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Chapter III. Production, Structure and Decay 43 

§ 1. Introduction 

Recently structures of light hypernuclei attract particular interests, because the 

strangeness-exchange (K-, Jr) reactions have been providing important information on 

excited states of A and 2: hypernuclei. In fact the (K-, Jr) reaction experiinents done at 

CERN,1l-7> Brookhaven8 >-to> and KEK 11> offer new data such as excited state energies, 

production intensities and- level widths for a number of hypernuclei. In a few cases even 

the hypernuclear y-rays7 >,to> and pion angular distributions9> have been observed. These 

experiments, in addition to the previous emulsion studies12
> giving the ground state 

energies, opened a gate to the 'hypernuclear spectroscopy' which is expected to disclose 

dynamical aspects of the hypernuclear structure. 5>'13>- 25> Accordingly the theoretical 

investigations are required to be leveled up, so that predictions of various physical 

quantities as well as explanations of the existing data can be made in neccessary details. 

In this chapter we present the results of a systematic study of the light hypernudei 

enclosed by the hatched boundary on the chart, Fig. 1, of the known hypernuclides. In 

these hypernuclei the cluster aspect is essentially important,2 n"23
> since the aspect is 

widely proved to be indispensable in describing the corresponding ordinary nuclei. 26
>'

27
> 

From this point of view, in the previous papers/1 >- 23> we have investigated these hypernu

clei by employing the microscopic three-cluster model. This line of our works is summa

rized and extended here to study the production, structure and decay of these hypernuclei. 

The shell model is, of course, of fundamental importance as has been widely demon-
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Fig. 1. Chart of the observed il-hypernuclides, in which those in the hatched region are concerned in 

this chapter. Based on the chart by Povh (1979), 6
> the newly reported species have been added to 

complete this figure. 
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44 T. Motoba, H. Banda, K. Ikeda and T. Yamada 

Table I. Alpha and "x" clusters composing the light P-shell nuclei and A-hypernuclei. 

Sx+ SA(1/ 2) = S. 

"a+x" Spin(Sx) "a+ x + .!1" Spin(S) 

5He a+n 1/2 ~He a+n+A 0, 1 

su a+P 1/2 ~Li a+p+A 0, 1 

6Li a+d 1 ~Li a+d+A 1/2, 3/2 

7Li a+t 1/2 ~Li a+t+A 0, 1 
7Be a+ 3 He 1/2 ~Be a+ 3He+A 0, 1 
8 Be a+a 0 ~Be a+ a+ A 1/2 

(
9 Be a+a+n 1/ 2) (~He a+ A 1/ 2) 

strated in the systematic applications by Dalitz, Gal, Dover and collabora

tors.14>'17>-zoJ,z4J,zsJ An extended shell-model approach has been also applied to light hyper-

nuclei by Zofka et al. 28 >' 29> Zhang et al. 30> have performed the SU(3) group classification 

for the A= 9-13 hypernuclear spectra. On the other hand, for the ground state properties 

of light hypernuclei, Bodmer et al. 31> have recently revived the cluster modeJ32>- 34> in 

which the constituents are treated as structureless particles. The weak -coupling basis 

procedures are recently employed35 >'36> to treat the interplay between a A particle and the 

nuclear shell-model excitations. 

We consider that the shell-model and cluster-model aspects are both crucially impor

tant to describe the light P-shell hypernuclei.21 >'23J The incorporation of the two in

gredients can be achieved by the microscopic treatment for the three-cluster (a+ x +A) 

systems listed in Table I (x = n, P, d, t, 3He or a). In the present model the a and x 

clusters are treated to be composite and the antisymmetrization among all nucleons are 

properly taken into account. The microscopic cluster model can describe both of 

well-developed cluster wave functions and important shell-model configurations without 

any spurious center-of-mass excitation. This feature is desirable to the realistic esti

mates of physical quantities, since, for example, the (K-, Jr-) reaction populates the 

hypernuclear states up to rather high excitation energy. 

With this model we make an extensive spectroscopic investigation with emphases on 

the structure characteristics, (K-, Jr-) production rates, electromagnetic transition rates, 

and the particle-decay and weak-decay properties. We are also interested in the effect of 

using the realistic effective AN interaction based on the Nijmegen OBE model-D37J which 

is given in Chapter II.38> 

In §2 the microscopic three-cluster model is formulated. We treat a variety of states 

where the A particle and/or the core nucleus are allowed to be excited. The channel

coupled secular equation is obtained and the cluster-model expressions are given for the 

physical observables. In §3 the calculated results for the ~Be case are presented and 

discussed as a typical example among the hypernuclei concerned. In the last part the 

results with the realistic AN interaction are compared with those of the one-range 

Gaussian interaction adopted throughout the chapter. The calculated results for the 

other hypernuclei, ~Li(~Be), ~Li and ~He(~Li), are presented in this order in the subsec

tions of §4. In §5 are described the expression and the estimates of the Jr-mesic decay 

rates. Section 6 is devoted to an advanced treatment for the resonance-peak widths in the 
9Be(K-, Jr-)~Be reaction. The channel-coupled scattering equation is solved and the 

mechanism of the 'high' -lying resonance is explained. In § 7 the main results of this 
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Chapter III Production, Structure and Decay 45 

chapter are summarized. 

§ 2. The microscopic a+x+ A three-cluster model 

2.1. Model wave function and equation of motion 

For the microscopic description of low-lying states of light P-shell nuclei, the a+ x 

two-cluster model works well within the framework of the generator coordinate method 

( GCM). 39
>'

40
> The wave function ( wf) with the a-x orbital angular momentum l and spin 

S x is expressed by 

(2·1) 

where j = l + Sx and flj (d) is the GCM amplitude and (]J (l; d) the GCM basis wf, 

(/)(!; d) )ll Bax ~ (4~x; )! Jl' { ¢a¢xl"t( r; d) y,(f) }, 

rpz( r; d) =4Jr( h br) - 312exp[- ( r 2 + d 2
) / 2br2

] g z ( rd/ br2
), 

br=/(4+x)/4XbN, bN=/h/MNQ. 

(2· 2) 

(2·3) 

(2·4) 

Here ¢a(¢x) represents the internal wf of a(x) cluster with h.o. (Os)
4 

((Os)x) configuration. 

The operator Jl' in Eq. (2· 2) antisymmetrizes the nucleons belonging to different clusters. 

The generator coordinated in the wave packet rpz( r; d) specifies the a-x distance, and the 

g z(z) in Eq. (2·3) is the spherical Bessel function with an imaginary argument. The 

amplitudes flj(d) in Eq. (2·1) are given as the solutions of the GCM equation 

(2·5) 

where the energy and normalization kernels are defined by 

(2·6) 

Now adding a A particle to the a+ x nucleus and choosing the coordinate system 

shown in Fig. 2(b), the model wf of the hypernucleus can be expanded as 

(2·7) 

where c= {!,A, L, S} denotes a channel of the angular momentum coupling, with A 

referring to the (ax )-A coordinate. The relevant spins with the coupling Sx+ SA= S are 

listed in Table I. The relative wf between the A particle and the center-of.·mass of a+ x 

nucleus is spanned by the normalized harmonic oscillator (h.o.) basis with the size 

parameter b R: 

UKA.(R) = UK).(R) Y).(R), K=2v+A, (K=number of h.o. quanta) (2·8) 

bR=/{(4+x)MN+MA}/(4+x)MA bN. (2·9) 

The br and bR are chosen to facilitate Moshinski transformations into different Jacobi 

coordinates. 
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46 T. Motoba, H. Bando, K. Ikeda and T. Yamada 

The total Hamiltonian of the a+x+A system includes, in addition to the (4+x)

nucleon part Hax, the AN interaction VAN and the kinetic energy TR associated with the 

(ax )-A relative coordinate R: 

4+x 

!J{=Hax+ TR+ VAN, VAN=~ VAN(A, i). 
i=l 

(2·10) 

Starting from the Schrodinger equation !}{ lf!1 =Elf!" we can obtain the channel-coupled 

seqular equation for the coefficient wc(d, K) of lf!1, 

(2·11) 

Here the matrix elements of TR and VAN are defined by 

(2·12) 

and 

=([(J)(/1; d1) X UKl-t 1(R)]LJSxSA]s 1 ; Jl VANI[(})(lz; dz) X UK2 -t 2(R)]L 2 [SxSA]s 2 ; ]), 

(2 ·13a) 

=o(Ll, Lz)o(Sl, Sz)<uKl-tl(R)IULlsl(/lAldl, lzAzdz; R)luKz-t/R)>. (2·13b) 

(0) 

(C) ~----z-~ 
' p',, 

'• 1\ 
Fig. 2. Coordinate systems for (a) the nuclear two 

clusters and (b) the hypernuclear three-cluster 

system where x = n, P, d, t, 3He or a. (c) The 

coordinate used to describe the rearrangement 

channel leading to ~He-x decay. 

In Eq. (2·11) the total orbital angular 

momentum L and spin S of the a+ x +A 

system are not individually conserved due to 

the presence of the spin-orbit potential in 

Hax, while ix= l+Sx and jA=l+SA are also 

not conserved due to the AN spin-spin inter

action. 

The motion of the A particle is deter

mined by a sort of the folding potential U AN 

of Eq. (2·13) supplied by the a+ x core 

nucleus. On the other hand the A particle 

plays a glue-like role to give additional cou

plings between a and x clusters through the 

AN interaction matrix element UAN. The 

explicit expression of ULs( l1A1d1, lzAzdz; R) 

for the Gaussian type of AN interaction is 

given in Ref. 23). 

2. 2. Hamiltonian and the adopted model space 

2. 2. 1. The orthogonality condition model for the nuclear part 
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Chapter Ill Production, Structure and Decay 47 

For the a-x part we employ the orthogonality condition model (OCM) 40
>'

41
> which has 

been proved to be a good approximation of the GCM. By the OCM approxin:1ation we can 

take into account the essential effect of the Pauli principle arising fron1 the nucleon 

antisymmetrization. In general the GCM basis function @(!;d) of Eq. (2·2) can be 

expanded in terms of the normalized-antisymmetrized h.o. basis functions d5«x(Nl) of the 

a-x system: 

(2·14) 

(2·15a) 

(2·15b) 

where UNL(r) is the h.o. wf with the size brand quanta N=2n+l, and 

(2·16) 

The coefficient f.i.N is the eigenvalue of the normalization kernel defined by 

(2 ·17a) 

and is obtained as 

1 ~ X! ( _) m( 1 _ 4 +X m)N 
1+oaxm=o(x-m)!m! . 4x · 

(2·17b) 

The values are listed in Table II. 

For the calculation of various physical quantities, it is convenient to reexpress the 

hypernuclear wf lf!, by using the a-x h.o. basis { @ax(Nl)} given by Eq. (2·15): 

Table II. Eigenvalues f.LN of normalization kernels for a+ x systems. See Eq. (2·17) for the 

definition. 

N ( hw) a+ n(p) a+d a+t(3He) a+a 

N= 0 0 0 0 0 

1 1.25 0 0 0 

2 0.9375 1.125 0 0 

3 1.0156 0.8438 1.1910 0 

4 0.9961 1.0547 0.5955 0.75 

5 1.0010 0.9668 1.1992 0 

6 0.9998 1.0151 0.8064 0.9375 

7 1.0001 0.9921 1.1269 0 

8 0.9999 1.0039 0.8972 0.9844 

9 1.0000 0.9980 1.0739 0 

10 1.0000 1.0010 0.9432 0.9961 

1.0 1.0 1.0 1.0 
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48 T. Motoba, H. Banda, K. Ikeda and T. Yamada 

(2 ·18) 

where the expansion coefficients Ac(N, K) are related to the original Wc(d, K)'s by 

(2·19) 

The GCM normalization kernel defined by Eq. (2·6) is expressed by the expansion: 

(2· 20) 

For the GCM energy kernel we make the OCM approximation39> to put 

( i[Jax(Nl/) Sx; jiHaxl i[Jax(N2l) Sx; j)~ ( UN1lSx; jiHcft'MI UNzlSx; j), (2·21) 

and we get 

Hl~X(dl, d2) = ~ j f.l-N1f.l-N2 CN1l(dl, br) CN2 l(d2, br)( UN1lSx; jiHcft'MI UN2 lSx; j). (2·22) 
N1Nz 

Here the OCM effective Hamiltonian HcftM consists of the relative kinetic energy, central, 

spin-orbit and Coulomb potentials between the a and x clusters, 

HcftM= Tr+ Vc(r)+ VLs(r)+ VcouJ(r). 

For Vc( r) and VLs( r) we employ the Gaussian type effective potentials, 

(2· 23) 

(2· 24) 

(2. 25) 

of which the strengths and ranges are determined so as to reproduce the observed low

lying properties of the corresponding nucleus.*> The used parameters are summarized in 

Table III. The Coulomb folding potential is given by 

Vcoul( r) (2·26) 

where Z1 = 2 for a and Z2 is the number of protons in the x cluster and erf(p) denotes the 

error function. 

The nuclear wf is obtained by solving the a+ x two-cluster problem (x ~ 4) with HcftM 

Table III. Parameters of the central and spin-orbit effective nuclear potentials between the alpha and 

x clusters. The a-a strength is from Ref. 42). (a=1/(32
) 

"a-x" Vc
0 

!3c (ac) V(ls !3Ls ( aLs) 

MeV fm MeV fm 

a-n(p) -43.0 2.236 (0.20) -27.5 2.375 (0.18) 

a-d -74.oa> 2.294 (0.19) -0.15b) 4.082 ( 0.06) 

a-t -81.0 2.500 (0.16) -3.0 1.890 ( 0.28) 

a-3He -81.0 2.500 ( 0.16) -3.0 1.890 ( 0.28) 

a-a -106.2 2.236 (0.20) 

a) Vc 0 = -78.4 MeV for the 1=2 state. 

b) For this strength see the footnote on this page. 

*)For the 6Li case this form is modified as VLs(r)= V(lsr 2e<-riPLs>•(l·s). 
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Chapter III Production, Structure and Decay 49 

Table IV. Harmonic oscillator expansion of the a-x ground state wave functions. See Eqs. (2· 27) and (2· 28) 

for the definition of the coefficient aN and Eq. (2·15) for the di-cluster h.o. basis except for the a-A case. 

Note that N=2n+l. The a-x relative energies and a-x root-mean-square distances are listed. 

a-n(p) a-d a-t(3He) 

/(jrc) 1(3/ 2-) O(l +) 1(3/ 2-) 

Eexp 0.89(1.96) -1.47 -2.47 ( -1.59) 

E 1.13 -1.43 -2.41 ( -1.51) 

j <r 2>a-x 4.12 3.80 3.51 ( 3.73) 

n=O 0.799 * * ( * ) 

1 -0.369 -0.743 -0.696 ( -0.682) 

2 0.317 0.420 0.472 ( 0.474) 

3 -0.230 -0.335 -0.357 ( -0.363) 

4 0.185 0.252 0.266 ( 0.273) 

5 -0.148 -0.192 -0.199 ( -0.206) 

6 0.105 0.152 0.151 ( 0.159) 

7 -0.064 -0.124 -0.117 ( -0.124) 

*) Forbidden states. 

and can be expressed in terms of the h.o. basis of Eq. (2 ·15), 

a+x(h.o.): lJ!l~x=~aN<li>!@ax(Nl)Sx; j), 
N 

a-a a-A 

o(O+) O(l/ 2+) 

0.09 -3.12 [MeV] 

0.37. -3.11 [MeV] 

4.09 2.69 [fm] 

* 0.917 

* -0.251 

0.569 0.232 

-0.448 -0.132 

0.394 0.107 

-0.332 -0.075 

0.274 0.060 

-0.225 -0.045 

(2. 27) 

(2· 28) 

The calculated expansion coefficients aN<li> for the a+ x ground states are listed in Table 

IV. 

2. 2_ 2. The AN interaction 

Throughout this paper except §3.5, we employ a one-range Gaussian AN interaction 

("ORG") 

V~N= -38.19 MeV, /3AN= 1.034 fm, 7J = -0.1, (2· 29) 

where the range /3AN is equivalent to the two-pion exchange Yukawa. This strength V~N 

was determined32
> so as to reproduce the experimental A-binding energy in ~He(BAexP 

=3.12 MeV) 43
> by using the a-A folding potential obtained with ¢a(bN= 1.358 :fm) (cf. §3.5). 

The value of 7J is chosen by considering the suggestions in the literature. 5>'
11
n'

43
> The LS 

interaction is not considered here because the A single particle spin-orbit potential has 

been found to be very weak. 1> · 

In §3.5, we test the effect of using the realistic effective AN interaction "YNG(AN)" 

in the ~He and ~Be cases. This interaction derived on the basis of the Nijmegen OBE 

Model-D37
> simulates the G-matrices by the three-range Gaussian form with the depend

ence on the nuclear Fermi momentum kF: 

/3i = 0.5, 0.9, 1.5 fm. (2·30) 
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50 T. Motoba, H. Bando, K. Ikeda and T. Yamada 

The necessary parameters are given in §3.5. See Chapter II for the details. 38
' 

2. 2. 3. The adopted model space 

As mentioned in §2.1, our model space is described by the channels of possible angular 

momentum couplings c={lt1LS}, the a-x generator coordinated and the (ax)-A h.o. 

quanta K = 2v + t1. In the present calculation, the inter-cluster states are restricted to the 

following space: 

(I) the a-x orbital l = 1 and 3 for ~He, 6
'~Li and ~Be; 

l =0 and 2 (0, 2 and 4) for ~Li (~Be), 

(II) the GCM mesh points: d = 1.0, 2.25, 3.5, 5.0 and 6.5 fm, 

(III) the (ax)-A h.o. quanta K=2v+t1 with O~v~9 and 0~,1~3 (or 4). 

Note that the properties of the low-lying states of the a+ x nuclear systems44' can be 

satisfactorily described within the model space of (I) and (II), as will be shown in Figs. 5, 

16, 17 and 20. See Table IV for the a-x ground state wf's. 

