Eo (2a), which is nearly equal to zero. 

As for the di-molecule-like structures of a-C and a-0, the binding energy 

of E 0 (a, C) and Eo(a, 0) can be also obtained from the experimental energies 

of the rotational bands with these intrinsic structure by using the following 

formula; 

Eo(a, A)= ~ (EoC-)(a, A)+ E/t-)(a, A)) 

=Eoc~)(a, A) ~-.dE 0 (a, A), (5·3) 
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146 H. Horiuchi, K. Ikeda and Y. Suzuki 

where Eo<±) are the energies of the negative ( ) and positive ( +) parity bands 

measured from the threshold and ilE 0 (a, A) is the gap energy between them. 

Since we have clearly identified the di-molecule-like struCtures in the negative 

parity bands (as was studied in §2), the empirical energies of these bands 

can be used as Eo<-)(a, C) and Eo<-)(a, 0). However, the empirical energies 

of the positive parity bands cannot be used straightforwardly because their 

intrinsic structures are not necessarily the same as the negative parity bands, 

especially for the case of 20Ne. (See the discussions in §3.) Here we con

sider that it is rather better for the gap energy, ilE 0 , between both bands 

to take the values of 1 Me V;:S.dEo;:S3 MeV obtained theoretically. In the 

following discussions the gap energy is assumed tentatively to be 3.0 MeV 

for both cases of a-C and a-0. Then the binding energies are obtained as 

Eo(a, 12C) =0.6 MeV, 

E 0 (a, 160) = 0.7 MeV, 

which are also known to be nearly equal to zero. 

(5·4) 

To study the linear chain structures connected with· the bonds of a-a, 

a-C and a-0, we have to assume the potentials responsible for the relative 

motion by which the binding energies of Eq. (5 · 4) are reproduced. As was 

shown in §§2 and 3, the reduced widths and the moments of inertia of the 

negative rotational bands indicate that the zero-point oscillation for the 

relative motion is confined in the region around the contact distance. We 

assume therefore a simple potential with a harmonic oscillator type; 

(5·5) 

The parameter, Ro, expresses the equilibrium point for the di-molecular 

configuration and is assumed to be of the contact distance which is now 

given by 

(5·6) 

The parameter of the restoring force, Ko, is treated as an unknown para

meter. The potential depth, Vo, can be determined by using the following 

formula; 

(5·7) 

where M 12 is the reduced mass, M1Md CM1 + M2). In Table V -1, the 

potential parameters are given for the cases of a-a, a-C and a-·0, where the 

parameter, Ko, is assumed to be 20.6 MeV· fm - 2 for all cases. 
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Mole(ule-Like Structures in Nuclear System 

Table V -1. A typical set of parameters for the effective potentials in the contact 

region for the cases of a-a, a-C and a-0. 

a-a a-C a-0 

Eo (MeV) 0.09 0.6 -0.7 

Ko (MeV ·fm-2
) 20.6 20.6 20.6 

Vo (MeV) 10.3 7.9 8.9 

Ro (fm) 4.0 4.8 5.1 
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5. 2 The energies of the three- and four-body linear chain structures 

To estimate the binding energy for the linear chain structures, we use 

the same model as for the alpha-chain structure, that is, the interactions be

tween the adjacent subunit nuclei are assumed to be those defined by Eq. 

(5 · 5) and the interactions between the other pairs to be the Coulomb in

teractions. We give the general formula of the binding energies for the 

three-body cases; 

(5·8) 

and 

with 

(i,j = 1, 2, 3) 

where K;j is the coupling constant of the restoring force between the adjacent 

subunit nuclei (i, j), R;j the distance between the two subunit nuclei and 

M; the mass of the i-th subunit nucleus. For the four-body cases, the 

binding energies can also be given as 

(5·9) 

with similar notations as for the three-body cases. 

Numerical results of the binding energies are tabulated m Tables V -2 
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148 H. Horiuchi, K. Ikeda and Y. Suzuki 

Table V -2. Calculated energies for the three-body linear chain structures connected 

with the bonds of a-a, a-C and a-0. (unit in MeV) 

a-a-a a-a-C a-a-0 a-C-a a-0-a C-a-C C-a-0 0-a-0 

iiro~: 1 i 
14.67 11.48 10.95 14.67 14.67 8.47 7.91 7.34 
25.40 24.19 24.07 18.94 17.97 22.41 22.21 22.00 

ECII) -0.52 -0.31 -1.67 1.06 -1.48 -0.30 -1.71 -3.13 
ECJ.) 0.85 1.21 1.33 0.47 0.41 1.67 1.83 2.00 

Ec 0.73 1.96 2.53 0.59 0.56 5.35 6.93 8.98 

Eo 1.06 2.86 2.19 2.12 -0.51 6.72 7.05 7.85 

Eexc 8.3 14.8 16.2 14.0 13.5 30.6 30.8 31.0 

Table V -3. Calculated energies for the four-body linear 'chain structures connected 

with the bonds of a-a, a-C and a-0. (unit in MeV) 

a-a-a-a a-a-a-C a-a-a-0 a-a-C-a a-a-0-a C-a-a-C 

11.23 8.82 8.35 10.58 10.37 6.78 
iiro< 11) 20.74 19.03 18.84 17.34 16.68 16.94 1, 2, 3 

27.10 26.60 26.55 24.32 24.13 25.91 
EUI) -1.30 -1.20 -2.58 0.11 -2.49 -1.20 

iiroi;? 0.67 0.84 0.90 0.47 0.42 1.04 
1.25 1.67 1.82 1.32 1.42 2.18 

ECJ.) 1.92 2.51 2.72 1.79 1.84 3.22 

Ec 1.94 4.04 5.02 2.98 3.50 7.72 

Eo 2.56 5.35 5.16 4.88 2.85 9.74 

E.,. 17.0 26.6 29.2 26.1 26.9 40.6 

C-a-a-0 C-a-a-0 a-C-a-C a-C-a-0 a-0-a-C a-0-a-0 

6.34 5.90 7.07 6.66 6.87 6.41 
iiroi~~, 3 16.67 16.40 17.57 17.36 16.94 16.78 

25.84 25.77 22.41 22.29 22.15 22.00 
ECII) -2;62 -4.04 -0.08 -1.48 -2.69 -4.10 

firoW 1.12 1.21 0.57 0.61 0.51 0.55 
1,2 2.37 2.57 1.82 1.99 1.94 2.13 

ECJ.) 3.49 3.78 2.39 2.60 2.45 2.68 

Ea 9.45 11.54 '7.13 9.07 8.63. 11.03 

Eo 10.32 11.28 9.44 10.19 8.39 9.61 

Eexc 40.7 41.5 40.3 40.5 38.7 39.8 

and V -3 for the cases of the three-body and four-body linear chain struc

tures, respectively, when we use the parameters, Kij, V(Ai, Aj) and R;h 

given in Table V -1. The characteristics for the binding energies are very 

similar with the a-chain cases: The first term in Eqs. (5 · 8) and (5 · 9) is 

the correlation energy due to the longitudinal vibrations, the second term 

is the zero-point energy for the transverse vibrations and the energy gain 

of the first term cancels nearly the loss of the second term. Therefore the 

binding energies of Eo (A1, Az, A a) and Eo (At, Az, Aa, A4) become nearly equal 
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Molecule-Like Structures in Nuclear System 149 

to the Coulomb energies which are the third term of Eqs. (5·8) and (5·9). 