2. 3. (K-, lf-) reaction cross section 

_ Within the framework of the distorted wave impulse approximation (DWIA), the 

(K-, Jf-) reaction cross section is related to the elementary K-n~Alf- cross section 
asl5),16),45),46) 

dCJu(8) ILab=Neff(i~/; 8)dCJ(8) !Lab . 
dQ dQ K-n-An-

(2·31) 

The effective neutron number Nerf ( i ~ /; 8) is given by 

Neff(i ~ !; 8) = [}i] M~1J <Jijd
3
r x~)*(r) x~:)< r) ~ 1 U-(k)o( r- rk)li> 1

2

, (2·32a) 

= [~~] tJI<JfTfrfll~ U-(k) J,.P-(PK, Pn, 8; rk) Y,.( fk)IIJiTiri>!
2

• (2·32b) 

Here the U -spin lowering operator U- transforms a neutron into a A -particle. The 

function j ,.P-(PK, Pn, 8; rk) is related with the partial wave expansion of the distorted 

waves of the K- and lf- mesons, 

(2·33) 

where K- beam direction is chosen as the z -axis. The meson distorted waves x are 

evaluated by using the eikonal approximation with the 7f--nucleus and K--nucleus optical 

potentials. 

Now we derive the expression of Neff for the reaction [a+ (x + 1)] (K-, lf-) [a+ x +A] 

on the basis of our microscopic cluster model. As for the ground state of 9 Be (target 

nucleus for x = 4), we use the wf calculated by Okabe et al. 47' in the framework of the 

microscopic a+ a+ n three-cluster model. The other target wf's 1J! fj} are obtained by 

solving the a+ X1 two-cluster problem(xl = x + 1) and are given in the form of Eq. (2 · 27). 

With the aid of the overlap relation corresponding to the change of Jacobi coordinates, i.e., 
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Chapter III Production, Structure and Decay 

/5+ X ( [ ri5~;.AN' l') YAi( R) hi[ Sx X ~ ]Si I ri5~7ii(NiLi) si) 

= Wx( TiriSi; TfrfSx)SJx(NiLi; N' !', K)li) UKtJt/R) I ~, ri- rf) , 

(Ki=Ni- N') 

the a+ (x + 1) target wf in Eq. (2 · 32b) can be effectively expressed as 

The coefficients Wx and SJx are given as follows: 

for x = 1 (6Li; ~Li), 

for x = 2 CLi; ~Li), 

for x = 4 (9Be; ~Be), 

51 

(2·34) 

(2·35) 

(2·36) 

(2. 37) 

Note that the wf of 9 Be target is provided in the form of a+ a+ n. Using the target 

nuclear wf, Eq. (2·35), and the final state hypernuclear wf given by Eq. (2·18), we can get 

the cluster-model expression for Nerr: 

1 
Neff(]i Tiri---+ ff Tfrf; 8) = [Ji] wx( TiriS i; TfrfSx) 

2
tti.5l1/Ctt(fi, ff) 1

2
, (2·38) 

.5l11CP.(]i, ff) = ~ ~ AcANf, Kf)a~tli>o(Sf, Sx)/[Jf][Ji][Lf][Li][!lJ[x] 
CfNfKfCtNtKi , 

X(uxfAAR)Iif/Ctt(PK, P1r, 8; ~!~ R )iiuxtAt(R)>, (2· 39) 

Ki=Ni- Nf. (Ni=2ni+ Li, Nf=2nf+ lf, Ki=2vi+lli) 

The total effective neutron number N~Fl( 8 = 0°) is defined by a sum of all :final hypernu

clear state contributions, while it is simply derived from Eq.(2·32a) under the closure 

approximation as 

(2·40a) 

A(r) =-1- lilx<-)*(r)x<+)(r)l2 dQ 
4JrJI p" PK ' 

(2·40b) 

where Pn( r) is the neutron density of the target nucleus and is calculated with our cluster 

model wf. Figure 3 shows the calculated Pn( r) and A( r) for the considered nuclei. 

As the differential cross section for the free space K-n-+ AJr- process in Eq. (2·31), the 

empirical values taken from the analysis by Gopal et al. 48
' are used in the actual evaluation 

of the (K-, Jr-) reaction cross sections. 
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52 T. Motoba, H. Bando, K. Ikeda and T. Yamada 

2. 4. Electromagnetic transition operators 

In the formulae given in this subsection, 

a(x) cluster is generally represented as the 

mass number Al(Az) nucleus with Zl(Zz) 

protons (Al =4, Z1 =2, Az=x ). 

--Electric quadrupole and dipole transi

tions--

For the nuclei in which the spatial wf 

within a cluster is symmetrical under any 

exchange of the constituent protons and 

neutrons, the electric quadrupole operator 

can be effectively expressed as ( e P = e, 

en=O): 

.5Jt(E2) = L: eq(rJ 
protons 

=.5Ji(E2)A+.5Ji(E2)c+X, (2·4la) 

.5Jt(E2)A = (Zl + Zz) e~ 2 q(R), (2·4lb) 

0.10 fn!rl 

0.04 

0.02 

···-······· ... 

---\,_:--
... , 

... , 
\ \ 
\ \ 
\ \ 

\~ 

.... \ 

..... \ 
; \ 
\ \ 
... \ 

... \ 
.... \ 

\ ' · .. \ 
··. \ 

--
9Be 

______ 7li 

..... , ...... 6Li 

·······>~::-:-:-:, __ 
~--~--~--~====~L_~r 

0 2 3 4 5 frn 

1.0 

A!tl 
0.8 

0.6 

0.4 

0.2 ;:::,-.,.,..-- .... 

... ·;;;;.;;:.-;;..·.:.:.;,;;:..:::;:.:::: 
,•'/ 

.. ··/ 
... / 

// 

..... ·;~/ 
...-'/ 

_.·I 
/I 

.· / ... / 

.. ·/ 

~--~--~--~--7---~~r 
0 2 3 4 5 frn 

Q,/(E2)c Z1Az
2 + ZzA/ ~( ) 

Jn (Al + Az)z eq r 

(2·41c) 

Fig. 3. Calculated neutron densities Pn ( r) and the 

radial dependence of the function A( r) of Eq. 

(2 ·40b) which represents meson absorption. 

where q(r) = r 2 Yz( f) is the mass quadrupole operator and QAont> is the quadrupole 

operator for the internal coordinates of a cluster. See Fig. 2(b) for the coordinates Rand 

r. The X term in Eq.(2·4la) contains a factor proportional to R· r, which has no 

contribution within the present model space. The factor~ in Eq. (2·4lb) originates from 

the condition_of the center-of-mass rest of the total three-cluster system (Al + Az+ A) and 

is given by 

(2·42) 

Under the similar condition the electric dipole operator can be written as 

.5Jt(El) = L: em( ri) =.5Ji(El)A+5l1(El)c, (2 · 43a) 
protons 

.5Jt(El)A =- (Zl + Zz) e~m(R), (2·43b) 

GA(El) Z1Az- ZzA1 ~( ) 
un c= A 1+Az em r, (2·43c) 

where m(r) = rY1( f) is the dipole operator. One can recognize from Eqs.(2·42) and 

(2 · 43b) that in the El transition the A particle behaves as if it carries an effective charge 

(2·44) 

This is due to the recoil of the core nucleus and the situation is similar to the case of the 
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Chapter III Production, Structure and Decay 53 

neutron E1 effective charge en(El)=-Ze/A. The 5l1(E2)A of Eq.(2·41b) is similarly 

interpreted. If the relation Z1/ A1 = Z2/ A2 holds, then the core nucleus part 5li(E1)c given 

by Eq. (2·43c) vanishes as a natural consequence. 

The reduced E...C(...C=2 or 1) transition probability can be obtained in the standard 

way by using the initial and final state wf's expressed by Eq. (2·18): 

(2· 45) 

--Magnetic dipole transitions and morpents --

The magnetic dipole operator consists of the orbital and spin parts: 

(2·46) 

where the sum runs over all the constituent particles and g's are relevant g-factors. The 

standard (bare) values of g-factors are employed here (nm =nuclear magneton): 

{ 

1nm, 

g,'''= ~ ' { 

5.586nm, (i=P) 

gs<i> = -3.826 , ( n) 

-1.228 . ( A) 

(2·47) 

The spin part is easy to handle with and especially its matrix element for the spin= 0 

cluster (a) vanishes. 

The orbital part should be expressed in terms of the relative and internal coordinates 

of the clusters. Under the condition that the spatial wf of a cluster is sym:metric for the 

constituent protons and neutrons, we can rewrite the operator by using the relative land 

X and the internal L~?t> and L~~t>, 

Z (P) Z (P) 

=5l1(M1)fx +5l1(M1)1 + 1: L~?t>+ ~: £~~t>+ Y, 

Z1A2
2+ Z2A1

2 
l 

A1A2(A1 + A2) ' 

5l1(M1)1 = i~! ~: ~;. , 

(2·48a) 

(2·48b) 

(2·48c) 

where the Y term contains the mixed products of the coordinate and non-conjugate 

momentum such as R X p r and r X P R' and this doubly parity-changing term is inactive 

within the model space adopted in the present calculation. Furthermore the two £Ont> -

terms have no contributions for the s-shell clusters as in the present case. 

From the above consideration we regard the operator 5li(M1) for the a+ x +A 
system as consisting of four parts: 5l1(M1)fx, 5l1(M1)1, 5l1(M1)gx and .5lt(M1)g for 

which the notations should be self-evident. Then the reduced M1 transition probability 

and moment can be obtained straightforwardly. 
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54 T. Motoba, H. Bando, K. Ikeda and T. Yamada 

2. 5. Particle-decay rates based on reduced width amplitudes 

Widths of resonance levels in the hypernuclei under consideration are attributed 

largely to particle-decays into two clusters. On the basis of the separation energy 

method,49> the partial decay width rc of a state is related to the relevant reduced width 

amplitude (RWA), ClJ L, with L being the channel angular momentum: 

(2·49a) 

(2·49b) 

where the penetration factor PL and the reduced width 8L 2 in units of the Wigner limit rw2 

are evaluated at an appropriate channel radius a. The behavior of RW A itself is an 

important quantity reflecting the characteristics of wf. Here we consider two kinds of 

RWA's leading to the i) (ax )-A and ii) ~He-x channels. The former corresponds to the 

separation process and the latter the break-up one. The a-(xA) type RWA will be also 

calculated .for the ~Li ~a+ jH channel. 

-- (ax)-A channel --

The RW A for this channel is defined and expressed by 

C?Jrt--1j)R) = R<[ dJjx< l) Sx]jJ Y).(R) SA]jA;JI ?J!1>, (2·50a) 

r 
l Sx jxl 

= ~ aN(ljx) ~ It SA jA Ac(N' K) UK). (R; bR)' 
N LSK 

L S J 

(2· 50b) 

where the square bracket is the normalized 9-j symbol and Ac(N, K) is given by 

Eq. (2·19). Recall that UKA(R; bR) is the h.o. wf with the size parameter bR. The aN's are 

the expansion coefficients of the free a-x wf I dJjx( l) Sx; jx> with respect to the normalized

antisymmetrized h.o. basis lifiax(Nl)Sx; jx> defined by Eqs. (2·27) and (2·28). The values 

of {aN} are listed in Table IV. 

--~He-x channel--

By choosing the inter-cluster Jacobi coordinates p and Z illustrated in Fig. 2(c), the 

RWA for the ~He(l/ 2+)-x channel is defined by 

(2·51)*> 

where the ground state wf of ~He is given by the s-state a-A wf ~o(P) as 

¢ [~He(1/ 2+ g.s)] = rPa~o(p) [Yo( ji) SA]l/2 . (2·52) 

We expand the ~o(p) in terms of the h.o. wf UNo(p; bp) with the appropriate size parameter 

bP which assures the common oscillator constant (f.-Lpbp 2 =MNbN2 =h/Q), 

(2. 53) 

The coefficients iiN are listed in the 6-th column of Table IV. Note that they are obtained 

by solving the a-A problem with the AN interaction described in §2.2.2. With the jx-jA 

*> For the decay ~Be--~He+a, the normalization is corrected from that of Eq. (3·25) in Ref. 23). 
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Chapter III Production, Structure and Decay 55 

to L-S recoupling and the transformation of the three-particle Jacobi coordinates, the 

RWA can be expressed in terms of the h.o. wf pertinent to the ~He-x relative coordinate 

Z. The spectroscopic factor is defined by the norm of the corresponding RW A as 

(2·54) 

§ 3. Results and discussion on ~Be as a typical example 

3. 1. Energy spectra and structure charaCteristics 

The calculated energy spectra of ~Be and dominant components of their wf's are 

shown in Figs. 4 and 5 where the calculated 8Be spectrum is also displayed. Here the 

energy levels are labeled by the orbital angular momentum L rc instead of the degenerate 

doublet ] = L + 1/ 2. Note that the (JA • (JN part of the AN interaction is inactive in this 

system with spin-saturated a+a core, and each level is degenerate for the A-spin up and 

down. The energy levels are found to be classified into three characteristic bands 

according to the underlying intrinsic structures. The positive parity states constitute the 

ground state rotational band: 

Lrc=o+, 2+and 4+, (J=L+l/2; Krc=o+, " 8 Be-analog") 

16 
MeV 

11. 

12 

--4+ 
10 

8 

6 

l. --2+ 
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0 
--0+ 
0.37 ~ 

·-~(1) 
-2 o:l\~ 

';?II ~ • ll 

-.J\0' 
I • 

-I. "_pI -.1 

\.0\~ 

::;1---" 
ro; 

-6 ..:::: ' 
I 

'l{ 

-s 

Sse 

1/2 1/2 
81.7(41)4 +18.2(23)4 + ••• 

(5-) 9/2,11/2- 1/2 1/2 
-------- 8 8. 3 ( 41 ~ + 10 • 6 ( 2 3 ~ + •.. 

.J1]_5J.?.:ll2- 2 1/2 
47.6(21)3 112 +29.2(41)~ +20.7(03)3 + .... 

(2-) 3/2. 5/2- 1/2 
------- 9 9. 6 ( 21 >2 + ••. 

5 . 68 ( L = 1 ; )1 !2 • 3/2- 11 2 1/2 
--------- 53 6 (01) +45. 7 (21) + •.. 

(3-) 5/2.7/2 . 1 1 
--------- 1/2 1/2 + 83.5(21)3 +12.9(41)3 + ••. 

(4+) 7/2,9/2 J/2 1/2 
94.6(40)4 +3.8(22)4+ ••• 

(L=1~) l/2,3/2- 54.8(01)
1
1/2+41.6(21)1/

1
2 + ••• 

0. 40-------

1/2 1/2 
94.5(20)2 +1.8(02)2 + ••. 

J/2 1/2 
94.5(00)0 +5.3(22)0 + ••• 

% % 

~Be 

Percentage Analysis 

s 
of w.f. in (iX)L 

Scheme 

Fig. 4. Calculated energy spectra of 8 Be and .~Be. The energy scale is the relative binding energy 

among the constituent clusters. The dominant components of the L-S coupling ~Be wave 

functions are given in %. 
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56 T. Motoba, H. Bando, K. Ikeda and T. Yamada 

to which we can naturally assign the intrinsic orbital quantum number Krr =0+. This 

band is quite analogous to the rotational band of 8 Be as seen in Fig. 5. So we call this 

band as "8 Be-analog band". In fact this feature can be clearly seen in the obtained 

wf's expressed in the L-S coupling (cf. Fig. 4): 

ll/2+(L=O g.s.)>= 94.5 %U=O, !l=OH~~ 12 +5.3 %(2, 2)o112 +···, 

13/2+, 5/2+(L=2)>= 94.5 %(/=2, !l=OH~~ 12 +1.8 %(0, 2)2112 +· .. , 

17/2+, 9/2+(L=4)>= 94.6 %U=4, !l=OH~~ 12 +3.8 %(2, 2)/ 12 + .. ·. 

Thus each rotational member can be well described with a single configuration 

MeV 

22 

20 

18 

16 

14 

10 

4 
2-t 

2_go---

o+ 

EXP 

t B(E2) 

~ B(M1) 

2+ 

13.5 
( 1.7) 

31.6 

(1.7] 

l 

~He +ex. 5y+ 

3.1-1-
3.50~·-·-·--- ..-;J.;·-~-o-_.2-a'···· .. ·.·_2_·:.-

3.061 2+ ':< . of ,•'3 + ···------ -----·· vz 
22.4 

0.0~+ 
8 Be 

11.3 

I u.s] 

o.ot l=o+ 1ft 

~Be 

J=l±l;z 

BA= 7.49 

( EXP; 6. 71) 

----~fl.l 
~13.0 

EXP 

(3·1) 

(3· 2) 

(3· 3) 

Fig. 5. Reduced E2 and M1 transition probabilities calculated for 8 Be and ~Be. The levels of ~Be are 

assigned orbital angular momentum L"' instead of the degenerate ] = L ± 1/2, hence the B(E2; L 

-4 L') are listed in this figure except the case-5/ 2+ -4 3/ 2+. The B(E2) values less than the 

Weisskopf estimate(1.1 e2/m4
) are not shown. In the square brackets are the shell-model limit 

values described in the text. The experimental. threshold energies are indicated in the ~Be 

spectrum. The observed energies of 8 Be are from Ref. 44) and those of ~Be from Refs. 4), 10) and 

43). 
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Chapter III Production, Structure and Decay 57 

Table V. Harmonic oscillator expansions of the A-particle wave functions x/(R) in the dominant channel of 

some typical states. The channel is expressed by (lJ,.) L 
5 with its occupancy (%) in the total hypernuclear wf. 

Entries are ah of x/(R)="2.KaK,uK,(R) where K=2v+J,. and O~v~9. Negligibly small numbers are 

represented by dots. 

~Be ~Li(~Be) ~Li ~He(~Li) 

rc 1/ 2+ 3/21- 3/ 2z- 1- o+ 1/ 2+ 3/2- 1- o+ 

E[MeV] -7.12 0.40 5.68 -9.18 -2.27 -7.09 1.88 -2.84 4.95 

(lJ,.hS ( OO)o 112 (01) 11/2 (01L 112 (10) 1° ( 11) 0 ° (00)o112 (01)1 112 (10)1° (11) 0 ° 

[%] 94.5 54.9 53.6 88.9 97.9 98.5 84.9 68.8 75.9 

XA SA pA pA SA pA SA pA SA pA 

v=O .838 .547 .085 .861 .588 .870 .331 .854 .277 

1 .113 .226 .145 .091 .203 .076 .198 .073 .189 

2 .031 .102 .185 .030 ~009 .034 .156 .044 .167 

3 .057 .179 .053 .116 .130 

4 .033 .153 .030 .088 .097 

5 .114 .055 .066 

where the A particle occupies the s-state (Jt =0) with respect to the center of 8 Be. 

Correspondingly the cluster-model illustration for the intrinsic structure is shown above 

the band in Fig. 5. 