The model Hamiltonian includes the unknown parameter of Ko, which is 

here assumed to be 20.6 MeV· fm- 2
• 'The dependence of the binding energies 

on these parameters is, however, known to be very small. 

5. 3 The stabilities of the linear chain structures 

The instabilities of the linear chain structures are considered to arise 

along the direction of the two kinds of displacements, that is, the transverse 

and longitudinal ones. For the transverse direction the instability occurs 

due to the mixing of the linear chain structure with the lower order mole~ 

cular structures. If the amplitudes of the transverse vibrational modes 

become very large, three subunit nuclei contacts with one another and then 

the linear chain structure is possibly dispersed in a wide energy region as the 

results of the mixing due to the nuclear interactions. As for the longitudinal 

direction, we here take up only the instability due to decays or fissions. If 

the energy of the linear chain structure is nearer or larger than the top of 

the Coulomb plus centrifugal barrier for a decay or fission mode, the lifetime 

of the linear chain structure may become shorter than a periodic time of 

the zero-point oscillations. If so, the linear chain structure cannot be reali

zed. In the following, the stabilities for such two kinds of displacements 

are discussed for the three-body cases. 

To examine the stability for the transverse displacements, we calculate 
. A 

the mean value of the square of the angle coordinate of fJ, which represents 

the deviation from the linear arrangement. The mean value of <o2
)

112 

should be compared with the critical angle, Ocr; defined as the angle at which 

the three subunit nuclei contact with one another. A parallel comparison 

can be also done with use of the zero-point energy for the transverse mode 

instead of <o2
)

112
• In this case the zero-point energy is compared with the 

critical energy, aV.(fJcr), which corresponds to the increase of the Coulomb 

energy at Ocr· The comparisons of the above two quantities are made in 

Table V -4. The case iv) of Eq. (5 ·1), i. e., C-a-C, (C-a-0) and 0-a-0, 

IS found to satisfy the stability condition of 

Table V -4. Comparisons of the energy and of the amplitude for the transverse 

vibration with the respective critical values in the case of the three-body linear 

chains. 

a-a-a a-C-a a-0-a C-a-C 0-a-0 

<e2>1/2 1.08 0.89 0.85 0.56 0.47 

Bcr 1.05 1.15 1.17 0.94 0.91 

no/J.) (MeV) 0.85 0.47 0.41 1.67 2.00 

oVc(Bc,) (MeV) 0.73 0.86 0.89 3.71 5.65 
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150 H. Horiuchi, K. Ikeda and Y. Suzuki 

(5 ·10) 

On the contrary the cases i) and iii), that is, a~ a-a, a-C-a and a-0-a do 

not satisfy the condition of Eq. (5 ·10), namely, 

(5 ·10)' 

To exhibit the characteristics for the energy and the amplitude of the 

transverse vibration, we show in Fig. 5 ·1 the dependence of fi-w<l) and <o2
) 

on the mass (charge) number for the case of Aca-A1 according to the 

formulae; 

fi-w<l) =n {Zt2e2 (Ma + 2Mt) / 4Ro3Ma.Mt} 112
, 

<o2
) =n{ (Ma+ 2M1) /Z1 2

e
2RoMaM1} 112 

=fi-w<l)jE c, 

(5 ·11) 

where Ec is equal to Zt2e2/2R0• For the sake of the comparison, Ocr=cos-1 

(A/ 13/(A/13 +4113
)) and aVc(Ocr) are also drawn in Fig. 5·1. Equation 

(5 ·11) together with Fig. 5 ·1 shows that the values of nw<l) and <o2
) are 

nearly proportional to A/12 and A1-716
, respectively and that the stability for 

the transverse displacements increases with the mass (charge) number of 

the subunit nuclei on both sides. 

As mentioned before, the stability condition for the longitudinal direction 

(MeV) 

(rad2
) 

1.2 

1.1 

1.0 

0.9 
0.8 

0.7 

0.6 

0.5 
0.4 

0.3 
0.2 
0.1 
0.0 AI 0.0 

4 8 12 16 20 24 28 32 36 40 4 8 12 16 20 24 28 32 36 40 

Fig. 5 ·1. Dependence of the energy and the amplitude of the transverse vibration 

on the mass number of A1 for the case of the three-body linear chain of A1-a-A1. 
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Molecule-Like Structures zn Nuclear System 151 

can be expressed as 

(5 ·12) 

where the frequency of the transverse mode, a>Cl), is adopted to represent 

the periodic time of the zero-point oscillation because of oil)<m0/), and r is 

the decay width of the state with the linear chain structure. When the 

~ 24.52 

C+a+C 
C+ (a-C) 

--'--0.0 

28Si (MeV) 

T --'---0.0 

32S (Mevl 

---31.03 

T 
---0.0 

3't.r (MeV) 

\ 1675 __ __;..;....;.. 

C+O 

(a) C-a-C 

\ 16.54 

0+0 

18.97 

C+Ne 

(b)C-a-0 

22.48 
O+a+O 

~ 18.45 _ ___;_;;.;..;.;;... 

0+ (a-0) 

0+ Ne 

(c)O-a-0 

_24.30 

(C-al+O 

Fig. 5 · 2. Decay schemes for the cases of the three-body linear chains of C-a-C, C-a-0 

and 0-a-0. 
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152 H. Horiuchi, K. · Ikeda and Y. Suzuki 

condition of Eq. (5 ·12) is satisfied, the state is understood to be the quasi

bound state in which the linear chain structure can be realized within the 

lifetime of h/r. 
We discuss here about the decay widths of the states with the three

body linear chain structures, in order to see the stability condition of Eq. 

(5 ·12). The total decay widths ~re obtained as the sum of the partial 

.widths for the various decay channels. Similarly to the alpha-chain case, 

we assume however that the decays are possible only through the two-body 

decay channels, AcAc Aa-i> A1 + (Az-Aa) and (Ac Az) + A3. Figure 5 · 2 

displays the decay schemes for the cases of C-a-C, C-a-0 and 0-a-0. 

To know the magnitude of the partial width qualitatively, we compare 

at first the Q-value with the barrier height for the decay of AcAz-Aa-i> 

A1+ (Az-Aa). The Q-value is given by 

QL,L1 EL(A1, Az, Aa) -EL1 (Az, Aa), 

h2 
EL(A1, Az, As) EoCA1, Az, Aa) +2S L(L+ 1), (5 ·13) 

where L is the spin of the parent nucleus and S its moment of inertia 

and Li and S1 are the corresponding quantity of the fragment nucleus, of 

(Az-As). The classical moment of inertia is used for S and S1. The 

height of the Coulomb plus centrifugal barrier is estimated with the follow

ing equation; 

Z1Zze
2 + Z1Zae

2 

R1z +oR R1z + Rzs + (JR . ( M ~R)z' 
2p, R12 M _ 

3
M Rz3 11 

2 !-- 3 

(5 ·14) 

where Lz and 11. are the angular mom en tum and the reduced mass of the 

relative motion, respectively and oR is a parameter introduced to represent 

the indefiniteness of the channel radius (aR is here assumed to be 1.0 fm.). 

The values of EL CA1, Az, Aa), EL1 (Az, Aa) and VL 2 are shown in Fig. 5 · 3 for 

the above three cases. In these cases the Q-value is found to be smaller 

than the barrier height, especially for the small angular momentum L. It 

cannot be therefore expected to obtain the large penetrability. However, in 

the decay of the state with large L the Q-value is known to come near 

the top of the barrier due to the difference between the moments of inertia 

for the proportional constants of the rotational energy and for the centri

fugal potential near the channel radius. Therefore we can suppose that the 

high spin state may have appreciably large. partial widths. 

Next we estimate the partial widths according to Eq. (2 ·1), where the 
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20---21.69 

18---18.80 

16 16.21 

14---13.91 

12---11.90 

10---10.20 
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6---7.68 

4 6.86 
2=6.34 
0 6.12 

L C-a-C cL(MeV) 

20 22.05 

18---19.40 

16---17.03 

14 14.93 

12---13.10 

10---11.54 

8---10.25 

6---9.23 
4 8.48 
2=8.01 
0 7.84 

Lz barrier VL
2
(MeV) 

(al C-a-C• C+(a-C) 

20---21.06 
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12---11.88 
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20---21.55 

18---19.42 

16---17.50 

1'1---15.80 

12---14.32 

10---13.06 

8---12.02 

6 11.20 
4---1060 
2 10.22 
0 10.05 

8 8.95 

6---7.91 

4 7.15 
2=6.66 

L2 barrier 11..2 (MeV) 

0 6.45 

L C-a-0 £L (MeV) 

(b-2! C-a-O_..(C-a)+O 

6---12.45 

5 8.90 

4 5.93 

3---3.56 

2---1.78 

L, Ct (a-C )£,
1 
(MeV) 

6---12.45 

5 8.90 

4---5.93 

3--.-3.56 

2 1.78 

1---0.59 
o---o.o 

L 1 (C-al+O £L
1
(MeV) 

20---22.36 

20 21.07 

18 19.64 
18---18.87 

16 17.21 16---16.90 

14---15.05 14---15.16 

12 13.18 

'10---11.58 

10.25 

9.21 
8.45 
7.96 
7.75 

L c-a-0 E"L (MeV) 

12---13.64 

10---12.35 

8---11.28 

o---10.43 
--- 9.81 

9.42 
9.25 

L2 barrier VL 2 (MeV) 

(b··ll C-a-O...,.C+(a-0) 

20 21.35 

t:J---19.61 
20---18.96 

16 18.04 

18 17.03 
14---16.65 

16 15.29 12---15.43 

14---13.75 

12 12.42 

10 11.28 

8---10.33 
6---9.59 

~-- ~:96 
0 8.55 

L O-a-O£dMeV) 

10---14.40 

(cl o-a-0-;,. O-r(a-0) 

153 

6 10.40 

7.43 

4---4.95 

3.---2.97 

2--.- 1.49 

1---0.50 
o---o.o 

L 1 Ct(a-Q) E"L
1
(MeV) 

6---10.40 

5 7.43 

4 4.95 

3---2.97 

2---1.49 

L, O+(a-0) £L, (MeV) 

Fig. 5 · 3. Q-values and Coulomb plus centrifugal barriers for the decays of the three

linear chains of C-a-C, C-a-0 and 0-a-0 according to Eqs. (5 ·13) and (5 ·14). 
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154 H. Horiuchi, K. Ikeda and Y. Suzuki 

spectroscopic factors are given by 

Here A is vR0
2 and the oscillator parameters for the nuclei of A1 and Az 

are taken to be a common value of v for simplicity. We show in Table 
V-5 the calculated partial widths which have a large contribution to the 
total decay width. It can be seen from the Table that in the case of 
C-a-C the high spin states have surely large widths enough to have a 
possibility of being actually observed, but not so large as to violate the 
stability condition of Eq. (5·12). Furthermore, we can know that the cases 
of C-a-0 and 0-a-0 also satisfy the stability condition, in particular the 
decays of 0-a-0 are greatly suppressed because of the small penetra
bility. 

We have examined in detail the stability 

and (5 ·12) for the three-body cases and found 

except for a-a-a, satisfy the stability condition. 

condition of Eqs. (5 ·10) 

that almost all the cases, 

Other cases of the three-

Table V -5. Calculated partial widths for the decays of the three-body linear chain 
of C-a-C to C+ (a-C). The values of L, L1 and L2 denote the angular mo
menta of the parent nucleus, the fragment (a-C) and the relative motion, 
respectively. The channel radius is taken to be 9.48 fm. The oscillator parameters 
of a and C are chosen to be a common value of 0.23 fm- 2

• 

L Lz · L1 PL2 
02 r (keV) 

12 0 1.6 0.065 20 
12 

0.0032 2 11 1 3.6 

14 0 2.2 0.063 28 

14 13 1 '1.8 0.0026 1 

12 2 1.4 0.039 11 

16 0 5.3 0.061 66 

15 1 5.9 0.0021 3 
16 

2 6.2 0.038 48 14 

13 3 1.5 0.046 14 

18 0 6.0 0.058 72 

17 1 6.8 0.0017 2 

18 16 2 6.6 0.037 50 

15 3 5.2 0.049 52 

14 4 1.5 0.056 18 
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Molecule-Like Structures in Nuclear System 155 

body linear chain with the heavy subunit nuclei are expected to be in the 

similar situations. It is also noted that the four-body cases generally satisfy 

the above stability conditions. 

5. 4 Prolongation of the linear molecule-like structure due to the 
Coulomb interaction 

It can be expected that the linear molecule-like structure is prolonged 

due to the Coulomb interaction. Especially when the subunit nuclei are 

large, the prolongation effect becomes appreciable. This effect seems to be 

important for the formation of the linear molecule in nuclear system, because 

the prolongation is intimately related with the increase of the polarization 

into the subunit cluster. If the prolongation effect is strong, the nucleus 

with the indistinct di-molecule-like structure may have the distinct molecule

like structure when it appears as the subunit nucleus in the multi-molecule

like structure. In the following, we discuss qualitatively about the prolonga

tion effect, taking up the three-body case of (with Aa A1) as 

an example of the multi-molecule-like structures. 