It is noted that, for example, the A particle wf normalized within the ground state 

dominant channel has the following h.o. components with the size parameter bR defined by 

Eq. (2· 9): 

(3. 4) 

In Table V one can see the similar expressions of the typical A wf's. 

On the other hand, the negative parity states in which the A particle occupies mainly 

the P-state (Jt = 1) split into two bands, 

(i) L=1-, 3- and s- (J=L+1/2: Kn:=o- band (P;;)), 

(ii) L= 1-, 2-, 3- and 4- (J=L+1/2: Kn:=1- band(p.L),"9 Be-analog"). 

The weak coupling basis function [(aa) t X A] are largely distributed into these two band 

states. As shown in Fig. 4, for example, the two 1- wf's are obtained as 

11/2-, 3/2-(L=b-)>=54.8 %(/=0, Jt=1H~i' 2
+41.6 %(2, 1)1 112 +···, (3·5) 

11/2-, 3/2-(L=12-)>=53.6 %(/=0, Jt=1H~i' 2 +45.7 %(2, 1)1 112 +···. (3·6) 

Note here that the relative sign between the first two configurations in Eq. (3·6) is opposite 

to that of Eq. (3·5), although only the squared amplitudes are listed to show our GCM wf's. 

This feature allows one to take the strong coupling picture for these negative parity 

states. This picture is further confirmed by comparing these wf's with the following shell 

model correspondents of the ideal strong coupling limit in which they are labeled by the 

SU(3) classification (Jt,u) =(50) and (31), respectively. 

I(50)SU(i); L=1->= J7/15(l=O, Jt=1h=1+J8/15(2, 1)1, 

1(31) SU(3
); L = 1-> =- J8/ 15 (l = 0, )t = 1) L=1 +J7 I 15 (2, 1) 1· 

(3. 7) 

(3·8) 
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MeV 
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VOt.OI.-A(R} 
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or-~~~~--~~--~~--~~~~n 
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-20 
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-50 

e 1t 

-- <O~ 1->L=r 

-·-·-- < 2: 1- > L= r 

Fig. 6. Examples of the folding potentials 

ULsU!A!dl, l2A2d2; R) between 8 Be(l) =a+a and 

the A particle are shown as a function of the 

relative distance R. For the definition see Eq. (2 

·13b) where for L=l (5=1/2) we adopt (ll, AI) 

= ( !2, )1.2) = (0, 1) and (2, 1) cases with the appro-

priate a-a distance parameter d1 = d2 =3.0 and 4.0 

fm. 

In the present case the large stable defor

mation (prolate) due to the a-a clustering 

in 8 Be enhances the realization of the pic

ture. The two band structures are also 

confirmed by the strong intra-band and 

weak inter-band B(E2) values estimated 

with the obtained wf's (cf. Fig. 5). 

Correspondingly to the two negative 

parity bands, the cluster-model illustra

tions of their intrinsic structures are de

picted above the respective bands. They 

are characterized by the two A particle P

states(;l = 1) which are parallel (p 11 ) and 

perpendicular (pl.) to the deformation 

axis, respectively. It is noted that our K 

= 1- band having the P 1. -structure closely 

resembles the ground band of 9Be, except 

the sizable spin-orbit splittings in the · 

latter. 44
> Thus this band may be called as 

the "9 Be-analog band". The 3/2- member 

of this band can be reached by a simple 

substitution of the A particle for the last 

odd neutron in 9 Be(3/ 2is.). The big peak observed at BAexp= -6.3 MeV4
> is, therefore, 

identified as our 3/ 2z -(L = lz -) level (BA =-5.31 MeV) as will be discussed in §3.2. 

The K =o- band has the P1rtype intrinsic structure in which the A particle occupies 

the same orbital space as that of the maximum symmetric nucleons in the a cluster. It 

is interesting to note that this band has no correspondent in ordinary nuclei and is 

"genuinely hypernuclear" because the P1rorbit is allowed for A but not for a nucleon due 

to the Pauli exclusion principle. In the shell-model limit our K=o- wf tends to the 

configuration with an SU(3) classification30
> [/](!l,u) = [54](50) which was called "super

symmetric" by Dalitz and Gal. 19
> 

Although there is no bound state in the 8 Be nucleus, we get three particle-stable bound 

states, J=1/2+(g.s.), 3/2+-5/2+(3.06 MeV), due to the participation of a A particle. The 

calculated binding energy of the A in the ground state of ~Be is a little overestimated in 

comparison with the observed one: 

The present result showing the 3/ 2+ -5/ 2+ degeneracy is different from the shell model 

prediction by Dalitz. and Gal. 18
> New data of r-rays in ~Be observed recently by May et 

al. lob> supports our prediction:23
> 

Table V lists the h.o. expansion of the typical A particle wf's in each dominant 

angular momentum channel. One can see that the s-state A-particle wf generally concen

trates on the lowest two h.o. states, while the P-state wf is scattered over several h.o. states 
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Chapter Ill Production, Structure and Decay 59 

with the components depending on the level energy. 

3. 2. Production rates through the (K-, Jr-) reaction 

Table VI lists the calculated effective neutron numbers Neff( 8 = 0°) for the 
9Be(K-, Jr-nBe reactions with PK=720 MeV/c.ll-s> Based on the empiricall cross section 

da(Oo)/dQ~3.7mb/sr 48 > for the elementary process K-n~AJr-, the excitation spectra 

da( 8) / dQ of the production reaction are estimated at several scattering angles. The 

observed feature of the ground state small peak and two big peaks (B1xp = --6.3 MeV and 

-17 MeV) 4> are well explained with our L=o+ and L=1- spectra (8=0°) in Fig. 7. Thus 

the K = 1- band head 1z- (J = 3/ 2-) state obtained at 12.8 MeV excitation (experimentally 

Table VI. Calculated effective neutron numbers Neu(f)=O') for the (K-, Jr-) reactions with PK=720 

MeV I c. Pure imaginary optical potentials for K- and Jr- are used with <1KN = <1rrN = 30 mb. 

~Be ~Li ~Li 

Lrr(]) Nerr(O') ]I!" Nerr(O') ]I!" Nerr(O') 

o+(ll 2+) 0.002 1/2+ 0.01 1- 0.002 

2+ 0.002 31 2+ 0.000 2- 0.01 

b- 0.01 51 2+ 0.01 1- 0.004 

3- 0.002 31 2~- * 0.89 o- 0.001 

1z-(3l2z-) * 0.35 112- 0.004 11+ * 0.41 

2- 0.07 31 2z- 0.01 2+ 0.001 

3+ 0.01 

(31 2-) * 1.24a) (31 2-) * 0.58a) (1 +) * 0.65a) 

N~?rtal(O') 2.18 1.75 1.41 

The levels marked by asterisks correspond to the observed big peaks.3
>.

4
> a) Estimates with the 

molecular orbital model. so> 

8/\ 
PK= 720 Me'o/c 

MeV B=oo 8=13.5° 

-20 

-15 1------! }~-1_---'a.~ '*·6 

-10 

-5 

0 

5 

1-
1 

0 

51_ 11\ ... 
1.3 

2 i 
: .... 
:fl.) 

ieo 

-.v 

0.1 
m~ sr 

1-
2 

0 

2+ 

o· 

0 0.1 

0 

da{8) 

dn 

P. = oMe'o/c 
K 

2+ 

o• 

arbitrary 

-40 

0 

20 

EXPERIMENr 4 > 

100 

P, = 7'90 MeV/C 
K 

0=0., 

=--

200 300 

Fig. 7. Calculated excitation spectra da(f)) I dQ of the 9Be(K-, Jr-nBe reactions with PK=o720 MeV I c 

(f)=O' & 13.5') and PK=O. The final states are assigned with L rr(j =L± 11 2). The f)=O' obser

ved spectrum4
> is compared. 
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mb/ 
/sr 

-1 

10 

da(8) 

ern:-

if<= 720 MeV/c 

L---~----~----~--~~--~~e 
5° 10° 15 ° 20'' 25° 

Fig. 8. Calculated angular distributions do( fJ) /dQ 

(in Lab.) of the pion from the (K-, Jf-) reaction 

on 9 Be. The final ~Be states are assigned with 

L n(] =L± 1/ 2). 

13.0 MeV) 4 > is confirmed as the sub

stitutional state of the last odd neutron of 

the target 9Be(3/ 2i.s.). 

The Kn=o- band head L- state 

obtained at BA = -0.03 MeV (7.5 MeV 

excitation) has not been observed yet as a 

peak. As shown by Eqs. (3·5) and (3·6), 

the wf of the 11- state mainly consists of 

the linear combination of [8 Be(O+) xA(1-)] 

and [8 Be(2+) X A (1-)] configurations 

similarly to that of the 1z- state except the 

relative sign. However the wf of the 9 Be 

target resembles the 1z- wf in its structure 

but not the L- wf. Thus, in our calcula

tion, the significant cancellation occurs to 

weakly populate the 11- state. A few 

MeV a-decay width (See §6) and the tail of 

the big 1z- peak seem to make the observa

tion more difficult. 

To another strong peak observed at 

BAexp=-17 MeV we naturally assign the 

"neutron-hole configuration" in the 8 Be 

core, which is generated by the recoilless 

conversion of a deeper P1rorbit (and/ or s
orbit) neutron to A. In other words this configuration may be obtained from the L- state, 
8Be X (P1;)A, by exciting a· P1rneutron to the upper Prorbit. The energy spacing between 

the two P-orbits for nucleon is known experimentally to be about 17 MeV, 44
> hence the 

observation of the strong peak at BAexp= -17 MeV is consistent with our prediction of the 

L- level at BA = -0.03 MeV. As the neutron-hole configuration itself is not within the a 

+a+ A model space, we give an additional evaluation of the forward cross section ( 4.6 mb 

/ sr) leading to the second big peak by using the molecular orbital model. so> The peak is 

regarded to contain the states generated from the intrinsic configurations, 

where the gerade(g) and ungerade( u) orbitals are the molecular-orbital model analogs to 

the s and P11 states in the shell model convention. The Neff is evaluated by assuming the 
substitutions (u)N---+(u)A and (g)N---+(g)A in the 9 Be ground state ((g 4 u 4Pj_)N) and making 

an angle-average approximation instead of the exact angular momentum projection for 

the wf's. 

The calculated (K-, Jr-) production rates leading to the ground state peak and the two 

big peaks are thus compared: 

{ 

0.007 mb/ sr (1/ 2is.; BAexp= 6.71 MeV), 

~Be: :~(0°)= 1.3 mb/sr (3/2z-(L=1z-); -6.3 MeV), 

4.6 mb/sr ((3/2-); -17.0 MeV). 
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Chapter III Production, Structure and Decay 61 

Table VII. Calculated E2 and Ml transition rates T and the energies. For the B(E2) and B(Ml) values, see the 

corresponding figures for the energy level schemes. 

i~J T(E2) [sec-1] T(Ml) [sec- 1] Ecal(MeV) Eexp[MeV) 

~Be 5/2+~1/2+ 3.9 X 1012 
3.06 3.079 ± 0.040a) 

3/2+~1/2+ 3.9 X 1012 
3.06 

~Be l2-~1~- 1.1Xl010 
1.2 X 10

13 
1.20 

2-~ 1~- 1.0 X 108 
2.4 X 1012 

0.65 

l2 -~ 2- 8.6 X 108 
2.3 X 10

11 
0.55 

~Li l2-~l1- 6.6 X 109 4.0 X 1010 
1.22 1.22±0.04b) 

2- ~ 11- 1.5 X 108 3.7Xl0
11 

0.66 

l2 -~2- 6.7 X 108 1.3 X 1012 
0.56 

3/2+~ 1/ 2+ 0.000 8.2X 1012 
1.10 

~Li 5/ 2+~ 1/2+ 9.5 X 1010 
1.99 2.034 ± 0.023c) 

~3/2+ 2.7 X 108 0.000 0.89 

7/2+~3/2+ 1.82 

~5/2+ 5.2X 1012 
0.93 

a) Ref. lOb), b) Ref. 7), c) Ref. lOa). 

The calculation predicts the biggest cross section to the third peak, and its ratio to the 

second peak (about 3.5) seems to be consistent with the observed feature. 4
l 

Figure 7 shows the calculated excitation spectra at B= 13.5° (PK=720 MeV /c) and also 

that for PK=O MeV /c, the latter of which may correspond to the stopped K- absorption 

from the atomic s-orbit. It is noted that the L = 2+ and L = 11- states should newly come 

into observation by choosing such experimental conditions. Possible observation of the 

genuinely hypernuclear states among rich energy levels are particularly interesting. 

In Fig. 8 are displayed the calculated angular distributions of pions from the 
9 Be(K-, Jr-)~Be(Ln) reaction with PK=720 MeV/c. They may be classified into three 

types which are also applicable to the cases other than ~Be: 

(1) the forward-peaked type indicating the Lll=O production, 

(2) the Lll='f:O mountain type with the maximum at 8=10°-15°, 

(3) the type with quite flat dependence on B. 

The last type is typically seen in the L- case here and indicates some cancellation as 

m~ntioned above. 

3. 3. Electromagnetic properties 

Three pioneering observations of the hypernuclear y-rays have been reported in this 

region of hypernuclei,n1
oJ though only their energies are known. The calculated values of 

the transition rates and energies in 7
'~Li and 8·5lBe are summarized in Table VII. It is 

remarkable that all the observed y-ray energies are in good agreement with the predic

tions of our three-cluster model. 

In Fig. 5 the B(E2; L~ L') values in e2fm 4 are shown with arrows instead of 

B(E2; J ~ ]') = [L][J'] W(L' ~ 2]; ]' L) 2B(E2; L~ L'), (3. 9) 

where J =L + 1/2. It should be noted that the intra-band B(E2) values for the Kn =o+ 
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fm 

5 

T. Motoba, H. Bando, K. Ikeda and T. Yamada 

ex-ex 
OL-t a-d 

Fig. 9. Root-mean-square estimates of the a-x inter-cluster distance in the low-lying states (]7!) of the 

hypernuclei and of the corresponding core nuclei. 

band of ~Be are reduced to nearly half of the corresponding cascades in the 8 Be ground 

band as shown in Fig. 5. Such reduction of hypernuclear E2 transition rates is generally 

recognized in the other forthcoming cases, too. The reason is because the A particle 

plays a glue-like role and induces a sizable dynamical contraction of the hypernuclear 

system. The nuclear responses are displayed in Fig. 9 where the changes of inter-cluster 

distances before and after the A -addition amount to .10------ 18 %. It is predicted that by 

observing hypernuclear r-ray strengths one can see the dynamical change of nuclear 

structure with the A particle as a probe. 

In spite of this contraction, the estimated B(E2) values remain several times enhanced 

in comparison with the shell model limit ones, indicating the importance of clustering. In 

fact the present B(E2) 's in the K=o+ band (K=o- and 1- bands) of ~Be are about 6(10) 

times larger than our shell-model limit values. Our B(E2) estimates without using 

additional effective charge are significantly larger than the shell-model predictions by 

Dalitz and Gal (D-G) 18
) who obtained a large splitting between the first doublet; 31 2+ state 

at 2.09 MeV and 51 2+ state at 3.66 MeV above the ground 11 2+ state: 

B(E2; 31 2+ ~ 11 2+) = 11.26 e2fm4 
, (D-G: 3.54 e2fm 4

) 

B(E2; 51 2+ ~ 11 2+) = 11.26 e2fm4
, (D-G: 3.49 e2fm4

) 

B(E2; 51 2+ ~ 31 2+) = 3.24 e2fm4
• 

The non-vanishing M1 cascades within the K=o+ band exist for the spin-flip transi

tions ~f 5 I 2+ ~ 3 I 2+ and 9 I 2+ ~ T I 2+, though the doublets are respectively degenerate in 

our model: 

B(M1; 51 2+~31 2+) =0.28 nm2
, (D-G: 0.32 nm2

) 

B(M1; 912+~712+)=0.31 nm2
• 
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Chapter Ill Production, Structure and Decay 63 

The predicted lifetime of the first excited state is now 

r(3/ z+) =0.27 psec [ 1.61 psec], (D-G: 1.43"'5.81 psec) 

where the value in [ ] is our shell-model limit one. The magnetic dipole rnoment of the 

ground state is calculated to be 

,u(~Be; 1/ z+) = -0.610 nm 

for which almost entire contribution comes from the A particle magnetic rnoment of the 

s-state (cf. Table VIII). 

The reduced E1 transition probabilities are also estimated for the negative-parity to 

positive-parity cascades. Because the A particle has no charge, they originate from the 

recoil of the a+ a core nucleus associated with the A particle transition mainly from the 

P-state to the s-state. Table IX lists some B(El) estimates, which are around the 

Weisskopf value B(E1)wu =0.055 e2fm2
• It is noteworthy that these values will undergo no 

Table VIII. Magnetic moments of the hypemuclear ground states and their devided contributions from the 

orbital and spin parts which are given by Eqs. ( 2 · 46) ~ ( 2 · 48c). (nm=nuclear magneton) 

T'(g.s.) (nm) (.5}tzax> (.5l{,~A) (.5l{
8
ax) (.5l{sA> <SUM> 

~Be 1/ 2+ -0.610 0.0 0.0 0.0 -0.730 -0.730 

~Be 1- 1.052 0.552 0.0005 0.502 0.204 1.259 

~Li 1- 0.367 0.376 0.0003 -c--0.141 0.204 0.439 

~Li 1/ 2+ 0.791 0.001 -0.0001 0.702 0.245 0.947 

~Li 1- 3.322 0.909 0.0002 2.701 0.367 3.976 

~He 1- -1.155 0.101 0.0002 -1.850 0.367 -1.382 

Table IX. Estimates of B(E1; ];---> ff). (e2fm2
) 

~Be (U')];-+ (L)]f: (0)1/ 2+ (2)3/ 2+ (2)5/2+ (4)7 I 2+ 

(1-)1/ 2- 0.081 0.092 

3/2- 0.081 0.009 0.083 

(3-)5/2- 0.103 0.007 0.052 

(lz -)1/ 2z- 0.019 0.039 

3/ 2z- 0.019 0.004 0.03q 

~Li ]J---+ lf 1- 2- lz- o-

(~Be) o+ 0.083(0.148) 0.007(0.013) 

1+ 0.003(0.005) 0.052(0.093) 0.028( 0.049) 0.010(0.018) 

2+ 0.056(0.099) 0.001(0.002) 0.000(0.000) 

~Li ];---+ ]f: 1/ 2+ 3/2+ 5/2+ 7/2+ 3/ 2z+ 

3/2- 0.084 0.001 0.019 0.002 

1/2- 0.088 0.000 0.015 

5/2- 0.095 0.000 0.012 0.000 

1/ 2z- 0.000 0.098 0.001 

3/ 2z- 0.001 0.096 0.001 0.001 

~He ];---+ lf: 1- 2- lz-

(~Li) o+ 0.069( 0.155) 0.004(0.008) 

1+ 0.011(0.024) 0.057(0.129) 0.003(0.006) 

2+ 0.057(0.127) 0.004(0.004) 0.000(0.000) 
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Fig. 10 The reduced width amplitudes (RW A) of ~Be as a function of the relative distance (R or Z) 

between the two fragments. The corresponding spectroscopic factors are given in [ ] after the 

indicated decay channels. For comparison the typical shell-model (SM) RWA are drawn by 

dotted lines. 

Table X. Estimates of partial decay widths rc of the typical resonance states. The separation energy method 

is employed. For definitions see Eqs. (2·49a) and (2·49b). 

F' BA decay S- radius p Yw
2 BL 2 rc 

[BA exp) channels factor a(fm) (MeV) (MeV) 

1/ 2~- -0.03 8 Be(O+)- A (Pl/2) 0.543 3.5 0.23 4.29 0.19 0.42 

(L=L-) [ *] ~He(1/ 2+)- a(l P1) 0.546 5.0 2.81 1.10 0.15 1.86 

~Be 
8 Be(O+)- A (Pstz) 0.506 6.0 3.03 1.67 0.25 2.53 

3/ 2z- -5.31 8 Be(2+)- A (P3tz) 0.215 4.5 1.37 2.91 0.10 0.80 

(L=1z-) [ -6.3] 8 Be(2+)- A(Pl/2) 0.215 4.5 1.37 2.91 0.10 0.80 

~He( 1/ 2+)- a( 1 P1) 0.532 5.0 3.15 1.10 0.15 2.08 

~Li 
6Li(1 +)- A(Pstz) 0.412 5.5 1.84 2.08 0.17 1.26 

3/2- -3.10 6Li(1+)-A(Pl/2) 0.441 5.5 1.84 2.08 0.17 1.26 

[ -2.7] 6Li(3+)- A (P3tz) 0.120 4.0 0.52 3.83 0.03 0.12 

~He(l/ 2+)- d(S Pz) 0.132 5.0 2.53 1.73 0.07 0.58 

~Li 
5Li(3/ 2-)- A (P3!2) 0.557 5.5 1.94 2.15 0.23 1.90 

1+ -4.07 5Li(3/ 2-)- A (PI/2) 0.433 5.5 1.94 2.15 0.12 0.99 

[ -3.8] 5Li(1/ 2-)- A (P3tz) 0.008 5.0 0.00 0.00 

~He(1/ 2+)- p(Z Sz) 0.058 6.0 3.37 2.06 0.03 0.33 

* ) Not observed. 
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Chapter III Production, Structure and Decay 65 

PARTICLE-DECAY PARTIAl WIDTH quenching effects, because the A particle 

with zero isospin cannot excite isovector 

( MeV ) giant resonances of the core nucleus. 

2.5 

3. 4. Reduced width amt,litudes and 

particle-decay widths 

In Fig. 10 are displayed the reduced 

width amplitudes(RW A) and spectroscop

ic factors leading to the ~He-a and 8Be-A 

channels. Though the cluster-model S

factor does not differ fromthe correspond

ing shell-model limit one, the former rela

tive wf naturally extends to much larger 

distance. From the relevant RW A's, we 

evaluate the partial decay widths (rc) on 

the basis of the separation energy method 

described in §2.5. The results are listed in 

Table X and displayed also in Fig. 11. 

From these we have a rough estimate of 

the total widths by assuming the relation: 

r~2!crc. 

~Be(l/21-,L=ll): r=2.28MeV, 

~Be(3/2z-, L=lz): r=6.21MeV, 

~He-p the latter of which seems to be consistent 

with the observed width ( '""'7' MeV) of the 

Fig. 11. Estimates of the partial decay widths strong peak at BAexp= -6.3 NieV. 4> More 

(MeV) of the typical hypemuclear states. realistic estimates of the particle-decay 

widths are achieved by solving the scatter

ing equation, which also gives the same value r(3/2z-)~6.2MeV as will be described in 

§6. 

3. 5. Use of the realistic AN interaction ( YNG) 

In this subsection we examine the effect of using the realistic YNG(AN) interac

tion,38> Eq. (2·30), by comparing the results with those of the one-range Gaussian interac

tion(ORG) of Eq. (2·29). First we solve the ~He= a+ A problem in the GC~vl framework 

with the basis wf: 

(})z(d) =cf;aintcpz(r; d) Yz( f), 

cpz ( r; d)= 4Jr(/i baA)- 312exp[- ( r 2 + d 2
) / 2b~A] g z( rd/ b~A), 

baA=j(4MN+MA)j 4MA bN. 

(3 ·lOa) 

(3·10b) 

(3·11) 

See Appendix A for the expressions of the GCM normalization and energy kernels. 

By employing the YNG(AN; kF=0.9, x=O) interaction with 7 mesh points for the a-A 

distance parameter 
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66 T. Motoba, H. Banda, K. Ikeda and T. Yamada 

Table XL The even-odd and direct-exchange representations of the parameters of the YNG(AN; kF=0.9, x=O) 
interaction. See Eqs. (2· 30) and (3·12) for the notations and Chapter II for the details of the interaction. 
This set is used in §3.5 for the ~He and ~Be calculations. 

1.5 (fm) 

0.9 

0.5 

-9.93 -7.66 (MeV) -8.80 

-227.73 -82.55 -155.14 

1021.17 717.40 869.28 

d=O.O, 1.0, 2.5, 4.0, 5.5, 7.0 and 8.5 fm, 

-1.13 (MeV) 

-72.59 

151.89 

we obtain a satisfactory value for the A-binding energy in ~He(1/ 2+ g.s.): 

~He(1/ 2+, /=0): BAcal=3.08 MeV(YNG) vs. 3.11 MeV(ORG), 

(BAexp=3.12 MeV). 

The YNG(AN) parameters are listed in Table XI, where the direct and exchange interac

tion strengths are defined by 

{
VJ=[V 0 (E)+ V0(0)]/2, 

Ve~= [ V0(E)- V0
( 0) ]/ 2, 

{ 
V0 (E) = {v0 (1E) +3v0 (3E) }/ 4, 

V0 (0)={v0 (10) +3v0 (30) }/ 4. 

(3 ·12a) 

(3·12b) 

Here we note that, in the VAN= Vo+ VexPAN form of the YNG interaction, the AN exchange 
operator PAN should be regarded as transforming TAN= TA- TN to -TAN without changing 

0.6 -----............ YNG 

0.4 
ORG ............ .., 

...... ...... --
3.06 ------- .... 

0.2 J< r 2
> = 2.69 : 

0 t ~ 
r 

0 2 3 4 fm 

MeV 

20 ... ,, Voc;-~t l r l 
\ 

' 10 
\ 

' \ \ 
1 2 3 4 fm \ 

0 
\ r .,.,------

....... 

-10 ,"' 
/, 

-20 

/, ,, 
... _ ... / 

-30 G) r • 1\ 

Fig. 12. Comparison of the a-A radial wave func

tions and direct potentials folded by ¢a
10

t( bN 

= 1.358fm) which are calculated from the ORG 

and YNG (AN) interactions. 

the center-of-mass coordinate. 

The a-A wf (l=O) with YNG is 

found to be cosiderably different from 

the ORG correspondent, although both 

interactions are successful in reproduc

ing BAexP(~He). The bahaviors of the 

two wf's are compared in Fig. 12. The 

h.o. components of both wf's are listed in 

Table XII, where we recognize increased 

importance of the n = 1 component 

Uis(r; baA) in the YNG wf. Figure 12 

also shows the a-A potentials Va-A(r) 

which are obtained by folding the AN 
interactions with ¢a int( hN = 1.358 fm). In 

the YN G case, the folding potential 

obtained by applying the even-state 

force to both even and odd states is 

displayed, though, of course, the wf is 

calculated correctly with the original 

interaction. It is interesting to note that 

the YNG Va-A(r) is repulsive at the 

short distance, reflecting the presence of 
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Table XII. Harmonic oscillator expansions of the a-A ground state wave 

functions obtained with the two AN interactions. Note that N = 2 n + l. 
The calculated energies and a-A root-mean-square distances are listed. 

ORG 

EA=-BA -3.11 

/<r 2
>a-A 2.69 

n=O 0.917 

1 -0.251 

2 0.232 

3 -0.132 

4 0.107 

5 -0.075 

6 0.060 

7 -0.045 

a-A 

l=O (1/2+) 

YNG 

-3.08 (MeV) 

3.06 (fm) 

0.844 

-0.415 

0.217 

-0.181 

0.123 

-0.086 

0.069 

-0.057 

the repulsive (soft) core in the two-body 

YNG(AN). As a result the YNG wf is 

pushed away to the outside as seen in 

Fig. 12. This feature 51
> gives rise to a 

sizable difference between the r.m.s. esti

mates of the a-A distance, 

/<r 2
>a-A =3.06 fm (YNG) vs. 

2.69 fm ( ORG). 

One can compare these values with the 

empirical r.m.s. radius of the a-particle 

/ < r 2
) a= 1.40 fm which is consistent with 

the present choice ¢aint( bN == 1.358 fm). 

Fig. 13. Comparison of the 8Be( l)-A folding potenti

als for the (l, ..1)=(0, 0) channel calculated from 

the ORG and YNG(AN) interactions. Com

ments as for Fig. 6. 

In the similar way we solve the ~Be 

=a+ a+ A problem in· the GCM for

malism by which the Jl.N exchange 

interaction in YN G is also taken into 

account straightforwardly. Instead of 

the basis of Eq. (2·7), we adopt here the 

GCM basis function 

[ a>««(l; d) X rp;.A(R: D) Y.t(R) ]L ' (3·13a) 

(/).tA(R; D) =4;r(/7r bR)- 312exp [- (R2 + D 2
) / 2bR2

] g z(RD/bR2
), (3·13b) 

where a>««(l; d) and bR are given by Eqs. (2·2) and (2·9), respectively (x =4). The 

expression of the matrix element of AN interaction ~~=1{ Vo(Ai) + Vex(Ai)PAN(Ai)} is 

somewhat lengthy and is given in Appendix B. 
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------- 5.1 

4+ 

0.7 

YNG 

Fig. 14. Energy levels of ~Be calculated from the ORG and YNG(JlN) interactions. The inter~cluster 

correlation energies are shown. 

In Fig. 13 we compare the examples of the ORG and YNG potentials for A, Vaa-A(R), 

which are obtained by folding the two-body AN force with the di-a basis wf in the case 

of the representative distance da-a=3.0 fm. The geometry is shown also in the same 

figure. In general the potential Vaa-A(R) is nearly twice as strong as the a-A potential 

Va-A, since the di-a clusterization is well maintained in the case da.a=3.0 fm. Reflecting 

the stronger attraction of Va-A(r) in the distant region, the YNG(even) folding potential 

Vaa-A(R) is considerably deep and does not show such a simple behavior as the ORG case. 

The effect of the short-range repulsive core of the YNG interaction can be seen at small 

R, if we choose a shorter distance parameter da-a=l.O fm and at the same time employ 

the basis wf without anti-symmetrization between the nucleons belonging to the different 

a clusters. The effect is typically shown by the dotted curve(NA) in Fig. 13, although the 

raising at small R disappears due to the nucleon antisymmetrization. It is generally true 

that the effect of the two-body repulsive core tends to be averaged out and disappear in 

the A-nucleus folding potential as the mass number increases and also because of the 

nucleon antisymmetrization. 

In the calculation of the ~Be energy levels, we adopt the following restriction for the 

model· space: 

a-a distance parameter: d = 1.0, 2.25, 3.5, 5.0, 6.5 fm, 

8 Be-A distance parameter: D =0.5, 2.5, 4.5, 6.5 fm, 
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Chapter III Production, Structure and Decay 69 

angular momenta: l = 0, 2, 4. and A= 0, 1, 2. 

The results with the two interactions are compared in Fig. 14 where the ORG result is 

essentially the same as in Fig. 4. One should note here that the AN exchange force in the 

Table XIII. (a) Squared channel-amplitudes (in%) of the ~Be(L=O+) 

ground state wave functions obtained with ORG and YNG interac

tions. 

ORG 

YNG 

(l, tl) = (0, 0) 

94.5 

98.0 

(2, 2) 

5.3 

2.0 

(4, 4) 

0.2 (%) 

0.04 

(b) The h.o. components (in%) of the A-wf(tl=O) and the r.m.s. distances 

normalized within the U, tl) =(0, 0) channel of the ~Be(L=O+) wf. See 

the caption of Table V. 

ORG YNG 

v=1 83.8 76.0 ( %) 

2 11.3 16.6 

3 3.1 4.8 

4 1.0 1.5 

I<R 2
>A 2.39 (fm) 2.60 (fm) 

/<r 2
>a-a 3.44 3.57 

Table XIV. Summary of the A-particle binding energies BA, the forward production cross sections da(Oo)/d.Q 

and the level widths r for the ground state and some excited states strongly populated in the (K-, x-) 

reactions. 

g.s. peak 

BAexp 6.71 * 

~Be BA(ORG) 7.49(1/ 2+) -0.03(1/ 2-, 3/ 2-) 

BA(YNG) 7.67(1/ 2+) -0.23(1/ 2-, 3/ 2-) 

BA ( §6) -0.2 (1/2-, 3/2-) 

da (Oo) 
d.Q 

0.007 0.04 

r 2.28 

r(§6) 2.0 

~Be BAexp 6.84 * 
BA(ORG) 6.66(1-) -0.09(0+) 

~Li BAexp 6.80(1-) * 
LA(ORG) 6. 77(1-) -0.20(0+) 

BAexp 5.58 

~Li BA(ORG) 5.59(1/ 2+) 

da ( Oo) 
d.Q 

0.04 

r 
BAexp 4.5**) 

~Li BA(ORG) 3.97(1-) 

da (Oo) 
d.Q 

0.007 

r 

*)Not observed. * *) 4.25 MeV for ~He. 

big peak 

-6.3 

-5.31(3/2-) 

- 5.33(3/ 2-) 

-6.0 (3/2-) 

1.3 

6.21 

6.2 

* 
( -2.95(2+)) 

* 
( -3.04(2+)) 

-2.7 

-3.10(3/ 2-) 

3.3 

3.22 

-3.8 

-4.07(1 +) 

1.5 

3.22 

big peak 

-17.0 [MeV] 

4.6 [mb/ sr] 

- [MeV] 

* [MeV] 

* [MeV] 

-14.6 [MeV] 

2.1 [mb/ sr] 

- [MeV]. 

-13.8 [MeV] 

2.4 [mb/ sr] 

- [MeV] 
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70 T. Motoba, H. Bando, K. Ikeda and T. Yamada 

YNG interaction is fully taken into account in the calculation. 

The YNG ground band is calculated to be just parallel to the ORG one with almost 

the same ground state energy, BA =E( 8Be)- E(~Be): 

~Be(l/2+, L=O+): BAca
1=7.67 MeV (YNG) vs. 7.49 MeV (ORG). 

The YNG negative parity levels are obtained to constitute the two-band structure similar 

to the ORG result, though some differences in the level energies are seen between the two 

cases. 

As for the wf's, we list in Table XIII the channel amplitudes of the ground state total 

wf and the h.o. components of A -wf within the dominant angular momentum channel 

[(l =0) X(;\ =0) ]L=o. Table XIII(b) shows that the share of the U1s(R) component 

becomes larger in the YNG A-wf than in the ORG one. According to the estimates of the 

a-a and 8Be-A distances listed in the same table, we find that the size of the YNG ~Be(L 

=0+) wf is larger than the ORG correspondent. The difference is evidently due to the 

inner repulsive core and the relatively long-range property of the YNG interaction. 

In spite of the above discussed differences, we conclude that the realistic YNG (AN) 

interaction does not change the ORG results seriously, hence the structure characteristics 

clarified in §3.1 should essentially persist. 

In Table XIV are summarized the main results of the present calculations for the 

ground state and two big peaks observed in the (K-, lf-) reactions. 

MeV 

6 

4 

2 

0 

-2 

-4 

-6 

-8 

-10 

--&2-

---12-

___ t2-

--,.-:¥~r 
-2.41 ~. 

8l. 
/\ I 

j : core nucleus 
X 

jA: sl :(sl/2lA • 

p3 :(P3/2)A' 

pl :(Pl/2)A' 

p31 =P3 +Pl · 

Fig. 15. Calculated energy spectra of 7Li and ~Li. Comments as for Fig. 4 except that the wave 

functions are given in both the jx-jA and L-S coupling schemes. 
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Chapter III Production, Structure and Decay 71 

§ 4. Results and discussion on 6
'
7
'~Li, ~Be and ~He hypernucl«~i 

4. 1. The hypernuclei ~Li and ~Be 

In most cases of this subsection, the discussion is often restricted to ~Li, since the 

obtained feature of ~Be is almost parallel to those of ~Li. Note that the major difference 

lies in the Coulomb energy between ~Li =a+ t +A and ~Be= a+ 3He +A. Thus, for the 

~Be· structure, one may replace t by 3 He in the following discussion. 

4. 1. 1. Structure characteristics 

The calculated energy spectra of ~Li are shown in Figs. 15 and 16 and those of ~Be in 

Fig. 17. Note that the low-lying states of 7Li (1Be) 44
> are satisfactorily described by the 

MeV 

16 

14 

12 

10 

8 

6 

4 

2 

0 

4.63 . 