For the convenience of the discussion, we express the energy surfaces 

of three-body linear structure, Ac Az-A a (Aa A1), and also of di-molecule

like structure, Ac A 2, as a functic;:m of the distance parmneters between 

two clusters, i. e., R12 and Rza for the three-body case and R for the two

body case. The energy surface of the two-body case is represented as 

(5 ·16) 

where ?f/'(r1, ... , rs: R) with B A1+A2 is a variational function. If we 

assume that the energy surface has a local minimum at R Ro, E(R) can 

be expanded as 

(5 ·17) 

The energy surface of the three-body case is conveniently expressed as 

the sum of the two terms 

(5 ·18) 

where E 0 (R12, R 23) is the expectation value of the Hamiltonian which in

cludes the Coulomb interaction between the adjacent clusters and L1Ec(R12, Rza) 

is the Coulomb energy between A1 and A a. The energy function of Eo (R1z, 
~ ~ 

Rza) can be expanded around the equilibrium point of R12 Ro and Rza Ro 
as 

~ ~ 1 ~ 2 

EoCR1z, Rza) =Eo(Ro, Ro) +2k1(R12 Ro) 

1 ~ 2 ~ 
+-zkt(Rza-Ro) +kz(Rtz-Ro) (Rza Ro) + .... (5·19) 
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156 H. Horiuchi, K. Ikeda and Y. Suzuki 

Since the distance of R13 = R1z + Rza is large, the Coulomb energy of .dEc (R1z, 

R1a) can be approximately given as 

(5·20) 

Using Eqs. (5 ·1~ and (5 · 20), we can obtain the equilibrium point 

of R12 Ro and Rza Ro at which the energy surface of Eq. (5 ·18) has a 

local minimum. The equilibrium distance between A1 and Az (Az and Aa) 

is found to deviate from Ro by 

(5·21) 

Here, the coefficient of kz in Eq. (5 ·19) is neglected because of kz~ k1. 

This deviation of oRo can be used as a measure of the prolongation due to 

the Coulomb interaction. If we can assume that the equilibrium distance 

of R 0 and the strength of the energy curvature, k1, are nearly equal to the 

parameters (Ro and ko) for the di-molecule-like structure, the difference of 

the equilibrium distances between the three-body and two-body systems can 

be given by oRo( Ro Ro=Ro Ro). 

In §3, we have shown the energy surface of the intrinsic structure of 

0-a by using the phenomenological two-body interactions. The energy curva

ture is found not to be so large, that is, ko 6 MeV· fm- 2
• If this value of 

k0 is used as k1, the distance betwen a and 0 in the 0-a-0 system increases 

by oR0=0.24 fm. When this increase of oRo is compared with the radius 

of the alpha-particle, it cannot be said to be necessarily small. When the 

subunit nuclei on both sides become big, the increase of oRo is expected 

to be remarkably large, because of the strong dependence on the mass 

number as oR0ocA1413 (Although the curvature constant, k1, also depends on 

the mass number, its dependence is considen~d to be weak.) If the same 

value of ko ( =6 MeV· fm -z) is assumed, the value of oRo for the case of 

Ca-a-Ca becomes abou_t one third of the radius of the alpha-particle. 

In this section, we have considered the linear multi-molecule-like struc

tures which involve the three and four subunit nuclei on the basis of the 

knowledge about the di-molecule-like structures of a-a, a-C and a-0 and 

found that these multi-molecule-like structure can be realized with a high 

possibility as the quasi-bound states near the top of the Coulomb (plus cen

trifugal) barriers. Among these multi-molecule-like structures, the three

body cases are considered to be most interesting in connection with the 

actual observations. Further discussions about these cases will be given in 

the final section. 
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§6. Summary on the molecule-like structures in nuclei 

The change of the structures is considered to be one of the most inte

resting problems in the nuclear physics. Due to the complexity of the action 

of the ;nuclear interaction, the nuclear system has been expected to have many 

varieties of the structure cha~ge. We have proposed that the most typical 

structure change in the self-conjugate 4n-nuclei is induced by the strong 

a-like four-particle correlation together with the externally weak character 

of the interaction between nuclei, and as the result of such a structure 

change the molecule-like structures are expected to be realized systematically 

near or above the threshold energy for the fission into the constituent 

subunit nuclei, as shown in Fig. 1·1. In this chapter we have tried to 

develop the molecular viewpoint in the light nuclei. 

The theoretical studies have been done for the nuclei, in the mass 

region of 8<A;S20, where the typical molecule-like structures have been 

known to appear at present. The special attention has been payed to extract 

the physical implications involved in the experimental properties of the 

states with the molecule-like intrinsic structures. Especially the decay widths 

and the energetic properties of the anomalous states in 12C, 160 and 20Ne 

have been carefully studied to assure the 1nolecular viewpoint. Through 

these studies the concept of the nuclear molecule and the structure change 

in the light nuclei has been enriched. At first we here summarize the 

present understanding for the nuclear system obtained by the studies based 

on the molecular point of view. 

The nucleus of 12C has been successfully investigated on the basis of 

the independent particle model (shell model and Nilsson model), and the 

jntermediate coupling shell model has been known to work very well40
) in 

reproducing all the observed levels up to about 17 MeV except the two 

anomalous levels (the o+ level at 7.66 MeV and the broad 2+ level around 

10.3 MeV). The most characteristic properties of the latter two levels show 

up in the alpha decay widths, of which the reduced widths are several times 

larger than the Wigner limit. In this chapter (§§ 4. 1 and 4. 2) we have 

discussed about the structures of these two levels from the molecular view

point. It has been pointed out from the theoretical analysis that the large 

alpha decay widths can be reproduced only when the two anomalous states 

have the structure composed of the three alpha-particles which are coupled 

loosely with each other but not of linear arrangement. This characteristic 

feature for the structure of the two levels is indicated to appear in the 

energetic properties. One of them is the magnitude of the level spacing 

between the two levels, which is not expected from the 3a-particles in a 

row but rather near that of the ground rotational band in 8Be. Therefore, 

the weak coupling of the three alpha-particle system can be also called the 

weak coupling between an alpha-particle and a Beryllium. Another energetic 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/p
tp

s
/a

rtic
le

/d
o
i/1

0
.1

1
4
3
/P

T
P

S
.5

2
.8

9
/1

8
9

7
5
7
6
 b

y
 g

u
e
s
t o

n
 2

1
 A

u
g
u
s
t 2

0
2
2



158 H. Horiuchi, K. Ikeda and Y. Suzuki 

property is the binding energy of the 3a system. As was studied m §4. 2, 

even if the transverse vibration is taken to be so large that the 3a-chain 

extends to the triangular configuration space, the energy of the 3a-chain 

structure is obtained to be larger than the experimental energy of the 

second excited zero plus state, while the energy of the 3a system with the 

triangular configuration is found to be a little smaller than the experimental 

one. 

If we remark that the state with the configuration around the triangular 

one has a very large reduced width (as shown in §4. 1), the anomalous states 

in 12C may be well described by the aggregation of the three alpha-particles 

which involve large fluctuations around the triangular configuration. In this 

sense, the triangular configuration is considered to correspond to the excited 

anomalous states but not to the ground state. According to this interpreta

tion, the energy of the anomalous states may be explained by taking into 

account the interplay of the ground configuration, e. g., the interplay of the 

oblate deformed structure with the molecular one. Thus we can reasonably 

conclude at present that the two anomalous states in 12C have the structure 

of the three alpha-particles which are coupled weakly with one another. 

The nucleus of 160 has been well known to have the typical closed 

shell structure and a part of the low-lying states can be interpreted in terms 

of the excitation modes with a few particle-hole pairs (e. g., 1p-1h and 

2p-2h) from the closed core of the ground state. However, the first excited 

state is the "mysterious zero plus" state upon which the rotational band 

is formed and cannot be easily understood on the basis of the shell model. 