2.46~Q;+_t_ -
2.1 

1 B(E2) 

~ B(M1) 

7.8 

8.0 

0.478 ().47_~0,.,..1--L-..1-

--·· 1.~4.7:.Li'-!.L--.L-
vr 

o.o 312-

EXP 

2.7 

3.9 2.4 
(0.5] 

1.36 
1.22 
0.66 

0.0 

3+ 
::..-..:.=.:-..::-.:..:.::: 4+ 

·-------- ---3+4+ 
·--- --- --- 1+ - ---- --- 5+--
·-- --- --- 2+ 

15.2o--~--~ -:.:..::.- -=- 4 ~--=-;~o+ 
~ -,:_-__ --=--=----.=. 2+ 

4.4 
[0.8] 

3.8 [0.7] 

al. A I 

1.22 

0.0 J 

EXP 
s,. = 6. 77 

(EXP:6.8Ql 

1 

Fig. 16. Calculated B(E2) and B(Ml) in 7 Li and ~Li. The levels with a similar character are 

indicated by open circle, dot, etc. The experimental threshold energies are indicated in the ~Li 

spectrum. The shell-model limit B(E2) values are in the square brackets. The observed energies 

of 7Li are from Ref. 44) and those of ~Li from Refs. 7) and 43). See the text for more detail. 
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72 T. Motoba, H. Band6, K. Ikeda and T. Yamada 

a+ t (a+ 3He) di-cluster structure. Based on the lowest four levels of 7Li, the 8 negative 

parity states are grouped into four doublets: 

Each has the dominant structure, respectively, 

[
7Li(lj) X sf12J with lj=P312, P112, F112 and F5t2, 

where A particle in the jA =s112 state weakly couples to one of the a-t di-cluster states. In 

fact the feature can be seen in the ix-jA representation of the ~Li wf's (cf. Fig. 15). In the 

L-S coupling we see considerable admixtures of S = 0 and S = 1 components caused by the 

CIA· CfN interaction. The illustration of the intrinsic structure is also given for these 

negative parity states. The calculated ground state binding energies for ~Li and ~Be are 

in good agreement with the observed values, respectively. 

MeV 

16 

14 

12 

10 

8 

6.73 

t B(E2) 

1 B(M1) 

... *?~?.3- --r'1r-- 512-

7.64 

7.14 
3- t ..=.--

~\ o-:----
\ 6.75 
\JM14.?Be+/\ 

~.49 
5.~4 ~- 5.73 

5.19 

6 

·~.· 

4 18.2 

4.9 

18,8 

1.588 ()(+~e 
+·-·-·-·-

2 

0 

EXP 

5.8 

4 8. 5.2 
[1.2] 

9!5 
[1.7] 

8.3 [1.5] 

~Be 
8.1\= 6.66 

(EXP:6.84l 

EXP 

Fig. 17. Calculated energy spectra of 7 Be and ~Be. Comments as for Fig. 16. 
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Chapter III Production, Structure and Decay 

~Li(lg.s.): BAca
1=6.77 MeV 

~Ee(lg:s): BAca
1=6.66 MeV 

vs. 

vs. 

73 

The first 3 doublets are obtained as particle-stable bound states located below the ~He+ t 

threshold. 

We get many positive parity levels in which the A particle mainly occupies the P-state 

(.A= 1) with respect to the core nucleus 7Li. The analyses show that the wf's have large 

admixtures in the jx- jA coupling and that the L-S coupling representation is more appro

priate for these l'evels. The spatial symmetry of the states is considerably recovered 

when the A particle participates in the P-state. The P1rtype and P1.-type intrinsic struc

tures are underlying these levels, hence the spectra are expected to be analogous to those 

of 8Ee(a+a;K=O) and 8Li(a+t+n;K=1). 44
> In the hypernuclear a+t+A system, 

however, we have two possible spin values ( S = 0 and 1) with essentially the same spatial 

structure. Thus, in terms of the strong coupling L-S scheme, we can classify them into 

four groups, the S=O and 5=1 "bands" with K=O(P 11 ) and K=l(p_L): 

(i) Spin-singlet (S =0) SEe-analog: J =0+, z+, 4+. 

(ii) Spin-triplet (5=1) SEe-analog: ]=1+, {1+, z+, 3+}, {3+, 4+, s+}. 

(iii) Spin-singlet ( S = 0) sLi-analog: 

(iv) Spin-triplet (5=1) sLi-analog: 

In fact the first o+.z+-4+ band is realized, as marked by open circle( o) in Fig.16 (17). The 

predominant component of each wf's is (/.A) r = ( 11) r~8.z,4, as 

lo+>=97.9 %U=1, .A=1H~8+L9 %(3, 3)8+···, 

Table XV. Spectroscopic factors of the ~Li states leading to the indicated three channels. 

J/'(~Li) 

shell-model 

limit 

~He(l/ 2+) + t 

(L;) 

0.79 (P3/2) 

0.08 (Pl/2) 

0.87 (P3tz) 

0. 79 (Pl/2) 

0.08 (P3tz) 

0.88 (Pl/2) 

0.28 (Sl/z) 

0.27 (Sl/2) 

0.23 (Dstz) 

0.25 (Dsd 

0.27 ( G9tz) 

0.874(]-) 

0.343(]+) 

a+jH(]x) 7 Li+A 

(l-]x) Ux-fA) 

0.62 (P-o+) 0.83 (3/ 2-Sttz) 

0.06 (P-1+) 0.09 (1/ 2-Sl/z) 

0.63 (P-1+) 0.93 (3/ 2:-Sl/z) 

0.59 (P-1 +) 0.83 (1/ 2-sl/2) 

0.09 (3/ 2-Sl/z) 

0.64 (P-1 +) 0.92 (1/ 2-Sttz) 

0.34 (s-o+) 0.69 (3/ 'L:-P3tz) 

0.28 (1/ 2-Pttz) 

0.31 (S-J+) 0.31 (3/ 2-Pllz) 

0.24 (1/ 2-P312) 

0.39 (3/ 2-P312) 

o.3o (D-o+) 0.54 (3/ 2-Pl/2) 

0.04 (D-1+) 0.28 (3/ 2-P3tz) 

0.32 (D-1+) 0.91 (3/ 2-P3tz) 

o.3o <c-o+) 0.68 (7/2-Pllz) 

0.91 (7/2-P3tz) 

1.0 

(4 ·1) 
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74 T. Motoba, H. Banda, K. Ikeda and T. Yamada 

12+>=78.6 %U=1, tl=1H~~+9.7 %(1, 1H+9.7 %(3, 1H+ .. ·, 

14+>=63.5 %U=3, tl=1H~~+34.5 %(3, 1H+···, 

(4· 2) 

( 4. 3) 

respectively, and therefore this band might be pictorized by the a+jH(O+) intrinsic 

structure as is analogous to 8 Be= a+ a. The low-lying levels of the spin-triplet 8 Be

analogs which could be said "genuinely hypernuclear" are indicated by dot ( •) in Fig. 16 

(17). The intrinsic structure of .this band is also the P1;-type whose wf has the S = 1 

dominant component ( ltl) f = ( ll) f~~,2,4. It is noted, however, that the A particle does not 

always move around the t cluster, but moves in parallel with the a-t deformation axis. 

Further understanding of this feature can be achieved by comparing two kinds of spectros

copic factors leading to the a-JH ad ~He- t decay channels. From Table XV we see that, 

in the 8 Be-analog bands( S = 0, 1), the S -factor to the a-JH channel is larger than the other 

in spite of the fact: B~a 1
(jH) = 1.08 MeV vs. B~a

1
(~He) =3.12 MeV. Thus the simple 

picture mentioned above persists to characterize the band structures. 

What characterizes the other two bands is the P r type intrinsic structure( K = 1) in 

which the last odd neutron in 8 Li =a+ t + n is substituted by the A particle. In Fig. 16 

( 17) we label the assigned members of these analog states with S = 0 by triangle ( .6.) and 

those with S . 1 by cross ( x ) . 

Table V lists the A wf's in two typical states of ~Li. 

4. 1. 2. Electromagnetic properties 

Estimates of the reduced E2 transition probabilities B(E2) are summarized in Fig. 16 

(17) where some B(M1) predictions are also given. Bedjidian et al.7
> reported the 

@ ~Li(J~)~ 7Li(J-) sl/l. /\ 

,......-;;::':::.~ , 4-~ 71r -s1/.! r o.92oJ 
.. /. '• :-... 

0.6 

/ ~ '• ~ -
o.4 ... ~" SM: ····... 11---+3/2 -s 112 r o.B3Il 

o. 2 /" l~-d/2-:_(0s) ·· .... 
:' [0.908] 112 ·· ..... 

0 
' 1 2 3 ~··· 5 -,:::;;:::----7 
'\ - - ,...--;:::.:::::-..::::-· 6 

-o.2 3 ---7 712 -s112 ,......-::::.-· 

-o.4 \. ro. 8s<~) .... ;Z{-:-~~1;2--s 11 2 ro. 9221 

-0.6 

0.6 

0.4 

0.2 

~'::::-::::-..-~~/ 2-~3/2--Sl/2 [ 0. 9261 

R 
( fm) 

7 z 
( fm) 

-0.4 

-0.6 

SM: 1--+(lp) 3f2 [0.793] 

0.6 

0.4 

0.2 

0 

-0.2 

-0.4 

Fig. 18. RW A of ~Li. Comments as for Fig. 10. 
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observation of the 1.22 MeV y ray from ~Li, suggesting the M1 transition of 12- ~b-. 

Here we get just the same energy difference 1.22 MeV for the transition. Being consistent 

with their suggestion, the M1 transition is predicted to occur more than 6 tirr1es faster than 

the E2 transition as listed in Table VII. Another possible transition 12- ~ 2- is not likely 

to be the candidate for the observed y ray because the energy difference turns out to be 

too small(0.64 MeV), although the obtained M1 transition rate is much stronger than the 

former (cf. Table VII). Both strong M1 transitions reflect the spin-flip process. The 

spin structures of the lowest four states are seen in the L-5 coupling representation ( l, .1) i 
as 

111>=88.9%(1, OH+8.0%(1, 0)~+···, 

12->=97.4%(1, OH+l.4%(1, 2H+···, 

112>= 7.9%(1, 0)?+89.2%(1, OH+···, 

lo->= 1.5%(1, 2H+97.1%(1, o)~+···. 

See Fig. 15 for the jx-jA coupling wf's. 

( 4. 4) 

(4. 5) 

(4·6) 

(4·7) 

Compared with our shell model limit B(E2) values, the cluster model estimates are 

about4(8) times enhanced in the negative (positive) parity states. The strong intra-band 

E2 cascades also support the above classification of the band structures. We also find 

from Fig. 9 that the a-t r.m.s. distance in each of the negative parity states in ~Li is more 

than 15 % contracted from that in 7Li. This is responsible for the reduction, compared 

with 7Li, of the B(E2) strengths of the transitions between the low-lying states. 

The magnetic dipole moments of the ground states are calculated to be 

,u(~Li; 11-) = 0.367 nm, 

,u(~Be; L -) = 1.052 nm, 

for which the nuclear spin part contributions are opposite in sign (cf. Table VIII).. Table 

IX lists B (E1) values predicted for some J i + ~ J f- transitions. They do not differ so much 

from the Weisskopf unit value B(E1, 8Li)wu=0.036 e2fm2. 

4. 2. The hypernucleus ~Li 

4. 2. 1. Structure characteristics 

The calculated energy spectra of ~Li are shown in Fig. 19 with the dominant wf 

components and also in Fig. 20. As the ~He-d threshold energy is experimentally 3.94 

MeV43
> above the ground state, we have four particle-stable bound states with BAca1(g.s.) 

being in good agreement with the experiment: 

~Li ( 1 I 2t.s.) : 

The coupling 

provides low-lying positive parity eight states: 
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and ( .0.\ Schemes 

jx: core nucleus 

jA: 51 ::(Sl/2) A • 

p3 ::(p3~)A' 

pl ::(pl/2)A • 

p31 =P3 +Pl • 

Fig. 19. Calculated energy spectra of 6Li and ~Li. Comments as for Fig. 15. 

The weak coupling feature in the obtained 6 positive parity states is exhibited in the fact 
that each of them is well (96"-'99 %) described by a single configuration in the jx-jA 

representation (cf. Fig. 19). This reflects the fact that the energy level splittings in the 6Li 
core44

> are too large for the AN interaction to give rise to sizable Lll = 2 couplings. In 
each doublet, the <1A • <1N interaction makes the member with the dominant S< = 1/ 2 
component lower in energy than the other with S> = 3/2. Note that the sign of the AN 
spin-spin interaction is opposite to that of the NN case. The doublet splittings gradually 
decrease with their excitation energies, because the loosely bound A less feels the (JA o <1N 

interaction. The main features of the lowest four state wf's are as follows: 

II/ 2+)=98.3 %(1 +X s1,2) + · · =98.3 %(0, OH~6 12 + 1.7 %(2, 2)612 + · · , 

13/ 2+> =98.9% (1 +X s1,2) + .. =98.9% (0, OH~3' 2 + .. ' 

15/ 2+) =96.2 %(3+ X s1,2) +2.9% (2+ X s1,2) + · · 

=89.4% (2, OH~~' 2
+9.7% (2, OH12

, • • , 

17 I 2+> =99.4% (3+ X s1,2) + .. =99.4% (2, OH~~ 12 + ... 

For the other wf's see Fig. 19. 

( 4 ° 8) 

(4o9) 

(4·10) 

( 4 oll) 

Very recently the 2.034 MeV y ray was observed at BNL10
> and interpreted to come 

from the 5/ 2+ ~ 1/ 2+ transition. Our result for the transition energy is 1.99 MeV, which 
is just in good agreement with the experiment. Note that the present a-d model also 
reproduces the observed levels of the 6Li core nucleus very well. The 5/ 2+-l/ 2+ and 
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Chapter III Production, Structure and Decay 77 

7/ 2+ -3/ 2+ energy splittings are almost parallel to the corresponding nuclear 3+-1 + 

splitting(Cal: 2.13 MeV, Exp: 2.18 MeV 44l) but with a slight compression. This compres

sion (Cal: 2.13---+ 1.99 MeV, Exp: 2.18---+ 2.034 MeV), though being slight, reflects the different 

responses of the 3+ and 1 +.a-d wf's against the addition of the A particle. 

Bunched energy levels are obtained for the negative parity states in which the A 

particle is dominantly in the P-state. The states in the lowest bunch are constructed from 

the coupling 6Li(l +) x {pl/2, P312}A, and those in the next bunch 6Li(3+) X {t)112, P312}A, etc. 

The classification according to the intrinsic cluster structures given in Fig. 20(x =d) is 

also approximately valid for these levels. Considering two possible spin values, the wf 

analysis allows one to rearrange them into the following four groups: 

(i) Spin-doublet (5=1/2) 7Li-analog: ]={1/2-, 3/2-}, {5/2-, 7/2-}. 

(ii) Spin-quartet (5=3/2) 7Li-analog: ]= {1/2-, 3/2-, 5/2-}, {3/2-, 5/2--,7/2-, 9/2-}. 

(iii) Spin-doublet ( 5 = 1/ 2) 7Li* -analog. 

(iv) Spin-quartet ( 5 = 3/ 2) 7Li* -analog. 

Here we use the notation " 7Li-" for the lowest four states in 7 Li describable with the a+ t 

Me 

18 

16 

14 

12 

10 

4 

2 

1+ 

~ 

2+ 

4.3 4.28 

3+ 

~ 2.13 

1+ 
0.0 

EXP 

(2'-.,, (\ Gt--.8· ------
~ :p~ ~20.2 

t B(E2) 

ti 
P;; 

~ B(M1) -----------• Y2-

11.4 

(j.-0 
sA 8.96 

8.69 --------,....8.3 

1+ 6.21 
5.95 

2+ 4.74 

4.14 

2.92 

1.99 
0.37 

Sf.:>+ 

6.6 
1.10 

t 1+ 
0.0 

*+ 2.03 J 
0.35 

Y.?+ 
0,0 

6 Li 7l. EXP 
1\ I 

81\ = 5.59 
(EXP;5.58) 

Fig. 20 Calculated B(E2) and B(M1) in 6Li and ~Li. The observed energies of 6Li are from Ref. 44) 

and those of 7Li from Refs. 4), 10) and 43). Comments as for Fig. 16. 
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di-cluster and the notation " 7 Li* -" for the other excited states having three-body structure 

such as a+ d + n. The spectrum of the first group, as marked by open circle( o) in Fig. 

20, is in fact analogous to the 7Li =a+ t spectrum but with some compression. Thus the 

spin-doublet 7 Li-analog could be simply regarded as having the P1;-type intrinsic structure. 

The second spectrum may have the P1rtype one with the coupling [(L = 1 + &3+) X ( S 

= 3/ 2)]. They are indicated by dot ( •) in Fig. 20. It should be remarked that nearly 

degenerate energies of these two groups having different spin values are one of the 

characteristics of hypernuclear spectra. The states belonging to the third and fourth 

groups appear at higher excitation energies. 

In Table V are shown the h.o. expansion of the A -wf part of each dominant 

configuration for the 1/ 2i.s. and 3/ 2- (substitutional) states. 

4. 2. 2. (K-, Jr-) production rates 

The Heidelberg-Saclay-Strasbourg Collaboration1>-6> found two large peaks at BAexp 

= -2.7 MeV and -14.6 MeV in the forward 7 Li(K-, Jr-nLi reaction. The other small 

peak at B~xp = 5.6 MeV corresponds to the ~Li ground state. The two strong peaks4
> have 

been ascribed to the substitutional configurations, respectively, in the shell-model version, 

[(P3;z)N-\ (p3;z)A] and [(sllz)N-\ (s1;z)A] 

which are generated by the recoilless A -production. In the present investigation the large 

peak at BAexp= -2.7 MeV is identified with our 3/21- level obtained at BA = -3.10 MeV 

which is an analog of the target ground state 7Li(3/ 2-g.s.). In fact the calculated 

excitation spectra d6( 0°) / dQ shows an exclusively large production rate for the 3/ 21-

state, which supports such interpretation (cf. Fig. 21). The 3/ 23- state of the S = 1/2 
7Li* -analog should be sizably excited, but the corresponding peak has not been identified 

probably due to the experimental resolution. 