When the shell model is applied to interpret the rotational band upon the 

mysterious zero plus state, the 4p-4h configurations have to be adopted as 

the dominant configurations. We can therefore realize the discontinuity 

between the structures of the ground state and the first excited zero plus 

state. This discontinuity is clearly indicated by the success of the interpreta

tion for the positive parity rotational band mentioned above in terms of 

the weak coupling model, where the level structure is explained to be due 

to the weak coupling of the correlated four particles with the residual core 

of 12C. We have chosen the other way of the study for this anomalous 

rotational band by introducing the molecular aspect as was mentioned in 

Chap. I and also § 1 of this chapter. 

One of the most convincing reasons for the necessity of the molecular 

aspect was provided by the existence of the negative parity rotational band 

with the di-molecule-like structure of a-C. The quantitative analyses of 

the alpha decay widths in §2 have clearly shown that the large experi

mental widths of the levels in the negative parity band can~ be understood 

only when the di-molecule-like structure a-C is assumed to be the intrinsic 

structure for them. Thus we were led to the interpretation of the rota-
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tional band upon the mysterious zero plus state as a part of the inversion 
doublet with the same di-molecule-like structure of a-C. The semi-quantita
tive studies in §3 on the gap energy between the two bands with o± 
have confirmed that the interpretation of the positive parity band as the 
inversion doublet is fairly suitable for 160 case (the interplay of the shell
like symmetric configuration with the di-molecule-like structure is not so 
large). This interpretation is also supplemented by the fact that the band 
head deviates from the threshold only by a small amount of energy. Thus 
we can conclude that the di-molecule-like structure of a-C is surely realized 
in the negative parity band and that it is also a dominant component of 
the intrinsic structure for the positive parity band. 

The existence of the positive parity band with the structure of a-C 
in the low excited energy region shows us that the structure change in 160 
is very rapid in spite of the nuclear. system with the small mass number. 
We may consider that the rapidness of the structure change is mainly due 
to the tightly closed shell nature of 160: If the closed shell nature is strong 
in 160, the di-molecule-like structure may be hardly coupled with the shell 
structure, since the interplay between the two different kinds of structures 
may arise mainly through the intermediate (deformed-like) structures, of 
which the energies are, however,· expected to be larger than that of the di
molecule-like structure. Such a situation is expressed in the study on the 
gap energy by the central barrier with a finite height, which reproduces 

. the experimental gap energy. 

In the system of 160, an anomalous rotational band with a very large 
moment of inertia was found at the excitation energy of about 16.8 MeV. 
Since the moment of inertia has a magnitude just expected from the 4a

chain in row, the intrinsic structure of this band is considered to be the 
4a-chain structure. Through the analysis of the decay properties, we have 
shown that although the experimental decay data at present are not sufficient 
to identify the 4a-chain structure for the anomalous band, the present infor
mations are not inconsistent with the assumption of the 4a-chain. 

We further tried to explain the energetic properties of the band head 

and the moment of inertia by using th~ alpha-particle model. As was 

shown in §4. 2, the energy of the 4a-chain structure was in a good agree

ment with the experiment but the moment of inertia was obtained to be 

about a half of the experimental one. However, evidently the pure rotational 

spectra with the very large moment of inertia cannot be reproduced without 

assuming such a strongly prolonged intrinsic structure as the 4a-chain. 

Therefore, in order to understand the experimental moment of inertia, we 

have to look for any other factors which are not taken into account in our 

simple alpha-particle model. 

The nucleus of 20Ne has been extensively studied on the basis of the 
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shell model41
)-

43
) and shows a good correspondence with the shell model 

states in the low excited energy region. A fair part of the levels, especially 

the ground rotational band has been well explained in terms of the SUa 

scheme. However, it has been known that there are many levels which 

do not correspond with the shell model states. The experimental facts are 

considered to indicate that the nucleus of 20Ne has a transient character from 

the shell-like structure to the molecule-like structure. We here summarize 

these experimental facts together with the theoretical reasons: 

i) One of the most important facts is the, existence of the negative 

parity rotational band, of which all the levels have a very large a widths 

comparable with the Wigner limit. The quantitative analysis of the a decay. 

widths in §2 confirmed that the intrinsic structure of this band is surely the 

di-molecule-like structure of a-0. 

ii) Another important quantity is the magnitude of the gap energy be

tween both bands, of which empirical value is about 5. 2 MeV. The semi

quantitative study in §3 shows that the experimental value is larger than 

that expected from the di-molecule-like structure by about 2.5 MeV. And 

also this value is smaller than that expected based on the shell model. In 

order to reproduce' the empirical value, we have to take into account the 

strong interplay between the symmetric deformed structure and the di

molecule-like structure for the positive parity band. 

iii) The ground band head deviates from the threshold of the a C 

channel by 4.7 MeV, which is also an important fact indicating the 

transient character of 20Ne. This point was discussed in §1 in comparison 

with the other cases of 160 and 12C and further detailed discussions are made 

in Chap. IV from the viewpoint of the weak coupling feature. 

iv) Next we should note that there are several excited zero plus states 

in the energy region of 6,....., 10 MeV, upon which the rotation-like spectra 

are formed. The shell model with (sd) 4 configuration can predict only one 

zero plus state in this energy region. 42
)·

43
) 

v) These rotation-like bands as well as the ground rotational band are 

found to be excited selectively by the reactions, e. g., the transfer reactions 

of an alpha-particle34
)·

35
) and also of Beryllium.44

) 

The transient character of 20Ne is in striking contrast to the case of 
160, where the closed shell structure and the molecule-like structure are 

rather separately realized in the actual states. In other words, this transient 

char·acter means that the interplay between the different kinds of structures 

is not weak in the nuclear system of 20Ne. It seems that the strong interplay 

is mainly due to the existence of the correlated four particles outside the closed 

core of 160, because they can be easily clusterized and also dissolved by the 

nuclear interactions. This feature was represented in the estimation of the 

gap energy in §3 by the potential with no central barrier and also examined 
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by calculating the energy surfaces from the microscopic point of view. 

Thus the nucleus of 20Ne can be pointed out to be one of the most interest

ing nuclear systems for the study on the mechanism of the structure 
change. 

Besides of a-a in 8Be, we already recognized the di-molecule-like 

structures of a-C and a-0 in 160 and 20Ne, respectively, and also the 

three and four alpha-particle structures in 12C and 160, respectively. As the 

next step of the studies about the molecule-like structures, we intended to 

develop the theoretical investigations concerning the multi-molecule-like 

structures, that is, the alpha-chain structures in §4. 3 and the linear chain 

structures connected with the bonds of a-a, a-C and a-0 in §5. Although 

one can consider the other kinds of configurations for the multi-molecule

like structures, the linear chain configuration is generally expected to have a 

high possibility of the existence by the reason that the Coulomb interaction 

favours energetically the linear chain configuration and that the interplay 

of it with the other configurations can be considered to be least. 

The series of the alpha-chain structures gives the energetical upper 

limit of the molecule-like structures in nuclear system. Using the knowledge 

obtained from the analysis of 8Be, 12C* and 160*, we estimated the energy 

of the na-chain structures and studied the stability of its linear arrangement. 

Due to the weakness of the Coulomb interaction, the stability was known 

not to be always satisfied, especially for the small number system of the 

alpha-particles. However, the local deviation from . the linearity for the 

neighbouring three alpha-particles was found to decrease appreciably at 

about n~4. Therefore it can be expected that the na-chain (n25) struc

tures have a high possibility of the real existence as a quasi-bound state or 

a resonance. The decay widths were theoretically obtained to be order of 

several ten ke V for n = 5 and 6. Although there are many difficulties to 

find experimentally a quasi-bound state with the singular structure, we can 

only suggest, for example, the reaction of O(a, 8Be)C* and C(C, C*)C* for 

the investigation of the alpha-chain structures with n = 5 and 6. 

In §5, we studied the more general multi-molecule-like structures con

nected with the bonds of a-a, a-C and a-0 and found that these kinds 

of linear chain structures could be realized with a high possibility as the 

quasi-bound state near the top of the Coulomb (plus centrifugal) barriers. 

In connection with the actual observation through the heavy ion reactions, 

we give a few remarks about the three-body cases, e. g., C-a-C, C-a-0 and 

0-a-0 in the following. 

The state with the tri-molecule-like structure qf (AcAz-Aa) is con

sidered to be excited through the heavy ion reactions and to have the 

various kinds of decay channels as shown schematically below, 
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162 H. Horiuchi, K. Ikeda and Y. Suzuki 

~++1:} -? (Ac Az-Aa) -? A1 + B 

~ A1+B* 

~ C+Aa 

~ C* Aa, (6·1) 

where A1, Az and Aa are the subunit nuclei, B and C are the nucleus of 

A 1 + A 2 and of Az+ Aa, respectively, and B* and C* are the di-molecule-like 

structures of (AcAz) and of (Az-Aa) in the fragment nuclei of B and C, 

respectively. 

We remark at first on the formation process of A1 + B-?(AcA2-A3). 

Since it is the weakly coupled system, the tri-molecule-like structure is 

considered to be formed through the two-body ion reaction of A 1 with B in 

the surface region. It is well known that in 'the surface region the active 

partial wave with angular momentum J can be determined by the incident 

energy of E (C. M.) from the relation of J(J + 1) =2ttR2Ejtr}, where 1-t is 

the reduced mass for the relative motion and R the contact distance be

tween the two nuclei of A1 and B. If the energy of the J-state in the rota

tional band with the molecule-like structure of (AcAz-Aa) matches with 

the incident energy of E for which the partial wave with the same angular 

momentum J is active in the surface region, the tri-molecule-like structure 

has a chance to be favourably formed by the heavy ion reaction. To illus

trate the above situation, we show. in Fig. 6 · 1 the relation between the 

incident energy with the J-th active partial wave and the energy of the 

rotational band. Since the energy of the tri-molecule-like structure is higher 

than the threshold energy of the two-body reaction as shown in §5 and the 

moment of inertia of the tri-molecule-like structure is larger than pR2
, the 

energy of the state with low angular momentum cannot match with the 

incident energy for the corresponding active partial wave but both the 

energies necessarily cross at a certain high angular momentum. 

Next we consider the decay process after the formation of (Ac A 2-

A3). The decay channels in Eq. (6 ·1) can be classified into the elastic 

channel of A1 + B with the exchange channel of C + Aa and the special kinds 

energy 

incident energy 

J(J+I) 

Fi~. 6 ·1. The relation between the incident energy with the J·th active partial wave 

and the energy of the rotational band with the molecular structure. 
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of inelastic channel of A1 B* with the corresponding exchange channel of 

C* +A a, where B* CA2-A3) and C* = (Ac A2). The significant difference 

in the above two kinds of channels appears in the channel radius at which 

the nuclear interaction between the daughter nuclei is not effective. If the 

intermediary subunit nucleus of A2 is a small element, e. g., an alpha-particle, 

the difference of the channel radii is considered to be order of a diameter 

of the subunit of Az. Therefore, though the Q-value for the A1 B* (or C* 

+ Az) channel is in general smaller than that of the elastic A1 +B (or 

C+ Az) channel, the height of the Coulomb plus centrifugal barriers at the 

respective channel radius becomes nearly equal at a certain angular mo

mentum, as shown schematically in Fig. 6 · 2. If the tops of the Coulomb 

(plus centrifugal) barriers for the two channels get nearer, the cross sections 

for the two channels may be comparable. Thus we can generally expect 

that the tri-molecule-like structure of (AcA 2-A3) is excited favourably as 

the high spin state and identified by the correlation between the elastic and 

the inelastic channels. 

energy barriers 

resonance state 
/lll/////!/11!!/11/11/!11111 VI II I 

r---~~~~~~~~~~~--~~--

' I 
I 
I 
I 

I 
I 

channel distance 

Fig. 6 · 2. Schematic picture which indicates the characteristic feature of the Coulomb 

plus centrifugal barriers for the decay of the resonance state with the tri·molecular 

structure through the elastic and the inelastic channels. 

A few molecular resonances have been found through the experimental 

study on· the heavy ion scatterings. For the resonances observed in the 

C+C scattering, a theoretical explanation was given by Imanishi45 ) as the 

resonance of C C* (2+ state at 4.42 MeV) with the small coupling of the 

C+C channel. In the scattering of 0+0, the quasi-molecular resonances 

with a gross structure have been also found and interpreted as the doorway 

states of the molecule-like structure of 0-0. 46
)·

47
) 

Unlike these di-molecular resonances, the resonances discussed here are 

of the tri-molecular structure. An example suggestive of this kind of reso

nances seems to be found by the recent experiments on the C (0, 0) C scat

tering,49) which have shown that the resonance state at 19.7 MeV (C. M.) 
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has the spin of 14 and that the inelastic scattering of C(O, O*)C to the 

first excited o+ state in 160 has a strong correlation with the elastic scatter

ing through this resonance. According to our estimation in §5, the energy 

of the state 14) with the molecule-like structure of C-a-C is about 

22 MeV from the threshold for the C + 0 channel, which is in good agree

ment with the experiment. The other example of the tri-molecule-like 

structures, e. g., C-a-0 and 0-a-0, can be also expected theoretically to 

appear as the resonances of the heavy ion scattering by C+ Ne or 0+0 

and by 0+ Ne. It should be noted that the arguments as stated above con

cerning the resonance state with the tri-molecule-like structure can be 

applied in the same manner to the other cases of the more general multi

molecule-like structure, for example, for the four-body cases discussed in §5. 

In the study of multi-molecule-like structures we have assumed the 

simple potential which is attractive only in the contact region as the interac

tion between the nuclei and chosen the potentiaJ parameters so as to fit the 

binding energy of the molecule-like structure identified by the experiments. 