8 
MeV 1\ 

-20 

7l· (K- -) 7l· I , 7r A. I 

p = 720MeV/c 
K 

8 = 0° 9=13.5° 

-15..,...._~; 3/:2-[) 2.1 

-10 

-5~~-~ 

0 

5 

0 0.2 0.4 0 0.2 
mb/ 

/Sr 

d<T(8) 

d.n 

0 

0.4 arbitrary 

8/\ 
EXPERIMENT 4 ) 

~~--------------~ 

l p =?2Q MeV/C 
K 

-40-\ 
-~-
:r~ 

-20- -~ 
(J --~ 

-~~ 
~ If\ -::.. -=--

o~ -- :co .). :c.., 
t • ~g.s.~ s: 
~ ~ 

• 
20 !-

J J I f I J 1 

100 200 \ 300 

Fig. 21. Calculated excitation spectra da(8)/dQ of the 7 Li(K-, n-nu reactions with PK=720 

MeV/ c (8=0° & 13S) and PK=O. The 8=0° observed spectrum4
> is compared. 
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Description of the other large peak involves the new configuration with a neutron-hole 
in the a cluster. For this peak, the effective neutron number (8=0°) for the substitutional 
processes ((g)N~(g)A and (u)N~(u)A) is evaluated with the aid of the molecular orbital 
model. 5°> Including this estimate, the calculated Neff(Oo) leading· to the main states are 

listed in Table VI. Thus the production rates for the ground state· and the two big peaks 

are estimated as 

~Li: :~(0°)= 3.3 mblsr, (3121-, -2.7 MeV) 
{ 

0.04 mbl sr, (11 2+, BAexp=5.58 MeV) 

2.1 mbl sr, (31 2-, -14.6 MeV) 

where the empirical value48
> (da(Oo)ldQ)K-n~Arc-:=3.7 mblsr is used for the free space 

process. The second resonance is populated, theoretically, about 1.5 times as strongly as 
the third peak, which ratio nicely corresponds to the experimental one. 4 > 

It should be noted that the 11 2+ and 51 2+ states are expected to be as strongly 
populated as the substitutional 3 I 21- state when observed at 8 = 12° -15°. They are 

selectively excited in the (K-, Jr-) reaction, since the wf's are dominated by the S< = ll 2 

as shown by Eqs. (4·8) and (4·10). Figure 22 displays the overall behaviors of the pion 

angular distributions. In Fig. 21 is also shown the excitation spectra with PK = 0 MeV I c 

which give the relative ratios of the stopped K- absorption rates. Therefore several new 

dcr(8) 
d.n 

7
li {K>r) ~li 

PK = 720 MeV/c 

Fig. 22. Calculated angular distributions da( 8) I dQ 

(in Lab.) of the pion from the 7 Li(K-, Jr-)~Li(]f) 

reactions. 

MeV 
11 

~-d ENERGY SURFACE 

o~--L---L---L---~--~-~~~--7d 
2 3 4 5 6 7 fm 

-1 

Fig. 23. Calculated energy surfaces for the low-lying · 

states (lj'') in 6 Li. The value Hlj(d, d) 

I Nl(d, d) of Eq. (2·6) is plotted as a function of 

the a-d distance d. 
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states are expected to be observed in appropriate experimental conditions. 

4. 2. 3. Electromagnetic properties 

The calculated B(E2) values are displayed in Fig. 20, which support, as a whole, the 

classification of the spectra discussed above. From typical B(E2) estimates we see that 

the enhancements with respect to the shell-model limit are about 3(8) times in the positive 

(negative) parity states. In §4.2.1 we have seen that the r-ray energy 2.034 MeV agrees 

remarkably with the calculated energy difference 5/ 2+--+ 1/ 2+ (cf. Table VII). 

E.,Ca1(5/2+--+1/2+)=1.99 MeV vs. E/xp=2.034+0.023 MeV. 1oa> 

Dalitz and Gal 18
) deduced the E2 transition rates for 5/ 2+--+ 3/ 2+ and 5/ 2+--+ 1/ 2+ on the 

assumption that both uniquely involve the core transition 6Li(3+--+ 1 +) observed44
> with the 

rate T(E2) = 6. 7 X 1011 sec. Their values are very large in comparison with ours: 

B(E2; 5/ 2+--+ 3/ 2+) =0.4 e2fm4
, (D-G: 3.1 e2fm 4

) 

B(E2; 5/ 2+--+ 1/ 2+) = 2.5 e2fm4
• (D-G: 8.6 e2fm4

) 

This difference arises because the dynamical contraction of the a-d distance due to the 

addition of the A particle is naturally taken into account here. The nuclear response 

such as the contraction can be explained as the competition between the energy gain due 

to the AN interaction and the energy loss due to deviation from the minimum in the a-d 

energy surface shown in Fig. 23. The energy compression (5/ 2+-1/ 2+) discussed in §4.2.1 

is an example of the state dependence of the nuclear response. The contraction effect, as 
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Fig. 24. RW A of ~Li. Comments as for Fig. 10. 
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Chapter III Production, Structure and Decay 81 

shown in Fig. 9, is so remarkable as to reduce the hypernuclear B(E2) values to nearly 

half the core nuclear ones. On the other hand, our B(E2) predictions are underestimated, 

since the present 6Li wf's yield B(E2; 3+ ~ 1 +) = 6.6 e2fm 4 without additional effective 

charge while 11.0 e2fm 4 experimentally.44
> The additional effective charge 0.27e is neces

sary for the remedy. Thus the reasonable B(E2) values in ~Li should be nearly 1.5 times 

the values shown in Fig. 20. 

For M1 transitions we obtain 

B_(M1; 31 2+ ~ 11 2+) = 0.352 nm2
, (D-G: 0.364 nm2

) 

B (M1; 7 I 2+ ~51 2+) = 0.365 nm2 
• 

Generally these M1 spin-flip transitions are strong. They are possibly observed, for 

example, through the 7Be(e, e'K+)~Li experiment, because the reaction favors the spin-flip 

process to populate the 312+ (and 712+) state with the 5>=312 dominant wf. The 

magnetic dipole ·moment of the ground state is calCulated to be 

.uGLi; 11 2+) =0.791 nm 

for which the divided contributions are listed in Table VIII. The present estimates of the 

electromagnetic transition rates result in the lifetimes: 

r(31 2+) = 1.2 x 10-13 sec, 

r(51 2+) = 1.8 X 10- 11 sec, 

r(7 I 2+) = 1.6 x 10-13 sec, 

which are all shorter than the weak decay lifetime of the free A particle. 

Table IX lists the estimates of B(E1) from the negative parity states of ~Li. We see 

that the E1 transitions occur selectively for the spin-doublet {11 2-, 312-} ~ 11 2+ and the 

spin-quartet {112-, 312-, 512-}~312+ due to their spin characters. A typical magnitude 

is B (E1; 31 2- ~ 11 2+) = 0.084 e2fm2
• 

4. 2. 4. Reduced width amplitudes and particle-decay widths 

The RW A and the spectroscopic factors are calculated for the decay processes ~Li 

~
6
Li- A and ~Li ~ ~He-d as shown in Fig. 24. The behaviors of the RW A differ significantly 

from the corresponding shell model ones, even when the S -factors do not differ so much. 

The partial decay widths from the substitutional 3121- state are shown in Fig. 11 and 

Table X, from which we get a rough estimate for the width of the big peak at BAexp= -2.7 

MeV,4
> 

According to the experience on the ~Be case (cf. §§3.4 and 6), this may be a reasonable 

estimate. The experimental width to be compared has not been clearly deduced. 3>.
4
> 

Note that the shell model wf gives an extremely small width for the peak. 

4. 3. The hypernuclei ~He and ~Li 

4. 3. 1. Energy spectra 

Calculated energy spectra of ~He(~Li) are shown in Figs. 25 and 26. Here we simply 
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Percentage Analysis 

of w.f. in ( jxxjA) 
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j : core nucleus 
X 

j" : 51 = ( 5112 l A • 

p3 :(p3/2)A' 

p1 :(Pl/2)A • 

p31 =P3 +P1 · 

Fig. 25. Calculated energy spectra of 5He and ~He(~Li). Comments as for Fig. 15. 

l B(E2) e2 fm4 

~ B(M1) nm2 --

~He ( ~li) 

~18.3 

81\= 3.97 
(EXP: 4.25) 

0. 

( EXP) 

assume the same wf for both ~He 

and ~Li, as the present AN interac

tion includes no charge-symmetry

breaking terms. 

The lowest states of the core 

nucleus 5He( 5Li) are 3/2- and 1/2-, 

which are both unbound resonances. 

The addition of the s-state A parti

cle generates two negative parity 

doublets: 

Fig. 26. Calculated B(E2) and B(M1) in 5He( 5Li) and 

~He(~Li). Comments as for Fig. 16. 

which, according to the calculation, 

remain almost purely as the eigen

states. The order of the doublet 

levels is simply determined by their 

spin structures, because the l5A • l5N 

term acts attractively (repulsively) 

in the S<=O (S>=l) state. See Fig. 

25 for the L-S coupling representa

tion of the obtained wf's. In both 1-

states we see considerable admixture of S<=O and S>=l components. The A particle 

binding energy in the ground state is calculated to be BA =3.97 MeV, which is somewhat 
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81\ 
MeV 

-20 

P. = 720 Me'Vc 
K 

8=0° 8=13.5° 

-15 1--___,\-, --~r,31o-2 4 ,.. r t> • 

-10 

jc;p 

2- i"o 
0 

5 1- 9.5. ~ 

dcr(S) 
dn. 

0 

0 0.1 Q2 0.3 0 0.1 Q2 0.3 
mb/ 

/sr 

~ = 0 MeVA: 
K 

-20 

0 

20 

arbitrary 

EXPERIMENT 4 > 

40 

p =?gO MeV/c 
K 

0=0° 

811 i20 

Fig. 27. Calculated excitation spectra da(()) I dQ of the 6Li(K-, Jl"-)~Li reactions with PK=nO MeV lc 
(8=0° and 13S) and PK=O. The B=Oo observed spectrum4

> is compared. 

underestimated in comparison with the observed value BAexp=4.25 MeV in ~He (4.50 MeV 

in ~Li). 43
> This seems to be due to the limited model space adopted in treating such 

weakly bound state, since the present "x-cluster" is a nucleon itself and the adopted 

coordinate in Fig. 2(b) may not always be the best one. 

mb./ 
....-sr 

dcr(S) 
d.n. 

p =?2QMeV/C 
K 

Available configurations for low-lying 

positive parity states are, in the L-S coupl-

ing, 

[aN(! =1) X A(l1 = 1)]f, 

which generate two o-,four 1-, three 2- and 

one 3- states. As seen in Fig. 25(or 26), six 

of them are centered around 8 MeV excita

tion. Their wf's are fragmented over the 

possible j x- j A coupling components, but in

dicating the recovered spatial symmetries as 

can be seen from the L-S coupling repre

sentation. The correspondents to the 
6He(o+, 2+) and 6Li(l +, 3+) states are found in 

the lower group; However such an analog 

picture does not always work well in this 

case. The effect of the lar;ge spin-orbit 

/

0 

potential in 5He( 5Li) remains as sizable 
0 

'-:::----'-----'-------''------'"--'------.r-0 
0

__,_----;.. 8 · mixings of different ( L, S) cornponents. 
0° 5° 10° 15° 20°/ 25° 

0 

4. 3. 2. (K-, Jr-) production rates of ~Li 
Fig. 28. Calculated angular distributions da( B) I dQ 

(in Lab.) of the pion from the 6Li(K-, J[-)~Li(]f) Figures 27 and 28 show the calculated 

reactions. cross sections for the 6Li(K-, Jr-)~Li reac-
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84 T. Motoba, H. Bando, K. Ikeda and T. Yamada 

tion. The forward cross section is exclusively dominated by the 1 + state obtained at BA 

= -4.07 MeV. This is in good correspondence with the lower strong peak (broad 

resonance) observed at BJ.xP= -3.8 MeV. 3
J,

4
J Note that this 1 + state does not have the 

simple shell-model substitutional structure as (P3;z)N - 1(P3;z)A but has the following charac

ter in the cluster-model space, 

11+>=55.7 %[3/2-XP1;z]+43.3 %[3/2-xpf;z]+0.8 %[1/2-xp1;z]+···. ( 4 ·12) 

According to the prediction of the angular distributions, production rates of the other 

·several states, especially 2-, grow up at 8=10°""15°. We see the similar feature in the 

PK=O MeV /c excitation function. Another strong, narrow resonance peak at BAexp 

= -13.8 MeV3
J,

4
J can be described by breaking the a cluster to produce a neutron hole. 

The molecular orbital model allows us a rough evaluation of the forward cross section to 

this peak. Thus the production rates for the ground state and two big resonance states 

are 

{ 

0.007 mb/ sr, 

~Li: :~ (0°) = 1.5 mb/ sr, 

2.4 mb/ sr. 

( 1-, BAexp= 4.50 MeV) 

( 1+, -3.8 MeV) 

((1+), -13.8 MeV) 

It should be noted that the latter two theoretical values can well explain the observed 

production ratio of the two big peaks. 3
l,

4
l 

4. 3. 3. Electromagnetic properties 

0 
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.··········"········ ... SM: 0+~ 3/2--(0ph/2 [ 0.984] 
... ·.. + -

./ ··... 0 ~ 3/2 -P3t 2 [0.983 1 
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Fig. 29. RW A of ~He(~Li). Comments as for Fig. 10. 
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Chapter III. Production, Structure and Decay 85 

In Fig. 26 we summarize the calculated B(E2) and B(M1) values. The transition 

rates between the lowest two states of ~He (in the parenthesis for ~Li) are 

T(E2; 2- ~ 1-) = 3.67 x 106 sec- 1 (2. 71 x 107 sec- 1
), 

T(M1; 2-~ 1-) = 6.52X 108 sec- 1 (1.68 x 107 sec- 1
). 

The theoretical ground state magnetic moment is given in Table VIII. Table IX includes 

some B(E1) estimates. 

4. 3. 4. Reduced width amplitudes and particle-decay width 

Figure 29 illustrates the bahaviors of the RW A and spectroscopic factors leading to 

the indicated two-body decay channels. The calculated partial decay widths are shown 

in Fig. 11, from which we estimate the total width for the strong peak observed at BAexp 

= -3.8 MeV in the 6Li(K-, Jr-)~Li reaction:l)- 5
> 

~Li(l+): F=3.22MeV. 

This value is also regarded to give a reasonable estimate of the peak width. 

§ 5. The Jr-mesic decay 

The dominant decay modes of the free A particle are the non-leptonic processes: 

A~{P+Jr-+37.8 MeV, (64.2%) 

n+ Jr0 +41.1 MeV, (35.8%) 
(5·1) 

where the experimental branching ratio is in the parentheses. The free .11. lifetime is 

r A= 2.63 X 10- 10 sec. (5· 2) 

In the decay the emerging pion receives about 36 MeV of energy corresponding to the 

released momentum 

Qo""' 100 MeV/ c (5·3) 

in the center-of-mass frame. As the momentum of the recoiling nucleon (<rN=qo) is only 

about 1/3 of the nuclear Fermi momentum (kF~280 MeV /c), the Jr-mesic decay rates are 

expected to be strongly suppressed in nuclei due to the Pauli exclusion principle. 52
>'

53
> On 

the other hand, the non-mesic decay which can take place only in the nucleus becomes a 

dominant mode in heavier hypernuclei, 

A +N~N + N +176 MeV (qN~400 MeV /c). (5·4) 

In this chapter, however, we confine ourselves to the Jr-mesic decay of the A-hypernuclei 

with an intension of using it as a spectroscopic tool. 

First we calculate the partial decay rates leading to the low-lying daughter states: 

~Li(1-g.s.) (5· 5a) 
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86 T. Motoba, H. Band6, K. Ikeda and T. Yamada 

~Li(l-g.s.) 

(5·5b) 

(5· 5c) 

(5·5d) 

Secondly, in these decays, we predict the angular distributions of the pion emitted from the 

polarized hypernuclear ground states. 

5.1. Expressions 

The Jr-mesic decay Hamiltonian is expressed as54
> 

Hn=sn+Pn(d•q)/qo, (5·6) 

where (J represents the A(N) spin operator and q the pion momentum. The Sn and Pn 

denote the parity-violating spin-nonflip and parity-conserving spin-flip interactions, re

spectively. Here we use the following values: 

_d {s-= 0.96X10-
7

, 0 d {so=s-//2, 
7r - ecay _ _

7 
7r - ecay _ I /{) 

P---0.32X10 , Po-P- v2. 
(5· 7) 

The Jr-mesic decay probability Tn of a A-hypernucleus (1Z) to a daughter nucleus (A Z') 

is defined with the relevant wf's as 

Tn(i,f;q) = [Ji] M~J /A J 7f!(A Z'; ffMfTfrf) HnBneiqx 7f!(1Z; ]iMi Tiri) d~1 .. ·d~A-1dX I !v.q' 
(5· 8) 

where, averaging over the pion direction, the integration is carried out with respect to all 

the nucleon and A coordinates. The operator Bn transforms A to a nucleon: 

e iA>={iP> 
n in> 

for {Jr--decay, 

Jr 0-decay. 

With the multipole expansion of the sandwitched operator, we get 

(5·9) 

TnU,f;q) = [1] it~< 7f!(AZ'; JfTfrf)iiFks>e7C+ FJ!>enii7f!(1Z; JiTirJ>r, 

(5·10) 

Fk8 >=s7CjK(qx) YK(X), 

FJ!>=-p7C(q/qo) ~ (-i)k-K(10KOikO)jk(qx)[O"X Yk(x)], 
k=K±l 

(5·11) 

(5·12) 

where jK(x) is the spherical Bessel function. In the a+ x +A microscopic cluster model, 

the initial hypernuclear wf is represented by Eq. (2·18) where the isospin quantum 

numbers ( Tiri) are implicit in q;ax(Nl). On the other hand, the final state wf of the 

a+(x +1) nucleus is given in the form of Eq. (2·35). The expressions of the matrix 

elements of FK with these wf's are given in Appendix C. Thus the decay probability of 

Eq. (5·10) is divided into the s-wave and P-wave contributions and can be expressed in the 

form 

Tn= s~S(s) + P~S(p). (5·13) 

Note that the i ~I transitions with (without) parity-change are induced by the odd (even)-
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Chapter III Production, Structure and Decay 87 

K terms of Fk8 > and the even(odd)-K terms of FJ!>. 

With the T1r(i, !; q) of Eq. (5·10) the decay rate R1r is expressed by 

R7C 1 + (;~/ MA) T7C(i, !; q) ' (5·14) 

(5·15) 

Here the pion energy Wq and momentum q are determined by the energy conservation 

condition as 

£A=E(1Z; g.s.)-E(A- 1Z; g.s.),. 

£N=E(A Z'; ff)- E(A-l Z; g.s.) . 

The JZ"-mesic decay rate of the free A is analogously expressed by 

free A·. R7Co 2qo. ( 2+p 2) 
1 + ( Wq

0
/ MN) S 7C 7C ' 

(5·16) 

(5·17) 

(5·18) 

(5·19) 

(5·20) 

By comparing Eqs. (5·13) and (5·14) with Eq. (5·19), S(s) and S(p) are interpreted as the 

suppression factors 52
>'

53
> which reflect the effect of the Pauli principle, kine1natical selec

tion rules and structure differences between parent and daughter systems. 