This simple picture for the potential is considered to be theoretically tolera

ble when the molecule-like structure is really formed, where the relative 

motion between the subunits is· the dominant mode. In fact, according to 

the studies with the resonating group method for the states with the· di

molecular structure and the scattering of the two nuclei, if the assumption 

of the rigidity of the subunit nuclei is valid, we can understand that the 

relative wave function has the almost energy-independent nodal point as the 

result of the Pauli principle and has the small amplitude within the nodal 

point. Therefore in the case that we consider the quasi-bound state with the 

di-molecule-like intrinsic structure, we can replace the inner region by the 

hard (or soft) repulsive core at the nodal point.50
) It is a matter of course 

that the more extensive studies on the interactions between the complex 

nuclei have to be theoretically developed in order to obtain the fundamental 

concept of the interactions and the basis for the understanding of the more 

complicated molecule-like structures. 

We have demonstrated the real and possible existence of the manifold 

molecule-like structures in nuclear system, though our study is bas~d on the 

present limited experimental informations. The future development of the 

molecular aspect is expected to be more extensively made with the accumula

tion of new systematic data. The theoretical investigations will be develop

ed towards the following two · subjects as we emphasized through this 

chapter: One is to ask what kinds of molecule-like structures will be really 

able to exist in the nuclear system and then what kinds of motions will be 

the dominant modes in such structures. The other is. to understand the 

mechanism of the interplay between the different kinds of structures, that is, 

to know the mec;hanism. g£ the struGtl1re change jnto the 'molec;ule-like 
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Molecule-Like Structures in Nuclear System 165 

structures, taking into account the interrelation between the nuclear structures 

and the actions of the nuclear interactions. The problems of the structure 

change in nuclei can be said to become one of the central subjects in the 

theoretical and experimental nuclear study. 
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Appendix 1 

--Calculational methoa of the matrix elements necessary for the 

;valuation of the reduced width from the model "Wave function--

In this Appendix, we give the formulae which are utilized in §2. 2 for 

the calculations of the matrix elements (hL!QI([)L), where hL=YLo(!J,.)~o(a) 

¢o(C) and Q is either 1 or ..SV;j. The problem is how to execute the 

integration over the internal coordinates of two clusters (a and the core) 

and the angle !2,. of the relative coordinate using the totally antisymmetrized 

wave function ([)L· (This is essentially the same problem in the evaluation 

of the kernels in the resonating group tnethod.) Our method to calculate 

these matrix elements is the one given in Ref. 51). We here first explain the 

method and then, for the case of Q 1 in 20Ne, give the convenient formulae 

executing the procedure indicated in an analytical way. 

The aim of our method is to convert the integration over the internal 

coordinates of two clusters and the angle !2,. of the relative coordinate to 

that over the A individual nucleon coordinates and then to make the calcula

tion equivalent to that by the independent particle wave functions. First 

we include the length r of the relative coordinate in the integration using 

the delta function technique as follows, 

(Al·l) 
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166 H. Horiuchi, K. Ikeda and Y. Suzuki 

where the length of b is fixed to b while the direction of b can be chosen 
arbitrarily due to the scalar property of ¢0 (a)¢0 (C). Next, the total center
of-mass coordinate, Xc, is included in the integral, by using the following 
two relations (Al· 2) and (Al· 3). One is 

o/o(a) ( s;a r14

exp( 4vaXa2)¢o(a), 

o/o(C) =(2
:vcr

14

exp( CvcX/)¢o(C), 

A 4, (A1·2) 

where o/0 (a) and Xa, and o/0 (C) and Xc are the Slater determinantal 
oscillator wave function and the center-of-mass coordinate of a and the core 
clusters, respectively. Here the oscillator parameters va of a and vc of the 
core are considered to be different in general. The other relation is obtain
ed from the usual supposition that r])Lo has been obtained from the model 
wave function ?fl'Lo which includes A individual nucleon coordinates as follows, 

(A1·3) 

where ¢c(Xc) is a scalar function of only Xc. From (Al· 2) and (Al· 3) 
we can get the desired expression for (Al·l), in which the integration is 
carried over all the A nucleon coordinates; 

'II 

<a(r- b) ¢o(a) ¢o(C) I Q I r])L) 

= (n-2/16Cvavc) 314 
[ei'b

2
/<exp( -aXc2

- SXc· b) I ¢c(Xc)) J 

X <a(r- b)o/o(a)o/o(C) [ Q I ?Jl'L), 

8C 
a=4va+Cvc, {3=A(va-vc), 

4C 
r= A 2 (Cva+4vc). (A1·4) 

Here use is made of the relation, 

(A1·5) 

Now in . the final step, in order to make the calculation of the matrix 
element in (Al· 4) equivalent t~ those by the Slater determinants, we use 
the following expression for o(r-b) in (A1·4), 

(A1·6) 

The reason to use this expression is due to the separability of the factor 
exp (ik · r) as exp (ik · r) exp (ik ·X a) exp ( ik ·X c), which enables to in cor
pora te th:is factor in to "[rQ (a) 'tr/ C) as below 
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Molecule-Like Structures in Nuclear System 167 

eik·ro/0 (a)o/0 (C) =exp{- ( l~va + 4 ~vJ k
2

}o/o( a, - ~~ )o/o( C, 2 ~vJ' 
(A1·7) 

where o/o(a, e) (o/o(C,f)) is entirely the same as o/o(a) (o/o(C)) except 

that the center-of-mass is located around e (f) (namely, each individual 

nucleon coordinate r is replaced by r e (r-f)). Since 7Jl'Lo's in §2 are 

expressed by a Slater determinant or its superposition, we can easily 

calculate the matrix element <o/0 (a, e)o/o(C,f) IQIPJ) by the usual technique 

to evaluate the matrix element of a one-or two-body operator with Slater 

determinantal wave functions. (When 7Jl'Lo is of the type of the cluster model 

wave function, we need to apply to 7Jl'Lo the same procedure by which we 

have expressed o(r b)hL by the integral superposition of the products of the 

single particle wave functions.) When o/0 (a)o/0 (C) is scalar as in our case we 

can reduce th~ threefold integration to the integration over the single variable 

k I k I, giving the general formula of our method for <hL I Q j7J"Lo) as follows, 

<hLIQIPLo)r~b { 3 ~[.~1~~~J 
314

(2L 1)-
112

iLexp{(r 4(a!
2

Av))b
2

} 

X~~ dk· k 2jL(kb) <eikz,'~/ro(a)o/o(C) J Q IPL), (Al· 8) 

where z, is the z-component of the relative coordinate r, and we assumed 

that ¢c(Xc) (2Av/n) 314exp( AvXc2
). 

We below execute in an analytical way the procedure indicated by 

(Al· 8) for the evaluation of <hL I rih) in the case of the deformed oscillator 

1nodel wave function of 20Ne which includes SUa model wave function as 

the limiting case of v1 vz, and give the convenient compact formulae for 

<hL I rih). First the matrix element <e;kz'o/0 (a)o/0 (1
60) IPL) is put into the 

form of Eq. (Al· 9) using the definition of 7Jl'Lo as ..c~L~dSJD5'o(t2)R(t2)7J"((90)) 

(7J"( (90)) is defined by the intrinsic state of Eq. (2 · 4) of §3. 2 with the one 

modification of vz*vl); 

The matrix element in the integrand of the above equation is calculated by 

the ordinary technique to evaluate the overlap of two Slater determinants 

as follows, 

<eikz'o/o(a)o/o(160) I e-iSLy j7J"( (90))) 

= V 4! 16T <~~l/J~l/J!xl/J!yl/J!z j7J"( (90))) 

B 
= ~ (~O) exp{- (r-Acos'!l)k'} · (kcosfJ) (k'cos'fJ 3g) (k2cos2[j- g) 3

,. 

(Al·lO) 
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where 

H. Horiuchi, K. Ikeda and Y. Suzuki 

if>s ( 
2
;ex Y' 4

exp{ VexX
2 

+k13•x}, , 

f!>s ( 
2 ~ 0 Y' 4

exp{ -voX
2

- {
6 

ks·x}, 

¢Px 2~ Xf/>s, f/Jpy 2,1 vo Y¢s, f/>pz 2,1 Vo z¢s, 

k 13 (- k cos/3, 0, k sin/3), 

B, r? A, g: simple functions of vo, vex, v1 and vz independent 

of k and i3 such as 

A vz-Vl vz-lll 
16(J.J_,+vex) (J.JL+J.Jex) 64(J.Jz+vo)(vl+vo) • 

Here ¢/ stands for ¢/'+¢/-¢/+¢/- and n+ indicates a neutron (p=proton) 
with spin up etc. The integrations on k and f3 are done by expanding 
exp{Ak2cos2/3} term in (A1·10) as ~:=oAnk 2 n(cosf3) 2 n/n!. We give the result-

ing YL ,! CD (hLI rlh) in the form ~N?;,LCLNRNL(r, 16J.JB/5) with J.JB= (5vexJ.Jo 

+ 4wex + wo) / (5J.J 4J.Jo+ vex), 

A 4 Hl 

CLN =z1·Z2~0(N-9 2j)aiGi~ Enpncnza(n), 
j=O n=no 

__ /-82 A {(5v+4vo+J.Jex)
2 

}
314 

{ 2(5vz+4J.Jo+J.Jex) _/-}
9 

z1 --- v < • nL VB • v v J.J 90
) 100J.Jo!.Jex/.J 5 (J.Jz + J.io) (vz + J.Jex) z B 

X (2,;;;:) 4

(2,!~)2(2,!M)24(2,!~)12' 
lll + /.Jex liz+ /.Jex lll + J.lo liz+ J.lo 

S2 (
54
,!9TT)

2

~0.344 
(90) 215 ' 

1 _/(Fl+ L + 1) ! ! (9 L) 1 1 (10 + L) 1 1 
zz=grv (N-L)!! - .. · .. , 

O(x) = {1 x:2::0, 
0 x<O, 

ao 1, a1 -6, az 12, aa= 10, a4 3, 

G = 40 (vz + vo) (J.Jz + !.Jex) (J.Jo- vex) 

(5v.: + 4J.Jo + J.Jex) 
2
VB ' 

n1 N- 9+ no max(o, L-~+ 2 L), 

E {4 (J.Jz + !.Jo) (!.Jl + !.Jo) + (J.Jz+ !.Jex) (J.Jl +Vex)} liB(!.Jz- J.il) 

5 (J.Jz + vo) (J.Jl + J.Jo) (J.Jz +Vex) (!.Jl +vex) 

za(n) (A1·11) 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/p
tp

s
/a

rtic
le

/d
o
i/1

0
.1

1
4
3
/P

T
P

S
.5

2
.8

9
/1

8
9

7
5
7
6
 b

y
 g

u
e
s
t o

n
 2

1
 A

u
g
u
s
t 2

0
2
2



Molecule-Like Structures in Nuclea1· System 169 

Here nL is NL/NL(Vz VJ.) where NL(Vz VJ.) is NL in the SUa limit vz=vl., 

namely, ,12L+-i/(81t'2). V(9 L)!! (10+L)! !/9! and the factor s~90) is sl 

value in the case vex. vo VL V;eo 

In the SUa limit Cv1. vz v and therefore A 0) the expansion of YL is 

compactly done with the choice of oscillator parameter (16/5)v rather than 

(16/5)vB because this choice gives a finite expansion series as follows, 

(A1·12) 

The coefficient CNL in this expansion is given by 

_ --~(2-./ Xcx.)
9

'

2

(2-./ Xo)
6912

• / (10+ L)!! (N-L)!! 
CNL-VSZc9o> 1+xcx. .1+x~ V (9--L)!!(N+L+1)!! 

X c
9

~>'
2

a·{ 32(x0 -xcx.) }j{ 2(5+4xo+xcx.) 
i=O 

1 5 (1--J- Xo) (1 +xcx.) 5(1 + Xo) (1 + Xcx.) 

\ (9-N)/2-j 

1t 
~L 

( 

2 ) (9 2j)!! (9 L)!! 

X 9-21-}{. 9!(9 2j L)!! ' 

(A1·13) 

Here the definitions of a/s are the same as (A1·11). 

Appendix 2 

--Correction factor for the normalization constant--

Here we give the formula to evaluate the correction factor for the 

normalization constant of a given model wave function f!h due to the altera

tion of the tail of yL(r) of this flh. We decompose f/JL as is shown in the 

footnote on page 109, 

(A2·1) 

Then YL is given as follows: 

(A2·2) 

where 

From this we see that the modification of Yr.. (to yL) means that of eL (to 

eL) and consequently that of f/J1- (to ~L) with the following mutual relations, 
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170 H. Horiuchi, K. Ikeda and Y. Suzuki 

(A2·3) 

Hete mL is no more normalized to unity. We normalize this @L by multiply
ing the correction factor fL as follows, 

(A2·4) 

(Accordingly the reduced width is written as Ol(a) = (a 3/3)flyL 2 (a).) The 
factor /L is evaluated by the following normalization condition: 

1=~vdr(?JLN) 2 

=/L
2
{,; qAc~:dr·r 2 eL(r)yL(r) + ~vdr (a>/)

2
}, (A2·5) 

where V denotes the interior region specified by the channel radius a. The 

term of ~vdr(a>/) 2 is obtained from the normalization condition for the 
original model function of a> L as 

1 = ,lqAc ~: dr · r
2
eL (r )yL (r) + ~v (a>l) 2dr. (A2·6) 

Then we obtain the formula for /L from Eqs. (A2 · 5) and (A2 · 6); 

If we use the relations that yL--~yL, eL=eL in the inner region and yL=,! qAneL, 
~YL=VqAceL in the surface region, the correction factor of /L is approximately 
gtven as 

(A2· 8) 

In the above argument we regarded that the model wave function (/h, 
is normalized to unity in the internal region specified by the channel radius 
a. If the model wave function is normalized in a whole space (as· we 
usually do so), it is further needed to multiply the correction factor of UL 
to yL(r) as is explained in the following: In these cases the normalization 
equation of the original model wave function is written as 

(A2·9) 

The factor g L is defined by the required normalization condition of 

(A2·10) 
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Molecule-Like Structures in Nuclear System 171 

When we note the relations Svdr (<1>/) 2 ~Sdr (<l>LR) 2 and vi qAceL (r) = YL (r) in 
whole space 

the outside region (r ~a), we can get the expression for g L from (A2 · 9) 

and (A2 ·10) as below, 

(A2·11) 
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