Another interesting quantity is the angular distribution of the pion emitted from the 

polarized hypernuclear ground state. Choosing a particular intial state IJiMiTiri> 

without Mi-averaging in Eq. (5· 8), we define the transition probability T7C(]iMi, ff; q) 

which depends on the angle Q q of the emitted pion, 

T (] M J ) 4JZ" (-)lf-li[ ~ (-)<K-K')/2 f[K][K'] 
7C i i' f; q /DJ K +K.f:even v 

where 

X {<Jfi1Fk 8 )11Ji><JAFk~>liJi>+<JfiiFJ!>iiJi><JAF~>iiJi) }P(K,K'; ij) 

_ ~ ( _ )<K-K'+ll/2/(K](K'] 
K+K'=odd · 

By definition the following relation holds: 

1 1 f [JJ ~ T7C(]iMi, ff; q) =47r T7C(]iMi, ff; q) dQ q 

= T(Ji, lf; q) of Eq. (5·8) . 

(5·22) 

(5· 23) 

Finally we can rewrite the above expression, Eqs. ( 5 · 22) '"'"' ( 5 · 23), in the fornr1 of the linear 
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88 T. Motoba, H. Bando, K. Ikeda and T. Yamada 

Table XVI. The estimates of the hypernuclear 7r-mesic decay rate Rrr in units of the free one RAfree. See 

Eq. (5·13) for the S's and Eq. (5·14) for Rrr. The q denotes the pion momentum in MeV/ c. 

1Z(]i)---->AZ' (]f) q S(s) S(p) Rrr/RAfree 

1+ 108.6 0.0086 0.029 0.0045 

~Li( 1i.s.)----> 6Li 3+ 105.2 0.000005 0.10 0.0044 

0}=1 103.2 0.019 0.0 0.0064 

2+ 101.9 0.021 0.00007 0.0071 

2}=1 100.2 0.049 0.0067 0.016 

12+ 99.6 0.0052 0.0049 0.0019 

3/2- 110.0 0.15 0.016 0.055 

~Li(1/ Zis)----> 7 Li 1/2- 108.9 0.071 0·.0079 0.026 

7/2- 101.4 0.00006 0.000006 0.00002 

5/2- 99.0 0.00004 0.000005 0.00002 

o+ 123.5 0.15 0.0 0.13 

~Li(1g-.s.)----> 
8Be 2+ 118.7 0.39 0.011 0.31 

4+ 107.7 0.0003 0.000008 0.00022 

7C-MESIC DECAY RATE Riif~ree 

1+ 1t 5!2-
I 

-~~~~~+:~·1 
I 

I 

I 
I 

I 

,' ? 712-
I I 

I I 1: T•1 I I 
I I 

06 3+ I I 
I 

I I 

.016 I I 

.o{L 
I I 

/ I 

I 

~-I 

1- 1+ 0+ ~ 3f2-
.005 

)' 

6L· 6li 7L· 
.055 7li A I no A I .nO 

~ 4+ 
I 
I 
I 

~ 5!2-I 

I I 
I I 

I I 

I I 

I I 

I 
I 

I 
I 

I fr 712-I 
I I 

I I 

2+ I I 
I I 

I I 
I I 

I I 

I I 

I I 

1 I 
I 

I 1!2-I 

1- o+ 1f2+ ~ 3!2-)I 

al· 
.13 8 Be 7L· 

.11 
7Be A I JT..., A I :J[ 

-

Fig. 30. Calculated 7r-mesic decay rates· in units of the free RArree of Eq. (5·20). 
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0 1 
COSHq 

7l. _____ _....... 7l. 78 A 1 -----;>"'" 1 , e 
-
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Fig. 31. Predictions of the pion angular distributions 

of the Jr-mesic decays from the polarized hyper

nuclear ground state. 

combination of Legendre polynomials: 

Trr(JiMi, ff; q) = ~ TrrQ(]iMi, .If; q) PQ( ij) . 
Q 

(5·24) 

The identity T~= 0 (]iMi,]f;q) = Trr(Ji,]f;q) 

is evident from Eq. (5·23). 

5.2. Numerical results and discussion 

In Fig. 30 are displayed the estimated 

decay rates for 6
'
7
'~Li relative to the free A 

decay rate R~ree, and in Table XVI the 

s-wave and P-wave contributions defined by 

Eq. (5·13) are separately listed with the 

involved pion momentum. In the Jr
0 decay 

of ~Li, the 2t=l state is predicted to be most 

easily populated via the s-wave transition. 

Table XVI shows that the P-wave 

component with spin-flip mainly contributes 

to the decay ~Li(1g:s.) ~ 6 Li(1 +, 3+). Note 

that the 1 + and 3+ daughter states have the 

S = 1 wf' s, while in the parent state the S = 0 

component dominates over the S = 1 one: 

I~Li; 1-)=68%(l=1, ;t=OH~~ 

+30.9%(l=1, ;t=O)t::i+···. 

(5· 25) 

The calculated results suggest that the 

lowest four states of 6Li are nearly equally 

populated. 

Table XVII. Relative contributions of Legendre polynomials, TQ/TQ~o, to the pion angular distribu-

tions. For definition see Eq. (5·24). 

1Z(];M;) _.A Z'(]f) lf Q=O Q=l Q=2 

1+ 1. 0.622 0.170 

~u(l-1) __. 6Li 3+ 1. -0.038 --0.134 

O"i-=1 1. 0.0 --1.0 

2+ 1. 0.038 -0.120 

2t~l 1. 0.241 --0.052 

12+ 1. -0.689 0.486 

3/2- 1. -0.245 

~Li(1/ 2+1/ 2)--> 7Li 1/2- 1. 0.244 

7/2- 1. -0.225 

5/2- 1. 0.228 

o+ 1. 0.0 -1.0 

~u(l-1)--> 8 Be 2+ 1. 0.133 -0.060 

4+ 1. 0.107 -0.149 
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90 T. Motoba, H. Band6, K. Ikeda and T. Yamada 

It is notable that the momentum of the emitted pion is higher than the free A decay 

case ( Qo"' 100 MeV I c), because in most cases under consideration the A binding energy in 

a hypernuclear ground state is comparable to or less than that of the converted nucleon. 

The Jr 0 (Jr-) decay of ~Li is predicted to feed the lowest two states of 7Li CBe), where 

the s-wave transition without spin-flip is dominant. See Fig: 30 and Table XVI. The 

512- and 7 I 2- states can hardly be populated, because of high angular momentum trans

fer. The Jf- decay rates leading to 7Be is twice as large as the Jr 0 decay to 7Li, which is 

just a consequence of the LII = 112 rule Eq. (5· 7). 

The Jr- decay of ~Li (lis.) populates the lowest two states (o+ and 2+) of sEe with much 

greater rate than the other cases mentioned above. It is interesting to note that the 2+ 

state is excited 2.5 times as strongly as the o+ state. This prediction may be tested by 

measuring the correlation with the subsequent a-decay of sEe (o+, 2+). 

The pion angular distributions Trc(]iMi, ]f; q) of Eq. (5·22) are evaluated for the case 

of the polarized hypernuclear state ifiMi = Ji>. Table XVII shows the relative contribu

tions of the Q-th Legendre, TQITQ=o, which is defined with Eq. (5· 24). The results Rrc(Bq) 

are displayed in Fig. 31. It is interesting to note that strong angular dependences are 

predicted for the decays ~Li ~ 
6Li(lt.z, Ot=l) and ~Li ~ sBe(O+). In the decays ~Li ~ 7Li & 

7Be(]f) where the PQ=l contribution is essential, the sizable asymmetry is also expected 

(cf. Fig. 31). These observables will serve as a spectroscopic tool to study the hypernu

clear structures. 

§ 6. Particle-decay widths of ~Be by an advanced treatment 

In §§ 3 and 4, we evaluated the widths of the typical resonance states in ~Be and 6'1Li 

on the basis of the reduced-width amplitudes which are deduced from the wf's obtained 

within the bound state approximation (BSA) .21
>'

23
>'

55
> In this section, by solving the 

channel-coupled scattering equation, we present the results of an advanced treatment for 

the ~Be system. 

Here we are interested in the big peak observed in the forward 9Be(K-,Jr-nBe 

reaction1>- 5> at 

(6·1) 

According to the a+ a+ A cluster model ( cf. § 3), this peak corresponds to the ] rc 

= 3122 -(L = l2 -) substitutional state obtained at B5ia1 =-'-- 5.31 MeV. The height of 

centrifugal barrier for the A particle in L rc = 1- state is only about 3 MeV. Thus, there 

arises a question why such a resonance, although broad, can exist at as high as EA =6.3 

MeV. A key to solve this question is expected to exist in the fact that, in this energy 

region, three channels, ~He+a, sBe(O+) +A and sBe(2+) +A, are open and EA =6.3 MeV is 

not very high from the sBe(2+) +A threshold. With this in mind we investigate the 

energies and widths of the L rc = 1- states by solving a channel-coupled scattering problem, 

in which the above three channels are taken into account. The mechanism underlying the 

obtained resonances is discussed. 

6.1. Formulation of the channel-coupled scattering equation 

Throughout this section, the A particle is treated as if it were spinless for the same 

reason as in § 3. The trial wf with the orbital angular momentum L and its projection M 
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Chapter III Production, Structure and Decay 

is defined using the numberred three channel wf' s: 

nr (9Be)- nr(l) + ur(2) + ur(3) 
'f' LM A - 'f' LM 'f' LM 'f' LM , 

~He+a: 

8Be(o+) +A: 

8Be(2+) +A: 

lJ!'i~ = fif!!-Jl' { </>~He</>axP>(Rl) YL( R1) hM , 

lJ!'i2)., = [ <l>( 8Be; l =0) x xF>(R2) YL(R2) hM, 

lJ!'i~ = ~ [ (])( 8Be·l = 2) x xi3>(R3) YA(R3) ]LM 
A ' ' 

(6· 2) 

(6·3) 

(6·4) 

(6· 5) 

91 

where x<il(R) ( i = 1, 2, 3) denotes the relative wf between the relevant clusters. The <l>a 

represents the intrinsic wf of the a cluster with (Os) 4 h.o. configuration and the operator 
Jl' antisymmetrizes the nucleons belonging to the different clusters. The internal wf's, 
</>sHe and <l>( 8Be;l) are expressed by Eqs. (2·52) and (2·1)"-'(2·4), respectively. Their 

A 

relative wf' s are given by solving the a+ A problem with the folding tnodel and the 
microscopic a+ a problem, respectively, on the expansion basis of the locally peaked 
Gaussian function of the same type as Eq. (2·3). 

Each relative wf x<il(R) is similarly expanded in terms of the Gaussian wave packet 
{<pL(R;D)} with the appropriate size parameter: 

(6· 6a) 

(6·6b) 

where the generator coordinate D specifies the inter-cluster distance. The xi±>(ki;R) 
represent the incoming (-)/outgoing(+) wf with the channel wave number kt and Sji the 
S -matrix element for the i ~ j transition. The wf xii> is smoothly connected at the 
channel radius Ric. 

The total Hamiltonian His given by the kinetic energy T and the two-body NN and 
AN interactions, 

H= T+ VNN+ VAN' (6· 7) 

(6·8) 

(6·9) 

where the center-of-mass kinetic energy TcM is subtracted. From the variational princi
ple 

<olJf(i>iH- EilJ!'>=O, (6·10) 

we get a set of coupled integra-differential equations to determine f}_,il(D) and Sji of the 
relative wf x<n(RJ ( i = 1, 2, 3). Here we follow the variational method developed by 
Kamimura et al. 56

> For the expressions of the GCM overlap and Hamiltonian kernels one 
can refer to the Appendix of Ref. 57). 

From the S-matrix the cross section is given by 

(6·11) 
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92 T. Motoba, H. Bando, K. Ikeda and T. Yamada 

6.2. Interactions and the model space 

As the two-body NN interaction we employ the Volkov No. 258
> with the Majorana 

parameter MNN = 0.56. The Coulomb interaction is also taken into account. This choice 

of parameters along with the size bN= 1.358 fm leads to a successful reproduction of the 

a-a scattering data for the 8Be ground band (l=o+, 2+, 4+). 59
> For the AN part we use 

the ORG interaction of Eq. (2·29) which reproduces B~xP(~He) =3.12 MeV. 

The calculations are carried out within the following model space: 

(I) the three channel states for the L = 1 scattering: 

channel-1: ~He+ a, . 
channel-2: 8Be(o+)+A(t1=1), 

channel-3: 8Be(2+)+A(t1=1). 

(II) the generator coordinate mesh points: 

D1 = 2.5, 3.0, ···, 6.5, 7.0 fm (10 points) , 

D2(D3) =0.5, 1.5, ···, 5.5, 6.5 fm (7 points). 

(III) the channel radii: 

R1 = 7.5 fm, R2(R3) = 7.0 fm. 

As for the angular momentum, the t1 = 3 component ~as found to be negligible. It should 

be noted that essentially important is the reproduction of the experimental threshold 

energies involved in the coupled channel scattering problem. The adopted parameters 

and internal wf' s are quite satisfactory· in this respect. 

6.3. The BSA results of the L 1! = 1- structure characteristics 

In order to facilitate understanding of the meaning of scattering solutions, first we 

solve the channel-coupled equation under the BSA and see the structure characteristics of 

the obtained eigenstates with L 1! = 1-. We define the channel probability which is the 

squared overlap between the total wf, Eq. (6·2), and each single-channel wf: 

(6 ·12) 

Table XVIII. Squared overlaps P}J>(Ln) between the channel-coupled total wave function and the channel wf 

solved within the indicated channel (s), respectively. The definition is given by Eq. (6·12) 

Channel-coupled wf lJ! J~ia 1
(LN) 

Channel wf (EA=- BA) LN=1I- LN=1ii LN=1iil 

lf!~~A(Ln) MeV ( -0.5 MeV) (3.7 MeV) (5.0 MeV) 

qr~~>A:[~He+ a] Ln=1~-( -0.3) 0.980 0.003 0.004 

lz -( 3.9) 0.001 0.941 0.053 

qr~~~:[ 8 Be(O+) +A] L-( 3.1) 0.387 0.119 0.447 

12-( 9.2) 0.053 0.008 0.145 

lf!~~~:[ 8 Be(2+) +A] L-( 4.8) 0.338 0.000 0.341 

lz -( 10.9) 0.029 0.018 0.000 

lf!~~1 3 >:[ 8 Be(O+, 2+) +A] 11-( 1.5) 0.795 0.093 0.012 

12-( 5.2) 0.014 0.035 0.920 
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Chapter III Production, Structure and Decay 93 

The values are summarized in Table XVIII where the overlaps with the two-channel 

solution lJ.!<Z+ 3
> are also listed. 

b!degJ . 
120 

,... ....... 
900 ------------------------/--------·_--::_·_--:-·-. • ._ 1\ + 

8
Be (2+) 

I ·-·-. 

j ------------600 ~, ...... - --------

1\ + 8Be(O+) 

00 

~He+ ex 

0 2 4 6 8 10 12 14 
Ea.! MeV) 

0 2 4 6 8 10 12 
E/\(MeV) 

Fig_ 32. Phase shifts for the LIt= 1- partial waves 

calculated independently in the ~He+a, 8 Be(O+) 

+A and 8 Be(2+) +A channels respectively. 

(a) 
Incident channel: ~He+d. 

O"(b) 

~~0~~ _...._2 _ __._, ___ __.~ .......... -~~-
a L=,l1~3l 
. . 

6 8 10 12 14 

aL=11.;.2} 

~~~ ' < 
0~~2~~4~-----'~----~~--

. I 

6 8 10 12 14 

1.5 

1.0 

0.5 I 

:"! 
tO 
I I 

1 II 
I C 
I.....,. 

r~2.o MeV 

0. 0 '-"----~..:.IV _ _.______._ _ _.__;::::_...__...__-'---

0 2 4 6 8 10 12 14 
Ecx:(MeV) 

0 2 4 6 8 10 12 EA(MeV) 

Table XVIII shows that the LN 

= lr- solution obtained at E}a
1= -0.5 

MeV has a very nice two-cluster (~He 

+a) structure as pp>(l~-) =0.980. At 

the same time, however, it has a large 

overlap with lJ.!<2+3>(b-). This fact 

indicates that the three channels are 

not fully independent. This state lr

is expected to have a sizable a-decay 

width, since it appears at 2.3 MeV 

above the ~He+ a threshold, which is 

just at the top of the Coulomb plus 

centrifugal barrier. 

The second solution LN = lii at 

E}a
1 = 3. 7 MeV has a large overlap 

with the higher nodal wf w<0(12 -) of 

the ~He+ a single channel. However, 

because the energy of the higher nodal 

(b) 
Incident channel : /\+ 8Be!c1J 

O"(b) 

:::1 ~ 
0.0~- . J ~~-___,_ 

0 2 4 6 8 10 12 14 

0.6 

0.4 

.L=1 
0 (2~3) 

0.2 

0.0 ~__._ _ _.__...c._..__~:--'--_.___,__ 

0 2 4 10 12 14 

0.6 

0.4 
-L=1 

0 (2~2) 

0.2 

0.0 

0 2 4 6 8 10 12 14 Ecx:(MeV) 

0 2 4 6 8 
'J 
0 12 E,JMeV) 

Fig. 33. Calculated cross sections as a function of the A (a) incident energy in the CM frame. 
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94 T. Motoba, H. Banda, K. Ikeda and T. Yamada 

state is too high above the ~He+ a threshold, this BSA 1ii solution does not seem to remain 

as a resonance when the problem is treated under the correct scattering boundary condi

tion. 

The BSA third solution LN = 1iii obtained at EJ.a1 = 5.0 MeV has a structure very 

similar to the qr<z+ 3>(lz -) of the two-channel calculation. It is notable, as already discus

sed in § 3, that this 1iii wf shares a considerable amount of the 8Be (2+) +A component and 

moreover that the energy is not very high from the corresponding threshold. From these 

facts this state is expected to show a resonance-like structure .. Thus we learn here that 

there can be two 1- states ( 11 and 1iii) which will persist in the scattering treatment. 

6.4. Results and discussion on the L 11: = 1- resonance states 

First we calculate the phase shift of the L 11: = 1- partial wave by solving independently 

the scattering equation for each channel. Figure 32 shows that the channel-1 (~He+ a) 

phase shift does not reach 90°, although we find a broad r-esonance in the cross section at 

EA =3.0 MeV, since it is located around the top of the Coulomb plus centrifugal barrier. 

Only the channel-3 phase shift goes over 90° to show a clear resonance. The reason is 

bacause the 8Be(2+) +A folding potential is strong enough to make a quasi-bound state, 

while the 8Be(O+) +A potential (channel-2) is weaker. (See Fig. 6.) Note that the 

difference between their potential depths makes the two channels close in energy. 

Let us switch on the couplings among the three channels. The calculated results of 

the cross sections a(i ~ j) are displayed in Fig. 33 and the S-matrix elements ISJil in 

Fig. 34 as a function of the a(A) incident energy Ea(EA) in the center-of-mass frame (E~a 1 

(a) 
Incident channel : ~ He+d 

! s ji I 
to---. 

1 S11 1 

0.8 

0.6 

0.4 

I S21l 

0.2 

0.0 ._____._....__......_L....-----J....._~__..-~---L-

0 2 4 6 8 1 o 12 14 Ecx: (MeV) 

0 2 4 6 8 

(b) 

Incident charnel : 1\ + 
8

8e{O+l 

I sji I 
1.0 ------

0.8 

0.6 

0.4 

0.2 

0 

I 
I 

I 
I 
I 

I 

u: 
a: 
..c: 
l/): 
Q)• 
c...: 

..C• ...... : 
I 

~~· TO' 

w: 
ro: 

CO' 
+: 
<: 

I 
0 

0 

I 
I 

0 

2 4 

0 

6 8 10 12 14 Ecx-(MeV) 

2 4 6 8 10 12 
EA(MeV) 

Fig. 34. Behaviors of the S-matrix elements as a function of the A(a) incident energy in the CM 

frame. 
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Chapter III Production, Structure and Decay 95 

=E;ia1+2.5 MeV). In the ~He+ a elastic cross section, as seen in Fig. 33{a), we find a 

rather broad resonance state at 

E;ia1=-BA=-0.2 (Ea=2.3)MeV with T'"'"'2.0MeV. 

In view of the preceding consideration, this resonance state corresponds to the K7C = o
band head: L=b- in Fig. 5 or LN=l1- in Table XVIII. . We also see some structures in 

both a(l ~2) and ISz1l when the channel-2 is open at EA~O MeV. These behaviors are due 

to the effect of the channel couplings. In the 9 Be(K-,Jr-)~Be experiment,3>'
4
> the correspon

ding peak has not yet been observed, because the state is not easily excited from the 9Be 

target as already discussed in§ 3. It is expected to be observed, however, if the coinciden

ce experiments such as 9Be(K-,Jr-aHHe reaction are carried out in future. 

In the inelastic cross section a(2~ 3) for the 8Be(O+) +A to 8Be(2+) +A transition, 

there appears a broad resonance at 

E~al=- BA=6.0 MeV with r:::::6.2 MeV. 

The strong channel coupling between the two are also recognized from the interferent 

behaviors of the ISzzl and IS3zl in the resonance region (Fig. 34(b)). This resonance state 

corresponds to the K7C=l- band head: L=lz- in Fig. 5 or LN=liii in Table XVIII. Thus 

the characteristics predicted in the BSA treatment are confirmed. The effect of this 

resonance is also seen in Figs. 33(a) and 34(a). It is remarkable that the observed big 

E/\==-8/\ 

MeV ( 2) ------- ~Be l=1- SOLUTIONS 

8 

6 
1; 

_ _,.7!-
6
-.
0
-.-.....- r=6.2 

(
3

) 8 Be(2+)x1~-:_·······;::' ___ -·· ........ __ ...;.111"'-1 ~:-·/ 

4 ( 1) ------- .\:-'·· __ 
.. 

( 2) 8 + ·. 

Be(O )X 1~ .. 

2 

5 
0 ( t) A He+ OC:. 

-2 

-4 
Single 
Channel 

·.· ----
f\-THRESHOLD 

1- 4·-·--·-·-·-·-

------·---~-~---~-0.2 1; r =2.o 

(2+3} ( 1+2+3) 

B.S. A. 

()(-THRESHOLD 
/-·-·-·-· 

~--/ 

( 1+2+3) 

SCATTERING 
SOLUTIONS 

Fig. 35. The solutions of the L" = 1 states of ~Be(]= L ± 1/ 2) obtained by introducing the channel 

coupling. The BSA denotes the treatment within the framework of the bound state approxi

mation. 
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·peak3
>'

4
> under consideration, Eq.(6·1), can be nicely explained by the present resonance 

solution. 

An important point is the fact that there can be a resonance state at such an energy 

region as much higher than the Coulomb plus centrifugal barrier, although the width itself 

is 'broad'. The mechanism can be summarized as follows: 

(i) For the L = 1- states the two channels, (!,;1) L = (0,1) I- and (2,1) I-, are almost 

degenerate in energy as shown by the microscopic a+ a+ A cluster model with 

the BSA treatment. 

(ii) The strong channel coupling pushes down the 1I- state just below the top of the 

~He+ a barrier (near the 8Be(O+) +A threshold) and correspondingly pushes the 

other lz- state up to such a 'high' energy. 

(iii) As the result the 1z- state carries a sizable amount of the ( /,;1) = (2,1) component 

in which there exists a sharp resonance. It is this component that contributes to 

forming the obtained 'broad' resonance. 

(iv) The lower L- state is predicted to be just near the A-threshold (bound or 

quasi-bound, considering possible uncertainties in the calculation). It is notable, 

however, that this "genuinely hypernuclear" state should be observed in the 

coincidence experiment in the a-decay channel, 9 Be(K-,n-a)~He, as it is to show 

a resonance-like structure with ra ~ 2 MeV. 

The situation is depicted in Fig. 35. 

A few words may be necessary here because, strictly speaking, the present evaluation 

of the width does not directly correspond to the actual width in the (K-,n-) reaction. It 

can be expected, however, that the calculated width is quite similar to that of the (K-,n-) 

experiment due to the following reason: The wf of the outgoing pion is not largely 

distorted, as its energy is high (Prr~600 MeV /c, Tn:~480 MeV). Therefore the observed 

pions have rather honest information of the ~Be hypernuclear structure which is just 

generated by the recoilless conversion of a neutron to A. A more realistic evaluation of 

the 9Be(K-, Jr-)~Be reaction excitation function is in progress.60
> 

§ 7. Summary 

We have systematically studied the production, structure and decay of the light 

P-shell A-hypernuclei, ~He, ~Li, ~Li, ~Li, ~Be and ~Be, standing on the cluster-model point 

of view. In order to incorporate both the shell~model and cluster-model aspects, these 

hypernuclei have been described as the microscopic a+ x +A three cluster system (x = n, 

P,d,t, 3He or a). The model space covers a variety of high-lying as well as important 

low-lying shell-model bases for the A particle and/ or the core nucleus. We have ex

plained the existing data quite successfully and also given an extensive prediction of 

various physical observables, which exhibit rich aspects of the hypernuclear dynamics. 

Main results of this chapter are summarized as follows. 

(a) The positive and negative parity states up to about 20 MeV excitation are 

presented for each of these hypernuclei and found to be in good agreement with all the 

existing experimental data. It is noteworthy that our wave functions can reproduce not 

only the energy positions but also the relative production rates for the ground-state small 

peak and the substitutional two big peaks observed in the forward (K-,n-) reactions 

leading to ~Li, ~Li and ~Be. Some other excited states are predicted to come into 
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Chapter Ill Production, Structure and Decay 97 

observation under the appropriate conditions such as the measurement of pion angular 

distributions, stopped-K- absorptions and various coincidence experiments. 

(b) The energy levels are classified into several characteristic bands (or groups) 

according to the underlying intrinsic structures. The addition of the s112-state A particle 

to a core nucleus (l+Sx=ix) generates the corresponding doublet which can be well 

described with a single weak-coupling configuration [(jx) X st1zJ. The mem1ber carrying a 

larger S< = ISx-1/ 21 component appears lower in energy than the other of the doublet 

because of the adopted positive AN spin-spin interaction. The different parity excited 

states with the A particle being dominantly in the P-state can be divided into four (two for 

~Be) groups in good approximation, since, in addition to the spin S< or S>, the A particle 

can move parallel (orbital K=O; P1J or perpendicular (K=1; P..L) to the a-x deformation 

axis. Thus, in the L-S coupling picture, they may be called as S<(or S>)-analogs of the 

corresponding ordinary nuclear levels. Among others, "genuinely hypernUtclear" groups 

are realized by virtue of the inaction of the Pauli exclusion principle on A and are 

particularly intriguing because of the new symmetries they carry. 

(c) In the ~He and ~Be cases, we have used the realistic YNG(AN) interaction to 

examine the effects in the structure calculations. The repulsive soft core and the 

exchange component existing in the YN G interaction give rise to some signHicant features 

in the hypernuclear cluster problem. We have found, however, that the net effect of the 

use of this interaction does not change the principal aspect obtained by usilng the simple 

one-range Gaussian force employed throughout this chapter. 

(d) The hypernuclear y-transition probabilities and magnetic dipole rnoments have 

been theoretically estimated. The existing data of the y transition energies in ~Li, ~Li 

and ~Be are in good correspondence to our predictions of E2(5/2+~1/2+) and Ml(1z-~ 

L -) and E2(3/ 2+, 5/ 2+ ~ 1/ 2+), respectively. The most interesting feature regarding the 

y-transitions is the drastic reduction of the intra-band B(E2) values, which can be nearly 

half the corresponding ones of the core nucleus. This effect is a manifestation of the 

stabilization and contraction of hypernuclear system due to the glue-like role of the A 

particle. In spite of this fact, the B(E2) values remain several times enhanced in compari

son with the shell-model limit values, indicating the importance of properlly taking into 

account the clustering aspect in light hypernuclei. 

(e) The particle decay widths of the resonance peaks are evaluated by the separa

tion energy method and, in addition, for ~Be by solving the channel-coupled scattering 

equation. The latter treatment clarifies the mechanism of the existence of the high-lying 

resonance and nicely explains the observed peak width. 

The relative ;r-mesic decay rates of these hypernuclei are also predicted including the 

pion angular distributions, which will serve as a spectroscopic tool to study the structures. 

(f) The hypernuclear spectroscopy, which has just started with the development of 

(K-,JC) type reaction experiments, is already disclosing new and interesting aspects of the 

hypernuclear system. Different types of reactions such as (JC,K+), (K...:,K+), (e,e'K+), 

(p,K+) and/ or various coincidence experiments could be fully exploited in fu_ture and 

respectively shed light on the characteristic feature of hypernuclei. Such multi-sided 

approach will add up to the construction of the unified picture of hypernuclei. Through 

the present work, we have tried to have qualitative physical pictures of the hypernuclear 

dynamics as well as quantitative explanations and predictions of data. 'N" e have paid 

attention to the question of what really new in hypernuclear system, that is, what is 
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"genuinely hypernuclear". The present investigation will be hopefully useful to under

stand and stimulate the existing and coming experimental information on hypernuclear 

physics. 
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Appendix A 

--The a+ A GCM Kernels for the Direct/Exchange AN Interaction--

The realistic AN interaction of Eq. (2 · 30) employed in § 3.5 consists of the direct and 

exchange parts: VAN( x) = Vn( x) + Vex ( x) Px. Here the rna trix elements are given for the . 

Gaussian AN interaction (range (3 = /3,1, /3z, or /33), 

'"' ( ) { 1 } 0 -X2jp2{ 1 } 
VAN=f:VAN X Px =~VANe Px , (A·1) 

where x = T A- TN and the exchange operator Px transforms x to - x with the AN 
center-of-mass rest. 

The intrinsic wave function ( wf) of ~He= a+ A is given by 

(/JaA(d) = cPa(JJ4d) • cPA(- 1J1d) 

= k..Jl { ¢N( V4d) 4
} • ( /7[ bA) - 312exp[- ( T A+ V1 d) 2 / 2bA2

] , (A·2) 

¢N( V4d) = (/7[ bN) --: 312exp[- (TN- JJ4d) 2
/ 2bN2

] , (A·3) 

where the generator coordinate d specifies the a-A distance, and the parameters are 

defined as 

(A·4) 

b
2 _ 4MNMA bz -M b z_M b z_ hQ-1 

f.lAa Aa 4MN + MA Aa- A A - N N - • (A ·5) 

Then the wf of Eq. (A· 2) is expressed as 

(]JaA( d)= ¢~nt. ( /7[ bAa) - 312exp[- ( T- d) 2 I 2b~a]. cPG( RG) ' (A·6) 

from which the angular momentum projection leads to the GCM basis wf (]Jt(d) given by 

Eqs. (3·10) and (3·11). With this basis, the normalization, kinetic energy and AN 

interaction kernels of the a+ A system are given as follows: 

<(]Jt(dl)J(]Jt(dz))=4Jrexp[-(d/+dz2
)/ 4b~a]St(dldz/2b~a), 

<(]Jl(dl)l-2h
2 

P' 2l(/Jt(dz)>=4Jr h;2 exp[-(d/+dz 2 )/4b~a] 
f.lAa f.LAa Aa 

(A·7) 
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Chapter III Production, Structure and Decay 

X { ( l d 1 ~~~/ )Jz(dldz/ 2b~a) + fbf:Jz'(dldz/ 2b~a)}, (A ·8) 

<([)l(dl)l VANI([)z(dz)>=16JW~N( v~ )
312

exp[-r(d1 2 +dz2)]J z(Y±dldz). (A·9) 
VAN f.L 

99 

Here the Jz(z) is the spherical Bessel function with an imaginary argwment, and the 

relation holds, 

(A ·10) 

The notations used above are defined as 

(.)-2 b-2 b-2 f.L = f.J , VN = N , VA = A , (A ·11) 

(A ·12) 

(A ·13) 

VANf.L + (1 + 1) V.1N} 
VAN+ f.L ' 

(A ·14) 

where the upper I lower sign corresponds to the direct/ exchange interaction case. 

Appendix B 

-- The a+ a+ A GCM Kernels for the Direct/ Exchange AN Interaction --

The ~Be= a+ a+ A wave function before angular momentum projection is given by 

(B·l) 

MA 8MN 
8MN+ MA ' XA = 8MN+ MA ' 

(B·2) 

where rPi means the s-orbit wf with respect to the indicated center and is defined 

analogously by Eq. (A·3). The generator coordinates d and D specify the a-a and 

(a a)-A distances, respectively. 

The matrix element of the direct/ exchange AN interaction, Eq. (A ·1) (iN= 1,2, ···8), 

is calculated according to the Brink method61 ) as 

< lJf ( d1.,D1) I VANilJf ( d2,D2)) 

= <cf;aa( d1,D1) I cf;aa( dz,D2)) i~l < rPN,irPAIVAN(X) {~x}I¢N,j¢A)(B-l) ji , (B·3) 
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X ~ 0 (~)(-) m+l[ exp[a4( m) d 1d 2]{ exp[as(Dld1 + D 2d 2) + a6(D1d2+ Dzd1)] 

+exp[- as(Dld1 + Dzdz)- a6(D1d2+ Dzd1]} 

+exp[- a4( m) d 1d 2]{exp[as(D1d 1- D 2d 2)- a6(D 1d 2 - D 2d 1)] 

+exp[- as(D 1d 1- Dzdz) + a6(Dld2- Dzd1) J}]. 
(B·4) 

The notations used here are defined by 

- 1 (s 2+ 2+ fL})AN ) a1-4 VNXN VAXA ,u+ VAN , (B·5a) 

(B· 5b) 

_ 1 {s 2 +- 2 + 1.1.~N } a3-2 VNXN - VAXA- VAN ,u+ VAN ' (B· 5c) 

(B· 5d) 

1 /LVAN 

4 ,u+ lJAN ' 
(B· 5e) 

(B · 5f) 

On the other hand, we divide the wf of Eq. (B·l) into the internal (aa) and relative 

pa~ts, 

lJ! ( d ,D)= ([>~ri}( d)· cpA( R;D) , 

cpA(R;D) = (/7[ hR) - 312exp[- (R- D )2 / 2bR2
] , 

which can be expressed in the angular momentum coupled form as 

(B·6) 

(B·7) . 

with the ([>aa(l;d) being defined by Eqs. (2·2)~(2·4). By making the multipole expansion 

of the r.h.s. of Eq. (B · 4), the final expression with the GCM basis of Eq. (3 ·13) is obtained 

as 
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xg k4(a6D1dz)g ks(asd1D1)g k6 (asdzDz) 

where the C1 and Cz coefficients are defined by 

C1(K1· .. K4, ksk6, l1J..1lzJ..zL) = W(K1Kz/1J..1; Lks) W(K3K4lzJ..z; Lk6) 

X (ksOK10I/10) (ksOKzOI!l10) (k60K30ilz0) (k60K40IJ..z0) , 

(B·10) 

Cz(K1···K4, k1···k4, L) (k
1 

k
3 

K
1
) 

= (k10kzOIK10) (kzOk40IKzO) (k10k40IK30) (k30kzOIK40) k4 kz Kz . 

K3K4L 

(B·11) 

The double signs in a3, a4(m) and a6 mean the direct (upper) or exchange (lower) case. 

Appendix C 

--The Matrix Elements of Fk8 > and FJ!> in § 5--

The initial hypernuclear wave function lfl (1Z; ]i TirJ and the final nuclear wf lfl (A Z'; 

]f Tfrf) used in Eq. (5 ·10) are represented by Eqs. (2 ·18) and (2 · 35), respectively. The 

matrix elements involved in the Jr-mesic decay rate are expressed as follows (A= 4 + x 

+1): 

! 4+ x + 1 < lfl ( AZ'; lf Tfrf) IIFks>en:lllfl (1Z; Ji Tiri) > 

X o(Si, Sf)/[Lf ][Jf ][Li][Ji] W(JiKSfLf; lfLi) W(J..iKliLf; J..1Lii) 

x<uKtAl(R1)IIjK(qx)lluK;A;(RA)>< Y,\~11 YKII YAi>, 

Nf=2nf+ If, ci= {L!liLiSd, 

Ni=2ni+li, Ki=2vi+J..i, K1=2v1+J..1=Nf-Ni, 

! 4+ x + 1 < lfl (A Z'; Jf Tfrf) IIFJ!>en:lllfl (1Z; Ji TirJ > 

= (- i) P1r(__g_) ~ (lOKOikO) (k- K) ~ a<J;ff> 
Qo k=K±1 Nf 

(C·1) 
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x W( l)liLfk; Li).l)< UKtAI(Rl)lljk(qx )II UK;t\;(RA)>< Y,~ll Ykll Y,). (C·2) 

Here the coefficient f-trc is defined by Eqs. (2·36) and (2·37), 

(C·3) 
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